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1 Introduction

It has been more than two decades now since the discovery of the celebrated AdS/CFT
correspondence [1]–[3]. The AdSd+1/CFTd correspondence (also known as gauge/gravity
duality) claims an equivalence between the partition functions of strongly coupled gauge
theories in d-dimensions and the classical gravitational counterpart living in d+1 dimen-
sions. In other words, the duality offers a suitable platform to examine the strongly coupled
systems using weakly coupled dual gravitational descriptions.

In principle, this duality holds for any d dimensional space-time. However, the study
of this duality in d = 1 dimension provides a remarkable insight about models of quantum
gravity living in two dimensions [4]–[9].

Following the spirit of the above discussions, the present paper focuses on a particular
model of classical gravity in two dimensions known as the Jackiw-Teitelboim (JT) grav-
ity [10, 11]. It is the 2D version of Einstein’s gravity (with negative cosmological constant)
coupled to a dilatonic field.

The holographic dual of JT gravity is conjectured to be the Sachdev-Ye-Kitaev (SYK)
model [12]–[34] which describes the quartic interactions among the Majorana fermions.
The striking feature of the SYK model is that it is exactly solvable in the limit of strong
coupling and in the large N limit.

In literature, the duality between the SYK model and JT gravity has been explored
in the presence of U(1) gauge fields [35]–[38] as well as the SU(2) Yang-Mills fields [39]. In
particular, the authors in [37] consider the JT gravity model minimally coupled to the U(1)
gauge fields and study the holographic stress tensor and the central charge [6, 7, 37, 40]–[44]
for the boundary theory.

The purpose of the present article is to look for a further generalisation on the gravita-
tional side of the correspondence by incorporating higher derivative (quartic) interactions
in the same spirit as that of its cousins living in higher dimensions1 [45]–[53].

In the present paper, we start with the most generic higher derivative theories of
gravity in five dimensions [56] and search for its imprints in the lower dimensional models
in the context of SYK/JT gravity correspondence. We follow the standard procedure of
dimensional reduction [38] which results in the most generic higher derivative theories of
gravity (including quartic interactions) in 2D.

Following the standard AdS/CFT prescription, we compute various physical observ-
ables associated with the dual quantum mechanical model in 1D and explore upon the
effects of incorporating the higher derivative corrections on the dual field theory observ-
ables. In particular, we compute the holographic stress energy tensor and estimate the
central charge associated with the 1D boundary theory.

We also construct the corresponding 2D black hole solutions and obtain the central
charge using Cardy formula [7, 57]–[59]. Finally, we show that the model of JT gravity with

1It was observed in [54] that the 4-derivative interactions are crucial to obtain the finite result of average
stress tensor of quantum fields coupled with classical gravity. Higher derivative corrections are also found
to be useful in cosmology in order to describe the inflationary models, see [55]-for a recent review.
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quartic coupling can be recast as a “generalised” 2D Liouville theory [60]–[66] of quantum
gravity with some complicated potential function.

The organisation and the summary of results of the paper is as follows:

• In section 2, following the standard procedure of dimensional reduction, we construct
the most general theory of 2D Einstein-dilaton gravity coupled with U(1) gauge fields.
Our theory contains all possible 2-derivative as well as the 4-derivative interaction
terms allowed by the diffeomorphism invariance.

• In section 3, we obtain vacuum solutions of the 2D theory by treating the higher
derivative interactions as “perturbations”. We observe that the scalar curvature cor-
responding to the 2D theory diverges in the deep IR limit due to the presence of
higher derivative interactions. On the other hand, the vacuum solution in the UV
limit is dominated by Lifshitz2 with dynamical exponent (z = 7

3). On the other hand,
if we switch off the 4-derivative interactions then, the space-time geometry becomes
AdS2 in IR limit and Lifshitz2 (with dynamical exponent z = 3

2) in UV limit which
is consistent with [39] .

• In section 4, we obtain the Gibbons-Hawking-York (GHY) boundary terms [67]–[70]
for the 2D model that is needed for the successful implementation of the variational
principle. Finally, we estimate counter terms which lead to the “renormalised” action.

• In section 5, we use the renormalised action to determine the boundary stress tensor
and the central charge in the Fefferman Graham gauge [71]. We observe that the
central charge associated with the boundary theory goes as the inverse power of the
quartic coupling (κ). This further implies that, a smooth κ → 0 limit of the central
charge does not exist.

• In section 6, we obtain black hole solution for the 2D theory by treating the higher
derivative interactions as a perturbative corrections over the pure JT gravity solu-
tions.

• In section 7, we explore thermal properties of 2D black holes in our model. In
particular, we discuss the Wald entropy [72]–[74] for 2D black holes and observe that
the Wald entropy diverges near the horizon due to the presence of higher derivative
interactions. We interpret these divergences in terms of the density of states [75]–[77].
Finally we compare the Wald entropy with the Cardy formula for 2D black holes and
estimate the eigen value of the Virasoro operator (L0) for our model.

• In section 8, we investigate the near horizon structure of 2D black holes in the pres-
ence of quartic interactions. We observe that the trace of the stress tensor vanishes
in the near horizon limit which indicates the presence of a conformal field theory
in the vicinity of the horizon. Finally, we transform the 2D theory into the “gen-
eralised” Liouville theory [60]–[66] using the proper field re-definition and calculate
the associated central charge. We observe that the central charge corresponding to
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the generalised Liouville theory diverges due to the presence of higher derivative
interactions.

• In section 9, we discuss the Weyl transformation [64] properties of the generalised
Liouville theory. We observe that the generalised Liouville theory is not invariant
under the Weyl re-scaling. On top of it, the trace of its stress tensor does not vanish
and comes out to be proportional to its central charge. We identify this as the Weyl
(or trace) anomaly for the generalised Liouville theory.

• Finally, in section 10, we draw our conclusion with some future remarks.

2 Construction of the 2D action

The purpose of this section is to discuss the basic methodology that leads to the most
general 2D action for Einstein-dilaton gravity coupled to U(1) gauge fields. We start
with the most general theory of Einstein gravity coupled with U(1) gauge fields in five-
dimensions2 [56].

S(5D) =
∫
d5x

√
−g(5)

[
(12 +R)− η1

4 F
2 + η2[RMNOP ]2 + η3F

4 + η4F
SPFPRF

RQFQS

+ η5 5M FMN 5O FON + εMNOPQ
(
η6FMNFOP 5R FRQ + η7FMNFOR 5R FPQ

+ η8FMNFOR 5P FQ
R + η9AMRNOIJRPQ

IJ
)]

(2.1)

where, ηi (i = 1, . . . , 9) are the respective coupling constants. The key feature of this
model is that it contains the 4-derivative interaction terms along with the usual 2-derivative
interactions. These higher derivative terms are the key contents of our model.

In principle, it is possible to add several other 4-derivative terms to the above ac-
tion (2.1). However, all such terms can be eliminated using a proper redefinition of fields
as demonstrated in appendix B. Therefore, the action (2.1) is the most general theory of
gravity (coupled to U(1) gauge fields) containing both 2-derivative and 4-derivative inter-
action terms.

We are interested in studying the JT gravity model with chemical potential in the
context of AdS2/CFT1 correspondence. On that note, we will require to get rid of the
extra dimensions present in the 5D theory (2.1).

Systematically, this can be achieved following a reduction ansatz for the metric as well
as the gauge field [38]

ds2
(5) = ds2

(2) + φ(t, z)
2
3 (dx2 + dy2 + dz2), AMdxM = Aµdx

µ, Aµ ≡ Aµ(xν) (2.2)

where M is the 5 dimensional index and µ stands for the 2 dimensional space-time index.

2See appendix A for a discussion on the Non-abelian sector.
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Using the above ansatz (2.2), one arrives at the required Einstein Hilbert action in 2
dimensions3

SEH =
∫
d2x

√
−g(2)φ

[
(12 +R)− ξ

4F
2 + κ

[
(Rµναβ)2 + 3

4
(
5µ φ

2
3
)4

+ 4
{3

4
(
5λ φ

2
3
)(
5β φ

2
3
)
ΓλαµΓβρσgαρgµσ + 2

3Γλαµ
(
5λ φ

2
3
)
(5αφ)(5µφ)φ

−4
3

− Γλαµ
(
5λ φ

2
3
)
{∂β(5σφ)}gαβgµσφ

−1
3 − 4

9φ
−5
3 (5αφ)(5µφ){∂α(5µφ)

}
+ 4

27(5µφ)4φ
−8
3 − 1

3
{
∂α(5µφ)}{∂β(5ρφ)}gαβgµρφ

−2
3
}

+ F 4 + FµνFνλF
λσFσµ

+5µF
µν 5λ Fλν

]]
. (2.3)

Notice that, in order to arrive (2.3), we make a special choice of coupling constants
namely, η1 = ξ and η2 = η3 = η4 = η5 = κ. Furthermore we treat these coupling constants
to be small enough such that the 2-derivative and 4-derivative interaction terms can be
treated as pertubations over pure JT gravity. On variation of (2.3) one arrives at the
following structure

δSEH =
∫
d2x

√
−g(2)[Hµνδg

µν +Hφδφ+HµδAµ]. (2.4)

Equations of motion for the metric, dilaton and the gauge field in bulk will be given
by equating the individual coefficients √−gHµν ,

√
−gHφ and √−gHµ to zero. Technically

speaking, it will be easy to handle these equations using the static gauge given below

ds2 = e2ω(z)(−dt2 + dz2), Aµ = (At(z), 0). (2.5)

3 Vacuum solutions

Even in the static gauge, it is difficult to solve the bulk equations of motion exactly.
Therefore, we will prefer to solve these equations perturbatively treating ξ and κ as an
expansion parameter.

Systematically, one can expand these fields in terms of the expansion parameters as
shown in equation (3.1)–(3.3)

ω = ω(0) + ξω(1) + κω(2), (3.1)
φ = φ(0) + ξφ(1) + κφ(2), (3.2)

At = At(0) + κ

ξ
At(1) ,

∣∣∣κ
ξ

∣∣∣� 1. (3.3)

In the above equation, the subscript (0) in (φ, ω) denotes the pure JT gravity fields
whereas subscripts (1) and (2) denote the contributions coming from 2-derivative and 4-
derivative interaction terms in (2.3). Notice that, the expansion of the gauge field (At)

3See appendix C for a detailed discussion on the general covariance of the action.
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is different from φ and ω because it is absent in pure JT gravity theory. Gauge fields
start appearing in the action as 2-derivative and 4-derivative interaction with coupling
constants ξ and κ respectively. Therefore, the subscripts (0) and (1) in At denote the
contributions due to 2-derivative and 4-derivative interaction terms respectively. Finally,
using equation (3.1)–(3.3) we expand the coefficients Hφ , Hµ and Hµν as follows

Hφ = H
(0)
φ + ξH

(2)
φ + κH

(4)
φ , Hµ = H(2)

µ + κ

ξ
H(4)
µ , Hµν = H(0)

µν + ξH(2)
µν + κH(4)

µν . (3.4)

Here, the superscript (0) denotes the contribution due to JT gravity. On the other hand,
the superscripts (2) and (4) denote the contributions due to 2-derivative and 4-derivative
interaction terms.

The action constructed in equation (2.3) exhibits both vacuum solution as well as
black hole solution. In this section, we study vacuum solution in detail. The general plan
is to solve equations (3.4) at different order in perturbation as discussed in the following
subsections.

3.1 Zeroth order solutions

In order to find out the vacuum solutions ωvac
(0) and φvac

(0) , we set ξ = κ = 0 in √−gHµν ,√
−gHφ and √−gHµ. This yields the following set of equations

φ′′(0) − ω
′
(0)φ

′
(0) − 6φ(0)e

2ω(0) = 0, (3.5)
ω′(0)φ

′
(0) − 6φ(0)e

2ω(0) = 0, (3.6)
12− 2e−2ω(0)ω′′(0) = 0. (3.7)

On solving (3.5), (3.6) and (3.7) we get

e
2ωvac

(0) = 1
6z2 , φvac

(0) = −C1
z

(3.8)

where Cis are the integration constants. Equation (3.8) stands for the vacuum solutions
of pure JT gravity.

