
J
H
E
P
1
0
(
2
0
2
1
)
2
0
2

Published for SISSA by Springer

Received: March 23, 2021
Accepted: August 10, 2021

Published: October 26, 2021

Entanglement entropy and edge modes in topological
string theory. Part II. The dual gauge theory story

Yikun Jiang,a Manki Kima and Gabriel Wongb
aDepartment of Physics, Cornell University,
Ithaca, New York, U.S.A.

bDepartment of Physics, Fudan University,
Shanghai, China
E-mail: phys.yk.jiang@gmail.com, mk2427@cornell.edu,
gabrielwon@gmail.com

Abstract: This is the second in a two-part paper devoted to studying entanglement
entropy and edge modes in the A model topological string theory. This theory enjoys
a gauge-string (Gopakumar-Vafa) duality which is a topological analogue of AdS/CFT.
In part 1, we defined a notion of generalized entropy for the topological closed string
theory on the resolved conifold. We provided a canonical interpretation of the generalized
entropy in terms of the q-deformed entanglement entropy of the Hartle-Hawking state. We
found string edge modes transforming under a quantum group symmetry and interpreted
them as entanglement branes. In this work, we provide the dual Chern-Simons gauge
theory description. Using Gopakumar-Vafa duality, we map the closed string theory Hartle-
Hawking state to a Chern-Simons theory state containing a superposition of Wilson loops.
These Wilson loops are dual to closed string worldsheets that determine the partition
function of the resolved conifold. We show that the undeformed entanglement entropy
due to cutting these Wilson loops reproduces the bulk generalized entropy and therefore
captures the entanglement underlying the bulk spacetime. Finally, we show that under the
Gopakumar-Vafa duality, the bulk entanglement branes are mapped to a configuration of
topological D-branes, and the non-local entanglement boundary condition in the bulk is
mapped to a local boundary condition in the gauge theory dual. This suggests that the
geometric transition underlying the gauge-string duality may also be responsible for the
emergence of entanglement branes.
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1 Introduction

In the context of the AdS/CFT correspondence [1–3], the HRRT/generalized entropy [4–7]
formula provides the basis for our understanding of how spacetime emerges from quantum
entanglement. It states that entanglement entropy of a boundary subregion in the strongly
coupled regime is given by the generalized entropy of the semi-classical bulk theory:

SCFT = Sgen = 〈A〉4G + Sbulk + · · · (1.1)

The generalized entropy Sgen is defined via the Euclidean gravity path integral Z(β) on
geometries for which the asymptotic boundary has a circle1 of length β [8] (see figure 1).
One then defines the generalized entropy as

Sgen = (1− β∂β)β=2π logZ(β) (1.2)
Z(β) ∼ e−IclassicalZfluctuations, (1.3)

where Z(β) is evaluated on a saddle point and −Iclassical is the on-shell action. In order to
interpret Sgen in terms of a statistical mechanical entropy we must treat Z(β) as a thermal
partition function:

Z(β) = tr e−βH . (1.4)

However, we do not have a general understanding of the bulk quantum gravity Hilbert
space on which this trace would be defined. As first discussed in [9] and emphasized
recently in [10], the leading area term in (1.1) only arises from saddles in which the circle
shrinks smoothly in the interior, which gives the cigar geometry in the left of figure 1. This
represents an apparent obstruction to the trace interpretation (1.4) from the viewpoint of
effective field theory and obscures the bulk quantum mechanical origin of area term. This is
an important puzzle to address because the area term, which is the analogue of Bekenstein
Hawking entropy, is expected to capture the entropy of the spacetime itself [11].

We can view equation (1.4) as a constraint on the quantum gravity microstates, de-
termined by the path integral that governs the low energy effective theory.

The idea is illustrated on the right of figure 1. To interpret Z(β) on a cigar geometry as
a trace we excise a small cap from the tip of the cigar and impose a “shrinkable” boundary
condition. This boundary condition is defined so that the path integral on the excised
geometry is the same as Z(β). It corresponds to inserting a boundary state given by the
path integral on the small cap. If the shrinkable boundary condition were local, we can
immediately interpret Z(β) as a thermal partition function by quantizing with respect to
time variable around the circle. Figure 2 suggests that the corresponding thermal density
matrix can be viewed as the reduced density matrix ρV on a subregion V of a spatial slice.2

1This circle is non-contractible at asymptotic infinity but can shrink smoothly in the bulk.
2In gravitational path integral, there will be an extra complication due to the fact that we cannot fix the

location of the “ stretched horizon” where we removed the small cap. However we expect this construction
remains valid provided that we sum over the location of the shrinkable boundary.
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Figure 1. The left figure shows the cigar geometry which is the saddle point that contributes the
area term in the generalized entropy. On the right we have removed a cap at the tip of the cigar
and inserted a shrinkable boundary condition e.

Figure 2. In this figure we have flattened out the cigar geometry into a disk. On the right figure,
we can view the lower half of the annulus as a path integral preparation of a factorized state with a
shrinkable boundary condition at the entangling surface. Quantizing Z(β) with respect to the time
variable around the origin shows that it can be viewed as the trace of a reduced density matrix on V .

If we could identify

Z(β = 2πn) = trV ρnV , (1.5)

then the generalized entropy (1.2) would give the replica trick entanglement entropy of the
subregion V . Since string theory provides the UV completion of the bulk gravity theory in
AdS/CFT, this suggest that the generalized entropy can be viewed as entanglement entropy
of closed strings making up the spacetime. A worldsheet version of this proposal was first
discussed by Susskind and Uglum [12]. As shown in figure 3, from the worldsheet point
of view, the quantization with respect to the modular time and the shrinkable boundary
condition is equivalent to a form of open-closed string duality.

In [13], an explicit realization of these ideas was first obtained in two dimensional Yang
Mills and its string theory dual, using the framework of extended topological quantum field
theory (TQFT).3 Extended TQFT is a categorical reformulation of the path integral as
a cobordism theory constrained by sewing relations. In [13], the shrinkable boundary
condition was interpreted as an additional sewing relation called the “entanglement brane
axiom”. In that theory, the shrinkable boundary condition is local and provides a constraint
on the consistent factorization of the Hilbert space which requires the presence of edge
modes localized to the entangling surface. It was shown that the analogue of generalized
entropy can indeed be interpreted as entanglement entropy of a subregion, and has a
dominant edge mode contribution which plays the role of the area term. In the string
theory dual, these edge modes correspond to a large N number of entanglement branes.4

3TQFT’s have finite dimensional Hilbert spaces, where as area dependent QFT’s such as 2D Yang Mills
have infinite dimensional Hilbert spaces. Nevertheless, they obey very similar sewing rules so we will use
extended TQFT to refer to both types of theories in this paper.

4Interestingly, the entanglement brane axiom requires the number of branes in that theory to be related
to the closed string coupling as [13, 14]: N = 1

gs
. This is a direct example of how the entanglement

brane axiom relates parameters of the low energy theory, i.e. the closed string coupling gs, to high energy
microstates given by the entanglement branes.
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Figure 3. Susskind and Uglum considered the generalized entropy of perturbative closed strings
in flat space, viewed as a limit of the cigar geometry. Using off shell arguments, they computed
generalized entropy by inserting a conical singularity in the background, corresponding to the tip
of the cigar geometry. In perturbative string theory, the area term comes from the sphere diagram
which intersects the conical singularity. Viewed in the open string channel, this is a one-loop
open string diagram. This interpretation amounts to an open-closed string duality which identifies
Bekensten Hawking entropy as thermal entropy of open strings that end on the conical singularity.
Figure borrowed from ref. [14].

Unfortunately, in gravitational theories, the shrinkable boundary condition is non-
local due to a topological feature of the gravity path integral on the small cap. As explain
in [15], this is because the Gauss Bonnet theorem implies that reproducing the Einstein
Hilbert action inside the cap requires a non trivial holonomy around the shrinkable bound-
ary. This seems to create an additional obstacle to interpreting generalized entropy as a
statistical entropy.

In [16], we addressed these questions in the A model topological string theory using
the extended TQFT framework developed in [13]. We defined an analogue of generalized
entropy for closed strings on the resolved conifold geometry (see left of figure 4) and showed
that it has a canonical Hilbert space interpretation despite the presence of a non-local
shrinkable boundary condition. The analogue of the topological constraint in gravity is
given by the Calabi-Yau condition,5 which we imposed on the replica manifold so that
the topology of the resolved conifold geometry is preserved as β is varied in (1.2). The
resulting boundary state corresponds to a “Calabi-Yau” cap [17, 18], and leads to string
edge modes that obey anyonic statistics and transform under the quantum group U(∞)q.
As in [13, 14], these edge modes correspond a large N number of entanglement branes
which implements the entanglement cut on the closed strings. Using a q-deformed version
of the extended TQFT sewing relations, we determined the factorization of the closed
string Hilbert space and showed that the generalized entropy has a quantum mechanical
description as a q-deformed entanglement entropy:

S = − trq ρ log ρ = − tr(Dρ log ρ). (1.6)

5The A model string theory is well defined on any Kahler manifolds, so the Calabi Yau condition is a
strong restriction. The shrinkable boundary condition we obtained is specific to this sub-category of the
target spaces for the topological string theory.
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Open A model string Closed A model string

A Model  TQFT U(N) Chern Simons theory  
onTarget space theory 

Target space geometry

Deformed Conifold Resolved  Conifold

Geometric transition 

N branes

Figure 4. Gopakumar-Vafa duality relates closed A-model string on the resolved conifold to the
open A-model string on the deformed conifold.

Here D is an operator called the Drinfeld element of U(∞)q, whose insertion makes the
quantum trace trq invariant under the quantum group symmetry. It can also be interpreted
as a defect operator which creates the nontrivial bundle structure of the Calabi-Yau cap.
The analogue of the area term in the generalized entropy is once again given by the edge
mode contribution to the q-deformed entropy. Note that in [15]. the same formula (1.6)
was obtained for the gravitational generalized entropy in JT gravity, with D given by a
defect operator which implements the topological constraint associated to the “Einsten
Hilbert” cap.

In this work we apply Gopakumar-Vafa (GV) duality [19] to the A model topological
string and give a dual calculation of the q-deformed entanglement entropy (1.6) from Chern-
Simons gauge theory6 The GV duality is a topological analogue of AdS/CFT. It is an
open-closed string duality that relates bulk closed strings on the resolved conifold geometry
to open strings on the deformed conifold geometry. This is illustrated in figure 4. Like
AdS/CFT, the GV duality involves a geometric transition in which a large N number of
branes dissolve into fluxes. On the deformed conifold, the branes wrap the Lagrangian
submanifold S3 at the tip and are replaced by flux passing through an S2 on the resolved
conifold across the geometric transition.

The role of the boundary CFT is played by the large-N limit of U(N) Chern-Simons
(CS) theory. It is the worldvolume theory of the branes wrapping S3 on the deformed
conifold. Remarkably, this is also the exact string field theory for open strings on the
deformed conifold [22]. The gauge coupling gcs = 2π

k+N and ‘t Hooft paramater igcsN of
6Reference [20] also studied entanglement entropy in topological string theory using the dual Chern

Simons gauge theory. The idea of using the factorization map in Chern Simons theory to probe the entan-
glement structure in topological string theory via Gopakumar Vafa duality was originally suggested in [21].
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the CS theory are related to the closed string coupling gs and the Kahler modulus t of the
resolved conifold by

gs = gcs = 2π
k +N

t = igsN (1.7)

Using the string field theory description, we can obtain the exact shrinkable boundary
condition, edge modes, and entanglement entropy on both sides of the duality.

As in AdS/CFT [23, 24], there is a local mapping between Wilson loops in the dual
Chern-Simons gauge theory and worldsheets in the bulk closed string theory [25, 26]. This
is illustrated in figure 20, 21. The entanglement cut of the closed string worldsheets is
therefore mapped to the entanglement cut of the Wilson loops. We will reproduce the q-
deformed entanglement entropy of the bulk closed string theory via a canonical calculation
of the “defect entropy” [27–29] associated to Wilson loops. The defect entropy is obtained
from the undeformed entanglement entropy by subtracting the entanglement entropy of the
vacuum, thus capturing the entanglement due to the Wilson loops alone. An analogous
relation between the defect entropy of Wilson loops in the boundary gauge theory and
bulk entropy of probe string worldsheets also holds in AdS/CFT [29]. However, our gauge
theory calculation computes the entanglement entropy of a large superposition of Wilson
loops. These are dual to the worldsheets that determine the resolved conifold partition
function, so our calculation captures the entropy that makes up the spacetime itself.

One important issue we will address using the GV duality is the nature of the entan-
glement branes, which were defined previously using the categorical language of extended
TQFT. While this provides a precise mathematical definition of a brane, its relation
to the usual worldsheet definition as boundary conditions for the string sigma model is
rather obscure. Here we will show that the GV duality maps the entanglement branes
to a configuration of D branes, which corresponds to Lagrangian boundary conditions for
the topological string. In the string field theory description, the dual brane configuration
correspond to the CFT edge modes of the U(N) Chern-Simons theory. The shrinkable
boundary condition is local in the Chern-Simons theory, and the quantum group edge
mode symmetry is replaced by the large N Kac-Moody symmetry of the WZW model edge
modes. This is a manifestation of the fact that quantum groups arise as a hidden symmetry
in conformal field theories [30–32].

As shown in figure 3, the shrinkable boundary condition on the worldsheet implies a
type of open-closed string duality. This was manifest in the canonical calculation of gener-
alized entropy in [16], in which a trace over the open string Hilbert space (i.e. r.h.s. of (1.4))
reproduces closed string amplitudes that determine the generalized entropy. However the
worldsheet mechanism behind this open-closed duality was not explained. In this work
we will find strong evidence that the open-closed duality responsible for the shrinkable
boundary condition and the entanglement brane edge modes is related to the GV duality
itself. Remarkably the worldsheet mechanism behind GV duality is well understood and
can be interpreted as a phase transition on the worldsheet corresponding to the condensa-
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tion of vortices that represent the D branes [33]. Our work seems to suggest that a similar
worldsheet mechanism might be responsible for the emergence of entanglement branes.

Our paper is organized as follows. In section 2, we give an extended review of rele-
vant results in our previous work on the generalized entropy of the A model closed string
theory. In particular we will review our construction of the closed string Hartle-Hawking
state on the resolved conifold using the topological vertex formalism [34]. We explain the
construction of the string edge modes and the Drinfeld element, paying particular attention
to the large N limit and regularization which is needed to define the shrinkable boundary
condition. In section 3, we will give the dual Chern-Simons gauge theory calculation of the
bulk generalized entropy, starting with a dual replica trick calculation. The dual Hartle-
Hawking state is given by a state on a torus containing a superposition of Wilson loops.
We explain the large N limit which maps the entanglement edge modes of this state to
the entanglement branes in string theory. In section 4, we will explain the duality between
Wilson loops in Chern-Simons theory and worldsheets in topological string theory. More-
over we will re-visit our discussion of Chern-Simons edge modes of the Hartle-Hawking
state from the point of view of worldsheets on the deformed conifold. We show that these
edge mode correspond to a configuration of D branes that include dynamical branes on
wrapping 3-spheres in the deformed geometry. We will explain the precise sense in which
GV duality relates these branes to the entanglement branes on the resolved conifold.

2 Review of part 1

2.1 Generalized entropy for A model closed strings

A model closed strings on the resolved conifold. The topological A model closed
string theory is defined on target spaces which are six real dimensional Kahler mani-
folds [35]. The perturbative string amplitudes can in principle be computed to all orders in
the genus expansion and depend only on the Kahler modulus of the target space [22, 34, 36–
41]. The simplicity of this string theory is due to the localization of the worldsheet path inte-
gral to holomorphic instantons which wrap minimal-volume two cycles on the target space.

In our previous work we considered the A model closed string theory on the resolved
conifold geometry. As depicted in the right of figure 4, this geometry is obtained from a
resolution of a cone over a S2 × S3 base. The only minimal volume two-cycle is the S2 at
the tip whose (complexified) area determines the Kahler modulus, and the closed string
instantons are arbitrary coverings of this sphere with winding number n > 0. The exact
resolved conifold partition function is given by7

Zres = exp
( ∞∑
n=1

1
n(2 sin(ngs2 ))2 e

−nt
)

=
∑
R

(dq(R))2e−tl(R). (2.1)

7The free energy can also get contributions from constant maps, which are finite polynomials in t. For
non-compact Calabi-Yau manifolds, they are ambiguous and not well-defined, and we naturally set them
to zero [34].

– 6 –
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The first formula comes directly from the exponentiation of the free energy, corresponding
to a sum over all connected string diagrams. e−nt is the exponential of the worldsheet
action for instantons wrapping the S2 n times, and the worldsheet genus has already been
summed over [19, 22, 34, 37–39, 42, 43]. The second formula can be obtained from the
gluing of topological vertices [34], which are basic building blocks for A model amplitudes
that satisfy gluing rules reminiscent of a cubic field theory in spacetime.

