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1 Introduction

Apparently distinct realms of theoretical physics find themselves connected through super-
symmetric field theories. A certain amount of supersymmetry facilitates both qualitative
and quantitative understanding of these correspondences. If the theory can be embedded
in string/M-theoretic setup then these somewhat obscure relations become more visible
in the form of dualities. Meanwhile, the availability of exact computations of relevant
physical quantities makes the suggested links more tangible, and serves as a verification of
string/M-theory dualities. Certainly, being able to make different branches of physics talk
to each other via any intermediary is a useful ability.

One of such striking relations is between the four-dimensional supersymmetric gauge
theories and (non-supersymmetric) two-dimensional conformal field theories. It was first
observed in the N = 4 case in [1], then more generally in the N = 2 case in [2—4], stated as
the BPS/CFT correspondence in [5, 6]. In [7] the correspondence was given a very large
class of precise (conjectural) examples, with Nekrasov partition functions of A;-type S-class
theories on one side, and conformal blocks of Liouville conformal field theory, on the other
side. The celebrated AGT correspondence was further extended [7-14] to conformal field
theories possessing various infinite-dimensional symmetry algebras. The relevant symmetry
algebras were conjectured to be quantum Drinfeld-Sokolov reductions of affine Lie algebras,
depending on the constituents of the gauge theory counterpart. The realization of the
N = 2 supersymmetric gauge theories as the effective field theory on a stack of fivebranes,



compactified on a Riemann surface, or a type II string on local Calabi-Yau geometry [15],
provides a physical reason for the emergent relation, by e.g. interpreting the fields originating
from the six dimensional tensor multiplet in the presence of 2-deformation as the localized
two dimensional chiral fields [2], or by duality arguments [16, 17].

Another related connection, between the supersymmetric gauge theories and integrable
systems, reveals itself in the identification of the geometry of the low-energy states of the
four-dimensional N = 2 supersymmetric field theory with the phase space of an algebraic
integrable systems [18, 19]. In the case of the N' = 2* case with SU(n) gauge group the
comparison of the construction [19] and [20] suggests a relation to Hitchin systems. Indeed,
for S-class N = 2 theories [16] the associated integrable systems can be argued to be
precisely Hitchin integrable systems [17]. Another vast class of theories, namely the ones
corresponding to the quivers with unitary gauge groups, are demonstrated [21] to be dual to
algebraic integrable systems on the moduli spaces of double-periodic instantons or periodic
monopoles. The classical spin chains are connected through the equivalence of the spectral
curves [22, 23]. The correspondence was uplifted to the quantum spin chains in [24, 25],
in the context of two-dimensional N = (2,2) gauge theories (with the restriction that the
spin representations are highest-weight). Here, the quantum Hamiltonians of the spin
chain are identified with the twisted chiral ring of the N = (2, 2) gauge theory, while the
common eigenstates are associated to the supersymmetric vacua. Such a connection between
supersymmetric gauge theories and quantum integrable systems is called the Bethe/gauge
correspondence [24-27].

Therefore, it turns out that conformal field theories and spin chain integrable systems
are associated in a nontrivial manner by sharing the same counterpart in the BPS/CFT
correspondence and the Bethe/gauge correspondence. Consequently, it is expected that
analytic properties of the correlation functions of conformal field theories and the spectral
properties of spin chain systems can be explored on the same footing. Of the goals of this
work is to manifestly realize such a framework by studying relevant gauge theory objects.

The ingredients on the gauge theory side are the half-BPS codimension-two (surface)
defects in four-dimensional N = 2 supersymmetric gauge theories transversally intersecting
each other. The surface defects relevant to our study descend from the gauge origami
configuration defined on an orbifold, e.g. intersecting stacks of D3-branes in the IIB string
theory on an orbifold [28-31]. These surface defects are divided into two classes. One is
the regular surface defect [3], also known as the Gukov-Witten monodromy type surface
defect [32, 33| defined by the singular boundary conditions along a surface, which could be
modelled by an orbifold construction [14, 30].! The other type of surface defect is realized
by adding the folded branes in the gauge origami language [29, 30].> We consider the
configuration of intersecting surface defects on C%,, in which an orbifold surface defect
extends along the Ci-plane at zo = 0, while a folded brane surface defect extends along

'In the language of the six-dimensional N = (2, 0) theory, these surface defects are identical to codimension-
two defects [14, 34], which are constructed by introducing M5-branes intersecting the worldvolume of the
original stack of M5-branes with a four-dimensional intersection [17].

2In the language of the six-dimensional N = (2,0) theory, these surface defects correspond to codimension-
four defects [34] realized by M2-branes ending on a stack of M5-branes along a two-dimensional surface [17].



the Co-plane at z; = 0. The partition function of the generic gauge origami configuration
is calculable by supersymmetric localization. The correlation function of the intersecting
surface defects is a special case of the gauge origami partition function. It should be
emphasized that the current setting is similar to, but slightly different from the intersecting
surface defects considered in [35], where both surface defects were of the vortex string type.

The correlators of the gauge origami system obey Dyson-Schwinger relations which
express the compactness of the moduli space of spiked instantons [28, 36], implying nontrivial
equations on the gauge theory correlation functions [31, 35, 37-44], including the chiral
ring relations of the gauge theory [40], both with and without the surface defects in
the Q-background. Some of these equations are identified with the Belavin-Polyakov-
Zamolodchikov (BPZ) equations [45] and the Knizhnik-Zamolodchikov (KZ) equations [46]
satisfied by the CFT correlation functions, leading to a direct proof of various incarnations
of the BPS/CFT correspondence [31, 38, 40, 43].

In the present work, we find the non-perturbative Dyson-Schwinger equations obeyed
by the correlation function of the intersecting surface defect observables. We identify them
with a set of functional difference equations, which we call the fractional quantum T-Q
equations. With the help of these T-Q equations we clarify the link between the conformal
field theory and the spin chain system. Also, as the additional evidence for the BPS/CFT
correspondence, the fractional quantum T-Q equation is the Fourier transform of the KZ
equations for the 4-point conformal block with additional insertion of a degenerate field. It
is an extension of the statement that the vacuum expectation value of the regular orbifold
surface defect in the SU(N) gauge theory with 2N fundamental hypermultiplets obeys the
KZ equation also obeyed by the 4-point sl conformal block [43]. We show that the insertion
of a vortex-string type surface defect transverse to the regular monodromy defect on the BPS
side amounts to the insertion of the /N-dimensional representation of sly on the CFT side.

At the same time, in support of the Bethe/gauge correspondence the fractional quantum
T-Q equation provides a fractionalization of a refinement of the Baxter T-Q equation [47] for
the X X X, spin chain system. In particular, it can be expressed through the action of Lax
operators on the N spin sites. By concatenating the Lax operators we get the monodromy
matrix of the spin chain. We note that the construction generalizes both the setup of [24, 25]
by incorporating unbounded weight representations, the so-called HW-modules [43], and
the setup of [42], by quantization. We also show that the higher-rank gg-characters yield
non-perturbative Dyson-Schwinger equations which express the spin chain transfer matrix
in gauge theory language.

Our results imply, in agreement with Bethe/gauge correspondence, that the NS limit [26]
g9 — 0 translates, on the CFT side, to the critical level limit of the genus zero KZ
equations for sly, which indeed becomes the spectral problem for the sl Gaudin system,
generalizing [48]. Thus, the nontrivial connection between the KZ equations for sl and
the Lax operators of the X X X,
theory provides a refinement of the bispectral duality [49, 50]. Its implications will be

spin chain we found through the four dimensional gauge

presented in a separate work [51].
The paper is organized as follows: we first review the gauge origami construction
which leads to the folded brane surface defect and the gg-characters in section 2. We then



introduce the monodromy type surface defect via orbifolds in the section 3, along with the
folded brane surface defects. We also discuss the local observables, the gg-characters, in the
presence of the surface defects. The gg-characters are used to derive the (fractional) quantum
T-Q equation in section 4. In section 5, we show that the folded brane surface defect is
related to the surface defect constructed by a vortex string through Fourier transformation.
In section 6, we will give a brief review of the constructions of sly-modules and the KZ
equations for sly, and verify that they are satisfied by the correlation function of intersecting
surface defect observables. In section 7 we turn our focus to the correspondence between
the X X X
operators, the generators of the Yangian Y (slz) and the monodromy matrix of X X X, spin

i, spin chain and N = 2 supersymmetric gauge theories. We construct the Lax
chain. It is pleasing to recognize that the trace of the monodromy matrix shares an identical
structure with the higher-rank gg-character in the NS limit, as it becomes a (Yangian
version) of the g-character, in agreement with [52]. We end with the discussion of our results
and future directions in the section 8. The appendices contain various computational details.
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2 Intersecting branes, Q-observables, and gg-characters

We study special classes of codimension-two (@Q-observables) and codimension-four (qg-
characters) defects in four-dimensional N = 2 supersymmetric gauge theories. These defects
are special since they originate from the configuration of intersecting D-branes in string
theory, whose low energy description is the gauge origami of [29]. In this section, we briefly
review the gauge origami and the gauge theory defects it provides. For more details on the
subject, see [6, 28, 29, 36].

e The starting point is a Calabi-Yau fourfold Z. We consider a configuration of intersecting
D3-branes in the type IIB string theory on Z x C,. We are being sloppy with the signature
of the metric. In one setup C, stands for the two dimensional Minkowski space R, so
that the D3-branes are actually the S-branes. In another setup C, is Euclidean, while
Z = RY! x B with a local Calabi-Yau threefold B, so that some of the D3-branes are
the usual physical branes wrapping Rb! x ¥, with ¥ C B a complex curve, while others
are euclidean D3-branes wrapping complex surfaces inside Z, all of them localized in the
Coulomb C,-factor.

e Below, the subscripts a € 4 = {1,2, 3,4} denote the coordinates z, on C*, or, in case we
describe some orbifolds of C*, the coordinates 2, on the covering space, which we shall also



denote using a hat, @4, in order to avoid confusion. We also use
6 = {12,13,14,23,24, 34}, (2.1)

and, for A = ab € 6, denote by C% = C, x C, C Z two corresponding complex two-plane. In
toric origami there can be at most six stacks S, A € 6, of D3-branes, with the multiplicities
na € Z>o and the worldvolumes (C124. The union

SEUnA(CiCZ (2.2)
A
is the origami worldvolume.

e In this paper we shall be only looking at the cases Z = C* = Cfy34, the local K3
orbifold Z = C2, x C%,/T's4, with the cyclic group I'sy = Z,, and the local CY3 orbifold
Z =Cl x C3/Ta4 x '3y, with another cyclic group I'sy = Z,,. The group I'y, acts on the
two-dimensional factor CZ, via

(2, Zp) — (wza,wflzb) (2.3)
with w being the corresponding roots of unity. We use the notations

Ro €Ty, w=0,1,....p—1=-1

2.4
Ry ely, =01,...n-1=-1 (24)

for the irreducible representations of the groups I'4, A = 24, 34.

e We shall further stick to the case p = 3 to produce the SU(N) theory with 2N fundamental
hypermultiplets on the C2,-plane.

e Now we study the effective field theory on the origami wolrdvolume S. At each one of
six stacks of branes, the effective theory is locally the N = 2 supersymmetric gauge theory
with the gauge group Xf:_ol T(na,). These gauge theories are interacting with each other
in an intricate manner through the couplings at the intersections of their worldvolumes.
As a whole, the effective theory on the origami worldvolume X defines what is called the
generalized gauge theory. Among the six intersecting worldvolumes, we differentiate C%, as
the support of the main affine I'-quiver gauge theory with the gauge group Xﬁ:& T (n12,).
Then the fields associated to other gauge theories on C%, A € 6 \ {12}, can be integrated
out, realizing codimension-two or codimension-four defects in the gauge theory on C2,,
depending on whether AN{12} is empty, {1}, or {2}. In the path integral formulation of the
four-dimensional gauge theory, these local and non-local defects would result in observable
insertions, and we are interested in recovering those observables from the partition functions
of the gauge origami.



e Supersymmetry localizes the path integral for the generalized gauge theory on S onto
the BPS configurations of D(—1)-instantons dissolved into S.> The point-like BPS objects
in the generalized gauge theory constructed in such a way is called spiked instantons. The
path integral reduces to a finite-dimensional integration over the moduli space Mg of
spiked instantons on S, which can be constructed as the Higgs branch of the matrix theory
supported by the collection of D(—1)-instantons.

e The symmetry
H=X X  Y(na,) xT(1):? (2.5)
A€B rel'y, xTy,
of the gauge origami setup, with its maximal torus Ty C H naturally act on the moduli
space Mg of spiked instantons, allowing for further equivariant localization of the finite-
dimensional integral. As a result, the partition function is computed to be a rational
function in the equivariant parameters £ € Lie(Ty),

Zs)= [ 1 (2.6)

Mg

The equivariant localization reduces the partition function Zg to a sum over the fixed
points WE-SFH with respect to Ty. The fixed points are classified by a set A = {X4,;}, A €6,
i =0,...,p—1, of partitions. The partition function becomes that of a statistical mechanical
model defined on A. The general formula for gauge origami partition function is derived
in [29]. See appendix A for an illustration

Let us briefly explain the notation used in writing the partition function Zg. For more
details, see appendix A. We use the same letters for both the vector spaces themselves and
for their characters. For example,

p—1 /MA;
Na=)_ (Z e“A’W> Ri, (2.7a)

i=1 \a=1
p—1 [na;
Ka=)Y_|Y_ ) e™ieean| Ry, (2.7b)
i=1 \a=10A4,
where ca = (i—1)eq+ (j—1)ep for A = ab € 6. The character Sy of the universal bundle is
Sy =Na— PsKa. (2.8)

The exponentiated (2-background parameters are
4
o =€ P,=1—q,, Pa= P,D, H qo = 1. (2.9)
a=1

Given a virtual character X = >, m,e* we denote by X* = )" m,e ™ the dual virtual
character.

3To be precise, we turn on the appropriate B-field to push the D(—1)-instantons dissolved into the
worldvolume S. See [28, 36].



The pseudo-measure associated to the instanton configuration A is defined through the
plethystic exponent operator E (also related to Adams operations in K-theory) converting
the additive Chern characters to the multiplicative classes

E lz mana] =[] = (2.10)

The above brane construction of spiked instantons suggests a projection of the moduli
space of spiked instantons to the moduli space of ordinary (noncommutative) instantons on
C2,, Mg — EUIC%Q. Integration along the fibers of this projection casts the gauge origami
partition function in a form of a correlation function of the associated codimension-two and
codimension-four defects in the four-dimensional bulk gauge theory. Schematically,

zs(g):/m:H I1 oA:< 11 0A>Z<c§2, (2.11)

cl, Ac6\{12} Aec6\{12}
where the bracket denotes the vacuum expectation value in the gauge theory on C2,.

2.1 Surface defects from folded branes

We consider a specific class of half-BPS surface (codimension-two) defects in the four-
dimensional N = 2 supersymmetric gauge theories. This type of the surface defects can be
constructed by introducing an additional stack of D-branes in the gauge origami construction,
on top of the original stack of D-branes engineering the bulk four-dimensional gauge theory.
The worldvolume of the additional stack of branes has a two-dimensional intersection with
the worldvolume of the bulk gauge theory. Thus, from the point of view of the original bulk
theory observer, one has a codimension two defect.

2.1.1 The bulk gauge theory

The four-dimensional gauge theory that we will mainly consider is the N = 2 supersymmetric
T(N) gauge theory with N fundamental and N anti-fundamental hypermultiplets. We
can engineer this particular gauge theory from the simplest gauge origami configuration,
composed of single stack of branes on (C%2 with I' = Ag = Zg, as follows. We set niz9 =
nigq =ni22 = N and ny =0 for A € 6\ {12}. Also we assign the Zs-charge as

N N N,
Nig = Z e Ry + Z e THR, + Z e TER,. (2.12)

a=1 a=1 a=1

The N = 2 gauge theory on C%, constructed in this way is the affine Ag—quiver gauge
theory, with the gauge group X?:o YT (N);. The fixed points on the moduli space of spiked
instantons are classified, a priori, by three N-tuples of partitions, A\; = XAa;, 7 = 0,1,2.

Throughout this work, our main consideration in the four-dimension side would be
the Aj-quiver gauge theory, which can be obtained by freezing two of the gauge nodes in
the above affine Ay-quiver gauge theory, making the corresponding Y (N )-factors a flavor
symmetry (which can be enhanced to SU(2N)).



e In what follows we use on several occasions the trick of taking the limit q; = qo thereby
killing all instantons in the nodes 1 and 2, A; = Ay = &. We call this procedure the freezing
Ay — Ay, or simply freezing, for short. We denote the remaining coupling by q = qo, while
the remaining N-tuples of partitions as A = Ag. The gauge origami partition function
reduces to

Zg=> q*E
A

where we have defined

—SS*+ MtS* + M~ S*
AL ALA =20 = Y PE[TL] (2.13)
12 A

N N
NEZEG(’, MiEZemi[, M=M"+M"
a=1 a=1 (214)

S=N - P12K12.

This is the partition function of the rank N A; theory [21], i.e. T(N) gauge theory with
2N fundamentals. We emphasize that the I's4-orbifold plays an auxiliary role of reducing
the theory with adjoint fields to the theory with fundamental matter. The I'y4 orbifold,
introduced in section 3, is another auxiliary tool, generating the surface defects.

2.1.2 Introducing surface defects from folded branes: the QQ-observables

Having engineered the bulk four-dimensional gauge theory of our interest, we move on to a
class of surface defects, called the Q)-observables, constructed by the next-to-the simplest
gauge origami configuration. Namely, take now two stacks of branes, one on C%, and another
on C%;, with the Chan-Paton spaces carrying the I's; representations, decomposing into
the irreps R, with the multiplicities n129 = n12,1 = n12.2 = IV and no3z 1 = 1, respectively.
Namely, we assign the Zs-charges in the following way:

N N N
- +_ .
N12 = Z €aaR0 + Z ema 84R1 + Z €ma 837?/2
a=1 a=1 a=1

(2.15)
N23 — 6x+52+53 Ri.
The gauge origami partition function is computed as
A2+ A2si P351257  P159355 512835778
ZS:Z H CIL 12,i[+|A23, |IE [_ = 12 = 23 3Py P*23 (2.16)
A i=0,1,2 12 23 2

In the freezing limit q1 = q2 = 0, only Ks3 = & gives non-zero contribution. The partition
function reduces to a sum over N-tuples of partitions which we still denote as A. It is given by

(2.17)

—SS*+ MS*  e*(S*— M)
Zs=> ¢ME l - .
by P P
Note that the first term gives the usual measure for the A;-quiver gauge theory partition
function. The second term is the contribution obtained by integrating out the fields on the
brane on C3;. Thus, in the four-dimensional point of view it is interpreted as a surface defect



on the Co-plane, which we call the Q-observable. By discarding the I'-function involving the
hypermultiplet mass, which can be absorbed into the 1-loop part of the partition function
Zg, the Q-observable is represented on the partitions X as
e’ S* [A]]
Py

Q)N =E { (2.18)

It is important to note that Q(x) is in fact regular in z, i.e.,

N r T—aq
(—eq) =2 T—co—e€1
QA =
@ =11 T[] ) ]

N oa A ()t
(—52) €2 . x—aa—)\j €1
=1I i1
a=1

()
T (N = 222 ) 55
Also, it should be noted that the @-observable is related to the Y-observable by

Q(z)
Q(x — 82)
The gauge origami partition function thus provides the vacuum expectation value of the
(Q-observable,

(2.19)

=E[—e*S"] = Y(x). (2.20)

25 = (Q2))Zc2,. (2.21)

Similarly, we can construct the Q-observable from intersecting branes on C3%, and C3,
instead. Namely, we consider the gauge origami configuration with

N N B N N
Nig = Z e Ry + Z e TR + Z M TER,

a—1 a1 a1 (2.22)
N24 — ex+ag+a4 R2‘
A computation similar to the one above shows
* * x 173
- || P351257,  P1524554 S1255,
2= ZA: Al o™ [_ P, B, TR
1=0,1,2 (2 23)
[y
by Py Py ’

Hence we obtain the same ()-observable, up to the I'-function involving the hypermultiplet
mass which can be absorbed into the 1-loop part of the partition function Zg.