3.2 First order solutions in ξ

Next, we note down leading order solutions (due to 2-derivative terms) by equating the
coefficient of ξ in √−gHµν ,

√
−gHφ and √−gHµ to zero

2
(
ω′(0)φ

′
(1) + ω′(1)φ

′
(0) + 2ω(1)φ

′
(0)ω

′
(0)

)
− (φ′′(1) + 2ω(1)φ

′′
(0)) = 0, (3.9)

12e2ω(0)ω(1) − ω′′(1) + 1
4e
−2ω(0)(At(0)

′)2 = 0, (3.10)

∂z
[
φ(0)e

−2ω(0)At(0)
′
]

= 0, (3.11)
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where (3.9) is corresponding to √−g(Htt+Hzz). On solving equation (3.9)–(3.11) we find,

Avac
t(0) = −C3

C1
log z + C4, (3.12)

ωvac
(1) = C5z

2 + C6
z

+ z2C2
3 (−1 + 3 log z)

6C2
1

, (3.13)

φvac
(1) = C2

3z(−4 + 3 log z)
3C1

+ C1

(
2C5z −

C6
z2

)
− C7

z
+ C8, (3.14)

To summarise, (3.12)–(3.14) are the first order corrections to the pure JT gravity solutions
due to 2-derivative interactions present in (2.3).

3.3 First order solutions in κ

Next, we note down leading order contributions due to the presence of 4-derivative interac-
tions in (2.3). This can be calculated by equating the coefficients of κ in √−gHµν ,

√
−gHφ

and √−gHµ to zero.

∂z
[
−e−2ω(0)φ(0)A

′
t(1)−24e−6ω(0)(At(0)

′)3φ(0) (3.15)

+2∂z
{
e−4ω(0)φ(0)(2ω′(0)At(0)

′−At(0)
′′)
}]

=0,

24e2ω(0)ω(2)−2ω′′(2)+ 24
z2 −

5552
27z2

(
−C1
z

) 4
3
− 40

3z2

(
−C1
z

) 8
3
− 3888z2C4

3
C4

1
(3.16)

C3
C2

1

(
108C3+C9

)
=0,

6e2ω(0)(φ(2)+4ω(2)φ(0))+(φ′(0)ω
′
(2)+φ′(2)ω

′
(0)+2ω(2)φ

′
(0)ω

′
(0))−(φ′′(2)+2ω(2)φ

′′
(0)) (3.17)

− 1
18z5C3

1

[
216z2C4

1 +976zC5
1

(
−C1
z

) 1
3
+8C6

1

(
−C1
z

) 2
3
+11664z6C4

3 +9z4C2
1C3C9

]
=0,

−6e2ω(0)(φ(2)+4ω(2)φ(0))+(φ′(0)ω
′
(2)+φ′(2)ω

′
(0)+2ω(2)φ

′
(0)ω

′
(0))+ 1

18z3

[
216C1 (3.18)

+24z
(
−C1
z

) 11
3

+16z
(
−C1
z

) 7
3
{
−133+30

(
−C1
z

) 1
3
}

+11664z4C
4
3

C3
1

+9z2C3
C1

(72C3+C9)
]

=0.

Notice that, (3.18) contains only single derivative terms which means that it is a
constraint equation. We will use this constraint and equation (3.8) in order to find φvac

(2) from
equation (3.17). On the other hand, Avac

t(1) and ωvac
(2) can be calculated using equations (3.15)

– 7 –
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and (3.16) respectively

Avac
t(1) = 432z2C3

3
C3

1
+ logz(72C3 +C9)

6C1
+C10, (3.19)

ωvac
(2) =C11z

2 + C12
z
−6− 1388

15

(
− C1

z

) 4
3
− z2

18C2
1

(−1+3logz)C3(108C3 +C9)

− 6
7

(
− C1

z

) 8
3
− 972

5C4
1
z4C4

3 , (3.20)

φvac
(2) = z3C13 +C14

z
+ 2C3

1
7z3

(
− C1

z

) 2
3
− 12

455

(
− C1

z

) 7
3
{

2009+130
(
− C1

z

) 1
3
}
− 648z3C4

3
5C3

1

+C1

(
2zC11−

C12
z2

)
+ 1

9C1

[
zC3{108(1−3logz)C3 +(4−3log(z)C9)}

]
. (3.21)

Equations (3.19)–(3.21) are the first order corrections to pure JT gravity due to 4-derivative
interactions in (2.3).

Now, we have a complete set of solutions corresponding to metric, gauge fields and
dilaton up to linear order in ξ and κ. Collecting all these fields at different order, we can
approximate the space-time metric (2.5) for vacuum solution as

ds2
vac ≈ e

2ωvac
(0) (1 + 2ξωvac

(1) + 2κωvac
(2) )(−dt2 + dz2). (3.22)

Below, we check the behaviour of space-time metric in two different limits -

• Case 1: IR limit i.e. z →∞

e2ωvac = 1
6z2 + ξ

{−3C2
3 + 9 log(z)C2

3 + 18C2
1C5

54C2
1

+ C6
3z3

}
+ κ

{
− 2
z2 −

324z2C4
3

5C4
1

+ 1
54C2

1

(
108C2

3 − 324 log(z)C2
3 + C3C9 − 3 log(z)C3C9 + 18C2

1C11
)

+ 1
45z3

(
1388C1

(
− C1

z

) 1
3

+ 15C12

)}
, (3.23)

• Case 2: UV limit i.e. z → 0

e2ωvac = 1
6z2 + ξ

{−3C2
3 + 9 log(z)C2

3 + 18C2
1C5

54C2
1

+ C6
3z3

}
+ κ

{
− 2
z2 −

2C2
1 (−C1) 2

3

7z 14
3

− 324z2C4
3

5C4
1

+ 1
54C2

1

(
108C2

3 − 324 log(z)C2
3 + C3C9 − 3 log(z)C3C9

+ 18C2
1C11

)
+ 1

45z3

(
1388C1

(
− C1

z

) 1
3

+ 15C12

)}
. (3.24)

It is evident from (3.23) and (3.24) that the 2-derivative and 4-derivative interaction
terms present in our model alter the AdS2 geometry of vacuum both in the UV and IR
limits. In the UV limit (3.24), the space-time geometry is dominated by the Lifshitz2 with
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dynamical exponent z = 7
3 . On the other hand, the space-time metric exhibits a divergence

as we move in the deep IR limit (3.23).
In order to solidify our claim, we further compute the corresponding scalar curvature

of the theory (2.3) which shows a divergence in the deep IR namely,

R
∣∣
z→∞ ∼ κ

(
C3
C1

)4
z4,

where C3
C1

is precisely the coefficient that appears in the near boundary expansion of (3.22).
This clearly reveals the fact that the space-time singularity is caused due to the presence of
4-derivative interactions in the original action (2.3). We identify this as the unique feature
of higher derivative corrections in the theory (2.3).

4 Boundary terms and renormalised action

The boundary of space-time manifold in our theory (2.3) is located at z = 0. Therefore,
one must add suitable boundary terms in action for a successful execution of variational
principle [37].

The boundary term is given by standard Gibbons-Hawking-York term

SGHY = D1

∫ β

0
dt
√
−γφK, K = nz

∂z
√
−γ√
−γ

, nz = − 1
√
gzz

, (4.1)

where γ is the determinant of induced metric on boundary, K is the trace of extrinsic
curvature and β is the inverse temperature [67]. We multiply the boundary term (4.1)
with an overall constant D1 which will prove to be useful in construction of counter terms.

On substituting equation (3.22) in (4.1), we obtain SGHY = −β(φω′). Using this
expression, one can easily write down the on-shell Gibbons-Hawking-York boundary term
as well as the on-shell Einstein-Hilbert action (2.3) as follows

SonGHY = −D1β

[
C1
z2 + 103172κC2

1
585z3

(
− C1

z

) 1
3

+ 24κC2
1

7z3

(
− C1

z

) 2
3
− 18κC3

1
7z4

(
− C1

z

) 2
3

− 6κC2
3

C1
+ 7ξC2

3
6C1

+ 72κ log(z)C2
3

C1
− 2ξ log(z)C2

3
C1

+ 4536z2κC4
3

5C3
1

− 4ξC1C5

+ 2ξC1C6
z3 + ξC7

z2 −
ξC8
z
− 7κC3C9

18C1
+ 2κ log(z)C3C9

3C1
− 4κC1C11 + 2κC1C12

z3

− zκC13 −
κC14
z2

]
, (4.2)

SonEH = − βκ

27C3
1

[
6096C5

1
5z3

(
− C1

z

) 1
3

+ 576C5
1

7z3

(
− C1

z

) 5
3

+ 69984z2C4
3 + 27 log(z)C2

1C3

× (72C3 + C9)
]
, (4.3)

where we have truncated the above expressions (4.2) and (4.3) up to linear order in ξ and κ.
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It should be noted that in the boundary limit i.e. z → 0, both the equations (4.2)
and (4.3) diverge. Therefore, one requires to add counter terms in the action (2.3) to
tame such UV divergences. These counter terms should be some function of the fields at
boundary.

After a careful inspection, we come up with the following counter term

SCT =
∫ β

0
dt
√
−γ
[
D2φ+ C1D3

√
−γK2 + C3D4ξ

√
−γµνAµAν + ξ

D5√
−γ

C6
C2

1
φ3

+κ D6√
−γ

C12
C2

1
φ3
]
, (4.4)

where Cis and Dis are some constant coefficients.
Equation (4.4) cures all the UV divergences of SonEH + SonGHY (up to linear order in ξ

and κ) with a particular choice of coefficients4

D1 = −2.5795, D2 = 6.3186, D3 = −0.1394, D4 = −3.5904, D5 = D6 = −0.2788,
C3 = 0.0283C9, κ = 0.0090. (4.5)

Notice that, in the process of renormalization we also fixed the value of 4-derivative
coupling constant, κ. With all these preliminaries, the complete renormalised action can
be schematically expressed as

S2D = SEH + SGHY + SCT . (4.6)

The variation of the full action (4.6) is given by

δS2D =
∫
dt
√
−γ
[
Gabδγab +Gφδφ+GaδAa

]
+ bulk terms (4.7)

where (a,b) are the boundary indices.
The bulk part of (4.7) is already discussed in sections 2 and 3. On the other hand, the

variation of boundary action yields

Gφ = D1K +D2 + 3ξ D5√
−γ

C6
C2

1
φ2 + 3κ D6√

−γ
C12
C2

1
φ2, (4.8)

Gt = −ξnαFαtφ− ξC3D4
γttAt√
−γttAtAt

, (4.9)

Gtt = 1
√
gzz

{
∂zγ

ttφ− ∂zφγtt + 2
z
γttφ

}
+ D1

2
φ
√
gzz

{
− ∂zγtt −

2
z
γtt − 1√

−γ
γtt∂z

√
−γ
}

+D2
2 γttφ+ C1D3

K
√
gzz

{
− ∂zγtt

√
−γ − 2

z
γtt
√
−γ − γtt∂z

√
−γ
}

+C3D4
ξ

2

{
γtt
√
−γttAtAt −

AtAt√
−γttAtAt

}
. (4.10)

4See appendix D for a detailed derivation of the coefficients.
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In arriving at equation (4.10), we have used (4.1) and the dominating terms in the
expansion of δγtt near boundary. It is important to note that the above variation (4.7)
makes sense only when the individual variations of the metric (δγab), dilaton (δφ) and the
gauge (δAa) field vanishes at the boundary.

In order to check this explicitly we expand the variation of all fields near boundary
which yield

δφ = 1
9C1

[
z{3(36κ− 4ξ + 3(−36κ+ ξ) log(z))C2

3 + κ(4− 3 log(z))C3C9

+18C2
1 (ξC5 + κC11)}

]
+O[z]2, (4.11)

δAt = 432C
3
3

C3
1

κ

ξ
z2 +O[z]3 , δγtt = κ

324
5
C4

3
C4

1
z2 +O[z]3. (4.12)

From equations (4.11) and (4.12), it is quite evident that the individual variation of
fields δφ, δAt and δγtt vanishes in the boundary limit z → 0. Therefore, the results derived
above are all reliable and we will use them in deriving the boundary stress tensor in the
next section.

5 Stress tensor and central charge

Having done the required background work, we now proceed towards computing the stress
tensor as well as the central charge for the boundary theory. Boundary stress tensor is
defined as the variation of the action (4.6) with respect to the induced metric (γab)

T ab = 2√
−γ

δS2D
δγab

= 2Gab, (5.1)

where Gab is given by equation (4.10).
So far, our computations have been performed in the light cone gauge (2.5). However,

it is not convenient to identify the central charge in this gauge. Therefore, we switch to so
called Fefferman Graham gauge [71] in which it is quite straightforward to figure out the
central charge.

5.1 The Fefferman-Graham gauge

In this section, we will demonstrate how to write down the background fields in the
Fefferman-Graham gauge. In order to do that, we first make a coordinate transforma-
tion that takes us into the Fefferman-Graham gauge from the light cone gauge. This can
be done as follows.