For the purposes of studying entanglement and edge modes, it will prove convenient to
work with the second formula. Here R labels Young tableaux with an arbitrary number of
boxes denoted by l(R). The quantity dq(R) is the quantum dimensions of the symmetric
group representation R. In term of the Young diagram, dq(R) is given by

dq(R) =
∏
�∈R

i

qh(�)/2 − q−h(�)/2 =
∏
�∈R

1
2 sin

(
h(�)gs

2

) , (2.2)

with h(�) being the hook length.

Generalized entropy in topological string theory. We would like to define an ana-
logue of generalized entropy for the A model by replicating the partiton function Zres.
The analogue of the cigar geometry is given by the minimal volume two-sphere where the
string worldsheets wrap. We will define the replica manifold by making an opening angle
of β = 2πn around two antipodal points as shown in figure 6.

In defining the replica manifold, it is important to note that global geometry of the
resolved conifold is not a that of a direct product with a S2 factor. Instead it is a nontrivial
rank 2 bundle over the sphere:

O(−1)⊕O(−1)→ S2 (2.3)

HereO(−1) denotes the complex line bundle over the sphere with chern class −1. Moreover,
the resolved conifold is a Calabi Yau manifold. For rank 2 bundles of the form

O(k1)⊕O(k2)→ S (2.4)

over a Riemann surface S, the Calabi Yau condition translates into the relation

k1 + k2 = −χ(S) (2.5)

between the Chern classes and the Euler characteristics of S.
Since the bundle structure over the minimal S2 is nontrivial, we need to specify what

happens to the fiber directions when we replicate around the two antipodal points. As
discussed in [16], a naive cyclic gluing of the resolved conifold replicas would lead to a
vector bundle of the form

O(−n)⊕O(−n)→ S2 (2.6)

While there is nothing apriori incorrect about this replica manifold, it does not provide
a good candidate for the definition of generalized entropy [8]. This is because it violates

– 7 –
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the Calabi-Yau (CY) condition and changes the topology of the resolved conifold. This
implies that when analytically continuing to non-integer n, the replica partition function
no longer has a geometric interpretation in terms of a target space where string worldsheets
can propagate, since we can not define a bundle with non-integer Chern classes.8

However, if we impose the CY condition (2.5) as a topological constraint on the replica
manifold, we obtain a replica partition function which does have a geometric interpretation
at all values of n, even when it is non integer. This is because the Euler characteristic of the
base sphere is invariant under replication, so the CY condition forces the bundle structure
to stay fixed as well. This implies that the only effect of the replication is to rescale the
area t of the sphere.9 Since the A model is only sensitive to the Kahler modulus given by
this area, the replica partition function is simply given by rescaling t:

Z(n)res =
∑
R

(dq(R))2e−ntl(R). (2.7)

From this we can obtain the generalized entropy on the resolved conifold geometry by
applying eq. (1.2)

Sgen = (1− n∂n)n=1 logZres(n)

=
∑
R

p(R)(− ln p(R) + 2 ln dq(R)), p(R) = (dq(R))2e−tl(R)

Zres
. (2.8)

This formula has exactly the same structure as the entanglement entropy of two dimensional
non abelian gauge theory, with R playing the role of a representation label, dq(R) the
associated dimension, and p(R) a probablity factor. As in 2DYM, the

∑
R 2p(R) log dq(R)

term plays the role of the area term. The factor of 2 counts the number of putative
entangling surfaces given by branch points of the replica manifold.

2.2 The closed string Hilbert space, a model TQFT, and the Hartle-Hawking
state

As noted in the introduction, the A model string theory has an exactly solvable string
field theory, so we can apply the usual formulation of entanglement entropy in terms of
a second quantized theory of strings. For target space geometries which take the form
of vector bundles like (2.4), the string field theory is given by a topological quantum field
theory, which we will simply refer to as the A model TQFT [17, 18]. We will use the TQFT
formalism to define the closed string Hilbert space.

8Another reason for imposing the CY condition comes from mirror symmetry [44, 45]. In contrast to
the A-model, the B-model is only well defined on Calabi-Yau manifolds. In order for the replica trick
to commute with mirror symmetry, the replica manifold must preserve the Calabi Yau condition. More
comments related to the B-model are in the discussion section.

9Note that the area t is complex and includes the B field flux, so we are replicating the flux as well.
Also, when we increase the number of entangling points or consider other Riemann surfaces S, the Euler
characteristic of the base manifold will no longer be invariant under replication. Nevertheless we can
consistently impose the condition (2.5) even though the geometric interpretation at non integer n is obscured
or may not exist.

– 8 –
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The A model TQFT is a map10 that assigns multi-string amplitudes to basic building
blocks of spacetime that are represented as 2-cobordisms with line bundles. These are
target spaces of the form (2.4) in which the Riemann surface S is viewed as Euclidean
evolution from initial and final boundaries. We represent such a cobordism by a decorated
two-dimensional diagram (evolution from top to bottom)

(k1, k2) ,

(k1, k2)

, . . . (2.9)

In order to cut up the closed string amplitudes into these basic building blocks, we have
to insert brane/anti branes at the in/out boundaries where the worldsheets can end. The
gluing of these cobordisms should then be viewed as the annihilation of these branes and
anti branes.

The D branes of the A model wrap three dimensional Lagrangian submanifolds. Each
diagram in eq. (2.9) represent open string amplitudes consisting of worldsheets that end
on these Lagrangians, which intersect S along its boundary circles. The coupling of the
worldsheet to the branes is given by multi-trace factors∏

i=1
tr(U i)ki , kj > 0,

U ∈ U(N) (2.10)

where U = P exp
∮
A is the holonomy on the brane, and kj labels the number of strings

the wind j times.11

In the large N limit, we identify the multi-trace factors (2.10) with the winding basis
of wavefunctions

〈U |~k〉 =
∏
i=1

tr(U i)ki (2.11)

that span a closed string Hilbert space Hclosed assigned to each boundary of S, with U

playing the role of a configuration space variable. The Hilbert space is thus identified with
class functions on U(∞). Note that when the holonomy U is pulled back to the worldsheet,
the wavefunctions (2.10) are functionals of the string loops that make up the worldsheet
boundary.

We will also make use of the representation basis, related to (2.10) by the Frobenius
relation

〈U |R〉 = trR(U) =
∑
~k⊂Sn

χR(~k)
z~k

〈U |~k〉 , (2.12)

10The precise statement is that it is a functor from the category of 2-cobordisms with line bundles to the
category of vector spaces.

11kj > 0 reflects the fact that the A model is a chiral theory so the strings wind in a single direction, and
around the boundary circles of S.
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where R is a representation of U(∞) associated with Young diagram of n boxes, and χR(~k)
is the symmetric group character for ~k, viewed as a conjugacy class in Sn. In the large N
limit we can include states with an arbitrary number of boxes n.

Formally the A model TQFT assigns a tensor product of Hclosed to the disjoint union
of in or out circles, and linear maps to cobordisms that join these circles. The gluing of
the cobordisms corresponds to the composition of linear maps, and is implemented by the
haar integral on the closed string Hilbert space:∫

dU trR(U) trR′(U−1) = δRR′ (2.13)

Hartle-Hawking state. Since our replica trick preserves the Calabi-Yau condition, we
can also consistently restrict to this subset of vector bundles satisfying (2.5). The resulting
TQFT forms a Frobenius Algebra [16–18], and is generated by four basic cobordisms.

(0,-1) ,
(-1,0)

,

(0,1)

,

(1,0)

(2.14)

The resolved conifold is given by the overlap

Z =
(0,-1)

(-1,0)
=
∑
R

(dq(R))2e−tl(R). (2.15)

We define the Hartle-Hawking state to be the string amplitude on “half” of the resolved
conifold geometry:

|HH(t)〉 = (0,-1) =
∑
R

(−i)l(R)dq(R)qκR/4e−tl(R) |R〉

κR = C2(R)−Nl(R) (2.16)

where C2(R) is the eigenvalue of the quadratic Casimir operator in the representation R.
The other half of the resolve conifold geometry is given by the linear functional12

〈HH∗(t)| = (-1,0) =
∑
R

il(R)dq(R)q−κR/4e−tl(R) 〈R| (2.17)

which is the string amplitude in the presence of anti branes on the Lagrangian that
intersect S.

Figure 5 shows the worldsheet instantons for the wavefunction 〈U |HH〉 which end on
branes that extend into the fiber directions as a hyperbola. The topology of the corre-
sponding Lagrangian submanifold is that of a non-compact solid torus C × S1, and the
winding basis (2.11) describe string loops winding around the non contractible S1. The
worldvolume theory on the branes is U(∞) Chern-Simons theory.

12Note that the bra and ket states denote dual basis elements which are not related by a Hermitan inner
product. Instead they are related by an adjoint operation on the string amplitudes which maps branes to
anti-branes [34, 46].
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Figure 5. The left figure shows worldsheet instantons ending on D-branes which cut the minimal
volume S2 of the resolved conifold along the equator. The branes extend into the non compact
fiber directions and wrap a Lagrangian submanifold with the topology C× S1.

2.3 Shrinkable boundary condition and the Calabi Yau cap

Having defined the closed string Hilbert space we can give a closed string channel descrip-
tion of the entanglement boundary state and shrinkable boundary condition. Consider the
partition function on the resolved conifold, viewed as a closed string amplitude between
the entanglement boundary states:

Zres(t) = 〈D∗|e−Hclosed |D〉
Hclosed = tl(R) (2.18)

Here Hclosed is the string field Hamiltonian. As shown in figure 6, this corresponds to a
decomposition of the base manifold into a cylinder and two small caps near the antipodal
branch points associated with the entangling surfaces. To satisfy the CY condition, the
cylinder must have Chern class (0, 0), so the non trivial topology is carried by the two
“Calabi Yau” caps [17, 18]. These caps represent A model amplitudes with branes/anti
branes and define a boundary states we call |D〉 and 〈D∗|. They are simply given by the
states |HH〉 and 〈HH∗| with zero area t = 0, and the corresponding wave functions are

〈U |D〉 =
∑
R

(−i)l(R)dq(R)qκR/4 trR(U)

〈D∗|U〉 =
∑
R

il(R)dq(R)q−κR/4 trR(U−1) (2.19)

As discuss in the introduction, these boundary states determine the shrinkable boundary
condition (see right of figure 6). The amplitudes of these wave functions capture the
degeneracy factors in the partition function, which indicates the presence of q-deformed
string edge modes.
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Figure 6. The closed string channel description of entanglement branes on the resolved conifold
geometry. The total space is a six dimensional Calabi Yau manifold fibered over a sphere. We have
shown only the base manifold and indicated the bundle structure with the Chern class labelling.

To understand this point it is useful to consider the analogous entanglement boundary
state |Ω〉, obtained from the large N limit of U(N) 2DYM on a two dimensional cap [14].
This is a state in Hclosed with wavefunction

〈U |Ω〉 =
∑
R

dimR trR(U)

= δ(U, 1) (2.20)

In the second expression, we observed that the wavefunction for |Ω〉 is a group theory
Fourier transform of a delta function which forces U = 1. The triviality of this holonomy
implies a local shirnkable boundary condition, corresponding to setting the gauge field
component around the entangling surface to zero.

In the large N limit it was shown in [14] that the dimension factor dimR arises in the
open string channel from edge modes transforming in the R representation of U(N), which
were identified with the Chan-Paton factors labelling entanglement branes.

We can apply a similar analysis to the boundary state |D〉, keeping in mind that U
is now interpreted as a worldvolume holonomy on a three dimensional brane embedded
inside a six dimensional Calabi-Yau manifold. The wave function (2.19) again gives a delta
function on the group, but it now sets U to a nontrivial group element

〈U |D〉 =
∑
R

(−i)l(R)dq(R)qκR/4 trR(U)

= δ(U,D) (2.21)

where D is a diagonal U(N) matrix of phases

Dij = δijq
−i+ 1

2 ∈ U(N)
q = eigs (2.22)

where i, j = 1, 2 . . . N . The non-triviality of holonomy D implies that there is no way
to enforce it as a local boundary condition on the worldvolume gauge field. Thus the
shrinkable boundary condition for the A model is non-local, just as in Einstein-Hilbert
gravity.
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If we analytically continue the string coupling gs to give it an imaginary part, we can
identify the overlap 〈R|D〉 as a suitably regularized trace:13

〈R|D〉 = lim
N→∞

trR(D) = (−i)l(R)dq(R)qκR/4 (2.23)

Note that in addition to the degeneracy factor dq(R), this overlap contains phases with
nontrivial information about the fiber bundles structure in the transverse directions.

A similar formula holds for the coupling to the boundary state 〈D∗|,14

〈D∗|R〉 = lim
N→∞

trR(D−1) = (i)l(R)dq(R)q−κR/4 (2.24)

We can thus write

Zres =
∑
R

〈D∗|R〉 e−tl(R) 〈R|D〉

=
∑
R

trR(D) trR(D∗)e−tl(R) =
∑
R

dq(R)2e−tl(R) (2.25)

We see that the degeneracy factor dq(R)2 arises from the coupling of the closed string
states |R〉 to the entanglement boundary state |D〉 [34]. Notice that the phases in (2.23)
have cancelled out to give a real, positive degeneracy factor.

Equation (2.25) suggests that we can obtain a thermal interpretation of Zres if we
associate a degenerate edge mode Hilbert space VR × VR̄ with the superselection label R,
so that

Zres =
∑
R

trR(D) trR̄(D)e−tl(R) =
∑
R

trR×R̄
(
De−Hopen

)
(2.26)

where Hopen is an open string Hamiltonian with the same eigenvalues as Hclosed, and D

should be viewed as a choice of measure on the degenerate open string microstates.15

Notice that this measure is quite nontrivial,16 since tracing over U(N) indices of Dij gives
symmetric group dimensions.

lim
N→∞

trR⊗R̄(D) = dq(R)2 (2.27)

As we explain below, D is the Drinfeld element of a quantum group and should be absorbed
into the trace to define the quantum trace. This is a modification of the trace which makes
it invariant under the adjoint action of the quantum group symmetry on the open string
microstates.

13Notice that the trace in representation R actually means trR(ρ(D)), where ρ(D) is the representation
matrix of element D in representation R, and the matrix D in (2.22) can be viewed as the representation
matrix in the fundamental representation. Below, we will just use this abuse of notation and write trR(D)
for simplicity.

14The fact that this happens to be the complex conjugate of 〈R|D〉 is an accidental feature of the state
when t is real. We emphasize once again that we are not applying a Hermitian adjoint to obtain 〈D∗| from
|D〉, but are instead using the branes to anti brane mapping defined in [34, 46].

15We thank Laurent Freidel for suggesting this interpretation.
16It is also a complex measure, as indicated in equation (2.23).
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2.4 Factorization and the q-deformed entanglement entropy

In this section we identify the open string microstates whose thermal partition function is
given by Zres and provide the statistical interpretation for its generalized entropy. More
precisely we determine a factorization map

e

e : Hclosed → Hopen ⊗Hopen (2.28)

from the closed string Hilbert space into an extended Hilbert space of open strings. We
apply the factorization map to the Hartle-Hawking state and obtain its reduced density
matrix

ρ = e−Hopen (2.29)

by doing a quantum partial trace over half of the closed string. The corresponding q-
deformed entanglement entropy

S = − tr(Dρ log ρ) (2.30)

agrees with the generalized entropy (2.8) and provides the statistical interpretation we were
after.

Factorization as an extension of the TQFT. In terms of elementary cobordisms,
equation (2.28) is the composition of two elementary factorization maps

e
,

e
(2.31)

which describe the extension of the closed TQFT into an open-closed TQFT that includes
cobordisms with corners. These corners are the boundaries of the initial and final slice and
carry labels which specify objects in the category of D branes. The extended TQFT assigns
an open string Hilbert space to such labelled intervals and linear maps to cobordisms that
connect them. These cobordisms satisfy sewing relations which provide local constraints
on the factorization maps.

In our setup, corners correspond to entanglement branes that represent string edge
modes satisfying the shrinkability condition. Denoting these branes by the label e, the
shrinkablitiy condition is formulated as the sewing relation

(0,-1) =

e

, (2.32)

called the entanglement brane axiom [13].
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When combined with the sewing relations of the open-closed TQFT, it can be shown
that the entanglement brane axiom implies all holes labelled by e can be closed.

e
= , e = ,

(0,-1)

(-1,0)
= e

e

, · · ·

(2.33)
The first two relation implies that the factorization maps do not change the state. The third
is the cobordism description of eq. (2.26) which identifies the resolved conifold partition
function as a thermal partition function.

In fact, this partition function is precisely the categorical trace of the un-normalized
reduced density matrix for the Hartle-Hawking state (2.16), obtained by tracing out half
of the closed string. To see how this works in the cobordism language, we first factorize
|HH〉 using (2.39):

|HH〉 →

(0,-1)

= =

〈HH∗| →

(-1,0)

= = (2.34)

ρ̃ = |HH〉 〈HH∗| =

(-1,0)

(0,-1)

→ . (2.35)

The corresponding reduced density matrix is given by the categorical partial trace

ρ̃A = trB ρ̃ = = = e−Hopen . (2.36)

This partial trace operation is defined by the half annulli which turns input into output
intervals and glues them together. Such a trace operation can be defined abstractly from
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the cobordism theory; we will see that for the A model, it coincides with the quantum
partial trace. In a purely topological theory where the Hamiltonian is strictly zero, the
resulting strip in (3.61) is a trivial evolution operator which is equal to the identity operator.
However, the A model has a non-trivial Hamiltonian due to its dependence on the Kahler
modulus of the target space, so the strip is an open string propagator which that depends
on the complexified area and modular energies.

