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1 Introduction

Energy functionals play an important role in differential geometry, and specially in the
study of embedded extremal surfaces. For example, in biology, the minimization of such
functionals associated to mechanical properties of cell membranes, can be used to explain the
shape of biological structures under different types of stress [1, 2]. In mathematics, the study
of minimal surfaces and of extrema of isoperimetric inequalities or volume maximization,
play an important historical role. In this sense, minimal area surfaces appear ubiquitously
when predicting the shapes of membranes with surface tension [3, 4]. In point of fact, it
has been known since antiquity that the sphere and its lower-dimensional analogues, are
the forms that maximize volume for a fixed surface area.

Besides the interest of energy functionals and extremal surfaces per se, in the context
of quantum field theories and many-body systems, Entanglement Entropy (EE) has been
regarded as a valuable computational resource [5–7]. It has been also considered as an
order parameter indicative of phase transitions in quantum systems, of the presence of
short or long range correlations, of topological order, etc. [8–10]. It was very interesting
then, when in the framework of the anti-de Sitter/Conformal Field Theory (AdS/CFT)
correspondence [11–13], a relation between the EE of the spatial region of a CFT and the
area of a minimal codimension-2 surface in the dual bulk spacetime was found. Indeed, this
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formula is reminiscent of the Bekenstein-Hawking entropy formula for black holes in Einstein
gravity [14], which points to a connection between information and geometry [15–17].

In the saddle-point approximation of the duality, one considers that the on-shell action
of the bulk gravity theory defines the generating functional of connected correlators of the
corresponding dual CFT [12, 13]. In this picture, from the near-boundary expansion of
the bulk fields, one identifies both the external source and its canonical conjugate, i.e. the
holographic response function of the respective CFT operator [18]. Then, the holographic
EE (HEE) measures the amount of entanglement between a spatial region in the CFT — the
entangling region — and its exterior, and can be obtained holographically as a codimension-2
functional which depends on the bulk gravity action and is therefore a geometric object.

In particular, the HEE for Einstein-AdS gravity is well-known to be given by the area
of the Ryu-Takayanagi (RT) minimal surface [14], which is anchored at the conformal
boundary. This area is divergent due to the pole in the AdS metric. In order to isolate the
universal part, standard holographic techniques in codimension-2 have been considered [19],
such that renormalized area is inherited from renormalized bulk gravity action.

In this work we present a prescription to derive a codimension-2 local conformal
invariant, named LΣ, directly from Conformal Gravity (CG) evaluated on the replica
orbifold. This object can be applied to obtain the renormalized HEE for Einstein-AdS
spacetimes, and also for deriving energy functionals such as Willmore energy [20, 21] and
reduced Hawking mass [22].

Obtaining the energy functionals from LΣ is an example of Conformal Renormalization,
where Einstein-AdS gravity is consistently embedded into CG, in order to provide bulk
renormalization, as discussed in the four and six-dimensional cases in ref. [23]. This hints
at a connection between conformal invariance and renormalization of bulk/codimension-2
functionals.

This paper is organized as follows. In section 2, we consider the renormalized area
formula of ref. [24] and we study its properties under conformal transformation in order
to emphasize that it is not a conformal invariant. Then, we restore conformal invariance
by constructing LΣ, that reduces to the renormalized area when evaluated on boundary-
anchored minimal surfaces on Einstein-AdS ambient spacetimes. We also relate LΣ to
the Willmore energy. In section 3, we obtain LΣ directly from the evaluation of the CG
action on a conically-singular manifold. In section 4, we use LΣ to derive the reduced
Hawking mass [22], by evaluating the former on Einstein-AdS ambient spacetimes. Finally,
in section 5, we conclude with a summary of our results.

2 Obtaining LΣ: the hard way

The RT formula [14] for the computation of the holographic entanglement entropy (HEE)
opened a new window in the analysis of energy functionals and its properties. Most
importantly, it were Lewkowycz and Maldacena [25] who proved the conjectured RT formula
and provided a systematic way to derive HEE functionals. There, the holographic application
of the replica trick induces an orbifold structure in the bulk in the presence of conical
singularities due to the replica symmetry. The evaluation of the Einstein-Hilbert action
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in the orbifold make manifest the area functional located at the cosmic brane where the
conical singularities are located. Indeed, for the conical expansion of the Ricci scalar we get∫

M(α)

d4x
√
gR(α) =

∫
M

d4x
√
gR+ 4π (1− α)A [Σ] , (2.1)

where A [Σ] =
∫
Σ
d2y
√
γ is the area functional.

