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ABSTRACT: We consider diffeomorphism invariant theories of gravity with arbitrary higher
derivative terms in the Lagrangian as corrections to the leading two derivative theory of
Einstein’s general relativity. We construct a proof of the zeroth law of black hole thermo-
dynamics in such theories. We assume that a stationary black hole solution in an arbitrary
higher derivative theory can be obtained by starting with the corresponding stationary so-
lution in general relativity and correcting it order by order in a perturbative expansion in
the coupling constants of the higher derivative Lagrangian. We prove that surface gravity
remains constant on its horizon when computed for such stationary black holes, which is
the zeroth law. We argue that the constancy of surface gravity on the horizon is related to
specific components of the equations of motion in such theories. We further use a specific
boost symmetry of the near horizon space-time of the stationary black hole to constrain
the off-shell structure of the equations of motion. Our proof for the zeroth law is valid up
to arbitrary order in the expansion in the higher derivative couplings.
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1 Introduction

Black holes are fascinating gravitational objects with many properties that are very surpris-
ing and peculiar. However, black holes share one common property with ordinary matter:
they also behave as thermodynamic objects. In Einstein’s theory of two derivative classical
gravity, also known as general relativity, they are solutions to the equations of motion, and
one can associate geometric notions with corresponding thermodynamic properties, such
as the area of the event horizon as its entropy, the surface gravity as the temperature, etc.
It has long been understood that the laws of black hole mechanics can be viewed as laws of



thermodynamics [1-3]. We also know from [4] that this similarity is not an analogy. How-
ever, indeed one can derive the temperature of a black hole related to its surface gravity
in a rigorous way.

On the other hand, we know that general relativity is not a complete theory of gravity.
We must think of it as an effective theory valid at low energies or large length scales. In a
complete theory of quantum gravity, one can take its low energy limit and would get general
relativity as the leading theory. Following this procedure, one would also generate correc-
tions to general relativity. Without detailed knowledge of the UV complete theory and the
process of taking a low energy limit, we cannot be sure what corrections to be added to the
leading two derivative theory. Nevertheless, on general grounds, we expect that one would
get various higher derivative terms in the Lagrangian in addition to the Einstein-Hilbert
piece. Different higher derivative corrections will come with different dimensionful parame-
ters as coefficients in the Lagrangian, and this will signify the length scale, say lgyp at which
the higher derivative terms would be as important as the leading Einstein gravity piece.
We denote the higher derivative couplings collectively as the dimensionless parameter o.!

Once we extend the scope of gravity theories by including arbitrary higher derivative
corrections in addition to the leading two derivative theory, the black holes still remain
to be solutions of these new theories, and they should also retain their thermodynamic
properties. Therefore although the laws of black hole mechanics were first understood
in general relativity, one can not ignore the importance of understanding the validity of
a similar set of laws for black hole thermodynamics in such higher derivative theories of
gravity. In [5, 6], it was shown that a version of the first law of black hole thermodynamics
could indeed be argued for an arbitrary diffeomorphism invariant theory of gravity. This
construction also suggested a geometric object defined on the horizon of the black hole as
the generalized definition of black hole entropy. This definition of black hole entropy is
known as the Wald entropy in the literature. It says that the Noether charge associated
with the Killing symmetry generator of the null horizon should be identified as the entropy
of black holes in such arbitrary diffeomorphism invariant theory of gravity. Of course,
this definition of entropy reduces to the area of the horizon as one considers black holes
in general relativity. However, once out-of-equilibrium dynamic processes involving black
holes are considered, the Wald entropy suffers from possible ambiguities known as the JKM
ambiguities [7-9]. Additionally, there is no general proof that the Wald entropy satisfies the
second law of thermodynamics. There have been various attempts at designing a proof for
the second law that will be valid for arbitrary higher derivative theories of gravity [6-14].2
Also, recently the construction of an entropy current in such theories was studied [17-19],
following the work of [12].

However, in this paper, our aim is to focus on the zeroth law of black hole thermody-
namics in higher derivative theories of gravity. As in an ordinary thermodynamic system,
the zeroth law for black hole mechanics is a characteristic signature of stationary or equilib-

!The higher derivative coupling will have dimensions in general, however, with the use of appropriate
powers of lyp we can define a dimensionless coupling a and also choose units by putting lgp = 1.

2See the recent reviews [15, 16] and the references therein for a detailed discussion on black hole ther-
modynamics for higher curvature theory of gravity.



rium black hole configurations. Stationary black holes have a space-time metric that admits
a null hypersurface known as the Killing horizon, where a Killing vector becomes null. Us-
ing the fact that event horizons for stationary black holes are Killing horizons (due to the
rigidity theorems), and also that the temperature of the black hole is given by the surface
gravity for such stationary black hole metrics, one can make a precise statement of zeroth
law as follows: the surface gravity of a stationary black hole is constant over the entire
event horizon. This statement has been proven for two derivative theories of gravity, with
an additional assumption of the dominant energy condition for the matter stress tensor [2],
by analyzing the equations of motion in general relativity. Alternative proofs have been
constructed [20, 21], without any use of the equations of motion of the theory but assuming
extra symmetries of the space-time. If we do not use any additional symmetry of the black
hole space-time as mentioned above, it is an interesting question to ask if one can extend
the proof of the zeroth law to theories of gravity beyond general relativity. Recently in [22]
such proof was given for stationary black hole solutions in Gauss-Bonnet and Lovelock
theories of gravity by modifying and improving upon a previously reported negative result
in such theories [23]; also see [24, 25] for a similar result. As these results were worked out
for particular models of higher derivative theories of gravity, to the best of our knowledge,
a similar result is not yet known for arbitrary diffeomorphism invariant theories of gravity.
In this paper, we address this particular question and find that the answer to this is in the
affirmative: we have been able to construct a proof for the zeroth law in arbitrary diffeo-
morphism invariant theories of gravity where the higher derivative terms in the Lagrangian
are added as a correction to the leading two derivative theory of general relativity.

An important assumption in our construction is the fact that it applies to theories
where all higher derivative terms, appearing in the Lagrangian associated with a coupling
parameter «, are treated as corrections to a leading two derivative theory of gravity, namely
Einstein’s general relativity. In operational terms, this means that for theories that we
consider, a smooth limit of taking the higher derivative coupling o — 0 exists, and in
that limit, we recover the general relativity as the leading candidate theory. This, in
particular, enables us to obtain stationary black hole metrics as solutions in arbitrary
higher derivative theories of gravity as they can be constructed perturbatively around some
known stationary black hole solutions in two derivative general relativity when a = 0.
It is, however, important to highlight that our proof only requires the existence of this
perturbative higher derivative coupling a. However, it is valid for all orders in this a-
expansion and is also valid for any number of higher derivative coupling.

Let us now mention some of the salient features of the technical tools that we have
used in constructing our proof. We will be very brief here, and all of these issues will be
discussed in great detail in the subsequent sections. Firstly, we will work with a particular
choice for the metric of stationary black holes. This does not lose any generality as one can
always make these gauge choices for any stationary black holes. For our analysis, we will
focus on Killing horizons where a Killing vector becomes null on the co-dimension one null



hypersurface.® Further, we will associate the constancy of surface gravity on the horizon
with specific components of the equations of motion. In other words, the off-shell structure
of some specific components of the equations of motion, when evaluated at the horizon, will
be related to (actually, be proportional to) the derivative of the surface gravity with respect
to the coordinates on the horizon. Once we can establish this, the zeroth law would follow
automatically by equating these components of equations of motion to zero. However, we
must point out that we do not explicitly use equations of motion in our analysis apart
from this last step. Also, the main point here is to establish the following fact - it is
always possible to express the off-shell structure of a particular component of the equations
of motion in arbitrary higher derivative theories of gravity (with the assumption of them
augmenting the leading two derivative theory) in a form such that they get related to the
derivative of surface gravity with respect to coordinates tangent to the horizon — this is
the main result of our analysis in this paper.

As mentioned before, we organize our calculations in a perturbative expansion in the
higher derivative coupling. Within such a perturbative framework, we will use the method
of induction to prove that a particular component of the equation of motion has the desired
off-shell structure at arbitrary order. We first argue that at the leading order, i.e., when
a = 0, the equations of motion are indeed of the form expected, as this is just reviewing
the proof of zeroth law known in the literature. Next, we assume that the proof works at
an arbitrary order in the a-expansion, say at O(a'™). Then we show that the proof will
also work at the next order O(a™*1). Therefore, following the method of induction, we
can conclude that the proof will work up to any arbitrary higher-order in the a-expansion.