Consider the line element in light cone gauge

ds2 = −e2ω(z)dt2 + e2ω(z)dz2. (5.2)

Now, consider the following transformation

dη = eω(z)dz, (5.3)
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which by virtue of (3.1) and (3.8) yields

η =
∫ 1√

6z
(1 + ξω(1) + κω(2))dz. (5.4)

In principle, one can evaluate (5.4) using equation (3.13) and (3.20). This will give us
η as a function of z i.e. η ≡ η(z). One can therefore revert (5.4) to express z as a function
of η and plug it back into equation (5.2). This yields the desired form of the line element
in the Fefferman-Graham gauge

ds2 = htt(η)dt2 + dη2. (5.5)

In order to simplify our analysis further, we expand equation (5.4) in the boundary
limit (z → 0) and retain only dominating terms in the expansion. Notice that, the boundary
in the Fefferman-Graham gauge is located at η =∞.

Upon solving equation (5.4) and expressing z as a function of η we get

z = 3 9
16κ

3
8 C̃1

2 15
16 × 7 3

8 η
3
8
, (5.6)

where C̃1 = −C1. The above expression (5.6) will be used while converting the light cone
gauge into the Fefferman-Graham gauge and vice-versa.

Using (5.2), (5.6) and (3.1)–(3.3) we finally end up with the following expressions for
the background fields as well as the stress tensor in the Fefferman-Graham gauge

htt(η)
∣∣∣
η→∞

=
32× 2 3

8 × 7 3
4 × η

3
2

(
η

3
8

κ
3
8

) 2
3

9× 3 5
8
√
κC̃1

2 + . . . , (5.7)

φ(η)
∣∣∣
η→∞

= −
16× 2 7

16 × 7 3
8 × η

9
8

(
η

3
8

κ
3
8

) 2
3

9× 3 1
16κ

1
8

+ . . . , (5.8)

At(η)
∣∣∣
η→∞

= − log
(

3 9
16κ

3
8 C̃1

2 15
16 × 7 3

8 η
3
8

)(
((72κ− 6ξ)C3 + κC9)

6ξC̃1

)
+ . . . , (5.9)

Ttt(η)
∣∣∣
η→∞

= −3175.934 η3.5

κ1.5C̃1
3 − 294.245 η3.125

κ1.125C̃1
2 + . . . (5.10)

where (. . . ) represents all the sub leading terms in an expansion near the boundary.

5.2 Transformation properties of the stress tensor

In the present section, we study the transformation properties of the boundary stress
tensor under diffeomorphism. Under diffeomorphism, xµ → xµ + εµ(x) the space time
metric, gauge fields and the dilaton transform as follows

δεgµν = 5µεν +5νεµ, (5.11)
δεAµ = εν 5ν Aµ +Aν 5µ ε

ν , (5.12)
δεφ = εµ 5µ φ. (5.13)
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Using (5.5), (5.7) and (5.11), one can find an expression for the parameter (εµ) of
diffeomorphism which turns out to be

εη = aΞ′(t), εt = bη
7
4 Ξ(t) + 4

3aηΞ′′(t), (5.14)

where Ξ(t) is an arbitrary function of time while the constants (a, b) will be fixed latter on.
Recall, that we are working in a gauge in which Aη is set to be zero. From equa-

tions (5.12) and (5.14), it is easy to check that δεAη 6= 0 which means that the differ-
omorphism destroys the gauge condition. Therefore, to retain the gauge condition, we
make another gauge transformation i.e. Aµ → Aµ + ∂µλ, where we choose λ such that
(δε + δλ)Aη = 0, which determines λ at leading order as

λ = − 1
256× 2 3

8 × 7 3
4 η

7
8 ξ

[
3

5
8a

(
η

3
8

κ
3
8

) 1
3
κ

7
8

(
8 + 15 log(2)− 9 log(3) + 6 log(7)

−16 log
(
κ

3
8 C̃1

η
3
8

))
C̃1((72κ− 6ξ)C3 + κC9)Ξ′′(t)

]
. (5.15)

Using (5.14) and (5.15), one can finally pin down the variations of the background
fields under the diffeomorphism and the gauge transformation as

δεhtt = 2
27
√
η

(
27bη

5
4 + 28× 6 3

8 × 7 3
4a

√
κC̃1

2

(
η

3
8

κ
3
8

) 2
3
)

Ξ′(t) + 8
3aηΞ′′′(t), (5.16)

(δε + δλ)At = 1

896η
(
η

3
8

κ
3
8

) 2
3
ξC̃1

((72κ− 6ξ)C3 + κC9)
[(

56a
(
η

3
8

κ
3
8

) 2
3
− 3× 6

5
8 × 7

1
4 bη

5
4
√
κ

× log
( 3 9

16κ
3
8 C̃1

2 15
16 × 7 3

8 η
3
8

)
C̃1

2
)

Ξ′(t)− 2× 6
5
8 × 7

1
4a
√
η
√
κC̃1

2Ξ′′′(t)
]
, (5.17)

δεφ = −22× 2 7
16 × 7 3

8aη
1
8 Ξ′(t)

9× 3 1
16κ

1
8

(
η

3
8

κ
3
8

) 2
3
. (5.18)

In order to proceed further, we first convert the stress tensor (see equation (5.1)
and (4.10)) into Fefferman-Graham coordinate and then explore its properties under dif-
feomorphism and gauge transformation. After doing all the calculations, we end up with
the following expression

(δε + δλ)Ttt ≈
(
− 58.928b η3

κ0.375 − 636.04b η3

κ0.75C̃1

)
Ξ′(t)− 672.835a η3

κ0.75C̃1
Ξ′′′(t), (5.19)

where we have retained only the dominant terms in the (boundary) limit η →∞.
After a proper re-scaling, the boundary stress tensor and its variation under diffeo-

morphism and gauge transformation may be defined as,

T̃tt = lim
η→∞

1
η3Ttt and (δε + δλ)T̃tt = lim

η→∞
1
η3 (δε + δλ)Ttt. (5.20)
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With a proper choice of the constant b = 9.986
C̃1

2
κ0.75

, one can express the equation (5.20)
in a more elegant way. Using (5.10), this finally leads to the transformation of the stress
tensor5 as follows

(δε + δλ)T̃tt = 2T̃ttΞ′(t)−
ca

C̃1
Ξ′′′(t). (5.21)

(5.21) is the standard form of variation of the boundary stress tensor (5.1) under
the action of both diffeomorphism and gauge transformation. Finally, we have reached
a stage where one can identify the central charge of the boundary theory. The constant
“c′′ appearing in (5.21) (as the coefficient of Ξ′′′(t)) is the central charge associated to our
boundary theory (4.6) which is given by the following expression

c = 672.835
κ0.75 . (5.22)

Notice that, (5.22) is a large number as we are working in the small κ regime. This
also makes the entity in (5.22) highly non-perturbative in the sense that there does not
exist any smooth κ → 0 limit of (5.22) that connects it to the pure JT gravity theory.
Therefore, these theories are not smoothly connected to their conformal cousins those are
dual to pure JT gravity.

6 Black hole solutions

We now explore black hole solutions of the 2D gravity model (2.3). Like before, these
solutions are expressed perturbatively with the gauge choice as discussed in section 3.

6.1 Zeroth order solution

In order to calculate the zeroth order solution, we solve equations (3.5), (3.6) and (3.7)
simultaneously which yields

e
2ωbh(0) = 8µ

12[sinh(2√µz)]2 , φbh(0) =
√
µ

6 coth(2z√µ). (6.1)

The above solutions (6.1) correspond to black hole solutions in pure JT gravity [28].

6.2 First order corrections in ξ

Leading order corrections to (6.1) can be estimated by using equations (3.9)–(3.11). These
equations will be easy to handle if we change the coordinate as follows

z = 1
2√µ coth−1

(
ρ
√
µ

)
. (6.2)

5Since we are working in a static gauge therefore, Ξ(t)∂tT̃tt is trivially zero.
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Using (6.1) and (6.2), we can express the first order solution as

Abht(0) =−2Q log(ρ)+d1, (6.3)

ωbh(1) = 1
4µ 3

2

[
3
{
−2ρtanh−1

(
ρ
√
µ

)
log(ρ)+2√µ(1+log(ρ))−ρPolyLog

[
2,− ρ
√
µ

]

+ρPolyLog
[
2, ρ√

µ

]}
Q2 +4µ

{
ρd1−

√
µd2 +ρtanh−1

(
ρ
√
µ

)
d2

}]
, (6.4)

φbh(1) = 1
48µ 3

2

[
3
{

2µ+4√µρ+4√µρ log(ρ)+tanh−1
(
ρ
√
µ

){
6ρ2−8√µρ

+4(µ−ρ2) log(ρ)
}
−µ log

(
1− ρ
√
µ

)
−8√µρ log

(
1− ρ
√
µ

)
+6ρ2 log

(
1− ρ
√
µ

)
−µ log

(
1+ ρ
√
µ

)
+4√µρ log(−µ+ρ2)+(µ−3ρ2) log

(
1− ρ

2

µ

)
−(µ−ρ2)

(
4PolyLog

(
2, ρ√

µ

)
−PolyLog

(
2, ρ

2

µ

))}
Q2 +8µρ2d1 +4µ

{
2√µρ

+2ρ2 tanh−1
(
ρ
√
µ

)
+µ log(−√µ+ρ)−µ log(√µ+ρ)

}
d2 +48µ

3
2 (d3 +ρd4)

]
, (6.5)

where Q is the charge of the U(1) gauge theory and dis are the constants where i takes
the value 1, 2, 3, . . . Equations (6.3), (6.4) and (6.5) correspond to first order corrections
to zeroth order (black hole) solutions due to 2-derivative interaction terms in (2.3).

6.3 First order corrections in κ

Let us first estimate corrections to gauge fields due to 4-derivative interactions in (2.3).
These can be estimated by comparing the coefficient of κ in equation of motion for Aµ

− e−2ω(0)φ(0)A
′
t(1) − 24e−6ω(0)φ(0)(A′t(0))3 + 2∂z[e−4ω(0)φ(0)(2ω′(0)A

′
t(0) −A

′′
t(0))] = d6. (6.6)

Notice that the above equation (6.6) is expressed in terms of z and its derivatives.
Upon solving equation (6.6) in terms of ρ and using equation (6.1) we finally obtain

Abht(1) = 12Q(µ− 72Q2)
ρ2 + 2 log(ρ)(12Q+ d5) + d6. (6.7)

Next, we collect the coefficient of κ in equation of motion for φ. After simplifying the
expression we get,

4
243(µ− ρ2)

[
− 5832 + 61/3

ρ
8
3

{
− µ2(40× 61/3 + ρ4/3)− 2µρ2(116× 61/3 + 7ρ4/3) (6.8)

+ρ4(1388× 61/3 + 15ρ4/3)
}
− 972ω(2) + 486

ρ4

{
54(−µ+ ρ2)Q2 + 1944Q4 + 3ρ2Qd5

+ρ4
(

2ρ
∂ω(2)
∂ρ

+ (−µ+ ρ2)
∂2ω(2)
∂ρ2

)}]
= 0.
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In general, one can solve (6.8) exactly for ω(2). However, for the purpose of our present
analysis, we are interested in the near boundary expression of this function. Therefore, we
expand ω(2) in the limit ρ→∞ and retain only leading order terms.