Applying the categorical partial trace on the remaining subregion A gives the quantum
trace of the reduced denstiy matrix.

trq,A(ρ̃A) =
(0,-1)

(-1,0)
= e

e

, (2.37)

where we have applied the entanglement brane axiom in the last line.

The open string Hilbert space and the factorization map. In [16], we defined
the open string Hilbert space Hopen in terms of a noncommutative algebra of functions
on the quantum group U(∞)q. This Hilbert space is spanned by a basis of open string
wavefunctions given by representation matrix elements of U(∞)q:

Hopen = lim
N→∞

span{Rij(U) = 〈U |Rij〉 , U ∈ U(N)q, i, j = 1, · · · dimR}

= ⊗RVR ⊗ VR̄ (2.38)

The matrix indices of Rij correspond to edge mode degrees of freedom which transform
under the quantum group as a representation space VR⊗VR̄. Given this definition of Hopen,
the embedding (2.28) of the closed string Hilbert space into the extended Hilbert space of
open strings is given by

e

e : |R〉 →
∑
ijk

(D−1)Rij |Rjk〉 |Rki〉 (2.39)

We showed previously that this satisfies the entanglement brane axiom. Here DR is the
quantum group representation of the Drinfeld element D, which we will explain below.

We can understand the mapping (2.39) intuitively as follows. Figure 7 shows the
closed string loops in the Lagrangian submanifold L where the closed string states are
defined as a function of the worldvolume holonomy U . To cut the closed string loops
into open strings, we introduce a large N number of entanglement branes which intersect
L as shown along two open disks. This introduces new sectors of open strings inside
complementary subregions of L that end on the entanglement branes. We denote these
open strings configurations by

XA
ij , X

Ā
ij , i, j = 1, . . . N � 1 (2.40)
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Figure 7. On the left, we show a closed string loop X(σ) inside the non- compact Lagrangian
manifold L = C× S1 where we put probe D branes. On the right L is split into subregions by the
entanglement branes on L′. The factorization map embeds the closed string X(σ) into open string
configuration XA

ij (σ), XB
ij (σ) which are glued together along the entanglement branes.

where i, j labels the branes and define corresponding Wilson lines

UAij = P

(
exp

∮
XA∗
ij A

)
U Āij = P

(
exp

∮
XĀ∗
ij A

)
(2.41)

The factorization of the closed string states would naively follow by splitting the configu-
ration space holonmoy U into the subregion Wilson lines

U = UAU Ā (2.42)

This would give the factorization map

trR(U)→ trR(UAU Ā) =
∑
ij

R(UA)ijR(U Ā)ji

|R〉 →
∑
ij

|Rij〉 |Rji〉 (2.43)

where Rij(UA) is a representation matrix element, viewed as a wavefunction in a subregion
Hilbert space. This factorization map preserves a diagonal part of the U(N)×U(N) edge
mode symmetry which acts on the subregion wavefunctions by conjugation

UA → gUAg−1

U Ā → gU Āg−1 (2.44)

Unfortunately, this fails to satisfy the entanglement brane axiom for the A model. This is
because the factorization map gives a reduced density matrix in the R sector of the form

ρR =
∑
i,j

|Rij〉 〈Rij| (2.45)

which has a (dimR)2 degeneracy due to the U(N) edge mode symmetry. We can view
this as a choice of measure on the edge mode Hilbert space which is compatible with the
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degeneracy factors of 2DYM (2.20), but incompatible with the q-deformed symmetric group
dimensions (2.23) of the A model.

The symmetry viewpoint naturally suggests a modification of (2.43), which does give
the correct factorization. The presence of the q-deformed dimension factors implies that the
edge mode symmetry is also q-deformed. Thus we should treat the holonomies U, UA, U Ā

as elements of the quantum group U(N)q. The trace function which is invariant under the
adjoint action of the quantum group is given by the quantum trace:

trq,R(U) = trR(uU)

u = δijq
−i+(N+1)/2 (2.46)

where u is the Drinfeld element of U(N)q. This is an object defined purely from quantum
group data and reproduces the quantum dimension of a U(N)q rep:

trq,R(1) = trR(u) = dimq(R) (2.47)

This defines a q-deformed measure on the edge mode Hilbert space. To get the precise
edge mode measure for the A model partition function we need to define a large N limit
of u which captures symmetry group quantum dimensions and the phases in (2.23).

The most important formula of this paper. The key to finding this limit is to
observe that the shrinkable holonomy D is a renormalized version of the U(N)q Drinfeld
element. According to equation (2.21), it gives the correct edge mode measure for the A
model provided we use a suitable regularization of the trace as N →∞. Explicitly we have

D = q−N/2u

lim
N→∞

trR(D) = (−i)l(R)dq(R)qκR/4 (2.48)

Moreover, the proportionality of D and u implies that the quantum trace defined with D
or D−1 is also invariant under the conjugation action of the quantum group U(∞)q.

Equation (2.48) can also be interpreted as a particular large N limit (3.20) of the
U(N) quantum dimension dimq R, which was previously applied to derive the topological
vertex from Chern-Simons link invariants [34, 36]. In section 3, we discuss this limit from
the point of view of the Chern-Simons dual, and in section 4 we give a string theory
interpretation in terms of the geometric transition. The upshot is that equation (2.48) is
a form of open-closed string duality that intimately related to GV duality itself.

The above discussion suggests the correct factorization map can be obtained by pro-
moting the closed string wavefunctions to quantum characters [16, 47]

trR(U)→ trR(DU) (2.49)

and then applying the splitting U = UAU Ā

trR(DU)→ trR(DUAU Ā) =
∑
ijk

DR
ijRjk(UA)Rki(U Ā). (2.50)
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The open string wavefunctions Rjk(UA) now transform under a the U(∞)q version of the
edge mode symmetry (2.44). It was shown in [16] that this factorization map satisfies
the entanglement brane axiom and sewing relations of a properly q-deformed extended
TQFT. By applying this factorization map to the Hartle-Hawking state, we can compute
the reduced density matrix on the open string Hilbert space and compute its entanglement
entropy. In the corbodism computation, the partial trace operations on each subregion as
defined by the half annulus diagrams are automatically quantum traces which preserve the
edge mode symmetry. As a result the entanglement entropy is q-deformed [48, 49]:

S = − trq(ρ log ρ) = − tr(Dρ log ρ) (2.51)

An explicit computation shows that the q-deformed entropy matches precisely with the gen-
eralized entropy (2.8), with the leading “area term” arising from the entropy of edge modes.

2.5 Quantum group symmetry, defect operator and non-local boundary
conditions

Since the quantum group U(N)q is the symmetry of anyons, its presence implies that the
string edge modes are anyons with nontrivial braiding. This can be understood via the
large N duality with Chern-Simons gauge theory, since the string worldsheets are mapped
to Wilson lines representing worldlines of anyons. We will present this mapping in section 4.

Here we give an heuristic explanation in the bulk closed string theory for why quantum
group symmetry emerges from the non local shrinkable boundary condition. We noted
earlier that the boundary state |D〉 defined by the Calabi Yau cap produces the shrinkable
boundary condition which sets the worldvolume holonomy to U = D along the stretched
entangling surface.

We could define a new holonomy basis

|U〉 → |U〉′ =
∑
R

trR(DU) |R〉 (2.52)

so that

|D〉 = |U = 1〉′ (2.53)

In terms of this new holonomy variable for the configuration space, it would seem that
the boundary condition is local as in the 2DYM example. However the new wavefunction
trR(DU) is no longer invariant under

U → gUg−1, g ∈ U(N) (2.54)

because D is not in the center of U(N) so it doesn’t commute with a general group element
g. However, the new wavefunction trR(DU) is invariant under the adjoint action of quantum
group elements g ∈ U(N)q. Thus by insisting on quantizing in the open string channel with
a local boundary condition, we see the emergence of a q-deformed edge mode symmetry!
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Factorization of the HH state We now apply our factorization map to the Hartle-

Hawking state and its dual at t = 0:

|HHi !

(0,-1)

= = =
X

R,i,j,k

(�i)l(R)dq(R)qR/4(D�1)Rij |Riki |Rkji ,

hHH⇤| !

(-1,0)

= = : |Riji |R0kli ! (i)l(R)�RR0
DR

jk�il

dq(R)qR/4
.

(5.65)

Using this factorization map the A-model partition function on the resolved conifold can

be given a canonical open string interpretation:

Z = hHH⇤|HHi ! = trq(e
�tHopen),

=
X

R

(dq(R))2e�tl(R) =

(0,-1)

(-1,0)

. (5.66)

where we have defined the open string modular Hamiltonian

Hopen |Riji = l(R) |Riji . (5.67)

Even though we have drawn the same diagram as in the t = 0 case, we have included an

open string propagator e�tHopen which introduces an explicit t dependence. Equation (5.66)

gives an explicit realization of the Susskind-Uglum proposal to interpret the closed string

amplitude as a trace over an open strings which end on the entangling surface.

Compatibility of open and closed string pairings The closed pairing (4.20) defines

the adjoint operation in our closed string TQFT which maps the Hartle-Hawking state to

its dual. Having defined an extension to the open TQFT with an adjoint operation given by

the open pairing (5.54), we should check that these two adjoint operations are compatible.

This is a consequence of the E-brane axiom together with the right diagrams in (5.61) (5.62),

which states that zipper/cozipper respects the multiplication/comultiplication. Explicitly, we
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Figure 8. On the left,the blue disk corresponds to a (0, 0) cap with trivial bundle structure. To
obtain the Calabi Yau cap, a defect operator is inserted to implement the nontrivial topology.
In the first equality, we have integrated over the cap to obtain a non local shrinkable boundary
condition U = D. An equivalent A model amplitude on the disk can be obtained by moving the
defect operator outside the hole and putting a local boundary condition on its boundary.

Defect operator and the Calabi Yau cap. As noted earlier, the Drinfeld element
D also has an interpretation as a defect operator which is associated with the nontrivial
topology of the Calabi Yau cap. Naively, the operator associated with the boundary state
|D〉 for this cap is just the identity. However as in the discussion above, if we compare the
Calabi Yau cap with (0,−1) Chern classes to a trivial cap with (0, 0) Chern classes, we find
that the difference can by accounted for by the insertion of a defect operator (see figure 8).
This operator creates poles in the local sections of the bundles which leads to a nontrivial
Chern class, and was shown to be equivalent to insertions of the Drinfeld element of the
quantum group in the trace over the open string Hilbert space [16]. We thus have the
equivalences

Defect operator↔ Non-local shrinkable boundary condition↔ Quantum group symmetry
(2.55)

3 Chern-Simons dual of the Hartle-Hawking state and the entanglement
entropy

In the previous section, we defined a factorization of the closed string Hilbert space Hclosed
in terms of an extension of the A-model closed TQFT. We formulated the closed TQFT in
terms of the representation category of quantum groups, and derived an extension compat-
ible with the quantum group symmetry as well as the E-brane axiom. This naturally led to
a q-deformed notion of entanglement entropy consistent with the presence of edge modes
transforming under the quantum group U(∞)q. In this section, we provide additional evi-
dence supporting this definition of closed string entanglement entropy by appealing to the
dual Chern-Simons theory.

As shown in figure 4, the dual Chern-Simons description can be obtained by first
applying a geometric transition which maps closed strings on the resolved conifold to open
strings on the deformed conifold T ∗S3, with a large N number of branes wrapping S3 [19].
The string field theory for these open strings is then given by U(N) Chern-Simons theory
on S3. The equivalence between Chern-Simons theory on S3 and open topological string
theory on T ∗S3 holds even at finite N and can be understood as follows [22]. The A model
open string theory contains only zero mode degrees of freedom and localizes to holomorphic
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instantons that must wrap a minimal volume two dimensional manifold with boundaries
ending on S3. In the deformed conifold geometry, the only such minimal volume manifolds
are points on S3. These point-like worldsheets are degenerate instantons and act like
particles charged under U(N). We thus expect that this theory should be a topological
field theory on the S3, which can be shown to be Chern-Simons gauge theory. From the
point of view of the original closed string theory on the resolved conifold, the Chern-Simons
gauge theory can be thought of as living on the S3 at infinity [25, 26, 50]. This is reminiscent
of AdS/CFT.

The relation between Chern-Simons theory and the gravitational dual closed string the-
ory extends to more general geometries with multiple S2 resolutions and to backgrounds
with branes wrapped on Lagrangian manifolds [25, 26]. The duality provides a local map-
ping between branes on the resolved conifold and Wilson loops in Chern-Simons theory.
It is essential for obtaining the gauge theory dual of the Hartle-Hawking state and relates
the entanglement cuts on the two sides.

We will give a full derivation of this duality in section 4. In this section, our immediate
goal is to present the Chern-Simons dual of Hartle-Hawking state (2.16) and compute its
standard and undeformed entanglement entropy using the extended Hilbert space factor-
ization into left and right moving WZW model edge modes [21, 51, 52]. We will find a
precise matching between the vacuum subtracted defect entropy [27–29] in Chern-Simons
theory and the q-deformed entanglement entropy we calculated above in the dual string
theory. We also present a Chern-Simons dual to the replica trick calculation of generalized
entropy [53, 54] and explain the construction of the generating functional for Wilson loops
which plays an essential role in the duality map on the branes.

3.1 Review of Chern-Simons theory

We begin by summarizing some important well-known results from Chern-Simons theory.
More details can be found for example in [30, 55, 56]. Consider Chern-Simons theory with
gauge group G on a manifold M with a boundary Σ = ∂M . The action is given by

SCS,M (A) = ik

4π

∫
M

Tr
(
A ∧ dA+ 2

3A ∧A ∧A
)
, (3.1)

where the integer k is the level determining the central extension of the lie algebra.

The Chern-Simons Hilbert space on a torus. The path integral on M defines a
state in the Hilbert space H(Σ) on Σ. This is given by the wave functional

ΨM (AΣ) = 〈AΣ|Ψ〉 =
∫
A|Σ=AΣ

DAeiS , (3.2)

where AΣ is the boundary value of the gauge field.
In [30], it was shown that H(Σ) is isomorphic to the space of conformal blocks of

a WZW model on Σ with gauge group G. In particular, H(S2) is one dimensional and
H(T 2) is spanned by irreducible representations of the affine Kac-Moody algebra. We will
focus on the torus since the Chern-Simons dual of the Hartle-Hawking state |HH〉 belongs
to H(T 2).
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Figure 9. The state |RCS〉 is defined by the path integral on a solid torus with a Wilson loop
operator inserted.

The basis elements |R〉CS for H(T 2) are obtained by performing the Chern-Simons
path integral on a solid torus D2 × S1 with an insertion of the Wilson loop operator

WR = trR P exp
∮
C
A, (3.3)

where R labels the representation and C is the non-contractible cycle of the solid torus.
This is shown in figure 9. The trivial representation corresponds to the vacuum state
|0〉 ∈ H(T 2) with no Wilson loops inserted.

We can superpose the states |R〉CS. Since no local operator can connect states with
different representation labels, each representation labels a superselection sector corre-
sponding to an anyon of type R.

Chern-Simons partition functions from Heegaard splitting. Now we can consider
partition functions of Chern-Simons theory on a manifold M without a boundary by gluing
the aforementioned building blocks. Consider a Heegaard splitting of M into two manifolds
with boundaries M1 and M2 that are glued together by a nontrivial diffeomorphism f :
∂M1 → ∂M2. Then there is a linear map Uf such that

Z(M) = 〈ΨM2 |Uf |ΨM1〉, (3.4)

where ΨM1 and ΨM2 are states assigned to M1 and M2 via (3.2), and Uf forms a represen-
tation of the diffeomorphisms that define the gluing.

In particular, under the Heegard splitting, S3 is decomposed into two solid tori
T3
i = D2

i × S1
i for i = 1, 2, which are glued together with an S transformation that ex-

changes the A and B cycles. Thus we have

Z(S3) = 〈0|S|0〉 (3.5)

The value of the matrix element (3.5) is fixed by a normalization for the vacuum state |0〉,
which we choose to be

〈0|0〉 = Z(S2 × S1) = 1. (3.6)

Notice that this normalization is equivalent to a choice of path integral measure. This
defines the S matrix element

Z(S3) = S00 (3.7)
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The same Heegard splitting can be applied to compute expectation values of Wilson
loops S3. By gluing the state |R〉CS ∈ H(T 2) to the vacuum state |0〉 ∈ H(T 2) with an S
transformation, we find

〈trR(U)〉S3 = 〈0|S|R〉CS = S0R

= S00 dimq(R) (3.8)

In the second equality we introduced the quantum dimension dimq(R) of U(N). It is the
normalized expectation value of the unknot in S3 and give the effective dimension of the
topological Hilbert space for the anyon labelled by R.

