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1 Introduction

The interest in conformal field theories (CFTs) is multifaceted. It ranges from applications to
phase transitions in condensed matter systems, through application of conformal theories to
extensions of the electroweak Standard Model, to describing one side of the AdS-CFT duality.
In part, this interest is driven by the many successes of the conformal bootstrap program
that allowed non-perturbative treatment of CF'Ts [1-4]. The bootstrap program relies on the
decomposition of correlators in a CF'T into conformal blocks and pure numbers: operator
dimensions and the operator product expansion (OPE) coefficients. Another important
motivation for studying CFTs is the AdS-CFT duality, in which the CFT correlation
functions describe bulk interactions that can be encoded in terms of Witten diagrams [5-7].

Conformal blocks are crucial for computing correlation functions as they encode kine-
matic constraints on the form of correlation functions imposed by the conformal symmetry,
while the information about the dynamics is encoded in terms of the “conformal data:”
operator dimensions and OPE coefficients. Given how fundamental conformal blocks are
for CF'Ts significant effort has been devoted to computing such blocks and several different
methods have been presented in the literature. However, the majority of this effort has
been focused on four-point correlation functions and associated four-point blocks, going
back to the seminal works [8-13]. There are only a handful of results on higher-point global
conformal blocks that are applicable for obtaining M-point correlation functions, where
M > 5 [14-35]. One reason is that a complete set of crossing equations, which is one of
the basic principles behind conformal bootstrap, can be formulated in terms of four-point
functions alone. One could utilize crossing equations for higher-point functions as well,
but they would be automatically satisfied if all four-point crossing equations are satisfied.
For operators with spin, higher-point functions might provide a practical advantage for
bootstrap, but for now it is not clear if this will turn out to be the case.

Another reason for the scarcity of results on higher-point blocks is that they are
notoriously difficult to compute. Blocks with as few as four points require rather involved
approaches, while higher-point blocks are even more complicated. The complication certainly

grows with the number of points, partly because conformal blocks are functions of the

M(M—3)
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count provides the maximum number of independent cross ratios, while in smaller number

invariant cross ratios and there are independent cross rations with M points. This
of spacetime dimensions d there are dependencies that reduce the set of independent cross
ratios. As a consequence, the problem of finding global conformal blocks in d = 1 and
d = 2 is simpler and there are comparatively more results for conformal blocks in those
dimensions [14, 15, 21, 25, 29]. For a general number of dimensions there are only a few
results for specific number of points and selected topologies! [15, 16, 19-21, 23, 24, 27, 28, 32].

Recently, a conjecture was made on the form of an arbitrary scalar conformal block,
that is a block with both external and internal scalar operators, for any M and any topology

'Blocks with M > 6 can have several topologies. Any block can be thought of as arising from decomposition
of the correlation function using the OPE and visualized as a tree diagram with M external vertices and
M — 2 internal vertices with three lines joining at each internal vertex. There are (2M — 5)!! different OPE
decompositions of an M-point function with fixed external vertices [24]. Topology of the block refers to the
topology of the diagram. There is no closed formula for the number of topologies.



with no restriction on the number of dimensions [28]. The conjecture provides a set of rules
for writing a conformal block based on its diagrammatic representation that is reminiscent
of the well-known rules that convert a Feynman diagram to a scattering amplitude. A
crucial ingredient for this construction was the use of Mellin amplitudes and their close
connection to amplitudes in the AdS space [36-41].

The conjecture was originally verified in specific examples, by comparison with other
calculations in the literature and some novel higher-point results. Here, our goal is a
proof of the conjecture. The proof is inductive: we obtain an M-point block from an
(M — 1)-point block. We borrow methods both from work that uses the OPE directly to
construct blocks [17, 42] and from work that relies on Mellin amplitudes [28].

One of the key ingredients that made the proof possible was a convenient choice of the
invariant cross ratios. The choice of cross ratios is clearly not unique as any function of
cross ratios is invariant as well. The arbitrariness is not there because one might consider
some complicated functions of the invariant cross ratios. All cross ratios we work with are
plain ratios of x?j = (x; — x;)?, but with M external variables there is no unique choice.
Already for M = 4, one could choose the familiar v and v cross ratios, or choose instead
and % Both choices are just ratios of x?j’s and there are clearly more choices in addition to
the two we just mentioned. What turned out important for the proof was tailoring cross
ratios for an M-point function such that they reduce straightforwardly to cross ratios for
an (M — 1)-point function. The original conjecture divided the Mellin variables, and in
turn associated cross ratios, into three sets: U, V, and D. Set U corresponds to, what we
call, u-type cross ratios, set V to v-type, while set D contains dependent variables that are
eliminated by integrating over a set of Dirac delta functions that incorporate dependencies.
The particular choice of cross ratios that is described in detail later on is amenable to proof
by induction. Choosing cross ratios might seem mundane, and yet it was significant for
our proof.

We derive suitable cross ratios using a diagrammatic method that we termed flow
diagrams [29]. The flow refers to a choice of internal coordinates in a diagram. Using
the convergence property of the OPE in CF'Ts, one can systematically reduce an M-point
function to an (M — 1)-point function by combining two operators and replacing them with
a single operator on the right hand side of the OPE, and so on until there is a nothing
left but a simple two- or three-point function. Schematically, the OPE can be written as
Oi(zi)Oj(xj) ~ Oy, where we neglected functions of coordinates and derivatives on the
right-hand side of the OPE. What flow diagrams represent is the position at which Oy
appears. One could choose Og(x;) or Ok(x;) and such a selection needs to be made with
every OPE that is used to reduce a correlator to a conformal block and the conformal data.
When working in the d 4+ 2-dimensional embedding space, no other possibilities exists for
the operator position on the right-hand side of the OPE as every coordinate needs to be
placed on the light cone [1, 8]. We do not use the embedding space here, but simply pick
one coordinate or the other for the placement of 0. The intermediate steps depend on
such choices, but the validity of the proof holds for any choice. Following how a coordinate
“flows” in a diagram leads to a prescription for the cross ratios. We introduce flow diagrams
in section 2. Several concrete examples are worked out in sections 3 and 4.



With the cross ratios at hand we turn to the inductive proof in section 5. The conjecture
for the M-point blocks is given in terms of Mellin-Barnes integrals that convert a Mellin
amplitude to a conformal block. We organized our calculation such that

1 [ dyy & 1 7 T(y)
O~ (] [ 57 ) 2mio ( Sy = | o — (T gt | O
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where CB), stands for an M-point conformal block. The (M — 1)-point block, CBj/—1,
is obtained from the conjectured form of such a block. We show that once the necessary
integrals are performed we obtain CBj; of exactly the form predicted by the conjecture.
An inductive proof has to start somewhere, by verifying that the initial step holds. It turns
out, the initial step (M = 3) holds quite trivially. While only one starting point is needed,
the M = 3 correlators are special as there are no invariant cross ratios with three points.
However, the conjecture and the proof do apply to the 3 — 4 case. In appendix A we
inspect that everything checks out when going from M = 3 to M = 4, as well as going from
M =4 to M =5. We spelled out the 4 — 5 case to display a more generic procedure.
Admittedly, the proof is rather technical with quite a few steps. Therefore, we showcase
in detail an example of a 9-point function in section 6. We display how to choose the
cross ratios in that case and how to construct the corresponding conformal block. We
also discuss certain discrete symmetries that a block must possess. In the simplest case,
any two external operators that are connected together to a vertex can be interchanged
leading to a Zo symmetry. The block must be invariant under such a Zo, which provides a
non-trivial consistency check as many cross ratios need to be rearranged under operator
exchange. The 9-point example in section 6 posses a Zo X Zo X Zo symmetry although
analogous discrete symmetries can be significantly larger and more complicated for more
symmetric diagrams. Afterwards, we conclude in section 7. We note that with this paper the
dimensional reduction of higher-point blocks discussed in [31], which assumed the Feynman

rules conjecture, is now proven.

2 Feynman-like rules

This paper uses a method of “flow diagrams” [29] in order to find u-type and v-type cross
ratios for a conformal block. We can always use the OPE to reduce an M-point conformal
block to an (M — 1)-point block. Iterating such a reduction we decompose a block to
a diagram consisting of 3-point vertices. When specific position space coordinates are
chosen for a given OPE we will call the associated 3-point vertex an OPE vertex. Not all
coordinate choices are consistent when the entire diagram with M external legs is concerned.
Flow diagrams provide a way of consistently assigning position space coordinates for all
3-point vertices of a given diagram. A consistent coordinate assignment depends on the
order in which one decomposes the block into OPE vertices. Flow diagrams are pictorial
representations of position coordinate assignments for each OPE throughout a block. We
will illustrate these concepts in 2.1 while specific examples are shown in sections 3 and 4.
The term “flow” refers to how coordinates are shared among OPE vertices or how they
flow from one vertex to another. We say that a leg “flows” in a diagram if its position space



coordinate is shared in a neighboring OPE vertex. The collection of OPE vertices that
have the same flowing leg, naturally leads to “comb” structures within the flow diagram.
Reduction of an M-point block can lead to several different overall topologies of diagrams.
The “comb” topology, illustrated in figure 4, is the simplest one. Coordinate flows single
out sub-diagrams picking out those vertices in a diagram that share the same coordinate.
Naturally, the vertices sharing one coordinate form a comb topology when the rest of
diagram is ignored to concentrate on one particular coordinate flow. The comb structures
within a flow diagram provide an extremely useful method for figuring out in what order to
integrate the Mellin-Barnes integral representation of conformal blocks to obtain explicit
series representations for conformal blocks in arbitrary topologies.

In this section we first introduce flow diagrams and explain how to flow coordinates
along a given topology, effectively decomposing it in its comb structures. We stress that
this decomposition depends on the choice of flows. Using the flow diagrams prescription,
we then define rules to compute all conformal cross ratios. Finally, we combine all of the
above with the known Feynman-like rules, introducing an explicit recipe for constructing
scalar conformal blocks in arbitrary topologies.

2.1 OPE vertices and cross ratios for arbitrary topologies

Any scalar contribution to a M-point correlation function (O (x1) ... Op(xar)) is of the form

M—3
Ag. /2
W (z:) = L(Aq, ..., An) < IT w o > g(u, 1 =), (2.1)
i=1
where L(Aq,...,Ays) is the leg factor which ensures that the correlation function transforms

covariantly under the conformal group and g(u,1 — v) is the conformal block for that
particular topology and set of exchanged operators. Indeed, an OPE decomposition of any
correlation function into its OPE vertices leads to a specific topology, with conformal blocks
summed over internal exchanged operators. Moreover, the appropriate u-type and v-type
cross ratios appearing in the conformal blocks also depend on the corresponding topology
and the chosen flow of coordinates, which can be found via flow diagrams presented in
this paper. We now introduce the rules to build the leg factor and the cross ratios of
any conformal block with arbitrary topology. The construction of the conformal block is
described in the next subsection.

For the OPE decomposition of the correlation function leading to the topology of
interest, we first define n/ OPE vertices as OPE vertices with n internal (or exchanged)
operators. The leg factor L(Aq,...,Ays) can then be determined by looking at the 1/ and
21 OPE vertices. Specifically, after defining X, as

x
Xab;c = Xba;c = ab (22)

one can associate factors
Ag Ab

La(Aa)Lp(Dp) = X2, X2 (2.3)

be;a“*tacsb?

and A

Lo(A) = X, 2 (2.4)

bec;a



11 OPE vertex 21 OPE vertex

Oa(ilj'a) Oa(xa)

Ob(azb) Ok,y (xc) Okg () Okw (zc)

Figure 1. 1] and 2I OPE vertices. Here, O, (Oy,) represent external (internal, or exchanged)
quasi-primary operators.

Oo, (xa2 ) Oosy (xas)

Os, ($a1) ‘ ‘ 0o, (xa4)
Oy

«

Figure 2. The four-point structure in which O,, can be either external or internal operators.

to the 11 and 21 OPE vertices depicted in figure 1, respectively. Then, the full leg factor
L(A1,...,Ap) can be built by multiplying all L,(A,) for 1 < a < M together. We note
that in figure 1, external operators are indexed by a or b while internal (or exchanged)
operators are indexed by kg or k.

To construct the cross ratios, it is important to first define a proper prescription for
the flow of the coordinates in the OPE decomposition of the correlation function. This
is accomplished by ensuring that every operator on a given OPE vertex is at a different
coordinate. Then the flow of coordinates between adjacent OPE vertices is defined by
choosing the coordinate that flows, in the OPE limit, from one OPE vertex to the other.
This prescription is most easily explained with concrete examples.

For example, the u-type conformal cross ratios are obtained from pairs of OPE vertices
connected by a shared internal line yielding M — 3 cross ratios. Equivalently, one can think
of the u-type cross ratios as arising from M — 3 four-point structures inside the M-point
conformal blocks. There is one u-type cross ratio for each unique choice of a four-point
structure. For the four-point structure depicted in figure 2 and its OPE decomposition
shown in figure 3 (where O, can be an external or an internal operator),? we can build a
u-type conformal cross ratio as

2 2
i T

U = iz azes (2.5)
T T

aia4*a2a3

following the flow of coordinates.

2 Additional explicit examples can be found in (4.4), (4.7), and (6.1) with their associated OPE vertices
in (4.3), (4.6), and figure 6, respectively.



Oy (Tay) Ooy(Tas)

Oal(xal) 4L Oka(ZEM) Oka(m@) AL 004(55&4)

Figure 3. The choice of OPE vertices which are equivalent to the OPEs O, (24,)Op, (Tay) ~
Oka (xfm) and 003 (Ia3)004($a4) ~ Oka (Ia4).

In figure 2, the coordinates on the operators are fixed (obtained consistently from the
flow) if the corresponding operator is external (internal). To build the flow of coordinates,
it is necessary to ensure that adjacent OPE vertices are consistent, as in figure 3. Indeed,
in figure 3, the internal operator O, that pops out of the OPE decomposition appears
in each OPE vertex, and its coordinate is defined by the OPE limit. For figure 3, the
coordinate of the left OPE vertex is z,, because the OPE of the right OPE vertex is chosen
as Oy (Tay) 00, (a,) ~ Ok, (Ta,). Equivalently, the coordinate of the right OPE vertex is
x4, because the OPE of the left OPE vertex is chosen as Oy, (%4,)O0,(€ay) ~ Ok, (Tay)-
The coordinate of any internal operator on any OPE vertex is obtained following this flow
prescription. There are obviously more than one choice of flow of coordinates per topology,
and the corresponding u-type cross ratio depends on the choices made [the denominator
in (2.5) clearly depends on the coordinates that flow], but every flow is an appropriate
starting point for the Feynman-like rules described below. We note here that the symbol ~
in the OPE is a shortcut notation to indicate which operator (and its tower of descendants)
is exchanged.

The v-type conformal cross ratios can be obtained similarly by selecting all pairs of
OPE vertices yielding (M; 2) of such cross sections. For every pair of vertices, v cross ratios
also involve all the vertices needed to connect the selected pair via internal lines. Therefore,
this prescription associates each v with a comb structure inside the M-point conformal
block. The comb structures can have anywhere between 2 and M — 2 vertices that is
between 4 and M points. Note that the u-type ratios involved adjacent vertex pairs only.

Specifically, for the comb structure depicted in figure 4 and the chosen OPE decompo-
sition depicted in figure 5, we can build a v-type conformal cross ratio

1‘2 2 n—4 .2

_ TayanTan_192n—s Laoi—1q2i
Ualan - .T2 .’I]Q 1’2 b (26)
a1t Tangen—¢ =1 Ta2iq2i+1

with g2 = ag and g2,—7 = an—1. We stress that the OPEs Oy, (24,)Op, (Ta,) ~ Ok, (Zay)
and Oy, (%a,,)Oo,, 1 (Ta, 1) ~ Ok, _,(%a, ) have been chosen to agree with (2.6). Moreover,
the coordinates on the Oy, must be chosen consistently following the OPE flow mentioned
above. For example, x4, is either z4, if the OPE is taken as Oy, (24,)O0y(2ag) ~ Ok, (Ta3),
or z4, if the OPE is taken as Ok, (24,)Oo;(Tay) ~ Ok, (T4, )-



00'2 OUS OO’TL*Z 00'7171

Os

n

Ok,

kan73

Figure 4. The comb structure (n > 4) from which one v-type conformal cross ratio can be built. It
should be understood that O,, = O,,(x,,).