In the following discussion, it will be convenient to use a redefined version of the
@-observable, which is still regular in « but dressed with the I'-function involving the
hypermultiplet masses:

Qz)[A] = ¥ (2.24)




Note that the I'-function produces a polynomial in hypermultiplet masses by taking the ratio:

~ Q(x) _ Y(x)
Qz —e2) Pt(z)

2.2 gg-characters from crossed branes

(2.25)

Now we study two transversal stacks of branes. Such a configuration defines local BPS
operators at the intersection of the components of two braneworlds. From the point of view
of either four-dimensional gauge theory, integrating out the degrees of freedom on the other
produces the local observable called the gg-character.

2.2.1 Bulk theory with just one gg-character

Consider the gauge origami with only two orthogonal stacks of branes, one on C2, and
another on C3,. As a minimal modification of rank N A; theory on C3, we start with a
single brane on C3,. We still have a choice of a Z,, representation to assign to that brane.
It turns out the only interesting choice is to assign it a singlet representation. So, we assign
ni2,0 = n12,1 = ni12,2 = N and nggo = 1

N N N
Nig=» €e"™Ro+ Y e ™R+ Y ™ =Ry

a=1 a=1 a=1 (226)
N34 = ex Ro.
The corresponding gauge origami partition function is computed as
K. by P3S1257,  P15345% _ 1%
25 = qu | H QL E {_ P 2 - ¥ = —q121512534 . (2.27)
A i=0,1,2 12 34

Once again, in order to obtain the Aj-quiver gauge theory we take the freezing limit
qi1 = q2 = 0. Then |K34] = 0 or 1 and (2.27) can be cast as the expectation value of a
surface defect in A; theory. Therefore, the gauge origami partition function can be split as
the sum of the expectation values of two observables in A; theory, one with |K34| = 0 and
the another with |Ks4| = 1:

Zg= ;qu {_SS;}ZMST (IE {_ex—o—es*} + qE [*S* — exM*D

R Py vt o)+ ql®)
=SB (e 49 ag )

In the language of the four-dimensional gauge theory, this is the vacuum expectation value

(2.28)

Zs = (X(z))Zcs, (2.29)

of an observable called the fundamental gg-character,

X(z) =Y(@x+e)+ qg((z; . (2.30)

~10 -



2.2.2 Bulk theory with the surface defect QQ-observable and the gg-character

Now we are interested in a more complicated example. We want to study the correlation
functions of several local and non-local observables. In our setup these are induced by
simultaneous insertions of additional branes. Specifically, we consider three stacks of branes:
N regular branes wrapping C3,, one R1i-type brane on C33, and one Ro-brane on C3,. In
other words, the I'y,-multiplicities are: n12,0 = N12,1 = n122 = N, no31 = 1 and nzso0 = 1.
This assignment translates to the following Chan-Paton characters:

Nio = Ze““ - Ro + Zem‘;_&l - R1+ ZGWI_SS - Ra
« (6% «

No3 = et te2tes Ry (2.31)

N3y =e" - Ro

The gauge origami partition function is then given by the sum of plethystic exponents [29]:

A; P3S1257y  P1523S353  P153453

ZS:Z H qi |IE[— *12_ *23_ *34
= 2012 Pry Py Psy

AT (2.32)

S1255 | g, p, S250]

—1 *
—qq3 512534 + @3 Py P P;

Again, freeze Ay — A;. Let us address the last term in the plethystic exponent. It comes
from the interaction between the components C3; and C%, of the origami braneworld.
Thanks to our choice (2.31) of Zs-charges Koz = @.

e We now argue, that the perturbative pseudo-measure contribution

Nag N3y

P
4171 Pg‘

(2.33)

can be replaced by
E [~q23 N34 N33 — q34Na3 N3y , (2.34)

without introducing additional poles or zeroes in the x-variable.
Indeed (2.33) can be interpreted as the effect of imposing an infinite sequence of
equations on the ADHM data, cf. [29]:

Ja3BiT34 =0, J3aBE Iy = 0, (2.35a)
k>0. (2.35b)

Now we argue that the matrix Bs vanishes in the setup of the eq. (2.31). Firstly, Bsl1o =0
by the standard stability condition of gauge origami. Secondly, the instantons cannot move
onto the C3; subspace, Koz = 0, therefore:

Bslp; = 0. (2.36)

Finally, the would-be vector BsI34(N34) belongs to the Ri-component of K34, which is zero
in the frozen limit, so
Bgl3y =0. (2.37)
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Therefore all the constraints (2.35) are automatically satisfied for all & > 0. The only
remaining constraints imposed to the gauge origami data are

Jozl3a =0, J34la3 =0, (2.38)
whose combined contributions to the pseudo-measure read exactly
E [—¢23N34 N33 — q3aN23N3y] - (2.39)
Also, the non-perturbative piece of S34 contributes
[ [P14No3 K3y (2.40)

Consequently, the last term of (2.32) is replaced by the sum of the two contributions in the
decoupling limit.

e After these preparations the gauge origami partition function reads as follows:

P35125% P;59355 P;534.5%
Zo— \A\E {_ 12 23 34 241
=20 Py P33 P 240

- . 51255 . . ik
—q13 S125% + @3 Py P*Qg — q23N34Ng3 — q3a N23g N3y + P14N23K34] .
2

Using the Q-observables and Y-observables that we have studied, we notice that the partition
function can be written as the following

Zs = qME[Ti {(w’ —2)Q(z)AJY(z + €)[A] + a2’ — 2 — £1)Q(2)[A]
A

= —<TN+1($)Q($/)>Z¢:§2,
where we have defined the gg-character in the presence of the ()-observable

Q(z")
9(z)

By the compactness of the moduli space of spiked instantons, the vacuum expectation value

Ty41(2)Q(') = (@ — ')Q@)Y(x +£) + ala — o' + 1) P(a) (2.43)

of (2.43) has no poles in the variable x. Thus the observable Tn41(z) is a polynomial in x
of degree N + 1.

e This is our main new tool.

3 Intersecting surface defects from branes on orbifold

As reviewed above, the gauge origami construction produces correlators of both local and
non-local defects in the four-dimensional gauge theory. As the field theory effects of these
defects arise from integrating out the elementary degrees of freedom of bi-fundamental strings
connecting distinct components of the worldvolumes, these defects are electric in nature.
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In this section, we introduce another type of half-BPS codimension-two, monodromy
type defect in four-dimensional supersymmetric gauge theory. In a sense, it is magnetic in
nature. This surface defect [3, 32, 33] is defined by prescribing a specific singular behavior
of the fundamental fields along a two-dimensional surface. We shall sometimes call it the
Gukov-Witten type defect.

For practical purposes the monodromy defect can be represented by an orbifold con-
struction [14, 30, 53-55]. The main use of orbifold construction is that it allows for the
straightforward localization computation of its partition function [14, 30, 38]. Below we
show that the correlation function of the (Q-observables that we have constructed in the
previous section fractionalize in the presence of the orbifold surface defect, also is computable
explicitly. Since the orbifold can be replaced by a Gukov-Witten type (monodromy) surface
defect, the fractional Q-observables on an orbifold can thus be interpreted as intersecting
the surface defects in the bulk gauge theory. We remark that the current setting of inter-
secting surface defects is related to, although is explicitly different from the one in [35],
cf. also [56, 57]. In those papers the surface defects were introduced in the form of vortex
strings. These can be viewed as a dual description [34, 38] of a Zy-orbifold surface defect,
as opposed to the regular Zy-orbifold considered in [30, 31, 37, 43] and in the present work.

In the limit my — oo, ¢ — 0 defining the pure super-Yang-Mills theory the instantons
in the presence of monodromy surface defect can be related to the two dimensional sigma
model instantons valued in the infinite-dimensional Ké&hler manifold LG /T [3]. Their
enumeration can be then analyzed using intersection homology [58], leading to a degenerate
version of the KZ equation which we discuss in full generality below.

3.1 Orbifold surface defect as the disorder operator

We start by recalling the map [30] of gauge theory on orbifold to gauge theory with a
monodromy type surface defect. We also give the equivariant integral expression for the
surface defect observable from the orbifold projection of the gauge theory measure.

3.1.1 Construction of the surface defect via an orbifold

Let us view the worldvolume of the four-dimensional gauge theory of interest as the one
immersed at the z3 = z4 = 0 locus of the Z,-orbifold @1 X (@Q/Zn> - @4/F24. On the
quotient space the worldvolume can be identified with C%, as complex manifolds, via
A A 2
(C]_ X ((CQ/ZTL> — CIQ (31)
(21,22) — (Zl = 21, Zo = 23)

This map has a branching locus at the plane { z; = 0 }, which is a copy of the complex line C;.
A more rigowreatment, e.g. a Kéhler quotient construction of the resolution of
singularities C4/(T'24 x I'34) adds to that C%, a chain of two-spheres. The fractional instanton
charges we are about to discuss below can be interpreted as the fluxes of Chan-Paton bundles
on those spheres.
At any rate, the four-dimensional gauge theory on the orbifold ¢y x (@2 / Zn) is

equivalent to gauge theory on the smooth space C?, supplemented with specific singular
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boundary conditions imposed on its fields along C; at zo = 0. Since the orbifold reduces
the isometries of the spacetime, the supersymmetry preserved by the surface defect is at
least a half of the original supersymmetry.

e To distinguish the orbifold and the ordinary space with the defect, we use the notation
of putting hats above the symbols on the orbifold side, as in (@1 X (@2 /Zn) This rule
will also apply to gauge theory parameters such as Coulomb moduli and the masses of
hypermultiplets.

The singular boundary condition prescribed by the orbifold breaks the global symmetry.
The boundary condition along {Z2 = 0} can be written as

A, dxt ~ diag(an, oo, -+, an)d, (3.2)

where (r,0) are local radial coordinates near the surface {Za = 0}. Then the singularity
(a1, -+ - ay) is assumed to have the structure

(041, T ,OéN) = (Oé(o), T 0), Q1) (1) Tt B (p—1)y T aa(n—l))7 (33)
NO N1 Nn—l

explicitly breaking the global gauge symmetry to T(Ny) x --+ x T(N,—1) C T(N). This is
a choice that characterizes the surface defect, which can be conveniently encoded in the
coloring function c : [N] — Z;, that assigns a representation R, (,) of Zj, to each Coulomb
modulus G, a=1,..., N.

In the presence of N (anti-)fundamental hypermultiplets, the singular boundary condi-
tion breaks the flavor symmetry in a similar way. The choice of the remnant flavor symmetry
characterizes the surface defect, encoded in additional coloring functions o* : [N] — Z,
which assign a representation R, sy to each (anti-)fundamental hypermultiplet mass mj&,
f=1...,N.

By localization the path integral of the four-dimensional N = 2 gauge theory on the
orbifold reduces to a finite-dimensional integral over the moduli space Dﬁorzb of instantons
on the orbifold. There is a natural projection p of this moduli space to the moduli space of
instantons on the ordinary C2,, p : 931%%'2 — sm%, induced by the map (3.1). Accordingly,

the equivariant integration over W%Eb can be broken into the integration over the bulk

12
Qﬁ(c% and the integration over the fiber of the projection. Namely,

. Ty Th
C?Q - /mgrQb - /m 2 S = <S>Z(C%2 (34)
¢

C12

Hence the integration over the fiber of the projection gives rise to the surface defect
observable 8 supported on the zi-plane, so that the path integral of the N = 2 gauge
theory on the orbifold is identified with the vacuum expectation value of the surface defect
observable 8.

Having established the concept of the surface defect in interest, we now turn to the
actual computation of the partition function 2@%2. The Zy-orbifold used in this construction
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can be embedded into the gauge origami, and a slight generalization of the gauge origami
setup described earlier provides a systematic way to obtain the partition function, as we
explain below.

3.1.2 Vacuum expectation value of the surface defect observable

In the gauge origami setup where our bulk four-dimensional gauge theory is embedded as
the effective field theory on the wolrdvolume of D3-branes on C2, C S C Z, so that the
4¢-dimensional orbifold is Z = Clyss/ (Zy X Zy,), where the T'gy x T'34 action is given by

(21,29,23,24) — (21,022,C23, (' '2), 7" = =1 (3.5)

Note that even though the SU(4) symmetry is broken by the presence of the branes and
orbifolds, its maximal torus Y(1)3 C SU(4) still acts preserving the whole structure. The
gauge origami partition function can still be computed by equivariant localization applied
to the Zj, x Zp-invariant locus. Thus the constructions of codimension-two and codimension-
four defects in four-dimensional gauge theory investigated in the previous section generalize
to the current setup with the additional orbifold. Again, we focus on the Y (V) gauge
theory with N fundamental and N anti-fundamental hypermultiplets, which is obtained
by choosing p = 3 and taking the decoupling limit removing the instantons with nonzero
Zs-charges.

Specifically, we consider a stack of 3N parallel branes extended along @%2, with NV
branes of every Zs-charge, as above. Furthermore, we assign the 7Z,, charges to colors and
flavors with the help of the functions ¢ : [N] — Z,, and ¢ : [N] — Z,,. Namely, cf. (2.4)

Nig= Z Z e Ro@NR,,+ Z M THRI QR+ Z em?_gg’?b@iﬁw

WEZn \ a€c™(w) fe(e=) Hw) fel(ot) Hw)

(3.6)

Then the partition function is given by

N v/
4 v P3S1557
ZX;C,Ui = Z H qL,w’ lE |‘_A*12‘| . (37)
s\ i€Zs 12
WELum,

As above, we take the freezing limit whereby the instantons with nonzero Zs-charges are
eliminated. The remaining couplings account for the instantons with zero Zs-charge. There

are n such couplings, which we denote by (q.) to account for the I'oy-charges. In the

WGZn )
language of string theory, the bulk instantons fractionalize into n types by getting onto the
surface of the surface defect. The coupling g, counts the number of fractional instantons of

type w, so that qu+n = §w. The bulk coupling is recovered from:
q=13qod1 " Gn-1- (3.8)
We define useful variables {z,}"Z{ via

Zw+1 (39)

Zw

0>
€
Il
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which we extend to all integers by z,1n = qz,. Thus, upon freezing the partition function
becomes

—S88* 4 NI+Sr 4+ -8+
P, '

‘ZA’YX;C,Ui = Z H EIB\W‘ E

A WEZp

(3.10)

The projection onto the Z,-invariant piece can be performed in a way that reveals the

structure of Zg as the vacuum expectation value of the surface defect observable. First,
orb
ch

points which we still denote as p : X — A. This projection between partitions is given by

A~

p(A) = A, where [30, 38]

note that the projection p : IM%Y — SJ?(C%Z descends to the projection at the level of fixed

$ (@)
A@;{MC(O‘)J, 1§¢51(A(a>), a=1,---,N. (3.11)

n

Next, the two descriptions of the gauge theory, the orbifold defect and Gukov-Witten surface
defect, are connected by the mapping (3.1) accompanied by the appropriate redefinition of
the gauge theory parameters. It is immediate to see that the Q-background parameters are
related by

néy = g9, (3.12)

corresponding to the zo = 25 mapping (the parameter £, was denoted by €2 in [43]). We
further define shifted Coulomb moduli and the shifted hypermultiplet masses by

A

o — c(a)éy = aq; m}[ — ot (f)é,

my. (3.13)

(again, a, and mf correspond to @, and m}t of [43], respectively). These shifted moduli
will be the relevant parameters of the gauge theory after the mapping onto the ordinary
C2, with the surface defect. Note that these parameters are neutral under the Z,-action
due to the shifts by the right amount of é,.

Keeping the new parameters in mind, we can write out all the relevant characters
decomposed according to the Z,-representations as

N-1 N-1
N = NG5 R, Ny= > e, N=)Y N, (3.14a)
w=0 c(a)=w w=0
. N-1 L N—-1
M*==>" MIg@R, Mi= > ", M*=>"MF; (3.14b)
w=0 ot (f)=w w=0
K=Y Kui§Ro, K,=) e > ¢a, K=K, i; (3.14c)
w=0 o (4,5)EX)
c(a)+j—1=w mod n
S=N-P(1-§R)K=> SR, =) SuisRe. (3.14d)
w w
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Note that the ADHM data for the ordinary instantons on C2, are realized as linear maps
on the spaces N and K. In particular, we have

N N
Keka=Y e T ddeye ¥ odd g
a=1 (i,§)EA(®) a=l  (ij)ex(®
c(a)+j—1=n—1 mod n

~

where we used p(A) = A in the last equality. This implies that the linear maps defined on the
vector spaces NV and K are indeed the ADHM data for the moduli space im% of instantons
on the ordinary C?%,. In particular, the number of instantons on C?, is determined by the
number of instantons on the Z,-orbifold with the Z,-charge n — 1: |A| = |A,_1].

We have defined the fractional characters

So=N,—PK,+PK, 1, w=1,....,n—1; (3.16&)
So=Nyg— PKyg+ qPi K, 1. (316b)

Then the character of the universal sheaf S is obtained by summing over the fractional
characters S,

N-—1
S=> S,=N-PPK. (3.17)
w=0
We define fractional Y-function:
Yul(z) = E[—€"S]] (3.18)

so that the bulk Y(x) is a product of all fractional Y(z) by virtue of (3.17):

Ya) = [] Yu(=). (3.19)

WE L,

Finally, using the characters with shifted parameters, the partition function (3.10) can be
reorganized as

n—1
ZX;C,Ui = Z q‘A‘Z’bulk P\] Z H Z£W71_kw Zdefect [A] (320)
A Xepfl(/\) w=0

The bulk and regular surface defect contributions to the grand canonical ensemble are

—SS* + MS*
L[ A] = E [P] , (3.21a)
12
A 1
Zacteet A =E | 52 D (S5 = ME S5 — M7 S%)| - (3.21b)
1 0<w<w/'<N-1

Now, the partition function can be expressed in the following form by treating the defect
contributions as observable:

Zxioot = D AN 80t [N Zouk[N] = (Se0+ ) Zc2,, (3.22)
A
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where:

n—1
Sc,ai [A] = Z H Zrﬁw_likw Zdefect|[A] (3.23)
Aep=1(n)w=0

The P/ =1—gq; ! in the denominator signifies this contribution is indeed coming from
integrating out the degrees of freedom on the zi-plane. Therefore, the partition function is
interpreted as the vacuum expectation value of the surface defect observable supported on
the z;-plane upon the mapping (3.1).

The expression (3.23) of the surface defect observable in fact suggests a dual description
of the defect: a two-dimensional sigma model coupled to the bulk four-dimensional gauge
theory. Indeed, it can be shown that (3.23) gives the partition function of the two-
dimensional supersymmetric sigma model on a bundle over flag variety in the decoupling
limit ¢ — 0 [30, 38]. The coupling between the two-dimensional sigma model and the
four-dimensional gauge theory produces additional terms at nonzero q.

Although the orbifold construction produces the description of all Gukov-Witten type
defects, our main interest will be the special case referred to as the regular surface defect.
The latter breaks the gauge group down to its maximal torus along the surface of the surface
defect. It is defined by choosing n = N and the coloring functions c¢(a) and o®(f) as the
one-to-one functions,

cla)=a—-1, a=1,....N; of(f)=f—-1, f=1,...,N, (3.24)
unique up to the S(N) x S(2N) permutations.