In establishing our result, a crucial input used a residual gauge invariance for our choice
of the metric, named the boost symmetry. This boost symmetry is the consequence of a
Killing isometry for stationary black holes, and the Killing horizon is mapped to itself under
the flow generated by this boost transformation. Any covariant tensor, e.g., the equations of
motion, will transform in a particular way under this boost transformation. This symmetry
was an essential input for several recent works in the context of black hole thermodynamics.
For example, in [12], a proof of linearized second law for arbitrary higher derivative theories
of gravity was developed using this symmetry. Also, in [17] and [18], it was crucial to de-
termine the structure of the equations of motion to construct an entropy current with non-
negative divergence. In our present paper, assuming that the zeroth law is being satisfied
at the order, O(a™) of the a-expansion, this boost-symmetry enables us to constrain the
off-shell structure of the equations of motion at the next order O(a™*!) as the desired one.

Finally, we end this section with an overview of how the paper is structured. We begin
with a description of the basic setup and an operational statement of the problem at hand
in section 2. Here we discuss the particular choice of horizon adapted coordinates that we
will use throughout this paper and present a schematic sketch of how various quantities

3Sometimes, we also call it the event horizon of the black hole. However, one needs to account for various
global issues in the form of rigidity theorems to ensure that the local definition of a Killing horizon can be
associated with the global concept of an event horizon. It is known to be true for general relativity, but it
is still an open question to prove rigidity theorems beyond general relativity. Therefore, to be precise, we
will actually be working with the Killing horizon in this paper.



can be organized in the perturbative expansion in the higher derivative coupling «. In the
following section 3, we present a detailed description of the boost-symmetry and the basic
rules following as a consequence of this, in connection to a stationary black hole and the
zeroth law. In the next section 4 we briefly discuss and summarise the basic strategy of our
proof without getting involved in the technical details of it. This is followed by a technically
rigorous presentation of the main proof in section 5. We divide this into several sub-sections,
each corresponding to various steps in the analysis following a method of induction. We
conclude this paper with some discussions in section 6. Important supplementary material
with various technical results is presented in the appendices A-D.

2 Basic set-up and statement of the problem

In this section, we start by describing the basic set-up of our analysis, and we will make a
precise statement of the problem using that.

We are considering any arbitrary higher curvature theory of gravity without any matter
couplings? in d space-time dimensions with coordinates denoted by z*. Following [6], the
requirement of diffemorphism invariance restricts the Lagrangian for such theories to be of
the following form

L= ‘C(g,ul/a Ruuaﬁa DO'R;,LVO&ﬁ7 s ) (21)

However, for our analysis in this paper, we will work with theories such that the gravity
action has the following form

1 oo
I = E/ddm\/—g <R+m221 a™ £2m+2> (2.2)

where the higher derivative couplings in the theory are denoted by the parameter a. The
other parameter present in the Lagrangian (i.e. m) counts the order of derivatives on the
metric tensor (i.e. g, ), the field variable in our theory. Therefore, it should be clear
that Lo, 1o is the (2m + 2)-th order higher derivative term in the Lagrangian involving
(2m + 2)-derivatives acting on g,,. The leading term, i.e. m = 0, gives us the standard
Einstein-Hilbert Lagrangian for general relativity. It is important to mention that, apart
from having (2m + 2) number of derivatives on g, Lam+2 has no other restrictions and
is, therefore, completely arbitrary.

Ideally, all such higher derivative terms can, in principle, appear in the Lagrangian with
different numerical coefficients. Hence, one should allow for different coupling constants
for each of them in different order of the parameter m. Even within one same order
of m~th derivative coupling, different possible terms can appear with different coupling

4For a proof of the zeroth law in Einstein gravity, matter couplings can be introduced with the assumption
of dominant energy condition. We expect it would be straightforward to include matter couplings (even
non-minimal ones) in our set-up barring some subtleties with the definition of temperature as discussed
in [26]. However, we do not discuss them here.



coefficients but with the same dimensionality.” However, as we will see in the later parts
of our analysis, the only important thing for us is to have the Einstein-Hilbert term as the
leading contribution in a limiting sense when the higher derivative couplings are taken to be
small. In other words, all we need is to have theories with arbitrary higher curvature terms
in the Lagrangian, but any higher derivative couplings can be taken to zero in a smooth
limit, leaving us with two derivative classical general relativity as the most significant
one. Therefore, without any loss of generality, we collectively denote every possible higher
derivative coupling by o™ for m =1, 2, ---, with a specific number of derivatives on g,
determined by the corresponding value of m. We will treat « as a small parameter allowing
ourselves to perform a perturbative expansion in it. However, our analysis will be valid for
arbitrary higher-order in that « expansion, as we have already mentioned before.

As we have described, we will be working in a perturbative expansion in the parameter
«; it is obvious that the equations of motion (EoM) will have the following structure,

Ew=EQ+aE)+a*EQ + -, (2.3)
where, Efg,) =Ry — % 9gu R, is the EoM coming from Einstein’s general relativity.

Next, we would like to comment on another essential ingredient in setting up our
analysis related to obtaining stationary black hole solutions in arbitrary higher derivative
theories of gravity. For purposes of the arguments presented in this paper, we do not need
to know the exact form of the stationary black hole metric as a solution to the equations
of motion. However, we assume that such solutions must exist in the higher derivative
theory of gravity that we are considering. One should, quite naturally, be able to construct
such solutions [27, 28] within our setup of perturbative expansion in «, the coupling of the
higher derivative terms in our theory.

Let us suppose we start with a given stationary black hole solution, denoted by g,(g,h), in
the leading order theory in « expansion, which is Einstein’s general relativity. It is obvious

that the stationary g,, = gfﬁ,h) solves the equation of motion EEPJ = 0. As a consequence
of this, gfﬁ,h) will have a Killing horizon - a null hypersurface generated by a global Killing

vector field which we will denote by d;. By definition, 0; will be a null geodesic on the
horizon, and all the metric components in g,(}Lh) will be independent of the 7 coordinate. In
the following paragraphs, we will make this more precise.

We will be working with a particular horizon adapted set of the space-time coordinates
along with a particular gauge choice for the metric g,%,h). In a d-dimensional space-time we
can always choose a coordinate system x# = {7, p, '}, where i = 1,...,d — 2, so that the

stationary metric g,(ﬁ,h) takes the following form

ds® = gf}l’,h) datdx” = 2drdp—p X (p, ") dT* +2 pwilp, 2*) dr da* +hij(p, 2*) da* da? . (2.4)

®For example, let us consider the two terms at O(a?) in the Lagrangian: R!,RCRY and D, R,,D"R"’.
Both of them have six derivatives and hence can appear in the Lagrangian in the following way

o’Le ~ a’(c1 RLRORY + c2 DuR,,D"R"),

where ¢; and ¢ are two different but O(1) coefficients.



Let us briefly justify the gauge choice for the metric in eq. (2.4) (see section-(2.1) and
appendix-A of [29] for the details). The coordinates {7, '} span the co-dimension one
horizon which lies on p = 0. We should also note that p = 0 is a null hypersurface, for
which the null generators are taken to be the vector £ = 0. By construction, this is normal
to itself and the other spatial generators (0;) of the horizon. At constant values of the coor-
dinates z’, the parameter 7 runs along one null generator, whereas, for a constant value of
7, the coordinates x* parametrizes different null generators on the horizon. The coordinate
T is not necessarily affinely parametrized. To describe the geometry in the vicinity of a
null hypersurface, we need two null normals to it. Hence, apart from &, we have considered
the auxiliary vector x = 0,, which is also null. This gives us the coordinate p, which
parametrizes the distance away from the null horizon. The coordinate p has been chosen
to be affinely parametrized, and the inner products: (9r,0,)|,—0 = 1 and (9;,0,)|p—0 = 0,
define the angles with which the null-vector d, pierces through the horizon at p = 0.