After simplification, one can express ω(2) in the following form

ωbh(2)|ρ→∞ = −0.0072108ρ
8
3 − 8.48718ρ

4
3 + F

(
log(µ), log(ρ)

)
ρ− 0.0228342µρ

2
3 − 6, (6.9)

where F
(

log(µ), log(ρ)
)
is given by

F = 3.72651µ
1
6 −3.72651

(
− 1
√
µ

) 2
3√

µ+0.0239781µ
5
6 +0.0239781

(
− 1
√
µ

) 1
3
µ

+ 3.375
µ

3
2

{
4log

(
− 1
√
µ

)2
− log(µ)2 +8log

(
− 1
√
µ

)
log(ρ)+4log(µ) log(ρ)

−8log
(
− ρ
√
µ

)
−8log(ρ) log

(
− ρ
√
µ

)
+8log

(
ρ
√
µ

)
+8log(ρ) log

(
ρ
√
µ

)}
Q2

+ 972
µ

5
2

(
log
(
− ρ
√
µ

)
Q4− log

(
ρ
√
µ

)
Q4
)
− 0.1875Qd5

µ
3
2

{
−4log

(
− 1
√
µ

)2
+log(µ)2

−8log
(
− 1
√
µ

)
log(ρ)−4log(µ) log(ρ)+8log(ρ) log

(
− ρ
√
µ

)
−8log(ρ) log

(
ρ
√
µ

)}
+ d7√

µ
+ 0.5
√
µ

(
− log

(−ρ
√
µ

)
d8 +log

(
ρ
√
µ

)
d8

)
. (6.10)

With all these expressions at hand, one can approximate the black hole metric (2.5) as

ds2
bh = 2

3(ρ2 − µ)
(
1 + 2(ξωbh(1) + κωbh(2))

)(
− dt2 + dρ2

4(µ− ρ2)2

)
, (6.11)

where the black hole horizon is located at ρ = √µ.
In order to calculate φ(2), we compare the coefficient of κ in equations of motion of gtt

and gzz. On Subtracting gzz from gtt and after some simplification we find

12e2ω(0)(φ(2) + 4φ(0)ω(2))−
(
∂ρ

∂z

∂

∂ρ

{
∂ρ

∂z

(
∂φ(2)
∂ρ

)}
+ 2ω(2)

∂ρ

∂z

∂

∂ρ

{
∂ρ

∂z

(
∂φ(0)
∂ρ

)})
(6.12)

+A(ρ) = 0,

where A(ρ) is given by

A(ρ) = 2(µ−ρ2)
729ρ 1

3

{
6

1
3µ2−5832ρ

4
3 −432×6

2
3 ρ

8
3 +180×6

1
3 ρ3 +6

1
3 ρ4 +2µ(54×6

2
3 ρ

2
3 (6.13)

−90×6
1
3 ρ−6

1
3 ρ2)

}
+ 4Q
ρ3

{
6Q(4µ2−6µρ2 +ρ4 +36(−µ+ρ2)Q2)+ρ2(−µ+ρ2)d5

}
.

Technically speaking, it is very difficult to solve (6.12) exactly. Therefore we will solve
this equation in two different limits.
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Case 1: near boundary analysis (ρ → ∞). Using the near boundary expansion of
ω(2) and A(ρ) in equation (6.12) we get

4ρ2d
2φ(2)
dρ2 + 8ρ

dφ(2)
dρ
− 8φ(2) + 0.02ρ

11
3 = 0, (6.14)

where we consider ρ2 � µ and retain only dominant terms in the above expression. Equa-
tion (6.14) can be easily solved for φ(2)

φ
(bh)
(2) |ρ→∞ = − 9

27200ρ
11
3 + ρd9 + d10

ρ2 . (6.15)

Case 2: near horizon analysis (ρ → √
µ). Converting equation (6.12) in terms of ρ

and taking the limit ρ→ √µ, we arrive at the following equation

12e2ω0φ2 −
∂ρ

∂z

∂

∂ρ

{
∂ρ

∂z

(
∂φ2
∂ρ

)}
− 24√µQ2 = 0, (6.16)

which can be solved for φ(2) to yield,

φ
(bh)
(2) |ρ→√µ = 1

√
µ

(
ρd11 −

√
µd12 + ρ tanh−1

(
ρ
√
µ

)
d12

)
+ 3

4µ

{
ρ

(
4 log(−√µ+ ρ)

− 4 log(√µ+ ρ) + log
(

1− ρ
√
µ

)2
+ 2 log

(
1− ρ
√
µ

)
log

[1
4

(
1 + ρ
√
µ

)]

− log
(

1 + ρ
√
µ

)2)
− 4

{√
µ− ρ tanh−1

(
ρ
√
µ

)}
log(µ− ρ2)

+ 4ρPolyLog
(

2, 1
2 −

ρ

2√µ

)}
Q2. (6.17)

The above set of solutions (6.7)–(6.17) are the first order corrections to pure JT gravity
black hole solutions due to 4-derivative interaction terms in (2.3).

Now, we have obtained a complete set of black hole as well as vacuum solutions for
generalized JT gravity models with an abelian one form. Our next task would be to
compare these solutions in the near boundary limit. Let us first expand the black hole
solutions (6.1)–(6.17) in the limit z → 0, which reveals the following leading order behaviour
for the background fields and the metric

φ(bh)
∣∣∣
z→0
∼ 1
z

11
3
, A

(bh)
t

∣∣∣
z→0
∼ log(z) , e2ω(bh)

∣∣∣
z→0
∼ 1
z

14
3
. (6.18)

On the other hand, for vacuum solutions (3.8)–(3.21), we find the leading order be-
haviour for the background fields as well as the metric

φ(vac)
∣∣∣
z→0
∼ 1
z

11
3
, A

(vac)
t

∣∣∣
z→0
∼ log(z) , e2ω(vac)

∣∣∣
z→0
∼ 1
z

14
3
. (6.19)

Comparing (6.18) and (6.19) we note that the leading order behaviour of both the
black hole and the vacuum solution is identical near the boundary. Hence, the UV central
charge (5.22) for black hole phase will be identical to that with the vacuum solution as
mentioned previously section 5. We will explore more about the central charge in the next
section.

– 17 –



J
H
E
P
1
0
(
2
0
2
1
)
2
0
9

7 Thermodynamics of 2D black holes

In the present section, we investigate the thermal properties of 2D black holes (6.11). In
particular, we discuss the Wald entropy [72] of a black hole and interpret its divergences
near the black hole horizon. Finally, we compute the Cardy formula [57] for 2D black holes
and compare it with the Wald entropy to estimate the charge of the corresponding Virasoro
generator.

To start with, we calculate the Hawking temperature [78] for the 2D black hole (6.11)

TH = 1
2π

√
−1

4g
ttgρρ(∂ρgtt)2

∣∣∣∣∣
ρ→√µ

=
√
µ

π

(
1 + 6κ− κ(36d2 + d8)

)
, (7.1)

where √µ is the location of the horizon. Notice that, in arriving at (7.1), we set Q =√
4µd2

3 log(µ) , d5 = 0 and µ � 1 such that hawking temperature reduces to [39] in the limit
κ→ 0.

7.1 Wald entropy

The Wald entropy [72]–[74] is defined as

SW = −2πY abcdεabεcd , Y abcd = ∂L
∂Rabcd

, (7.2)

where L is the Lagrangian density,6 Rabcd is the Riemann curvature tensor and εab is the
anti-symmetric tensor with the normalisation condition, εabεab = −2.

Using (7.2), one can estimate the Wald entropy for the action (2.3)

SW = 4πφ− 16κπφe−6ω ∂ρ

∂z

d

dρ

{
∂ρ

∂z

(
∂ω

∂ρ

)}
. (7.3)

One can expand the above expression (7.3) explicitly using the equations (6.1), (6.5)
and (6.17) up to leading order in ξ and κ as

SW = 4π
(
ρ

6−
9κρ

(−ρ2 +µ)2 + 1
48µ 3

2
ξ

{
3
(

4ρ√µ+2µ+(−3ρ2 +µ) log
(

1− ρ
2

µ

)

+6ρ2 log
(

1− ρ
√
µ

)
−8ρ√µ log

(
1− ρ
√
µ

)
−µ log

(
1− ρ
√
µ

)
−µ log

(
1+ ρ
√
µ

)
+4ρ√µ log(ρ)+tanh−1

(
ρ
√
µ

)
(6ρ2−8ρ√µ+4(−ρ2 +µ) log(ρ))+4ρ√µ log(ρ2−µ)

−(−ρ2 +µ)
(
−PolyLog

[
2, ρ

2

µ

]
+4PolyLog

[
2, ρ
µ

]))
Q2 +8ρ2µd1 +4µ

(
2ρ√µ

+2ρ2 tanh−1
[
ρ
√
µ

]
+µ log(−√µ+ρ)−µ log(ρ+√µ)

)
d2 +48µ

3
2 (d3 +ρd4)

}

+κ

{ 3
4π

(
ρ

(
4log(−√µ+ρ)+log

(
1− ρ
√
µ

)2
+2log

(
1− ρ
√
µ

)
log
(1

4

(
1+ ρ

µ

))
6We have used the notation S =

∫
d2x
√
−gL.
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− log
(

1+ ρ
√
µ

)2
−4log(√µ+ρ)

)
−4
(√

µ−ρtanh−1
(
ρ
√
µ

))
log(−ρ2 +µ)

+4ρPolyLog
(

2, 12−
ρ

2√µ

))
Q2−d12 + ρ

√
µ

(
d11 +tanh−1

[
ρ
√
µ

]
d12

)})
. (7.4)

It is evident from the above expression (7.4) that the Wald entropy diverges in the
near horizon limit i.e. ρ→ √µ. As we explain below, these divergences are due to the short
range correlations between quantum modes across the horizon. A careful inspection, further
reveals that these divergences are sourced due to the presence of the higher derivative
interaction terms in (2.3).

Below, we explain more about this with the help of a toy model calculation.

A toy model calculation. Consider a massive scalar field (Φ) in the black hole back-
ground (6.11) that satisfies the Klein-Gordan equation

(52 −m2)Φ = 0. (7.5)

We demand that Φ satisfies the “brick wall” boundary condition i.e. Φ = 0 at z = z∗,
where z∗ is the location of black hole horizon. This calculation is analogous to the ’t Hooft’s
brick wall model as discussed in [75]–[77].

In the black hole background (6.11), equation (7.5) takes the form

− 1
e2ω ∂

2
t Φ + 1

e2ω ∂
2
zΦ−m2Φ = 0. (7.6)

One can solve the above equation (7.6) using method of seperation of variables. We
consider Φ = eiEtf(z), and plug it back into (7.6) which yields

1
e2ω

(
E2f(z) + ∂2

zf(z)
)
−m2f(z) = 0. (7.7)

In order to proceed further, we substitute f(z) = ρ̃(z)eiS(z), where ρ̃(z) is a slowly vary-
ing function in z and S(z) is the wildly oscillating phase. On plugging f(z) into (7.7), we get

f(z) = ρ̃(z)e±i
∫
dz
√
E2−e2ωm2

. (7.8)

Now we impose an additional boundary condition7 on Φ i.e Φ = 0 at z = z such that
the integral in (7.8) become discrete∫ z

z∗
dz
√
E2 − e2ωm2 = n(E), (7.9)

where n(E) is the density of states which measures the total number of states having energy
E.

7This is called the Dirichlet boundary condition and the coordinate z is located far away from the
horizon [75].
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Using (6.2), we can express the density of states (7.9) in terms of ρ as

n(E) =
∫ ρ

√
µ
dρ

√
E2

4(µ− ρ2)2 −
e2ωm2

4(µ− ρ2)2 . (7.10)

In principle, one can use the above expression (7.10), to estimate the corresponding
free energy (F) and entropy (S) for the scalar field (Φ) as

F =
∫ ∞

0

n(E)
1− eβE dE and S = β2∂βF

∣∣∣
β=βH

, (7.11)

where β is the inverse temperature and βH is the inverse Hawking temperature.
It is evident from (7.10), that the integrand blows up at lower limit i.e. ρ = √µ. This

means that the density of states for Φ diverges near the horizon which leads to divergences
in the free energy and entropy (7.11). In order to get rid of such divergences, we shift the
horizon location by an infinitesimal amount δ i.e. ρ→ √µ+δ, where δ � √µ. On plugging
the shifted horizon back into (7.10), we get a finite answer both for the density of states
as well as for the entropy [76, 77]. This toy model calculation for Φ gives us an important
clue about the interpretation of the above divergences in the Wald entropy (7.4).

Recall that, we formulate the action (2.3) by adding matter field content8 to the pure
JT gravity model. Addition of matter field content introduces new degrees of freedom
in our theory (2.3), which is analogous to the scalar field (Φ) in the above calculation.
Therefore, the divergence in the Wald entropy (7.4) (that arises due to the addition of the
matter field content) is analogous to the divergence in the density of states (7.10) for Φ
near the horizon. Therefore, following the above discussion, one can get rid of divergences
in the Wald entropy (7.4) by shifting the actual location of the horizon by an infinitesimal
amount namely, ρ→ √µ+ δ, where δ � √µ.

7.2 Cardy formula for 2D black holes

In literature, there exists an elegant way for counting the number of degrees of freedom
associated with 2D CFT. This goes under the name of the Cardy formula [57] which is
given by

SC = 2π

√
c∆
6 , (7.12)

where c is the central charge of the 2D CFT and ∆ is the eigen value of the Virasoro
operator L0.9

It has been found in [59] that the entropy computed using the Cardy formula (7.12)
matches with the black hole entropy in the bulk. In particular, the author of [59] considers
the three-dimensional theory of gravity coupled with matter fields

S = 1
16πG

∫
d3x
√
−g
(
R+ 2

l2

)
+ Sm, (7.13)

where Sm contains the matter field.
8By matter field content, we means 2-derivative and 4-derivative interaction terms.
9See appendix E for a brief discussion on the Cardy formula.
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Next, the author computes the central charge for the boundary theory corresponding
to (7.13) and estimates the boundary degrees of freedom using Cardy formula (7.12). Re-
markably, these boundary degrees of freedom precisely match with the Bekenstein- Hawking
entropy of the black holes10 corresponding to (7.13). Finally, the author claims that this
result holds for any consistent theory of quantum gravity.