3.2 Folded branes on orbifold and fractional Q-observables

Now we turn to the case where we insert additional stacks of branes on top of the stack on
@%Q C Z, and on top of the regular surface defect. Again, the Zs-charges are assigned as
n12,0 = n12,1 = 12,2 = N and ng31 = 1. The Zy-charges are assigned so as to produce the
regular surface defect, namely,

N12 = Z <6d“’u+1R0 &® %w// + €m‘:”+1 €4R1 (024 SR n 4+ e w”_ESRQ X R //)

W'ETN
N-1 -
= Z ( w41, Ro ® Ry + €M ™5 Aw "R1 @ Ry + €M+ Aw Ry @ 9{w,/)
w'=0
Ry = "t @DotER o R (3.25)

Here, given a choice of the surface defect data, there are additional N choices of w € Zy.
The gauge origami partition function is written as

A A oA A A Z3XZLN

) e Py81085, P8y . 8198

Zvo=Y 11 & [ o S gy Py ] B2
X i=0,1,2 PPy P23 P2
W' ElN
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Removing the instantons with R4 Zs-charge by setting the corresponding fractional
couplings to zero, we get:

: i [2887 4 NS 4 NS e (§r N
2w =3 TI a'E + + _ e ' o

A* A*
5 wWEZy Py P;

The first term is precisely the measure that defines the partition function of the gauge theory
on the orbifold, (3.10). The second term can be interpreted as the surface defect observable
supported on the Zs-plane, obtained by integrating out the degrees of freedom on @%3

e We define the fractional Q-observables (with the mostly entire convention, to be made
more precise below) by

A TLN
Qw(aﬁ)EE[—ex“’éij} , w=0,---,N—1. (3.28)

-1
) N o - PR N o)
1—gqy

L - 43 w'<w w'>w

Note that the ratio of fractional QQ-observables produces the fractional Y-observables,

Qu(®)
L =FE[-€e"S)] = Yu.(2). 3.29
S =B8] = Y@ (3.29)
It will be convenient to define the I'-dressed fractional Q-observables:
Qu(x) = 5" Qulz) (3.30)

N-1 z—m' '
Inr (1 +— )

w'=0

Then the ratio of the redefined fractional (Q-observables is

Qu(z)  Yu(2)

Qw—l(l') B €T — mj.z_

This identity will be useful in deriving the fractional quantum T-Q equation in section 4.2.

(3.31)

In these notations, the partition function can be expressed as expectation value of an
observable on the colored partitions X as

A

2X;w = <Qw(x>>ZNZ@2

)
12

(3.32)

where the subscript Zy is to distinguish from the vacuum expectation value in the bulk
gauge theory without defects.

e Using the map (3.1) the same partition function (3.27) is interpreted as the correlation
function of the intersecting surface defect observables, supported on the z;-plane and the
zo-plane respectively, in the absence of the Zy-orbifold. More pedantically, one could
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distinguish three operators whose correlation function represents (3.27): the two surface
defects and one bi-local operator, inserted at their intersection.

By the redefinition of parameters and the rearrangement of the characters (3.12), (3.13),
(3.14), the partition function becomes

Zro= LM 0 0NQWIN E| 5| = (0.0000) 2y, (339)

A

where the ()-observable supported on the zs-plane is still given by

QN =g [-“ZA, (3.34)
P;
and the observable O, is obtained as
N1 A .
Ou@N = > Tl 2™ Zaetecs A ED (@) [N, (3.35)

Aep~—1(a)w'=0

where Zgefect i the contribution from the regular surface defect (3.21) and EL(UO) (z) is the
contribution from interaction between the two defects through the intersection point (the
origin in our setup) given by

559(:5)[5\}51@[@1 > s;;/[i]]. (3.36)

w<w'<N-1

It should be noted that the interaction term (3.36) vanishes for w = N — 1. In this case
we simply get

Qn-1(z) = Q(z). (3.37)

Namely, the bulk @-observable is identified with the last component of the fractional
Q-observables. This also agrees with the definition of the fractional @-observables in (3.28).

3.3 Fractional gg-characters

We top up by another stack of branes on the orbifold Z = Cly,/ (Z3 x Zy). This is the
generalization of the construction of the gg-characters from the crossed instantons that
we have seen in the section 2.2. In the presence of the orbifold, these branes fractionalize
according to the Zy-representations. Accordingly, integrating out the degrees of freedom of
these additional fractional branes produces the fractional qg-characters. Technically this is
done by computing the orbifold version of the gauge origami partition function. It can be
cast in the form of the correlation function of a point-like observable and the intersecting
surface defects.
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3.3.1 gg-character and the regular surface defect

We consider the case where there are two stacks of intersecting branes on @%2 and C§4. The
corresponding Chan-Paton spaces are the representations of the orbifold group:

A A - L
Niz= ) <6%”“730 ® Ry + e IRy @ Ry + €71 Ry @ 9%”>

W'ELN
N-1 -
- ( 518 Ry @ Ror + €68 Ry @ Ry + o1~ H G Ry @ R, )
w''=0
Nyt = 8 Ro @ R, (3.38)

Again, taking decoupling limit, the gauge origami partition function reduces to

Zxw= Z H a"j\,“"‘Zbulk (A Zdefect [A] (E {—exﬁlSZH} +q.E {exSZ —e”’ce;m‘t —exe_m;D

A WE€Zn
w! P,
72 H q"" ‘Z’bulk ]Z’dEfeCt[ ](yw+1($+€1)—|—qu Ex))
A WEZy, w a?)
P, R
_<Hw+1(x+51)+ﬁw% E§§>Z Z@Qv 5.39)

where the subscript indicates it is a vacuum expectation value in the gauge theory on
the Zpy-orbifold. The point-like observables defined in this way are called the fractional
qq-characters,

. by
Xoo(@) = Y1 (z +21) + o

et (3.40)

Using the map (3.1), the partition function (3.39) can also be viewed as the correlation
function of the regular surface defect observable supported on the z;-plane and a point-like
observable at the origin.

3.3.2 With fractional QQ-observables

At last, we consider the three stacks of branes on C2,, CZ,, and C2,. The orbifold group
representations for the Chan-Paton spaces are:

A ~ L — ~ 4 _
Niz= ) (ea“"“Ro ® Ry + " THRL @ Ry + €717 Ry @ iM’)

wHEZN
N_l " - " + 11
=D (ea“’”“q“z" Ro ® R + €M "G Ry @ Ry + € +17 2G5 Ry @ zm/’)
w=0
N% _ ex’+éz+53qN2«J' R1 @ Ry 1
N3y = €735 Ro ® R, (3.41)
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Here, notice that there are N choices for both w,w’ € Zy, of total N? such configurations.
The gauge origami partition function is written as

Z e 133§12§* P159385,  P1534S;
ZX W UJ/ = H 7, w” E p* 12 _ p* 23 o p* 34 (342)
S icls 12 23 34
w'e€ln

Sk
=23 | G, P
5 3

—Q121512S§4 + q3Py

A A ZSXZN
A 523S§4]
—= .

We again take the decoupling limit where the instantons with nonzero Zjs-charges are
prohibited. Using the same argument as the case without the Zy-orbifold, we modify the
last term coming from the interaction between C3; and C2, to

A L3 X7
- (3.43)

E [—@23N34N§3 — G34Na3 N3, + PryNos K3,
With some decent but tedious calculation, we find the gauge origami partition function can
be organized into the following form

ZAX;wuw, == Z H Eliuf'” Zpulk [A] Zdefect [5‘] X TN-H,W(CL’) [S‘]Qw’ (xl)[j‘]
A W'ELN

= — <TN+1,w(97>Qw’ <$/)> 2@

- (3.44)

2 .
12
The fractional gg-character, which is a correlation function of gauge theory observables,
consists of fractional ) and Y-observables:

Py()
Yo ()

Qur (")
(3.45)

TNJrl,w (‘T)Qw’(x/) = (x - ml)éww/gw—&—l(m + El)Qw’(xl) + Elw(l’ —a'+ 81)6ww/

Due to the compactness of the moduli space of spiked instantons on orbifold [28, 36], the
vacuum expectation value of the fractional gg-character

(Tn1w(@)Qu(@)) = (@ =) (Yo (e +6)Qu(a'))y,

N

A ’ $,
(@ — ' + 21)0 Py (2) <Q“’ (z) > (3.46)
gw(x) 7N
is regular in x. In particular, it is a degree 2 polynomial in # when w = &', and a degree 1
polynomial in x when w # w'.

4 Quantum T-Q equations as Dyson-Schwinger equations

The gg-characters in the N = 2 gauge theory contain nontrivial analytic information on the
gauge theory correlation functions. Their crucial property is, as introduced in the previous
sections, the regularity of their vacuum expectation value [6] following from the compactness
theorem for the moduli space of spiked instantons [28]. The regularity constrains relevant
gauge theory correlation functions by requiring the vanishing conditions for their singular
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parts, yielding nontrivial equations that they have to satisfy. These equations are called
the non-perturbative Dyson-Schwinger equations [6].

Generally, the non-perturbative Dyson-Schwinger equations encode the chiral ring
relations [40]. With the insertion of surface defects, the chiral ring is subject to nontrivial
relations between the observables from the bulk gauge theory and the defect. The -
background uplifts these relations to differential equations in coupling constants obeyed
by the vacuum expectation value of the defect observable. The non-perturbative Dyson-
Schwinger equation can effectively used to exactly derive such differential equations, as
shown in [31, 35, 37-39, 42].

In this section, rather, we focus on a set of difference equations satisfied by the vacuum
expectation values of (fractional) @Q-observables that we introduced in section 2.1.2 and
section 3.2. We refer to the associated difference equation as the (fractional) quantum T-Q
equation. We present the relation of these difference equations to the Baxter T-Q equation
for the X X X4, spin chain, which explains how these names are coined.

4.1 Quantum T-Q equations

We consider the gg-character in the presence of the (Q-observable, without the regular
surface defect. Recall that the gg-character in this case is given by (2.43). Now we set
z =" and to z = 2/ — g1 in (2.43), yielding

<‘é($ + 62)Q(CU)> = (Qz +e)) = _511 <TN+1($ - 81)Q($)> ; (4.1a)
qP<x><fj(<jf))> = 4P(n) (@ - 22)) = = (T (0)Q)) (4.1b)

Let us define a degree N polynomial T (z) by,
TN(.CC) = 511 (TN_:,_l(l') - TN—i-l(l' — 81)) . (4.2)

The Tn(z) can be obtained explicitly by expanding (2.43) in large = and taking the
difference at two values. Since the Y-observable is the generating function of the N = 2
chiral observable Tr¢*, k € Z, the coefficients of Tiy(x) are given by combinations of them.

Then we obtain the following difference equation for the vacuum expectation value of
the Q-observable, called the quantum T-Q equation:

(Qz +22)) + aP@){Q(x — £2)) = (Tn(2)Q(x) ). (4.3)
In terms of the redefined (Q-observables, the quantum T-Q equation is written as
PH(z+29)(Qz +22)) + aP~ (2)(Q(z - 22)) = (T (2)Q(x)). (4.4)

Note that the quantum T-Q equation is valid with two non-zero €2-background parame-
ters €1 and e9; and also that the vacuum expectation value of the ()-observable involves
nontrivial ensemble average over partitions. In the limit €1 — 0, the ensemble average is
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dominated by the evaluation on the limit shape [4]. In particular, the vacuum expectation
value of the -observable becomes a regular function in x, which we may call the Baxter
Q-operator [47]. The quantum T-Q equation reduces to the Baxter T-Q equation for
X X X, spin chain satisfied by the Q-operator. The spectra of Hamiltonians, encoded in
the coefficients of the polynomial T (x), are given by the vacuum expectation values of the
chiral observables Tr¢* in the NS limit. The Baxter T-Q equation obtained in this way is
identical to the one in [59] arising from the g-characters of the same N = 2 gauge theory.

4.2 Fractional quantum T-Q equations

We consider the gg-characters in the presence of the fractional ()-observable, constructed in
section 3.3.2. Recall that the gg-characters are given by

A PW /
T i12)Qu (o) = (0 = 2V Yoo + ) Qo) +ule =o'+ 20 (21 Qu)
(4.5)
The vacuum expectation value is regular in x. Namely,
(Tn1,0(2)Qur (95/)>ZN = (z — ') (Yor1(x + £1)Qur ()7,
~ / §ww/ QW’ ($,)
+ Gu(z — 2" + €1)%" P,(x) < Y (2) >ZN (4.6)

has no singularities in . We can compute the left hand side by explicitly expanding the
right hand side in large z. The building block Y, (z) in large = behaves as

Yu(x) = (z — ay) exp {2%,1 + %Dg}zl +-- ] (4.7)

with v, = k, — kw41 and

1 “ ~ R ~
DY = eok, + Z ¢o — Z ¢o = eaky + €y — Cut1-
OeKy 0eKwt1

TN_FLM(ZE) is a degree 2 polynomial when w = '
TN_,_LW(ZL') =(z—2')(x — aps1 +e1vy +e1) + oz — 2" +e1) (@ —my + ay — E10-1)

2
o 1 €
+ €1Dw1) - %&Di_)l + 517/3, — €10w+1Vw

2
+ Gu <211/3_1 + (M — ay)e1Vw—1 + Pw(aw)> , (4.8)

where my, := 3, m>. TN+17w(x) is a degree 1 polynomial when w # w':

TN+1’W($) =T — ayy1 1+ 10+ Gu(x —my + ay — E1V4p—1)- (4.9)
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Now let us repeat the steps deriving the quantum T-Q equation in eq. (4.3): we set
w = w’ and take the difference between x = 2’ and 2’ = = 4 €1 cases in (4.8):

(z — m$+1)<@w+1($)> +iw(z — m;)<Qw1($)> (4.10)

ZN

+E|w<(x+aw_mw_alyw—l)Qw(x)> s
Z

N

Zn

= <(x — Qi1 + E1V) Qw(x)>
Z

N

By multiplying the perturbative prefactor, we define the full vacuum expectation value of
the regular surface defect observable as

N—1 ml—aw

— Y A

U(g,2)= [ 2 ™ Zeo (4.11)
w=0

Now we can replace the vacuum expectation values of the fractional instanton charges
in (4.10) by differentials in fractional couplings acting on the correlation function of
intersecting surface defects. This leads to the following difference equation for the fractional
(Q-observables, which we call the fractional quantum T-Q equation:

<(w = m1)Qu1(2) + fulz — m;)Qw—l(ﬂf)> v

VAN,

= [w —mb i+ e120410: 4, + du(z —my — €1zw8zw)} <Qw($)> . (4.12)
Z

:=[<1+aw>x+pw}<@w<x>> v
Zn

For notational convenience, we will define
Tnw(z) = (14 4u)7 + pu (4.13)

as a differential operator. The fractional quantum T-Q equation is then simply written as

(r=mi1)(Qun (@), Utbole—m){(Qua(e)), ¥=Tnu(e)(Qu(x)), . (414)

N

In section 7, we show that the fractional quantum T-Q equation can be reorganized
into a matrix equation valued in an auxiliary two-dimensional space V,ux. More specifically,
it is translated to slp-homomorphisms LXXX(z) € End (Vs 4, ® Vaux), which are identified
as the Lax operators of the X X X
(%Sw,aw)iv:_ol (see section 7 for the definition of Hs, o). By concatenating the Lax operators,

I, spin chain with N sites, with particular slp-modules
we produce the monodromy matrix of the spin chain, as a 2 x 2 matrix in End(V,yx) with its

entry valued in End ((X)gz_ol f}fsw,aw>, represented as differential operators in the fractional

N-1

couplings (z,),—g- The transfer matrix is obtained by taking the trace in V., yielding
a degree N polynomial in « whose coefficients are quantum Hamiltonians represented on

®fJV:_01 Hs,, a., as differential operators. In this sense, as the name suggests, the fractional
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quantum T-Q equation can indeed be regarded as the fractionalization of the quantum T-Q
equation (4.3).

More interestingly, in section 6 the fractional quantum T-Q equation will be shown to
be the Fourier transform of the degenerate 5-point KZ equation for sly. Accordingly, the
solutions to the KZ equation is given by the Fourier transform of the vacuum expectation
value of the fractional Q-observable. Thus, the fractional quantum T-Q equation plays
a fundamental role in connecting the N = 2 gauge theory to the system of the sy KZ
equation and the system of sly spin chain simultaneously, establishing an intricate spectral
relation between the two systems. We will explain the details of this correspondence in a
separate work [51].

5 The vortex string defect

In this section we Fourier transform the folded brane induced observables to define another
surface defect, which is the analogue of the vortex string defect studied in [30, 38], with a
contact term arising at the intersection with the regular surface defect. For a discussion of
contact terms between 2-observables in Donaldson theory and its generalizations, see [60, 61].
Unlike those infrared contact terms, our contact term is an ultraviolet observable, which we
discuss below.

5.1 Fourier transform to vortex string defect

e Let us define the new observable Y (y) as a Fourier transform of the vector of vacuum
expectation values of fractional Q-observables (3.30):

(Qo(@))zy
<Q1(x)>ZN
" ~ N-1 —% __ ~pert B _é
YTy) =7 (y); (<Qw($)>ZN‘l’)w:0y T (y); (Ou(2))z Wy =2,
@va@)zy) B

where L = L + Zey C C is a lattice of complex numbers with step €2 chosen so that the
above expression converges.

e The physical meaning of Y (y) is that it is essentially a vortex string surface defect [30, 38].
One can interpret it as a partition function of an A-type model (specifically, in a gauged
linear sigma model realization) on the total space of a sum of N copies of O(—1) line bundle
over the projective space PV~1.

The parameter y plays the rdle of the complexified Kéhler modulus. Depending on the
domain in which y is, this projective space is either the projectivization P(NV) of the color
Chan-Paton space, or the projectivization P(M™T) of the half of the flavor spaces. In that
sense the original ()-observable could be thought of as the analytic continuation of a path

integral in the two dimensional theory living on the vortex string to the complex values
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x/eg of the instanton charge. It is remarkable that the latter can be identified with the
Coulomb modulus of a theory living on the C3;-plane in the folded construction.

e The perturbative contribution YP®'*(y) is a simple function of y to be determined. Each
individual component of Y can be referred to as

Tuly) = TP (y) S (Qula))zy Uy %2, (5.2)
x€L

which possesses a twisted periodicity
Torn () = yTu(y). (5.3)

e We stress here that the vacuum expectation value above is taken in the gauge theory in
the presence of the Zy-orbifold, which can be converted to the vacuum expectation value
in the ordinary gauge theory with additional insertion of the regular surface defect. As a
result, Y (y) is the pair correlator of intersecting surface defect observables.

e In defining the Fourier transform Y (y) (5.1), we should require that the series converges.
The convergence is guaranteed only with appropriate choices of the lattice L, and, moreover,
different choices of the lattice lead to series with different convergence domains. This can
be shown as follows.

From the definition (3.30), we notice that the fractional Q-observable Q,,(z) has simple
zeros at x =m)__, — (n+1)eg, w' =0, -+ , N — 1, n € Z>g. Thus we choose the lattices

L,={m} +nex|nez}, w=0,---,N—1. (5.4)

Then the infinite summation in (5.1) terminates to the left due to the zeros of the fractional
(Q-observables, giving

T =17 ) Y ((Qul@)e )y 5
x:“' __ (5.5)
= TP (y) Z (<Qw(m3, + n52)>zN‘I’)w70 Y 5
n=0 -

Then the series converges in the domain 0 < |q] < 1 < |y|. In other words, with the specific
choices for the lattice L above, the solutions to the KZ equations expressed as series (5.5)
are valid only inside the particular domain 0 < |q| < 1 < |y|.

We can continuously vary the parameter y to other convergence domains, where
the solutions have to be properly analytically continued. Such analytic continuations of
correlation functions of surface defect observables was studied in depth in [35, 38]. For
instance, in the domain 0 < |y| < |q| < 1, we can take the Fourier transform similar to (5.1)
to construct the solutions as a series,

T =T S (@uteiaw) L (4)7 >0

xzeL,

w
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for which we can derive the 5-point KZ equations by repeating the same computations.
Note that even though we are seemingly using the same lattices, the convergence domains
are distinct so that we have to redefine m} <+ mg, in the latter solution to properly patch
the two solutions together through analytic continuation. Such analytic continuations across
convergence domains lead to nontrivial connection formulas between these solutions [35, 38].

In the language of the supersymmetric gauged linear sigma model with the target space
being the total space of the vector bundle O(—1) ® CN — PN~ over the projective space,
the analytic continuation corresponds to the flop transition initiated by the variation of the
Kéhler modulus y, which roughly exchanges the base and the fiber of the target space [38].