3.2 Generating functional for Wilson loops and the Ω state

Here we define the generating functional for Wilson loop operators in Chern-Simons the-
ory [25], which plays an essential role in the duality between Wilson loops and worldsheets
in topological string theory.

This can be obtained from the Ooguri-Vafa operator [25]

exp
( ∞∑
n=1

1
n

trUn trV n

)
=
∑
R

trR(U) trR(V ) (3.9)

where U = exp(
∮
γ A), and γ is an unknot in S3. This can be derived from integrating

out a massless bi-fundamental field which couples to both the source and dynamical gauge
fields [25]. Treating V as a source, we insert this operator into the path integral to obtain
the generating functional

Z(V ) =
∫
DAeiSCS(A)+

∑
n

1
n

trUn trV n =
∑
R

〈trR(U)〉S3 trR(V ) (3.10)

for Wilson loops in an arbitrary representation R.
It will be useful to view the generating functional (3.10) as a wavefunction for a state

|Ω〉 on the torus Hilbert space, defined by

|Ω〉 =
∑
R

S0R |R〉CS

= S00
∑
R

dimq(R) |R〉CS (3.11)

If we introduce the coherent state basis |V 〉 ∈ H(T 2) with wavefunctionals

〈V |R〉 = trR V, (3.12)

then the wave function of |Ω〉 in this basis can be identified with the generating functional
Z(V )

Z(V ) =
∑
R

S00 dimq(R) trR(V ) = 〈V |Ω〉 (3.13)
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3.3 Hartle-Hawking state in Chern-Simons theory

Consider Chern-Simons theory at level k with gauge group U(N), which corresponds to
the q parameter

q = exp
( 2πi
k +N

)
. (3.14)

For any t ∈ C, define the following state on the torus

|Ω(t)〉 = S00
∑
R

dimq(R)e−
t
2 l(R) |R〉CS , (3.15)

which consists of a superposition of Wilson loops, and reduces to the state |Ω〉 at t = 0.
We claim that the Hartle-Hawking state |HH(t)〉 for string theory on the resolved conifold
is dual to a suitable large N limit of |Ω(t)〉. In the coherent state basis, the wavefunction
for this state is

〈V |Ω(t)〉 = 〈e−t/2V |Ω〉 = S00
∑
R

dimq(R)e−
t
2 l(R) trR(V ) (3.16)

As in the case of t = 0 we can identify this expression as a generating wavefunctional
obtained by a path integral on S3:

〈V |Ω(t)〉 = Z(V, t) :=
∫
DAeiSCS(A)+

∑
n
e−nt/2

n
trUn trV n

=
∑
R

〈trR(U)〉S3 e
−l(R)t/2 trR(V ) (3.17)

where we have applied a generalization of (3.9) by replacing V → e−t/2V . Z(V, t) can
again be obtained from integrating out a massive bi-fundamental field coupling the source
and dynamical gauge fields [25, 34, 36].

To obtain the appropriate large N limit of eq. (3.15), we need to specify the large N
limit of the states |RCS〉. To do this, first define the states |kCS〉 whose wavefunctions are
obtained by inserting Wilson loops in the winding basis (2.11)

〈AT 2 |~kCS〉 =
∫
A|T2=AT2

DAeiS
∞∏
n=1

tr(Un)kn

U = exp
(∮

S1
A

)
(3.18)

|kCS〉 is well defined in the large N limit, and |RCS〉 is defined by it’s relation to |kCS〉 via the
Frobenius relation (2.12) In this limit R is a representation label for U(∞) corresponding
to a Young tableaux.

The large N limit of the amplitudes 〈R|Ω(t)〉 is more subtle. Following [34, 56], we
first take the large N limit while fixing the ’t Hooft coupling t′

N →∞

t′ = 2πiN
k +N

= constant, (3.19)
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which is the same as holding the ratio k
N constant. We then analytically continue t′ to a

real number and then take t′ →∞. In this limit we can expand the quantum dimensions as

dimq(R) = (−i)l(R)dq(R)qNl(R)/2qκ(R)/4 +O(q−l(R)N/2), (3.20)

where dq(R) is defines as in (2.2) with

gs = 2π
k +N

(3.21)

Notice that we needed to analytically continue t′ so that qNl(R)/2 = e
t′
2 l(R) has a

divergent norm t′ →∞; the first term of (3.20) can then be considered large relative to the
rest. Remarkably, we can absorb this divergence into the Boltzman factor e−

t
2 l(R) because

they both have the same exponent dependence on l(R). More precisely, we will apply a
shift to the “coupling” t in the Bolztman factor

e−
t
2 l(R) → e−

t+t′
2 l(R) (3.22)

and identify the leading dependence of dimq(R) on N as

qNl(R)/2 = et
′l(R)/2 (3.23)

The state

|HHCS(t)〉 := lim
t′→∞

lim
N→∞

|Ω(t+t′)〉= lim
t′→∞

lim
N→∞

S00
∑
R

dimq(R)e−
t+t′

2 l(R) |R〉CS (3.24)

is then well defined since the divergent term (3.23) has been cancelled. Note that S00(t′)
diverges as t′ → ∞, but this just gives the usual infinite normalization which arises from
the path integral measure. Using (3.20), we find that the putative Chern-Simons dual of
the Hartle-Hawking state |HH(t)〉 is:

|HHCS(t)〉 = S00
∑
R

(−i)l(R)dq(R)qκ(R)/4e−
t
2 l(R) |RCS〉 (3.25)

In the dual closed string theory on the resolved conifold, the shift t → t + t′ in (3.22) is
performed to correctly parametrize the Kähler cone in the presence of the B-flux on the
S2 on which the worldsheet ends [57]. Notice that the this shift by t′ is equivalent the
introducing the relative factor between the Drinfeld elements D and u:

D = q−N/2u (3.26)

In the large N limit, this choice of D effectively absorbs the divergence in the quantum
dimension as defined by u and assigns a finite dimension to the edge mode Hilbert space
in the R sector.

To see that we have obtained the correct dual to the Hartle-Hawking state, we must
show that the identification

|RCS〉 → |R〉 (3.27)
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preserves locality in some sense. Otherwise equation (3.27) is just a linear map between
basis elements which is rather trivial, since all vector spaces of the same dimensionality
are isomorphic. The preservation of locality is captured most precisely by showing that
local Hilbert space factorization of CS theory is mapped to the factorization in the string
theory. The sharpest expression of the local nature of this mapping between |HH(t)〉 and
|HHCS(t)〉 is obtained by identifying the Wilson loops in CS theory to the boundaries of
worldsheets in the string theory: we will explain this duality in the next section [23–26].
We will also show the preservation of locality by checking that the entanglement entropy
computed with either factorization agrees.

3.4 Matching with the dual partition function and emergence of the bulk
geometry

Consider the density matrix for |HHCS〉. In the following it is important to observe that a
TQFT is not endowed with a canonical choice of a Hermitian inner product. Indeed, the
sesquilinear property of such an inner product is incompatible with the holomorphic na-
ture of the A model. Therefore in the dual Chern-Simons theory, we will define the density
matrix and the partial trace without reference to a Hermitian inner product. While this de-
parts from the conventions of [21, 51, 53, 54], this is consistent with the usual representation
of the reduced density matrix as a Euclidean path integral with a cut along the subregion.
It also agrees with conventions in defining entanglement entropy in non Hermitian systems
where a positive definite Hermitian inner product is not readily available.

We define the density matrix for the Hartle-Hawking state by

ρ = |HHCS〉 〈HH∗CS|

〈HH∗CS| :=
∑
R

(i)l(R)dq(R)q−κR/4e−l(R)(t)/2 〈RCS| (3.28)

where we deonte by 〈RCS| the basis dependent dual of |RCS〉, obtained by doing the path
integral on a torus of opposite orientation with the insertion of the Wilson loop in the
conjugate representation R̄. By definition the dual basis satisfies

〈RCS|R′CS〉 = δRR′ , (3.29)

but note that this makes no reference a Hermitian inner product.17 Instead equation (3.29)
arises from evaluating the Wilson loops expectation values in the S2×S1 geometry obtained
from gluing the two tori with opposite orientation. In particular 〈HH∗CS| is not related to
|HHCS〉 by an anti-linear map.

In the string theory, 〈HH∗CS| corresponds to the linear functional that is related to the
geometric state |HHCS〉 by flipping orientation and mapping branes to anti-branes [34, 46].
In the Chern-Simons theory, we will take 〈HH∗CS| as part of the choice of a density matrix
ρ which determines the expectation value of operators via

〈O〉 = tr(ρO) (3.30)
17The usual Hermitian inner product agrees with (3.29) on a basis. However its sesquilinear property is

not consistent with the holomorphic nature of the A model and its Chern-Simons dual.
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The trace of the density matrix agrees with the A model partition function on the resolved
conifold:

Z = tr(ρ) =
∑
R

(dq(R))2e−tl(R) = Ztop (3.31)

Just like the A model, this is a holomorphic quantity and is not a real norm. It is important
to note that from the point of view of the Chern-Simons theory, the parameters t carry
no geometric interpretation; it merely specifies a particular superposition of Wilson loops.
Remarkably, in the dual closed string theory, a geometry has emerged in which t becomes
the Kahler modulus of the target space. Note that this Kahler modulus is not the one that
arise from applying a geometric transition to branes wrapping S3 in Chern-Simons theory.
Instead it arises from a particular superposition of Wilson loops.

3.5 Entropy from geometrical replica trick in Chern-Simons theory

Here we perform the replica trick calculation of entanglement entropy for the putative
Chern-Simons dual (3.25) to the Hartle-Hawking state and show that they match on the
two sides of the duality. More precisely, we show that the q-deformed entanglement entropy
in the closed string theory coincides with the undeformed defect entropy in Chern-Simons
theory in the large N-limit. The defect entropy is the difference between the entanglement
entropy and the state independent ground state entanglement entropy, and it measures
the entanglement entropy due to cutting the Wilson loops [27–29]. We will sidestep the
question of how to factorize of the Chern-Simons Hilbert space by applying the geometric
replica trick via surgery methods as in [53].

As pointed out earlier, our calculation of the entanglement entropy of a generic state

|ψ〉 =
∑
R

ψ(R) |R〉 (3.32)

differs from [53] in the choice of inner product: since reference [53] uses a Hermitian inner
product which defines an anti-linear adjoint operation, their density will involve complex
conjugation of the amplitudes ψ(R), whereas ours do not.

However apart from determining the coefficients in the density matrix ρ, the choice of
inner product has no bearing on the construction of the replica manifold which computes
the replica partition functions

Z(n) = trA ρnA, (3.33)

since neither the partial trace nor matrix multiplication implicit in the replica trick uses
the inner product. This point was recently emphazised in [58]. As a result, we can borrow
the results of [53] directly. First note that in when computing Z(n) there are no “cross
term” corresponding to replica manifolds with insertions of Wilson loop R and R′ which
are not conjugate to each other.

The reduced density matrix defined by the replica manifold will therefore decompose
into superselection sectors labelled by R. This means we can apply the result of [53] for each

– 27 –



J
H
E
P
1
0
(
2
0
2
1
)
2
0
2

R

A Ā

Figure 10. Separated solid torus with a Wilson loop operator inserted.

state |RCS〉 separately and sum up the results. For each R, we partition the torus in fig-
ure 10 defining |RCS〉 as well as the dual torus corresponding to 〈RCS|. We glue together the
Ā to obtain a reduced density matrix, and then construct the replica manifold by the usual
cyclic gluing. The reference [53] showed that the partition function for the nth replica is

Z(n) = tr ρA(R)n = Z(S3;Ri)1−nZ(S3;Ri)1−n. (3.34)

The normalization factor is

Z(1) = tr ρA(R) = 〈Ri|Ri〉 = Z(S3;Ri)2Z(S3;Ri)2

Z(S3;Ri)2Z(S3;Ri)2 = 1. (3.35)

Using the large N identity

lim
N→∞

Z(S3;R)Z(S3;R) = S2
00dq(R)2, (3.36)

we obtain the replica trick entropy

SR = − ∂

∂n

Zn
Zn1
|n=1 = 2 logS00dq(R). (3.37)

Now we apply the replica trick the putative dual to the Hartle-Hawking state (3.25)

|HHCS(t)〉 = S00
∑
R

(−i)l(R)dq(R)qκ(R)/4e−
t
2 l(R)|RCS〉. (3.38)

As noted earlier, the reduced density matrix

ρA = trA |HHCS(t)〉〈HHCS(t)∗|, (3.39)

breaks into superselection sectors labelled by R, so the replica partition function is just

Zn = trA(ρnA) =
∑
R

(S00dq(R))2−2n
(
S00dq(R)e−

t
2 l(R)

)2n

=
∑
R

S2
00dq(R)2e−ntl(R). (3.40)

It is very interesting to note that the only effect of the replication is the replication of the
complexified area t. This means that from the string theory point of view, the topology
of the target space is not changed, and the Calabi-Yau condition is preserved. This was
precisely the topological constraint we imposed in our definition of generalized entropy on
the resolved conifold [16]. We can thus view our Chern-Simons replica manifold as the in
gauge theory dual to the replica manfiold we constructed for the resolved conifold in [16].
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Given (3.40), we find that
Zn
Zn1

= trA ρnA
(trA ρA)n = S2−2n

00
∑
R

dq(R)2e−ntl(R), (3.41)

where we defined Z ≡
∑
R dq(R)2e−tl(R).. The total entanglement entropy is

Stot = − ∂

∂n

Zn
Zn1
|n=1 =

∑
R

p(R)(− ln p(R) + 2 ln dq(R)) + 2 ln(S00) (3.42)

where p(R) = dq(R)2e−tl(R)

Z

As noted earlier, we will only be interested in the entropy due to cutting the Wilson
loops, since these are dual to the closed string worldsheets. This is captured by the defect
entropy which subtracts the state independent contribution

S0 = 2 ln(S00) (3.43)

which is the analogue of the background extremal entropy in [15, 27–29, 59]. The defect
entropy is therefore

S = Stot − S0 =
∑
R

p(R)(− ln p(R) + 2 ln dqR), (3.44)

which matches with the generalized entropy computed in the closed string theory.

3.6 Factorization and edge modes in the dual Chern-Simons theory

In this section we give the Chern-Simons dual of the factorization map (2.39) and edge
modes for the closed string theory on the resolved conifold. These can be obtained from
a suitable large N limit of the factorization map developed in [21, 51], where an explicit
description of the extended Hilbert space for Chern-Simons theory was given in terms of
CFT edge modes. We will apply this factorization map to the state |Ω(t)〉 and give a
canonical calculation of entanglement entropy which agrees with the results of the previous
section. We find that the quantum group edge mode symmetry of the closed string theory
is described in the dual gauge theory by the large N limit of Kac-Moody symmetry of the
CFT edge modes.

Entanglement cut and the factorization map at finite N. The entanglement cut
which we apply to the state |Ω(t)〉 is shown in figure 11. The surface of the torus is par-
titioned into two disconnected subregions A and Ā,separated by a cylindical region of size
ε. This is a UV regulator which we will send to zero at the end of the calculation. To de-
fine the subregion Hilbert space HA,HĀ, we choose a “shrinkable” entanglement boundary
condition which breaks the topological invariance18 and introduces CFT edge modes along
∂A and ∂Ā [21, 51]. This shrinkable boundary condition is local and corresponds to setting
the component of the gauge field in the angular direction around the entangling surface to
zero. For U(N)k Chern-Simons theory, the edge modes correspond to chiral U(N)k WZW
models at the boundaries of A with opposite chiralities.

18More specifically, the boundary condition introduces a choice of complex structure which defines the
chiral edge modes [54].
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Figure 11. Geometric entanglement entropy in Chern-Simons theory is equivalent to left-right
entanglement entropy in the WZW model. L and R in the diagram represents left and right moving
chiralities for the WZW models.

The subregion Hilbert space can be expressed as

HA = HLWZW ⊗HRWZW

HĀ = HRWZW ⊗HLWZW (3.45)

Due to the Gauss Law constraint, the Chern-Simons Hilbert space H(T 2) on the torus
does not naively factorize into a tensor product of subregion Hilbert spaces. Instead, the
factorization should be viewed as a mapping

H(T 2)→ HA ⊗HĀ (3.46)

that embedds the physical Hilbert space into the extended Hilbert space;19 due to the
holographic nature of Chern-Simons theory, the extended Hilbert space consists entirely of
edge modes. The factorization map on each basis element is given by

|RCS〉 → |R〉〉1|R〉〉2

|R〉〉1 = e
−8πε
l

(L̄0− c
24 )

√
nR

∞∑
N=0

dR(N)∑
j=1
|R,N, j〉L |R,N, j〉R, (3.47)

where 1, 2 labells the two entangling surfaces, and |R〉〉 is a normalized Ishibashi state
that satisfy the Gauss law constraint across the entangling surface. The integers N, j la-
bel descendents, and dR(N) is a degeneracy for each level N . As explained in [21], the
factorization map is implemented by the Euclidean path integral with a “brick wall” regu-
larization. If we flip a ket into a bra in (3.47) using a CPT conjugation,20 the normalized
Ishiabashi state becomes the modular operator which implements the “half modular flow”
from HA to HĀ. Finally the normalization factor

n(R) = χR(e
−8πε
l ) = trR e

−8πε
l

(L̄0− c
24 ) (3.48)

19Equivalently, we can view the physical Hilbert space as a fusion product

H(T 2) = HA ⊗G HĀ

in which we impose quotient relation determined by a quantum gluing condition.
20This is refered to as the state-channel duality.
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is the charactor of the integrable representation R of the Kacs Moody algebra for U(N)
at level k, and l is the length of entangling surface. Observe that the brick wall regu-
lator ε is needed to render the normalization finite, as ε → 0 corresponds to an infinite
temperature limit.