Next, the additional requirement of stationarity should explain why the metric coef-
ficients (the functions X, w;, and h;;) are independent of the coordinate 7. To this we
note that £ is a Killing vector for the metric eq. (2.4), satisfying the Killing equation
D,& + D¢, = 0, where D, is the covariant derivative with respect to the full black hole
metric, gl(th). The norm of this Killing vector vanishes on the surface p = 0. Thus, in our
choice of coordinates, p = 0 hypersurface is a Killing horizon.

The vector field £ also satisfies the geodesic equation

§" DN = k!, (2.5)

Note that, the r.h.s. of the above equation is not zero since 7 is not necessarily an affine
parameter. This equation could be considered as the definition of the quantity x, which is
in general a function of the coordinates (7, z*) and is called the surface gravity. It can be
straightforwardly shown that the surface gravity for the black hole space-time described
by the metric given in eq. (2.4) can be written as

k= |3 (D) (Drg?) 26)

horizon

The surface gravity is related to the temperature of a stationary black hole, and thus
to prove the zeroth law, we must show that k is constant over the horizon. It means that
the surface gravity is constant not only for evolutions along one null generator but also
does not change across different null generators of the null horizon. In other words, we
would aim to prove that, when evaluated on the horizon,

Ork=0, and 0;xk=0. (2.7)

Following the definition in eq. (2.6), we can evaluate the surface gravity for our choice
of metric eq. (2.4) for £ = 9;, to get the following expression (see appendix-A for details
of the calculation)

1 ,
k= -X(p,x") . (2.8)
2 o



It is obvious from eq. (2.8) that x is independent of the coordinate 7. Basically, since &

is a Killing vector, we trivially obtain the 7 independence of X (p,x"), and hence 0;x = 0.
Therefore, to prove the zeroth law we have to show the following on the horizon

X (p,a) | pmo = 0. (2.9)

3 Boost symmetry in the context of the zeroth law and stationarity

As we have laid down the statement of the problem in operational terms, in this section,
we would like to highlight one crucial significance of the zeroth law or, equivalently, the
constancy of surface gravity over the horizon. Let us remind ourselves that the zeroth law is,
in a sense, one particular manifestation of stationarity for black hole solutions in our theory.
It is noteworthy that for our choice of the stationary black hole metric in eq. (2.4) the
coordinate 7 runs along the null generators of the horizon but is not affinely parametrized.
However, a slightly different but very useful choice of coordinate system as written below

ds® = §l(3,h) detdz” = 2dvdr — r? X (rv, 2*) dv? + 2rw;(rv, 2°) dvdz’ + hi;(rv, ) dz* da?
(3.1)
also describes metric of stationary black holes with the horizon being set at r = 0,
see [12, 17, 18]. The crucial difference between this choice of metric in eq. (3.1), writ-
ten in terms of the new coordinates (r, v, z¢), compared to the one in eq. (2.4), is the
fact that the v coordinate here is affinely parametrized along the null generators 0, of the
horizon. It should also be noted that, although, for the choice of metric in eq. (2.4) the
metric coefficients are independent of the parameter 7, in eq. (3.1) the metric coefficients
are functions of the coordinate v. However, the dependence on v is not arbitrary but re-
stricted to the product rv. The reason for this is the following, for stationary metrics, the
Killing generator 0; and the affinely parametrized null generators are not the same but
proportional to each other, see appendix-A of [17] for a detailed discussion on this.

Let us now highlight the usefulness of writing the stationary black hole metric in the
form of eq. (3.1) with v being an affine parameter. This particular choice does not fix the
gauge completely and one still has some residual freedom of performing further coordinate
transformation. Particularly, one can do the following scaling of the coordinates (r, v)

r — Ar, accompanied with v — % , (3.2)

where ) is a constant parameter.® It should be convincing that this transformation should
leave the metric invariant, since the metric functions depend on the coordinates (r, v) only
through their product. This is called the boost transformation and due to this the station-
ary black hole configurations are said to enjoy a boost symmetry, see [17, 18] for details.

Alternatively, we can also explain the boost symmetry, that we described above, in
the following way. In the coordinate system {r, v, z}, a stationary black hole solution, as
written in eq. (3.1), has a Killing vector

§E=¢40, = (v, —1r0;) . (3.3)

S Actually, one can do a more general residual coordinate transformation v — fi (IZ)U + fa (mz)7 along
with appropriate redefinition of r, but here we have restricted ourselves to a subclass of it.



In other words, the metric eq. (3.1) satisfies the following
Legpy, =0, (3.4)

where L¢ denotes the Lie derivative with respect to the vector {. It can be easily checked
that ¢ is also the generator of the infinitesimal version of the boost transformation eq. (3.2).

As a consequence of this Killing symmetry, we can also confirm that the Lie derivative
of any arbitrary covariant tensor constructed out of the metric should also vanish. The
boost-symmetry is extremely useful in determining how any general tensor quantity built
out of the metric coefficients or various derivatives of them, would transform under the
aforementioned boost-transformation. In particular, any covariant tensor, say B, with all
components lowered, would transform in the following way

B— B=\"B, under <7°—>F:)\7“,v—>17:;)\> (3.5)
so that we define the boost-weight of B to be given by w. Alternatively, we can also show
that the boost-weight of any covariant tensor would be given by the number of excess lower
v-indices over the lower r-indices, see [18] and appendix-B for a justification in favor of this.

Let us mention one important result that follows from the set up of boost-symmetry
discussed above, any quantity with positive boost-weight will always vanish when com-
puted using metric corresponding to a stationary configurations and evaluated on the
Killing horizon. In order to explain this statement, let us first note that, from the def-
inition of boost weight given in eq. (3.5) it can be argued that the metric functions,
X (rv, %), wi(rv, %), hij(rv, ') appearing in eq. (3.1), are all boost invariant objects.
Additionally the derivatives 0, and 0, have boost weights given by +1 and —1 respectively,

Dy = Ny, and 0, = \"10,. (3.6)

Therefore, any covariant tensor, say B(rv, z*), with positive boost weight can generically
be written as

B(rv, ') ~ (9,)™(8,)™ B(rv, '), with m, > m,, (3.7)

where B (rv, %) can include derivatives with respect to the spatial coordinates, but not any
dy or d,. The functional dependence of B(rv, ') or B(rv, ') on the product of rv signifies
that they are evaluated on stationary configurations. Because of m, > m,, B has positive
boost weight equal to (m, — m,). Now, it is easy to convince ourselves that whenever
one operates (9,)™ (9,)™ on B(rv, '), or in that case any function of the product rv,
(my, —m,) factors of r will be obtained, and hence it will vanish when we further evaluate
this on the horizon r = 0. This will also be very crucially used in our present paper.

In [17] and [18], this particular boost symmetry was used to construct a local entropy
current with non-negative divergence on the horizon of a dynamically perturbed stationary
black hole in an arbitrary diffeomorphism invariant theory of gravity. In order to study
non-stationary dynamical processes, this boost-symmetry is broken slightly by some matter
source hitting the stationary black hole space-time. One can organize the dynamics in a



perturbative expansion around the initial stationary configuration in the small amplitude of
the external matter disturbance. Up to linearized order in the expansion in this amplitude
expansion, the vv-component of the equations of motion (EoM) in any diffeomorphism
invariant theory of gravity attains a universal structure as given below

Eyy ~ 0y (avJ” + VZ-Ji) + quadratic fluctuations, (3.8)

where the quantity JY represents local entropy density, reproducing the Wald entropy
expression upon taking the stationary limit. On the other hand, the spatial components
J? signify the spatial flow of entropy on constant v-slices of the horizon. Using this result
obtained in general gravity theories, one further needs to use the null energy condition for
the stress-energy tensor coming from the matter sector to construct a proof for the local
version of a second law.

It was, therefore, indeed essential for the analysis in [18] to have the stationary metric
written in the form given in eq. (3.1). In this section, we will argue that if the zeroth law is
satisfied one can perform a coordinate transformation that changes the space-time metric
from eq. (2.4) to eq. (3.1). Although this was implicit in the calculations in appendix-A
of [18], here we would like to make it very explicit.