5.2 On the intersection of surface defects

e Consider two A-twisted topological sigma models on Kéhler manifolds X7 o with the
worldsheets X1 o, respectively. Let L C X; x X5 be a subvariety (a correspondence), and
p1 € X1, p2 € Yo be a couple of points. Then one can define a bi-local observable wy,
in the combined theory which is a condition for the holomorphic maps ¢; : 3; — Xj,
i = 1,2, to agree at p; in the sense of the L-correspondence: (¢1(p1),p2(p2)) € L. Using
Kiinneth decomposition, the Poincaré dual 6 € H*(X; x X3) to L (assuming compactness)
decomposes as:

5 =3 NPl el (5.7)
a,b
where egi), a=1,...,dim H*(X;) are the bases of the respective cohomology groups. Using

this decomposition, the bi-local observable wy, can be expanded in the basis of the ordinary
0-observables of respective sigma models (this is similar to the eq. (3.3) in [62]).

e In our case, the surface defects support the sigma models on the (total spaces of certain
equivariant vector bundles) over the complete flag variety F'(IV) for the regular defect, and
the projective space P(N) for the vortex string. Define the correspondence

L., € F(N) x P(N) (5.8)

as the variety of pairs (Vo C V1 C ... C Vy_1 C Vy = N, ¢ C N), with dimNV; = i, diml = 1,
such that £ C V,,41. It is a nontrivial correspondence for w =0,..., N — 2.

We expect the local observable defined by the evaluation of the Z(°) (3.36) at 2 € L to
be a localization of the observable wy, . It would be nice to work this out in detail.

6 Knizhnik-Zamolodchikov equations

In this section, we verify that the correlation function of the intersecting surface defect
observables in the N = 2 supersymmetric gauge theory introduced above satisfies the KZ
equations associated with affine Lie algebra sly.

Let g be a simple Lie algebra over C. The KZ equations were originally derived for
the correlation functions of primaries in the WZNW model, in which an affine Lie algebra
g is the conserved current algebra [46]. The level of the relevant lowest-weight g-modules
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is identified with the level k € Z of the WZNW model, and therefore is constrained to
be an integer. The KZ equations were later reformulated in a representation theoretical
manner [63, 64], where the correlation functions are defined as matrix elements of products
of intertwining operators between lowest-weight g-modules of level k € C and evaluation
g-modules of level 0.

Let us only briefly recall the formulation of Knizhnik-Zamolodchikov equations here,
without going into details of representation theory of affine Lie algebras. We consider lowest-
weight g-modules Vo, Voo and any 7+ 1 g-modules (H;);_,. To each lowest-weight g-module
Vo and Vo, we associate the induced lowest-weight g-modules V , and Vo 1, of level k € C,
considering them to be located at z,; = 0 and z_; = oo, respectively. For the rest of the
g-modules H;, we construct the evaluation modules H;(z;) with complex parameters z; € Pl
The intertwining operator is defined as a g-homomorphism between a lowest-weight g-module
and the product of a lowest-weight g-module and an evaluation g-module. By taking a
consecutive product of the intertwining operators, we can construct a g-homomorphism
between Voo and @i_qHi(zi) ® Voi. The correlation function ¢(z) = (zo,--- ,z)
is defined as the matrix element of this product of intertwining operators, valued in
Vi @ ®i_o Hi ® Vo. Here, Vi is the restricted dual of Vo, i.e., the direct sum of the duals
of weight subspaces of V.

Now let us denote the basis of the Lie algebra g by {TX}. We also denote TX the
representation of {TX} on the module at z;. Then the KZ equations read

o T+1Tk®-|—k
E+h)— -y 1 —2 =0, i=0,--- 6.1
Ut W) g = Sy [VO =0 =0 (6.1)
j#

where h" is the dual Coxeter number. As evident from the equations, the space of solutions
is g-invariant. Thus we may restrict our attention to the correlation function valued
in the space of g-invariants, ¥ (z) € (Vi ® Qi_yHi ® Vo)?, at our interest toward the
correspondence with the N = 2 gauge theory.

In connection to the N = 2 gauge theory, the subject of our study, the relevant simple
Lie algebra will be g = sly. Our main example will be the Riemann sphere with five
punctures (r = 2),

Z-1 =00, 20 =Y, Z1 = 17 Z3 =4, z3 = 07 (62)

at each of which we attach an sly-module as we just described. In particular, we associate
the lowest-weight Verma modules at 0 and oo, the Heisenberg-Weyl modules (HW modules)
at ¢, 1, and finally the standard N-dimensional representation at y. It turns out that, as
we will see below, the N-dimensional representation can be realized as a submodule of the
HW module with specialized weights. From the point of view of the current algebra, this
corresponds to inserting a degenerate primary field at y.

We show that the Fourier transform of the correlation function of the intersecting
surface defect observables that we studied in section 3.2 solves the degenerate 5-point KZ
equations. In the view of the BPS/CFT correspondence, there have been earlier conjectures
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relating the four dimensional gauge theory correlation functions to the analytically continued
WZNW conformal blocks [5, 9, 10, 14]. Our proof of the KZ equations for the gauge theory
correlation function is an explicit confirmation of some of these conjectures.

6.1 Knizhnik-Zamolodchikov equations for sly

We first introduce the construction of relevant sly-modules that compose the degenerate
5-point genus-0 correlation function by flag varieties. Then we will describe how the
degenerate 5-point KZ equations are expressed with these representations.

6.1.1 Some representations of sl

As we have briefly mentioned, the relevant sly-modules are the lowest-weight (highest-weight)
Verma modules, the Heisenberg-Weyl (HW) modules, and the standard N-dimensional
representation. For the Verma modules and the HW modules, we shall only review how these
modules are constructed without providing the proofs for their desired properties. For the
details of the proofs, we refer to [43]. Then we construct the N-dimensional representation
as a submodule of a special HW module.

To make the notations concise, we first present the constructions of gly-modules. The
representations of sl are defined on the same spaces by properly redefining the Cartan
generators.

Let W = C¥ be the complex vector space of dimension N. We choose a basis {e, }2;
in W, with the dual basis in W* by {€®}{";, so that the Lie algebra gl is represented by
the linear maps

T2 = e, ® & € End(W) (6.3)
with the commutation relations

[T, 8| = obTd — a2 (6.4)
The Lie algebra sl is spanned by T2 with a # b, and the Cartan generators

hi=T,—-Ti, i=1,--,N-1 (6.5)

Verma modules. For the purpose of our study, it is convenient to construct Verma
modules by using flag variety. Let us consider complete flags of W = CV,

{}=VocVic---CVy1CVy=W, dimV; =4, (6.6)

with the embeddings U; : V; = Vj41. The action of G = GL(V7) x GL(V3) X - - - x GL(Vn_1)
on the embeddings is simply given by

g: U= (ginUigr DN, g € GL(V;). (6.7)

=1 >
Then the flag variety is given by the GIT quotient
FW)={(U) |U;: V; = Vigq, i=1,...,N — 1}5%able )G, (6.8)

where the stability condition requires all the embeddings (Ui)i]i_ll to be injective.
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Let us also define the exterior power of the product of embeddings,

m= N\ Onoa-0) s NV — N W (6.9)

Now we choose a basis (ea)Y_; of W, and denote its dual basis by (¢2)_; with &2(ep) = 62.
We consider an open patch F'(W)° C F(W) associated to the chosen basis, defined by

FW)* ={(u;)] 7e(mi) #0, i} € F(W), (6.10)

where we defined the poly-covector 72 = &' A--- A& € N W™,

We construct a lowest-weight Verma module as follows. Let ¢ = (¢1,---(y_1) € CV '_1
be given. Let us define Q¢ = [T, (7 (ﬂi))Ci, and freely generate the space V¢ = Q¢ C[ug)]
as a space of polynomial in

@) _ o egAm)  di=1- N1

U —_—, 6.11
B 7 () B=1,---,i ( )

We will only work in the patch F(W)°, so that the space is well-defined. Then the generators
of gl are represented on V¢ by

N—1
Ty == 3 Uy )0 (6.12)
¢ m=1 a(UN—l)m

We can show that V¢ is a lowest-weight Verma module with the lowest-weight vector (2¢:

J:QC:O, a>b,

. (6.13)
bilv Q¢ = —Gi&¢, i=1,---N-1

See [43] for the details of the proof.
A highest-weight Verma module can be constructed in a similar manner. We consider
complete flags of the dual space

{0}=VocVic---CVUy_1 CVy=W* dimV; =i, (6.14)

with the forgetful maps U; : Viz1 — Vi. The action of G = GL(Vl) X oo GL(VN_l) on these
maps is simply

g: (U )i\f 11 = (gl ng-l)zN 117 gi € GL(VZ) (615)
Then the flag variety is given by

FW*) ={(@) | 0;: Vig1 = Vi, i=1,...,N —1}stable )G, (6.16)

where the stability condition requires all the forgetful maps (ﬁ)f\i _11 are surjective.

We define the exterior power of the product of duals of the forgetful maps,

N @y NV — N W (6.17)

7‘{_2
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Also, with the chosen basis of W, we define the polyvector 77 =e; A--- Ae; € N W. The
associated open patch is

FW#)? = {(0)| #(x5) #0, ¥i} C F(W™). (6.18)

Then, for a given ¢ € CN~!, we define a vector QZ = fi}l (ﬁ'z(ﬂf))g We construct the

space \~7€ = Q& C[ﬂé)} as the space of polynomials in

5 _ AT (rgy)  i=1-- N-1
uy. — o )
(7’) 7'[‘2(7'('1) B: 17 ,Z.

(6.19)

We will only work on the patch F(W*)° so that the space is well-defined. The generators
of gl are represented on \~7& by

N-1
-I-b|~ = jb = Z (ﬁN_l)m # (620)
a \7& a ~ a g (UNfl)E

It can be shown that \~7& thus defined is a highest-weight Verma module with the highest-
weight vector Q&:

(6.21)

Details can be found in [43].

Heisenberg-Weyl modules. The Heisenberg-Weyl module (HW module) is constructed
from the projective space PV =1, Consider an abstract one-dimensional space L. = C! and
the space of linear maps 3 : L. — W. The symmetry group C* of L acts on the space of
such maps by

st teCx. (6.22)

The space of injective embeddings up to the C*-equivalence is the projective space PV ~1.

PN=1 on the open patch near

Let us trivialize the sections of the line bundle L. —
(Y- ,3Y)=(1,---,1). Let us be given with u € C and 7 € CV~!. Then we construct the

space J{]; as a space of degree-zero Laurent polynomials (with a multiplicative prefactor):

N e
s =TI GH™C|6h™ - 6] (6.23)
a=1
where B8 = (B1,---, Bn) € CV is determined by
N
p=> Ba Ti=B—Piyr, i=1- N-1 (6.24)
a=1
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We will only work in the patch near (3',---,3Y) = (1,---,1) so that 3* # 0 for all
a=1,---,N. Now the generators of gly are represented on H} by

B 0

Talser = —3"873- (6.25)

Note that the sly weights of the vectors in Hj, form a lattice including —7, and each
weight subspace is one-dimensional. For instance, b;|scr (H]avzl (5‘1)6“) =7 (Hle (32)” a),
i=1,---,N—1.

We call HJ, the (twisted) Heisenberg-Weyl module. It is the space of degree-zero

N

Laurent polynomials in (3%),,

multiplied by the prefactor determining the weight 7 and pu.
The same module can be presented in a slightly different way. Let us again consider
one-dimensional space L = C! with the symmetry group C*. Then the space of the forgetful
maps
5: W — L, (6.26)
up to the C* action,
j— 13, teCX, (6.27)

defines the projective space PNY~1. Then, for given ji € C and ¥ € CN~!, we define the
space U-CZ by degree-zero Laurent polynomials multiplied by a prefactor,

57 = T[] Ga)™ClE, - 357, (6.28)

with g = Zfiv:l Ba and 7 = Bi — Big1, @ = 1,---,N — 1. The generators of gly are
represented by

. 0
5a872;b~
An important feature of the HW module 3(}; is that all the Casimirs depend only on

Tolgr = (6.29)

(@ for j{;’;) Also, the HW module is neither highest-weight nor lowest-weight generically.
Moreover, for generic p and 7 the HW module HJ, is irreducible. At special values of 1
and 7, however, it is reducible into highest-weight and lowest-weight submodules.

N-dimensional representation. The standard N-dimensional representation of sly is
simply given by the N-dimensional vector space CV, on which the generators of gl act by
the single-entry GL(N, C) matrices,

T®|ov = EP. (6.30)

Note that the N-dimensional representation can also be obtained as a finite-dimensional
submodule of the Heisenberg-Weyl module with the specialized 8 = (0,0,---,0,1), or
equivalently f =1 and 7 = (0,---,0,—1). Namely, it is the N-dimensional submodule of
U:CEO""’Q_D = Uy (C[&I—L, e ,ﬂﬁ](cx, spanned by {d1,--- ,an} C 9%50""’07_1). The correla-
tion function with an insertion of the N-dimensional representation is said to be degenerate
in this sense.
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6.1.2 4-point correlation function

Before proceeding to the 5-point KZ equations, let us consider the 4-point KZ equation for
sl where the N-dimensional representation at y is not present (namely, » = 1). It was
verified in [43] that the vacuum expectation value of the regular surface defect observable in
the T(N) gauge theory with N fundamentals and N antifundamentals provides solutions
to the 4-point KZ equation. We will give a brief review here; details can be found in
appendix C.2.

For the 4-point KZ equation for sly, we consider the four punctures on the Riemann
sphere located at

z1=00,2z0=1, z1=4q, z0=0. (6.31)

As we described earlier, we assign the lowest-weight Verma modules V(= V¢) and Vo to
the points 0 and co. We assign the HW-modules 9{;(_45 and j{;_c to g and 1, respectively.
In this paper we only study the generic weights modules, so that they are irreducible.
In particular, since the lowest-weight Verma module V., is irreducible, its restricted dual
V7% is a highest-weight Verma module. Thus, we can just replace V7, by a highest-weight
Verma module that we will denote by \~7C~.
The 4-point correlation function ¥(q) is valued in

~ ~ \sl
U(e) € (V@I @TC @ V) (6.32)

e Let =G x G x C* x C*. Using the constructions of the sly-modules from flag varieties,
we can present the correlation function as a product of the Lie(§)-equivariant piece ¥y, and
a G-invariant factor y:

\Ij(q) = ‘IIO'X(/Ulv"' aUNfl;q)a (633)

where x(v1, -+ ,vn-1;q) is a Laurent polynomial in

, a=1,---,N. (6.34)

It can be shown that Zle v, = 1, making only N — 1 variables independent. Also,

N Ba N-1 o
W =[] (GA7 ()" (7FG A )™ I (7)™ (6.35)
a=1 i=1

Note that all the sly indices in (va)Y.; and ¥q are contracted, so that ¥(q) is invariant
under sly. The Lie(9)-equivariance of ¥ reads as:

N-1 - B ~
‘ll()[gi-i-lUigi_la gzﬁzg;,-lla t367 f*lga] X H (det gl)CZ (det gl)icl x thtH = \IIO[Ui7Ui75a73a]7
=1
(6.36)
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with g; = exp(h &), etc. and h nilpotent. The 3N — 1 undetermined variables (Sa, fa, @;) in
the exponents of ¥y are determined by the 3N — 1 weight parameters ((;, Cis Tis s ﬂ(4)) by

Bi+ Bit1 + i = G,
Biv1 + Bi + i = ¢,
Ti — G = Bi — Bit1,
7 — G = Bi — Bin
Zﬁb =M,
b
> o=
b

Note that among the first four equations only three of them are mutually independent.

(6.37)

Hence we have 3N — 1 equations in total, which completely determine 3N — 1 undetermined
variables (8a, Ba, ;) in terms of 3N — 1 weight parameters (G, G, 74, t, il¥).

The 4-point correlation function (6.33) constructed from flag varieties provides a
particular representation of the 4-point KZ equation as a differential operator. The 4-point
KZ equation reads

o AW [

k+N
B )8q q q-—1

U(q) = 0. (6.38)

Here, we recall that the generator T* of sly is represented on the respective modules
by (6.12), (6.20), (6.25), and (6.29), yielding

gy = Z 53" 8 . = Z 8g,aa;,a (6.39)
a,b=1

where the superscript was used to distinguish from the 5-point case that will appear later.
Using the definition (6.34) of the variables (v;);!, these differential operators can be
rewritten as differential operators in (Uz)i\; _01. See appendix C.1 for the details of the
computation.

On the other hand, in the gauge theory side we have the non-perturbative Dyson-
Schwinger equation for the vacuum expectation value of the regular surface defect, which fol-

lows from the regularity of the vacuum expectation value of the fractional gg-characters (3.40),

wE LN

2 (Xu(@)) =0, : (6.40)

Zn I € Z>0

The Dyson-Schwinger equations can be organized into differential equations in the gauge

N1 [31]. As proven in [43], these differential

coupling q and the fractional couplings (z,),,_
equations induce the 4-point KZ equation (6.38) that we have discussed so far, when
accompanied with a proper matching of the parameters on two sides. See appendix C.2 for
the review on the derivation. This correspondence can be regarded as an explicit verification
of the equivalence of the gauge theory correlation function and the WZNW correlation

function [9, 10, 14], for the case at hand.
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6.1.3 Degenerate 5-point correlation function

Let us now consider sly-modules associated to five points
zZ1=00,20=Y,21=1,29=¢q, 23=0 (6.41)
on the Riemann sphere; lowest-weight Verma modules Vo(= V¢) and Vo at 0 and
oo, Heisenberg-Weyl modules }C;_C and ﬁ;_&+(o""’0’1)
dimensional representation CV at y. Note the HW module with the shifted sly-weights

T—CH+ONn—1 _ i T—C+0a1—8a
b I

at q and 1, and finally an N-
can be written in N equivalent ways: H ,a=1,---, N, where
0a = (0i0) € 2NN

The standard N-dimensional representation CV is an N-dimensional submodule of a
special HW module 9~{1_5N’1 = anClaF, ..., 45", which is spanned by {dy,-- ,in} C
Utfl_aNfl. The generators of gly, which act as single-entry GL(N, C) matrices E?, can be
represented by differentials:

0

Oty

Again, we choose all the weights to be generic, so that all the modules are irreducible.

TS|y = B2 = @iy (6.42)

In particular, we can replace the restricted dual V% by a highest-weight Verma module \~7Z.
The corresponding degenerate 5-point correlation function Y (q,y) is valued in

- X A\ 5N
Y(q,y) € (vc ®H I g g vg> : (6.43)

Note that we have the following decomposition for the last tensor product,

N

8 N }

Ve®CY =P Ve s, 1s. (6.44)
a=1

which follows from the identification of the N-dimensional representation as a submodule
of a HW module, CV C f]'fl_‘sN’l = ﬂ-fl_éa’ﬁ&a. Thus the 5-point correlation function
Y (q,y) can be expressed as an N-tuple of 4-point correlation functions that we have studied

earlier. Note that the shift in the weights of the HW module Uth*CJFJN’l = H ;7“53’175"‘
is introduced precisely to account for the shift in the weights of the Verma modules after
the decomposition (6.44), making the space (6.43) nonempty.