For fixed |RCS〉, the reduced density matrix is obtained by factorizing the density
matrix (3.28) and tracing over Ā. This corresponds to tracing out a chiral half of the
left-right entangled Ishibashi states |R〉〉, which gives the reduced density matrix

ρR = ρR1 ⊗ ρR̄2 , (3.49)

with

ρR1 = 1
n̄R

∑
N1,j1

e
−8πε
l

(L̄0− c
24 ) |R,N1, j1〉L 〈R,N1, j1|L ,

ρR̄2 = 1
nR

∑
N2,j2

e
−8πε
l

(L0− c
24 ) |R,N2, j2〉R 〈R,N2, j2|R (3.50)

Note that edge modes at the two boundaries of a subregion have opposite chiralities, and
combine to form a diagonal CFT. The entanglement Hamiltonian21 is identified with the
non-chiral WZW Hamiltonian:

HA = −8πε
l

(
L0 + L̄0 −

c

12

)
(3.51)

ρA = e−HA

ZA
(3.52)

where ZA = n̄RnR is the partition function of the CFT edge modes.
The entanglement entropy can be obtained directly without appealing to the replica

trick:

S = − tr ρA log ρA = trA(ρAHA) + logZA (3.53)

As ε → 0, the “modular energy term” vanishes and the entropy is identified with the free
energy. For a fixed R sector we have

SR = logZA = logχR
(
e
−8πε
l

)
χR̄

(
e
−8πε
l

)
(3.54)

In the ε → 0 limit, the reduced density becomes maximally mixed, so the entropy is the
logarithm of the number of states in a suitable sense. In fact this interpretation becomes
sharper when we consider only the entropy due to cutting the Wilson loop. This is obtained
by subtracting the vacuum entropy for R = 0, which gives the defect entropy Sdefect(R).
This gives a counting of the degeneracy according to

eSdefect(R)+Sdefect(R̄) =
(

lim
ε→0

trR e−2πεHCFT

trR=0 e−2πεHCFT

)(
lim
ε→0

trR̄ e−2πεH̄CFT

trR̄=0 e
−2πεH̄CFT

)
= dimq(R) dimq(R̄)

(3.55)
21Our entanglement Hamiltonian is slightly different the usual definition of the modular Hamiltonian

since it doesn’t contained the constant term due to ZA in the denominator.
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The ratio of CFT partition functions define the “regularized dimension” of a representations
R/R̄ of the chiral algebra, which is one way to define the quantum dimensions. In practice
the ε→ 0 limit is computed by first applying a modular transformation to χR

χR(e−
8πε
l ) =

∑
R′

SRR′χR(e−
πl

2πε )→ SR0e
πcl
48ε = S00 dimq(R)e

πcl
48ε (3.56)

so from the point of view of the defect entropy, at finite N , we have an effective degeneracy
of dimq(R) dimq(R̄) for each superselection sector labelled by R.

In the section 2, we observed that the quantum dimensions dimq(R) can be viewed as
a choice of measure determined by the Drinfeld element of U(N)q and the corresponding
quantum trace (2.37). Here we see an alternative definition of this measure via the ratio
of CFT partition functions. We will see below that in the large N limit, these correspond
to the two alternative descriptions of the edge modes in the string theory and the Chern-
Simons dual.

By linearity, we can apply the factorization map (3.50) to the state |Ω(t)〉

|Ω(t)〉 = S00
∑
R

dimq(R)e−l(R)t/2|R〉CS (3.57)

which gives
|Ω(t)〉 = S00

∑
R

dimq(R)e−l(R)t/2 |R〉〉1 |R〉〉2. (3.58)

The (normalized) reduced density matrix now consists of a sum over superselection
sectors labelled by R

ρA =
∑
R

P (R)ρR1 ⊗ ρR̄2

P (R) = dimq(R) dimq(R̄)e−tl(R)

Z
(3.59)

This takes the form of a “thermo-mixed double” state [60] in which the two edge modes
CFT’s are classically correlated due to the Wilson loop threading the torus.

This reduced density matrix takes a form which is directly analogous to that of a
nonabelian gauge theory. We can make this manifest by writing the normalized density
matrices ρRi explicitly as a maximally mixed state in the R sector.

ρR1 = e
−8πε
l

(L0− c
24 )

χR(e
−8πε
l

)
→ 1R

dimq RS00e
πcl
48ε

(3.60)

and similarly for ρR̄2 . Then we have

ρA =
∑
R

P (R)
1R⊗R̄

dimq(R) dimq(R̄)|S00e
πcl
48ε |2

(3.61)

so we can identify P (R) as a probability factor for being in the R ⊗ R̄ sector, where the
density matrix is just proportional to the identity. The analogy become exact when we
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subtract off the vacuum entropy which gets rid of the contribution from S00e
πcl
48ε . Written

in this form, we see that the entanglement Hamiltonian should be identified (up to a state
independent constant) with the operator

HA = tl(R) (3.62)

The CFT edge modes Hamiltonian (3.52) merely plays an intermediary role in regularizing
the trace, in order to determine a finite degeneracy factor for fixed R.

We now repeat the edge mode calculation of defect entropy in the large N limit, and
show that it matches with string edge mode calculation involving entanglement branes. In
particular we want to identify the entanglement spectrum and degeneracy on both sides.
In the string theory, the edge mode Hilbert space breaks up into superselection sectors
R ⊗ R̄ labelled by a young tableaux. In the large N limit, each sector has an infinite
number of states with modular eigenvalue tl(R). The degeneracy in each sector is obtained
by applying a regularized trace

trR⊗R̄(D) = trR(D) trR̄(D) = (dq(R))2 (3.63)

where D is related to the Drinfield element u of U(N)q by

Dij = q−N/2uij = δijq
−i+ 1

2 (3.64)

The regularization involves a continuation

q → qeεstring (3.65)

which makes the trace converge. We interpret the trace as a sum over entanglement branes.
In the Chern-Simons dual, we find a similar structure from the large N limit of the

WZW model edge mode CFT [61]. The primary states of the U(N)k WZW model are
labelled by a finite number of integrable representations. However in the large N limit, the
truncation is lifted and we can associate each a chiral/antichiral primary to each Young
Tableaux. The conformal dimensions for these chiral primaries are given by

∆(R) = C2(R)
2(k +N) , (3.66)

where C2(R) is the quadratic Casimir. The large N limit at fixed t′ gives

∆R(t′) = 1
4πil(R)t′ +O

( 1
N

)
. (3.67)

This determines the large N spectrum which defines the WZW model propagator, and the
associated normalized Ishibashi state (3.47). Notice that we had to introduce UV regulator
ε to define this propagator, which regularizes the trace over the CFT edge modes. This is
the CFT analogue of the string theory regulator εstring.

Given these definitions we can factorize each state |RCS〉 as in (3.47) for the finite N
case. Applying this factorization to |HHCS(t)〉 and 〈HHCS(t)∗| and doing the partial trace

– 33 –



J
H
E
P
1
0
(
2
0
2
1
)
2
0
2

gives the reduced density matrix

ρA =
∑
R

p(R)ρR1 ⊗ ρR̄2 , p(R) = dq(R)2e−tl(R)

Z

ρR1 = e
−8πε
l

(L0− c
24 )

χR(e
−8πε
l )

, ρR2 = e
−8πε
l

(L̄0− c
24 )

χR̄(e
−8πε
l )

, (3.68)

where Z is the resolved conifold partition function. As in the finite N case the density
matrix in the fixed R sector is maximally mixed when we take ε → 0, and the entangle-
ment entropy in each sector just computes the log of the degeneracy. The entanglement
Hamiltonian is then given by

HA = tl(R) (3.69)

which is the same as in the string theory
We can obtain this degeneracy factor for fixed R by first keeping N and t′ finite and

taking the ε→ 0. In this limit, we can formally write

ρA =
∑
R

p(R)e
−8πε
l

(L0+L̄0− c
12 )

|χR(e
−8πε
l )|2

∼
∑
R

p(R)
1R⊗R̄

dimq(R) dimq(R̄)|S00e
πcl
48ε |2

(3.70)

If we now take the large N limit of the quantum dimensions using (3.20), then

ρA ∼
∑
R

p(R)
1R⊗R̄

dq(R)2|S00e
πcl
48ε |2

(3.71)

which shows that after the vacuum subtraction there is an effective degeneracy dq(R)2 just
as in the string theory. Note that in obtaining this degeneracy, it was crucial to take into
account the opposite chiralities of the two edges, which have complex conjugate characters.
Explicitly, using this order of limits the entanglement entropy of |HHCS〉 is given by

S = lim
t′→∞

lim
N→∞

∑
R

(−p(R) ln p(R)) + p(R) ln(dimq(R) dimq(R̄)) + πcl

12ε + 2 lnS00

=
∑
R

(−p(R) ln p(R)) + p(R) ln (dq(R))2 + πcl

12ε + 2 lnS00 (3.72)

If we subtract the “extremal entropy”, which is the ground state entanglement entropy in
the absence of Wilson loops:

Sext = πcl

12ε + 2 lnS00 (3.73)

we obtain the defect entropy

Sdefect = S − Sext =
∑
R

(−p(R) ln p(R)) + p(R) ln (dq(R))2 (3.74)

which again agrees with the q-deformed entropy of the closed string theory.

– 34 –



J
H
E
P
1
0
(
2
0
2
1
)
2
0
2

In Chern-Simons theory, the area term in (3.73) originates from UV divergences in
field theories, which can also be obtained from careful treatment of the replica trick calcu-
lation [54]. The area term is important when applying CS theory as a low energy effective
field theory, since it is required for the positivity of the entanglement entropy. However,
our definition of generalized entropy in string theory does not include this term, since we
are only capturing the entanglement purely due to cutting the worldsheets, which is dual
to cutting the Wilson loops. As a result we obtain a manifestly positive entropy without
including the area term.

4 Large N expansion of Wilson loops and dual string worldsheets

In the previous section we applied a large N limit to the state (3.25) in Chern-Simons
theory, and showed that its factorization leads to an entanglement entropy consistent with
the q-deformed entropy of the Hartle-Hawking state in the closed string theory. This
bolsters our claim that the q-deformed entropy should be viewed as the topological string
analogue of generalized entropy in AdS/CFT. Here we will explain the matching of the
states and the dual entropy calculations from the point of view of the large N duality
between Wilson loops and string worldsheets [25, 26].

Toric diagrams and geometric transitions. Toric diagrams provide a useful represen-
tation for topological string amplitudes which gives a precise description of the geometric
transition between the resolved and deformed conifold. They capture the duality in the
presence of branes in a simple graphical language. We give a very brief description here
and defer a more detailed explanation to the appendix.

Toric manifolds such as the resolved and deformed conifold can be characterized as a
T 2×R fibration over R3. The toric diagrams specify the degeneracy locus of this fibration
where a cycle of T 2 shrinks. It turns out this locus lives in a R2 subspace of the base, and
we can specify this locus by edges on a graph. The orientation of the edges determines
which cycle degenerates on T 2.

For example C3 is given by a trivalent graph with a single vertex as shown as the
third diagram in figure 16. The topological vertex is given by adding branes on this graph,
labelled by arrows. In particular,the Hartle-Hawking state correspond to adding one stack
of branes along an edge, as shown in the right of figure 16.

Gluing two topological vertices with branes and anti branes inserted gives the resolved
conifold geometry as shown in the right of figure (4.1). Note that the inner edge describes
a sphere with Kahler modulus t′, which can by described by a cycle which expands from a
point and then shrinks. The deformed conifold geometry T ∗S3 is given by the left diagram
in figure (4.1). The dotted line describes the base S3; this can be understood via the
Heegaard splitting in which S3 is described as two solid torus glued together with an S

transformation. The dotted line captures this geometry as a foliation of 2- tori T 2 which
begins with a pinched A cycle and ends with a pinched B cycle.

In terms of toric diagrams, the geometric transition is captured precisely by the equality
in (4.1), in which the dotted line representing the three-sphere wrapped by a large N
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number of branes is replaced by a two sphere with flux t′ = igsN

(0,1)

z=0

(1,0)z=-a

S3

=

(0,1)

(1,0)t′

(-1,0)

(0,-1)

. (4.1)

4.1 Mapping Wilson loops to worldsheets on the deformed conifold

Worldsheet description at finite N. We first consider the worldsheet description of
|Ω(t)〉 from the point of view of the open string theory on the deformed conifold geometry.
This is valid even at finite N , since Chern-Simons theory is the exact string field theory for
strings on the deformed conifold. We start with the case t = 0. Note that while |Ω(0)〉 is
defined on the torus, its wavefunction in the coherent state basis is given by the generating
functional (3.10) for Wilson loops on S3.

To obtain a worldsheet description of the Wilson loops, we use the Frobenious relation
to change to the winding basis.

W~k
(U) :=

∏
n

(trUn)kn (4.2)

In this basis, |Ω〉 is given by

|Ω〉 = S00
∑
~k

dimq(~k)
z~k

|~k〉

dimq(~k) = 1
S00
〈W~k
〉
S3 , (4.3)

where

〈~k|~k′〉 = δ~k,~k′z~k

z~k = Πjkj !jkj (4.4)

The combinatorial factor z~k reflects the different ways to glue together the Wilson loops in
the bra and ket state.

The generating functional (3.10) is given by

Z(V ) =
∫
DAeiSCS(A)+

∑
n

1
n

trUn trV n

=
∑
~k

1
z~k
〈W~k

(U)〉
S3 〈V |~k〉 , (4.5)
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Figure 12. The generating functional for Wilson loops can be viewed as the open string amplitude
on the deformed conifold with dynamical branes wrapping S3 and probe branes wrapping L. They
intersect along a knot C on S3,colored in blue.

where we applied the identity

exp
( ∞∑
n=1

1
n

trUn trV n

)
=
∑
~k

1
z~k
W~k

(U)W~k
(V ), (4.6)

used U to denote the holonomy of the dynamical gauge field A, and V to denote the
holonomy of the source. We used the notation 〈V |k〉 instead ofW~k

(V ) in (4.5) to distinguish
the source Wilson loop, which should be viewed as a state in H(T 2).

As we have noted earlier, Z(V ) = 〈V |Ω〉 is the coherent state wavefunction for |Ω〉.
When expressed in the winding basis, each term in (4.5) labelled by ~k has a string theory
interpretation on the deformed conifold in terms of open string worldsheets ending on a
configuration of intersecting D branes. As shown in figure 12, this configuration consists
of non-compact, probe branes on a Lagrangian submanifold L which intersects a large N
number of dynamical branes on S3 along the knot C [25]. It was shown in [25] that Z(V )
is the spacetime effective field theory obtained by integrating out the strings ending on the
intersection of these branes. More precisely, each term in (4.5) labeled by ~k corresponds
to open string worldsheets that end on the intersection of the D branes, with one set of
boundaries on dynamical branes coupled to the holonomy U , and the other set of boundaries
on probe branes with holonomy V . The winding pattern ~k of the Wilson loop variables
is identified with the winding of the open string endpoint around the knot C. The toric
diagram for Z(V, t) is given in figure 13.

The worldsheets stretched between the two sets of branes with winding numbers ~k
should be viewed as worldsheet instantons, i.e. a classical backgrounds in the string path
integral [26]. When quantizing strings around these backgrounds there is a sector of open
string worldsheets living on S3 which ends on the winding boundary of the worldsheet
instanton. These can be identified with the ribbon diagrams of the Chern-Simons path
integral which produces the expectation value 〈W~k

(U)〉
S3 = S00 dimq(~k). These ribbon
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(0,1)

z=-a

(1,0)z=0

Figure 13. Toric diagram for the deformed conifold with probe D-branes on L intersecting the S3.
For the simplicitiy, we have not specified the frame of the D-brane and the probe brane is depicted
as a red dot.

diagrams can be seen explicitly by expanding dimq(k) in small string coupling

gs = 2π
k +N

. (4.7)

This gives

dimq(~k) =
∏
j

(sin((jNgs/2))
sin(jgs/2)

)kj
= Πj

(
qjN/2 − q−jN/2

qj/2 − q−j/2

)kj

→
∏
j

(
N + j2g2

s

24 (N −N3) +O(g4
s)
)kj

(4.8)

At zero string coupling, there are no interactions between the instanton worldsheets and
the ribbon diagrams, so we just get a factor of N per boundary due to the Chan Paton
factors running in a loop. However turning on the string coupling introduces corrections
where the fatgraphs interact with the winding boundary of the instanton. For example, the
first subleading term proportional to N−N3 comes from the well known “theta” diagrams.
Remarkably the all order corrections sum up into a qj deformed number:

[N ]qj = qjN/2 − q−jN/2

qj/2 − q−j/2
(4.9)

This shows explicitly how the open string interactions obey a hidden quantum group sym-
metry which dictates the final form of the target space amplitude. We have performed a
series expansion in gs to make this open string interactions explicit, but it is important to
observe that the series has to be summed to obtain the quantum group symmetry.