Once zeroth law is satisfied, we get the surface gravity constant over the horizon.
Therefore, we should be able to solve eq. (2.9) and obtain the following general solution
for the metric coefficient function X (p, x%)

X(p, 2") =c1+pf(p, 2"), (3.9)

where c; is an integration constant and f(p, 2*) is some arbitrary function of (p, *). Also,
note that in order to satisfy eq. (2.8), the constant ¢; gets fixed as ¢; = 2k. We can
substitute this in eq. (2.4) to obtain

ds®> =2drdp—p (01 +p f(p, aﬂ')) dr* + 2 pwi(p, ') dr dz’ + hij(p,x") dx' dz? . (3.10)

Next we perform the following coordinate transformation from the coordinates {p, 7, z*}
to {r, v, '} given by

2
T —v=—exp <017_> , and, p—71=pexp (—617') (3.11)
C1 2 2

to arrive at

ds? = 2dvdr —r* f(c1rv/2, ') dv? + rwi(c1rv/2, ) dvdx’ + hij(cirv/2, 2°) da'da?

(3.12)

which is of the form eq. (3.1). Note that the horizon stays at » = 0 in the new coordinates,

and, also, the fact that ¢; = 2k is a constant was crucially used while performing this co-

ordinate transformation. Once written in this coordinate system, we can straightforwardly
use the consequences of boost-symmetry that the metric in this form enjoys.

Finally, before we end this section, let us make one comment on how these results that

one derives using boost invariance of a stationary black hole expressed in the coordinates

~10 -



as in eq. (3.12), would be helpful in the later sections of this paper as we aim to prove
zeroth law. This may seem puzzling since, to derive these results, we have already used the
zeroth law itself. However, as we will explain later, we will follow a methodology for the
proof of zeroth law by organizing our calculations as a perturbative correction in the higher
derivative coupling « correcting the leading order two derivative theory of general relativity.
In that perturbative set-up, we will construct the proof by using a method of induction.
More precisely, with the assumption that at n-th order in the a-expansion, our construction
validates the zeroth law, we will aim to extend the proof to n+1-th order. Therefore, while
working at n 4 1-th order, the truncated and corrected metric till the previous n-th order
could be brought to the form as in eq. (3.12) and thus would satisfy boost-invariance under
the transformation given in eq. (3.2). Consequently, when evaluated on the metric corrected
and truncated up to n-th order in a-expansion, any covariant tensor would transform with
a particular boost-weight entirely determined by its index structure alone. For our case,
using these concepts, we will see that the (vi)-component of EoM, i.e., E,;, would have a
boost weight equal to +1 and would thus vanish for stationary black hole configurations.

4 Brief outline of the strategy

In this section, our goal is to present a broad outline of the strategy of the proof without
getting into operational details. Following this, in the next section, we will construct a
technically rigorous proof.

The crucial ingredient in our strategy to prove the zeroth law will be to argue that
eq. (2.9) follows from the vanishing of a particular component of the equations of motion
(EoM). More precisely, we will explicitly show that the Lh.s. of eq. (2.9) must be expressed
in terms of the {7i}-component of the EoM

Eri|peo ~ 0;: X (p, 2" | =0 (4.1)

upto numerical factors, where, following eq. (2.3), E;; must include contributions from all
higher derivative terms present in the Lagrangian of the theory in addition to the leading
Einstein-Hilbert term. Next, we should use E; = 0, as the stationary black hole space-
times must solve the full EoM’s. It is clear that eq. (2.9) follows immediately.

With the explanations so far, let us summarise the main goal that we will pursue in the
rest of this paper: In order to prove the zeroth law (or equivalently, for proof of eq. (2.9)),
our primary goal would be to justify that the off-shell structure of the entire E;; (including
corrections due to higher derivative coupling o as in eq. (2.3)) reproduces eq. (4.1). To
achieve this, we must evaluate Er; for a stationary black hole solution obtained by treating
the higher derivative coupling o perturbatively in an expansion around a stationary black
hole solution of the leading two-derivative theory.

Before we proceed further with describing our strategy, let us take a small detour
to highlight the significance of this particular component of EoM’s, E.;, in justifying the
zeroth law. On general grounds, looking at eq. (2.9), we should expect that ;X (p, 2%) | =0
should get related to some components of E,, in order to be vanishing when evaluated
on on-shell configurations. The index structure then suggests that one of the two indices
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in E,,, must be the spatial indices (say, p = i), leaving the other one to be either v = T,
or, v = p. If we now focus on Einstein’s gravity and compute the (7, i) component of the
Einstein tensor, which is the EoM, we can immediately check that eq. (4.1) is reproduced.
Hence, the zeroth law is proved for the two derivative theory. In our set-up, we treat
arbitrary theories of gravity as perturbative corrections in the higher derivative coupling «
to a leading two derivative theory. Hence, it is expected that even in such general theories,
we must look into the off-shell structure of E.; to justify eq. (2.9).

The arguments presented in the previous paragraph may appear to be heuristic. How-
ever, a more rigorous justification can be devised to support the following statement: for
a proof of the zeroth law, one should investigate the off-shell structure of (7 4)-component
of EoM. This has already been noted in the literature. It is possible to show that (see [2]
for proof)

efD# k=—Ru&"e, (4.2)
é,L
should note that to derive eq. (4.2) one does not need to use any EoM, and hence this is valid

where e are the space-like tangent vectors to the horizon at p = 0. Most significantly, we
universally in any theory of gravity. For two derivative Einstein gravity, once we use EoM,
the r.h.s. in eq. (4.2) gets related to components of the stress-energy tensor, 7},,, coming
from the matter sector coupled to gravity, if any. One can further use the dominant energy
condition for the stress-energy tensor, and consequently, the r.h.s. in eq. (4.2) vanishes,
proving the zeroth law. However, once we focus on higher derivative theories of gravity, in
this process of substituting R, in terms of T},, we get extra contributions in the EoM due
to the higher derivative terms in the Lagrangian

E,S?,) + aE/IfVD =T, (4.3)

where E;(LOV) = R, — (1/2) guw R is the Einstein tensor, and EEVD is the EoM coming from
the higher derivative terms in the theory along with the coupling «. With this, we are
convinced that in order to prove that the r.h.s. of eq. (4.2) vanishes, we must need to
investigate the off-shell structure of EEVD &M ey, which, in our chosen coordinate system, is
precisely the EHP.

With the set-up that we have discussed so far, we are now in a position to give a
schematic overview of the operational strategy that will be followed to argue that E.; is
indeed of the form given in eq. (4.1). The main idea will be to organize the analysis in a
perturbative expansion in higher derivative coupling « around the leading two derivative
theory. The EoM has already been written in eq. (2.3) in order by order expansion in
a. In order to investigate the off-shell structure of £, constructed out of the space-time
metric g, and derivatives acting on it, we would also need to take a similar ansatz for g,
expanded in powers of «

g =g\ +agl) +agl) + - (4.4)

where the superscript in gl(ﬁ,) signifies that it corresponds to the n-th order in the expansion

of a. We would demand that this ansatz for gg;,h) solves the EoM given in eq. (2.3) order
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by order in the expansion of a. This, in turn, would allow us to justify that eq. (4.1) is
indeed true up to all orders in the perturbative expansion in a.

We will follow the method of induction to establish the desired off-shell structure of E-;
up to arbitrary order in the a-expansion. First, we would show that it is indeed the case at
the leading order with o = 0 for two-derivative Einstein gravity. Then we will extend this to
arbitrary order of O(a™*1) in the a-perturbative expansion, assuming that things do work
out till the previous order of O(a'™). In this process, we will need to know specifics about
the generic structure of E,,, in an arbitrary order of the perturbation. To evaluate E,,, we
need to substitute for gg:,h), given in eq. (4.4), in eq. (2.3) and isolate the terms contributing
at O(a™1). We will see that at this order (i.e. at O(a™*1)), E,, can be partitioned into

two types of terms. The first type being the zeroth order EoM E,SOV) evaluated on g;(f)y) +

amtl g,(f,fﬂ) , where we will treat amtl g,([,f”rl) as linearized perturbation around g,&?,). The

m-+1

second type of terms involve the coefficient of « in the full EoM evaluated on the metric

corrected till the previous order, i.e. till g;([f). Schematically, this looks as the following

AtO(@™ ) ED[g0)+am gt V4 B g0 +agl)+a?gl) +4+am gl =0 (o),
(4.5)
where for the second term on the Lh.s. we should truncate it to O(a™*1).