00'2 00'3 O”n— 1

O, 4L Okal(qu) Okal(xqz) 4L Oka2 (xqs) Okan,g ('qunf(s) 4L @

Figure 5. The associated OPE vertices for the comb structure in figure 4. The coordinates x,
must be chosen in a way that is consistent with the OPE, or in other words, the flow of coordinates.

On

Without loss of generality, we assume g2 = a2 and q2,,—7 = a,,—1. In other words, we take the OPEs

O, (%a1)O0, (Tay) ~ Okal (Ta,) and Oy, (74, )00, (Ta, 1) ~ Oka”,g, (Tan_1)-

The rules for v-type conformal cross ratios (2.6) can be re-expressed in many different
forms. To see this, we first assume that x4, flows until the vertex containing Oy, where
To,, starts flowing. Concretely, this means that the coordinate of the right operator of all
OPE vertices up to and including the OPE vertex with the top operator at z,, , are zq,.
Then, z,, flows up to the vertex containing O,,, where z,,, starts flowing. We keep going
on until the last vertex is reached. As a result, we find that

Qi =az, 1<i<r—2,
q2i = Qp,, T1—1<0<1r9g—2, (2.7)

where the odd-subscript ¢’s are not defined in terms of a’s by the flow as described above.
We note however that their explicit coordinates are not needed since they always cancel
n (2.6) (for every numerator containing an odd-subscript g, there is an equal denominator
with the same odd-subscript q).

To proceed further, we define the boundary vertices as vertices at which the flowing
coordinates change. We use T "him to denote the boundary vertex where z, stops flowing
while x; starts flowing and associate a factor
aian _ Ll%c
abc x?zc )

w (2.8)

to To1%. In T4 we use the upper indices ajay, to represent the fact that the boundary
vertices are defined by focusing on the direction of the flow of coordinates from a; to a,
in the comb structure, and the values of a, b and ¢ depend on this choice. In the specific
case described here, the flow starts from the left OPE vertex in figure 5 and goes toward



the right vertex. After substituting (2.7) into (2.6), it is easy to check that (2.6) can be
rewritten as

$2

ala a
Vayan, = 5 22q1 Hwala”, (2.9)
Langan—sTaiq

where the product has been taken over all of boundary vertices. Similarly, focusing on the
direction from a,, to a1, (2.6) can also be rewritten as

$2 2
ala (l
’Ualan — x12 n n— 1q2n 6 Hw[lnal (210)

anq2n—6 al q1

Therefore, once the flow of coordinates for a given OPE decomposition of the correlation
function in a corresponding topology has been chosen, it is straightforward to construct the
u-type and v-type cross ratios. The cross ratios can then be used as a starting point for the
Feynman-like rules of the conformal block.

We end this discussion by constructing an important index set for the M-point topology
associated with the choice of OPE vertex, denoted V. For each v-type cross ratio there exists
a corresponding element in V. Thus the cardinality of V is (M %). Particularly, for the
cross ratio in (2.6), the corresponding element in V will be the index pairing (ajay,). This
element corresponds to the indices of position coordinates of external operator insertions at

the opposite extremes of the comb structure in figure 4 which also feature in the numerator

2

of the v-type cross-ratio (2.6) as z7 , , in other words the coordinates that do not flow.

2.2 Feynman-like rules for conformal blocks

In this section we will briefly state the Feynman-like rules for conformal blocks [28]. The
complete set of rules are as follows:

o For a M-point correlation function, choose an OPE decomposition (in other words, a
topology), and assign a consistent flow of coordinates between every OPE vertex.

o From the OPE flow, determine the cross ratios with the help of (2.5) and (2.6),

e Given the associated M-point conformal block, let the dimensions and insertion
coordinates of the external operators be respectively, A; and z; for i =1,..., M. Let
the dimensions of the exchanged operators be enumerated Ay, fori=1,...,M — 3.

e Assign each internal edge with an index ¢ running from 1 to M — 3. Associate to each
such edge an integer parameter m;, which we refer to as the “single-trace parameter,”
and a factor of

(Ak’i —h+ 1)77%'

E; =
’ (Aki)2m¢+5ki

, (2.11)

where h := d/2 and /i, is an integer parameter, which we call the “post-Mellin
parameter,” associated with the conformal dimension Ay;.



o Label each (cubic) vertex with an index ¢ running from 1 to M — 2. Assuming each
leg of the cubic vertex has incident conformal dimensions, A, Ay, and A., write the
factor associated to this vertex as

‘/;' = (Aab’c)mab,c‘i'%gab,c (Aac’b)mac,b+%eac,b (Abc’a)mbc,a‘i'%ebc,a

XFIEXP’)[Aabc,_h; {—ma,—mb, _mC};{Aa_h+1>Ab_h+1,Ac—h+1};1’ 1, ]’
(2.12)
where Ff’) is the Lauricella function given by [43-45] (see also ref. [40])
S T (@i, 7
Ff(f) {g? {al,...,aé};{bl,...,bg};.Tl,...,564 = > (@Dnreine [] (Z%)ni l‘i.' ‘
ni,...,ne=0 =1 \Oi)n; Mg:
(2.13)

Here mg, mp, and me (¢4, £y, and £.) are the respective single-trace parameters (post-
Mellin parameters) associated with each edge as mentioned in the previous point, and
for conformal dimensions A; we use the notation

iy ing ] i,

A (Ah + A, — A _Ain)a (2.14)

ierl -

N |

while for single-trace parameters and post-Mellin parameters we use

My i int i = Mg o0 My = Mgy = =00 = My (2.15)

iy ciningr i = liy + o by — Ly — - — Ly (2.16)

Note that the single-trace parameter associated to an external leg is identically zero.
Thus depending on the type of vertex (17,21 or 3I; see the discussion around figure 1)
the vertex factor will include a Lauricella function of 1, 2, or 3 variables.

o Then the full conformal block is given by (2.1) where the leg factor is given by the
discussion around equations (2.2)—(2.4) with the conformally invariant function of
cross-ratios g(u,1 — v) constructed by multiplying together all edge- and vertex-
factors, including appropriate powers of the cross-ratios, and summing over all integer
parameters, as follows:

oo M-3 u™ (1 — v )st M-3 M—-2
g(u, 1 —v) = Z (H n"i') H 77“‘8 (H Ez)(H W) ;
migre=0 | \i=1 ") \@oey I i=1 -1
(2.17)

where V is the index set associated to the v-type cross ratios.®> The post-Mellin

parameters ¢; and ¢, are linear combinations of the dummy variables j,5, as we
describe next.

3We assume throughout the paper that d > M — 3 so that the number of independent cross ratios is
M(M —3)/2. For d < M — 3, by rewriting dependent cross ratios in terms of independent cross ratios, we
have checked in several cases that the final answer (2.17) is correct and we expect that it is valid for all d
and M.



2.2.1 Determining the post-Mellin parameters

The Feynman-like rules collected above leave the edge- and vertex-factors in terms of post-
Mellin parameters ¢;, one associated to each conformal dimension. We will now complete
the Feynman-like prescription by specifying how these parameters are to be calculated.

For an external operator with conformal dimension A; inserted at position z;,the
associated post-Mellin parameter is defined to be

b= > s (2.18)

(rs)ev

=1 Or =1
For exchanged operators of conformal dimensions Ay, we compute the post-Mellin
parameters by repeating the method below until all post-Mellin parameters have been
computed. Begin by identifying all internal vertices with two external edges and only one
internal edge (which we refer to as 11 vertices). In this case one simply adds post-Mellin
parameters of the external edges together and subtract all even multiples of j.s variables

appearing in the sum. That is, for the following 11 vertex,

Ag

(2.19)
Ay AV,

£k32£7€1+€2)

where the symbol 27 means equality holds once all even multiples of j,.; variables have been
dropped. If there are any post-Mellin parameters that have still yet to be computed, solve
for them iteratively using the procedure above by adding together the known post-Mellin
parameters of two legs of a cubic vertex. That is, if two post-Mellin parameters are known
at a shared vertex, the unknown post-Mellin parameter is computed as

Ay,

A A
. & Eks 2‘:7 Ek’l + Ekz : (2'20)

Repeat this process until all post-Mellin parameters have been determined.

3 Examples of cross ratios

We first show how to use (2.5) for an arbitrary four-point structure and (2.6) for a specific
comb structure inside a nine-point topology.

3.1 w-type cross ratios

In this section we will demonstrate how to use (2.5) to solve for the u-type cross ratios
given a flow diagram. The construction of these ratios is sketched in four steps.
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1. Identify the pairs of neighboring OPE vertices in a flow diagram. The pairs should
result in two OPE vertices that have one Oy, between them? so that any given
structure should be of the form below.

Ty Te

Lq

Te Tp

Vi o, Ve

K3

Ld

2. Next, identify which legs do not flow in the pair of OPE vertices. We say a leg does
not flow if we do not assign those factors in the flow diagram for that structure. In
this paper we circled the legs that do not flow in the u-type diagrams. Also identify
the lower script labeling of O,. We simply label the u-type cross ratios with the
subscript corresponding to the Oy, in the diagram that is denote them as ;.

Tp Le

@ v xcofb Vs @ (3.2)

i

3. Once the legs which do not flow are identified, in this case z, and x4, we draw a
dashed green line to the leg that flows from a vertex to its neighbor, in this case x
and z. respectively. The two z, and x, factors that are connected by the green dotted
lines in a single vertex become subscripts on the numerator of u; as an x]%q factor.

Ty Le

7 \

1

\
\
\
\

@IIVT xCOZb Vs @ 2 2 o
DU

_ TapTdc

i

4. Finally, the denominator of the expression for u; is obtained from the numerator by
exchanging the labels of the vertices that do flow. Namely,

2 .2
LapLdc

(3.4)

U; = .
2 .2
Lac qp

For sufficiently complicated blocks, this prescription might occasionally lead to some
confusion. A useful checkup on the expressions for the u-type cross ratios can be obtained
by drawing a dashed red line to the leg that flows into a vertex to its neighbor, in this case
x. and x; respectively. The two x, and z, factors that are connected by the red dotted

“See (4.4), (4.7) and (6.1) for further examples.
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X1 x3 X4 L6
xzj—xzs $2J—$4 $2J—$9 $2J—$9 xo
V7 Vi Va Vi

Figure 6. A possible flow diagram for a 9-point asymmetrical block.

lines in a single vertex become subscripts on the denominator of u; as an l‘lz)q factor

Tp Te
RSSO
V.
'S
Oki s -
DU )
Laelqp
yielding again
Ty Te
7 \
’ \
, \
4 \
Vi V. 2,2
" Okz s o TapTye
TUup = 5o
LacTgp

3.2 wv-type cross ratios

ZT9

(3.6)

In this section we will demonstrate how to use (2.6) to construct v-type cross ratios given

an appropriate choice of flow diagram.

1. To solve for the v-type cross ratios, we need to find the comb structure that results
for any vertex pair, V;V;. The subscripts of the V;V; pair correspond to the labels of
the two OPE vertices that are the end vertices of the corresponding comb structure.
This will result in (Mz_ 2) vy cross ratios. For example if we consider the following

flow diagram,

then we will have V;V; pairs found in the upper right triangle of the matrix® below

Vivo ViVs iVy iVs ViV Vily
VaVa VoV VaVis Vol Valg
0 VaVy V3V V3V Valg
0 0 ViVs VuV Vilz
0 0 0 VsV V517
0 0 0 0 0 VW

5Note that this matrix corresponds to (M; 2) in any given diagram.

o O O O
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2. Now that we have identified all V;V; pairs, draw the associated comb structure between
these vertices. For reference, for the rest of this example we will consider the V3V5
pair. The vertex pair comb structure for V3V7 is

Ty T5
ol z3 T4
) XT3 T2 T4 T2 X9
V7 1% Vo

: V3Vr (3.8)

3. Next, in each structure associated to the vertex pair, identify which legs do not flow.

We say a leg does not flow if we do not assign those factors in the flow diagram for

2

that structure. The two legs that do not flow will become the subscripts for a x7

term in the numerator of the v-type cross ratio. Moreover, we now circle the two x;
x; pairs that are between vertices. The x; and x; subscripts from within the blue
circle will become xfj factors in the numerator.

In the case of the V3V7 comb structure z; and x5 do not flow. Thus, the numerator
contains x% and the x; z; pairs circled in blue, w23, 24, T49.

T4 5

Vs
1 T3

V? v Vl v V2 . VE’,V? Uy = x%5x§2$%4x4219 (39)

4. Once we have identified which z, and zs legs do not flow, we draw a dashed orange

T2

line to show the shortest path from z, to x5 assuming it must go through the other
points labeled in the diagram, a geodesic between x, to z,. The two x; and x; factors
that are connected by the orange dotted lines in a single vertex become subscripts on

an x?j factor in the denominator.

Using our example, 21 and x5 do not flow, thus the denominator contains the pairs of
the geodesic between x1 and x5, which are x%4, 13, 13, 3.

Ty g
T 3 L4 (3.10)
T2 xr3 T2 T4 T2 x9
Vz Vi Va

ViVzivs = 55—
: : 2 .2 .2 2
T13L24%34% 95



5. Put the method all together to get the full v-type cross ratio.’

Ty T5
T9 ‘/3
T T3 T4
T2 3 T4 @ Z9 5 5 o9 o 5 o9 9
V7 Vi \/ Vo CVale - oe — T15T32%24%09 _ 15557

(3.11)
We now turn to the construction of the u-type and v-type cross ratios for 4-point and

5-point conformal blocks.

4 Low-point examples

In this section we demonstrate how to find the cross ratios for a conformal block using the
4-point and 5-point blocks respectively. This section directly corresponds to section 2.1 and
is used to complement the equations there through illustrative examples. For a non-trivial
example of how to find u-type and v-type cross ratios in a higher-point block see section 6.

4.1 4-point block

Consider a 4-point block with the following labeling

02 (932) 03 (xg)

O "
O4(z4)

01 (.’El)
Ok,

4.1.1 Flow diagrams

In order to create an associated flow diagram for (4.1), it is convenient to expand out the
conformal block into a set of OPE vertices. In the case of (4.1) we see the following 3-point

vertices,
o T3

I

T4
Vi V2 (4.2)

In (4.2) we assigned a label of V7, and V5 in order to keep track of individual vertices
in the diagram. To complete a flow diagram we have to assign position coordinates which

SAs can be seen in section 6 in step 3 of the v-type cross ratios this method works regardless of the
ordering of V;Vj;. In this example it is clear that VaVz = V7 V3.
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satisfy the OPE vertices of the block. For the 4-point conformal block, we see four possible

flow diagrams

z1

I

T2

o)

T3 T2

X4

xr3 X1

X4

x1

I

Z2

T3

Wi

Z2

T4 To

Vs

T3

Vi

T4 T1
Va

Lq

Lq

(4.3)

Flow diagrams are not unique. Each flow diagram generates a corresponding unique set

of cross ratios. For example, using (2.5) and (2.10) we can recreate all u-type and v-type

cross ratios that are possible for a 4-point block with our chosen labeling.

In the case of the 4-point block there is simply only one u-type cross ratio per any flow

diagram because there are only two vertices.

z1

z1

Iy

x1

T2

L3

x3

L4

Wi

Z2

L4

Va

x3

T4

Vi

x2

Va

T3

Wi

Z2

L3

T

Va

T3

Lq

Wi

Lq

T

Va

Lq

2 .2
_ T12T34
=2 .2

L4733

2 .2
_ T12T34
=2 .2

To3L14

2 .2
_ T12%34
=2 .2

L4773

(4.4)

Next, we demonstrate how to use flow diagrams to solve the v-type cross ratios. In the

below diagrams we show the resulting v-type cross diagrams and their cross ratios based on
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Oz (z2) O3(z3) Oy (z4)

O1(z1) Os(z5)
Ok, Oy

Figure 7. 5-point conformal block.

every possible choice of 4-point flow diagrams.