In the present section, we carry out an analysis that is similar in spirit as mentioned
above. A similar analysis has been performed by authors in [37]. In particular, they
consider the 2D Einstein-dilaton gravity in the presence of U(1) gauge fields and compute
the central charge associated with the corresponding boundary theory. They determine
the boundary degrees of freedom using Cardy formula and show that it precisely matches
with the corresponding Bekenstein- Hawking entropy formula for 2D black holes.

Following similar spirit, our goal is to determine the eigen value of the dilatation
operator L0. In order to find ∆, we utilize the fact that the boundary degrees of freedom
for the ground state is equivalent to the black hole entropy. Therefore, we compare the
Wald entropy of a 2D black hole (7.3) with the Cardy formula (7.12), which yields

∆ = 3
2
S2
W

cπ2 . (7.14)

As our analysis reveals, ∆ receives corrections both due to the presence of 2-derivative
and 4-derivative interaction terms in (2.3). We re-scale ∆ → ∆̃ = ∆

w ( with w = 3.53 ×
10−5µκ1.5) which finally yields the eigen value for the UV CFT as

∆ = ∆̃
∣∣
UV

= c

24 + ξF1 + κF2, (7.15)

where F1 and F2 are the corrections due to 2-derivative and 4-derivative interactions present
in (2.3)

F1 = κ0.75

w

{(
0.0044587− 0.0029725 log

(
− δ
√
µ

)
+ 0.0029725 log(δ√µ)

+ 0.00148625 log(µ)
)
Q2 +

(
0.00198166 + 0.000990832 log(δ)

− 0.000990832 log
(
− δ
√
µ

)
− 0.000495416 log(µ)

)3 log(µ)
4 Q2 + 0.01189µd4

}
,

F2 = κ0.75

w

{
− 0.0267525

δ2 − 0.0535049
δ
√
µ

+
(
− 0.00428444 + 0.03567 log(δ)

− 0.0123623 log
(
− δ
√
µ

)
+ 0.00891749 log

(
− δ
√
µ

)2
− 0.03567 log(2√µ)

− 0.03567 log(−2δ√µ) + 0.03567 tanh−1
(

1 + δ
√
µ

)
log(−2δ√µ)

+ 0.03567PolyLog
[
2,− δ

2√µ

])
Q2 + 0.01189√µd11 +

(
− 0.01189√µ

+ 0.01189√µ tanh−1
(

1 + δ
√
µ

))
d12

}
. (7.16)

10In literature, these black holes are called the BTZ black holes [79].
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Note. In arriving at (7.16), we write the full solution of the gauge field (3.3) and the
dilaton (3.2)

Abht = Abht(0) + κ

ξ
Abht(1), φ

bh = φbh(0) + ξφbh(1) + κφbh(2).

In the near horizon limit, we absorb the integration constant d3 in φbh(1) (6.5) into the
constant d11 in φbh(2) (6.17) without any loss of generality. Similarly, we absorb the additive
constant d1 in Abht(0) (6.3) into the constant d6 in Abht(1) (6.7). Furthermore, we write the
constant d2 in terms of the charge Q using (7.1).

Finally, we have used the fact that δ � √µ and retain terms up to leading order in
the couplings ξ and κ.

8 Near horizon CFT

We now explore the near horizon modes of the theory (2.3). In particular, we look the
evidence of a CFT in the near horizon limit and calculate the central charge associated
with it.

We start by computing the trace of the stress tensor in the near horizon limit

gµνTµν = 1√
−g

gµν
δSEH
δgµν

. (8.1)

One can schematically express the above expression (8.1) as

gµνTµν = T0 + ξT1 + κT2, (8.2)

where T0 is the trace of the stress tensor for the pure JT gravity theory. On the other hand,
T1 and T2 are the correction terms due to the presence of 2-derivative and 4-derivative
interactions in (2.3).

The trace of the stress tensor in the JT gravity is given by

T0 = e−2ω0(φ′′0 − 12φ0e
2ω0), (8.3)

which turns out to be zero by virtue of equations of motion (3.5) and (3.6).
On the other hand, the first order correction in (8.2) due to the presence of 2-derivative

interactions is given by

T1 = e−2ω0

[
− 12(e2ω0φ1 + 2ω1φ0e

2ω0) + φ′′1 + φ0
2 A

′2
t(0)e

−2ω0

]
+ 2ω1e

−2ω0 [−φ′′0 + 12φ0e
2ω0 ],

(8.4)
which vanishes identically by virtue of (6.1) and (6.5).

Finally, we calculate the correction due to the presence of 4-derivative interactions

T2 = −e−2ω0
[
12e2ω0(φ2+4φ0ω2)−(φ′′2 +2ω2φ

′′
0)+A(z)

]
+4ω2e

−2ω0
[
−φ′′0 +12φ0e

2ω0
]
, (8.5)

which also vanishes identically due to equations (6.1), (6.2) and (6.12).
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Combining (8.3)–(8.5), we conclude that the trace of the stress tensor (8.1) vanishes
identically in the near horizon limit. These calculations suggest that there exists a confor-
mal field theory in the near horizon limit. Our next step would be to compute the central
charge corresponding to this conformal field theory.

In order to simplify our analysis, we switch off 4-derivative interactions11 for the mo-
ment and transform the Einstein-Hilbert action (2.3) into the Liouville theory using the
following field redefinition [60]–[61]

φ = Φ2 = qΦHψ and gµν → e
2ψ
qΦH gµν , (8.6)

where q is a constant and ΦH = Φ|horizon.12

We plug (8.6) into (2.3) which yields

S =
∫
d2x
√
−g
[1

4qΦHψR+ 1
2(5µψ)2 + 3qΦHe

2ψ
qΦH ψ − ξ

16qΦHψe
− 2ψ
qΦH F 2

]
. (8.7)

Next, we integrate out the gauge degrees of freedom in the action (8.7) which by virtue
of the equation of motion (3.11), yields

SL =
∫
d2x
√
−g
[1

2(5µψ)2+1
4qΦHψR+V (ψ)

]
, V (ψ) = 3qΦHe

2ψ
qΦH ψ+ ξ

8
e
− 2ψ
qΦH

qΦHψ
b2 (8.8)

where V (ψ) is the potential13 of the “generalised” Liouville theory that contains the 2-
derivative interaction term and b is the integration constant. We discuss more about the
generalised Liouville theory in the section 9.

On varying (8.8) with respect to gµν , we obtain the equation of motion for the metric as

1
2(∂µψ)(∂νψ)− 1

4gµν(5ψ)2 + qΦH

4 (gµν�ψ −5µ 5ν ψ)− 1
2gµνV (ψ) = 0. (8.9)

We prefer to solve (8.9) in the following static gauge [60]

ds2 = −g(x)dt2 + dx2

g(x) , g(x) = 2
βH

(x− xH) +O(x− xH)2, (8.10)

where the horizon is located at x = xH .
In the near horizon limit, it is convenient to carry out an analysis in (t, z) coordinate,

where z is given by
z = βH

2 log[x− xH ]. (8.11)

In (t, z) coordinates, (8.10) reduces to

ds2 = −g(z)dt2 + g(z)dz2 , g(z) = 2
βH

e
2z
βH , (8.12)

where the horizon is located at z → −∞.
11See appendix F for the correction due to 4-derivative interactions.
12Notice that, we have taken out a common factor 1

4 in (8.7) in order to be consistent with [60].
13See appendix F for the properties of the potential V (ψ).

– 23 –



J
H
E
P
1
0
(
2
0
2
1
)
2
0
9

Next, we note down the components of the stress tensor (8.1) of (8.8) in the gauge (8.12)

Ttt = 1
4
[
(∂tψ)2 + (∂zψ)2

]
− qΦH

4

[
∂2
zψ −

1
βH

∂zψ

]
+ 1

2g(z)V (ψ), (8.13)

Ttz = 1
2∂tψ∂zψ −

qΦH

4

[
∂z∂tψ −

1
βH

∂tψ

]
. (8.14)

Finally, we define the Virasoro generators [60] in terms of the components of the stress
tensor (8.13)–(8.14) as

Ln = L

2π

∫ L
2

−L2
dzei

2π
L
nzT++(z), (8.15)

where, T++ = Ttt + Ttz and the integration is on the circle of circumference L. At the end
of the calculation, we stretch L upto infinity.

Using (8.13)–(8.14), in the near horizon limit i.e. z → −∞, we obtain

T++ = 1
4
[
(∂t + ∂z)ψ

]2
− qΦH

4

[
∂z(∂z + ∂t)ψ −

1
βH

(∂z + ∂t)ψ
]
. (8.16)

Notice that, the expression of T++ (8.16) does not depend on the form of the potential
V (ψ) in the near horizon limit.

A straightforward calculation reveals that the Virasoro generators (8.15) along
with (8.16) satisfy the following commutation relation

i{Lk, Ln} = (k − n)Ln+k + cH
12 k

(
k2 +

(
L

2πβH

)2)
δn+k, 0, (8.17)

where cH = 3πq2Φ2
H is the central charge associated with the conformal field theory near

the horizon.
Using (6.1) and (6.5), one can further rewrite the central charge as

cH = 3πq2
[√

µ

6 + ξ

{{
3

8√µ −
tanh−1

[
δ+√µ√

µ

]
8√µ − log[2]

16√µ −
log

[
1− (δ+√µ)2

µ

]
8√µ +

log[√µ]
4√µ

−
3 log

[
1− δ+√µ√

µ

]
16√µ +

log[(δ +√µ)2 − µ]
4√µ

}
Q2 +

{1
6
√
µ+ 1

6
√
µ tanh−1

[
δ +√µ
√
µ

]

+ 1
12
√
µ log[δ]− 1

12
√
µ log[2√µ]

}3 log(µ)
4µ Q2 +√µd4

}]
, (8.18)

where the constant d1 is absorbed in d6 and d3 in d11 as discussed in (7.16).
Notice that, the expression (8.18) diverges near the horizon which is due to the di-

vergences in the corresponding density of states as we have discussed in the section (7.1).
Therefore, in order to obtain a finite answer, we calculate the central charge in the limit
ρ→ √µ+ δ, where δ � √µ.
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9 Generalised Liouville theory and Weyl anomaly

In this section, we study the generalised Liouville theory in 2D that contains the 2-derivative
interaction terms (8.8). In particular, we focus on the Weyl transformation properties of
the generalised Liouville theory and the Weyl anomaly associated with it.

Liouville theory is a conformal field theory in 2D which is dual to the Einstein grav-
ity with negative cosmological constant in three-dimensions [62]–[65]. The action for the
Liouville theory in two-dimensions is given by

SL =
∫
d2x
√
−g
[1

2g
µν 5µ ψ5ν ψ + R

β
ψ − m2

β2 e
βψ
]
, (9.1)

where R is the Ricci scalar, ψ is the scalar field and (β, m) are the constants.
It is shown in [65] that one can construct the Liouville theory (9.1) by consistent

dimensional reduction of pure Einstein-Hilbert action in D dimensions. The authors in [65]
start with the following action

SD =
∫
dDx

√
−g(D)R

(D). (9.2)

The dimensional reduction ansatz for space-time metric is given by

ds2 = g(D)
µν dx

µdxν = gαβdx
αdxβ + 1

λ
φ

2
(D−2)dΩ2

SD−2 , (9.3)

where (µ, ν) are D dimensional indices, (α, β) are 2 dimensional indices and λ is the param-
eter having dimensions [L]−2. Next, the authors parameterize the dimensions by D = 2+ ε

and plug (9.3) into (9.2) to obtain the action for Liouville theory in the limit ε→ 0.
The stress energy tensor and the equation of motion for the field ψ corresponding to

the Liouville theory (9.1) are given by

Tµν = 1√
−g

∂SL
∂gµν

= 1
2 5µ ψ5ν ψ −

1
4gµν(5ψ)2 + 1

β
(gµν 52 ψ −5µ 5ν ψ) + m2

2β2 gµνe
βψ, (9.4)

52ψ = R

β
− m2

β
eβψ. (9.5)

Using (9.5), one can compute the trace of stress tensor (9.4) as

〈Tµµ 〉 = R

β2 , (9.6)

which does not vanish in curved space-time. This is what is known as the Weyl anomaly,
where the coefficient 1

β2 is related to the central charge of the CFT.
Next, we look at the Weyl transformation properties of the Liouville theory (9.1). In

order to proceed, we consider the following field transformations [64]

gµν → e2σgµν , ψ → ψ − 2
β
σ, (9.7)
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where σ ≡ σ(t, z). Under the above transformation (9.7), the action (9.1) is transformed
(up to boundary terms) as, SL → SL + δSL where the difference is denoted as

δSL = − 2
β2

∫
d2x
√
−g
[
Rσ + gµν 5µ σ5ν σ

]
. (9.8)

Equation (9.8) suggests that the Liouville theory (9.1) is not invariant under the trans-
formation14 (9.7). However, the difference δSL (9.8) does not depend on the field ψ. As a
result, the equation of motion for ψ (9.5) remains invariant under the transformation (9.7).