It becomes clear from the previous construction that the area can be naturally extracted
out of the Ricci scalar in the presence of cones [26]. At this point, one should wonder
whether the renormalized codimension-2 area arises out of the renormalized bulk EH action.
Indeed, earlier works [19] indicate that this is the case, applying standard holographic
renormalization techniques.

2.1 Topological terms in four-dimensional AdS gravity

Of particular relevance for the current discussion is the case of four dimensions, where
the terms required for the background independent renormalization of the action, i.e. the
holographic renormalization counterterms, have been extensively studied [18, 27]. In this
case, the introduction of the counterterms is equivalent to the addition of a boundary
term with a fixed coupling constant and explicit dependence on both the intrinsic and
extrinsic curvature, dubbed second Chern form B3. The latter works as a resummation
of the standard counterterms [28, 29] and the corresponding renormalized Einstein-AdS
action reads

Iren = 1
16πGN

∫
M

d4x
√
g (R− 2Λ) + `2

64πGN

∫
∂M

d3xB3 , (2.2)

with the cosmological constant defined in terms of the AdS radius as Λ = − 3
`2 , and the

surface terms given by

B3 = 4
√
h δa1a2a3

b1b2b3
Kb1
a1

(1
2R

b2b3
a2a3 (h)− 1

3K
b2
a2K

b3
a3

)
. (2.3)

Here gµν and hab are the bulk and the boundary metric, respectively, where the Greek indices
denote bulk coordinates and the Latin indices (a, b) correspond to boundary coordinates
(see appendix A for conventions). In this respect, adding up the Chern form to the bulk
Lagrangian provides a more geometric approach to the problem of renormalization of AdS
gravity. Indeed, this term arises as the boundary correction to the Euler characteristic in
the Gauss-Bonnet theorem for non-compact manifolds, i.e.,∫

M

d4x E4 = 32π2χ [M ] +
∫
∂M

d3xB3 , (2.4)

where
E4 = √g

(
Rie2 − 4Ric2 + 4R2

)
, (2.5)

and χ [M ] is the Euler characteristic of the manifold M . An immediate consequence of
the above relation is the fact that the use of extrinsic counterterms is equivalent, up to
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the Euler characteristic, to the addition of a topological invariant of the Euler class. This
implies

Iren = 1
16πGN

∫
M

d4x
√
g (R− 2Λ) + `2

64πGN

∫
M

d4x E4 −
π`2

2GN
χ [M ] . (2.6)

The main advantage of this prescription is that one can interchange a boundary for a
bulk term, since they are locally equivalent. It also unveils topological features of the
corresponding manifold, captured by the topological number χ [M ].

2.2 Renormalized area from topological terms and conical defects

The generalized form of gravitational entropy considers the evaluation of the corresponding
bulk Lagrangian in a squashed conically singular manifold [25]. Along this line, Fursaev,
Patrushev and Solodukhin (FPS) in ref. [26] analyzed the behavior of quadratic terms in
the curvature in the vicinity of a squashed cone with an angular deficit 2π(1 − α). This
analysis implies that the square of the Riemann tensor is decomposed as∫
M(α)

d4x
√
g
(
Rie(α)

)2
=
∫
M

d4x
√
gRie2

+8π (1−α)
∫
Σ

d2y
√
γ
(
RABAB−K(A)

ij K
ij
(A)

)
+O

(
(1−α)2

)
, (2.7)

while the Ricci tensor squared reads∫
M(α)

d4x
√
g
(
Ric(α)

)2
=
∫
M

d4x
√
gRic2

+4π (1−α)
∫
Σ

d2y
√
γ

(
RAA−

1
2K

(A)
ij K

ij
(A)

)
+O

(
(1−α)2

)
. (2.8)

In turn, the square of the Ricci scalar splits as follows∫
M(α)

d4x
√
g
(
R(α)