The factor 〈V |~k〉 in (4.5) arises from the opposite boundaries of the worldsheet in-
stantons that end on the probe branes on L. Since these branes are non-compact, the
worldvolume gauge field is non-dynmaical and 〈V |~k〉 comes from the coupling of the world-
sheet boundary to the background gauge field. These are identified with the coherent state
wavefunctionals of the Chern-Simons theory.
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(0,1)

z=0

(1,0)z=-a

Figure 14. Toric diagram for the deformed conifold with M D-branes on M. Note that we have
not specified the frame of the probe D-brane onM.

The worldsheet description given above generalizes to the state |Ω(t)〉. Making t non
zero corresponds to displacing the probe branes away from S3, so that the stretched world-
sheet instantons now have (complexified) area t. In terms of the winding basis, the wave-
functional for |Ω(t)〉 is

〈V |Ω(t)〉 = Z(V, t)

= S00
∑
~k

dimq(~k)e−tl(~k)/2∏
n

tr(V n)kn , (4.10)

where l(~k) =
∑
j jkj , and the Boltzman factors e−tl(~k)/2 originates from the exponential of

the worldsheet action for the stretched worldsheets. Figure 14 shows the toric diagram for
〈V |Ω(t)〉.

The large N , t′ limit and shift of the worldsheet area. Just as in the representation
basis, the large N and t′ limit of dimq(k) has a divergent factor

dimq(~k)→ qNl(
~k)/2(−i)

∑
j
kjdq(~k) +O

(
q−Nl(

~k)/2
)

(4.11)

which should be absorbed into a shift of the coupling t

e−tl(
~k)/2 → e−(t+t′)l(~k)/2 (4.12)

In terms of the string theory, the shift is interpreted as a modification of the worldsheet
area of the stretched instantons to account for a nontrivial B field flux. Applying this
limit, we can write

lim
t′→∞

lim
N→∞

〈V |Ω(t+ t′)〉 = S00
∑
~k

qNl(
~k)/2(−i)

∑
j
kjdq(~k)e−(t+t′)l(~k)/2 〈V |kCS〉

= S00
∑
~k

(−i)
∑

j
kjdq(~k)e−tl(~k)/2 〈V |kCS〉 (4.13)

The worldsheet description of each Wilson loop insertion in this wavefunction is given in
figure 15.
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Figure 15. Displacing the probe branes away from S3 gives rise to open string instantons of finite
area, stretched between the branes.

equivalent to each other

(0,1)

z=0

(1,0)z=-a

S3

=

(0,1)

(1,0)t0
(-1,0)

(0,-1)

. (5.12)

Now consider the deformed conifold with a stack of probe D-branes on Lagrangian sub-

manifold denoted by a red dashed line. The arrow denotes the orientation of a Lagrangian

submanifold.
(0,1)

z=0

(1,0)z=-a
(5.13)

Applying the geometric transition, we obtain resolved conifold with the same stack of probe

D-branes on the Lagrangian submanifold depicted as

(0,1)

(1,0)

(-1,0)

(0,-1)

(5.14)
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(0,1)

z=0

(1,0)z=-a

S3

=

(0,1)

(1,0)t0
(-1,0)

(0,-1)

. (5.12)

Now consider the deformed conifold with a stack of probe D-branes on Lagrangian sub-

manifold denoted by a red dashed line. The arrow denotes the orientation of a Lagrangian

submanifold.
(0,1)

z=0

(1,0)z=-a
(5.13)

Applying the geometric transition, we obtain resolved conifold with the same stack of probe

D-branes on the Lagrangian submanifold depicted as

(0,1)

(1,0)

(-1,0)

(0,-1)

(5.14)
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Let us take the large N limit, (5.18) and (5.22) give,

Z(V ) = Zres(t
0, gs)

X

R

(�i)l(R)dqR(gs)e
igs(R)/4e�|R|t/2 trR V (5.23)

which is the amplitude hV |HHi with an extra prefactor Zres(t
0, gs). Note that Zres(t

0, gs)
acts as a regulator. This is also the reason why we need to do the vacuum subtraction in the

Chern-Simons theory calculation above, we will comment more on this point below in section

?.3. When we decouple the factorized t0 regulator, we reproduce hV |HHi

Z(V ) =
X

R

(�i)l(R)dqR(gs)e
igs(R)/4e�|R|r/2 trR V (5.24)

whose toric diagram corresponds to

(0,1)

(1,0)

(-1,-1)

(5.25)

Further note that (5.24) is the simplest version the topological vertex [? ], in which there is

only a single stack of D-branes on the external legs.

In a similar way, we prepare a separate copy of the deformed conifold with a stack of

probe anti-D-branes (notice the change of orientation here)

(0,1)

(1,0)

– 30 –

Figure 16. The toric diagrams show the result of the geometric transition applied to the deformed
reosolved with probe branes displaced from S3. Under the transition the S3 is replaced by a sphere
of size t′. On the right, we show the t′ limit in which that sphere t′ is sent to infinity. This results in
“half” the resolved conifold geometry with probe branes inserted, which defines the Hartle-Hawking
state. It is important to note that we have specified the framing for the probe D-brane for the HH
state, which is determined by the direction of the arrow [34].

4.2 Applying the geometric transition to the resolved conifold geometry

Having described the large N limit of the Chern-Simons state |Ω(t)〉 in terms of string
theory on the deformed conifold, we now apply the geometric transition to show that
it is mapped to the Hartle-Hawking state |HH(t)〉. We have to consider the geometric
transition of the brane configuration in figure 15. This is illustrated in figure 17; in the
large N limit,

lim
N→∞

|Ω(t+ t′)〉 (4.14)

the geometric transition replace the branes wrapping a three-sphere into B field flux t′ =
igsN threading a two sphere of size t′. The area of the two-sphere is then “sent to infinity”
by taking the limit t′ → ∞. A precise geometric description of this limit is described in
terms of toric diagrams in figure 16.

As shown in figure 17, under the geometric transition, the worldsheet boundaries ending
on the S3 closes up. On the other hand, the displaced probe branes L on the deformed coni-
fold are mapped to probe branes L′ on the resolved conifold, which cut through the equator
of the base S2. These are precisely the probe branes which defines the Hartle-Hawking
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Figure 17. The geometric transition, combined with the t′ → ∞ limit maps the state on the
deformed conifold (left figure) to the Hartle-Hawking state on the resolved conifold.

state on the resolved conifold. We can therefore identify the Chern-Simons wavefunction

〈V |HHCS(t)〉 = lim
t′→∞

lim
N→∞

|Ω(t+ t′)〉 = S00
∑
~k

(−i)
∑

j
kjdq(~k)etl(~k)/2∏

n

tr(V n)kn (4.15)

with the string amplitude that defines the Hartle-Hawking state (neglecting an overall
normalization).

Similarly, the overlap 〈HHCS(t)∗|HHCS(t)〉 can be identified with the resolved conifold
partition function by applying the geometric transition as shown in figure 18, and then
taking the t′ → ∞ limit. As stated earlier, notice that the geometric transition is being
applied to the spheres with Kahler Modulus t′, rather than the inner sphere with Kahlar
modulus t.

4.3 Dual description of the entanglement brane

In section 2, we observed that the entanglement brane boundary state |D〉 in the closed
string theory can be identified with the Hartle-Hawking state |HH(t = 0)〉 when the Kahler
modulus is set to zero. Geometrically, this boundary state describes a “Calabi Yau cap”,
which corresponds to a non-local boundary condition that leads to a q-deformation of the
edge mode symmetry. Since we have identified the dual description of |HH(t = 0)〉 on the
deformed conifold, we can also identify the dual of the entanglement brane boundary state;
this is given by configuration of dynamical D branes wrapping the S3 and probe branes on
a deformed conifold geometry.

E-brane boundary state and the shrinkable boundary condition on the de-
formed conifold geometry. We want to give a dual thermal description of the E brane
boundary state |D〉 in terms of a shrinkable boundary condition on the deformed conifold
geometry. This is obtained essentially by running the duality transformation described in
the previous section backwards. We begin with a closed string channel interpretation of
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which is

Z =

Z
dV Zres(t

0, gs)2
X

R1,R2

(�i)l(R1)il(R2)dq(R1)dq(R2)e
�(l(R1)+l(R2))t/2e�igsR1

/4eigsR2
/4 trR1 V trR2 V

(5.30)

=S00(N, gs)
2
X

R

(dqR(gs))
2e�l(R)t. (5.31)

5.3 Normalization of the partition function and the regulator

rewrote some parts to try to make the section more clear, Manki see if you feel it’s better

now?

Note that the contribution S00(N, gs)
2 = Zres(t

0, gs)2 comes from the regulator P1’s

marked by the black points. We can interpret this extra overall factor to be setting the

normalization of the partition functions. Interestingly, this choice matches the normalization

chosen for the q-deformed Yang Mills theory(cite Vafa). deleted ambiguous wordings

To obtain the A model partition function on the resolved conifold, we decouple the

regulator S00(t
0, gs)2 by taking large volume limit t0 ! 1

t

equivalently Z =
P

R(dqR(gs))
2e�l(R)r. This result also shows that the Hartle-Hawking state

(5.10)

| i = lim
t0!1

X

R

dimq(R)e�l(R)t/2|RiCS =
X

R

dqR(gs)q
(R)/4e�l(R)r/2|RiCS (5.32)

indeed computes partition function of topological A model on half of the resolved conifold

with Chern class (0,�1) such that

Z = hHH⇤|HHi. (5.33)
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Notice that we don’t replicate the regulator P1s when we do the replica trick on the

resolved conifold side, this is clear from the physical interpretation that the regulator we

introduced only changes the normalization of the partition function and the entanglement

entropy calculated including this factor should only contribute an extra constant background

extremal entropy. Applying the replica trick to (5.36), we see that the closed string entan-

glement entropy will get an extra

2 lnZP1(t0, gs) = 2 lnZCS(N, gs) = �2 lnD (5.37)

which is exactly the constant piece corresponding to the background t = 0 contribution in

Chern-Simons theory.

From the Chern-Simons theory point of view, it’s clear that what we want to calculate is

the entanglement entropy due to the inclusion of Wilson loops. However, without the inclusion

of the S3 background, the EE computation is not well posed. Hence, we first compute the

EE as a whole and subtracted the background contribution. From the string theory point

of view, this is also manifest because without more than one stack of D-branes one does not

have non-trivial non-degenerate instantons. The additional S3s coming from P1s provide the

‘background’, and it was observed in (cite Jensen and LM) that this defect entropy correctly

captures the entropy between the anyons, which is dual to what we want to calculate in the

resolved conifold side.

In Chern-Simons theory, there is an extra area law divergent term coming from the UV

divergences in field theories, which can be obtained from careful treatment of the replica trick

calculation (cite). Here, we don’t try to reproduce this. Because the divergent term also

contribute to the background extremal entropy which we want to subtract in the end. We

expect that in principle we can obtain this divergernt term also from an IR regulator as the

area law divergence should not only be present for the Hartle-Hawking state, but also be

present for the vacuum state, which from the UV/IR correspondence shall come from an IR

regulator (cite).

S3 S3

Figure 12: Toric diagram for the partition function(wavefunction)

An interesting fact we want to point out here is the connection for our current setup
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Figure 18. The dual thermal interpretation of the resolved conifold partition function is obtained
by first introducing two S2 with Kahler paremeter t′ (left figure) and then applying a geometric
transition to the deformed geometry on the right with branes on two S3. The worldsheets stretched
between these branes describe open string loop diagrams.

two stacks of E branes on the resolved conifold geometry:

Zresolved(t) = 〈D∗|e−Hclosed |D〉
= 〈HH∗(t = 0)|e−Hclosed |HH(t = 0)〉

Hclosed = l(R)t (4.16)

This is an amplitude between two E brane boundary states on the resolved conifold. To
obtain a dual thermal interpretation, we have to first introduce two S2’s with Kahler pa-
rameter t′ = igsN as shown in the left diagram of figure 18. For large t′ this effectively
introduces a constant factor of S00(t′)2 into Zresolved(t). We then apply a geometric tran-
sition to obtain a deformed geometry where the fluxes are replaced by a large N number
of branes wrapping two S3’s. In terms of the overlap (4.16), this corresponds to mapping:

S00 |HH(t = 0)〉 = |HHCS(t = 0)〉 → lim
N→∞

|Ω(t′)〉

〈HH∗(t = 0)|S00 = 〈HH∗CS(t = 0)| → lim
N→∞

〈Ω(t′)∗| (4.17)

while keeping the same string theory Hamiltonian.
In the previous section, we developed a string worldsheet description of |Ω(t′)〉 in terms

of configurations of D branes wrapping S3 and probe branes on a Lagrangian L. The linear
functional 〈Ω(t′)∗| corresponds a similar D brane configuration where we change probe
branes on L to anti branes. The overlap then corresponds to annhilation of the probe
branes, giving the string theory partition function on a deformed geometry with dynamical
branes on two S3’s:

Zdeformed(t, t′) = lim
N→∞

〈Ω(t′)∗|e−Hclosed |Ω(t′)〉

= lim
N→∞

∑
~k

1
z~k
〈Ω(t′)∗|e−tl(~k)/2|~k〉〈~k|e−tl(~k)/2|Ω(t′)〉

= lim
N→∞

(S00(t′))2∑
~k

1
z~k

dimq(~k)dimq(~k)e−tl(~k) (4.18)

Here we have identified the coupling of the closed strings to the entanglement boundary
state to be 〈~k|Ω(t′)〉 = S00 dimq(~k). As shown in figure 19, each term labelled by ~k describes
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Figure 19. Annihilation of the probe branes gives rise to the partition function Zdeformed(t, t′),
which describes world worldsheet instantons stretched between D branes on the two S3’s. The
quantum dimensions which lead to the q-deformation of the edge modes arise from the ribbon
diagrams (red) interacting with the boundary of the instanton worldsheets. We have shown one
term in the ribbon diagram expansion corresponding to the “theta” diagram.

nondegenerate worldsheet instantons stretched between dynamical branes on the two S3. In
the open string channel, these are viewed as loop diagrams describing a thermal ensemble
of open strings. Thus, in the large N limit, the D-branes on S3’s give the shrinkable
boundary condition in the dual geometry.

Let’s consider in more detail what these worldsheets look like at finite N in order
to understand the worldsheet description of the shrinkable boundary condition. We thus
consider the overlap∑

~k

1
z~k
〈Ω∗(t′)|e−tl(~k)/2|~k〉〈~k|e−tl(~k)/2|Ω(t′)〉 = (S00)2∑

~k

1
z~k

dimq(~k)dimq(~k)e−tl(~k), (4.19)

where the quantum dimensions should be viewed as a function of the open string
parameters:

dimq(~k) = dimq(~k)(N, gs) (4.20)

As we saw in eq. (4.8), by expanding dimq(k) in small gs, we obtain the ribbon diagrams of
the worldvolume Chern-Simons theory on the D branes which arise from the quantization
of the open strings in the background of the instantons. Thus, the thermal open string
partition function describes a modification of the usual one-loop diagrams in which the
boundary of the winding worldsheet instantons interact with ribbon diagrams living on the
D branes (see figure 19). These interactions on the branes are crucial to the shrinkability of
the D brane boundary condition, since it is the full summation over these ribbon diagrams
which leads to a q-deformation of the usual N2 degeneracy factor for one-loop open strings

N2 → ([N ]qj )2. (4.21)

Here j is the winding number of the worldsheet instanton around the thermal circle. This
q-deformation is needed to reproduce wavefunctions of the E brane boundary state, and is
therefore essential to the shrinkability condition.

As we noted earlier, applying the large N geometric transition and sending t′ → ∞
closes up the holes on the open string worldsheets due to the D branes, recovering the
closed string worldsheets on the resolved conifold. The sigma model description of this
transition is well known. The novelty of this set up is that these D branes are related to the
entanglement branes which are inserted to define an entanglement cut in the string theory.

– 43 –



J
H
E
P
1
0
(
2
0
2
1
)
2
0
2

4.4 Comments on the open string reduced density matrix and replica trick
on the deformed geometry

So far we have shown how the partition function Zdeformed(t, t′) and the associated D brane
background arises as a dual description of the amplitude between E brane boundary states
in (4.16). To see directly how these D branes relate to entanglement edge modes in string
theory, we should define a factorization map for the string theory on the deformed geometry,
dual to the factorization defined for closed strings in [16].22 In terms of the worldsheet
theory, factorization introduces intersecting branes which implements the entanglement
cut. The corresponding string theory reduced density matrix ρ̂A (for the state |Ω(t, t′)〉)
would satisfy

trA ρ̂A = Zdeformed(t, t′) (4.22)

At present, we have not worked out the intersecting brane configuration that determines
ρ̂A. However, we expect ρ̂A to be closely to the reduced density matrix ρA (3.68) of the
Chern Simons theory.23 Here, we will be content with a few remarks about the replica
trick applied to Zdeformed(t, t′), leaving a more complete treatment for future work.