The 5-point KZ equations satisfied by Y (q,y) are

o H, H f,
—(k+N)=—+ = + + Y=0 6.45a
l ( )aq qg q-1 q—y] ( )

o Ay Ay A,
—(k+N)=—+—+ + Y =0 6.45b
( )6’1/ y y—1 y—q ( )

The operators in the numerators in the expression are the symmetric product of generators
{T*} of sy represented on the respective modules,

N
()= 32 s g (1) =502 g (1), =P (.160)
(o) =-Eg (A =Byl (Al), = (1), =By (600
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The degenerate 5-point correlation function Y (q,y) is a vector in CN, which can be
constructed by

N
Y(a,y) = D067 (@AFT)(T) - Xalvrs- - on-150,9) (6.47)
a=1
where xa(v1,--- ,vN_1;4,y) is a Laurent polynomial in (v;)Y ! defined in (6.34), and T(()a)

takes a similar form with ¥ of the 4-point case (6.35), only that the exponents are now
dependent on the index a=1,---, N:

N
a - h_ a(a),x (a),*
T = TG AR ) m)% (726 A m1))
b=1

N—-1 ) .
I & (o). (6.48)
=1

N

As in the 4-point case, the variables (v,),—; and Téa) are defined to be sly-invariant. For

each a=1,---, N, there are 3N — 1 undetermined variables (51(;1)’*, Bl()a)’*,ai* ). In a way
similar to the 4-point case (6.37), we have:

B + BN +af +6ia =G
BSH + 5@'(21)’* + o+ 012 =G
-G =A% - g

Ti = G + b1 — 00y = B — Bz‘(i)i*
S A =p
b
S AT =
b

Compared to the 4-point case, there are simple shifts by 6; . and ;41 in the first four

(6.49)

equations, among which only three of them are mutually independent. Also the parameter
fi of the HW module U:CE_'Q TON-1 45 shifted from its 4-point counterpart (6.37) by

i=p®—1. (6.50)

Such shifts in parameters reflect the effect of the additional N-dimensional representation
insertion. See [35, 38] for instance.
Just as in the 4-point case, we have 3N — 1 independent equations that determine

3N — 1 undetermined variables (ﬁt(,a)’*, 1()&)’*,04’.‘

¥) in terms of 3N — 1 weight parameters
(Ciy Ciy T 11y ). In particular, given a set of {fa, Bay s}, a=1,...,N,i=1,...,N —1, that

solves the matching in the 4-point case (6.37), the solutions to (6.49) are given by
(a),* ala)* _ 73 *
Bb = 5137 b = Bb - 6ab7 a; = Q. (651)

For the comparison with the equations on the gauge theory side, it is convenient to
reorganize the KZ equations into differential equations acting on the Laurent polynomial
part xa(v1,...,9N-1;4,Yy), by commuting the differential operators through the prefactors
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T(()a). Let us denote x(vi,...,vN-1;q,y) = év_lu Xa(V1,...,UN_1;9,¥) as a vector in CV,

Then the KZ equations (6.45) becomes

o b A
E4+N)—+ =+ + x =0, 6.52a
- )&1 9 q9-1 q-y ( )
o Ay A A,
k+N—+—+ + x = 0. 6.52b
—( )8 —1 74 ( )

With some decent calculation, the residues %%7173/ in the g-component of the KZ equation
are found as
Vatl + -+ UN-1

() =7V our — - (V4 + fa)d <v3 +Bu)asy  (6.53n)
(#4),, =AY 0w+ (V + Ba)8a, (6.53b)
o 3a 3a
(%>ab P (Vi + Bo), (6.53c)
where variables {v,}2'_; are
3%3a

Va =

= = . 6.54
354+ 3NN ( )
,%%(7411) are the coefficients in the KZ equation satisfied by the Laurent polynomial part yx of
the 4-point correlation function (C.7), whose exact forms can be found in (C.13).

The residues of the y-component of the KZ equation f[o,qu, as differential operators

acting on x(v1,...,vN-1;9,y), are found by
i) — 9 3 3a 3 5a
('AO) ab va9b>aava oy 3 0b>a ﬂb 9b>a + Babo>a — Gabéa, (6.55a)
(fh) o —(Vg + Ba — dap), (6.55b)

()=

We use a short hand notation

(Vj + Bo)- (6.55¢)

N N-1
Ea= 02+ 02 B Oa + B 050 + 623 afisa = Cat -+ (vt (6.56)
i=1 i=1

The detailed derivation of the differential operators (6.53) and (6.55) can be found in
appendix D.1.

6.2 Knizhnik-Zamolodchikov equations from the T-Q equations

Now we shall verify that the correlation function of intersecting surface defect observables
in the N = 2 gauge theory satisfies the degenerate 5-point KZ equations discussed so far.
In fact, the KZ equations are shown to be the Fourier transform of the fractional quantum
T-Q equation obeyed by the fractional @Q-observables, which we derived in section 4.2.
Correspondingly, the Fourier transform Y (q,y) of the correlation function of intersecting
surface defects provides the solutions to the KZ equation, and thereby gets identified with
the genus 0 degenerate 5-point conformal block of the 5A[N current algebra.
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6.2.1 The y-component

First we show that the correlation function Y(q,y) of intersecting surface defects (5.1)
satisfies the y-component of the 5-point KZ equation. This follows from performing Fourier
transformation to the fractional quantum T-Q equations (4.14).

e The N fractional quantum T-Q equations (4.14) can be expressed into a single N x N
matrix equation:

0 Olog YPert
(U+qU™' Iy —q) oy ey 1B L) +(UM* +qM U™ —p) | Y(y) =0
dy dy
(6.57)
Let us explain the matrices notations appearing above, U is given by:
010---00 000---0
001---00 100---00
Us=| : - |, Ut=[010---00(, UYN=yly. (6.58)
000---01 R
y00---00 000---10

We also have 4 diagonal matrices built up by fundamental matter masses, fractional
couplings, and zeros of Ty :

M:l: = dlag(mga s 7mﬁ71)3 q= diag(qoa ce CIN—l), pP= dia‘g(p(]a s ,PN—1)~ (659)

For direct comparison with the KZ equations in the form written in the previous section,
we have to express the matrix equation (6.57) in a different basis. Let us consider the
following change of basis,

= (U-IyT. (6.60)

It will be justified in a moment. In terms of II, the matrix equation (6.57) becomes

pert _
QE_QM_FL <1 (IN_qul) 1 (UMJF—FinUil—p) (U_IN)1> II
€10y &1 oy e1 \y

g0 A A A
(2220 A L (6.61)
a1y y y-1 y—q
Note that this equation is in the form of the y-component of the KZ equation, with the
level determined by

€
k+ N=-2 (6.62)

€1
We shall show now that the coefficients .,Zqu,l are indeed identical to the ones appearing
in the y-component of the 5-point KZ equation (6.55), with certain identification of the

parameters on two sides.
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By an explicit computation, the residues ./Io,lyq can be determined as

+ _ ert
- Za | My my 0 0 ) €2 0log TP (y)
= 70a - 70a al 3. — 4. aa 6a 4.
(Ao)ab Zb l €1 <P €1 S <8za Oz <k €1 vResy=o y
(6.63a)
- B 0 e dlog TPert(y)
(Al)ab = _Zaaza — 51cSabResy 18—1/’ (6.63Db)
- A 0 my —mi| e Jlog TPert(y)
(Aq)ab = — [th + 81] — aéabReSy:qa—y’ (663C)
where a,b=1,..., N. Here, we have defined the Boolean function 6:
1 ifSist
0s — if § is true (6.64)
0 otherwise

ert(

See appendix D.2.1 for details of the calculations. To determine YP*"*(y), we consider the

traces of the coeflicients:

N mg  Nea_  Olog YPert(y)

TrAg = ———-—R 6.65
rAo bzl €1 €1 =0 oy (6.652)
dlog YPert(y N dlog YPert
Trd, = Z Vi Resy 1og— Z _VE 82?,:1 o8 5 W) (6.65m)
N
R - N dlog YPert
TrA; = Z M +Vi— 2 Res 2 ) (6.65¢)

= €1 €1 y=q oy

Dependence of (z,)YZ) in Y comes from the perturbative factor (4.11) and (§,)2=; in

(Qu)zy Y. For any function f = f(qo,...,qn-1):

o= F(lor - GN_1) = o] o — G0y GN_1) = 0. (6.66
s oneensiv) = 3 (fonag —age ) Sy ) =0 (660

Hence the only contribution of center of momentum }_  VZ acting on Y comes from the
perturbative factor (4.11):

N-1 N-1 m+_a
VEY = My = 8w )y, 6.67

Then the prefactor TP't(y) is determined by the condition that .%Al()’l,q are traceless, i.e.,
requiring (6.65) to vanish,

m_ m_—a mt—a

TP (y) =y Ne2(y—q) V2 (y—1) N (6.68)
with the short handed notation
N-1 N-1
m* = Z mE, a= Z g (6.69)
w=0 w=0
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We recall that there is perturbative factor (4.11) in the expectation value of (Q.(z))z, V.
We hence modify derivatives terms

+
b — Qb

VE s VE 4 (6.70)

€1
when the operators flo’q,l act solely on the non-perturbative terms in II. As a result, we see
that the coefficients in the equation are identical to the ones appearing in the y-component
of the 5-point KZ equation (6.55):

Ay = Ao, A1 = Ay, Ay = A, (6.71)

with the following identification of parameters on two sides. Namely, the parameters 8 and
B of the 4-point KZ equation are identified by the Coulomb moduli and hypermultiplet
masses:

fo= B =TT a1 (6.72)

Relations between 5-point parameters (5b , Bb B b=1 and Coulomb moduli and hyper-
multiplet masses can be obtained through (6.51):

+ —
my — Gy ~(a),* my — ap

/Bba)’>i< = ) ﬂt()a)7 =

— 6w, ab=1,... N. (6.73)
€1 €1

Correspondingly, the weights of the sly-modules are determined by the Coulomb moduli
and the hypermultiplet masses:

+
m m ~ m; m
C’L: it Za Cl: i1 Za 1=1, '7N_1a
€1 €1
N v (6.74)
S N =
a=1 €1 7 a=1 €1

Also, the fractional couplings §, = Zi—:l are identified with the components of the maps 3
and 3 by

Za = 3a3° (6.75)

It should be noted that the N — 1 degrees of freedom 7 € CN~! for the correlation
function Y (q,y), which determine the sly-weights of the HW modules, precisely correspond
to the N — 1 Coulomb moduli (aa — %a):f_l of the N = 2 gauge theory through the
matching (6.74).

The solutions to the KZ equation also give the equivalence

+

my —aw

(2,9,9) H 2o 0 x(viq,y), (6.76)

with (6.74) and (6.75) understood.
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6.2.2 The g-component

Next, we show that the correlation function Y(q,y) satisfies the g-component of the 5-point
KZ equation. So far, we have only used the w = w’ part of the gg-character. Let us consider
the non-perturbative Dyson-Schwinger equation

<[x_I]TN+Lw(x)Qw/(x’)>ZN =0, 1=1,2,..., (6.77)

for any combination of w,w’ =0,..., N — 1. Using @, defined in (3.28), we consider the
following linear combination

<[x1] Z uwTNJrl,w (x)Qw’(x/)> + <Uw’TN+1,w’ (x)Qw’(x/)> (678)
Z

wF#w’ -
= s (& = ') (P 1 ()@ (o)

Coefficients u,, are chosen as

N

A / - /
Zny + oty (T — 2"+ €1) <Pw’($)Q“’/—1(x >>ZN '

Uy = 1+ qui1 + Jut1dot2 + -+ g1 Qo N

= Uy — Quillorl =1—q, ‘w=0,1,...,N —1. (6.79)

The Fourier transform (5.2) of (6.78) with z = 2/ and 2’ = z + ¢; yields:

9 OlogTPert(y) A
1— g g Wiy AT,
(1—g)ere2 <q8q a4 +
0 i 0 i . T
= —E1Uyy —szya—y—mwurl Y1 +e1uy —ezya—y—mw,+1+5lvw/+1 W (6.80a)
9 OlogTPert(y) A
1— g g Wiy AT,
( q)€1€2<qaq q a4 +
. 0 _ . 0 _ ;
= €1 Uy (—EQy—mw, Y1 —€1Gurthyy | —€2ym——m_,—e1V | Tor. (6.80Db)
oy Jy

The operator H is defined by

A 1-— 2 B
H:= Z . q (glvg — m:j) + Gt (e1V2)(e1VZ — m +my). (6.81)
w

See appendix D.2.2 for details of the computations.
The y-derivative terms can be canceled with a proper linear combination of the two.
By denoting u = diag(ug, u1,...,un—1), and G = diag(Gy,...,Gn_1) with

Gw _ Uy +q— 1 _ qw—l-luw—&—l’

Uy U

the N differential equations can be rewritten as one matrix equation:

o 9logTrert ,
(1 - q)e12 (G — U) (qaq - qogaq(y)> T - (G- U)Y

=51 Gu[UM* - MU = V| (U -1y (6.82)
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with matrix U defined in (6.58). Let us again consider a change of basis IT defined in (6.60).
In terms of IT, the matrix equation becomes

. pert
0— [5284_ 1 iH_slalogT (y)
€1 8q

1
— (U-IM)G-U)Gu(umMt—M U = II
iU VG - U) ! Gu (U ) V)]
(20 (B M A g (6.83)
e1d9 9 9g-1 q-y

Note that this is precisely in the form of the g-component of the 5-point KZ equation,
with k 4+ N = —i—f. ‘We shall show the coefficients ﬁlo,lyy are indeed identical to the ones
appearing in the g-component of the 5-point KZ equation (6.53), with the identification of
the parameters given by (6.74) and (6.75).

With some decent computation, we find each individual ﬁlo,Ly as:

R 1 Zat1 + -+ 2Nt m,; —mg
(80) = Ly on viy e g
ab El

Za €1
% (os , My — My
+ — (Vi 4+ —— | ba>r, (6.84a)
Zb €1
N 1 ~ _ + _ -
(Qh) = —f2H|q:15ab + %+ tAN-1 (T Ma _ Vj Oab, (684b)
ab €7 Za €1
— + —
A z my —m dab™m ™ —a
A Y z, b ' | Ta@b 6.84
(3), = 2 (vie o) G e, (6:810)

where a,b = 1,...,N. See appendix D.2.2 for details of the calculations. We again
find (6.84) agrees with the coefficients appearing in the g-component of the 5-point KZ
equation (6.53):

Ay = 4, Wy = A4, A, = H,, (6.85)

after taking care the perturbative factor in (4.11):

+_ab

m
Vi Vi4+ —2—2,

(6.86)
€1

provided that the variables on two sides are related by (6.74) and (6.75).

Therefore, we arrive at our conclusion: the vector IT, which is the Fourier transformation
of the correlation function of intersecting surface defects, solves the degenerate 5-point KZ
equations (6.45) for sl at the level k + N = —£2. Namely,

N*l mj—ﬂw
O(zq,y) = [[ 2 " x(vay) (6.87)
w=0

provided that the parameters on two sides are identified by (6.74) and (6.75).
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7 XX Xg, spin chain

The connection between spin chain systems and supersymmetric gauge theories is one of
the most well-known examples of the Bethe/gauge correspondence. It was firstly observed
in [22, 23] that the spectral curves of the classical spin chains are identical to the Seiberg-
Witten curves of four-dimensional N = 2 gauge theories. The correspondence was uplifted
to the quantum level in [24, 25]. The corresponding gauge theories were, however, two-
dimensional N = (2, 2) gauged linear sigma models instead of being four-dimensional. Also,
the comparison was made within the context of the algebraic Bethe ansatz, restricting the
spin representations to be highest-weight (or lowest-weight). With the same restriction on
the spin representations, the IR duality discovered in [27] between four-dimensional N = 2
theories and two-dimensional N = (2,2) theories gave a four-dimensional account for the
quantum spin chains. Finally, it was shown in [42] that the classical X X X, spin chain
arises in the Seiberg-Witten geometry of the four-dimensional N = 2 theory [21, 59], as well
as a relation between the X X X, spin chain coordinate systems and the defect gauge theory
parameters, with more general sly-representations which are neither highest-weight nor
lowest-weight. The extension to the supergroup gauge theories is also discussed in [65-67].

In this section, we generalize these constructions and explain how four-dimensional
N = 2 gauge theories give rise to the quantum X X X, spin chain systems with non-height-
weight infinite-dimensional sly-modules, by the fractional quantum T-Q equations and the
higher-rank gg-characters.

Let us briefly review the quantum X X X, spin magnet and its Lax operators and
monodromy matrix. Let € C be a complex number. Also we consider a two-dimensional
auxiliary space Vaux = C2. The Lax operators are defined as a 2 x 2 matrix in End(Vaux)
with operator-valued entries:

Lﬁxx(x):x*0w+h£uh w:071’7N71 (71)

where £, = s¥oq + s} o, + s, 0_ are sly matrices. The N complex numbers 6, € C are
called the inhomogeneities. The generators of sly obey the standard commutation relation:

[sg,sif,] = 45 6,0, s5,85] = 280 8 (7.2)
For each w =0,--- ,N — 1, we construct an slp-module Hs, o, from the space of Laurent

polynomials in a complex variable -,,, namely,

j-csuuaw = /-Y(?ch[ywa W;l]? (73)

where a,, is a complex number that characterizes the module. Note that a,, is defined up to
integer shifts, i.e.,
g{sw,aw =~ J{sw,aw-i-m n € Z.

The generators of sly are represented by differential operators on this space:

. B B

—~ Y ) — N2 7.4
w 'Yw a’)/w SU.H Sw 8’%,_; 9 Sw Sw’Yw 7@.} 8'Yw ( )
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The space Hs,, q,, called the local Hilbert space, constructed in this way is an infinite dimen-
sional module of sly Lie algebra which are neither highest nor lowest-weight representation.*
Such representation is characterized by generic complex numbers s, and a,, for which
s +5,—a, € Z. Then, the Lax operator LX*X(x) assigned to the (w+1)-th site of X X X,
spin chain lattice is regarded as a sly-homomorphism, LX*%(z) € End (Hs, ¢, ® Vaux). The
full Hilbert space is the tensor product of all the local Hilbert spaces

H= 3{50,00 ® %81&1 Q- ® }CSNflaaNfl' (7'5)

For generic values of s and a, these modules are irreducible. However, for special,
quantized values of a and s these modules contain sly-invariant submodules, allowing to take
quotients. For example, we have Verma modules in V; C H; o and Vi cC Hs,25; moreover,
for integer 2s € Z~q, we have Hy o ~ H, 2, so that taking quotients leads to the familiar
finite dimensional representations.