X9 T3 ) I3
x1J‘/—$3 Z'QJV—JM I v xr3 T2 v T4 :L’2 $2
1432
1 2 : 1 2 :V1V2:1)14=x2 1‘2
13424
T2 3 T2 T3
1 2 . 1 2 . . _ 13442
: .V1V2.7)13—$2 :L'2
1423 4.5
€2 z3 Z2 x3 ( )
I Vi xr3 T1 v X4 I % xr3 T1 v T4 .TQ 332
2431
1 2 H 1 2 :V1V222)24:x2 12
23414
€2 z3 Z2 Z3
$1vﬂ?4$1vl’4 3?1VVCC4 2272
. . . _ 2341
1 2 : 1 2 : V1V2 ‘U238 = —5 35
L4%713

4.2 5-point block

Consider a 5-point block with the following labeling

4.2.1 Flow diagrams

In order to create an associated flow diagram for figure 7, it is convenient to expand out
the conformal block into a set of OPE vertices. In the case of figure 7 we see the 3-point
vertices of figure 8.

We can complete our flow diagram by assigning position coordinates to any unassigned
legs of the 3-point vertices. A few of the possible choices of flow diagrams for the 5-point



T2 3 T4

I

Vi Va Vs

Figure 8. OPE vertices for the 5-point block of figure 7.

conformal block are as follows”>8

L2 T3 Tq T2 3 L4
ﬂfleg xT9 T4 X3 XI5 l‘liﬂfg T2 Ir5 X9 ZI5
Vi Va Vs Vi Va Vs
(4.6)
L2 T3 T4 T2 T3 L4
leQM x1 T4 T Ty $1LI5 x1 5 T3 Z5
Vi Va Vs i Va V3

4.2.2 wu-type and v-type cross ratios

To finish solving for the u-type and v-type cross ratios we choose to use the flow diagram
in the top left of (4.6). In this paper, the inductive proof in section 5 makes the choice
to assume the O1(x1) leg never flows. To enforce the choice that O;(z1) never flows, we
restricted our labeling to require the O;(x1) leg to always connect to the Oy(x3) leg.”
Solving for the u-type cross ratios

i) T3 T4
T T3 X9 T4 $3L{E5
Vi Va V3
To xs3 €3 T4
’ \ / \
1 \ ’ \
7 \ 7 \
7 \ Vi \
Vi Va 2 .2 Va V3 2.2
Ok, L x{py3 Ok, R V!
FUL= 5 5 FU2 =59
RED) L94T53

"For sake of brevity we did not generate a list of all possible flow diagrams for the 5-point block. Instead,
we list a few significantly different valid choices.

81f we had found the u-type and v-type cross ratios of each flow diagram, then we would have obtained
different sets of cross ratios, including the sets found in [15, 27, 28] as in (4.6).

9We can always make the choice to label an arbitrary conformal block such that the Oy (z1) and Os(z2)
leg connect. Since block labeling is arbitrary we can send some O1(x1) labeling to Oq(xq) and O2(z2)
labeling to Op(xp) such that our choice in flow restriction is possible in any block orientation and labeling.
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AQ A1

As Am A

Agt1 AW A:z+1

s

(a) (b)

Figure 9. (a) A canonical M-point AdS diagram, and (b) the associated (M — 1)-point diagram.
We have left the external insertion points implicit — an operator of dimension A; or A} is inserted
at position z;. The shaded blobs labeled 3 and M represent arbitrary tree-level subdiagrams. The
shaded blobs 3’ and M’ have the same topology as their unprimed counterparts with all external
and internal dimensions replaced by their primed counterparts. The precise relation between the
primed and unprimed conformal dimensions will be explained later in this section.

and solving for the v-type cross ratios,

Z2 Z3 xs3 Ty

1 v 3 v L4 2 o T2 v 4 v L5 9 o
Ti4T T5=T
A7 . L Ti4Ta3 y N Vs . o T25Ty
.V1Vv2.’U14— 2 5 .V2V3.’U25— 5 2
Ty 5,
13424 24435
T2 3 Ty
T1 @ @ X5

Vl \_/ V2 \_/ VES 2V1V32U15:M

2 .2 2
L13%24T35

(4.8)

2 is symmetric that we tend to use the convention of

]
writing ¢ < j. In this section we outlined the methodology for obtaining u-type and v-type

It is worth re-noting that since x
cross ratios for any conformal block using two examples, the 4-point and 5-point blocks.

5 Proof of Feynman rules

In this section we provide the full proof of the Feynman rules based on the OPE flow and
the associated conformal cross ratios discussed above. The proof proceeds by induction.
Consider the M-point bulk diagram in AdS;11 shown in figure 9a. It is a canonical
AdS diagram, which is constructed only with the help of cubic vertices, and its topology is
the same as the topology of the associated conformal block we are interested in. The only
explicit cubic vertices, which correspond to OPEs in the CFT language, shown in figure 9a
are denoted by green dots. All the remaining cubic vertices are included inside the gray
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blobs. It is well-known that the conformal block decomposition of this diagram contains a
single-trace component where single-trace operators are exchanged at every internal leg, as
well as contributions coming from the exchange of a mixture of single-trace, double-trace
and higher multi-trace operators at internal legs. To obtain the M-point conformal block of
the same topology as the AdS diagram corresponding to a scalar block built out of external
and exchanged operators dual to the corresponding AdS scalar fields shown in figure 9a,
we need only isolate the purely single-trace contribution to the diagram [16, 19]. We will
achieve this single-trace projection in Mellin space following the method utilized in ref. [28].

This M-point bulk diagram position space amplitude A,; can be expressed in Mellin

space as,
dryrs INGQTT;
Ay =Ny H / g ./\/lM '71]) H (13(27);)]
(rsyeu|Jv GHeuyvyyo V¥ 5.1)
d rs s
=Ny H / 27 '77 <H 2%15(2’7(16))/\/1]\4(’)/&1,),
e s
(rs)yeuJvyno b=1

where the union of index sets & UV labels the M (M — 3) /2 independent Mellin variables.
The index set D labeling the M dependent Mellin variables is introduced as integration
variables in the second line with the help of delta functions enforcing the constraints

M
Y rw=0 VYa=1,...M. (5.2)
In writing (5.2), we have defined the “diagonal” Mellin variables 74, := —A,.!Y Together,
the index sets constitute the off-diagonal upper-triangular matrix indices
UUVYUD ={(rs):1<r<s<M}. (5.3)

The decomposition into dependent and independent sets of variables is not unique. For the
set V, we will be employing the choice presented in section 2.1.
In our convention, the normalization constant in (5.1) is given by

Ny = nM=2)h (1\/1[_—[3 1) <1A_/[[ 1 ) (5.4)
= D(Ak) )\ 5 T(Aa) ) '

a=

where A, are the external conformal dimensions, Ay, are the internal exchanged dimensions
and h was defined below (2.11). Then, according to the Feynman rules for Mellin amplitudes

10Mellin variables are symmetric, complex variables so that the constraints (5.2) can be solved in terms of
. . . . M
auxiliary momentum variables pq, such that v, = pa - pp, along with momentum conservation w1 Pa =0,

where pg - po = —Aq on-shell. We can then define Mandelstam variables
Say...ap, = — (pa1 +pak Z Ab -2 Z Yrs
b=aj a1<r<s<ayg

which we will use in the proof later.
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of tree-level AdS diagrams [39-41], the Mellin amplitude M, in (5.1) is given by

M-3 oo M-3 M—2
M ’Yab (H Z ) <H Eg/lellin> (H VaMellin> ) (55)

a=1 mg=0 a=1 a=1
The edge factors take the form

w1 (A —h+1
phetn _ L (B, —h ¥ Jma (1 <a<m-3), (5.6)

mg! w + My

where s, is the Mandelstam invariant associated to the internal leg Ay , and m, is an
integral parameter associated to the same leg to be summed over as shown in (5.5). All
vertices of the canonical M-point AdS diagram are cubic vertices; the associated vertex
factors are

1

ir(Aaﬁ’%_h)

XFE)) [Aagy, —h; {—ma,—mg,—my}; {Aa—h+1,Ag—h+1,A,—h+1};1, 1,(1] , |
5.7

for 1 <a < M — 2, where A,, Ag, A, correspond to the conformal dimensions incident at

Mellin __
V., =

the associated cubic vertex in the AdS diagram and m., mg, m, are the dummy integral
parameters associated to the legs. Moreover, FE’) is the Lauricella function of type A of
three variables,!! given by (2.13).

Mellin amplitudes are merophormic functions of Mandelstam invariants which have
simple poles corresponding precisely to the exchange of single-trace operators [36-38]. These
simple poles occur when the Mandelstam invariants in the edge-factors (5.6) go “on-shell.”
Thus the task of isolating the conformal block reduces to evaluating the residue at all simple
poles of the Mellin amplitude of the associated canonical AdS diagram. We will achieve
this inductively for a generic canonical AdS diagram in the remainder of this section.

5.1 Setting up induction

To proceed with the induction, we first write:

y (]\ﬁS i) (AﬁQVaMellin> (Aﬁ?’ (Aka _h+1)ma> BM, (58)

a=1 mg=0 a=1 a=1

with

d’y ) M M M-3 1
Bar = 11 / o7 ( )vrs 1127883 7 = Aa) (H P YoET— >
(re)eu|Jv o Trs a=1 o a=1 — 9 T Ma

d’Yla 1
(H/ o ( 'ym) 2mio <Z Ya — 1) WBM—L

5 +mq

(5.9)

11 one (respectively, two) leg of the cubic vertex is external, the corresponding m, parameter is set to
zero, and the Lauricella function of three variables reduces to the Lauricella function of two (respectively,
one) variable(s).
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where in the second equality we defined Bj;_1 as

dyrs T ’Yrs) M . M M3 1
By = H / omi (2, H 277@5(2%17—Aa) < H %—%)'
(rs)eu’Jv'Jo’ a=2 27:&(11 a=2 — 5 TMa
(5.10)
In writing (5.8)—(5.9) we have suggestively rearranged the integrals in (5.1). Note that we
interchanged the order of integration and summation to pull out the (M — 3)-dimensional
infinite sum to the front in (5.8), and we used the fact that the vertex factors VMellin
are Mellin variable-independent to move them outside the contour integrals. The edge
factors EMein have been collected in Bj;_1 in (5.10) except for the edge factor £; which
corresponds to the internal edge labeled Ay, in figure 9a. We could pull E; out of the
integral in (5.10) over the primed Mellin index sets U’ UV U D', defined via

UUVUD =UUVUD~{(la):2<a< M}, (5.11)

because we have chosen to express the associated Mandelstam invariant s; solely in terms
of Mellin variables from the set {71, : 2 < a < M}. The contour integral in the second
equality of (5.9) is precisely over the Mellin variables whose indices belong to the set
{714 : 2 < a < M}. Specifically,

81 = A1+ Ay — 2715 (512)

A convenient choice for the individual primed subsets U’, V', D’ will eventually allow us
to identify them as the Mellin index subsets of an (M — 1)-point Witten diagram obtained
by removing the external leg labeled A from the original Witten diagram (see figure 9b).!?
The set D" will play the role of indexing the dependent Mellin variables of the (M — 1)-point
diagram, while the set U’ UV’ will index the independent Mellin variables. Just like for
the M-point diagram the choice of the primed sets is non-unique, but we will employ the
algorithm of section 2.1 to construct the set V’. This choice turns out to be convenient
from the point of view of setting up an inductive procedure as by construction it guarantees
the following strict containment,

Vicy. (5.13)

As will become clear later in the proof, the choice of s; in (5.12) allows us to set

U=uu{(12)}. (5.14)
Furthermore, we choose
D =D uU{(13)}, (5.15)
which immediately yields
V=V U{(la):4<a< M}. (5.16)

12 As we will demonstrate shortly, the precise values of external and exchanged conformal dimensions in
the (M — 1)-point diagram will differ from those of the original M-point diagram. However, the Mellin
index sets do not depend on conformal dimensions but only on the position space insertion points, which are
preserved upon going from the M-point diagram to the (M — 1)-point diagram.
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The reason it is useful to rewrite the M-point position space amplitude as in (5.8) is
that it can now be expressed in terms of the position space amplitude of the closely related
(M — 1)-point diagram shown in figure 9b. The aforementioned M- and (M — 1)-point
diagrams share the same topology, except for the fact that the external leg labeled Ay
has been removed in the (M — 1)-point diagram and all conformal dimensions have been
shifted in a way we will describe shortly. To distinguish between the original and shifted
conformal dimensions, we will be using primed labels to refer to the external and exchanged
dimensions of the (M — 1)-point diagram, as shown in figure 9b.

In (5.9) and (5.10), s, can be determined as follows: we cut the Ay, -internal line inside
the M-point diagram, leading to two disconnected parts. One part contains the external
operator O;(x1) while the other part does not. We denote the external operators in the
part which does not contain O;(z1) by Op(xp), and we define the corresponding set Jy,, > b.
As shown in figure 9a, it is clear that Ji, is a subset of {3,4,..., M}. Indeed our choice in
cutting the Ay, -internal line is such that one part contains the external operator O(z)
[remember O (1) will connect to Oz(z2)], while the remaining internal operators from the

other part are contained in Jj,. As a result, s, can be computed from'?

(D)= A=2 > e
= = b€y, (5.17)
b<c

To get the corresponding conformal blocks, we want to evaluate Bjs at the “single-trace
poles,” by evaluating the residue at the simple poles at which the Mandelstam invariant
goes “on-shell.” Let us call that quantity B%f-. We will obtain B%} inductively starting with

. dyrs T(rs) 1
By = I1 / 27:; Tirs H 27 ( bzl’vab— ( I1 Aka3“+ma>

yell| Jv| JD 2
L (raeuUvy b#a s.t.

d’Yla 1
= 2 5 735.1}. ,

s.t.

(5.18)
where B5}- | is given by

dvrs TOrs) | [ TT 05 M
By, = II / o Tesl 1T 2706(> " van—A) < I1 A_)
T Ty )'YT% - — - kg a +m
(TS)GU’UV’UD’ a=2 g;é a=2 ) a
s.t.

(5.19)
The Feynman-like rules for conformal blocks given in section 2.2 are equivalent to the

3 The Mandelstam variable s, can also be obtained from the part which contains O1(z1). Let us denote
the external operators in the part with O1(z1) by Oy(zp) for b € J , where Ji is the complement of J,
in {1,2,...,M}. Due to the conservation condition of the auxiliary momentum, i.e. Z{il pp = 0, sq is
independent of this choice.
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following expression for B/

B = L(Ar.... Au (Aﬁgu? *’%) ((H 5= )(H v)(ﬁgE)

rs)EV Jrs=0
(5.20)
where V, and E, are “Gamma-vertex” and “Gamma-edge” factors for the M-point conformal
blocks. Per the rules, V, and E, are given by

~ 1 1
Va =T <A0102703 + m0102703 + 260102703> r <A0203,01 + m0203701 + 260203,U1>

1
x T (A0'30'1,0'2 + Meg301,09 + 260301702) , (521)
~ 1
T (Aka +2mg, + gka) ’

where ¢, are the post-Mellin parameters for the M-point topology, and o1, o2, o3 label the
operators incident on the internal vertex.