The S2
00 factor. In the Chern-Simons theory description of Zdeformed, the S00(t′)2 factor

arises from the measure in the path integral, and t′ is viewed as the ’t Hooft parameter.
This constant sets the normalization of the partition functions.24 In the string theory
description, this constant has a geometric origin. It comes from the two S3’s in the deformed
conifold geometry, and two S2 in the resolved geometry after the transition.

It should be noted that multiplying the partition function or the reduced density matrix
by a constant has no physical consequences and does not change the entanglement entropy.
We see this explicitly in the replica trick, which computes the ratio

Z(n)
Z(1)n = trA ρ̂nA

(trA ρ̂A)n (4.23)

so any rescaling of the un-normalized reduced density matrix ρ̂A would cancel. However, a
change in the measure for the path integral does change the entanglement entropy, because
the measure is not replicated in Z(n). This is why we obtain an extra logS00(t′)2 in the
entanglement entropy computed in Chern Simons.

In the string theory we can understand the distinction between an overall constant and
a choice of measure geometrically. When we replicate the deformed geometry in figure 6,
we do not duplicate the S3’s. Instead the replica manifold is obtained simply by rescaling
the Kahler modulus t by a factor of n, which rescales area of the stretched worldsheet

22Indeed, it is straightforward apply the methods in [16] to define a factorization map and reduced density
matrix which only captures the Wilson line degree of freedom in Chern Simons theory. Taking the large
N, t′ limit then defines the corresponding quantities in string theory. However it is not obvious that the
sewing relations which provides local constraints on the factorization map in [16] also carries over directly
to the string theory on the deformed geometry.

23In particular, we expect the UV divergence in ρA due to be absent in the string theory ρ̂A.
24Interestingly, this choice matches the normalization chosen for the q-deformed Yang Mills theory [18].
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Figure 20. Duality between Wilson loop and worldsheet in AdS/CFT. On the left figure, we
showed the open string frame, where displacing a probe brane away from a stack of D branes leads
to stretched worldsheets ending on Wilson loops. On the right we applied a geometric transition
to obtain the closed string AdS×S5 geometry where the worldsheet has only one boundary ending
on the probe brane. This is a direct analogue of the duality between Wilson loops and worldsheets
in topological string theory.

instantons by the same factor. This is the string theory analogue of treating S00(t′)2

as a measure rather than an overall constant, and leads to the logS00(t′)2 term in the
entanglement entropy. Notice that not duplicating the S3’s also manifestly preserves the
Calabi Yau condition, consistent with the constraint imposed on the dual replica manifold
for the resolved conifold geometry.

Now, we explain why we added an additional layer to the story by including and sub-
tracting the contributions from S3. In the original closed string calculation, we computed
the generalized entropy due to cutting non-degenerate worldsheet instantons with finite
area. For the Hartle Hawking state corresponding to “half” of the resolved conifold, these
instantons wrap half of the minimal volume S2 and end on probe branes intersecting the
equator. However there is no way to cut the deformed conifold T ∗S3 in half and also ob-
tain non-degenerate instantons. To obtain a dual description on a deformed geometry with
non-degenerate instantons, we had to first introduce the S3 to allow strings that stretch be-
tween them and then subtract the contribution from ribbon diagrams that do not connect
to the instantons. These give precisely the S00(t′)2 we subtracted.

5 Discussion

In this work we provided a dual gauge theory description of generalized entropy for closed
topological strings on the resolved conifold. This was obtained by applying a geometric
transition to the brane configurations for Hartle Hawking state, as shown 21. The duality
map on the branes has a direct analogue in AdS/CFT, where the anyons are replaced by
heavy quarks (see figure 20).
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Figure 21. Duality between Wilson loop and worldsheet in topological string. There is an S3 at
asymptotic infinity that has been omitted from the picture [26, 50].

We showed that the non-local shrinkable boundary condition in the bulk geometry
and the associated quantum group edge mode symmetry are mapped to a local boundary
condition in the gauge theory and CFT edge modes that transform under a large N Kacs-
Moody symmetry. In the same spirit, the q-deformed entropy that arises from cutting the
bulk string worldsheets is mapped to the un-deformed defect entropy of Wilson loops in
the boundary gauge theory.

We can summarize these results by saying that Gopakumar-Vafa duality provides a
geometric interpretation of the measure on the entanglement brane edge modes as defined
by the Drinfeld element via equation (2.48). This is captured most concisely by the toric
diagrams in figure 18, in which the quantum trace

Zres = tr(De−H) = e

e

(5.1)

over entanglement branes on the resolved conifold is reproduced by introducing fluxes on the
resolved geometry and turning them into branes on a deformed geometry. The open strings
instantons stretched between these branes determines a thermal partition function which
agrees with the partition sum in (5.1). This provides a relation between the categorical
description of entanglement brane edge modes defined in [16] and the worldsheet description
of topological D branes of the A model string theory.

Our ultimate motivation for studying entanglement in topological string theory was to
understand entanglement in bulk quantum gravity in AdS/CFT. It is thus natural to ask
what features of entanglement in topological string theory is expected to generalize to the
physical string. The general picture of string entanglement which we have developed in
this two-part paper (as well as in [13, 14]) suggest that winding modes play a crucial role
in determining the entanglement entropy of closed strings. Indeed it is the sum over the
winding patterns of the string around the stretched entangling surface that allows it to be
closed up.

We have also provided further evidence that open-closed string duality plays an im-
portant role in characterising the entanglement structure of closed strings, as originally
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S3 S3

Figure 22. Toric diagram for the conifold geometry.

Figure 23. Thermo-field double state and the Penrose diagram for the dual AdS-Schwarzschild
geometry. The horizontal line in the middle represents the t = 0 time slice.

proposed by Susskind and Uglum. As in [13, 14], we show that this involves the introduc-
tion of entanglement branes which provide the entanglement cut for the closed strings. It
should be emphasized that while these branes seem to be rigid in the perturbative world-
sheet description, we expect them to fluctuate dynamically in the low energy effective
gravitational theory just like ordinary D branes. Indeed, it has been shown from the anal-
ysis of the symplectic structure of classical gravity that gravitational edge modes contains
degrees of freedom associated with the fluctuations of a co-dimension two brane [62]. It
would be interesting to see if this can be related to the entanglement branes, similar to the
way that string theory D branes are related to black branes in supergravity.

Entanglement in topoogical M-theory. Just like in superstring theory where different
consistent formulations are expected to be unified by M-theory [63, 64], it was proposed
that topological string theories can be reduced from topological M-theory [65]. It would be
interesting to see if our formalism can be generalized to calculate entanglement entropy in
topological M-theory. Interestingly, the simplest state we can consider on a six-dimensional
time slice would be the A model partition function deformed conifold geometry in figure 22,
viewed as a wavefunction for topological M-theory in one higher dimension.25 Figures 22
and 23 suggest a parallel between the conifold geometry and the thermal field double

25Historically, the wavefunction behavior of the topological string partition function [66–68] was observed
first and led to the conjecture of the existance of topological M-theory.
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Figure 24. Web of dualities for topological string theory. W/T: worldsheet/target space duality.
O/C: open/closed duality (large N duality); M: mirror symmetry.

state associated with the AdS-Schwarzschild geometry.26 In AdS/CFT, the entanglement
between the two boundary CFT’s in the TFD state is captured holographically by a spatial
wormhole which connects the two boundaries through the eternal black hole geometry [69].
This is an example of the “ER=EPR” [70] slogan, which relates quantum entanglement
and geometric connections. For strings propagating on the conifold geometry in figure 22,
it would seem that “ER=EPR” manifests itself through worldsheets connecting entangled
subsystems corresponding to the two S3’s.

Duality web and the B model. Finally, we want to point out that almost all corners
of the duality web for the topological string are well understood. This is summarized in
figure 24 and warrants further study. One particularly interesting corner is the proposed
UV completion of the A model via q-deformed 2D Yang Mills at large N. This theory has
non perturbative corrections (of order e−N ) which describes baby universes corresponding
to topology changing processes in string theory [18, 42, 71–74]. It would also be interesting
to consider how entanglement entropy behaves under mirror symmetry, which maps the A
model to the B model. Although the B model has the same closed string Hilbert space as
the A model, they have different local properties. The chiral boson theory which describes
the B model has a “pair of pants” amplitude which differs from the one which defines the
A model TQFT. We thus expect that the associated cobordism theory would define a
different notion of factorization.

Another motivation for studying the B model comes from an interesting connection
with JT gravity. It was shown in the seminal paper that open topological B models are
equivalent to matrix models on Calabi-Yau manifolds that can be written as a fibration
over the spectral curve of the matrix model [38]. For example, the JT matrix model [75],
whose spectral curve is

F (x, y) = y2 − sin(
√
x)2 (5.2)

26We thank Tom Hartman for the discussion on this observation.
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can be realized as topological B-model on Calabi-Yau [74, 75]

y2 − sin(
√
x)2 + u2 + v2 = 0. (5.3)

It would be interesting to compare how local properties of the topological string and JT
gravity emerges from the matrix model and see if the B model offers further insight into JT
gravity. In particular, the B model admits a Nekrasov deformation [76–78] that is related
to q-deformations. Perhaps this can be related to q-deformations of JT gravity.27
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A Topological twist and topological sigma model on the worldsheet

Before we move on to the topological sigma model, let us briefly review N = 2 supersym-
metric non-linear sigma model defined on a Riemann surface Σ with a Kahler manifold X
as a target space. This theory consists of the following data: holomorphic map/coordinate
function Φ : Σ→ TX, superpartners of Φ. Because of the complex structure of X, the com-
plexified tangent bundle TX decomposes into holomorhpic and anti-holomorphic tangent
bundle

TX = T 1,0X ⊕ T 0,1X. (A.1)

Respective to the decomposition of the complexified tangent bundle, we denote the holo-
morphic components of Φ by φi ∈ T 1,0X and similarly for the anti-holomorphic compo-
nents. With this holomorphic decomposition, we can think of φi as a holomorphic tangent
vector, of the target space, valued scalar field on the worldsheet. A superpartner of such
field then should live in holomorphic tangent vector valued spin bundle, which reads√

KΣ ⊗ (OΣ ⊕ Ω0,1
Σ )⊗ Φ∗(TX1,0), (A.2)

where
√
KΣ is an algebraic square root of canonical bundle of Σ, OΣ is structure sheaf of Σ,

and Ω0,1
Σ ≡ KΣ is anti-holomorphic cotangent bundle of Σ. As anti-holomorphic canonical

bundle is dual of canonical bundle, the corresponding spinor bundle can be written as(
K

1/2
Σ ⊕KΣ

1/2)⊗ Φ∗(TX1,0). (A.3)

27We thank Cumrun Vafa for pointing this possible connection to us.
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We will then denote the fermions living in K1/2
Σ ⊗Φ∗(TX1,0) and K1/2

Σ ⊗Φ∗(TX1,0) by ψi+
and ψi−, respectively. We will use the similar convention for ψī+ and ψī−. Given the field
contents, the worldsheet action is

S = 2t
∫

Σ

(1
2gIJ∂zφ

I∂z̄φ
J + igīiψ

ī
−Dzψ

i
− + igīiψ

ī
+Dz̄ψ

i
+ +Rīijj̄ψ

i
+ψ

ī
+ψ

j
−ψ

j̄
−

)
, (A.4)

where g is the hermitian metric of the target space.
Topological string model is then obtained by a topological twist to the bundle [45], in

which fermionic fields live in, that preserves the form of kinetic terms of fermionic fields.
The topological twist of A model can be understood as moving the non-trivial bundle

√
KΣ

from K
1/2
Σ ⊗ Φ∗(TX1,0) to K1/2

Σ ⊗ Φ∗(TX0,1) and similarly for K1/2
Σ . As a result of this

topological twist, ψi+ and ψi− becomes (anti)-holomorphic tangent vector valued scalar field
on the worldsheet. Then we can focus on transformation that transforms φi into ψi+ and φī

into ψī−, as those transformations can be represented by a globally well defined functions
and others not in general.28

Given the topological twist, let us rename the fermionic fields as χi = ψi+ and χī = ψī−.
Supersymmetry transformation is concisely repackaged as

{Q,Φ} = χ,

{Q,χ} = 0,
{Q,ψI−} = i∂z̄ΦI − χJΓIJKψK− ,

{Q,ψĪ+} = i∂z̄ΦĪ − χJ̄ΓĪ
J̄K̄
ψK̄+ , (A.5)

where Q2 = 0 on-shell thus supersymmetry becomes BRST symmetry. The action is

S = 2t
∫

Σ

(1
2gIJ∂zφ

I∂z̄φ
J + igīiψ

i
−Dzχ

ī
− + igīiψ

ī
+Dz̄χ

i −Rīijj̄ψ
i
−ψ

ī
+χ

jχj̄

)
. (A.6)

A very important observation is that this action is a sum of a Q-exact term and a topological
term

S = it

∫
Σ
d2z{Q,V }+ t

∫
Σ

Φ∗(J), (A.7)

where V = gij̄(ψī+∂zφj + ∂zφ
īψj−) and Φ∗(J) is pullback of the Kähler form defined on X.

One can add pullback of two-form tensor B to the action to complexfy the Kähler form.
We have not specified yet if Σ has boundaries or not. If Σ does not attain a boundary,

then the worldsheet theory is a closed string theory. Similarly, if Σ has boundaries, then
the worldsheet theory is an open string theory.

Topological strings wrap “volume minimizer”, which is energetically stable, among
homologous 2 cycles in X. Which means that for closed string theory, worldsheet instanton
is classfied by homology class

Φ∗([Σ]) ∈ H2(X,Z). (A.8)
28For high genus curves, there are still more non-trivial supersymmetry transformations. But, I have no

idea what will happen if I take those non-trivial transformations into account. Perhaps, BRST operator
will just go away.
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This classification can be generalized to open string theory directly. Open string worl-
sheet can be regarded as a Riemann surface with h holes due to the conformal invariance.
As there are h boundaries of the Riemann surface, one should impose boundary conditions.
Let us denote h boundaries of Σ by Ci, where i = 1, . . . , h. In [22], Witten showed that
the physical boundary condition is given by

Φ(Ci) ⊂ L (A.9)

for some L which is a Lagrangian submanifold of X. Note that a submanifold L is La-
grangian if J |L = 0. This condition implies that supersymmetric D-branes in topological A
model wrap Lagrangian three-cycles in X.29 Therefore, open string worldsheet instanton
is naturally classified by relative homology class

Φ∗(Σ) ∈ H2(X,L). (A.10)

One important class of observable in closed A model is a three points function which
has various interpretations in physical string theory. Let us consider a non-trivial 2 form
[Di] ∈ H2(X). Then one can consider an operator

ODi = (Di)i1,i2χi1χi2 . (A.11)

If we assume that X is a Calabi-Yau threefolds, when computed on string worlsheet P1,
the three points function of O(Di) is [79]

〈OD1OD2OD3〉 = KD1D2D3 +
∑
β

N0,β(D1, D2, D3)
∏
i

∫
β
[Di]Qβ , (A.12)

where KD1D2D3 is an intersection number and N0,β(D1, D2, D3) is a genus 0 Gromov-Witten
invariant for an integral curve β ∈ H2(X), and Q = e

−
∫
β
J . Note that this three points

function can be obtained from the third derivative of the genus 0 prepotential, which is
free energy of genus 0 worldsheet theory,

∂t1∂t2∂t3F0(t) = 〈OD1OD2OD3〉, (A.13)

where ti =
∫
Di J . Genus 0 prepotential receives classical and instanton contributions

F0 = F cl0 + F inst
0 , (A.14)

where (to add prepotential at LCS). Coupling to gravity [22], genus g free energy can be
computed as well which reads

Fg(t) =
∑
β

Ng,βQ
β , (A.15)

where Ng,β is a genus g Gromov-Witten invariant. Combining all genera prepotential, we
get a generating functional the all genera free energy

F (gs, t) =
∑
g

Fg(t)g2g−2
s , (A.16)

which will prove to be useful.
29In this work, we do not focus on torsion one or five cycles.
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B Topological string on conifolds and geometric transition

Let us review briefly the geometric transition from open string to closed string theory of
interest. Let us consider A-model open topological string theory on the deformed conifold
T ∗S3. We wrap N D-branes on S3, whose low energy effective theory is SU(N) Chern-
Simons theory [22]. Wilson lines can be introduced, if M D-branes wrap on a lagrangian
submanifold30 L of T ∗S3 which intersects S3 at S1. This corresponds to U(N) Chern-
Simons theory on S3 with M knots on S1. Under the geometric transition at large N, we
obtain A-model topological string theory on the resolved conifold O(−1) ⊕ O(−1) → P1,
in which the N D-branes are desolved into B-flux and M D-branes are still wrapped on the
same special lagrangian L and intersect S2 at S1 [25].