)2
=
∫
M

d4x
√
g R2 + 8π (1− α)

∫
Σ

√
γ R+O

(
(1− α)2

)
, (2.9)

while the Euler characteristic is expanded as

χ
[
M (α)

]
= χ [M ] + (1− α)χ [Σ] . (2.10)

Here M (α) represents the four-dimensional orbifold, and Σ is the codimension-2 manifold
located at the tip of the conical singularity which is described by the embedding function
xµ = xµ

(
yi
)
and the induced metric γij , where the Latin indices (i, j) denote codimension-2

coordinates. The labels (A,B) denote the orthogonal directions to Σ and K(A) is its extrinsic
curvature along the normal direction n(A). The bulk curvature terms at the r.h.s. of the
above relations correspond to the regular part of them.
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Taking into account eqs. (2.7)–(2.9), the Gauss-Bonnet term in the presence of squashed
cones, adopts the form∫

M(α)

d4x E(α)
4 =

∫
M

d4x E4 + 8π (1− α)
∫
Σ

d2y E2 , (2.11)

where E2 = √γR is the corresponding topological term in two dimensions. The fact that
extrinsic curvatures are not present in the codimension-2 functional is a remarkable feature
of the addition of a topological term in the bulk. It also brings in topological contributions
to quantum information theoretic measures, e.g., in the context of HEE.

In sum, when the renormalized Einstein-AdS action in eq. (2.6) is evaluated on the
orbifold M (α), we get

I(α)
ren = Iren + (1− α)

4GN

A [Σ] + `2

2

∫
Σ

d2y E2 − 2π`2χ [Σ]

 . (2.12)

Note that the term that is linear in (1− α) can be identified with the renormalized area
given by Alexakis and Mazzeo in ref. [24]. In order to show this, we rewrite the conical
contribution as

Aren [Σ] =
∫
Σ

d2y
√
γ + `2

2

∫
Σ

d2y E2 − 2π`2χ [Σ]

= `2

2

∫
Σ

d2y
√
γ

(
R+ 2

`2

)
− 2π`2χ [Σ]

= `2

4

∫
Σ

d2y
√
γδkmij

(
Rijkm + 1

`2
δijkm

)
− 2π`2χ [Σ] . (2.13)

Considering the Gauss-Codazzi relation the latter can be cast as

Aren [Σ] = `2

4

∫
Σ

d2y
√
γδmsij

(
Rijms + 2K(A)

msK
ij
(A) + 1

`2
δijms

)
− 2π`2χ [Σ]

= `2

4

∫
Σ

d2y
√
γδmsij

(
W ij

(E)ms + 2K(A)
msK

ij
(A)

)
− 2π`2χ [Σ] , (2.14)

where Wαβ
(E)µν corresponds to the curvature of the AdS group for (pseudo)Riemannian

manifolds without torsion. The same object can also be identified with the Weyl tensor for
Einstein spacetimes

Wαβ
(E)µν = Rαβµν + 1

`2
δαβµν , (2.15)

which comes from the generic form of the Weyl

Wαβ
µν = Rαβµν −

(
Sαµ δ

β
ν − Sβµδαν − Sαν δβµ + Sβν δ

α
µ

)
, (2.16)

where the Einstein condition in the Schouten tensor, Sµν = − 1
2`2 gµν , is considered. Finally,

in order to express the above formula in a more standard form, one may use the traceless
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part of the extrinsic curvature, defined as

P
(A)
ij = K(A)

ij −
1
2K

(A)γij . (2.17)

In doing so, one obtains

Aren [Σ] = `2

2

∫
Σ

d2y
√
γ

[
W ij

(E)ij − P
(A)
ij P ij(A) + 2

(
H(A)

)2
]
− 2π`2χ [Σ] , (2.18)

where H(A) = 1
2K

(A) is the mean curvature of Σ.
This functional matches the corresponding formula for Aren given in ref. [24]. Hence,

the renormalized area naturally arises as the conical contribution of the renormalized
Einstein-AdS action in the presence of squashed conical singularities. In a compact notation,
the renormalized action on the orbifold takes the form

I(α)
ren = Iren + (1− α)

4GN
Aren [Σ] , (2.19)

reflecting the fact that Aren is inherited from bulk renormalization. Even though Iren is
finite for any four-dimensional Einstein spacetime which is asymptotically AdS (AAdS),
there are certain subtleties in the class of hypersurfaces that can be renormalized by Aren.
As it was pointed out in ref. [24], Aren successfully renders finite the area of any minimal or
non-minimal surface that is anchored orthogonally to the conformal boundary. However,
when the intersection is not orthogonal then the corresponding Aren has to be corrected [22].
Minimal surfaces satisfy trivially this relation, what makes this functional adequate for the
calculation of the HEE.