Let us briefly describe why (5.20)—(5.21) is equivalent to the original Feynman-like
rules (2.11)—(2.17). Looking at the definition of By in (5.8) and comparing (5.20) with the
original Feynman-like rules (2.17), it is clear the factor of (m,!) and the overall sum over
integers m, should not appear in (5.20). It is also clear that the numerator of the edge
factor (2.11) has been factored out of By in (5.8), so it doesn’t appear in the Gamma-edge
factor Ej,. Similarly, the factors of Lauricella functions appearing in the Feynman vertex
factor (2.12) get absorbed into VMelin in (5.8), thus they are left out of the Gamma-vertex
factor V,. Now, the denominator of the edge factor (2.11) is the Pochhammer symbol
(Aky)2ma+tn, = T(Ag, +2mq + L, ) /T(Ag, ). The factor of I'(Ag,) combines with the same
factor in the normalization constant Ay given in (5.4). Modulo this factor of [Ty, T'(A,)?,
what remains is precisely the Gamma-edge factor in (5.21). We will return to what happens
to this excess factor shortly. The explanation of the Gamma-vertex factor is slightly more
involved. First, note that to obtain the theory-independent conformal block, after taking the
single-trace projection of (5.8) one must divide out by theory-specific OPE coefficients. The
OPE coefficients associated with a scalar effective field theory in AdS space are the mean
field theory OPE coefficients given in (A.20), one for each internal vertex of the conformal
block. For instance, the factor of %F(Aijk, — h) in VMellin for each vertex cancels against
the same factor appearing in the OPE coefficient. The factors of T'(A; 1) T (Ajk,i)T'(Aki ;)
in the OPE coefficient cancel against the same factors appearing inside the Pochhammer
symbols in the vertex factor (2.12), leaving behind the Gamma function factors shown in
the Gamma-vertex factor in (5.21). Furthermore it is easy to see that the M — 2 factors
of 7" and M factors of I'(A,) in the normalization constant (5.4) cancel out against the
factors of 7 and I'(A,) in the M — 2 OPE coefficients. What remains in the product over
all OPE coefficients is the factor [T, I'(Ag,)?, which precisely cancels with the excess factor
mentioned above. This accounts for all factors and proves the equivalence between (2.17)
and (5.20).
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Now, it is easily checked that the Feynman-like rules (5.20) are satisfied for M = 3. In
that case,

3 3
Bg.t. — H / d/}/'rs Fyr,;)g 1_‘[1 27w bz Yab — Aa, ) (522)
a= 1

211 (x2,) —
TS)GZ/{UVUD b;éa ot

where
U=10 V=10 D ={(12),(13),(23)}. (5.23)

The single-trace operation, denoted by [-],, , acts trivially since there are no single-trace
poles in B§* to begin with.'* We can thus easily evaluate B§® since the three delta
functions in (5.22) eat up the three contour integrals, enforcing the following constraints

72 = A123 73 = A132 723 = Qa3 1. (5.24)

Consequently,

['(A2,3)T(A132) (A1)

Bs.t. — —
P (ahy)tia(aty) B (agy) Aen

L(A1, A9, Ag)T'(A123)'(A132)'(A231), (5.25)

where the leg factor is given by

AN

2 = 2 % 2 5

T 2 T 2 T 2

L(A1, Ag, Ag) = | 2 1 12 : (5.26)
93%295%3 5”%295%3 1’%33«"%3

It is straightforward to check that this is consistent with (5.20) for M = 3: there are no
cross ratios or Gamma-edge factors while the lone Gamma-vertex factor is given by (5.21)

with o; = ¢ for ¢ = 1,2, 3, where m; = 0 since all incident edges on the vertex are external.
Since the V set is empty (as there are no v-type cross ratios), the post-Mellin parameters /;
also vanish identically. Thus the Gamma-vertex factor in (5.21) reproduces the Gamma
functions in (5.25), completing the check.

5.2 Proof by induction

We will now prove (5.20) by induction. We have already established the base case above
(for M = 3). With the initial step verified, the proof by induction proceeds as follows:

1. section 5.2.1: the Mandelstam invariants and conformal dimensions of the M-point
diagram are re-expressed in terms of shifted Mandelstam invariants and conformal
dimensions of the (M — 1)-point diagram;

2. section 5.2.2: after using the Feynman-like rules for the shifted (M —1)-point diagram,
the edge- and vertex-factors of the corresponding (M — 1)-point block are obtained;

14Recall that the single-trace poles arise from the exchange of a single-trace quasi-primary operator in an
intermediate channel; for M = 3 there are no such exchanges.
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3. section 5.2.3: with the (M — 1)-point diagram conveniently written, the M-point
diagram can be represented in terms of shifted Mandelstam invariants and conformal
dimensions, as well as appropriate edge- and vertex-factors, from which it is possible
to project out the single-trace contributions to get the M-point conformal block. The
resulting answer is split in two parts, a coordinate dependent part and a Gamma
function dependent part;

4. section 5.2.4: the coordinate dependent part is then used to recover the proper
M-point cross ratios appearing in the leg factor and in the conformal block sums;

5. section 5.2.5: one product of the resulting coordinate dependent part is thereafter
manipulated by introducing extra contour integrals;

6. section 5.2.6: the original contour integrals, which combine the Gamma function
dependent part and the manipulated product introduced before, are then performed
by application of the first Barnes lemma;

7. section 5.2.7: finally, the extra contour integrals are trivially performed such that the
missing sums on the v cross ratios and the correct M-point edge- and vertex-factors
are recovered, completing the proof.

We refer the reader to appendix A where these steps are carried out for the first two
non-trivial cases, corresponding to M = 4 and M = 5, for illustrative purposes. In the
following, we will proceed in full generality for an arbitrary M in the arbitrary topology
associated with the canonical diagram shown in figure 9a.

5.2.1 Shifted conformal dimensions and Mandelstam invariants of the
(M — 1)-point diagram

Our first non-trivial step is to relate (5.19) with the corresponding (M — 1)-point quantity.
Since the Mellin parameters v;, should not appear in the (M — 1)-point AdS diagram, they
must be properly absorbed into other quantities. Specifically, to absorb 71, appearing in
) (2%1 Yab — Aq), we define the primed conformal dimensions A/, for 2 < a < M by

b#a

A=Ay — y1a =t Ag — Aa. (5.27)

Thus s, can be re-expressed as'®

Sa= >, D=2 > = D>, A =2 > et Y, T

bGJka b,CEJka bEJka baCEJka be]ka
b<c b<c

:Sg—i_ Z Y1b,

bEJka

15Since J, contains O1(x1) and the latter does not appear in the (M —1)-point AdS diagram, we compute
Sa from Jg, .
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e O1(z1)
2(22) @ Oa(x2) ‘ o @

Figure 10. The desired M-point conformal block (right), in which external (internal) operators
Ou(za) (Ok,) have conformal dimensions A, (Ag,) and the (M — 1)-point conformal block (left)
related to (5.31), in which external (internal) operators Oy (z,) (O}, ) have conformal dimensions
A=A, — A, f0r2§a§M(A§€a = Ay, — A, for2<a < M-3).

where we define

h= A =2 ) e (5.28)

bGJka b,CEJka
b<c
Moreover, we also define
/
ko — Aka — Z Y1p =: Aka — /\ka (529)
bEJka

such that Ay, — s, = A} — s;,. As a result, all 71, in (5.10) can be absorbed into Aj, and
1.» leading to

rsyeu | v (Jor %) +mq

s.t.
(5.30)
For the inductive step, we assume that B%}- | satisfies the Feynman-like rules (5.20), i.e

d’y ’Y ) M M M-3 1
e I O a1 £ D N L
a=2 b=2 a=2 —HG5—
a
5

M-3 A;ca ]\4—3A
By, — I g,...,Am(Hw;) m)( nm s )(Hv)(HE;),
( a=2

a=2 ’I’S EV’]rs—O
(5.31)

where the V! and E!, are “Gamma-vertex” and “Gamma-edge” factors for an (M — 1)-point
conformal blocks of the same topology and labelling as the original M-point diagram,
except with the A; external leg removed and with the external (internal) legs having
shifted-dimensions A}, for 2 <a < M (Aza for 2 < a < M — 3), as shown in figure 9 [see
also figure 10 for the associated (M — 1)- and M-point conformal blocks].

5.2.2 Edge- and vertex-factors of the (M — 1)-point block

As a consequence, the leg factor L'(A5, ..., A},) of the (M — 1)-point diagram, built from
our rules, has exponents which have linear dependence on A\, = 1, variables. This will
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be relevant for constructing the additional cross ratios of the desired M-point topology.
Schematically, the Gamma-vertex and Gamma-edge factors take the form

N 1 1
Va/ = F (A/O'10'2,0'3 + mUIUQ,O'S + 26:)'10'2,0'3> F <A/0'20'3,0'1 + m0'20'3,0'1 + 26:720'3,0'1>

1
x I (A;'301,02 T Moso1,00 + 2%301,02) (5.32)

- 1
i =

T (8, +2ma )

where ¢/, are the post-Mellin parameters of the (M — 1)-point topology, and o1, o2, o3 label
the operators incident on the internal vertex. It is worth noting that ¢, do not contain
any jip which appear in the post-Mellin parameters ¢, for the M-point block. Moreover, it

6

can be proved that the Va’ (EAL/I), which are not inside the initial comb structure,'® can be

obtained from the corresponding M-point quantities Va (Ea) through replacing all jq3 in Va
(Ea) by —Ap. To prove this, we first note that the following relations hold

M
=Y jia
o 5.33
ly=10, for a=2,3 (5.33)
fa:%—l-jla::%—i—ja for 4<a< M,

where the fact that V =1V U{(1la) : 4 < a < M} has been used. Substituting (5.33) into
the definition

b 23 4 (5.34)

bEJka

where the 27-equality is defined above (2.19), leads to

b 2N g+ Y 6, (5.35)

bGJka bGJka

when 3 is not in Ji,. Since all j;; on the right-hand side of the above equality only appear
once, we conclude that when 3 is not in Ji,, then ¢, can be written as

Uy = > Jio+ o, = jr, + 0, - (5.36)
bEJka

It is worth noting that when 3 is not in J_, then 33,1 can be built from A, through replacing
all \p in Ag, by j1p. With the help of (5.33) and (5.36), the V; and E;, which are not inside

16The definition of the initial comb structure is discussed in more detail in section 5.2.6.
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the initial comb structure, are given by
N 1
Vo =T Asios,05 T Moyos,05 + 5&7102,03
1
x I’ <A0203701 + m0203701 + 260203,U1>
1
x T A0301,02 + Meo3o1,02 + 560301702
1, 1.
=T A0102,03 + Meoyog,05 T 60'10'2 o3 + 2]0102703 (5_37)
14
x I’ (Aazazs,al + Moyog,00 + 26172:73,01 + 230203701)

1 1.
x I <A0301 oo t Moyoy,00 + g;'go'l,a'g + 230301,02)

N 1 1
E — = A )
“T (A, +2mg + ) F(Aka —|—2ma—|—€§€a +jka)

where o1, 09, o3 label the operators incident on the internal vertex and we defined ﬁgagbygc as
5oaab,ac = 5aa + 301, - jac' (5-38)

On the other hand, substituting (5.27) and (5.29) into (5.32) leads to
Ort 1, 1
Va =r A01027U3 + Mo102,03 + 560102,03 - 5)‘0102703

1 1
x I’ (AUQUB»UI + Moy03,01 + iafgag,ol - 2>‘0203701)

1 1 (5.39)
x I (AosUl,Gz =+ Mo301,09 + 55,0301,02 - 2/\0301,02> )

. 1
Fa = T (A, +2ma+ 8, = M,)

Since j’aa are the same as A, , except with all A, in )., replaced by ji5, we can conclude
that the V/ (E') which are not inside the initial comb structure can be obtained from the
corresponding M-point quantities V, (Ea) through replacing all j1, in V, (Ea) by —Xp.

5.2.3 Turning to the M-point block: projecting out the single-trace
contribution

Substituting (5.31) into (5.18), we find that B5} can be written as

dfyla ’Yla 1
[(H/ 27 ( 71a>27”5 ZVIG_AI)%TL'( oo, ALY

a=2 +m

M—3 A;m 00 1 _ ’U jm M M-3 ~
x(H<u'a>”m“)(H 5 ) () (i
a=2 (rs)eV’ jrs=0 = a=2

" (5.40)
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Evaluating the residue at the final single-trace pole Ay, + 2m = 51 = A1 + Ag — 2712 gets
essentially all instances of 19 replaced with

Let us also perform the integral over 73, the delta function forces all instances of ;3
to become

M M
Y13 = A1 — Y12 — Z’Yla = Ajg 2 +my — Z Yia s (5.42)
where (5.41) has been used to replace y12. We define the substitution S by
Sy = Arogy, —ma, 13 = Aig2+m1— Y Yia- (5.43)

As a consequence, B5f can be written as

i (1,505 (%) s
(

T‘S)EV/ ]7‘5—0

<|(m <<>’) (Aifw o) () ()]
SIS (1 %)

TS)EV’ Jrs=0

i [(frew) (T0) (T 2)]

where from the first equality to the second we separated the terms in square bracket into a

(5.44)

coordinate dependent part H5/

M M-3 A;m
Hif = [L’( ;,...,A’m(H @) (Hw;) : *’”ﬂ ) (545)
a S

a=2 a=2

and a Gamma function dependent part.

5.2.4 Recovering the M-point cross ratios

To proceed further, we first prove that H5}" can be rewritten as

I{]S\/[t — L(Al, e ,AM) (Aﬁ?’ > aera) (H fU_’Yla) (546)

a=1

where L(A1,...,Au), g, and v, are built from our rules for the leg factor, u-type and
v-type conformal cross ratios of the M-point conformal block (see figure 10). To prove (5.46),
the new OPE vertex which appears when going from the (M — 1)- to the M-point conformal
block must be specified. Without loss of generality, we assume that the new 1I OPE vertex
is as shown in figure 11. From figures 10 and 11, one can directly write down the conformal
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Oa(x2) Ok, (23)

Figure 11. The new 11 OPE vertex.

cross ratio u; per our rules, given by

_ Tha%u (5.47)

=73 2
T13%o 0

Since the OPE vertices of the (M — 1)-point conformal block are also OPE vertices of the
M-point conformal block except with the conformal dimensions being shifted, other u-type
conformal cross ratios u, for 2 < a < M — 3 as well as the part of v-type conformal cross
ratios v,s for (rs) € V' of the M-point conformal block coincide with the corresponding
conformal cross ratios u, and v..; of the (M — 1)-point conformal block, i.e.

ua:u;, 2<a<M-3
, , (5.48)
Ups = Upg s (rs) e V.

Moreover, with the knowledge of the 11 OPE vertex figure 11, according to our rules, it is
easy to check that the following relation between L'(A), ..., A),) and L(Ay, ..., Aps) holds,

A1 Ag

L,( ,2, ey A/]M) = X23717u17L/(—’712, ey _'YIM)L(Ala ey AM) 5 (549)

where (5.27) has been used and X, is defined in (2.2). Substituting (5.29), (5.48),
and (5.49) into (5.45), we find that proving (5.46) is equivalent to proving the follow-
ing identity
_a Sy (M
[X23,12 “1A2K/] =u? (H UfJ“) ; (5.50)
S a=4

where we defined K’ as

M M-3
K'=L'(- —m) | T] 1 o (5.51)
Y1250 TVIM (m%a)ma a . .

a=2 a=2

To compute K’, we note that terms in K’ can be classified according to their powers.
Specifically, in K’ there are three types of terms with powers 712, v13, and y14 for 4 < a < M,
respectively. To prove (5.50), we need to compute each type of terms. Before computing
these terms, we introduce the following identity

n—1 1,2
! o o anb
Xbllh,al H ukai - Xanbmal T 22 "xS ) (5‘52)
i=1 airan*aiby
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oll ~ To ol

Figure 12. The diagram that defines the cross ratios in (5.52) (left) and the OPE vertex (right).
Here the arrows represent the fact that x,, flows all the way to the last vertex on the rightmost side.

0/0'1 (mal )

O} (x3) # O}, (wq))

Figure 13. The OPE vertex containing O%(z3).