Using the topological vertex formalism, one can obtain partition function on O(−1)⊕
O(−1)→ D2, where ∂D2 = S1 which implies that the partition function can be understood
as a wave function of topological string theory on S1 with the fiber. Now, we need to
subdivide S1 into two line segments to compute the entanglement entropy.31 In order to
subdivide S1, one needs D-brane/anti-D-brane pair intersecting S1 at two points. The
D-brane/anti-D-brane pair cannot wrap any submanifold of the resolved conifold rather
the D-brane/anti-D-brane pair should wrap a special lagrangian submanifold. Previously,
we have said that there is a special lagrangian submanifold, on which a flavour D-brane
can wrap to generate Wilson loop in the dual Chern-Simons theory. Hence, it is natural to
conjecture that D-brane/anti-D-brane pair needed to cut S1 to two line segments is dual
to flavour D-brane/anti-D-brane pair in the dual open string theory.

The conjecture implies that the local degrees of freedom counted in closed string the-
ory should result from open strings extended between the intersecting D-branes. Further-
more, cutting through S1, which is wrapped by the flavour D-brane/anti-D-brane pair,
corresponds to cutting through the Wilson line/anti-Wilson-line pair, so we obtain nice
interpretation in open string theory as well.

Let us first study the deformed conifold. Cotangent bundle of S3 can be embedded
into C4 by an equation

y2
1 + y2

2 + y2
3 + y2

4 = a2, (B.1)

yi’s∈ C. We assume that a is a real number. The bundle structure is more vivid when we
write yi = xi + ipi, then the embedding equation is written as∑

i

x2
i = a2 +

∑
i

p2
i ,

∑
i

xipi = 0. (B.2)

It is then clear when pi = 0, for all i, then the equations are reduced to∑
i

x2
i = a2. (B.3)

30In topological string theory, Lagrangian is good enough to ensure supersymmetry whereas in physical
string theory special Lagrangian is required. Note that in the conifold, Lagrangian submanifolds we consider
are special Lagrangian actually.

31For replica trick, this subdivision is not needed. But still, understanding on the Wilson line dual to the
cutting is absolutely necessary.
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Thus a describes radius of S3. When a is sent to 0, the deformed conifold in the limit
described by

y2
1 + y2

2 + y2
3 + y2

4 = 0. (B.4)

As Jacobian of the defining equation vanishes at the origin y1 = y2 = y3 = y4 = 0, the
conifold at the origin is singular.

To fix the singularity at the origin, one can blow up/resolve the origin such that
y1 = y2 = y3 = y4 = 0 is replaced with a smooth manifold. If we reparametrize the
coordinates by

zij =
∑
n

σnijyn, (B.5)

then (B.4) is written as
det zij = 0. (B.6)

In this presentation, the singularity occurs when the matrix coordinate zij is trivial. It is
important to note that we can view (B.6) as a condition for the following equation to have
a non-trivial solution (

z11 z12
z21 z22

)(
λ1
λ2

)
= 0, (B.7)

for some complex variable λ1 and λ2 which cannot be simultaneously zero, because λ1 =
λ2 = 0 results in no constraints on zij matrix. Furthermore, (B.7) provides a resolution of
the singularity because when zij is non trivial λ1 and λ2 are fixed up to rescaling and zij = 0
is replaced with coordinates (λ1, λ2). This implies that equation (B.7) is an embedding
of the resolved conifold into C4 × P1 in which zij is a coordinate of C4 and [λ1, λ2] is
a homogeneous coordinate of P1. Note that, when zij is generic, the non-homogeneous
coordinate z of P1 is related to the rest of the coordinates by

z := λ1
λ2

= y1 + iy2
y3 − iy4

= y3 + iy4
iy2 − y1

. (B.8)

Lagrangian submanifolds can easily be found by finding symmetric locus of an anti-
holomorphic involution. We consider an anti-holomorphic involution

y1,2 = y1,2, y3,4 = −y3,4. (B.9)

There are more anti-holomorphic involutions, but it will be clear that one can choose (B.9)
without loss of generality to find a special lagrangian intersecting S3 at S1. In the deformed
conifolde, for example, the invariant locus of (B.9), a lagrangian submanifold L, is

p1,2 = 0, x3,4 = 0. (B.10)

At the symmetric locus of (B.9), the embedding equation becomes

x2
1 + x2

2 = a2 + p2
3 + p2

4. (B.11)

Hence L intersects S3 at
x2

1 + x2
2 = a2, (B.12)

which is a S1.
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The Wilson loop or knot on S3 is S1 which is described by

x2
1 + x2

2 = a2, x3 = x4 = p1 = p2 = p3 = p4 = 0. (B.13)

We now want to show that (B.13) is homologous to S1 on S2. We will use homotopy equiv-
alence, with an understanding that two homotopically equivalent cycles are homologous.
First let us consider a parametrization Ca(t) for t ∈ [0, 1],

(x1(t), x2(t)) = a(cos(2πt), sin(2πt)). (B.14)

Let us then consider a homotopy γa(t, l) for t, l ∈ [0, 1],

(x1(t), x2(t), p3(t), p4(t)) =
(√

a2 + l2 cos(2πt),
√
a2 + l2 sin(2πt), l cos(−4πt), l sin(−4πt)

)
.

(B.15)
From this homotopy equivalence, we have checked that the curve (B.13) is homologous to
a curve γa(t, 1)

(x1(t), x2(t), p3(t), p4(t)) =
(√

a2 + 1 cos(2πt),
√
a2 + 1 sin(2πt), cos(−4πt), sin(−4πt)

)
.

(B.16)
Let us take the singular limit a→ 0, and blow up the singular point. Under this geometric
transition, γa(t, 1) becomes γ0(t, 1)

(x1(t), x2(t), p3(t), p4(t)) = (cos(2πt), sin(2πt), cos(−4πt), sin(−4πt)). (B.17)

What is left for us to check is if L intersects S2 of the blow up, and if L and S2

intersect whether or not the intersection is γ0(t, 1). Let us first check if L intersects S2. In
the resolved conifold, L is given by

x2
1 + x2

2 = p2
3 + p2

4, p1,2 = x3,4 = 0. (B.18)

As (y1 + iy2)/(y3− iy4) = (y3 + iy4)/(iy2− y1) at L it is manifest that L intersects S2. To
study if γa(t, 1) intersects S2, let us parametrize z = (y1 + iy2)/(y3 − iy4)

z = −i(cos(−2πt) + i sin(−2πt)). (B.19)

Hence, we have shown that γ0(t, 1) is an equator of S2 thus proved the claim.32

C C3 as a toric variety

C3 can be regarded as a Calabi-Yau manifold in a sense that the first chern class of C3 is
trivial. We want to find a T 2 ×R fiber hiding in C3. Let zi be complex coordinates of C3,

32It still remains ambiguous what other choices of homotopy equivalences mean. For example, if I choose
a homotopy equivalence (x1(t), x2(t), p3(t), p4(t)) = (cos(2πt), sin(2πt), cos(−2πt), sin(−2πt)) then I could
send S1 on S3 in the deformed conifold to a point on S2 in the resolved conifold. This shows that there
could be many distinct choices, which partially results from the fact that S1 in S2 is trivial in homology,
or more precisely H1(S2,Z) = 0.
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for i = 1, 2, 3. We first introduce three Hamiltonians, which encode the fibration structure,

rα(z) = |z1|2 − |z3|2, (C.1)
rβ(z) = |z2|2 − |z3|2, (C.2)
rγ(z) = Im(z1z2z3). (C.3)

Given the symplectic form ω

ω = dzi ∧ dz̄i, (C.4)
the Hamiltonians, which can be understood as base coordinates, uniquely determine the
fiber coordinates through Possion bracket

∂vzi = {rv, zi}ω. (C.5)

More explicitly, let α be a coordinate of an α-cycle, which is generated by rα, and β be a
coordinate of a β-cycle of T 2, both of which parametrize phases of the complex coordinates
of C3 by following group action

rα ⊗ rβ : (z1, z2, z3) 7→ (eiαz1, e
iβz2, e

−i(α+β)z3). (C.6)

In a similar way, translation along the remaining fiber direction R induces

(z1, z2, z3) 7→ (z1 + γz̄2z̄3, z2 + γz̄1z̄3, z3 + γz̄1z̄2). (C.7)

As we have identified the fiber T 2 × R, let us now study at which places in the base
manifold the fiber degenerates, meaning that some cycles in T 2 shirinks to a point. An
easy way to see if some cycle shrinks to a point is to check if the flow generated by a
Hamiltonian is trivial. For example, rα generates trivial flow if z1 = z3 = 0. In a similar
way, rβ generates trivial flow if z2 = z3 = 0. Now consider a cycle generated by rα − rβ .
The flow generated by rα − rβ is

(z1, z2, z3) 7→ (eiθz1, e
−iθz2, z3). (C.8)

Which shows that the cycle generated by rα−rβ degenerates at z1 = z2 = 0. More generally,
one can consider a cycle generated by prα + qrβ , which degenerates z1 = z2 = z3 = 0.

Now let us analyze the degeneration loci in the base manifold R3. α cycle degenerates
at z1 = z3 = 0, which then implies that the degeneration locus in the base manifold for α
cycle is rα = rγ = 0. One can show that β cycle degenerates at rβ = rγ = 0 in the base
manifold. For a generic cycle generated by prα + qrβ , the degeneration locus in the base
manifold is simply prα+qrβ = rγ = 0. Thus it is manifest that the degeneration loci in the
base manifold can be compactly encoded in the two dimensional space, at rγ = 0, which
is parametrized by (rα, rβ). We denote a cycle generated by (prα + qrβ) as (−q, p) cycle.
With the understanding on the degeneration loci of T 2 cycles, we represent C3 by

(1,0)

(0,1)

(-1,-1)
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Note that equivalent graph can be obtained by applying a SL(2,Z) transformation on all
the vectors. For example, upon acting (

1 0
−1 1

)
, (C.9)

we obtain equivalent toric diagrams

(0,1)

(1,-1)

(-1,0)

(0,-1)

(1,1)

(-1,0)

D Replica trick in Chern-Simons theory

We first introduce an identity that provides the basis for the surgery method. For a manifold
M which is the connected sum of two manifolds M1 and M2 glued along a boundary S2,
Chern-Simons theory partition function obeys an identity [30, 53].

Z(M) = Z(M1)Z(M2)
Z(S3) . (D.1)

(D.1) can be generalized to a manifold M which is glued along n S2’s

Z(M) = Z(M1)Z(M2)
Z(S3)n . (D.2)

A straightforward generalization of the surgery formula (D.1) forM1 andM2 with unknots
of representations R1 ∈M1 and R2 ∈M2 is [53]

Z(M ;R1, R2) = Z(M1;R1)Z(M2;R2)
Z(S3, RS3) , (D.3)

where RS3 is the representation of the Wilson line going through the gluing boundary S2.
An important identity we will use at various steps in the large N-limit is

lim
N→∞

Z(S3;R)Z(S3;R) = S00(t′)2dq(R)2. (D.4)
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R

Figure 25. Solid torus with a Wilson loop operator inserted.

R

A Ā

Figure 26. Separated solid torus with a Wilson loop operator inserted.

Let us consider a single state without superposition |R〉CS ∈ H(T 2), see figure 25. We
separate the solid torus into two regions A and Ā, see figure 26. An overlap 〈Ri|Rj〉 is
equivalent to a path integral on S2×S1 with insertions of Wilson loops with representations
Rj and Ri along S1.

To gain intuition on the replicated geometry, let us deform figure 26 and compute
〈Ri|Rj〉 performing the surgery [30]. One can understand A or A as two three-dimensional
half solid-balls, HB3

l and HB3
r , that are connected by a three-dimensional solid cylinder

D2×I. It is useful to note that the boundary of HB3 consists of two two-dimensional disks
glued along S1, ∂(HB3) = D2

u ∪D2
d. To prepare a reduced density matrix, we prepare two

copies of figure 26 and glue A1 and A2 as follows. First, we glue HB3
1,l ∈ A1 and HB3

2,l ∈ A2

along D2
1,d ∈ HB3

1,l and D
2
2,d ∈ HB3

2,l. As a result of this gluing, we again obtain a three
dimensional half solid-ball whose boundary is S2 = D2

1,u ∪ D2
2,u. Similarly, we can glue

HB3
1,r ∈ A1 and HB3

2,r following the same procedure to obtain one more three dimensional
half solid ball. Finally, we glue two solid cylinders along S1 × I to produce S2 × I. As a
result, we obtain the reduced density matrix ρA, cf. figure 27. By repeating the surgery
for the region A, trA(ρA) can be obtained similarly, cf. figure 28.

The geometric representation of 〈Ri|Ri〉 constitutes of two large S3’s, two thin S3’s
hosting the Wilson loops [53]. Note that one can pinch the end points of S2 × I to deform
the tube into S3 glued to the large S3’s.

Because each one of the small large S3’s is glued along two S2, from (D.2) we obtain

tr ρA(R) = 〈Ri|Ri〉 = Z(S3;Ri)2Z(S3;Ri)2

Z(S3;Ri)2Z(S3;Ri)2 = 1. (D.5)
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2S Ix

3HB
3HB

3HB I,l
3HB2,r

3HB2,r

3HBI,l

2(D I)x I
2(D I)x 2

R
R

Figure 27. Geometric representation of the reduced density matrix.

3S 3S

2S Ix

2S Ix

R
R—

Figure 28. Geometric representation of Z1.

An n-sheeted copy of 28 can be similarly obtained by the surgery operation. Each
replication adds two Wilson loops, Ri and Ri, each of which is going through two thin S3’s
successively. As a result, the n-sheeted copy contains 2 + 2n S3’s and the large S3’s are
connected to the thin S3’s via gluing along 4n S2’s. Hence, we obtain

tr ρA(R)n = Z(S3;Ri)1−nZ(S3;Ri)1−n. (D.6)

E Wilson loops in AdS/CFT

In this section, we want to further explain that the open/closed duality between the Hartle-
Hawking states in each duality frame exhibited in the previous sections is not special to
topological string theory. In fact, it has striking similarity to the AdS/CFT correspon-
dence [23, 24]. We first review the holographic dictionary between Wilson loops in four-
dimensionalN = 4 SU(N) super Yang-Mills theory (SYM4) and worldsheets in AdS5. Then
we argue that the duality between the Wilson loops and the worldsheets is the AdS/CFT
analogue of the duality between the HH states in closed/open topological string theories.

Let’s begin with the Wilson lines in N = 4 SU(N) SYM4, in particular in the funda-
mental representation. The Wilson lines in the fundamental representation are interpreted
as world lines of heavy quarks in SYM4 as follows. The Wilon lines can be introduced
to SYM4, in string theory, by first placing N + 1 D3-branes to get a SU(N + 1) SYM
and then displacing one of the D3-branes. The separated D3-brane at distance d probes
the background generated by the N D3-branes. The open string connecting N D3-brane
stack and the probe brane breaks the gauge symmetry from SU(N + 1) to SU(N)×U(1).
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Type IIB Superstring Topological string
Open string geometry R1,9 Deformed conifold

Dynamical brane topology R1,3 S3

Target space field theory SYM4(worldvolume EFT) Chern-Simons theory(exact)
Closed string geometry AdS5 × S5(decoupling limit) Resolved conifold
Probe brane topology R1,3 C× S1

External heavy particles Heavy quarks Anyons
Where probe brane ends R1,3 at infinity of AdS5 S3 at infinity of resolved conifold

Table 1. Open/closed duality for superstring and topological string theory.

The boundary of the worldsheet in the N D-branes stack can be naturally understood as
a Wilson loop in the fundamental representation. On a similar note, the end point of the
open string in the N D-brane stack can be understood as a heavy quark in the SU(N)
SYM4. Thus, the worldline of the heavy quark in the SYM4 corresponds to a Wilson loop
in the fundamental representation.

We can ask for the closed string dual by invoking the geometric transition to replace the
N D-branes with the non-trivial background AdS5×S5. The string worldsheet connecting
the stack N D-branes and the probe D-brane, after the geometric transition, remains to
be a string worldsheet ending on the probe D-brane. Once we identify the boundary of
AdS5 with where the SYM4 is, these two different point of views provide us the Wilson
loop/worldsheet duality in AdS/CFT. Later, the duality was generalized by [80] beyond
the fundamental representation to all representations.

It was suggested in [19] and later shown by [25, 26, 50] that the duality between
the worldsheet and the Wilson loops continues to hold in topological string theory under
geometric transitions. The similarity and differences of the dualities in these two cases can
be seen directly by comparing figure 20 and figure 21, and summarized in table 1.

So the correspondence between the entanglement entropy from the Wilson loop/world-
sheet duality is in the same spirit as [29]. However, we are not looking at the extra
entanglement entropy from a single probe Wilson loop, we are instead calculating the
entanglement entropy from a superposition of Wilson loops that build up a geometrical
dual spacetime!

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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