2.3 Renormalized area is not conformal invariant for arbitrary manifolds

In the mathematical literature, conformal invariance plays a key role in the definition of
Renormalized Volume for asymptotically hyperbolic spacetimes [30–32]. As a matter of fact,
this bulk functional is expressed in terms of conformal invariants in four [33] and six [34]
dimensions. It is expected that codimension-2 descendants of these structures would be
conformally invariant, as well. It is also reasonable to think that this property will give rise
to energy functionals for surfaces which are a proper measure of the deviation with respect
to extremality (e.g., sphericity, as in the soap bubbles) irrespective of their size.

Taking the above argument as motivation, we will study the behavior of the renormalized
area (2.18) under conformal tranformation of the ambient metric gµν = e2φĝµν .

The completeness relation

gµν = n(A)
µ n(A)ν + eiµe

j
νγij , (2.20)

with n(A)
µ and eµi being the corresponding normal and frame vectors, respectively, dictates

the transformation of the following objects under Weyl rescaling, i.e.,

n(A)
µ = eφn̂(A)

µ , γij = e2φγ̂ij . (2.21)
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Furthermore, the extrinsic curvature transforms as

K(A)
ij = eφ

(
K̂(A)
ij + γ̂ijn̂

(A)∂φ
)
, (2.22)

where the contracted indices of n̂(A)∂φ have been omitted for simplicity. Then it is
straightforward to show that its trace scales as

K(A) = e−φ
(
K̂(A) + 2n̂(A)∂φ

)
, (2.23)

leading, in turn, to a conformally covariant P (A)
ij of weight 1. Finally, W ij

(E)ij transforms as

W λσ
(E)µν = e−2φ

[
Ŵ λσ

(E)µν + 1
`2
δλσµν

(
e2φ − 1

)
− 4δ[λ

[µT̂
σ]
ν]

]
, (2.24)

where
T̂ λν = ∇̂λ∇̂νφ− ∇̂νφ∇̂λφ+ 1

2δ
λ
ν ∇̂µφ∇̂µφ . (2.25)

Thus, the renormalized area functional (2.18) transforms as

Aren [Σ] = `2

2

∫
Σ

d2y
√
γ̂

[
Ŵ ij

(E)ij − P̂
(A)
ij P̂ ij(A) + 2

(
Ĥ(A)

)2
+ 2K̂(A)n̂

(A)∂φ

+2
(
n̂(A)∂φ

)2
+ 2

(
e2φ − 1
`2

− T̂ ii

)]
− 2π`2χ [Σ] . (2.26)

It is evident from this expression that Aren is not symmetric under local conformal transfor-
mations when a generic surface is embedded in an arbitrary ambient metric.

2.4 Restoring conformal invariance in codimension 2

Rendering eq. (2.18) conformally invariant for an arbitrary surface is a non-trivial task.
Indeed, this is equivalent to finding the compensating terms which restore conformal
invariance of the renormalized area functional, what is technically involved.

However, the problem gets simpler once specific conditions are imposed in eq. (2.26). In
particular, when the ambient metric is an Einstein spacetime both in the physical and in the
conformal frame, then W ij

(E)ij turns conformally covariant with a weight factor −2, as can
be seen from eq. (2.24). This constraint makes the last parentheses in eq. (2.26) to vanish.