The monodromy matrix is an ordered product of Lax operators

N-1
Tsc(z) = K(q)L%f)?l((x) T L?)Q(X(x) € End <® Hspa ® Vaux> . (7.6)
w=0
The twist matriz K(q) is a constant matrix in End(Vau). K(q) satisfies

Tr K(q) =1+4q, detK(q)=nq. (7.7)

7.1 Construction of Lax operators

We will demonstrate how one may recognize (7.6) in N = 2 supersymmetric gauge theory
in 4-dimension. We start with the fractional T-Q equation (4.14):

Pr () (Quat (2)zy ¥ + 0 Py (2)(Qu-1(2)) 2y ¥ = T (2)(Qu(2))z,, V. (7.8)

Let us define 2 x 1 vector

o Qe
=u(@) = ((Qw (@) )‘I’ (7.9)

to translate fractional TQ equation to degree one matrix equation:

- L (Tve(@) —8Pr@)\ o (v 1 5 oo
et = it () )0 = R e

Matrix f)w is of the form:

N S - + N A (= o+
Ly,(z) =(z —m:fﬂ) (1 +1€|w (C]lw> + <(1 +C|w)(p5, + mypq) Gul(mg ) me)) . (7.11)

Tt should be noted that the method of algebraic Bethe ansatz does not generally apply for the spin chain
with non-height-weight representations such as the ones considered here. There are other methods such as
functional Bethe ansatz to solve the spin chain with generic representations. See [68] for instance.
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We take gauge transformation O, (x) = g,E,(x) satisfying

1 +E|w _Elw —1 10
= . 7.12
gw+1< L0 )gw 01 (7.12)

The twisted matrix K defined based on the gauge transformation
gn' =90 ' K. (7.13)

When q # 1, we choose gauge go by picking the twisted matrix K to have the following form

0 1 1 -1 1 1 -1
K=" —= g = — = ——— (7.14)
01 Y—7-1 \—7=1 Y0 Yo —Yw—1 \— V=1 Veo-

We define a new set of parameters {~,, }:

Zw+l T 2wt2 + 00+ 2wt N
fyw: Wt w—;_l Wt I ’Yw_'Yw—lzzw PYOJ-‘FN:quUJ' (715)

In terms of ©,(z), (7.10) becomes

1 1
C) )= ——— (z—m' , +L,)0,(x)= L% (1), 0,(x), 7.16
1@ = g (o= mi + Lo) Bule) = prs L@, 0@, (116
where gauge transformed L, is given by
0 + e 0
L= ~Ttewlet (mw++1 m) 1oy ) (7.17)
—Yo(—€15 % + (M —my)) Yz

The trace of the Lax operator L, is

0 _ 0 _
TrL, = —Ely +mp o —mg + W1~ = m . —my — &1 = 28461, (7.18)
where we identified the spin s, of the sly-representations and the inhomogeneity 6,, with
hypermultiplet masses by

+ + -
M1 — My, — €1 Myt1 +my, +¢&1

Sw = 56, , Op = 5 (7.19)
We may now denote the individual Lax operator as
0 o)
L@ =, PR )
=x—0,—e1L,. (7.20)
We see that the Q-background parameter is identified with the Planck constant,
€1 =—h. (7.21)
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Let us specify the slo-modules that comprise the spin chain. Each of the two entries of

O, (z), on which the Lax operator LX*X(z) acts, is a Laurent polynomials in (z,)-, =

(Y — %,_1)5;01 of degree 0 multiplied by the prefactor (4.11),

N—-1 mtfaw N—-1

+
my, —aw

Iz =I10w—1) 7 . (7.22)
w=0

w=0

Depending on the relative norm between |y,,| and |y,+1|, this prefactor is expanded differently
N-1.

as a Laurent series. Note that such expansion always respects the hierarchy of (z,), "

1go] <1 = |2wt1]| < |2w]- (7.23)

Thus, we have 2V domains in the (CJWV -space, specified by an N-tuple of “spins” t =

(to,t1,...,tn—1) (not to be confused with the actual spins s = (sg,...,sn-1)),
to = wsgn(hal - omal) € {52
= —sgn — |V —=,=7.
w 25g Yw Yw—1 99
Then let us define a,, on the domain labeled by t is given by
1 mb — ay 1 ml | = Gur1
=ty += ) x —2—“ 4 (=—¢ x —wtl T 7.24
e <w+2) €1 * (2 w+1> €1 (7.24)

Then we can identify the sly-module that the Lax operator LX*X(x) acts on as Hs, -
More precisely, the ©,,(z) resides in a particular weight subspace in the completed tensor
product:

N—1
@w(l’) € (%507a0®%81,a1® ce ®3{5N71=GN71) [Z aw‘| @ Vaux; (725)
w=0

where we defined the auxiliary space Viux = C2.
For an illustration, let us consider the domain of “all spins down” labeled by t =
[ —1]

(—%, cel —%), which corresponds to expanding (7.22) in the domain |y_;| = > 70| >

|v1| > -+ > |yn—1|- In this domain O, is of the form

+
N—1 ™ii1 %1

v * Cloo,....(ow-1)F 2

w=0

The parameters a,, of local Hilbert spaces Hj, o, are identified as:

+
aw:mw%law“, w=0,... N—1. (7.26)

The spin chain monodromy matrix is defined as a ordered product over the Lax operators
Tsc(z) = K(q) Lyt () - Ly (x). (7.27)

When acting on the first state IIp(z), the monodromy transforms

PE@TSC(:U)@O(@ — Oy (z) = Oo(x + 22) (7.28)
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Hence, the monodromy matrix Tgc(z) is an operator on the completed tensor product with
of all the local Hilbert spaces H, o, and the auxiliary space Viux

Tsc(z) € End (Hsp.ao@Hsy 01 @ -+ ©Hsy 1 an_q @ Vaux) - (7.29)

The spin chain constructed is quantum integrable by the fact that local Lax operators
LXXX satisfy the RLL-relation (train track relation) (B.5). The R-matrix, defined in
Vaux @ Vaux = C? @ C? space, is given in (B.6). See appendix B for details.

We remark that there exists a curious sly-action on the Hilbert space defined by

0
0Vp-1

J¢ =41 — e, ab=1,...,N (7.30)

with ¢ = % > w . The relation of this sly-action to the one in section 6 is not obvious.

Remark. We emphasize again that the slo-modules at the N spin sites are generically
N-1
w=0"

modules contain highest-weight or lowest-weight submodules. For example, we may simply
set a € Z or a — 2s € Z. Then it is straightforward that V; C H ¢ and VI C H, 25 where
V. = C[y] and V;© = 4?C[y~!] are a lowest-weight and a highest-weight Verma module,

neither highest-weight nor lowest-weight. At the special values of (a,,) however, these

respectively.

+ + —Uw . .
Note that the condition a, = ®«=% ¢ Z (or a, = Dot Otl o 7 5f ¢, = 0), which

€1 €1
gives rise to Hs, o containing the lowest-weight Verma module V,  C Hs, o in all domain
N-1
w=0"
example of the quantization condition [26]. It is convenient to adopt the type ITA D-brane

of expansion of (7,) is precisely the restriction considered in [27, 69], as a particular
picture [70] to illustrate what happens physically under this condition. We can realize
the T(N) gauge theory with N fundamental and N anti-fundamental hypermultiplets by
three stack of N D4-branes, stretched between two NS5-branes, stretched from the left
NS5-brane to the infinity, and finally stretched from the right NS5-brane to the infinity. Now
upon imposing the above condition, the two D4-branes across one of the NS5-brane meet
each other. When all the N D4-branes meet in such a way, the NS5 brane can be pulled
out transversally to trigger Hanany-Witten brane transition, creating a, € Z D2-branes
stretched between the NS5-brane and the (w + 1)-th D4-branes.

At the level of the effective field theory, this brane transition corresponds to the
Higgsing of the four-dimensional gauge theory. The field configurations are squeezed into
the C;-plane, described by the effective two-dimensional N = (2,2) theory on the non-
compact part of the worldvolume of the D2-branes. The vacuum equation obtained from the
two-dimensional effective twisted superpotential evaluated at the locus of the quantization
condition %;““ € 7Z is identical to the Bethe equation. In this way, we precisely recover
the Bethe/gauge correspondence of [24, 25], between the two-dimensional N = (2,2) gauged
linear sigma model and the X X X,;, spin chain with only lowest-weight sls-representations.
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7.2 Transfer matrix and higher rank gg-characters

We consider transfer matrix, i.e., the trace of the monodromy matrix Tgc over the auxiliary
space Vyux:

Ty, Tso(@) = Try,,, (KLF (@) - LF¥¥(2)) (7.31)

Individual Lax operator L, is defined on infinite dimensional representation of sly algebra.
In such representation, the spin operators are denoted by differential operators as we have
seen earlier. One should consider the action

TrvauxTSC(x)(b7 Qe 9{807!10 Q- ® j-CSN—1,(1N—1' (7'32)
Alternatively, we may consider
Ty, (KLY (@) L (@) = Trv, (Evoa(@) -+ Lo(x)) - (7.33)

The right hand side is in the context of N = 2 SQCD. More precisely speaking, T Nw(z) in
L., (7.10) is defined through its action on the expectation value of observable (Q.(x))z, ¥
through fractional quantum T-Q equation (4.14). The fact that all L having vanishing
lower right component means the trace can be understand as follows: we image on each spin
lattice site there exists two states: empty or occupied. An empty state at site j contributes

T j ().

Alternatively when a site j is occupied, it requires its previous site j — 1 also being occupied.
The combined contribution of occupied sites 7 and j — 1 is

—q;P5(x)
The trace of the monodromy matrix is an ensemble over all empty/occupied states on
each site:
Try,, Tsc@) = > [[Tw;@) [T (~aPy (2B (z + k0e2)) (7.34)

[N]=JUKUK j€J keK
where [N] = {0,1,...,N — 1}. The set K is defined by
K={k—1 (mod N) | k € K}.

The structure in (7.34) resembles to rank N gg-character of A; theory, which also has
structure of an ensemble over N two level states. We only briefly review the subject here,
some details can be found in [6, 31].

The higher rank gg-character is constructed by adding a stack of D3-branes transverse
to the stack of branes supporting the bulk four-dimensional gauge theory of section 2.

Let us study the gauge origami configuration with two orthogonal stacks of branes in
(C%Q abd C§4. Stacks of D-branes on (C%Q is the familiar n129 = ni2,1 = n122 = N in the
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fundamental case in section 2.2. On the orthogonal C%,, we insert w stacks of D-branes, all
charged neutral under the Zs-charge assignment with n349 = w, on C2,:

N N B N .
Nig=Y e™Ro+ »_ e SR+ Y e =Ry

a;l a=1 a=1 (735)
Ny =Y e"eiRy
j=1
with w-tuples g of complex numbers @ = (g1, ..., 0w) € CV acts as moduli parameters of

gauge theory that resides on C3,. The corresponding gauge origami partition function is
computed as

Z3

A AG4) P35125% P;534.5% B
Zg— ¥ T e[ A% s (o)
A(12)_7(84) i=0,1,2 12 34

Similar to the fundamental gg-character case in section 2.2, we take the decoupling
limit q; = q2 = 0 to obtain the Aj-quiver gauge theory. The decoupling limit restricts the
instanton configurations that enter the ensemble, each D-brane on C3, can only have 0 or 1
instanton, with a total 2" allowed configurations. Therefore, the gauge origami partition
function comprises of the usual four dimensional bulk terms and an ensemble over the
instanton configurations on C3,:

(12)] (x39)| [—5S* + MS* Py S3,5% _ Rk
ZS — Z q|)\ ‘q‘)\ |E |: 5 :| E |:_ 1 ;* 34 q1218125134
A(12) 2(34) 12 34
(12)
=3 M IE[T) X o (2) (7.37)
A(12)

Rank w gg-character of A; theory is:

P
Xwolw)= > a* T Stej—ar) [] M [[Y@+es+05) (7.38)
W=JUK  jelkeK rew (@ +on) o

where [w] = {1,...,w} and

_ (:L'+€1)(.%’ +€2)
z(x +e1+e2)

(7.39)

The S-factor is not present in the fundamental gg-character. It can be viewed as a
contribution of the D3-D3 open strings ending on the C%, (there are w? of those).

As we integrate out the degrees of freedom in the C3%, space orthogonal to the physical
C3,, we obtain a local observable which is called the higher rank gg-character X, o()
in (7.38). The gauge origami partition function is identified as expectation value of qq-
character:

Zg = <xw,g(x)>z@%2. (7.40)

The expectation value (Xy (7)) is a degree N? polynomial in x.
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Eq. (7.38) can be interpreted as a lattice system of length N. On each lattice site j
there are exactly two states: empty j € J or occupied j € K. When a site j is empty, it
contributes

Y+ 05 +e4)

to the system. While occupied, it gives:

q P(x + 05)
Id(l’ + Qj)

The described system has a long range interaction between the sites with different occupation
status

1T S(ej — o)

jeJkeK
Let us again introduce a Z,, orbifold @1 X (@2 / Zn> in the same way as we have done in
section 3.1.1, with the same coloring function ¢(a) for moduli parameters {a,} and o(f)*
for (anti-)fundamental matters (3.24). In the orthogonal direction C3%,, we assign coloring
function ¢ : [w| — Z,, for the orthogonal moduli parameters {g;}¥ ;.

We are interested in the regular surface defect by choosing Z, = Zx. Furthermore, we
consider w = N and choose the coloring function ¢ as simple one-to-one functions for p,

sle+05)=5—-1,5=1,...,N. (7.41)

Namely, (7.35) becomes

N . . 4 _
NlQ — Z (6a“~’/l+1R0 ® mw” 4 emwu—&lRl ® %w” + emwﬂ+1 53R2 ® mw//> (7423,)

w'eELN

S = e + —ea !
— Z <eaw//+1q§.1 RU ® mw// + €m“’l/ €4q5} Rl ® mw” + em“’”+1 ESqLQ;J RQ ® mw//>

w"€Ln

R N—-1 . N—1

N3y = €"e® Ro@R, = Y "5 Ro® R, (7.42b)
w=0 w=0

The shifted moduli for g are defined by

Ouwt1 = Owt1 — Wéa.

Gauge origami partition is

Ao A LA a ZaxTn
5 )P EE) VR P3S19812  P1S34S3 .. a4 &4
ZX;c,ai,c _ Z H qL 12,0+ A34, |E _ = . e 34 _QTQSIQS:M
12 Ass WELn 12 34
Al X120 2
=> 11 g |2t A 2] Zaeteet [A2] Xaeteer ()
5\12 weZn
= <xdefect($)>ZN ZC% (743)

~ 51 —



The defect rank N gg-character is of the form

xdefect<w) = Z H S—(@w _ @w/)lsN(wfw’Jrl)
[0,..., N=1]=JUK weJw'eK
XH%qul l’+€1—|—gw H quéfv“‘gw) (7‘44)
wel W'eK x+ 0.)
with )
S,(x)zl— €1 _ T+ &9

T4+er+és x+er+é2

Defect Xgefect satisfies the non-perturbative Dyson-Schwinger equation. The expectation
value of defect qg-character

<xdefect(x)>ZN (745)

is a degree N-polynomial in x.

We mentioned that the higher rank qg-character can be understand as a lattice of N
two-states system. In the absence of orbifold, the described lattice system has long range
interaction between any two lattice with opposite occupation status. In the orbifolded
version of the story (7.44), such interaction becomes local. More precisely speaking, the
system consist only a nearest neighbor interaction.

In particular, if we choose

0w = (w—1)s = g, =0, Vw.

Such choice puts a strong restriction on the set of J and K that give non-vanishing contribu-
tion. More precisely speaking, if w+1 is not in the same set J or K as w, it obtains a factor of

The defect gg-character is greatly simplified to

N—-1 w(fl?)
xdefect H %w—&—l T+ 51 + H qu (l’)
w=0 w
Y 82‘31\[(33 + 61)7130(1.) P lg 713]6 x) _1;[+1 H]+1 T+ 61) (7.46)

with Yy () = Yo(x + €2). The first term represents a full empty state, while the second
term corresponds to a full occupied configuration. The remaining N — 2 terms correspond
to having the first w site occupied, and the rest empty.

Defect gq-character becomes the bulk fundamental gq-character in eo — 0 limit:

N-1 N-1 Pw(x) P(.Z')
X efec w Aw = 7.47
R S e ) (740
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7.2.1 With fractional Q-observables

The building blocks T’ ~,j(x) showing in transfer matrix (7.34) is a differential operator

acting on
Tnw(@) (Qo())z, ¥ = [(1+84u)z + p.] (Qa(@))zy, ¥ (7.48)
(o P (2)
— ([Yosaa) + | Qo))
< - yw (x) AN,
That is to say, the proper way to think about the transfer matrix is its action on
Try,. Tsc(z) (Qa(r))z, ¥ (7.49)

with any Q =0,...,N — 1.

Let us consider the higher rank analogue of (2.43) by taking the following gauge origami
setup similar to the rank one gg-character case (2.31). We introduce one additional D-brane
on C3; in (7.35):

N N N

Nyp = Dt Ry + > €M TH R > e TES L Ry (7.50a)
a=1 a=1 a=1

Nog = e Fe2tes . Ry (7.50D)

R N

Nag =) "T91. R, (7.50¢)
j=1

We again take the decoupling limit q; = 0 = g2 and q = q¢. For later convenience, we
slightly modify our notation on the N-tuples 0 = (0o,...,0n-1). The gauge origami
instanton partition function is

ZS o Z Z q|A(12>‘+|)‘(34)‘]E _P:;(SlQSikQ . Pik5235>2k3 . P1534S§4

A(12) 3G4) Py Pas Psy
8 -
—{12512534 + Q1 P4 S23 151*2 — (G23 + q12) N3aN35 + PLPyNog K3y (7.51)
2 0

We modified the interaction between C3; and C3, using the same argument as in arriving
at (2.32). The gauge origami instanton partition function can be written as the following
form:

Zs= Y ElTilXn (0)Q() = (Xn(@)Q(@)) Zez, (7.52)
A(12)
where the rank N gg-character Xy is of the form:

An@RE) = [T S(ej—e0) x [[(e—2"+0)¥( +es +0j)

[0,...,N—1]=JUK jeJ,keK j€ed
P(:L" + Qk) ’
><|| T4 op—7 +e1)—2Q(x 7.53

such that the expectation value
(Xn(2)Q(a"))
is a degree N2 + N polynomial in z.
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We now introduce regular surface defect in the form of Zy-orbifold in the C3, direction
in the same way we have done in section 3. The coloring functions ¢ and ¢® for moduli
parameters and (anti-)fundamental matters are the same as (3.24). The coloring function
for o are chosen as simple one-to-one function

¢(bw) =w, w=0,...,N—1. (7.54)
The representations for the orbifolding action are assigned as

N R . A
Nip= ) (ewﬂRo @ Ry + M TR @ R + € w41 PRy @ %”)
w'ELN
" T e + —ea !
= Z (eaw{urlq;) Ro @ Ry + e 64(]5} R1 @ Ry + e E3q; Ro ® mw”) )
w"E€ln
Npg = " 19279348 Ry @ R,
. N-1 N-1
Ny =D ee® Ry@Ry = ) e"e (5 Ro @ R (7.55a)
w=0 w=0
With some decent calculation, we find the gauge origami partition function can be organized
as the following form:

2’;X,Q - Z H E]L]Zw Z’bulk [)\] Z’defect [5\] xN,defect (x>QQ (1'/)

5\ WEZLN
= (XN detect (1)Q ()7 Zxeiot- (7.56)
The defect gg-character reads
xN,defect (x)QQ (.%‘,) = Z H S—(@w - @w’)éN(w_w/+1) (757)

0,....N=1]=JUKwel,w'eK

x [[(x—2"+ o, — Q&)@ DY (2 1+ 0,)

wel
A N N r—qy P (T + 0ur) /
X Guor (T 4 Do — &' — Qg + 1) N W=D 2 T W Qg (2)
wl_E[K ’ ? yw/(x"f'gw’)

with o, = 9, — wés. We denote the set [Q] =10,...,N — 1]\ by specifying whether site
is empty or occupied:

XN defect () Q") (7.58)
— Z H S_(@w_@w/)éj\](wfwurl) H S_(@Q_éwl)5N(wa’+1)
[Q]ZJUK welw ek w'eK
~ Pw’ T+ !
X [ Yorr(z+er+ou) [] qwzm x (x—2'+00)Yor1(z+0a+e1)Qa(z)
wel w'eK w w
+ H S_(@w_@w,)éN(w—w/—i—l) H S_(@w_@ﬂ)éN(w—Q—&—l)
weJw'eK w€ElJ
~ Pw’(x+@w’) ~ / PQ($+QQ) /
X Yor1(x+er1+o0n o= X r—2 +oqtel) —— T
};[J +1( 1T0 )}_E[Kq Yor (2 +00r) da( [%9) 1>%IQ(:U—|—QQ)QQ( )
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such that the expectation value

<:X:N,defect( )QQ >ZN (759)

is a degree N + 1 polynomial in z.

Let us take ' = z + o and 2’ = x + 0 + €1 respectively:

xN,defect (ZL’) Qa (CC + QQ)

S I S-(bw—0u)™ @ TS (00 — o) Ve

[Q)=JuK weJw'eK wel

w (T + ow)

XH9w+1x+€1+Qw qui

weld w'ekK y ( + Qw)
x doe1Pa(r + 00)Qa-1(7 + 0q), (7.60a)

XN detect (T — €1)Qa(x + 00)
Z H S—(@w - @w’)éN(wiwurl) H S—(@Q - @w’)éN(in/+1)

[Q]=JuK wEJw'eK w'eK
(z+ 0u —€1)
wel w'eK w
X (—e1)Qa+1(x + 0q). (7.60Db)

The difference between their expectation value

1 1
€<:X:N,defect(33)QQ(iU + QQ)> - 6<:X:N,defect(l‘ — El)QQ(ﬂf + QQ)> (761)
1 - . .
2 < I S0 — 0™V I S (80 — dur)™ Y
[Q=JUK ‘\welw'eK oK

XHwarlJ?"i'Qw HCIw w(@tow =€ )XQQ+1(35+QQ)>

weld w'eK (JZ—i-Q ) Zn

+ < H 5_(@w _ @w,)éw(w—w/-i-l) H S—(@w _ @Q)aN(w—QH)

welw'eK weld

Pw(x + Qw)

X H%w+1($+€1+0w) H Elw’m

x goPo(z + 00)Qa-1(x + QQ)>
wel w'eK

Zn

is a degree NN polynomial in x.

Of our interest, we consider

0w =wéy, — 0,=0, w=0,...,N—1. (7.62)

— 55 —



As we have seen previously, such choice of g, restricts allowed sets of J and K, which leads
to simplification of the gg-character:

611<3CN,defect(w)QQ($)> — 611<3CN,defect($ — 61)QQ(£U)> (7.63)

VAN Zn
IT Your(a) + —322) Z 1@ 74.2.0) | Qal >>
= Z

N—-1
_< w=0 ngollfﬂW( ) €1+52 Qw +1(z )k 0

In the g2 — 0 limit, it becomes:

N

;<xN,defect($)QQ(x)> - 811<:X:N,defect(x - EI)QQ($)> (764)

Zn
~ ([yte s+ 0] @0

In particular, in the case of Q = N — 1, Qn_1(z) = Q(z) is identified as bulk Q-observable.