LTS8

Ok, Ok,

n

Figure 14. The (M —1)-point conformal blocks where we expand the circle filled with 3’ in figure 10.
Here the arrows represent the fact that x3 flows all the way to the last vertex on the rightmost side.

which will be repeatedly used in our computations. Here, the cross ratios uza,, which are
constructed from the Feynman-like rules, are related to the exchanged operatorls illustrated
in figure 12 and x4, is the coordinate that appears in the vertex containing x4, and xy,
with exchange operator Ofml. The identity (5.52) can be easily proved by induction which
we do not show here.

Now, we are ready to compute K’. Since K’ only contains quantities from the (M — 1)-
point block, in the following computations we focus on the (M — 1)-point diagram only.
We first extract the terms with powers 712 and 7y13. From figure 10, we find that the leg

factor L'(—v12, ..., —y1m) has contribution
71 13
v ol 2 -2 2 -
X_%X_% — x3M ? zalql 2 (5 53)
3M,;2 “*a1q1,3 .T,'Q 332 .%'2 .TZ ’ :
23V2M 3a1%3q1

where we assume that the vertex involving Oj(x3) is as depicted in figure 13. Moreover,
due to the fact that A, = >pcj, 71p With Ji, € {3,..., M}, those v’ cross ratios related
to internal lines which directly connect Of5(x3) and O)(x2) have powers 713 (see figure 14).
In other words, the following terms with powers 13 can be extracted

713 713

_ms
H (u/al) 2 —X2M3 arg 3 (5.54)

~ 31—



TR 9050

a1 ap « koap g1

Figure 15. The (M —1)-point conformal blocks where we expand the circle filled with 3’ in figure 10.
Here the arrow means that x3 flows.

where (5.52) has been used. Together with (22,)~72(z%;)7713, we find that terms with
powers 12 are given by
712

Xanra (21) 7712, (5.55)

while terms with powers 713 are given by
13

Xonrs (a13) 72 (5.56)

The last group we need to compute includes terms with powers 1, for 4 < a < M. To
compute those terms, we assume that the external operator O/ (x,) is inside the circle
labeled by 3" and the vertex containing O/ (z,) is the left-most OPE vertex of figure 15
with (’);Cal at xq1.17 After expanding the circle labeled by 3’ as depicted in figure 15, we
find that terms with powers 1, include:

1. The leg factor L, (—v14) given by

__Ma

Lo(—=71a) = Xargia s (5.57)
Mo,
2. The cross ratios (u;,. )~ 2  that relate to the exchanged operators depicted in figure 15,
given by
pta+l Aka +a+
T (i) H (5.58)
i=1 i=1

3. And the spacetime coordinates (x7,) e,

Combining the three contributions, we find that the terms with powers 1, are given by

_Ja
pta+l 2"

2 —Y1 !
(27)" 7" | Xargr,a H Uq,
i=1

We note that Xg,q,.0 [T201" ), can be computed through repeated use of (5.52). Specif-

ically, we assume that the boundary vertices in figure 15 are given by T, t;??arzﬂpz - [as

described around (2.8)] for 0 < i < o, — 1 with the understanding that a,, = a and a,, = 3.

17The following computations can be easily generalized to the case when O, (z,) is inside the circle labeled
by M’.
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rp—1

Figure 16. The comb structure which can be used to construct the cross ratio vy; following
our rules.

In other words, z, flows until the vertex involving circle a;., at which point Tq,, starts
flowing. Then z,, flows until the vertex involving the circle a;., at which point Zq,, starts
flowing. By continuing this procedure until the last boundary vertex which contains the
circle 3’ is reached, we find that

ptq+1 ri—1 ca—2 [To+1—1 p ptq+1
/
al‘]h H u alqh H H H uac H U H U
c=ry t=rsq—1 {=p+1
0a—2 [Tp+1—1 p p+q+1
_ / / /
Xappra [T | I we ) TT v, 1T e,
b=1 C=Tp 1=roq—1 £=p+1

Oq
_ -1
—XQM,3 H (Xa'ripivari,1 Xari_lpivari)
=0

3:2 oa—1 2
arl p1 ra2
_X2M 3 H wa7>ia7‘i+1pi+l ?

apl =1

ab
abc

for 4 < a < M are given by

where w? . was defined in (2.8) and (5.52) has been used. Thus the terms with powers 71,

9 Na :cg ” oa—1 5 Vla
—Yia 5 1 la
(27a) """ Xopr's ( ) H wariari+1p,‘+1) , 4<a< M. (5.59)
api =1

Multiplying (5.55), (5.56), and (5.59) together leads to the final expression for K’, given by

Y12 13 la

M—4 2 oa—1 la
ol xT d
Iy 3 2 \TM2 T (2 \ T3 H 2\ Va y— 3" 4r1 P1 H la2
K'=Xg5 (212) 7 Xoass (213) (z1a) " Xonrs Wa, ar;, pisa

a=4 Tap i

(5.60)
After performing the substitution S (5.43), we find that
A Ag Aky M—4 /22 22 oa—1 “Ta
- - ——+m la*ar; p1 1a2

X23 12 u12 K/:| — Ul 2 271 w . . . . (5.61)

[ ’ S 0,1;[4 L1322, z:H1 ritriait
We note that M [17e7 w®2, s exactly vi, which can be built from our rules

x13CC T T‘i+1pl+1

by looking at the comb structure in figure 16 inside the M-point conformal block. As a
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consequence, we find that

A1 A Sk +ma M—4
T el -M
{XQ:’,J2 uy? KL =uy? H Vg (5.62)
a=4

which completes the proof of (5.50) and thus leads to a proof of (5.46).

5.2.5 Setting up to recover the M-point edge- and vertex-factors
Substituting (5.46) and (5.48) into (5.44), B%} then becomes

t M-3 &, T Urs )drs Mo,
a=1 (rs)eV’ jrs=0 a=4

(1) l(ﬁW) (%) (1 Ef)L’
(5.63)

where the fact that A\, = 71, for 2 < a < M has been used [see (5.27)]. We rewrite each
factor of vy, Aa above by introducing an additional contour integral, as follows

where the A, contour runs vertically such that it separates the semi-infinite sequence of
poles running to the left and to right of the origin. Then B5}- can be rewritten as

. M—-3 Ay Bhg oo o0 1_2}70S
(

a=1 rs)eV’ jrs=0

(AIQ k1 — ml

Qm 2m (A +2a) (1 vla)j‘a) (5.65)

o ( £ l(ﬁ2V4> @@L-

We now focus on the integral over A, for 4 < a < M and define [ as

M M=2 M-3
I—(H/ T'(Aa +A)>F(A1k1,z+m1—ZAa)KH Va’><H E;ﬂ :
2mi a=4 a=2 a=2

S

(5.66)
such that

s.t. N Aa-&-ma = 1_Urs
) 1 £ 5
(

a=1 rs)€V’ jrs=0

(5.67)

M ~
I'(Aigk, —ma <H 5\(1) (1- vla)A“> I
a=4

2772
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O' ] Okan
' Ok
kal ay 1

Figure 17. The final comb structure. Here O; = O; (w;,) with i, # 2,3 are internal operators,

la

while O),  are exchange operators.

5.2.6 Applying the first Barnes lemma

To prove the Feynman-like rules, our next step is to compute I. As we will see later, all A\,
integrals can be evaluated through repeated use of the first Barnes lemma leaving us with
trivial-to-evaluate \, contour integrals.

Before doing real computations, we note that any (M — 1)-point topology can be reached
by gluing a set of comb structures.'® Specifically, starting with the OPE vertex containing
O%(z3), we can glue 2I and 31 OPE vertices in the proper order until we reach another
OPE vertex containing O} (z2), where this procedure stops. This procedure produces a
comb topology, dubbed the “initial comb structure”, which connects O%(z3) and O (z2),
but some of the teeth of this comb correspond to internal lines that need to be glued further.

For 21 OPE vertices included in this initial comb structure, there is nothing further
to do since the corresponding tooth represents an external operator. However, this is not
the case for 31 OPE vertices. From this initial comb topology, we select one of the 37
OPE vertices and repeat the procedure above by gluing 27 and 31 OPE vertices in the
correct order until we reach another 17 OPE vertex. To obtain the desired (M — 1)-point
conformal block, we continue this procedure with each additional comb structure until all
the 3I OPE vertices have been completely glued, i.e. until the number of 31 OPE vertices
added in the corresponding comb structure is zero. We dub the comb structure, which
is not the initial comb structure and does not contain 3/ OPE vertices, the “final comb
structures”. We stress that even when the initial comb structure does not contain any 31
OPE vertex, i.e. the conformal block is in the comb topology, it is not a final comb structure
by our definition.

Now, we are ready to compute I. Let us start with one final comb structure, depicted in
figure 17. Since we want to evaluate the A, integral, we also depict the A\, appearing in this
final comb structure in figure 18. There are n Gamma-vertices Va’ and n — 1 Gamma-edges
E; associated with this final comb structure. Without loss of generality, we label the
Gamma-vertices from the leftmost side to the rightmost side in figure 17 by V!, V7, to Vl’n .

717 127

8Since I only involves Gamma-vertices and Gamma-edges of the (M — 1)-point block, the (M — 1)-point
diagram will be exclusively considered in the computations for 1.
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A7:1 )\kan
)\kal Ako‘nfl
Figure 18. The \; dependence that comes from A} = A;, —\; as wellas A} = Ag, ~— Ag, in
the final comb structure figure 17.
With these conventions, using (5.32), we find that
(7! l 1 / / 1 /
‘/il =r i192,kay May + §€i1i2,ka1 r i2kaq i1 + Moy + §€i2ka17il
1
x I < Fayiiz T Mo + 2£§ca1z‘1,z‘2)
]‘ / ]‘ !
= F Aili%kal - mal + §Ei1i2,k‘al F AiQkalyil - )\iQ + mal + 5 ’L'Qk:al,’h
1 5.68
x I (Akalil,iz = Xiy +May + 252a1i1,i2> (568)
A 1 1
Eén = =
r (A2a1 + 2mg, + E;al) r (Akal = Ao, +2ma, + f;al)

1
T (B, = Ay = Ay + 2 + 0 )

aq

where we used the relations
A;l = Ail — Nirs
Al = Aiy — Ny, (5.69)
;fal = Akal — )\k = Ak — >‘i1 — )\11'2.

a1 a1

We note that since O; and O;, dwell at the same 11 OPE vertex, A, for 1 <a <M —3
either do not contain A;, and \;,, or contain Ag, = A;; + A;,. Thus, after changing the A;,
integral to the A, —integral by using

iz = Ak, — Mirs (5.70)

the terms in I which contain \;, are given by

- 1
r ()\il + )‘il) T <Ai2ka1,i1 - )\kf)q + Ny + Mg, + l >

9 Vi2kay ;i1

- 1 (5.71)
x I ()\iz + )‘k% — )‘il) r <Akalz‘1,i2 — >‘i1 + ma, + 2€§€ali1’i2> .
With the help of the first Barnes lemma
+ico g\ F(a1 + bl)I‘(al =+ bQ)F(ag + bl)F(ag + bg)
—7T YA M1 =M (=) =
/—ioo 27 (a1—|— ) (a2+ ) ( ! ) ( 2 ) I‘(a1 + as + D1 +b2) ’
(5.72)
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we can evaluate the integral over \;,, leading to

Koy 1,2

i N 1
r ()\kal + )\kal) r (Akalil,iQ + Ai, +Ma, + 56’ )
r (Aizkal,il + 5‘i2 + Mq, + L ) r (Akal - /\kOq + 2mg, + é;al) (5'73)

5 iQkal 7i1

T (Ako‘l + 5\k‘ll + 2ma1 + aful)

X

)

with ;\kal = ;\il + 5\1‘2.
Substituting the above result into I and noting that I'(Ag,, — Ak, + 2ma; + E;al) in

the numerator of (5.73) cancel Eém we find that I becomes

I 1 Dar(\. 44 Do (5, 4a, )T A A 3 A
= al;[4 /2m’ ( at a) / o ( kay T kal) 1k, 2FM1— Ak, — QZ:;; a
a1z asbin iz
T ( Ak, iz H g H 10y +50 0 )T (D iyin TNy +May + 30
12kaq i1 12 a1 T 2%igka i1 kaq 1,2 i1 o1 T 28k, i1 in

X

T (Akal +5‘k&1 +2ma, +€§fo¢1)

) M—2 | [M=3
xT (Amz,kal _ma1+2£;1i2,ka1) IIvel| II &
a=2 a=2

a7zi1 a7za1 S
(5.74)
We define V;, and E,, as
- 1, 3 1,
‘/;1 =T Ailiz,kal — Ma; + igilig,kal r AiQkal,il + )‘iz + May + 5 iokay i1
< 1
<t (A’““l“” A ey 2%12‘172‘2) ’ (5.75)

1
+ 2mq, + “%1)

ENOq — =
T (Akal + A

aq

We note that Vi, (E,,) is the same as ‘7Z’1 (E(’Xl), except with all —\;; and —\;, in VZ’I
(El,) replaced by \;; and \;,, respectively. Since the Vz'l (E!,,) can be obtained from the
corresponding M-point quantities V;, (E,,) through replacing all ji; in Vi, (Ea,) by —Xp,
we can also define V;, and E,, by

‘/:51 = (V:u> |j1b—>5\b’

~ . (5.76)
Ea, = (Eo‘l) ’jleS\b'

For future use, we generalize the above definition and define Vyforl<a<M—2and E,
for 1 <a < M3 by

Vo= (V) s, 1Sa<M-—2 o)
B

(Ba) oz, 1<a<M-3.
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kal kan
O/ /
k‘12 kan,1
Nig iy Xy Ainyt
M, Mo,
Ak, Ak,

Figure 19. The final comb structure after evaluating the A;, integral.

As a consequence, I can be written as

M

_ da < Aoy (=
1=Vl | 11 [ 55T (et da) | [ 520 (s 400
aFi1,i2 (5 78)
M M-2 R M-3 N
x I’ A1k1,2 +m1 — )\kal — Z Aa H Va/ H E(Il
a=4 a=2 a=2
a#i,i2 a#iy a#a; S

Comparing (5.78) with (5.66), we find that the integrand in (5.78) corresponds to the initial
integrand but with the leftmost vertex in figure 18 removed, as shown in figure 19. Now,
we can change the A;; integral to Ag,, integral by noting that

Nis = My — ko, s (5.79)

and then evaluate the A, integral. Again, the Ay, integral just replace all —\g, and
— iy In ‘71’2 and E!, by S\kal and \;,, respectively, leading to

o M da - Ao, - /=
[=ViViBaBuy | ]I / T (Nt Aa) | [ et (Ve + M)
=4
a;ﬁ?l,iz,ig (5 80)

M M-2 N M-3 R
T | A2 +mi— Moo, — . A IT vell II &) -

a=4 a=2 a=2

JF£i1,12,i3 aFi1,i2 aFaq,02 S

where V;, and E,, are defined in (5.77) and S\ka2 = ZaeJkaz Ao = Ny + Aiy + iy, After
performing the )y, integral, the leftmost vertex in figure 19 gets removed. We can continue
this procedure until the whole final comb structure in figure 17 is removed, i.e. we evaluate
all of the integrals over A;, for 1 < a < n + 1. Similarly, we can eliminate the remaining
final comb structures in the (M — 1)-point topology. Indeed, after removing all final comb
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o, 0 o, O

Or Or—1 o2

/ /
UT+1 OO’Q
/ /
Okr k2
)\O'r )\a"r— 1 AUQ )\01
/\U'r+1 )\0'0
)‘kr )\kz

Figure 20. The initial comb structure after removing all other comb structures in the (M — 1)-point
diagram. Here, it should be understood that og = 2, 07 = M, and 0,417 = 3. Other O;a can be
either external or internal operators.

structures in the (M — 1)-point diagram, a set of new final comb structures emerge in the
remaining diagram. Then we repeat the above procedure to remove these new final comb
structures. We can keep going on until we reach the initial comb structure, depicted in
figure 20.