The first term on the Lh.s. of eq. (4.5) has an universal structure as it is basically the
(m+1)

FEinstein’s tensor linearized around g,&()u) for a small perturbation given by g,

To treat the second term on the Lh.s. in eq. (4.5), however, we have to be more careful.
Since this term has no universal structure like the first one, a further non-trivial argument
must be invoked. We should take note of the fact that this second term is an arbitrary
covariant tensor of rank two, but most importantly, built out of metric coefficients truncated
at O(a™). When we are looking at the order O(a™*!), we will assume that eq. (4.1) and
eq. (2.9) have been satisfied till the order of O(a'™). This, in turn, enables us to ascertain
that the surface gravity, x, computed with the corrected metric till O(a™), will be constant
over the horizon. As a consequence of this, we know that 9; X (p, 2%)| =0 = 0 up to O(a™),
and hence we can use the coordinate transformation eq. (5.24) to write the metric in
terms of coordinates (r, v, z°), as in eq. (5.25). As we have discussed before, once we have
succeeded in writing the space-time metric in this new coordinate system, we can use the
boost-symmetry. Consequently, we would now be able to assign boost weights to various
covariant tensors just by counting the difference in lower v and r components. By standard
rule of how tensors should transform under coordinate transformation one can see that E,;
in the original (p, 7, i)-coordinates will be proportional to E,; - the (vi)-component of the
new EoM in the new coordinates. Finally, we note that E,; has boost-weight= +1, and
hence should vanish when computed for stationary configurations. Therefore we conclude
that the second term on the Lh.s. of eq. (4.5) will not contribute at O(a™*1). With this,
we will be able to show that E;; has indeed the form mentioned in eq. (4.1) and, thereby,
we will be able to complete the proof of the zeroth law.
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5 Constructing the proof for the zeroth law

This section will construct the proof for the zeroth law with all details. The discussions
in this section will be divided into several sub-sections. Following the outline of our strat-
egy presented in section 4, we would start with understanding the general structure of the
equations of motion (EoM) order by order in an expansion in the higher derivative coupling
«. This would be followed by explicitly working out the leading order term in this expan-
sion, which is actually the Einstein tensor coming from the Einstein-Hilbert Lagrangian.
We would review how zeroth law is satisfied at this leading order. Next, we would ex-
tend this procedure to an arbitrary higher-order in the a-expansion adopting a method of
induction. Finally, we will also explicitly see how the application of boost symmetry for
stationary metric corrected up to a particular order of a-expansion helps us determine the
(7i)-components of the EoM to the following order.

5.1 General structure for the equations of motion in a-expansion

As we have already mentioned before in section 2, the key assumption in our working
principle is that we could solve the EoM perturbatively in an expansion in the higher
derivative coupling a. Thereby, the EoM has a structure given in eq. (2.3), which we
rewrite here for convenience

Bu=EY +aEY +a? B2 4 - (5.1)
where Eff) is the Einstein tensor - the EoM in the two derivative theory of gravity. Also,
akE,S’Z), for £ > 1, are all higher derivative corrections to the EoM. They depend on the
details of the theory. We have also noticed in section 4, that as a consequence, the metric
will also admit a similar expansion, given in eq. (4.4). Here we present that as well

) = ofY + agfl + gD+ 52
In our choice of coordinates this will lead to an expansion of the metric components X, w;
and h;; as given below

X(p,2') = XO(p, ") + a XD (p,2%) + o® X (p,2") + -+,
. (0)(p,xi) + ozwi(l)(p, xZ) + a2 wZ@)(P,l'i) N (5'3)

wl
hij(p.a’) = B (p, ') + a b} (p,2%) + a® B (p,a) + -

We are viewing the EoM in eq. (5.1) to be evaluated on the metric gELh) in eq. (5.2), and

the corresponding structures should be analysed order by order in the a-expansion. Let us

now see what we can learn at the very leading order, i.e. at O(a®). At this order very leading
(0)
tj

the zeroth order equation (i.e. the Einstein’s equation for two derivative theory of gravity)

order the metric functions X () (p, z%), wi(o) (p,x") and h,;’ (p, x*) should be exact solutions of

0 0)1 _
EQg =0 (5.4)
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Therefore, we should be viewing this as a differential equation for gl(f,],), which is the unknown

variable at leading order, and by solving this, we would be able to fix g,(f’).

Now, let us suppose that we want to solve the EoM E,,, = 0 upto the first sub-leading

order (i.e., upto order O(al)). We have already determined gg,)j) while working at the

previous order O(a’). At this order of O(al), we realise that gﬁ) (or the metric functions
XW(p, 2, w§1)(p,xi) and hz(-}) (p,x")) are the unknowns. To find out the relevant part of

EoM from eq. (5.1) at this order, we will basically have to evaluate the tensor FE,, on the

metric g,(ﬁ,h), neglecting all terms proportional to quadratic or higher powers of a. In other

(n) (n)

words, it is obvious that E,f,ﬁ and g,/ for every n > 2 are negligible at this order of (’)(al).

As a result, the differential equation for the unknowns will have the following structure

0 1 0
ES) 953 +a gia] +a B [95)] = 0(a?), (5.5)
Here, in eq. (5.5), the first term on the l.h.s. is basically the Einstein tensor, linearised

around g;(LO,,) where gfﬁ,) plays the role of the small fluctuation metric. The second term is

actually not of any universal structure like Einstein tensor since the explicit form would
depend on the type of higher derivative theory that we are focussing on at linear order
in a. However, for our purpose, that is not at all a problem since we just need to know
that ELIV) is a covariant tensor of rank two (constructed out of appropriate contractions of

Riemann tensors and its covariant derivatives) evaluated on the exact stationary black hole

solution, i.e., g,(B,), of the two-derivative theory of gravity. From eq. (5.5), it is clear that

this term will act as a source term in the inhomogeneous PDE for g,(},,) The first term, on

the other hand, is homogeneous in gfﬁ) and has a known and universal structure.

Consequently, at the next sub-leading order at O(a?), the unknowns are g,(fy) (or, as

usual, X (p, z%), wl@) (p,x") and hg) (p,x")), and the PDE for them should look like

E) (950 + 0?63 + By [0 + a gl = 0(a¥), (5.6)

where the first term on l.h.s. is the homogeneous piece and the other term is the source
term for g,(?,,) The source term, again, is evaluated on metric functions gf},} and g,(LO,,), which
are already solved in the previous iteration at O(a?).

Once we have studied the EoM to the second sub-leading order in the a-expansion, we
should be able to extend this analysis to any arbitrary order in «. Let us assume that we
are currently focussing on the (m + 1)-th order term in the expansion. We have learned
that if we would like to determine the solution correctly up to order O(a™*1), we have to

) neglecting all terms of order O(a™*2) and higher. At this order, i.e. at

O(a™*1), the unknowns would be the components of gﬁf}“) or in our choice of gauge, the

evaluate F,, on g;(gjh

metric functions X "+ (p, z7), W™D (p, ") and hg;nﬂ) (p,z"). Now, we would like to know

i
what would be the structure of the EoM at this order. As it is true for any perturbative
solution technique, the homogeneous part of the equation at every order has an universal

structure. In this case it is the Einstein equation E,S()V) linearized around the zeroth order

black hole metric g,(f,),), but now the role of the fluctuation metric will be played by gLTH).?

"The reason for this universality is as follows. The correction to the solution i.e., gf]frl) already carries a
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But the source terms (analogous to the second term in eq. (5.5)) will not have this
universal form. At order O(a™*1), where the metric upto order O(a™) is already fixed by
solving the equations at previous orders, the source terms will be the coefficient of ™!

in E,, once evaluated on gg;,h) as in eq. (5.2) but corrected upto O(a™), that is

g/,(gzh) |corrected upto O(a™) — g;(fz)/) +a gﬁj) ot a™ g;(jz?) :
Therefore, at O(a™*!), the equation looks like the following

E) [g0) + o™ gD + By o) + agll) +a? g2 + -+ a™ gl = 0(a™?),
(5.7)
However, all the terms contributing to the source term in eq. (5.7) are obtained from
metric functions, which are all solved until the previous order in this iterative construction.
Interestingly, for our proof, we do not need the details of the source term, except for the
fact that at any given order, it is a covariant tensor evaluated on a metric that solves the
EoM up to the previous order.®

5.2 Zeroth law for two derivative theories of gravity, at leading order in a-
expansion

In the previous subsection, we have described the general structure of the EoM at any
given order in a-expansion. We have seen that the starting point must be Einstein’s two
derivative gravity, and ng) must be an exact stationary black hole solution of the Einstein
equations E,(S,)

It is well known that in the two derivative theory of gravity, the temperature of a
stationary black hole is constant over the horizon. In this sub-section, we will review, fol-
lowing the strategy outlined in section 4, how this can be proved in our choice of coordinate
system eq. (2.4). As we have already mentioned, to achieve this, we must look into the
off-shell structure of the (7i) component of the zeroth-order EoM E,S(]V). It will turn out
that Ei?) is indeed of the form eq. (4.1). When EoMs are satisfied by stationary black
hole configurations, we will readily obtain eq. (2.9). This is, therefore, enough to prove
the desired result in two-derivative theories of gravity. In the following, we will argue that
eq. (4.1) is indeed true.