VAN

1<xN,defect(x)QNl(x)> - 1<:X:N,defect(aj - 51)QN1(15)>
€1 €1

VAN

= (Qz +e2)) +9P(2) (Qz — £2))7,
= (In(2)Q(2))z, (7.65)

Zn

where T (z) is a degree N polynomial whose coefficients depend on the bulk instanton
configuration (4.3).

7.2.2 Similarity with the spin chain transfer matrix

The trace of the spin chain monodromy matrix in (7.27) can be seen as an effective quiver
system which bears some resemblance to the one for the construction of the higher rank
qq-character. The higher rank gg-character considers a Ay quiver in the auxiliary space C2,
in the context of gauge origami. Each gauge node has exactly two instanton configurations:
having no instanton (empty) or exactly one instanton (occupied). Adding one instanton to
the gauge node w (from empty to occupied state) changes the site’s contribution

o P ()
Yu ()

in the gg-character along with interaction contribution (the S factor). In the orbifolded

Yori(z) =

situation, the S bi-fundamental factor is localized to nearest neighbor as a direct consequence
of the dy(w — w' + 1) power as seen in previous section.
On the level of the actual spin sites, trace of the monodromy matrix is

Try, Tsc(@) = > [ Twj@) [[(~aP; ()P (x + dr0e2)) (7.66)
[N]=JUKUK j€J keK
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where [N] = {0,1,..., N —1}. The set K is defined by
K={k—1 (mod N) | k e K}.
T ;(x) defined in (4.14) is a differential operation:

Gu P ()
Yo ()

At first glance, it seems that there exists no interaction factor in the transfer matrix as

Tya(e) (@a@), ¥ = { [Yon(@) +

L] Qo >>ZN v (7.67)

a lack of S factors. However, when the occupation status of lattice site w is flipped from
empty to occupied. It is required for one of its nearest neighbor to flip along with it. Hence
there is a nearest neighboring interaction in the structure of transfer matrix. The combined
contribution of empty and occupied states at site w and w — 1 gives

(s 557 (s = 20507 - aro] @ato), o
-

~ Hw+1(37) E[wa(l‘) Elwlpwl(x)] >
Yotr1(@)Y0(z) + qu_1Pu-1(z + x v
+1( ) ( ) Juw-1 1( )Hw—l(ﬂg) yw(x) Hw—l(l‘) QQ( ) .
which can be rewritten in the form similar to the higher rank gq character:

N

(7.68)

Guw P () qu—1Po—1(T)

e a2 NOIN(w—1—w+1) 4
U@ Yo o (@mDEz-wd) 4 P ()

Yuwt1(2)do(z) +

N qu—1L—
+S_(wés — (w — 1)é)° V@@=V (2 4 (w+ 1)52)5'“1“1(3““)} Qo(z)) W
wal (37) 7
N

The other S-factor associated to w can be obtained by considering the combined contribution
of w and w + 1.

The action of the transfer matrix on (Qq(z)) now can be written as a modified form of the

higher rank gq-character with a special set of complex numbers g,, = wés in the €3 — 0 limit:

Try,. Tsc(z) (Qa(z))z, ¥

:< S 2@ v @) [T (k@)

[N] =JUJUKUK j€J keK

zZ

N

:< Z H S_(0j — o) )N G—k+1) HH# H CIkPk:

| [N]=JUK jeJ,keK jel keK

= 1<x53?defect<x>cza<w>> = 1<x53?defect<x - el>cza<x>> v (7.69)

€1
Zn Zn

The left hand side is a degree N polynomial

Try,.. Tsc(@) = (1 + q)2™ + hi (1w, 8y, )2 1 4+ ho (70, 05, )N 72 + -+ + hn (70, 05,
(7.70)
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whose coefficients are functions of the sl; module coordinates (7,0, ). The right hand
side is a degree N polynomial. The choice of g, = wés gives in €9 — 0 limit
P(z)

oy, Tsc(r) (Qa(x))g,, ¥ = <{y(m +e9) + Cly(w)} Qﬂ(x)>ZN

Let us take 2 = N — 1, where Qn_1(z) = Q(x) is the bulk Q-observable. We obtain

Try,. Tsc(#) (Q(x))z, ¥ = (Q(z + €2))7, ¥ +qP(2) (Q(r — £2))7, ¥
= (Tn(2)Q(z))z, ¥ (7.71)

where T () is a degree N polynomial whose coefficients depends on the bulk instanton con-
figuration defined in (4.3). The equivalence of the two equations establishes the Schrédinger
equations for all the conserving Hamiltonians.

8 Discussion

In this paper, we derived novel difference equations from non-perturbative Dyson-Schwinger
equations for the correlation function of the intersecting surface defects in the four-
dimensional N = 2 supersymmetric gauge theory. The difference equations, called the
fractional quantum T-Q equations, are satisfied by the correlation function of the inter-
secting surface defect observables, one of which is constructed out of the Zy-orbifold and
the other is constructed out of folded branes. We showed that the Fourier transform of
the non-perturbative Dyson-Schwinger equations induce the 5-point KZ for sly, where one
of the sly-modules is the N-dimensional representation, with a proper matching of the
parameters on two sides. We also constructed the quantum X X X, spin chain from the
fractional quantum T-Q equations, achieving the Lax operators, the monodromy matrix,
and the sly-representations at /N spin sites in gauge theoretical terms. The trace of the
monodromy matrix is found to be identical to the fractional gg-character of rank N in the
NS limit €9 — 0.
We provide a few remarks on further developments of our study:

8.1 Isomonodromic deformations of higher-rank Fuchsian systems

It was conjectured in [71] that the isomonodromic tau function of the sly Fuchsian system
can be expressed as an infinite sum of the SU(2) gauge theory partition functions in the
self-dual limit 1 4+ €2 — 0 of the 2-background. On the other hand, the isomonodromic tau
function is a quasiclassical object, corresponding to the ey — 0 or g9 — 0. In [35, 41], the
two approaches to the isomonodromic problem are reconciled by placing the gauge theory in
the presence of the surface defect on the blowup C? and studying novel blowup formula [72]
for the vacuum expectation value of the surface defect observable [35, 41]. Moreover, the
horizontal section of the Fuchsian system was constructed from the correlation function of
intersecting surface defects, allowing computation of the monodromy data of the Fuchsian
system in gauge theoretical terms [35]. Our work completes this circle of ideas by explicitly
constructing the meromorphic connection (with special residues at q and 1) for the general
N rank case, thereby giving an explicit limit €; — 0 to the isomonodromic problem.
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Specifically, the 1 — 0 asymptotics of the correlation function constructed in section 6.2
has the form

S(g,2)

II(z;9,y) =e = (7(2;9,y) + O(e1)) (8.1)

corresponding to the geometry of the regular surface defect extended in the Ci-plane
while the vortex string defect is extended along the Cs-plane. Accordingly, the S(q, z)
function in the exponential, being the effective twisted superpotential of the theory on the
regular surface defect coupled to bulk gauge theory, is independent of the coupling y of the
transverse surface defect, the latter creating only a local disturbance. This is consistent
with the limit of the g-component of the 5-point KZ equation (6.83) giving

05(q, z
99
where the Hamiltonian H(z,p;q) is obtained in terms of Ap; = lim., o %ﬁlo,l. Here,
we have the conjugate momenta p, = %qf) appearing in H(z,p;q). This equation is

none other than the Hamilton-Jacobi equation for the isomonodromic deformations of sly
Fuchsian system, with the Hamilton-Jacobi potential S(q, z). Moreover, the y-component
of the 5-point KZ equation (6.61) becomes

A
0= |—+—+ + m(29,y), 8.3
w 'ty Ty_q g1 Y (8.3)

where Ag 4,y = lim,, 0 z—;fig,w. Hence the regular part 7 (z; q, y) of the correlation function
of the intersecting defects is precisely the horizontal section of the sl Fuchsian system.

It would be nice to verify that the £; — 0 limit of the blowup formula for the expectation
value of the regular surface defect yields the isomonodromic tau function for higher-rank
sl Fuchsian systems, expressed as an infinite sum of the gauge theory partition functions,
generalizing [35, 41]. It is also expected that the monodromy data of the higher-rank
sly Fuchsian systems can be computed in gauge theoretical terms, following [35]. Just as
in [35, 38], in the Darboux coordinates (o, ) of the SL(/N) monodromy space constructed
in [38] (higher-rank analogues of NRS coordinates [73]; see also [74]) the monodromy data
would be computed as

0S8

oy’

B w=0,--- ,N—1, (8.4)
where the half of the coordinates (a,,)YZ are identified with the Coulomb moduli, so that
the potential S(q, z) is the generating function of the Riemann-Hilbert map between the
moduli space of sl Fuchsian systems and the SL(N) monodromy space, (z,p) <> (a, B).
The higher-rank isomonodromic deformations are in fact not fully accounted by (8.2).
It is more natural to introduce N — 1 higher times, as opposed to the original time ¢, along
which further monodromy preserving deformations of the Fuchsian system are generated
by higher Hamiltonians. In the gauge theory side, the higher times can be introduced by
explicit coupling terms with the higher Casimirs [75, 76]. The higher-rank isomonodromic
deformations of such kinds are not very well-known, at least to our best knowledge.
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8.2 Separation of variables and KZ/BPZ correspondence

The separation of variables of the quantum integrable system is deeply involved with our
study. It was indeed shown in [42] that, in the limit e9 — 0, the vacuum expectation value
U(q,z) (4.11) of the regular surface defect admits a Mellin-Barnes integral representation.
This integral transform led to the expression of the eigenfunction in separated variables for
the X X X, spin chain. We expect that it would be possible to establish such an integral
transform formula without the unrefinement of €5 — 0, both for the vacuum expectation
value of the regular surface defect and the correlation function of the intersecting surface
defects. In the view of the BPS/CFT correspondence, it would be equivalent to the
KZ/BPZ correspondence, in which the solutions to the KZ equation and the BPZ equation
are transformed to each other.

In the rank 1 case, it has been known that the coordinate transformation connecting the
two sides of the KZ/BPZ correspondence is the separation of variable transformation [77, 78].
Physically, the integral transformation was interpreted as a consequence of the Hanany-
Witten type M-brane transitions which interchange codimension-two defects (Mb5-branes)
and codimension-four defects (M2-branes) [34]. See also [79]. The integral transform we
are looking for would be its higher-rank analogues.

8.3 Quantization conditions

The four-dimensional gauge theory construction of the XX X, spin chain suggests an
application of the quantization scheme of [26]. Indeed, in section 7.1, we have shown
that a specific quantization condition is equivalent to the vacuum equation of the dual
two-dimensional gauged linear sigma model, leading to the quantization by algebraic Bethe
ansatz [27, 69)].

The quantization conditions in [26] can be viewed as the boundary condition of the effec-
tive two-dimensional gauge theory on a cylinder, obtained by reducing the four-dimensional
gauge theory subject to the half Q-background [80]. It would be nice to exactly characterize
the spectral problems induced by different choices of boundary conditions.

8.4 Representation theory aspects

We have shown that the correlation functions of intersecting surface defects give rise to
certain sly-representations and slp-representations simultaneously. It would be interesting to
further investigate the algebraic meaning of this relation. In particular, a natural conjecture
is that the proper surface defect arrangement in the quiver gauge theory based on a quiver of
ADE or A, D, E—type, the sly spin chain would be replaced by the corresponding spin chain
based on the Yangian of the corresponding Lie algebra. In the quasiclassical limit this is
supported by the identification [21] of Seiberg-Witten geometries of these theories with the
moduli spaces of ADE monopoles on R? x S! or instantons on R? x T2. The deformation
quantization of these spaces produces the corresponding Yangian algebras [59, 81].

The relation of the action in (7.30) to the Heisenberg-Weyl representation of sly is
obscured at this moment. It may provide deeper insight for the connection between X X X,
spin chain and representations of sly.
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In the algebraic engineering of N = 2 gauge theories [82], the gauge theory correlation
functions are expressed as correlation functions of intertwining operators of representations of
quantum toroidal algebra of gl;. The regular orbifold surface defects can be incorporated by a
lift to quantum toroidal algebra of gl [83]. It would be nice if we can account for the duality
between the KZ equations and the spin chains in this quantum toroidal algebra context.

Another subtle point concerns the precise definition of the tensor products ((6.32), (6.43))
etc. Since our computations involve infinite power series in various fugacities, the generating
functions we obtain belong to certain completions of the tensor products. A good handle on
the required topology comes from the study of the ¢ — 0 limit. On the KZ theory side this
limit corresponds to diagonalizing a pair Casimir ﬂo, meaning decomposing the product of
a lowest-weight Verma module and the HW module into irreducibles. On gauge theory side
we would be computing the J-function of a flag variety valued sigma model, similarly to
the computations done in [42]. It would be nice to make the precise match.

8.5 Categorification of conformal blocks

The results of our paper provide a non-trivial check of the BPS/CFT correspondence. As
in [43], it is interesting to recast our statement the language of [80], as well as in view
of [84, 85]. Namely, the higher dimensional perspective on the conformal blocks of current
algebra reveals a connection to the mysterious (0, 2)-theory in six dimensions. The theory
relevant to present considerations is of the Ay_i-type. As the 4-point block studied in
detail in [43], the 5-point block, for the integral level k£ and the dominant levels of Verma
and HW modules admitting integrable quotients, has an interpretation as a wavefunction
of a state in three dimensional Chern-Simons theory on a three-ball B® with the action

k

4
with the gauge fields having a curvature singularity along an embedded graph I'; as in the

/ Tr(A/\dA+2A/\AAA> (8.5)
B3 3

figure 1. Our paper provides an analytic continuation to the case of complex levels and
weights. The paper [84] offers such a continuation for the Chern-Simons level. As explained
in [43] it does not seem to be possible to analytically continue the graph observable as line
operators in the analytically continued Chern-Simons theory, as in [84]. In the present case
one leg [ of the graph I' corresponds to the N-dimensional representation, for which the
matrix elements of the holonomy T~ Pexp [; A are well-defined. Thus, we might expect
the analytically continued observable to be a junction of a surface defect in the topologically
twisted V' = 4 theory on a four dimensional manifold with corners, which locally looks like
B3 x I, and a line operator.

On the other hand, the surface defect in four dimensions can be related [80] to boundary
conditions in the two dimensional sigma model valued in the moduli space of vacua of the
theory, compactified on a circle, which in the present case is believed to be the moduli
space My <52\4 pts; 7, m, m, 5) of SU(N) Higgs pairs on a 4-punctured sphere with the
regular punctures at 0 and oo, and the minimal punctures at q and 1, see the figure 2. The
homotopy between these two representatives of a cohomology class of an intrinsic operator
in the six dimensional theory proceeds by viewing the two dimensional sigma model, with
the worldsheet C' as a long distance limit of the four dimensional N' = 2 Q-deformed
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o -model
on Hitchin moduli space

moduli space of
flat G¢-connections

Mo

Hom( 7, S\ 4 pts) —= G)

Figure 2. Four dimensional gauge theory in two dimensional presentation.

theory compactified on a two-torus 72 as in [80], which, in turn, is a limit of the Ay_1
(0, 2)-theory compactified on (S%\{0,q,1,00}) x T2, which, finally, can be reinterpreted, as
the V' = 4 theory on C x (5?\{0,q,1,00}) with the canonical parameter [86] identified [80]
with the ratio e2/¢;. With C having the topology of the corner Ri, as in figure 2, the
suitably twisted A/ = 4 theory looks very much like a gradient flow theory of the analytically
continued Chern-Simons theory on Ry x S?, with certain boundary conditions. Of special
interest is the brane (in the sigma model sense) located at the z; = 0 component of the
boundary on the figure 2. In the setup of [43] that brane could be identified [80] with the
space-filling canonical coisotropic brane [86, 87]. Adding the light surface defect generating
the Q-observable seems to endow this brane with a rank N Chan-Paton bundle. It is
tempting to identify this bundle with the universal Higgs bundle [80] evaluated at the point
y € S2\{0,q,1,00}.
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A Partition functions of N = 2 supersymmetric gauge theories

We consider N = 2 A; quiver gauge theory in four dimensions, with gauge group SU(N)
and 2N fundamental hypermultiplets. The Lagrangian is parametrized by the complex
coupling
dmi 0

T:gi;—{—%’ q = exp 2miT (A.1)
and by the choice of 2N fundamental matter masses m, which we splits into N fundamental
m"™ = (m],...,m}) and N anti-fundamental m~ = (my,...,my). The choice of the
vacuum is characterized by the N Coulomb moduli parameters = (a1, ...,ay) obeying

N
> aq=0. (A.2)
a=1

The localization of Q-deformed theory [4, 6] produces the statistical model whose
configuration space is PV. Each instanton configuration is labeled by N-tuples of Young
diagrams A = (A, ... AX(V)). Each individual Young diagram A(®) o =1,... N, is a
collection \(@) = (/\ga), /\éa), ... ) of non-negative integers satisfying

A A =12, (A.3)
(

where each )\ia) labels the number of squares in the i-th row of Young diagram A(),
The pseudo-measure associated to the instanton configuration A is defined through
plethystic exponent IE operator, which converts the additive Chern characters to the multi-

plicative classes

E [Z maexf‘] = ngm“ (A.4)

where m, € Z is the multiplicity of the Chern root x,. For A the associated pseudo-measure
is computed by:

Z(a,m", N =E [— T *] (A.5)
P12 P12
where
R N . N R . R . N n _
N=> e K=> > eb, S=N-PpK, M=) " +". (A6)
o=1 a=1gex(@) f=1

We use a short hand notation ¢ = aq + (i—1)e1 + (j — 1)e2. ¢; = € are the exponentiated
complex Q-deformation parameters 1,e5 € C [2, 4, 88], and

Pi=1-¢q, Poa=1-q)1-q). (A7)

Given a virtual character X = Yo Mee™® we denote by X* = Y aMge ¥ the dual virtual
character.
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Let us define the Y-observable

el - Tl (z =0 —e1)(@ — g — &)
Y@ =E |5 N| = [[@—an) T]

(1‘ — cD)(x —CO— &1 — 82)

on the instanton configuration A.
In the A;-type theory, Y-observable can be expressed as ratio of analytic (Q-observable
with a shifted argument:

Q(z)
Y(z) = . A8
(@) Qz —e2) (4.8)
The zeros of () are located at
o +e(i—1)+aX a=1,.. N j=1,2... (A.9)

where A? is the transpose of .