In figure 20, it should be understood that O, = 03, O, = O}, and O, = O%.
Other (9{,1, for 1 < ¢ < r can be either external or internal operators, depending on the
topology of the (M — 1) block. We also note that \,, = A, if O, = O is an external
operator, while Ay, = > ;¢ Tio Ny if O = (’)k is an internal operator Moreover, it is easy

to check that the following 1dent1t1es hold for A\,, and )\

r M
Z )\aa = Z )\aa
a=1 a=3
(5.81)

L M _
Z Aaa = Z )\aa
a=1 a=3

where we defined )y, as

Mew = D Mo (5.82)

bEJka

Now, if we label the vertices from the rightmost side to the leftmost side in figure 20
by VQ’, ‘73’, ceey VT’, then I related to figure 20 can be written as

(L (I ) (1 e )
o e ) () (fL2) |

with 09 = 2, 0y = M, and 0,41 = 3. We stress that V, (Ea) are obtained by replacing
all =)\, and — )y, in V/ (E.) by A, and Ay, . From figure 20, we can deduce the following

(5.83)
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relations
r+1

>\ka = Z >\crb = Alk‘l,Q +my — Z >\Ubv 2 <a< r, (584)

where we used the fact that Ay, = A3 = Ay 2 +m1 — > 01 As,. As a consequence, A,
does not appear in any A, for 2 < a < r and the terms in (5.83) which contain A, are

given by
F()\Ur + 5\(J'r)]‘—‘(A]-k?l,z + m1 — Z )\a'a)F(AU'rkr73 + mo’r""y - )\(77‘ + 2£;'rkr,3)
(5.85)
L(Ask, 0, — Algy 2 —ma + Z Aoy + Mg, + £3kT,UT)
a=1
Using the first Barnes lemma (5.72), we can evaluate the A, integral, leading to
M-—2
:< 11 Va>< )(H/ "“r AUG+A%)>
a=r+2 a=r+1
xI' <A1k172 +m1+ Ao, — Z)\o’a> [(H V;) (H E;>‘|
=1 a=2 a=2 S
(5.86)
x I (Agar k. T Mo, r =+ 63(7“ T) T (Ao’rk‘,r73 =+ Mg, =+ 5\0-7‘ + g’ kr,3)

9 or
r (Agk“gr + My, + %Egkr,ar)

T (Ak, +2m, + 6, + o)

We note that with the help of (5.33) and (5.36), ¢k, for 2 < a < r can be evaluated as

T T
J ~
=04 L+ Y oy (5.87)
b=a b=a
leading to
T
by = + > Joy, 2<a<r. (5.88)

As a consequence, we find that

A

3o, by = Lo+ Ly + Jop = L. — Jor = Loy, ks
Corins = Uy + Jor + e, + Jon + 05 =250 + €, 4 5,
C3ky.0, = Ly + L, + Jop — Ly = Jor = Lag, o0

Uiy =l + Joy

(5.89)

which implies that

T (Do, b+, 0+ 500 10 )T (Db s+ + A0, A3 4 )T (Dsty 0,400, + 50 )

L(Ag, +2m,+4; + Ao,

(5.90)
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Thus, after evaluating the A, integral, I becomes

(Mff ) (fﬁ”ga) (n [ e (1))

a=rtl o = (5.91)

r—1 r r—1
a=1 a=2 a=2

S

Repeating the above procedure, we can evaluate all other integrals over A,, for 2 <a <r—1,
leading to'”

M—2 M-3
- (H va> (H Ea)/‘gﬁfijmM)
a=3 a=2

X F(Alkl,Q +mq + Z 5\% — )\M) [‘72/}

a=2

(5.92)
.

where 01 = M and o9 = 2 have been used. To compute the integral over A\,, = Apr, we
note that

N 1 1 1 1
Vo =T (AMkQQ - 5)\ng,2 +ma + 25']\4;4272) r <A2M,k2 — 5)\2M,k2 —mg + QE/QM,;Q)

1 1
x T’ <A2k2,M - 5)\21@71\/1 + mo + 25/21627]\4) )

(5.93)
where we defined A\gpe = Ag + Ap — Ac. Since A, = 2111\4:51 Aa, after performing the
substitution S, Vz’ becomes

[VQI}S =T (AMkl,kQ —Am +mig+ 2£I2M,k2> I (AQk%lM A m 2€/2k2’M>

1
x I <AMk2,k1 +ma1+ 24\4@,2) .

(5.94)
Thus evaluating the integral over A,, = Ajs leads to
1 M-2 M-3
IIZ ‘Z -Eh
[ (A1 p, — 1) <al;[2 > (al;IQ )
) (5.95)
T (Ao g, —m1) T (A o+ 1+ X004 M) T (Aggy 1 +m1 + £h)
X Y )
T(Ag, +2my + X0 A+ 6)
where (5.81) has been used to get M, X,. Using (5.33) and noting that
2J al
Uy =01+ L= jia+ 0, (5.96)
a=4

19We note that the integrals should be computed in the following order: we first evaluate the D
integral, and then the \,,._, integral, up to the final A\, integral.
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we find that
lio g, =0,

M
U2 =2 jia; (5.97)
a=4

logyq = 20y = 20},

As a consequence, according to (5.77), the second line in (5.95) can be rewritten as Vi By,
leading to

1 M—2 _ M-3 ~
I= T AEy— (};[1 Va> (H Ea> : (5.98)

a=1

Substituting (5.98) into (5.67) leads to

M-3 Aa+ 00 1_1}
B;}-:L(&,...,AW(H ’”)(H P )
(

a=1 T'S)GV/ ]rs—o

(IS )(HV)(E@)-

(5.99)

5.2.7 Recovering the M-point edge- and vertex-factors

Finally, we evaluate the remaining ), integrals via the Cauchy residue theorem. We close all
Ao contours to the right to be able to drop the contribution from the arc at infinity, picking
the lone semi-infinite sequence of poles starting at the origin, at Ay = j1a for jia € Z2° for
each 4 < a < M. These poles come from the poles of I'(—\,) in (5.99), and the residues,
which are elementary to compute, introduce M — 3 additional infinite sums such that

M—-3 Ay Phg —w ]Té
B%':L(Al,...,AM)<H ma> ( H Z TS )

a=1 (rs)€V jrs=0

() ) (T E) )

a=1 a=1

— L(Ad,...,Aw) <Aﬁ3 A'“”Wa) ((H Z vrs ) (Aﬁ2ffa> <Aﬁ3Ea>,

a=1 rs)€V jrs=0

thus completing the proof by induction of the Feynman rules.

6 Nine-point scalar block and its symmetries
In this section we put to use our Feynman-like rules in a concrete, previously unknown

higher-point example: the nine-point conformal block for arbitrary external and internal
scalars in an asymmetric topology shown in figure 21.
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O4(x4) Os(x5)

02(:)32) O3 (l‘g) OG($6) 07(937) 08(338)

Ok,

O1(z1) Og(z9)
Oy, Ok, Oky Ok Oke

Figure 21. 9-point asymmetrical mixed conformal block.

Tq Ts
Hie) ‘/3
1 xs3 T4 T6 7 xg
) L3 T2 L4 T2 xr9 T2 L9 T2 L9 X7 X9
V7 1 Vo Vi Vs Ve

Figure 22. Flow diagram using rules in section 2 for the 9-point asymmetrical block.

6.1 wu-type cross ratios

To illustrate how to use the rules for generating the cross ratios as described in section 2.1
consider the 9-point asymmetrical conformal block with the topology and labeling shown
in figure 21. In the case of solving for both the u-type cross ratios and the v-type cross
ratios, our method of generating the cross ratios requires making a flow diagram as laid out
in section 2.1. Flow diagrams are not unique, and any diagram that meets the conditions
above is valid.

The first step is choosing an OPE flow. For this conformal block we use the flow diagram
as shown in figure 22 where we labeled our vertices V; and show the flow by depicting which
coordinates continue moving throughout the block. We say a coordinate does not flow when
it does not have another comb structure to connect to that contains the same coordinate
(for example x1 never flows in this diagram). According to figure 2 in order to write down
the u-type cross ratios, we first need to identify all of the four-point structures within our
diagram. The figures below outline the corresponding four-point structures for figure 21
and the respective u-type cross ratios that arise from each structure [see section 2.1 for
the general discussion and sections 3 and 4 for a detailed explanation of the diagrammatic
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notations that follow]:2

Vi O,

2 .2
_ T32%94

T34Tq9
(6.1)

2 .2
U — L2789
o 95%91”%7
(6.3)

6.2 wv-type cross ratios

Using our flow diagram figure 22 we can also write down the v-type cross ratios. To do
that we first find the comb structures for any V;V; pair. To illustrate the rules explained
around equation (2.6) consider the resulting v, cross ratios that correspond to all possible
vertex pairings with the vertex labeled V7 in the 9-point block of figure 22.

1. V%Vq: in the following flow diagram x; and x4 do not flow. Thus we will label the
cross ratio associated with the VzV; pairing, v14. Consequently, a factor of 22, appears
in the numerator of v14. To determine the rest of the numerator we circle the z; and
x;’s connecting the flow diagram. In this case it is only z2 and x3. Finally, we draw
geodesics between the non-flowing legs and assign these pairwise to the denominator,
in this case x3; and x3,,

1 T3
To @ T4 (6.4)
7 2 .2
V- v T4
7 v 1 VeV toy = gg§4$§2
13724

2. VzVa: as is clear from the following comb structure, z; and xz9 do not flow. Thus
the numerator contains %y and the x;x; pairs circled in blue, 23; and 23, while the

20We know that there will be (M — 3) u-type cross ratios, thus in this case we expect to see 6 four-point
structures that are each used to generate a u-type cross ratio.
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denominator contains the pairs of the geodesic between x1 and g, which are x%5, 3,
and x3,. Note that for this block we see a cancellation of the z3, factor in the final
cross ratio.

Il T3 T4

(6.5)

T2 xTr3 T9 T4 T2 L9

7 2,2 .2 2.2
Va v 14 v Vs VoVl vy = T19x30%54 _ T19T30

2 .2 .2 — 9 2
Li3T4Tog  L13L29

3. V7V5: x1 and x5 do not flow. Thus the numerator contains x%5 and the x;x; pairs
circled in blue, z3;, ¥3, and z3%,, while the denominator contains the pairs of the
geodesic between x1 and x5, which are x25, ¥3,, ¥3, and 22,. We also see a cancellation
of the a3, factor, though the numerator and denominator of the final simplified cross

ratio still contains three :E?j factors each.

Ty s
2o A V3
T T3 T4
T2 3 T4 @ T 5 9 9 o 9 5 o
Vz Vi v Va VeV s g = Ti{5T30T9Thg  T15T32Tg

2.2 .2.2 — 2.9 2
T13To4 X495  T13L24T59

4. V7Vy, V7xVs and V7 Vg: finally, we finish the rest of the V7 V; possible combinations as
follows
T T3 x4 Ze

x2 Z9 2 .2 .92 9 2 .9
V7 \/ Vi \/ Va \/ Vi VoV v — C16%23%24T29 _ T16732
VTV4IU6= "5 5 9 9 T T2 .9
T13T24T29%26  T13T26
(6.7)

1 T3 T4 T6 7

i) Tr9 T+ Xr9 T2 L9

[N A NG Vs (6.8)

2.2 .2 .92 2 2 .2
VoV - _ X17T32%24TgaLgy  L17T32
’ 75'U17_x2332x2x2332_a:2x2

1312422929 L27 13%27
T €3 T4 T idrd Zs

6.9
2.2 .2 .92 .2 2 2 .2 .2
VeV _ X18TL32%24L29x29Lg7  L18L32T79
ST 6'1}18_.%2 $2 l‘2 .7)2 1'2 l‘z _33‘2 .’L‘Q.CEQ
13%24L29X29L 29X 78 13%29278

xTro

=
o

Vi




Having completed all possible V7 pairings in the 9-point block of figure 22, it remains
to find the cross ratios that result from the subset of the flow diagram of the 9-point block
without the V7 vertex. But these are precisely the cross ratios of an 8-point block with the
choice of OPE flow as in figure 22 sans the V7 vertex. Indeed, in section 5 we proved that
with a convenient choice of OPE flows, one can always arrange for the cross ratios of an
M-point block to form a superset of the cross ratios of the associated (M — 1)-point block
obtained by removing one external leg but preserving the labeling. The remaining 15 cross
ratios are given by:

" 1 Va 0 23923,
ViVa =wg9 = 55—
L34T29

Ty s

9 V3

€3 X4
2 .2
Vi Va Z35T39
v :V1V321}35: 2 9
L34T59
I3 Iy Te
€T m m ZT9

V1 \_/ V2 U V4 . V1V4 D36 = x§6x34

2 2
L34L26

T2 L9 2 .2
L34To7
3 T4 T 7 s

2.2 .2
L34T29T78

Ty 5

T9 V3

T4

€2 X9

Vs To5T49
VoV i g5 = —5

Lo4T59
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T9

2 .2
L16L29
: V2V4 D U46 — 35 9
T19T26
9 2 .2
Ly7L29
: V2V5 LU47 = 5 5
Ly9lo7
xI9 xT9 2 9
Ly8L79
. VQ‘/G L U48 = 5 o5
Ti9T78
Y 2 .2
Teal
. . _ T56%29
. ‘/3‘/21 L Usg = 2 92
T59L26
9 2 2
L57L29
: ‘/3‘/5 U7 = 5 9
L59To7
xT9 ZT9 2 2
L58L97
: Vé% ©Usg = 2 92
L78T5g
Z6 xrr
To Tg9 X9 Tg 9 9
\% V: Lg7L29
4 v 5 : V4‘/5 tV67T = —5 5
LegLa7
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X9 ZT9 2 9
Vi Vs N Vg ViVe ¢ pee — T68%T9
P VaVe 1 U8 = 55
Lg9T78

T7 g

T2 @ Tg

2 .2
\% Vi Lo8T79
5\/ 6 2V5V6:1)28: 3 o
Lo9T78

By construction, the subscript labels of the v, cross ratios identify the elements of the

Mellin index set V:

v ={(14), (15), (16), (17), (18), (19), (25), (28), (35), (36), (37), (38), (39), (46), (47), (48),

(56), (57), (58), (67), (68)} .

(6.10)

With the set V in hand, we can use (2.18) to work out the post-Mellin parameters ¢;

associated to each external leg:

b1 = j1a + Jis + Jie + Ji7 + Jis + Jio
U3 = jss5 + Js6 + Ja7 + J3s + Jso

Us = j15 + Jas + Jss5 + Js6 + Js7 + Jss
b7 = ji7 + Ja7 + Jar + Js7 + Jer

by = j19 + J3o

b = joa5 + Jos

ly = j1a+ Jae + Jar + Jus

le = jie + Jse + Jae + Js6 + Jor + Jos

ls = jis + Jag + Jss + Jus + Jss + Jes
(6.11)

We can now use (2.19)—(2.20) to work out the post-Mellin parameters associated to the

internal legs:

@
O A Okl
Oy
Os Ol
Ve fk62£7€8+f9=j18+j
Os
Oy " Oks

2T . .
Uy = Uy + U5 = j1a+J

Ly, Tl by = J1a + Jis + Ji6 + Ji7 + Jjis + Jio + Jos + Jos

19 + Jos + J38 + J39 + Jjas + Jss + J6s

15 + Jo5 + 735 + Jae + Jar + Jjag + Js6 + Js7 + Jss
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Okl Ok’z
Va 27 . . . ) . . .
lry = Ly + 03 = j1a + j15 + Jie + Ji7 + Jis + Jio + jos
+ Jos + J35 + J36 + J3r + J3s + J39
O
Ok " Ok oy
5 Uy = L + 7 = j17 + j1s + j19 + Jog + J37 + J3s
+ J39 + Jar + Jag + Js7 + Jss + Je7 + Jes
Os
Oy, O
5 V4 4

27
Uy = Ly + Lo
= J16 + J17 + J1s + J1o + Jog + J36 + J3r + Jss
+ 739 + Jae + Jar + Jag + Js6 + Js7 + J58

Having computed the post-Mellin parameters ¢; and i, we can use the Feynman rules
to explicitly write out all the vertex and edge factors. For example, for the vertex Vjy,
we have

Vi= (Aks k4,6)mk4k5,+j17+j18+j19+j23+j37+j38+j39+j47+j48+j57+j58 (Ak567k4 )m5,4+fj67+]‘68

2
X (Ak46’k5)m4v5+€716+j36+j46+j56 Ff{ )[Ak5k46, _h‘7 {_m5a _m4}1 {Aks) _h+17 Ak4 _h‘+1} ; 17 1] .
(6.12)
As an example of an edge factor, we write down the edge factor associated to the exchange
of the operator Oy, of dimension Ay,:

(Ak5 —h+ 1)m5

(Aks )2m5 +17+718+j19+J2s8+I37+i38+izo+Jjar+jas+is7v+Jiss +J67 68

The remaining vertex and edge factors are also trivially determined using (2.11)—(2.12).