Let us consider two derivative theories of gravity without any matter field. To be more

explicit, let us reiterate that the equation of motion eq. (2.3) is

Eu, =EY). (5.8)

m-+1 m+1)

factor of « . Since we are interested in evaluating the equation at order O(« and also if we want to

collect only those terms that involves gﬁT+1)7 everything else in the equation must be of zeroth order in .
It follows that at order O(amﬂ) none of the Ef[f), for m > 0 can contribute to terms that has gff,ﬂ”rl) and

the same is true for product terms of the form g™ ¢(™, for m > 0. Therefore at order O(a™*?!)

contain gfﬁﬂ) can only come from the EoM at zeroth order linearized around the zeroth order solution.

8We must emphasize that for this perturbative technique to work at a given order (say O(a™'!)),

, terms that

EoM must be solved till the previous order. This will ensure that the source term i.e., F,,, evaluated on

(g,(f,)/) + ch,(}V) +- 4+ a™ gff,f)) will be non-zero only at order O(a™").
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The metric eq. (2.4) upto order O(a?) in the horizon adapted coordinate system is
ds® = 2dr dp — pX O (p, z")dr? + 2p wz(o) (p, z)drdz’ + hg»)) (p, z")da’da? . (5.9)
We would calculate 7i component of the EoM on the horizon.
Eri =R — %Rgn' = Erilp=0 = Rrilp=0- (5.10)

We must now compute R; for our choice of metric eq. (5.9). Using the expression of R;;
(see appendix C), we get

Erilp=0 = _%(8iX(O))|p=O (5.11)

Using EoM, we can straightforwardly conclude
;XY (p, 21| =0 = 0, (5.12)
which is basically eq. (2.9) upto O(a?), and therefore, implies zeroth law at the same order.

5.3 Zeroth law for higher curvature theories of gravity at arbitrary order in
a-expansion

After establishing the zeroth law at the leading order in a-expansion for two derivative
theories, in this section, we aim to extend this to arbitrary higher-order in the perturbative
« expansion. We will construct our proof using a method of induction. It will be shown
that if the temperature is constant over the horizon till order O(a™), then it will remain
constant at order O(a™*1). Following our strategy described in section 4, and just like what
we did at the zeroth order, we will again use the off-shell structure of the (7i) component
of the EoM to show this.

For convenience, let us first re-write the metric and its a-expansion, eq. (5.2) and
eq. (5.14),

ds* = gfﬁ,h)dx“dx” =2drdp—pX(p,z")dr?* + 2pwi(p, 2" )drdz’ + hij(p, x")dx'dx’ | (5.13)
where,

X(pvxz) = X(O)(paxl) + aX(l)(paxz) + o’ X(z)(pz xl) +oe
) = w(p,a%) + aw®P(p,a") + a? w0 (p, ) + - (5.14)
A 0 . 1 A 9 .
hij(p,x') = h(.)(p,w’) + ahz(j)(p,:nz) +a? hgj)(p, R
We start with the statement that we have solved the EoM accurately upto order O(a™).
Also, following the same logic, we are assuming that the temperature is constant on the
horizon upto order O(a'™). In terms of equation it implies

p:

Given this, now, we would like to solve the EoM at order O(a™*!). As we have
discussed in the previous sub-section 5.1, in the context of the general structure of the
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EoM at an arbitrary order of the a-expansion, working at O(a™*!), we will get a linear
partial differential equation for the unknown gg}“). This will be a linear PDE with two
types of terms; one is the homogeneous term along with another source term. In the
following, we will analyze these two terms one by one.

From eq. (5.7) we have learned that the homogeneous part of the equation could be

(0)

universally evaluated as linearisation of the Einstein tensor (i.e., E,SOV)> around g, ,

Homogeneous part of the PDE at O (amH) = E;(w) [ O 4 gmt! (mH)} +O(a™?).
(5.16)
Note in the above equation the r.h.s. will have the leading contribution at order O(a™*1!)

©) [0

since by construction E/ {guy} = 0. For our purpose, we just need to look at the (77)
component of the EoM. By explicit evaluation in our choice of coordinate system we could
show (see appendix D)

0) T _(0) m+1_(m+1) _ Lt (4 v (metD) m+2
E {guu +a Y - 2 Q@ (azX ) + O(Oé ) (517)

] p=0 =0

It should be noted that in deriving eq. (5.17), we have used the result obtained in eq. (5.12)
for the leading order two derivative theory.

Now we come to the source terms. These are the known terms at order O(a™*1).
These could be computed by evaluating the EoM, keeping terms up to order O(a™*1), and
ignoring all higher-order terms on the metric corrected up to order O(a™).

Before we proceed, let us introduce a new notation here for convenience. For any
function Y that admits an a expansion, Y™ denotes the coefficient of o™ and Y™
denotes the expansion of Y correct upto order O(a™). In other words, if Y could be

written as Y = 32°°_, o™ Y (™) then Y™ denotes
ylml = Za Yk (5.18)

According to this notation, then, for the corrected and truncated metric and EoM till order
O(a™), we get

gl =3 amgl), and ELp Za Em. (5.19)
=0

(m)

Using this new notation, let us now write down the source term in the PDE for g,
working at order O(a™*!), as the following

Source terms of the PDE at O(a™*!) = g+l

1 g +O(a™1?) (5.20)

evaluated on g,Z,L]

Note that according to our assumptions, g,%] solves the EoM up to order O(a™). It
follows that the source terms as written above will have the first non-zero contribution at
order O(a™*1). As we have mentioned before, the source terms do not have any universal
structure, unlike the homogeneous piece. However, for the constancy of the temperature,
we need to analyze only the (77)-component of the EoM and that too only at the horizon,
i.e., p = 0 hypersurface in our choice of coordinates. This will simplify our analysis.
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5.3.1 Boost symmetry for the truncated metric and vanishing of the source
term

In the previous sub-section, we have shown that the homogeneous part of the (7i) compo-
nent of the EoM at this order is simply proportional to 8; X ("1 see eq. (5.17). Therefore,
what is left to be checked is that the source term in the PDE for g,(f,fﬂ) vanishes at this order
O(a™*h). In the following, we will argue that this is exactly what will turn out to be true.

As we have described before, the source term at order O(a(™*1), given in eq. (5.20),
is simply the leading piece (in terms of a-expansion) in E,[Z,l] evaluated on g,[fyl]. We should
remember that, the corrected space-time metric g,[fﬁ] is truncated at O(a™). Also, it is
corrected, because, it solves the EoM till the same order. The truncated black hole metric

gm}, leads to the following line element

ds[zm] =2drdp— p X" (p, ") dr? + 2 pwl[m] (p, %) dr da* + hgn] (p,zt) dx'da?  (5.21)

As a consequence of our assumption in eq. (5.15), the zeroth law can be assumed
to be satisfied for the metric g,[Z,L] till O(a™). So, we are allowed to use the fact that

Xml(p =0, 2%) is constant over the horizon (p = 0 hypersurface),

= O(a™"). (5.22)

a(z(ﬂwww+wwwwww)

m<n

p=0

This in turn enables us to ascertain that the surface gravity, x, computed with the corrected
metric till O(a™), will be constant over the horizon. In other words X" could be written,
by solving eq. (5.22), as

Xtml(p, a') = €M 4 p P (p, 27, (5.23)

where Cl"™ is a constant, and FI™(p,z") is an arbitrary function of (p,z"), and both of
them are corrected upto O(a™).