Notice that, the difference δSL (9.8) can be set equal to zero (up to boundary terms)
if we impose the equation of motion for σ

5µ 5µσ = R. (9.9)

One can solve (9.9) for σ in the static light cone gauge (2.5) which yields a solution of
the form

σ = −2ω + zb1 + b2, (9.10)

where b1 and b2 are the integration constants. Therefore, given the onshell condition (9.9),
the action (9.1) is claimed to be invariant under the Weyl re-scaling (9.7).

The Liouville theory (8.8) that we obtain is different from the standard Liouville the-
ory (9.1) in the sense that (8.8) does not reduce to (9.1) in the limit ξ → 0. We are
interested to look at the transformation properties of this generalised Liouville theory (8.8)
under the following field redefinition

gµν → e2σgµν , ψ → ψ − c̃Hσ , where c̃H =
√
cH
3π . (9.11)

Under the above transformation (9.11), the action (8.8) is transformed (upto boundary
terms) as

S̃L =
∫
d2x
√
−g
[1

2(5µψ)2 + 1
4 c̃HψR+ 3c̃He

2ψ
c̃H ψ + ξb2

8
e
− 2ψ
c̃H

c̃H(ψ − σc̃H)e
4σ

+ 1
2 c̃Hψ5µ 5µσ − σ

4 c̃
2
HR− 3c̃2

Hσe
2ψ
c̃H

]
, (9.12)

which is clearly not invariant. On top of that, even the dynamics of the scalar field (ψ) is
influenced deriving the transformation (9.11).

The stress energy tensor and the equation of motion for ψ that follows from (8.8) are
given by

Tµν = 1√
−g

δSL
δgµν

= 1
2 5µ ψ5ν ψ −

1
4gµν(5ψ)2 + 1

4 c̃H(gµν 52 ψ −5µ 5ν ψ)− 1
2gµνV (ψ), (9.13)

52ψ = 1
4 c̃HR+ V ′(ψ). (9.14)

14See [64] to obtain the Liouville theory in D = 2 dimensions from Weyl invariant theories in D > 2.

– 26 –



J
H
E
P
1
0
(
2
0
2
1
)
2
0
9

Using (9.14), we compute the trace of stress tensor (9.13), which yields

〈Tµµ 〉 ∼
cH
48πR+O

( 1
√
cH

)
. (9.15)

Equation (9.15) confirms that the theory (8.8) is not Weyl Invariant. This is what we
identify as the Weyl anomaly for the generalised Liouville theory (9.12).

After some algebra, one can express the transformed action (9.12) as

SL → SL+
∫
d2x
√
−g
[

1
2 c̃Hψ5µ 5µσ − σ

4 c̃
2
HR− 3c̃2

Hσe
2ψ
c̃H

+ ξb2

8
e
− 2ψ
c̃H

c̃H

{
e4σ

(ψ − σc̃H) −
1
ψ

}]
. (9.16)

Notice that, following our previous arguments, the variation δSL (9.16) can be set
equal to zero if we impose the equation of motion for σ

1
2 c̃Hψ5µ 5µσ − σ

4 c̃
2
HR− 3c̃2

Hσe
2ψ
c̃H + ξb2

8
e
− 2ψ
c̃H

c̃H

{
e4σ

(ψ − σc̃H) −
1
ψ

}
= 0. (9.17)

Next, we solve the equation of motion for σ (9.17) in the static light cone gauge (2.5).
To start with, we perturbatively expand the fields ψ, ω and σ treating ξ as an expansion
parameter

ψ = ψ0 + ξψ1, (9.18)
ω = ω0 + ξω1, (9.19)
σ = σ0 + ξσ1. (9.20)

The subscript (0) denotes the zeroth order fields and the subscript (1) denotes the first
order correction in the fields due to the presence of 2-derivative interactions.

Using (9.18)–(9.20), one can write the zeroth order equation of motion for gµν (9.13),
ψ (9.14) and σ (9.17) as

ψ′20 + c̃H(ω′0ψ′0 − ψ′′0) + 6c̃He
2
(
ψ0
c̃H

+ω0
)
ψ0 = 0, (9.21)

ψ′20 + c̃Hω
′
0ψ
′
0 − 6c̃He

2
(
ψ0
c̃H

+ω0
)
ψ0 = 0, (9.22)

ψ′′0 + 1
2 c̃Hω

′′
0 − 3ψ′0e

2
(
ψ0
c̃H

+ω0
)(
c̃H + 2ψ0

)
= 0, (9.23)

ψ0σ
′′
0 + c̃H

[
ω′′0 − 6e2

(
ψ0
c̃H

+ω0
)]
σ0 = 0. (9.24)

Notice that, the above equations (9.21)–(9.24) are the coupled non-linear differential
equations and it is difficult to solve them exactly. Therefore, we solve these equations in
the large c̃H limit and ignore all terms of the order O( 1

c̃H
).

Using (9.21)–(9.23), one can write the equation for ψ0 in the large c̃H limit as

4ψ0ψ
′
0 + c̃Hψ

′
0 − c̃H = 0. (9.25)
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On solving (9.25) for ψ0, we obtain

ψ0 = 1
4
(
− c̃H ±

√
8c1 + c̃H

(
8z + c̃H

))
, (9.26)

where c1 is the integration constant.
Finally, using (9.21)–(9.23) and (9.26) in the equation of motion for σ (9.24), we obtain

σ′′0 + f(z)σ0 = 0, (9.27)

where f(z) is given by

f(z) = 32

c̃2
H

(
8c1
c̃2H

+ 8z
c̃H

+ 1
) 3

2
(

1 +
√(8c1

c̃2H
+ 8z

c̃H
+ 1

)) = 16
c̃2
H

+O

( 1
c̃3
H

)
. (9.28)

On solving (9.27) using (9.28) in the large c̃H limit, we obtain

σ0 = c2 cos
( 4z
c̃H

)
+ c3 sin

( 4z
c̃H

)
, (9.29)

where c2 and c3 are the integration constants.
Finally, we note down equations at leading order in ξ which yield

2ψ′1ψ′0 + c̃H(ω′0ψ′1 +ω′1ψ
′
0−ψ′′1)+2e2ω0

[
3c̃He

2 ψ0
c̃H

( 2
c̃H
ψ0ψ1 +ψ1

)
+ b2

8ψ0

1
c̃H
e
−2 ψ0

c̃H (9.30)

+6ω1ψ0c̃He
2 ψ0
c̃H

]
= 0,

2ψ′1ψ′0 + c̃H(ω′0ψ′1 +ω′1ψ
′
0)−2e2ω0

[
3c̃He

2 ψ0
c̃H

( 2
c̃H
ψ0ψ1 +ψ1

)
+ b2

8ψ0

1
c̃H
e
−2 ψ0

c̃H (9.31)

+6ω1ψ0c̃He
2 ψ0
c̃H

]
= 0,

ψ′′1 + 1
2 c̃Hω

′′
1−3e2

(
ψ0
c̃H

+ω0
)[
c̃H

{
ψ′1 + 2

c̃H
ψ1ψ

′
0 +2ω1ψ

′
0

}
+2
{
ψ′0ψ1 +ψ′1ψ0 (9.32)

+ 2
c̃H
ψ1ψ

′
0ψ0 +2ω1ψ

′
0ψ0

}]
+ b2

4ψ0

1
c̃H
ψ′0e

2
(
− ψ0
c̃H

+ω0
)( 1

2ψ0
+ 1
c̃H

)
= 0,

ψ1σ
′′
0 +ψ0σ

′′
1 + c̃H

[
ω′′0σ1 +ω′′1σ0

]
−6c̃He

2
(
ψ0
c̃H

+ω0
)(
σ1 +2ω1σ0 + 2

c̃H
ψ1σ0

)
(9.33)

+b2

4
e
−2
(
ψ0
c̃H
−ω0

)
c̃2
H

[
e4σ0

(ψ0−σ0c̃H)−
1
ψ0

]
= 0.

Obtaining solutions for (9.30)–(9.33) are quite involved which we therefore do not pursue
here.
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10 Conclusion

To summarise, in the present work we extend the notion of 2D Einstein-Maxwell-Dilaton
gravity by incorporating the most general form of quartic interactions allowed by the dif-
feomorphism invariance. We further explore the effects of adding such quartic interactions
on the dual field theory observables at strong coupling. Below we outline a couple of future
directions along which this work can be further persuaded.

• It is natural to further generalise our results in the presence of SU(2) Yang-Mills
fields and look for its imprints on the holographic stress tensor as well as central
charge associated with the boundary theory. It is noteworthy to mention that the
SU(2) Yang-Mills fields are responsible for first order phase transition in 2D grav-
ity [39]. Therefore, it would be an interesting project to explore phase transition in
the presence of quartic couplings.

• Finally, it would be an interesting project to explore the holographic renormalisation
group flow and holographic c-theorem [80]–[82] in the context of 2D gravity theory
that contains the most generic quartic interactions (2.3).

We hope to be able to report some of these results in the near future.
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A Non-abelian generalization of JT gravity

In this appendix, we will derive the most general 2D action for Einstein-dilaton gravity cou-
pled with U(1) gauge and SU(2) Yang-Mills fields that contains the 4-derivative interaction
terms.

We start with the most general 5D action that contains the 2-derivative interaction
terms

S
(2)
5D =

∫
d5x

√
−g(5)

[
α1(λ+R)− α2

4 F 2 + α3
3 εMNOPQAMFNOFPQ −

α4
4
(
F (a))2

+ α5
4 εMNOPQAMF

(a)
NOF

(a)
PQ

]
(A.1)

where αi (i = 1, . . . , 5) are the respective coupling constants.
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Next, we will add the following 4-derivative gauge invariant interaction terms to the
above action (A.1)

S
(4)
5D=

∫
d5x

√
−g(5)

[
β1R

2+β2(RMN )2+β3(RMNOP )2+β4RF
2+β5R

MNFMOFN
O

+β6RMNOPF
MNFOP +β7RMNOPF

MOFNP +β8(F 2)2+β9F
MNFNOF

OPFPM

+β105MFMN5OFO
N+β115MFNO5MFNO+β125MFNO5NFMO

+β1352F 2+β145M5NFNOF
MO+β155N5MFNOF

MO+εMNOPQ{FMN

×(β16FOP5RFRQ+β17FOR5RFPQ+β18FOR5P FQSg
RS)+β19AMRNOKL

×RPQKL
}

+β20εNOPQRε
NIJKLFOPFQRFIJFKL+δ1R(F (a))2+δ2R

MNF
(a)
MOF

(a)
N

O

+δ3RMNOPF
(a)MNF (a)OP +δ4RMNOPF

(a)MOF (a)NP +δ5((F (a))2)2

+δ6F
(a)
MNF

(b)MNF
(a)
OPF

(b)OP +δ7F
(a)MNF

(a)
NOF

(b)OPF
(b)
PM+δ8F

(a)MNF
(b)
NOF

(a)OPF
(b)
PM

+δ9F
(a)MNF

(b)
NOF

(b)OPF
(a)
PM+δ1052(F (a))2+δ115M5NF

(a)
NOF

(a)MO

+δ125N5MF
(a)
NOF

(a)MO+εNOPQRεNIJKL
{
δ13F

(a)OPF (a)QRF
(b)
IJ F

(b)
KL

+δ14F
(a)OPF (b)QRF

(a)
IJ F

(b)
KL

}
+δ15F

2(F (a))2+δ16εMNORQ(5PF
PM )F (a)NOF (a)RQ

+δ17FMNFOPF
(a)MNF (a)OP +εMOPQRεMIJKL

{
δ18FOPFQRF

(a)IJF (a)KL

+δ19FOPF
(a)
QRF

IJF (a)KL}+δ20εMNORQF
PM5P (F (a)NOF (a)RQ)

+δ215P (εMNORQF
PMF (a)NOF (a)RQ)+δ22F

(a)RPF
(a)
SP F

SQFRQ

+εMNOPQ{δ23(5MFN
R)F (a)

ORF
(a)
PQ+δ245M (F (a)

ORF
(a)
PQ)FNR+δ25(5RFMN )F (a)

ORF
(a)
PQ

+δ265R(F (a)
ORF

(a)
PQ)FMN

}
+δ275M (εMNOPQFN

RF
(a)
ORF

(a)
PQ)

+δ285R(εMNOPQFMNF
(a)
ORF

(a)
PQ)

]
(A.2)

where βi and δj (i = 1, . . . , 20 and j = 1, . . . , 28) are the respective coupling constants.
On adding (A.1) and (A.2), we get the required action that contains all 2-derivative as

well as 4-derivative interactions. However, we can eliminate the various interaction terms
in (A.2) using a proper redefinition of fields.