6.3 Symmetries of the block

The nine-point block found above, associated to the topology of figure 21, must satisfy some
identities related to the symmetries of its topology.

In the case at hand, the symmetry group is H = Zs X Zg X Zg which corre-
sponds to the three dendrite permutations Op(x1) < O2(x2), O4(z4) <> Os(x5), and
Og(xg) <> Og(xg), respectively.
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For O;(z1) <> Oz(x2), the identity is

ui,uz,u3,uq4,Us,Us; V14, V15, V16, V17, V18, V19, V25, V28
V35, U36, V37, V38, U39, V46, V47, V48, Us6, U57, U58, V6T, V68

(As—Ap, —Agy +Ak4)/2@(—A6—Ak4+Ak5)/2@(—A77Ak5+Ak6)/2U(A6+A7fAk2+Ak3 —Apg )/2

=V14 16 17 19
Ul U2 U3V19 U4AVI4 UsVIe UeViz. 1 wos 1 1 weg 1 wvis vis
X GA; A v14’ v19’ w14 7 vie ' v17 7 w19 w14’ V14’ w16’ V17’ V19’ V19’ V14’ V19
182 VU36V14 U37V14 U38V14 V39V14 V46V19 V47Vi9 Y56V10 UBTVI9 o V6TVIO
’ owie ? wir ? wig ? wig ’ wie ' wvir »vie 0 wir 098 Twyp 0068
(6.14)
for O4(z4) <> Os(x5), it takes the form
Uy, u2,u3, Uq, U5, Ue; V14, V15, V16, V17, V18, V19, V25, U28
V35, V36, V37, V38, U39, V46, V47, V48, U56, U57, U58, V6T, V68
_ U(A3_Ak1 _Ak3+Ak4)/QU(_A3+Ak1 _Ak2)/2
- v25 35
UIV35 U2 U3 . V15 Vi4 1
X gA A vas O U35 V25 U425, U5, UG, Va5’ V25 V16, V17, V18, V19, Va5 ? V28 (6 15)
43025 | 1 w3sU25 V37V25 V38V25 VU39V25 ’ :

vs? v 0 vz 0 vss 0 wss 2 UB6> UST, US8, V4G, VAT, V48, V6T, V68

while for Og(zs) <> Og(z9), the identity becomes

Uy, u2,us, U4, U5, Ug; V14, V15, V16, V17, V18, V19, V25, V28

U35, V36, V37, U38, U39, V46, V47, V48, Us6, Us7, Us8, V67, V68

g

(Do A7 =Rty =Akg) /2 (~DatAstBey=Ary)/2, (Da=A5=Akg)/2 (~DotAry—As)/2

= Ugg 48 58 68
U2V48  U3V28 U4VES U5 UG . VI5V48 4y, g vig vig U2sv4g _1
) wog ' wvsg ' vag O vgs’ U2y’ ) vy ) 16, V17, vag ' Vag ' Usg ’ Ua2g
X gagon ’ ’ ; :
8 9 | U35V48 gy, g V39 V38 V46V28 v47V28 _1  Usev2s vs7vU2s 1 wverves 1
vsg 0 0909 U875 o ag ) Twag 7 was P vag’ vss 0 vss ’ Uss’ wes  Ues

(6.16)

Equations (6.14), (6.15) and (6.16) are intricate identities that the scalar conformal block
must satisfy due to the symmetry group of its associated topology. We have only performed
partial, though non-trivial checks to verify that they are consistent. The checks were done
by expanding both sides of the identities in powers of the cross ratios u; and 1 — v,.¢ to finite
order and comparing the coefficients of the expansions term by term. Complete analytical
proofs would presumably be extremely lengthy and complicated.

7 Discussion

In this paper we provided an inductive proof of the Feynman-like rules for scalar conformal
blocks with scalar exchanges found in [28] using the flow diagrams developed in [29]. These
two results turned out to be complementary — their union was necessary to obtain a
complete proof. On the one hand, the Feynman-like rules led to an easy recipe for writing
down conformal blocks, without however providing an efficient technique to generate the
appropriate cross ratios. On the other hand, the flow diagrams by themselves did not
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directly lead to rules for conformal blocks but gave a straightforward and intuitive method
for generating conformal cross ratios.

Indeed, with flow diagrams an M-point block’s cross ratios can be written in terms of
an associated (M — 1)-point block’s cross ratios. Thus, assuming the Feynman-like rules
and relying on the AdS interpretation of the conformal blocks, it is then possible to generate
the appropriate conformal cross ratios that can be used to prove the rules for an arbitrary
topology through repeated application of the First Barnes lemma along the topology’s comb
structures. Consequently, with a simple demonstration for M = 4 and the induction for
M-point conformal blocks from (M — 1)-conformal blocks, this paper provides a complete
proof of the Feynman-like rules.

For completeness, we also showed the four- to five-point induction and we presented an
explicit example for an asymmetric nine-point topology. In the latter case, we also gave the
identities the conformal blocks must satisfy from the symmetries of the associated topology,
which we verified to low order in a power series expansion of the blocks.

Several interesting open questions ensue from our work. First, the Feynman-like rules
for conformal blocks only works for scalar conformal blocks with scalar exchanges. It
seems natural that such rules should exist for spinning exchanges as well as for spinning
external operators. A possible route forward in finding Feynman-like rules for conformal
blocks with spinning exchange arises from the search for the rules for Mellin Amplitudes
with spinning exchange. Perhaps if one were able to find the Mellin Amplitudes rules for
spinning exchange a similar proof could reveal the Feynman-like rules for conformal blocks
with spin. The spinning case would also be of interest in AdS for graviton scattering and
graviton exchange. From the point of view of AdS, it would be of interest to generalize
the induction of the single trace part of Witten diagrams presented here to the full Witten
diagrams. Further research is needed to generalize this prescription to higher-point blocks
with spinning operators, either exchanged or external.

Another avenue would be to explore the analytic structure of the higher-point conformal
blocks. This could be done with the help of new cross ratios reminiscent of the Dolan-
Osborn cross ratios that greatly simplify four-point conformal blocks in even spacetime
dimensions [11]. From the bootstrap perspective, it would also be natural to analyse the
domain of convergence of the various higher-point correlation functions to determine if there
is any overlap of the regions of convergence between the different channels. From our rules,
blocks are expansions around u, ~ 0 and v,s ~ 1, and different channels lead to different
cross ratios which must be compared. For example, in the four-point crossing equations, the
s- and t-channels cross ratios flip as in (u,v) — (v,u), suggesting an overlap of the regions
of convergence. Since there is only one topology, the expression for different channels are
given in terms of the same blocks, and it is straightforward to determine the overlap. The
situation is significantly more complicated for higher-point correlation functions because
there are many more cross ratios and different channels are not expressed in terms of the
same blocks. Indeed, although it can be argued that the region of convergence is finite, to
determine its precise boundaries for an arbitrary block, expressed as a hypergeometric-like
series, it is suitable to use the Horn method [46]. This usually leads to a complicated
region described by a set of nonlinear equations between the cross ratios (see e.g. [47]). For
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Figure 23. A canonical 4-point AdS diagram.

the six-point bootstrap, we did not attempt to obtain the regions of convergence for the
comb and the snowflake topologies. Instead, we directly compared the cross ratios from
one channel in the comb topology to the cross ratios of the other channel in the snowflake
topology. We found that they are related as in the four-point case, with the w cross ratios
expressed in terms of the former v cross ratios, and vice-versa, again suggesting an overlap
of the regions of convergence. We hope to return to these problems in the near future.
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A First few cases of induction

In this section we will instantiate the proof of the Feynman-like rules presented in section 5
by working out the first two non-trivial cases. The methods provided here may seem overkill
for these instances. The strategies presented here, on the other hand, are critical in proving
the general M-point case in section 5.

A.1 Three-point to four-point

We consider the four-point scalar exchange Witten diagram shown in figure 23. The position
space amplitude for the exchange diagram admits the following Mellin representation,

271'2

(rs)euJyUo Trs

A4 — N4 H / d%ﬂs ’YT’;S (H 271 0 <Z 'Yab)) M4 ’Yab) (Al)
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where the normalization constant is

4
Ny = (AL (Hr ) (A.2)

a=1

and the Mellin amplitude M, is given by
0 . . .
M4(’7ab) — Z Ei\/lelhnleelhn‘/zMelhn’ (A3)
m1=0
where the “edge-” and “vertex-factors” take the form

L(Akl —h+1),

EMellin —
! my! L”;sl + mq
; 1
vMeltin — oL (Aioky, = h) F [Arky, — by {—m1}i {Ak, —h+1};1] (A4)

. 1
VN = ST (Agary, = h) F [Baary, — b {=ma}s {Ag, —h+ 1)1

with the Mandelstam invariant s; = A1 + Ag — 2912.2! The functions Fjgl) appearing above
are a special case of Lauricella functions defined in (2.13). The index sets in (A.1) constitute

entries of a 4 x 4 upper-triangular matrix

UlJv D ={(12),(13),(14),(23), (24), (34)} (A.5)

but due to the presence of the four delta functions in (A.1), there are only two independent
Mellin variables. We follow the discussion of section 2.1 to construct these sets and the
corresponding cross ratios. Particularly, for the choice of OPE vertex depicted in the top
line of (4.4) [equivalently, the top line of (4.5)], we have

V={(14)} (A.6)
and the associated cross ratios are
2 .2 2 .2
T T30
V14 = ;4 33 uyp = %2 34 . (A?)
Ti3L24 Ti3Lo4

From the set V and the associated collection of independent cross-ratios (A.7), we can
construct the remaining sets

U=1{»12)} D ={(13),(23),(24),(34)} . (A.8)
We now define

dYys 1
Bi= 11 /212 g Jore (HQW“S D Yab) ) ETeTa— (A.9)

(rseuJvUo or +m

21Here Yab(= Yba) are the Mellin variables satisfying 23:1 Yab = 0 for all a, where we have defined
Yaa := —A4. These constraints can be solved in terms of auxiliary momenta variables p, such that they
satisty po - o = Yab for all a, b with momentum conservation 22:1 pa = 0. The Mandelstam invariant s; is
then given by s1 = —(p1 +p2)2 = A1+ Az — 2719.
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so that

> - (A, —h+ 1)y,
_ N4 Z VlMelthZMelhn( k1 ml‘—’_ ) 1 B4 ) (AlO)
m1=0 :

Furthermore, we define

d s 'I"S
B3 = H / QZTZ e H 271 6( ZVab — (A.11)

(rs)eu’ | Jv' Jo =1

where??

uJv' U =1{(23),(24), (34)}, (A.12)

so that

dvia T (714 1
(H/ ami | m>2“5<zm )AB3 (4.13)

(a1 M my

We can easily evaluate Bs since the three delta functions eat up the three contour integrals,
enforcing the following constraints

—vY12 — Y13 + Y14

Y23 = Ao3 4 + 5
=712 + 713 — Y14
You = Aog 3+ g g 2 (A.14)
12 — V13 — V14
V34 = Asz42 + % .

Consequently,

I <A23,4 + %W) r (A24,3 + w> r (A3472 + w)

A —v12—713+714 A —7v12+713=714
()20 (23,2 (234)

Bs =

Y12 —7Y13 77
A34’2+ 12 %3 14

(A.15)
= Lj (D) L (A5) Ly (A%) T (Ahs g ) T (Ahys) D(Ahya),
where we have defined the leg factors

AL A A/
35%4 = 1’%4 = 1’%3 =
Ly(AL) = ( ) Ly(AL) = ( ) LA = ( ) (A16)
2 x§3x%4 S 553395%4 H 553495%4

with

Ay = Aoy — 19 Af = Az — i3 A=Ay — 4. (A.17)

22While precise knowledge of the individual primed sets is not important in this subsection, to make
connection with the general inductive proof to follow in section 5, we note that U’ = 0,V' = 0, and
D' ={(23),(24), (34)}.
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To proceed, we substitute (A.15) into (A.13) and then calculate its single-trace projec-
tion Bt

Bi.t' = [B4]s.t.

_ / dyizdyizdyis T(y12)l'(13)T(14) 270 0(y12 + 713 + 714 — A1)
(2mi)3 (232 (a?y)ns(a2,) 4 Ay 12 + 712 + (A.18)

X Ly(Ay)Ly(Az) Ly (A} T'( 234) (A243) ( 54,2)

s.t.

Then the conformal block is obtained as

Wi(a;) = [Ad]s.s. _ Ny i p;MellinyMellin (Ag, —h+1)m, Bt
Cainong, Onsnuny,  Cainon,, Casany, 2 my!

(A.19)

where we have projected out the (known) theory-dependent mean field theory

OPE coefficients

" C(Ai )T (A, T (Agi )
oy =g Mk = DA T A T

(A.20)

to extract the theory-independent conformal block.
The single-trace projection in (A.18) is obtained by evaluating the residue of the simple
pole in the 7yi2-plane, at y12 = Aj2 5, —mq [28], which gives

dyizdyia I (Arg g, —ma) T (713) T (714)

s.t. .
1 :/ : — 2716 (v13 + Y1a + Aok, — M)

) (@) (23 (7)™ |

Aogy,1tma
2 2
x 14 — 713
X ( s ) Ly (A3) Ly (A}) T <A23,4 — 5 A2k + *2 o mns 5 1 )
To3Lo4

1 mi 13 — 714 1 my 13 + Y14
r <A24,3 - §A12,k1 + ? + 727) T (A34’2 + 5A12,/€1 — 7 — fy27) .