Following our discussion in section 3 (see eq. (3.11)) we would like to perform the
following coordinate transformation from x# = {7, p, '} to #* = {v,r, '} where, v is the
affine parameter along the null generator of the horizon,

2 clml clml
v = o] exp ( 5 ’7') , T =pexp (—27 . (5.24)

The truncated metric in the new coordinates takes the form

i

[m] / ~[m AR
+ hy; (ClMry /2, o) dada? (5.25)

ds[zm} = 2dvdr — r* F[m](C[m}m/Q, )dv? + 2r w[m](C[m]rv/Z, ') dv dz’

Now, EL”,}] is just a covariant tensor of rank two, constructed out of appropriate contractions
of the product of Riemann tensors and/or their covariant derivatives. So, without knowing
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any details about it, we could tell how its component would transform under the above-

mentioned coordinate transformation. By which we mean that ELT] in the new coordinates

will be related to E;[Z}} in the old coordinates, as follows

- o 07 078
EL,I/](p’ T, x') =

= 3ok av Eog(r,v,2"). (5.26)

For our purpose we just need to study the 7i-component of EEEL] (p,7,2%). Also, we can

readily obtain the relevant components of 22 from eq. (5.24),

oxH
v clml or clml clml
e exp ( 5 7') , and 9= P exp | =T | (5.27)

Using them we obtain

B (p, ') (5.28)

O™\ ) i
o= exp (27> E,"(r,,v,z")

It is important to note that we have obtained ELT] is proportional to E‘LT] when evaluated

r=0

on the horizon. To decide about E‘LT} in the new coordinate system (r,,v,2%) we can
directly use the boost-invariance of the metric eq. (5.21). As we can see that ET[}T} contains
one extra lower v-index compared to r-index. According to the arguments due to this
boost-symmetry the boost-weight assigned to ELT] comes out to be +1. Therefore, if we
compute ELT] on the stationary metric eq. (3.12) at r = 0 it will simply vanish. This in

]

Therefore, we have now established the fact that at O(a™*!) the source term contri-

turn shows that, by using eq. (5.28), in our old (p, 7, z%) coordinates ELT also vanishes.
bution to the PDE for gﬁZ”H) vanishes. The homogeneous piece is the only contribution
and that too is of the form argued in eq. (5.17). With this we have also successfully
demonstrated that

9 X ®) (p, )| p0 =0, for k= (m+1), (5.29)

once we start with the assumption of 9;X*)(p, 2%)|,—o = 0 for k < m. Finally, by method
of induction, we, therefore also prove that, starting with a positive result in the leading
two derivative gravity, the zeroth law is true upto all orders in the perturbative expansion
in the higher derivative coupling .

6 Discussions

In this paper, we have worked out a proof for the zeroth law of black hole thermodynamics
in diffeomorphism invariant theories of gravity. Our analysis crucially depends on the fact
that we consider only such theories of gravity where arbitrary higher derivative theories of
gravity augment the leading two derivative theory of general relativity. We assumed that
the higher derivative coupling (denoted by « in this paper) could be taken to zero in a
smooth limit leaving us with the leading two derivative theory. This, in turn, allows us
to organize our analysis in a perturbative expansion in the higher derivative coupling «.
For example, suppose we have an exact solution in the form of a black hole metric of the
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equations of motion coming from the two-derivative Einstein’s equation. We can correct
this solution in that perturbation scheme and expect to obtain the corresponding black
hole solution in the higher derivative theory of gravity. The zeroth law is a statement
about stationary configurations. We used a particular coordinate system, like choosing a
particular gauge, to write down the space-time metric of a stationary black hole. Since the
temperature of a black hole is identified with the geometric quantity called surface gravity,
working within our choice of metric gauge, our main aim was to prove that the surface
gravity is constant over the horizon for stationary black holes. We want to stress here that
for our construction of the proof we did not need to use any extra symmetry, we have only
used the boost-symmetry which follows from stationarity.

The crucial ingredient in our construction for the proof was to use specific components
of the equations of motion (EoM). We expanded the EoM order by order in a perturba-
tion series in the higher derivative coupling «, with the leading term (with a@ = 0) being
Einstein’s equation. The metric was also expanded in a similar perturbative expansion in
a, with the leading order term being the stationary black hole solution in Einstein gravity.
We followed a method of induction for the proof. First, we showed that the components of
EoM have the desired off-shell structure needed for the proof to go through at the leading
order in Einstein’s gravity. Then we assumed that this is true at the n-th order, and we
argued that it should be satisfied at the following order in a-expansion.

Working at O(a™1), once we assumed that the zeroth law is satisfied at the previous
order, i.e., till O(a™), we made use of a specific residual gauge symmetry to perform a
coordinate transformation. In this new coordinate system, the coordinate along the null
generators of the horizon happens to be affinely parametrized, and the new metric enjoys a
symmetry called the boost-symmetry of the stationary black holes. Using this symmetry,
we could predict the structure of the components of the EoM without knowing its explicit

m+1) as a covariant tensor built out of the

form. In other words, we viewed the EoM at O(«
metric components corrected till O(a™) to satisfy the zeroth law. Then, by knowing how
the EoM for any arbitrary higher derivative theory should transform under the coordinate
transformation (boost transformation), we could prove that it indeed has the required
structure to satisfy the zeroth law at O(a™T1).

It is essential to highlight that this particular boost symmetry can be used only when
the metric can be cast in the new coordinate system we mentioned above. This was crucially
used in constructing the entropy current, using which the local version of the second law
was argued for arbitrary diffeomorphism invariant theory of gravity. We also understood
that one could write down the stationary black hole metric in these new coordinates if
the zeroth law is satisfied. This was an important assumption in constructing the entropy
current in [17] and [18]. Therefore, our proof of zeroth law in this paper justifies this
important assumption that was made in those works aimed at proving the second law.

Another critical point in constructing our proof in this paper is the assumption that
it only applies to such theories where, in an appropriate o expansion, the leading order
piece has to be Einstein’s two derivative theory. It was one significant input in our proof.
However, we have not argued that there cannot be any other proof that will not require
this assumption of starting the perturbation series from Einstein’s gravity. From the per-

spective of a UV complete theory of quantum gravity, it is pretty natural to expect that the
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low energy effective theories following from any quantum theory of gravity would organize
themselves in such a perturbative framework starting with two derivative general relativ-
ity. However, it is exciting to note that without having access to the details of how UV
completion is achieved and staying entirely within a low energy perspective, principles like
the laws of black hole thermodynamics also hint toward general relativity as the leading
theory in a perturbative framework.

Although, our proof is perturbative in higher derivative coupling constant «, we want
to stress that it works up to arbitrary order in the perturbative expansion. With this
statement, we might hope that finding a proof of zeroth law for theories non-perturbatively
connected to general relativity will be worth exploring. We leave that for future work.
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A Computing the Christoffel symbols and the surface gravity for the
metric eq. (2.4)
A.1 Computing the Christoffel symbols

In this appendix, we will calculate the Christoffel symbols for the metric eq. (2.4) upto
order O(a).

ds* = 2dr dp — p {X(O) (p, ") +aXD(p, x’)} dr® +2p [wgo) (p, ) + awz(l)(,o, xz)} drdz’
+ [hg?) (p, ") + ahg;)(p, x’)} dx'da? (A.1)
Different components of the metric are

grr = —p [XO(p,2") + aXD(p,2")], grp =1, gri = p [0 (p,2") + oV (p, )] ,
9pp =0, 9pi =0, gij = [hﬁg) (p, UCi) + ah,%)(m fUi)} (A.2)

Different components of the inverse metric up to order O(«a) are

g =0, g?=1, ¢" =0,

g"? =p {X(O) + aX(l)} + p2hzé)w§0)w§0) + ap? [Qh%)wgo)w](l) - hﬁ)wlgo)wj(-o)} (A.3)
R T oW g —_—
¢ = —p [hipw” + o (hihwi? = i) g7 = i) - alf

ij o ik 1.(0 i i ij impgn (1
where, h(f)) is defined as h(lé)h,gj) = 0% and h(]l) is defined as h(jl) = h(o) h{o)hq(n%.
Now we will compute different components of Christoffel symbols. We would require the
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expression of one component of the Christoffel symbol I'”_ off the horizon. The expression
of I'”_up to order O(p) is