Consider the following redefinition of fields

gRS → gRS + δgRS , AN → AN + δAN , A
(a)
N → A

(a)
N + δA

(a)
N (A.3)

such that the action transform as S → S′ = S + δS where S = S
(2)
5D + S

(4)
5D and S′ is called

the transformed action.
The most general variation of fields that contains 2-derivative interactions takes the

form

δgRS = µ1R
RS + µ2F

RPFSP + µ3Rg
RS + µ4F

2gRS + µ5g
RS + µ6(F (a))2gRS

+ µ7F
(a)RPF (a)S

P , (A.4)
δAN = λ1AN + λ2 5M FMN + λ3εNOPQRF

OPFQR + λ4εNOPQRF
(a)OPF (a)QR, (A.5)

δA
(a)
N = σ1A

(a)
N + σ2 5M F

(a)
MN + σ3εNOPQRF

(a)OPFQR, (A.6)

where µi, λj and σk (i=1, . . . , 7, j=1, . . . , 4 and k=1, . . . , 3) are the respective constants.
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In order to get rid of various interaction terms in (A.1) and (A.2), we transformed the
action S (where S = S

(2)
5D + S

(4)
5D) into S′ using (A.4)–(A.6) with the following particular

choice of constants

µ1 = −4β2
3α1

, µ2 = −2α2β2
3α2

1
, µ3 = 4

9α1
(2β1 + β2), µ4 = 2α2

27α2
1
(2β2 + β1), µ5 = −2

3 ,

µ6 = 2
27α1

[
9δ2 + 6δ1 + α4

α1
(2β2 + β1)

]
, µ7 = −2

3α1

[
δ2 + α4

α1
β2

]
, λ1 = −1

3 ,

λ2 = −4α2
3α3α5

[
2δ18 −

α5
α3
β20

]
, λ3 = 4β20

3α3
, λ4 = 1

3α3

[
2δ18 −

α5
α3
β20

]
(A.7)

and σk = 015 which yields

S′=
∫
d5x

√
−g(5)

[
η1λ+η2R−

η3
4 F

2− η4
4
(
F (a))2 + η5

4 ε
MNOPQAMF

(a)
NOF

(a)
PQ

+η6[RMNOP ]2 +η7(F 2)2 +η8F
SPFPRF

RQFQS +η95M FMN5OFON+
+εMNOPQ{η10FMNFOP5RFRQ+η11FMNFOR5RFPQ+η12FMNFOR5P FQ

R

+η13AMRNOIJRPQ
IJ}+η14

((
F (a))2)2 +η15F

2(F (a))2 +η16F
(a)RPF

(a)
SP F

SQFRQ

+η17F
(a)RPF

(a)
PSF

(b)SQF
(b)
QR+η18εNOPQRε

NIJKLF (a)OPF (a)QRF
(b)
IJ F

(b)
KL

+η19RMNOPF
(a)MNF (a)OP +η20RMNOPF

(a)MOF (a)NP +η21FMNFPQF
(a)MNF (a)PQ

+η22ε
MOPQRεMIJKLFOPF

(a)
QRF

IJF (a)KL
]

(A.8)

where ηi (i = 1, . . . , 22) are the new coupling constants respectively.
We can express the new coupling constants ηi in terms of the old coupling constants

αj , βk and δl as follows

η1 = 8
3α1, η2 = 2α1 −

4λ
9 (5β1 + β2), η3 = λα2

27α1
(4β2 + 20β1) + 2α2

3 ,

η4 = 8λ
3

(
2δ + 5

3δ1

)
+ 4λα4

27α1
(5β1 + β2) + 4α4

3 , η5 = 2α5
3 , η6 = 4β3

3 ,

η7 = α2
2

108α2
1
(β1 − 7β2)− 4β8

3 , η8 = 1
3

(
α2

2
α2

1
β2 − 4β9

)
, η9 = −4α2

2
3α3α5

(
2δ18 −

α5
α3
β20

)
,

η10 = 8α2
3

(
β20
α3
− δ18
α5

)
, η11 = −2β17

3 , η12 = −2β18
3 , η13 = 2β19

3 ,

η14 = α4
108α1

[
6δ1 + α4

α1
(β1 − 7β2)

]
, η15 = α4α1

54α2
1

(β1 − 7β2) + α2δ1
α118 −

2δ15
3 ,

η16 = 1
3

[
α2
α1

(
δ2 + 2α4β2

α1

)
− 2δ22

]
, η17 = α4

3α1

(
δ2 + α4

α1
β2

)
, η18 = α5

12α3

(
2δ18 −

α5β20
α3

)
η19 = 2δ3

3 , η20 = 2δ4
3 , η21 = −2δ17

3 , η22 = −2δ19
3 . (A.9)

With all these preliminaries, equation (A.8) is the most general 5D action of gravity
coupled with U(1) gauge and SU(2) Yang-Mills fields that contains all the 4-derivative
interaction terms.

15We choose σk = 0 to preserve the gauge invariance.
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Our next step is to truncate the 5D action to 2D using the following ansatz

ds2
(5) = ds2

(2) + φ(t, z)
2
3 (dx2 + dy2 + dz2), (A.10)

AMdx
M = Aµdx

µ, Aµ ≡ Aµ(xν), (A.11)

A
(a)
M dxM = A(a)

µ dxµ, A(a)
µ ≡ A(a)

µ (xν). (A.12)

Using the above ansatz (A.10)–(A.12) in (A.8) we finally obtain

S(2D)=
∫
d2x

√
−g(2)φ

[
η1λ+η2R−

η3
4 F

2−η4
4
(
F (a))2+η6

[
(Rµναβ)2+3

4
(
5µφ

2
3
)4

+4
{3

4(5λφ
2
3 )(5βφ

2
3 )ΓλαµΓβρσgαρgµσ+2

3Γλαµ(5λφ
2
3 )(5αφ)(5µφ)φ

−4
3

−Γλαµ(5λφ
2
3 ){∂β(5σφ)}gαβgµσφ

−1
3 + 4

27(5µφ)4φ
−8
3 −4

9φ
−5
3 (5αφ)(5µφ){∂α(5µφ)}

−1
3{∂α(5µφ)}{∂β(5ρφ)}gαβgµρφ

−2
3

}]
+η7F

4+η8F
µνFνλF

λσFσµ

+η95µF
µν5λFλν+η14

((
F (a))2)2+η15F

2(F (a))2+η16F
(a)µνF

(a)
λν F

λσFµσ

+η17F
(a)µνF

(a)
λν F

(b)λσF (b)
µσ +η19RµνσλF

(a)µνF (a)σλ+η20RµνλσF
(a)µλF (a)νσ

+η21FµνFλσF
(a)µνF (a)λσ

]
, (A.13)

where we identify (A.13) as the most general 2D action of gravity coupled with U(1) gauge
and SU(2) Yang-Mills fields that contains all the 4-derivative interaction terms.

B Most general 4-derivative action in 5D

The purpose of this appendix is to discuss the most general 5D action of gravity coupled
with U(1) gauge fields that contains the 4-derivative interaction terms.16

In the first place, we consider the most general 2-derivative action of the following form

S(2) =
∫
d5x
√
−g
[
12 +R− α1

4 F 2 + α2
3 εMNOPQAMFNOFPQ

]
, (B.1)

where α1 and α2 are the respective coupling constants.
Next, we note down the most general 4-derivative gauge invariant interaction terms as

follows

S(4) =
∫
d5x
√
−g
[
β1R

2 + β2[RMN ]2 + β3[RMNOP ]2 + β4RF
2 + β5R

MNFMOFN
O

+β6RMNOPF
MNFOP + β7RMNOPF

MOFNP + β8F
4 + β9F

MNFNOF
OPFPM

+β10 5M FMN 5O FO
N + β11 5M FNO 5M FNO + β12 5M FNO 5N FMO

+β13 52 F 2 + β14 5M 5NFNOF
MO + β15 5N 5MFNOF

MO

+εMNOPQ{FMN (β16FOP 5R FRQ + β17FOR 5R FPQ + β18FOR 5P FQSg
RS)

+β19AMRNOKLRPQ
KL}+ β20εNOPQRε

NIJKLFOPFQRFIJFKL
]
, (B.2)

16This can be achieved by simply removing the SU(2) Yang-Mills fields in appendix A.
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where βi (i = 1, . . . , 20) are the respective coupling constants. On adding (B.2) in (B.1),
we obtain the most general action for gravity (coupled to U(1) gauge fields) that con-
tains 4-derivative interaction terms. Moreover, it is also possible to eliminate the various
interaction terms in (B.2) using a proper redefinition of fields as discussed below.

Consider the following redefinition of fields

gRS → gRS + δgRS , AN → AN + δAN

such that the action transform as S → S′ = S + δS.
The most general 2-derivative variation of fields are given by

δgRS = µ1R
RS + µ2F

RPFSP + µ3Rg
RS + µ4F

2gRS + µ5g
RS (B.3)

δAN = λ1AN + λ2 5M FMN + λ3εNOPQRF
OPFQR. (B.4)

where µi and λj (i = 1, . . . , 4 and j = 1, . . . , 3) are the respective coupling constants.
In order to get rid of various interaction terms in (B.1) and (B.2), we transformed the

action S (where S = S
(2)
5D+S

(4)
5D) into S′ using (B.3) and (B.4) with the following particular

choice of constants

µ1 = −4β2
3 , µ2 = −2

3α1β2, µ3 = 4
9(2β1 + β2), µ4 = 2α1

27 (2β2 + β1),

µ5 = −2
3 , λ1 = −1

3 , λ2 = 4α1
3α2

2
β20, λ3 = 4β20

3α2
, (B.5)

which yields

S′ =
∫
d5x
√
−g
[
(12 +R)− η1

4 F
2 + η2[RMNOP ]2 + η3F

4 + η4F
SPFPRF

RQFQS

+ η5 5M FMN 5O FON + εMNOPQ(η6FMNFOP 5R FRQ + η7FMNFOR 5R FPQ

+ η8FMNFOR 5P FQ
R + η9AMRNOIJRPQ

IJ)
]

(B.6)

where ηi (i = 1, . . . , 9) are the new coupling constants respectively.
We can express the new coupling constants, ηi in terms of old coupling constants, αj

and βk as follows

η1 = α1
6 (4β2 + 20β1) + α1

4 , η2 = β3
2 , η3 = α2

1
288(β1 − 7β2)− β8

2 , η4 = 1
8(α2

1β2 − 4β9),

η5 = α2
1

2α2
2
β20, η6 = α1

(
β20
α2

)
, η7 = −β17

4 , η8 = −β18
4 , η9 = β19

4 . (B.7)

Notice that, we have taken out a common factor 8
3 in (B.6) and impose the condition

on β1,2 such that 5β1 + β2 = −1
8 . With all these preliminaries, we end up with a most

general 5D action (B.6) of gravity coupled with U(1) gauge fields that contains all the
4-derivative interaction terms.
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C Covariance of the 2D action (2.3)

In this section, we will discuss the general covariance of the action (2.3). After a careful ob-
servation, we realize that the Γαβλs appear in such a combination that the entire expression
transform as a “scalar” under general coordinate transformation (GCT).