(A.21)
Next, we evaluate the 713 integral by using the delta-function which enforces v13 =
Ay 2 +m1 — Y14t

Bt — / dyia T'(Arg e, —ma) T (Agg, 2+m1 —y14) T (714)

4 I'(Asyp, —mi) I (Ags14+714)

271 (x%)ﬁm,kl*ml (:E%g)ﬁ1k1,2+m1*714 (x%4)’714
Aopy,1tm A3—Dqp,2—m1+714
T(A 1 —14) $§4 : 5‘734 ’ I/ (&)
s o 23515, 13513, e
2k d
=T (A1, —m1) T (Asg e, —m1) L(A1, A, Az, Ay) uy > S Llflvl_fm

27

XTI (714) T (A23,14+714) T (At 2+m1 —714) T (Agya34+m1 —714)
(A.22)
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where in the second equality, we have identified the cross ratios ui,v14 using (A.7) and
defined the leg factor L(Aj, Ag, A3, Ay) = L1(A1)La(Ag)L3(As)Ly(Ay) using (2.2)—(2.4)
and the choice of OPE vertex shown in the top line of (4.4). More precisely,

2\ 2\
x x
Li(A) = ( 5 232 ) Lo(Ag) = < 5 132 )
L1213 L1233 A
Ay A (A.23)
Ls(As) (”“’34)2 La(Ay) <x§3>2
3(A3) = 4(Ayg) = -
03513, 3413,
Before evaluating the final 14 integral, we rewrite the factor of vi,"** as
- 1 dy14 - - P
Y14 _ T'(— T 1— T4 A.24
U = oy ) 2 (=314) T (F1a+714) (1—v14) (A.24)
Substituting this in B§*, we get
ot 28 iy [ dy1adAng =
Byt =T(Aigk, —m1)L(Asa e, —ma) L(A1, Az, As, Ag) uy /(2m)2 (1—v14)
XI(=Y14) T (14 +714) T (A23 14 +714) 0 (Agy 2 +m1 —714) D (Ag a3 +mi—v14) -
(A.25)

The utility of introducing an additional contour now becomes clear. We can evaluate the
~14 contour integral using the first Barnes lemma (5.72) which will subsequently leave us
with a trivial-to-evaluate contour integral in the 714-plane:

Bt =T (A1, —m1)T(Aga gk, —m1)T(Agg, 14+m1)T(Asg, a+mi)L(AL, Az, Az, Ay)

F(Y1a+A1g, 2+m)T(1a+Agy 3+m1)
I(Ag, +714+2mq)

A ~
“ymy [ dY14

Lo (5
57 (1=v14) T (=714)

(A.26)
We close the contour in the 714-plane to the right, picking up contributions from the simple

poles at J14 = ji4 for all ji4 € Z=0:
B = L(A1, A9, Az, AT (Avg g, — ma)TD(Asg g, — ma)D (Ao, 1+ ma)T(Asg, 4+ ma)

y U%erl i (1 —.1114)j14 L(Ag 2 +m1 + j14)'F(A4k1,3 +m1 + j14)
J1a! I'(Ag, + jia +2my)

Jj14=0

(A.27)
It is easily verified that the expression above reproduces the Feynman-like rule prescription
given in (5.20) for M = 4.
We may go one step further. Substituting the final result in (A.19) we can finally write
down an explicit series representation for the four-point conformal block:

i+m1
- 00 uy? (1 — vyq)1e (Akl —h+1)m,
Wy (331) - L(Al’ Az, Az, A4) Z maq! Ji1a! (Akl )j14+2m1

mi,j14=0

X (D12 g)—mn (At 2400 (Dot o P [Brany, — hi {=m }; {Ap, — h+1}:1]

X (D)= (Dky )y (Aky 3D 4j0a FL [Daary, — by {=ma}; {A, — h+1};1]
(A.28)
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Figure 24. (a) A canonical 5-point AdS diagram, and (b) the associated 4-point diagram.

which reproduces the well-known result from the literature [11],%® consistent with the
Feynman rules of section 2.2.

A.2 Four-point to five-point

In this section we demonstrate that if B defined by (5.18) (after setting M = 4) evaluates
to the series representation (5.20),24 then B defined by (5.18) (after setting M = 5)
automatically satisfies (5.20) as well.

Our starting point is the integral representation for BE*' in terms of that for B§*',

d 1
= <H / 2’71a 71$1a> 2710 (Z Yia — 1) WBZ.L ’ (A.29)
m 12 +my s.t.
where
s1=A1+ Ay — 2712, (A.30)
and B§* is given by
s.t. d')/rs 'Yrs) 0 . > 1
Bir= H / 2mi (a2 )Vrs H 27”6(2 Yab — Ba) Aky =52 +
’ / / = — — m
(reyeut’ Jv' o a=2 275(11 2 2 .
(A.31)

Here we have in mind the canonical diagrams shown in figure 24. The associated conformal
blocks are those in figure 25. The primed Mellin index sets U’, V', D’ are chosen as described
in section 5.1. The unprimed Mellin index sets U, V, D, will be determined after picking a
convenient choice of the OPE vertex for the five-point block.

23Note that

FO Aoy s {=ma s {Ak — 41351 = (1= Atz ) /(Bry — b+ Dy

24Indeed, the expression we obtained for B§Y in section A.1 from first principles is precisely the one given
n (5.20).
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Figure 25. The 5-point and 4-point blocks, respectively. The 4-point topology is obtained by
removing the O (z1) leg.

To proceed, we would like to re-express the Mandelstam invariants and conformal
dimensions of the canonical five-point diagram appearing in (A.31) entirely in terms of the
Mandelstam invariants and conformal dimensions of the reduced four-point diagram shown
in figure 24b. To this end, we define

Al = Ay — Y1a (A.32)

for a = 2,...,5, so that the delta-functions in (A.31) can be rewritten as 6(3p_s Yap — AL),
b#a

which is now entirely in terms of the Mellin variables of the reduced four-point diagram,
corresponding to the primed index set U’ |JV'|JD’ as necessary. Furthermore, we define

s 1= Aj + Af — 275 (A.33)

such that the Mandelstam invariant of the reduced four-point diagram is written entirely in
terms of four-point quantities. Then, upon requiring

Apy, — 2= A}, — 85, (A.34)
we obtain

ks = Dy — Y14 — 15 - (A.35)
We can now rewrite (A.31) entirely in terms of physical quantities associated with the

reduced four-point diagram,

d’)/rs ’)/rs) 5 . > 1
Bt = I1 / @2 ) [ 27i6(D_vas — AL) Y
a=2

(rsyeu Jv' Jo! =2 —5— +ma

.t.
A.36)

—wn

In appendix A.1 we showed that B5*' as written above satisfies the Feynman-like rules (5.20),
and thus admits the following series representation,
Alz > 1—U Yrs \ 5, ~
Byt =L/(Ay,. . A (up) 2 T2 ] Z VIV3EY, (A.37)
(TS)EV/ Jrs=0
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where V/ and E!, are “Gamma-vertex” and “Gamma-edge” factors for the four-point
conformal blocks, given by

~ 1 1 1
Vll =T (A,237k2 — ma + 2€/23,k2> T (A%k272 + mo + 2%’“%2) T (Aékzﬁ + mo + 26/2]6273)

~ 1 1 1
Vo=T <A£15,k2 —ma + 253;5,1@) r (A%kQA +ma2 + 25:5/@,4) r (Aﬁlkz,g) +mao + zeﬁxkg,s)
~ 1
Ey = )

T (A, +2ms+ 6,

(A.38)
where ¢/, are the post-Mellin parameters for the four-point topology. To write down the
post-Mellin parameters as well as the cross ratios explicitly, we need to make a choice of
OPE vertex. We make the following convenient choice (refer to sections 2.1 and 4.1):

X T4
T3 T4 ,3 \
’ \
/I \\
2 4 43 5 V \% 2 .2
Vo V3 . 2 O 73 _ oy X33%%s
: .U2— 3 5
L2435 (A.39)
I3 T4
T2 V- T4 T3 V- x5 .’172 .T2
2 3 . L 25734
: VQ‘/?) c U9y = 2 9
L2435

where we have also shown the four-point cross ratios associated with the choice of OPE
flow. The corresponding leg factor is given by

Ay Ay Ay Ay
L/( / A/)—< ‘7'%4 ) ? ( x%4 > : < x§5 ) : ( x§4 > : (A.40)
250y B5) = 2 .2 2 .2 2 .2 ) .
T23%24 To3T34 L34T45 L4535
The associated index sets are
Vi={(25} U ={(45)} D ={(23),(24),(34),(35)}. (A.41)

With the V' index set in hand, we can use the rules described in section 2.2.1 to work out
the post-Mellin parameters appearing in (A.38):

ly = jos ls =0 W= 05 = jos

/ / / / / . (A'42)
ko :£4+€5 :€2+£3 = J25 -
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We can now plug B5* back into the starting point (A.29) and proceed to evaluate the
remaining four-dimensional contour integral,

dyi2dyizdyiadyis T'(vi2) T'(ys) T'(via) T'(ms) o . > 1
Bt = / 2110 a— A1 | ——m———
’ l @ri)" (@%)77 (2F) " (@3) 7 (a35)7" 2” =t

S,
% (11— Jas
<L (B ) () S0 Oy
J25=0 ‘ s.t.

(A.43)
where the integrand is now explicitly specified. Exactly like in the previous subsection, we
first perform the single-trace projection by picking up the residue at the simple pole in the
~12-plane [recall (A.30)], followed by the trivial integral in the v;3-plane which simply eats
up the delta-function. This leads to

Bst _ / dy1adyis T(Avgp, — m1) D(Agy 2 +m1 — 14 — m15) T(714) T'(715)
5 (27”')2 ($%2)A12,k1 —mq (x%g)A1k1,2+m1*’714*’715 (x%4)714 (x%)’hs

x L'(Ag — Aja g, —ma, As + Ao 1k, —ma + Y14 + 715, Aa — Y14, A5 — 715)
Aky=714—715 o0 (1-— Ué5)j25 1

x (ul 2 tma ; .
(u2) jgo Jos! T(Ag, — 714 — 715 + 2ma + jos)

X T'(A23 1k, + 714 + Y15 — M) (Aus 5y — m2) Ak ky 3 + Mi2, — Y14 — Y15 + Jo25)

X T'(Agky by + m2,1)T (Adky 5 — Y14 + m2)L (Aspy g — Y15 + ma + jos) -
(A.44)

Before we proceed it is worthwhile to reorganize the position space factors in the
integrand by collecting together factors with common exponents. This yields

Aq Aq Ag Ay Ag
2 = 2 = 2 = 2 -2 2 =2
Bst- ( L23 L13 Loy ( I35 T34 >
5 2 .2 2 2 2 .2 2,2 2 .2
L1273 To3T719 Lo3L34 L34T 45 T35%45
A

k
x%2x§4 . / Aﬁ—i—mQ
X (uy) 2 I'(Agg e, —m1) T (Aus gy —m2) I (A oy +m2.1)

13%393%4
dryradyis AN e A
X/i.F(Alk 2F+mi—y1a—715) T (714) T (715) 5
(27i)? ' 23427 234235713
o i (1—vh5)"%° T (Ag3.1ky +714+715—m2) T (A ky 3+ M2, — V14— Y15+ J25)
=y Jes! I (A, —714—715+2ma+ jos)

XTI (Agky,5 =714 +m2) I (Aspy 4 —715+m2+j25) -
(A.45)
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The ratios of position space factors above take forms suggestive of cross ratios and leg
factors. Indeed, the following extension of the four-point OPE flow (A.39) to the five-point
topology shown in figure 25, yields precisely these combinations as five-point cross ratios

and leg factors [refer to sections 2.1 and 4.2]:

X2 x3 T4
xr1 xr3 T2 T4 $3Lx5
Wi Vs Vs
T2 T3
’ \
’ \
7 \
7 \\
@-_-.xz& 332__‘7_ .@ (A.46)
Loy, 2 r7o73;
Sy :
L1342
I3 Ty
1’ \
’ \
Vi \
s \
2
2O, 3 L T35y
‘U = )
L24T53
To x3 x3 T4
mvé\évfc4 23,03 mvga)'vgg5 3573
. o T1a%23 __/ . L Ta5T3y
1 2 ViVaivy=—5—7 2 3 :VaV3ivg5 = 57—
T13T5, L2435
X2 3 )
T @ ® Zs 2 2 2
Vi \_/ Vo \_/ V3 _ o T15To3T3y
ViVsivs =555
L13L24T35
(A.47)
5 Ay 9 Ao 9 Az
2 2 2
L23 L13 L24
Ll(Al)Lz(A2)=< SR ) < 55 L3(Az) = | =5
T12773 L1223 Lo3L34
(A.48)
Ay Ap
2 = 2 =
L35 T34
Ly(Aq)L5(As5) = ( R ) < 5 2 :
T34% 45 L35T 45

Note that with this scheme of OPE flow, the four-point cross ratios get uplifted to five-point
cross ratios: uf = ug and vhs = ve5. With this, we can rewrite (A.45) concisely as

. AA#»ﬂll &+m2
B3 = L1(A1)La(A2)L3(Az) La(Ag) L5 (As) uy * up®
X T'(Avg e, — M) (Aus ey — M) (Agpg ey +m21) X
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—715

dy14d _
/ MF(Alkl,z +m1 — 14 — 115) D (714) T (115) v 015

(27i)?
" i (1- 1}25 )725 T'(Ag3 1k, + Y14 + 715 — M2)D(Agyky 3 + M2, — Y14 — Y15 + J25)
I'(Agy, — 714 — 715 + 2ma + Jos)

J25=0

X T'(Aagy5 — 714 + m2)L(Aspy 4 — 715 + M2 + jas) - (A.49)

Now, making the following substitutions:

N 1 dy - ~
T4 Llflf(—’ym)r(’hz; +714) (V14 — 1)

,014 7)714
['(714) 2mi

B (A.50)

15 1 dy1s
Vs = .
[(v15) J 2w

L'(=A315) (315 + 715) (v15 — 1)7*°,

we proceed to evaluate the 714,715 integrals. First, sending 14 — 714 — 715, we use the first
Barnes lemma (5.72) to evaluate the ~;5 integral. Next, we employ the first Barnes lemma
once again to evaluate the 714 integral. When the dust settles, we obtain

Mg, A
—L+m 7+m2

Bgt = L1 (A )L2(A2)L3(A3)L4(A4)L5 (A5) u2

XIT(Aq2,5, —m1)T(Aus g —m2) T (Asgy ey +m2,1) T (Asky by +m1,2) T (Agk, 1+m1+J25)

y i (1—wvos5 J25/d’¥14 d’yl5 (30 (—5s) (0 _1)%4(1) _1)%5
j25=0 j25 27 271 714 715 14 15

I'(Y154+ Asky a+ma+Jjos )T (Augy 5 +ma+714)
I(Ag, +315+714+2ma+jos)
o (s +314+ A1k, 2+m1)D(F15 +14 + Ak ko 3+ M2, +j25)
I(Ak, +715+714+2m1 +jo5)

(A.51)
The resulting 714 and 715 integrals are trivial to evaluate after closing the contours on the
right, where they pick up simple poles at non-negative integers 314 = j14 € {0,1,2,...} and
Y15 = J15 € {0,1,2,...}, yielding

m —=+m ad 1 Urs JTS
B" =Ly (A1) Ly (Ag) L (As) Ly (Ag) Ls (As) Tt tuy? ! 2( II Z I )
(T'S)GV]TS*O

1 1

X - - - - - -
I'(Agy+2mo+jia+gis+725) I (Ag, +2ma+jia+jis+2s)

X (T (A, —m1) T (Ao 1 +mi+525) T (A, 2+mi+j1a+J15))
X (L (Aspy by +m21) T (Asky ke +m12) T (Agy ko 3+M12,+J14a+J15+ Jo25))

X (I (Aus ko —m2) I (Aspy a+ma+ji5+Jos) I (Adky 5 +mo+J14))
(A.52)

where V = {(14), (15), (25)}.
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It is straightforward to check that (A.52) precisely reproduces (5.20)—(5.21), as we set
out to show in this subsection. Indeed, for the choice of OPE flow (A.46), we have already
verified that the conformal cross ratios and leg factors appearing out of the calculation
are as expected according to the rules of section 2.1. Thus the only thing that needs to
be checked is that the Gamma-vertex and Gamma-edge factors are reproduced as well.
This is verified after noting that the post-Mellin parameters associated with the index set
V ={(14), (15),(25)} for the choice of OPE flow (A.46) are [see section 2.2.1]

4 =J:14 +J15 €2=j:25 | l3=0 (A53)
ly = j1a U5 = j15 + Jos
and,
by = J1a+ 15 + 25 Lry = J1a + jis + Jos - (A.54)
Thus the expected Gamma-edge and Gamma-vertex factors, according to the rules (5.21)
are
~ 1 ~ 1
Ey = - - - Es = . - - A.55
YT T(Ak, + 2ma + Jia + G1s + g2s) > T T(Ak, +2ma + 14 + 15 + jos) (A.55)
and

Vi=T (Av2, —ma) T (Ao 1+ mi + joas) T (A 2 +ma + jra + Jis)
Vo =T (A3 ke +m12) T (Aspy iy +m21) I (Akyky 3 + Mo, + J1a + jis + Jos) (A.56)
Vs =T (Aus ey —m2) T (Agry 5 +ma + j14) T (Aspy a + ma + jis + Jos) -

These correspond precisely to the Gamma function factors appearing in (A.52), completing
the check and establishing the inductive step from the four-point case to the five-point case.
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