1
e = —g@i (X(O) + ozX(l)) — 3P (X(O)wi(o) + aX(l)wi(O) + aX(O)w§1)> (A.4)
The rest of the components are on the horizon

__1ryo 1 r_ lro, o1 e _17 (1)
sz__§{X( ) rax! )}, Fi’l'__§|:wi + aw, }, ij—g[wi +ow; },
. , 1r . A & (0) .1
I’ =0, FJpT:ﬂ%ﬁa w‘(]1)_0‘h%1)wk; }, Iy =0, FTT:§

. . : ;1 (0) (1) i
7, =0, I7,=0, Il =0, Pijz—i(aphij +adyhly'), T2, =0, Ti =0,

[X<0) +aX(1>] . (A5)

Where, ‘*ﬂ(;o) and W7(;1) are defined as wéo) = h%)wj(-o) and wfl) = h%)wj(.l)

A.2 Computing the surface gravity
The metric of the space-time is given in eq. (2.4) and we write it here again for convenience
ds? = 2dr dp — pX (p,x")d7? + 2p wip, x*)drdz’ + hij(p, x*)dx'da? (A.6)

This metric admits a Killing vector £ = 0, with the horizon being chosen to be at p = 0.
The definition of surface gravity is given by

(A7)

v = |5 (Ve V)

p=0

We use the inverse metric expressions written in eq. (A.3) to obtain the following
components of §,,

&=1,6&=—pX(p,a'), & = pwi(p,z'). (A.8)

Next we compute the components of V¢, evaluated on p = 0 and the non-vanishing
components are as follows

1 7
v'rfp|p:0 = _vpgfr|p:0 = _5 X(P =0,z )7

1 ‘ (A.9)
Vikilp=0 = = Vi&plp=0 = 5 wilp =0,2%),
Using these, we obtain
v TP T 1 %

(V&) (VHE) p=0 = 29779 (V+8p) (Vp&r) lp=0 = 5 X (p=0,2") (A.10)

Finally, we obtain the surface gravity as the following

1 4

k= -X(p,x") . (A.11)

2 0
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B Few details regarding the boost weight of covariant tensors

In this appendix we aim to provide some more detail regarding the boost invariance of the
stationary metric written in eq. (3.1). We write the metric here again for convenience,

ds® = gf};") detdz” = 2dvdr — r? X (rv, ') dv? + 2rw;(rv, %) dvda’ + hij(rv, o*) da’ da? .

(B.1)
The vector £ defined in eq. (3.3), generates Killing symmetry of the stationary background
with the metric in eq. (B.1). Due to this, as we have already mentioned before, when we
operate Lie derivative with respect to £ on any covariant tensor constructed out of the
stationary metric eq. (B.1), will vanish. To be more precise, acting with the Lie derivative
with respect to £, on a covariant tensor, say By, ,...u, With all lowered indices, will produce
the following,

EéBﬂluz'"uk = gﬁaﬂBmm__M + (al‘lgﬁ) Bﬁuz"'uk + (8#263) Bmﬂ“-uk +oe
+ (@%55) By -

Furthermore, when we evaluate this for the metric eq. (B.1), and with xi given in eq. (3.3),

(B.2)

we will get
LeBupoepy = W+ (00 — 70r)] Buypgeeo g » (B.3)

where w is the boost weight of By, ..., and from eq. (B.3) we can also confirm that w
counts the excess number of lower v indices compared to lower r indices in By, ,...., - Fol-
lowing this argument, it is also obvious that the vi-component of EoM, E,; will have boost
weight equal to +1, and hence, will vanish for stationary configurations when evaluated on
the horizon. This is the main ingredient that we have used in section 5.3.1.

Before we conclude this appendix let us summarise the useful points that we should
remember while using the boost weight analysis,

1. We should think about any component of a covariant tensor to have a structure with
some number of 0,, d, and V; operators acting on the metric coefficients in eq. (B.1):
(X, ws, and hj;) or product of such structures.

2. The boost weight of any covariant tensor can be obtained by looking at the factor w
in eq. (B.3), when a Lie derivative L, with respect to £ (= v0, — r0,), acts on it.

3. Any expression with positive boost weight will vanish when evaluated on the horizon
for a stationary metric.

For more details we refer the reader to section-(2.3) and appendix-B of [18].

C More detailed calculation for Einstein’s gravity

In this appendix, we will calculate 7 component of equation of motion EY for Einstein’s

T

gravity.
Rﬂ' - RTTTi + Rprpi + RJTji (Cl)
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Using the expressions of Christoffel symbols computed in appendix-(A.1), we can calculate
different components of Riemann tensor upto order O(a)

RTTTi‘PZO = 87'1—‘;7' - alr:‘r + FTEPlET - FZEFET

T

1
— _iaiX(O) (C.2)
Rpri‘p:O - 8prf»r - 8ZF§T + FZEFzET - FfEFET
=0 (C.3)
=0 (C.4)
Finally we get
1
Erilp=0 = Rrilp=0 = —5(3iX(O))!p:o (C.5)

D Calculation of the homogeneous part

In this appendix, we will derive the expression of the homogeneous part eq. (5.17). As has
been discussed in sub-section 5.1, we have to linearize E,(PV) around ggg. We have to calculate

+1
m+lg((;g )

El(f,],) [ggg + 59015}, where, we will treat dgog = « as linearized perturbations

around ggg. E,(f,),) is the Einstein’s tensor

1
E{%) = R — 5 R (D.1)

As, gff) is an exact solution of Efg,)

0 . 1 1
EQ) [98) + 69a5] = 0ES) = 6 Ry, — SIMOR — SR)5g,, (D.2)

RO is the Ricci scalar evaluated on the metric g,(g,). We have to calculate 7¢ component of
the above equation at p = 0. We can compute 5E£(3) off the horizon, but for our purpose
that is not required.
0 1 (o 1 1

0B |peo = 0Rri — g'VoR — §R(0)am+19g+ ) = 0R, (D-3)
Since we have denoted the coordinates by {7, p,z'}, for notational convenience, instead
of using p,v we will be denoting the spacetime coordinates by {A4,B,C...}. We will
be using this notation only for this appendix. If we calculate the Christoffel symbols on

gg)])g + oMl 91(4"]?'1) we can decompose it as follows

M40 =T40+ 00 (D.4)
(0)

where fgc is the Christoffel symbols for g, . Linearized Ricci tensor is

6Rap = Vpol'ly — Vpory, (D.5)
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We can very easily read-off the expressions of féc and 61“;%0 from eq. (A.5).

0Rap = 0p (0T8p) + TPl — TEA0T Py — THp0T Ry — 05T Ry + TE40TEp (D.6)

ORyi = dp (618 + TP poTs — T 6T 8, — T 60Dy — 0,605, + TEST P, (D.7)
Now, we will compute different terms of the above equation on p = 0 separately

OpdTL, = 9,617, + 8,617, + 06T,
= —éamﬂ&; (X(m+1)> - %amﬂ (X(mﬂ)wgo) + X(O)wgmﬂ)) (D.8)
[ppol's; = I'p,or7,
= (07, +14,) o7,
_ <;X(°) B ;X(O)) (_;am—&-lwl(m—&-l))

=0 (D.9)
['5,00P, =TT, 005 + T, 6TD + T3, o8

= lx(o) <_1am+1w(M+1)> _ }X(O)lamﬂw(mﬂ)
2 v 2 2 1

2
R 010

L5670, = Tp0T8 + T,0T 8, + 19,615,
= T7,0T7, + (D007, + D501, ) + T,0T7,

—}wi(o)}ozm“X(mH) n 1%'(0) <_1am+1X(m+1)>
2 2 2 2
_ _éw§0)am+1x(m+1) (D.11)
0,605 = 0, (874, + oI, )

_ 82 (_1am+1X(m+1) + 1am+lX(m+1)>
2 2
=0 (D.12)
[6TEp = Torsp
=17, (612, + oT7, )
1 1

_ O (1 ity mt1) | L mt1 g (mt1)
Wi ( 5 X +2a X

=0 (D.13)
Substituting eq. (D.8) - eq. (D.13) in eq. (D.7) we get

Loy (xmt)
ORri = — o, (Xtm+D) (D.14)
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