Additionally, considering a minimal embedding surface Σ, corresponds to the vanishing
of the trace of the extrinsic curvature, which can equivalently be expressed in the conformal
frame as

K̂(A) = −2n̂(A)∂φ . (2.27)

Applying the aforementioned conditions in eqs. (2.18) and (2.26), the renormalized area
can be rewritten as

Aren [Σ] = `2

2

∫
Σ

d2y
√
γ
(
W ij

(E)ij − P
(A)
ij P ij(A)

)
− 2π`2χ [Σ] . (2.28)
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N.B. that eq. (2.28) corresponds to the evaluation of a codimension-2 conformal invariant,
LΣ, given by

LΣ = `2

2

∫
Σ

d2y
√
γ
(
W ij
ij − P

(A)
ij P ij(A)

)
− 2π`2χ [Σ] , (2.29)

for minimal surfaces on Einstein-AdS spacetimes which are anchored at the boundary.

2.5 Willmore energy for Einstein ambient spaces

A characteristic example of a functional with manifest conformal symmetry is Willmore
energy. This is defined in a compact and orientable two-dimensional surface immersed in
R3 [20, 21, 35]. In particular, the Riemannian manifold R3 arises at the conformal frame of
a constant time slice t = const in a pure AdS4 metric gµν [36]. In this case the Weyl tensor
vanishes identically and the (A) label can be dropped, since K(t) = 0. As a consequence,
eq. (2.28) depends explicitly on the square of the traceless extrinsic curvature and the Euler
characteristic. Nevertheless, taking into account that in general

P
(A)
ij P ij(A) = K(A)

ij K
ij
(A) −

1
2
(
K(A)

)2
, (2.30)

and considering the Gauss-Codazzi relations

Rijij = R+RABAB − 2RAA ,

= R+K(A)
ij K

ij
(A) −

(
K(A)

)2
, (2.31)

we arrive in the following expression

Aren [Σ] = −`
2

2

∫
Σ

d2y
√
γ
(
Rijij −R+ 2H2

)
− 2π`2χ [Σ] . (2.32)

The evaluation of the latter in R3 requires moving to the conformal frame ĝµν , where the
Riemann curvature vanishes identically, leading to

Aren [Σ] = `2

2

∫
Σ

d2y
√
γ̂
(
R̂ − 2Ĥ2

)
− 2π`2χ [Σ] . (2.33)

Note, that up to this point we have not constrained the localization of Σ. In our construction,
this can be a compact submanifold deep in the bulk or a cosmic brane anchored at the
conformal boundary.

For a compact codimension-2 surface Σ, the Euler theorem∫
Σcomp

d2y
√
γ̂R̂ = 4πχ [Σcomp] , (2.34)

simplifies eq. (2.33) significantly, which now reads

Aren [Σcomp] = −`2W [Σcomp] , (2.35)
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where
W [Σ] =

∫
Σ

d2y
√
γH2 , (2.36)

is the Willmore energy functional.
In the case of a boundary-anchored non-compact Σ, one has to follow the prescription

proposed in refs. [24, 36]. There, a closed surface 2Σ is constructed by doubling Σ, such that
2Σ = Σ ∪ Σ̃, with Σ̃ being a minimal surface embedded into the mirror manifold M̃ beyond
the conformal boundary. Taking into account the Euler theorem (2.34) for the compact
surface 2Σ and considering that the Euler characteristic behaves as χ (2Σ) = 2χ (Σ), leads to

Aren [Σnon-comp] = −`
2

2

∫
2Σ

d2y
√
γ̂Ĥ2 , (2.37)

or in terms of the Willmore energy,

Aren [Σnon-comp] = −`
2

2W [2Σ] . (2.38)

Here, eqs. (2.35) and (2.38) make manifest the conformal invariance of Willmore energy
for conformally flat ambient metrics since both arise as special cases of (2.28).

The previous analysis made explicit the fact that, in general, the renormalized area
functional is not a local conformal invariant of the codimension-2 hypersurface. However,
one may restore conformal invariance in particular cases, such as for minimal hypersurfaces
embedded in an Einstein spacetime.

3 Obtaining LΣ: the easy way

It is well-known that Einstein spacetimes are Bach-flat spacetimes. In particular, Einstein
spacetimes arise as solutions of CG. Maldacena in ref. [37] shows the emergence of Einstein-
AdS gravity from 4D CG at tree level when Neumann boundary conditions for the metric
are considered. The equivalence between the action of Conformal Gravity evaluated on
Einstein spaces and renormalized Einstein-AdS gravity was made explicit in ref. [38]. The
resulting Einstein-AdS action is indeed free from IR divergences. Thus, in the Einstein
sector, both theories describe the same physics, what can be extended to the corresponding
boundary field theories when considering the gauge/gravity duality.