As an illustration, let’s look at a particular term in (2.3) as mentioned below:

Γσαµ(5σφ)(5αφ)(5µφ) = ΓσαµAσBαCµ, (C.1)

where Aσ, Bα and Cµ are the tensors of rank 1.
A straightforward computation reveals that under GCT

ΓσαµAσBαCµ → Γ′σαµA′σB
′αC

′µ = ∂x
′σ

∂xβ
∂xρ

∂x′µ
∂xτ

∂x′α
Γβτρ

∂xβ̃

∂x′σ
∂x
′α

∂xτ̃
∂x
′µ

∂xρ̃
Aβ̃B

τ̃C ρ̃

− ∂x
τ̃

∂x′α
∂2x

′σ

∂xτ̃∂xβ̃
∂xβ̃

∂x′µ
∂xβ

∂x′σ
∂x
′α

∂xτ
∂x
′µ

∂xρ
AβB

τCρ

= ΓβτρAβ̃B
τ̃C ρ̃δβ̃βδ

ρ
ρ̃δ
τ
τ̃ − δτ̃τ δβ̃ρ

∂

∂xτ̃

(
∂x
′σ

∂xβ̃

)
∂xβ

∂x′σ
AβB

τCρ

= ΓβτρAβBτCρ − ∂

∂xτ

(
∂x
′σ

∂xβ̃

)
∂xβ

∂x′σ
AβB

τC β̃ . (C.2)

Notice that, the last term in (C.2) vanishes identically as shown below[
∂

∂xτ

(
∂x
′σ

∂xβ̃

)
∂xβ

∂x′σ

]
AβB

τC β̃ =
[
∂

∂xτ

(
∂x
′σ

∂xβ̃

∂xβ

∂x′σ

)
− ∂x

′σ

∂xβ̃

∂2xβ

∂xτ∂x′σ

]
AβB

τC β̃

=
[
∂

∂xτ

(
δβ
β̃

)
− ∂x

′σ

∂xβ̃

∂

∂x′σ

(
∂xβ

∂xτ

)]
AβB

τC β̃

= 0. (C.3)

D Solving the constants Dis

In order to cure the divergences in the Gibbons-Hawking-York term and Einstein-Hilbert
action (4.2)–(4.3), we set the constants Dis (4.4) such that the coefficients of each divergent
term vanish identically.

Below, we note down the coefficients of each divergent terms as

coefficient of 1
z

10
3
: −2032

45 − 103172
585 D1 −

14188
195

√
2
3D2 + 11104

45 D3 = 0, (D.1)

coefficient of 1
z

11
3
: −24

7 D1 −
4
7
√

6D2 = 0, (D.2)

coefficient of 1
z

14
3
: 64

21 + 18
7 D1 + 4

7

√
2
3D2 −

32
7 D3 = 0, (D.3)

coefficient of ξ log(z): D4 + 11213
3123 = 0, (D.4)
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coefficient of κ log(z): 12D4C3 + 19868C3
347 + D4

6 C9 + 1844
9369C9 = 0, (D.5)

coefficient of 1
z2 :

16112
1041 κ−

871
6246 = 0, (D.6)

coefficient of ξ

z3 : D5 + 871
3123 = 0, (D.7)

coefficient of κ
z3 : D6 + 871

3123 = 0. (D.8)

On solving (D.1)–(D.8), we get the following values as solutions

D1 = −2.5795, D2 = 6.3186, D3 = −0.1394, D4 = −3.5904, D5 = D6 = −0.2788,
C3 = 0.0283C9, κ = 0.0090. (D.9)

E Cardy formula

Cardy formula [57] measures the degrees of freedom (and hence the entropy) of a two-
dimensional conformal field theory (CFT2)17 using the central charge (c) and the conformal
weight for the ground state (∆). In the present section, we derive the expression for the
Cardy formula (7.12) that we have used in section (7.2). We start by computing the
partition function of CFT2 on torus (T2) and then use this partition function to estimate
the entropy.

The partition function of CFT2 on torus (T2) of modular parameter τ = x1 + ix0 is
given by [57]

Z = Tr
[
e−2π(Imτ)Hei2π(Reτ)P

]
, (E.1)

where H and P are the time and space translation on the cylinder respectively and the
factor of 2π in the definition of Z is merely a convention.

One can derive H and P from the stress tensor Tµν as

H = 1
2π

∫
dx1T00 and P = 1

2π

∫
dx1T01, (E.2)

where T00 and T01 can be expressed in terms of the stress tensor on the cylinder (Tcyl) as

T00 = −
(
Tcyl(z) + Tcyl(z)

)
and T01 = −

(
Tcyl(z)− Tcyl(z)

)
. (E.3)

The stress tensor on the cylinder, Tcyl(z) is given by [84]–[85]

Tcyl(z) = −
∑

e−inzLn + c

24 , (E.4)

where Ln are the virasoro generators that satisfy the following commutation relations

[Ln, Lm] = (n−m) + c

12n(n2 − 1)δn+m,0 (E.5)

[Ln, Lm] = (n−m) + c

12n(n2 − 1)δn+m,0 (E.6)

[Ln, Lm] = 0. (E.7)
17For the generalization to d-dimensional CFT, see [83].
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Using equations (E.2)–(E.4) in (E.1), we get18

Z(τ, τ) = Tr
[
e2πiτ

(
L0− c

24

)
e2πiτ

(
L0− c

24

)]
. (E.8)

Next, we trace (E.8) over the energy eigen state |E〉 that satisfy the following eigen
value equation

L0|E〉 = ∆|E〉, (E.9)

which yields19

Z(τ) =
∫ ∞

0
d∆ρ(∆)e2πiτ

(
∆− c

24

)
, (E.10)

where ρ(∆) is the density of states correspond to the energy ∆.
One can evaluate ρ(∆) by taking the inverse Laplace transformation of (E.10) as follows

ρ(∆) =
∮
c
dτZ(τ)e−2πiτ

(
∆− c

24

)
. (E.11)

We are interested in computing the entropy of CFT2 in the high temperature limit (or
∆� 1). Therefore, in this limit, the integral (E.11) is dominated by Z(τ → 0). In order to
find Z(τ) in the limit τ → 0, we utilize the important fact that the partition function (E.8)
is modular invariant i.e. Z(τ) = Z(− 1

τ ). This can be understood in terms of the geometry
of torus as described below.

Consider a torus (T2) which is parametrize by the two coordinates i.e. σ1 and σ2 in
the range 0 ≤ σ1 ≤ 2π and 0 ≤ σ2 ≤ 2π. The general metric of the torus is given by

ds2 = |dσ1 + τdσ2|2 , (E.12)

where τ ∈ C is the modular parameter. It is easy to check that (E.12) is invariant (up to
conformal factor) under the following SL(2,Z) transformation(

σ1
σ2

)
=
(
d b

c a

)(
σ′1
σ′2

)
, τ ′ = aτ + b

cτ + d
, (E.13)

where a, b, c, d ∈ Z and ad− bc = 1.
Therefore we conclude that the modular parameter τ ′ is equivalent to τ and for a

particular choice of constants i.e. a = 0, b = −1, c = 1, d = 0, we get τ ′ = − 1
τ .

Using this property in (E.8), we obtain

Z(τ) = e2πi 1
τ
c
24Z

(
−1
τ

)
, where Z

(
−1
τ

)
≡ Tre−2πi 1

τ
L0 . (E.14)

In the limit τ → 0, the dominant contribution in Z(− 1
τ ) comes from the lowest eigen

value of the operator L0 which is set to be zero without any loss of generality. There-
fore, (E.14) reduces to Z(τ) = e2πi 1

τ
c
24 .

18Since central charge is the real number, therefore we use c = c in (E.8).
19For simplicity, we have consider only first part of the trace.
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Using this expression in (E.11), we finally obtain

ρ(∆) =
∮
c
dτe−2πi

(
τ
(
∆− c

24

)
− 1
τ
c
24

)
. (E.15)

One can approximate the above integral (E.15) using the saddle point approximation as

ρ(∆) ≈ e−2πif(τ∗), where f(τ) = τ

(
∆− c

24

)
− 1
τ

c

24 (E.16)

and τ∗ is calculated using the following condition

df(τ)
dτ

∣∣∣
τ=τ∗

= 0, which yields τ∗ = i

√
c

24
(
∆− c

24
) . (E.17)

On plugging the above value of τ∗ (E.17) in (E.16), we obtain the density of states
ρ(∆) in the limit ∆� 1.

The Cardy formula for the black hole is defined in terms of density of states ρ(∆) [85] as

SCardy = log[ρ(∆)]. (E.18)

Using (E.17) and (E.16) in (E.18), we obtain the Cardy formula for a 2D black hole in
the limit ∆� 1 as

SCardy = 2π

√
c∆
6 . (E.19)

Equation (E.19) is the entropy of a two-dimensional CFT.

F Properties of the potential V (ψ)

In this appendix, we discuss the stability of the potential function V (ψ) for the gener-
alised Liouville theory as constructed in (8.8). Finally, we generalise this theory (8.8) by
considering 4-derivative interactions.

In order to study the stability of the potential, we first note down the extrema of
V (ψ) (8.8) by setting

dV (ψ)
dψ

∣∣∣∣∣
ψ=ψi

= 0, (i = 1, 2, 3) (F.1)

which reveals

ψ1 = −1
2

√
cH
3π , (F.2)

ψ2 = 1
2

√
cH
3πProductlog

[
− π

√
3b2ξ
2c2
H

]
, (F.3)

ψ3 = 1
2

√
cH
3πProductlog

[
π

√
3b2ξ
2c2
H

]
, (F.4)

where we express ΦH in terms of the central charge cH (8.18) associated with the the-
ory (8.8).
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Using (F.2)–(F.4), we find that the potential V (ψ) exhibits local minima at ψ1 and ψ3
(if 2c2

H > 3ξπ2b2e) which we identify as the possible vacuua of the theory (8.8). However,
notice that in the limit of large central charge ψ1 → −∞ which therefore corresponds to
the most stable vacuua of the theory (8.8).

Finally, we write down the most general action (8.8) by considering 4-derivative inter-
actions. Under the following field redefinition

φ = qΦHψ , gµν → e2σgµν ,where σ = ψ

qΦH
, (F.5)

4-derivative interactions in (2.3) transform as

S(4) = qΦHκ

∫
d2x
√
−gψ

[
e−2σ

{[
Rµναβ−52σ(gµαgνβ−gµβgνα)

][
Rµναβ−52σ(gµαgνβ

−gµβgνα)
]}

+ 3
4(5µ(qΦHψ)

2
3 )4e−2σ+4e−2σ

{3
4(5λ(qΦHψ)

2
3 )(5β(qΦHψ)

2
3 )(Γλαµ

+ e−2σ

2 (δλα5µ e
2σ+δλµ5α e

2σ−gαµgλσ̄5σ̄ e
2σ))

(
Γβρσ̄+ e−2σ

2 (δβρ 5σ̄ e
2σ+δβσ̄5ρ e

2σ

−gρσ̄gβλ5λ e
2σ)
)
gαρgµσ̄+ 2

3

(
Γλαµ+ e−2σ

2 (δλα5µ e
2σ+δλµ5α e

2σ−gαµgλσ̄5σ̄ e
2σ)
)

×
(
5λ (qΦHψ)

2
3
)
(5α(qΦHψ))(5µ(qΦHψ))(qΦHψ)

−4
3 −

(
Γλαµ+ e−2σ

2 (δλα5µ e
2σ

+δλµ5α e
2σ−gαµgλσ̄5σ̄ e

2σ)
)(
5λ (qΦHψ)

2
3
)
{∂β(5σ̃(qΦHψ))}gαβgµσ̃(qΦHψ)

−1
3

− 4
9(qΦHψ)

−5
3 (5α(qΦHψ))(5µ(qΦHψ)){∂α(5µ(qΦHψ))}+ 4

27(5µ(qΦHψ))4

×(qΦHψ)
−8
3 − 1

3{∂α(5µ(qΦHψ))}{∂β(5ρ(qΦHψ))}gαβgµρ(qΦHψ)
−2
3

}
+e−6σF 4

+e−6σFµνFνλF
λσ̄Fσ̄µ+e−4σgµµ̄gνν̄gλλ̄

(
5µFµ̄ν̄−

e−2σ

2 (δρµ5µ̄ e
2σ+δρµ̄5µ e

2σ

−gµµ̄gρσ̄5σ̄ e
2σ)Fρν̄−

e−2σ

2 (δρµ5ν̄ e
2σ+δρν̄5µ e

2σ−gµν̄gρσ̄5σ̄ e
2σ)Fµ̄ρ

)
×(5λ̄Fλν

− e
−2σ

2 (δρλ5λ̄ e
2σ+δρ

λ̄
5λ e

2σ−gλλ̄g
ρσ̄5σ̄ e

2σ)Fρν−
e−2σ

2 (δρν5λ̄ e
2σ+δρ

λ̄
5ν e

2σ

−gνλ̄g
ρσ̄5σ̄ e

2σ)Fλρ)
]
. (F.6)

Notice that, in arriving at (F.6), we express the Riemann tensor in 2D as

Rµναβ = R

2 (gµαgνβ − gµβgνα),

where R is the Ricci scalar in 2D. Equation (F.6) represents corrections to the Liouville
theory (8.8) due to the presence of 4-derivative interactions in (2.3).
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