3.1 Embedding Einstein-AdS gravity in CG

Going deeper into the rabbit-hole, one realizes the appearance of the MacDowell-Mansouri
action [39] out of the renormalized Einstein-AdS action given in eq. (2.6), i.e., for that
particular Gauss-Bonnet coupling. Indeed, this action takes the form

Iren = `2

256πGN

∫
M

d4x
√
gδµ1µ2µ3µ4
ν1ν2ν3ν4

(
Rν1ν2
µ1µ2 + 1

`2
δν1ν2
µ1µ2

)(
Rν3ν4
µ3µ4 + 1

`2
δν3ν4
µ3µ4

)
− π`2

2GN
χ [M ] ,

(3.1)
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which suggests a connection to CG, since it can be expressed as the square of the Weyl
tensor for Einstein spaces, Wαβ

(E)µν , that is

Iren = `2

64πGN

∫
M

d4x
√
gW κλ

(E)µνW
µν
(E)κλ −

π`2

2GN
χ [M ] . (3.2)

It is, therefore, an interesting possibility to consider the renormalized Einstein-AdS action
as coming from CG, i.e.,

ICG = `2

64πGN

∫
M

d4x
√
gW κλ

µνW
µν
κλ −

π`2

2GN
χ [M ] . (3.3)

This functional describes the dynamics of a higher-derivative gravity theory, as the corre-
sponding field equations are of fourth order in derivatives. It has been shown that this action
is finite for generic asymptotically AdS boundary conditions [40]. It is then reasonable
to think that, by a proper embedding of Einstein-AdS gravity in CG, the Einstein sector
of the theory would inherit the cancellation of IR divergences in the radial, holographic
coordinate.

3.2 Conical contributions of CG

In order to determine the conical contribution of CG when evaluated on the orbifold M (α),
we consider its expression in terms of the Riemann curvature given by

ICG = `2

64πGN

∫
M

d4x
√
g

(
Rie2 − 2Ric2 + 1

3R
2
)
− π`2

2GN
χ [M ] . (3.4)

Then, we use the FPS expressions for the Euler characteristic and the quadratic terms in
the curvature given in eqs. (2.7)–(2.9), obtaining

I
(α)
CG = `2

64πGN

∫
M(α)

d4x
√
g
∣∣∣W (α)

∣∣∣2 − π`2

2GN
χ
[
M (α)

]
, (3.5)

where∫
M(α)

d4x
√
g
∣∣∣W (α)

∣∣∣2 =
∫
M

d4x
√
g |W |2 + 8π (1− α)

∫
Σ

d2y
√
γKΣ +O

(
(1− α)2

)
(3.6)

denotes the expansion of the Weyl squared term in the conical parameter. In the previous
expression,

KΣ = RABAB −RAA + 1
3R+ 1

2
(
K(A)

)2
−K(A)

ij K
ij
(A) (3.7)

is a conformal covariant term on the 2D manifold Σ endowed with the metric γij [41].
Indeed, one can show that KΣ consists of the sum of two objects: i) the subtraces on Σ of
the bulk Weyl tensor and ii) the square of the traceless part of the extrinsic curvature. In
particular, the intrinsic curvature terms can be resumed as

W ij
ij = RABAB −RAA + 1

3R , (3.8)
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whereas the extrinsic curvature terms are given in eq. (2.30) such that eq. (3.7) can
equivalently be cast in the form

KΣ = W ij
ij − P

(A)
ij P ij(A) . (3.9)

As it has been shown in the previous section, this is a conformally covariant combination
of weight −2. In this case however, no restrictions have been imposed on the class of
surfaces or spacetimes for which the last formula is valid for. As a consequence, the conical
parameter expansion of the CG action in the orbifold becomes

I
(α)
CG = ICG + (1− α)

4GN
LΣ +O

(
(1− α)2

)
(3.10)

where the first order conical contribution obtains the form

LΣ = `2

2

∫
Σ

d2y
√
γKΣ − 2π`2χ [Σ] . (3.11)

Hence, it becomes clear that the manifest conformal symmetry of the bulk action is induced
on the cod-2 functional constructed by the conical contributions. Note that neither the
shape nor the compactness of Σ are constrained. As a consequence, LΣ refers to an
arbitrary two-dimensional surface immersed in a generic four-dimensional metric. When
AdS asymptotics are considered and Σ is a surface anchored at the boundary, then LΣ is
interpreted as the HEE for CFTs dual to Conformal Gravity.

Interestingly enough, the last expression (3.11) reduces to the conformally invariant
form of the renormalized area (2.28) when evaluated on Einstein spacetimes. However, the
former is valid for a generic surface Σ whereas the latter applies only to minimal surfaces.
The relation of the LΣ functional to the renormalized area along with its manifest conformal
invariance is a feature of having considered conformal invariance in the bulk as the starting
point. This codimension-2 conformal invariant will be further applied to derive other energy
functionals in section 4.

3.3 Willmore energy

The conformal invariance of the functional LΣ suggests that one should be able to recover
Willmore energy at the proper limit. Our starting point in this analysis, is the Weyl
contribution of eq. (3.11), which is decomposed as

W ij
ij = Rijij − 2Sii . (3.12)

This form comes from the codimension-2 sub-trace of eq. (2.16). Furthermore, taking into
account the Gauss-Codazzi relation of eq. (2.31) along with eq. (2.30), the LΣ functional
can be rewritten as

LΣ = `2

2

∫
Σ

d2y
√
γ

[
R− 2

(
H(A)

)2
− 2Sii

]
− 2π`2χ [Σ] . (3.13)
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Making contact with Willmore energy requires the hypersurface Σ to be compact, in order
to simplify the integral of the intrinsic Ricci scalar (Gauss-Bonnet density) and the Euler
characteristic using the Euler theorem of eq. (2.34). This consideration yields

LΣcomp = −`2
∫
Σ

d2y
√
γ

[(
H(A)

)2
+ Sii

]
. (3.14)

When the surface Σ is embedded an arbitrary Riemannian manifold M3, defined in a
constant time slice of the AAdS bulk, the above expression is interpreted as the Conformal
Willmore energy [42]. In the case of a pure AdS bulk, the latter reduces to the standard
Willmore energy functional when embedded in R3. As has been discussed in the previous
section, this is achieved by considering the unphysical conformal frame ĝ where the metric
is that of R3 and therefore the transformed Schouten tensor vanishes identically, leading to

LΣcomp

[
R3
]

= −`2
∫

Σcomp

d2y
√
γ̂Ĥ2

= −`2W [Σ] . (3.15)

When non-compact surfaces anchored at the conformal boundary are considered then
one can use the doubling construction (discussed in subsection 2.4). In this case, it is
straightforward to show that

LΣnon-comp

[
R3
]

= −`
2

2W [2Σ] . (3.16)

Note that the renormalized area Aren and the Willmore energy W functionals can be
obtained as particular cases of the conformal invariant LΣ. Point in fact, Aren is recovered
when considering Einstein spacetimes and minimal boundary-anchored surfaces, and W is
obtained for compact — or doubled — surfaces in pure AdS. This is reminiscent of the
equivalence in the bulk, between CG and Einstein-AdS gravity when the former is evaluated
in Einstein spacetimes.

The conical contribution in eq. (3.6) is general and it will be used in the following
section to derive the reduced Hawking mass from CG.

4 Reduced Hawking mass from LΣ

The results of the previous section show how starting from the codimension-2 conformal
invariant LΣ, one can derive the renormalized area and the Willmore energy functionals.
This is achieved by imposing certain restrictions on both the ambient spacetime and the
codimension-2 surface under consideration.

Nonetheless, LΣ is defined for generic surfaces. Thus, it is expected that it could
provide a generalization of renormalized area for non-extremal surfaces in the Einstein limit,
such as surfaces that are not orthogonally anchored at the AdS boundary.

Our starting point is the conical contribution of the CG action, given in eq. (3.11).
Evaluating this expression for Einstein spacetimes amounts to the replacement of the Weyl
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Σ
M Einstein pure AdS

min Aren W

non-min IH

Table 1. Energy functionals from LΣ.

tensor with Wαβ
(E)µν . Thus, one gets that

LΣ [E] = `2

2

∫
Σ

d2y
√
γ
(
W ij

(E)ij − P
(A)
ij P ij(A)

)
− 2π`2χ [Σ] , (4.1)

which, taking into account eqs. (2.30) and (2.31), can be cast in the form

LΣ [E] = `2

4 IH [Σ]− 2π`2χ [Σ] , (4.2)

where
IH [Σ] = 2

∫
Σ

d2y
√
γ

[
R+ 2

`2
− 1

2
(
K(A)

)2
]
, (4.3)

is the generalization of the Hawking mass for AAdS spaces, which is referred to as reduced
Hawking mass in ref. [22]. The authors in that reference exhibit the finiteness of this object
when an arbitrary boundary-anchored hypersurface Σ in a constant time slice is considered.

Further properties of the reduced Hawking mass can be worked out by rewriting eq. (4.2)
as

LΣ [E] = Aren [Σ]− `2

4

∫
Σ

d2y
√
γ
(
K(A)

)2
, (4.4)

in terms of the renormalized area Aren [Σ] of an arbitrary two-dimensional hypersurface
Σ, anchored orthogonally to the boundary [24]. It is then manifest that LΣ [E] becomes
proportional to the renormalized area Aren [Σ], when Σ is minimal.

Eq. (4.4) indicates that Aren diverges when Σ is anchored to the boundary at an
arbitrary angle. It is the functional IH [Σ] the one that correctly cancels the divergences
in the most general case. As a consequence, the reduced Hawking mass generalizes the
concept of renormalized area to non-minimal hypersurfaces.

The different energy functionals obtained from LΣ, with the corresponding restrictions
on the ambient space M and on the codimension-2 surface Σ, are shown in table 1.

5 Conclusions

In this work, we have obtained a local conformally invariant object in codimension-2 LΣ,
from four-dimensional CG evaluated on the replica orbifold using the FPS relations [26],
which inherits its conformal symmetry from the bulk. LΣ reduces to energy functionals
which generalize renormalized area, such as reduced Hawking mass and Willmore energy,
for generic Einstein or pure AdS ambient spaces respectively. Said functionals may be used
for codimension-2 surfaces which are boundary-anchored at an arbitrary angle, whether
they are minimal or not.
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Figure 1. Diagram showing the relations between the functionals discussed in the paper.

The relations between the functionals, both at the bulk and at the codimension-2
levels, as well as the fact that they are embedded in conformal invariant structures, are
summarized in figure 1.

The presented procedure streamlines the derivation discussed in ref. [43], where the
conformal invariant was obtained starting from the renormalized area of minimal surfaces
given in ref. [24]. Then, conformal invariance was restored by rewriting the expression in a
manifestly invariant form, for restricted Einstein spacetimes, as shown in section 2.

We establish the fundamental role of the bulk conformal symmetry in the renormalization
of geometrical structures residing in codimension-2 submanifolds. The new result is the
construction of LΣ out of the conical contributions of CG. In this way, this functional has a
manifest local conformal symmetry, acquired from the bulk action. Most importantly, when
AAdS Einstein spacetimes are considered and for a surface Σ anchored at the boundary,
we recover the reduced Hawking mass. This quantity is finite for an arbitrary boundary
anchored 2D hypersurface, and it is monotonous under an inverse mean curvature flow, as
shown in ref. [22]. This fact highlights the role of conformal symmetry in the renormalization
procedure. As the functional can be obtained from LΣ, a possible reinterpretation of the
monotonicity property is suggested.

The procedure here presented opens the possibility of the derivation of generalized
energy functionals in higher dimensions, starting from conformal invariance in the bulk.
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A Notation

In table 2, we present the notation used for the coordinates, metric and curvature terms —
intrinsic and extrinsic — for the different manifolds considered in the paper.

M ∂M Σ
Indices µ, ν a, b i, j

Coordinates xµ Xa yi

Metric gµν hab γij

Riemann tensor Rλσµν Rcd
ab Rijkm

Extrinsic curvature Kab Kij

Table 2. Notation for the geometric objects indicated in the first column, for the different manifolds
considered in the first row.
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