B Integrability of X X X, spin chain

Consider one-dimensional quantum periodic spin chain with IV sites. Each spin site is

0

associated with a local spin operator 8, = (s, s ,s%) of general spin. The spin variables

act on the Hilbert space h. The full Hilbert space is the tensor product of all local Hilbert
spaces

H=hy®h Q- ®hp. (B.l)
We shall use the permutation operator
1

P:§(I®I+E®5’). (B.2)

The Lax operator L, , is defined on the local space h, ® Vyux. In our example the
auxiliary Vaux = C? but it can be chosen otherwise. The Lax operator is given by

Ly o(z) = AIp, ® Iaux) + A(0n @ Faux) (B.3)
sV s
=z+h st —s0 =zl + hLy, (B.4)

The commutation relation of the matrix elements in 2 x 2 matrix L, , is governed by
the RLL-relation (train track relation):

Ry ay ( — x/)Ln,al (x)Ln,az (x/) = Lna, (x)Ln,al (ZU,)Rahaz (- xl)' (B.5)

This is an equation acting on the space V,, ® Vg, ® hy,. The indices a; and ap and variables
z and 2’ are associated to the auxiliary spaces V,, and V,,. The Rg, 4, governing the
commutation is given by

1
T+ h

Ra1,a2 (m) = (mIU«IﬂQ + hPal,GQ) (BG)
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In particular, by choosing Vg, = Va, = C2, Ry, 4, is a 4 X 4 matrix

z+h00 0
1 0 zh O
R _ B.7
a1,a2 (Z) T + h 0 h T 0 ( )
0 00xz+h
with
Loy () =2(I®14, ®Iay) +1(SE @0, @ Lo, +8% @0y @1y, +8500, R 14,)
=xl+hLy, (B.8a)
Linay (2') =2 (I®Iay @ Lay) + 185, @ Loy @05 +84 @ Lo, R0y 487,014, @0)
=2'T+hLs. (B.8b)

The validity of (B.5) can be computed via direct calculation

Ry asLay Lay — Lay Lay Ray 0y = 2h?(PLy— Lo P)+2'h*(PLy — L1 P)
+($—$/)h2(£1£2—£2£1)+53(P£1£2—£2£1P) (B.9a)

with each element written as 4 X 4 matrix in V,, ® Vg, spaces,

0 O  a—a—

SOSO S s

sVs™ s7s
slst s st —s0s0 —g—g0
PLiLo=| " o0 4. 0 (B.10a)
sTs? —sVs? sts= —sUs
stst —glst —gtg0 g0g0
SOSO S_SO sos_ S s
Ot o—oat 00 _a—g0
sVst s st —s0Y —s7s
Loep=|5° S5 7SS TS S prig, (B.10b)
sTsV —gVs0 sts= —sUs
sTst —glst —gTs0 g0g0

The remaining terms are

0 [s7,s% [s%s7] 0
o N _ o S+7SO] [_SO’SO] [S+,S ] [_Sovsi}
(l’ X )(ﬁlﬁg £2£1) (ZC .7}) [SO S+] [Sf S+} [SO —SO] [Sf —SO (B.ll)
0 [-s%st] [st, —s"] 0
and
0 —s= s~ 0
st 0 —280 —s~
2/ (PLy — L1P) + x(PLy — LoP) = (z — 2') (B.12)

—st 28 0 s
0 st —st 0

We find (B.5) holds if the spin chain operators satisfies the commutation relation
[s?,sﬂ = :l:s]i5jk, [Sj,sg] = 2596jk, (B.13)

for all the representation.
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The monodromy matrix Tgc(z) is defined as an ordered product of Lax operators

Ta(x) = Ka(q)LN,a(x)LN—l,a<m) ce LLQ(.%'), (B14)

where K,(q) is a twisted matrix introduced to the system. It is obvious that the monodromy
matrix T, (z) satisfies the train track commutation relations same as Lax operators, namely

Ra, a5 (37 - x/)Tal (w)Taa (x/> = Tq, (m/)T(M (x)RaMm (1‘ - x,) (B'15)

in the absence of twist, Ky = I,. When a twist matrix K(q) is introduced, one extra
condition to check for validity of eq. (B.15) is

Ray 0y (z — 2") Koy (0) Koy (0) = Koy (0) Koy (0) Ray a0 (x — 2). (B.16)
The twist matrix can always be decomposed into
Ko(q) = Koil + Ko 204 + Ko yoy + Ko 0. (B.17)

Eq. (B.16) can be verified via direct calculation. We conclude that eq. (B.15) holds for
monodromy matrix with general twisted matrix.

C Some computational details for 4-point KZ equation

C.1 Representation side

Given the parameters (¢,C, T, u, fi), We solve for (8.)), satisfying (6.37) in terms of
(C7C7T7/’1/7ﬂ):

po =g ;
BN = N + N( = G)-
=1
Bi = BN — (BN — Bn—1 + Bn-1 — BN—2+ -+ Biy1 — Bi) (C.1)
N-1
:%Jr % gj+z =1,...,N—1,
j=1
and similarly for (8a),—;
=
BN = N + N(T] C_])
7j=1
Bi=Bn — (BN — Bn—1+ Bn—1— Bn—a + -+ + Bit1 — Bs) (C.2)
O ON-1 . N
Z%—F %(Tj-fj)-Z(Tj-&j),i:1,...,N—1.
=i =

Finally for (o;) Y1

N—

_l’_
ai:n—LN —i—Z
7=1

=
2|

N-1
CJ+CJ ZCJ+C3 i=1,...,N—1. (C.3)
j=b
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C.2 Gauge theory side

For completeness, let us briefly review the identification of the surface defect partition
function with the 4-point conformal block of sly. The Verma and HW weights (¢, C, i, fi)
are related to the fundamental matter masses, (2-deformation parameter €1 and the Coulomb
moduli of the N = 2 SQCD by

o 5.:77”5:1_7"? i=1,...,N—1;
1 61 9 X2 61 9 Y ) Y
N omZ —a Nomi—a (€4)
n= Z 2 a7 = Z 2 =
a=1 €1 a=1 €1
The 4-point conformal block ¥(q) obeys the KZ equation
d ﬂ(4) ﬁ(4)
~(k+N)—+ -2 + L1 ¥(q) =0 (C.5)
( )dq q q-1
with the residues of the meromorphic KZ connection given by
N N 2
A 0 (4 ~ 0
aw — _ bja Y @ _ _— C.6
0 aé:la e M 5(3);ag,aaga (C.6)
with JPm; = —e, A ém;. We focus on the G-invariant part x(vi,...,vny_1;q) in the 4-point
correlation function W(q), which satisfies
d 2 ¥
0— + ——| x(v1,...,on-1;9) = 0. (C.7)

—(k+ N)— + 1
( )dq q qg—1

The operators e%%(zll) are obtained by commuting the Lie(9)-equivariant ¥y (6.35)
through operators I:I((;? :7
ﬂ(()%%‘I’(CI) = ‘I’o%ﬁl)x(vl, Co UNZ1; ). (C.8)
We may choose, by SL(N)-transformation, ; = 7% and 7 = #.. We consider action of J2:
GAFIEm) = = [Gre" + - +3nEN) A E A AET] (e A A Ae))
—3080b>i, a#Db
{—Zﬂiza, a=b
= —5b0; bb>i — 3i0i>alp (C.92)
FaAJemio1) = —(' A @) Grer + -+ 3V en) Aep A& (er A Aeiot)]
_ {3a5z‘b9i12a, a#b

—5'0i-1>a, a=b
= 3*0i0i—1>a — 3'0i—1>a0p (C.9b)

T (J2m) = —(E" A AE) (e ANER(er A Ney))
= —620a<; (C.9¢)
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This gives

N-1

9b>a - 6a2ﬁ1 i—1>a —

=1 i=1

~a~i)0b>a - 5§£a]

a

JpWg =Y [ﬁb Op>a —

_ [ﬁb;eb>a -

with a short handed notation for convenience

N-1
ga = Zﬁl i— 1>a+ﬁz z>a7L Z 051 i>a-
i=1 i=1
Jg acts on x through
N-1 a
X Ix 3 Ix
J2 yer iy UNZ1) = J2 = 0,220 0
px(v1 UN-1) k:l( 5 Uk) dux Uaaa b>aava Mg p>ag

with
a

Jovg = vg {—225291;% + 2*,95kb9k>a -

We find %(7411) acting on x(vi,...,

1 (& ?
%(4) =3 (Z V3 + &.)

vn—1;q) of the following form:

D e RE N BN AR
N -

2(4) _ 3(3) 0 3

D D e (g ) (g + )

Variables (va)Y , are given by

GATT () - 7
3(3) - 72 (ma1) - 7 (7a)

(3ATa—1) _ 3as®
5)°

Va =

with

N N
= Zgaja, = ZUZ‘ =1.
a=1 i=1

Differential operators V3 and V3 acting on y in terms of variables {v1, ...

chain rules:

A S L S ot SRR
Yop 0 & av@ ”‘” '36)) v o T
B N—la ( 5 5&) B o

ja s 3 al| = — Uiz = Va— — VaD,
0 da ; 3aavz ;3 3 3(3) ov; Ov,
where D = fv 11%8@z
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(C.11)

(C.12)

(C.13a)

Vi + Ba)

(C.13b)

(C.14)

,UN_1} via

(C.15a)
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Fractional gg-character (3.40) satisfies non-perturbative Dyson-Schwinger equation:

<[aff]xw(x)>z , weZy, I€ L. (C.16)

N

We take large x expansion of (3.40) with the building block Y, (x)’s behavior in (4.7). The
case of I =1 gives

2 2
~ 9 “ £
0= <51D£}1) _qwleSZl—kElyf} — €10y +1Vw +Gw <21 371+(mw —aw)slyw_1+Pw(aw)> >

Z
(C.17)

We consider linear combination that eliminate the ¢, — ¢,41 coming from DU(}). The N =2
SQCD instanton partition function Z X:c,0+ then satisfies differential equation

[(1 - Cl)q€1€2§q + ﬂ} 2X;C,oi =0 (C.18)

with

N-1
- 1- Zwtlt T+ 2 _
H= Z - 9 (s%(VfJ)?—QaanfJ)—i- wil Wt N (e1VZ —a,+m})(e1VE —a,+my).

w=0 Fw
(C.19)
We rewrite (C.18) into
£9 d I/_\I‘q:o _I/_\I‘qZI S
24 + Zxwgt =0 C.20
L‘l di ' q -1 |77 (620)

We find eq. (C.7) agreeing with (C.20) with matching between parameters k + N = —£2

€1

and variables on the gauge and CFT side:
Zq
20+ 21+ +avo1

a~
Za = 3 3a, V; =

(C.21)

a=1,...,N,i=1,...,N — 1. We identify defect partition function ZAX;C’U:& of four
dimensional gauge theory as CFT 4-point correlation function

N-1 _mf-aw

X(Ulv"'avN—l;q) :2X;C,Ui(207"'>ZN—1;q) = H Z; . \Ijv <C22)

w=0

with ¥ is defined in (4.11).

D Some computational details for 5-point KZ equations

D.1 Representation side

Here we demonstrate how the equations (6.53) and (6.55) are obtained. Let us define x =
SN @Pxp (v, ..., uN—1: 6, %) to study how the KZ equations are expressed as differential
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equations annihilating individual yp(vy, ...

denoted as

0
dq

0

[(k:JrN)

dy
First we find %21:

A2

= V5w

v

+

Ay
+ =+
q

Ao

—(k+N)s + =2+

)

20+ -

,UN-1;q). The 5-point KZ equations for x are

A
q—1

Ay
y—1

(D.1a)

(D.1b)

(D.2)

) <3£ . 5)] b

s N (Vi + Ba)éab-

The action of c%%

(#,

3 22
(

Za

= —flq acting on xp can be found by taking

y)ab Xo = (T(()a)aa)_l (ﬂy)ab T(()b)ﬂbXb
b

(D.3)

949
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Action of A on Xb is:

-1

(o) xo = (T0a)  (Ro)an 16 (@A) (mo)xo (D.5)
= (" BRI (@ A 7Y () X
1 a a/~ A ~b— ) ~ a
-~ 95 [(wao Jiivxe + 0y (Jo(@ AT (1)) x6 + 65 (S o)
0
(b) b a b a B 3
= (()a) lvazzb 0b>a8 Ub%9b>a67 - ﬂéa)’*‘ibﬁwa + 5§b)*(;b9b>a
wO da Va 3 Up 3 a
N 0 N-1
02462 B O+ B 05 + 02 Y aflisa| X0
i=1 i=1
0 0 Za = a
- [Za (aZa - azb> - ;bﬁbab>a + Ba9b>a - 5b£a:| Xb (DG)
Last but not least is ,%%. We consider action of ICIO on T((]C)ﬂcxc for some c = 1,..., V.
When J2 does not act on i, = (@ A 7 1)(mc), it gives only diagonal element in the N x N
matrix:

a,b

—Z { 3a+5§°)’*] [(v b 9 Up i——ﬁbc +5 *5b>9b>a_5a( c2b+§a)} Xec

ab 32 aZa Vg bav da

3 0 32 0 35 3b
:| |:~ (3aa~ +UaD> 7b (5 ({ab—i_vbD> Bbzb‘i‘(ﬁa_éac)g] Xc

a

y el

b>a

—Z ( +/3a) (Beso+E2) Xe

=[Z 3<vz+5a>w (vwa)v%,—ﬁb(vwa)+<Ba—5ac>j:§"<Vi+5a>

b>a3 a a

N
= (Bespt+&) (Vi+5a) | x

a=1

()

Cc

l\)\)—t

N1 L Pagit oy .
> 5 (Vi+8a)? (V3+Ba)(Vi+Ba) — (OczatEa) (Vi+Pa) | Xe

Va

_l’_

a:l
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Unlike %21, Ay may have off-diagonal components when J2 acts on the unit vector

> [8+ﬁa}< 3007 (me) e

ab3

= Z 3 vz + ﬁa)(ub(S 0b>c + ’LLC(S 9c>a) Xc

33b

+ 50)9b>cXc + % UC(vb + ﬁb) c>bXc (D'S)

We obtain KZ operator 4 as an N x N matrix with the combination of (D.7) and (D.8):
2

. 1 (X
- = 3
(%)ab_ 6ab2 (czzlv°+ﬁc> (D.9)
o 1 (% +- - t+uN-—1 ;=
+0an | D 5 (Va4 fe) 4 = (Va4 ) (VE + e —bac) — (Vi)
c=1 c
2 (VE+ o)y
b
N Za +. . '+Z _ 5
= Ay = TN (Vi Ba) Ot (Vi)
Notice that when acting on xp(v1,...,vn_1), the operator sum
N
ZviXb: <Z Vig— — U ) ‘|‘('U1+"'+’UN_1—1)D Xp = 0. (DlO)
a=1 Vi

This also applies to >, VZxp = >, Vixe = 0.

D.2 Gauge theory side
D.2.1 The y-component of the KZ equation
Here are the details of the computation leading to (6.63). Using U defined in (6.58)

010---00 ooou-oi
001---00 100---00
Us=| : . if, Ul=[010--00f UY=yly, (D.11)
000---01 oo
y00---00 000---10

and 4 diagonal matrices defined as in (6.59):

M:l: = dlag(mga s 7mﬁ—1)a q= diag(qo, T CIN—l), pP= diag(po, S ,PN—1)7 (D12)

N fractional quantum T-Q equations (4.14) can be rewrite into a single N x N matrix equa-
tion in Fourier space as Y is the Fourier transformation of the fractional Q-observables (3.28):

y Olog TPert(y)

3y Y(y)=0

0 B
(U—l—qU’l—IN—q) (Egyay—é‘g >+(UM++C|M U 1—p)

(D.13)
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Let us consider the following change of basis

ImI=(U-I)Y. (D.14)
Vector IT satisfies
_[e20 _e20logPM(y) 11 Nl e Y (]
O__elay - 3 +51y<IN qU ) (UM +qM~U p)(U Iy) ! 1
g2 90 22 0log TP (y) Aly)
€10y & dy (y—1)(y—a)
-62 8 Ao Al .Aq
_ |29 Ao, D.15
e10y y y-1 y—q ( )

Matrix A is given by

N-1 , No1
A(Yy)ab = [511 Z;) (qU—l)J (UM++qM_U—1 _UMtU - gM™ +V - qU_1VU> Z Uj/]
= Jj'=0 ab

g %*(q)e“_"li(q)a“"“ . i(q)amyem <i_ 9 )
2 | €1 \y e1 \y : y Ozc Oz

c=1

(D.16)
with a,b=1,..., N. We find trace of matrix A(y):
1 L y—1gq _ 1
TrA(y) = (1 —y)—TtM"™ + =———TrM"~ + (q — 1)—TrV. (D.17)
€1 Yy & €1

Since the dependence of z,, in the non-perturbative part of Y (y) only comes through the
fractional couplings q,,, it is annihilated by TrV. Hence the only contribution comes from
the perturbative factor in eq. (4.11), we have

N-1 N-1
TrVY = ¢ Z 2,0, X = Z mI — Q. (D.18)
w=0 w=0
Let us choose YP*(y) in (5.1) so that KZ-connection is traceless:
m_ m_—a mt—a
TP (y) =y N (y—q) V2 (y— 1) N (D.19)
with short handed notation
N-1 N-1
a:= Z A, mE = Z m. (D.20)
w=0 w=0
We obtain individual .,Zto’l’q:
_l’_ — —
n Ra | My my, 0 0 ) Oab T
= — | —0acpr — —0, 2l =— — = 0. —_—— D.21
(Ao)ab Py l = <b = <p| +2 (8za O <b t+ N o ( a)
R 0 JapmT —a
I (D-21b)
. Za o my —my 0w @ —m™
_ A, 0 : D.21
(Aq)ab %b [Zbazb + €1 + N e1 ( %
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a,b=1,...,N. We multiplied perturbative factor (4.11) to expectation value of (Q,(x))z, ¥.
We may modify derivative terms

+
my, — Qp
Vi Vit —2—2

- (D.22)

when operators A acting in the non-perturbative parts in IT. We find the KZ-connections
appearing in the y-component of 5-point KZ equation agrees with representation theory data:

Ao = Ao, _,le = .Al, Aq = Aq. (D.23)

D.2.2 The g-component of the KZ equation

Here we derive the g-component of the KZ equation (6.84) from the non-perturbative
Dyson-Schwinger equation obeyed by the fractional gg-character (4.6)

([277] Tvs1.0(2) Qur (m’)>Z =0, VI=1,2,... (D.24)

N

By exploiting the large x expansion of the building block Y, (x) (4.7), we can expand
fractional Dyson-Schwinger equation in large = and equates the coefficient of z=! in (4.6)
to zero. One obtains when w # W'

2
A~ g
< l&DS) - Clw€1D¢(U1,)1 + 711/3, — €10w+1Vw

2
o E% 2 5% /
+4. 5 Va1~ 5 Vw1 + (my — ay)e1Vw—1 + Pu(aw) | | Qu(2) =0 (D.25)

Zn
In the case w = W', we simply take (4.8):
Tns1w(x) = (2 — 2')(@ + awr1 + e100) + G — &'+ €1)(x — My, + aw — €10401)

2
~ e
+e1DY — que1 DY + 5 Ve — 10w 41

2
+ Gu (61 2,1 + (myy — ay)e1Vy—1 + Pw(aw)> (D.26)

which gives, when x = 2':
<quw(x)wal(l‘)>ZN (D.27)
2 w

2
~ ~ 1 €
= < [qwgl(x — My + aw — 51Vw—1) + 81D£,1) - qwngz,(ull + 22 - E10uw+1Vw

2
+ Qw <€21 3,_1 + (mw - aw)gll/w—l + Pw(aw)> ]Qw(w)> 5

7N
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also when z +¢; = 2
1 (Quir (@), (D.28)

2
:< [ — 61(95 — Qu+1 + 61140) + leU(J) — qwlef‘J )1 + = 2 V., — €10w+1Vw

2
+ qw (821%%_1 + (mw - aw)glwal + Pw(aw)> ]Qw(x)> .
Z

N

We find that with the linear combination coefficients u,, in (6.79) satisfying wu, —

(1)

Ju+1Uw+1 = 1 — ¢, the unwanted &, — é,4+1 in Dy’ can be canceled, leaving

1 ai
<(1 —q) [5152kN1 +> 5 (e = ay11)” — 2“] (D.29a)

+ Z Qu+1Uw+1(E1%0 — Qi1 + mi-&-l)(gl’/w — Q1+ mw-i—l)] Qu(z + W/5~2)>
w Zn

= —E1 Uy < W' +1( )Qw +1( )>Z + <Uw’51(x — Quy1 + Ell/w’)Qw’(x)>

VAN

1 az}
<(1 —q) |j€1€2kN-1 + Zw: 3 (100 — A1) — 2+1 (D.29Db)
+ Z Qo1 Us+1 (6100 — Qg1 + mI+1)(51Vw — Qw41+ mw—i—l)] Qu (ZL‘)>
w Zn
= et (P (@)Qu (@), — <aw/uw/el<x — Mt + Gt — E1r 1) Qu <x>>
Zn

with Qu(x) defined in (3.28). Using definition of expectation value (Q.(x)), . V:

N

— m+—aw

N—-1
(Qur(z Z V= H 2w Z H Zol:w_lqu_le’ (x)[x]z’surface[)‘]z’defect[5‘]' (D.30)
A w=0

We may rewrite

0
<(51Vw — Qw41 + mIH)Qw'(UC)>Z U =e1zpt15—

v =0,1,...,N—-1
N 8zw+1 <Qw( )> ) w 07 ) )

and

(kN-1Qu(2))7, _q8 (Qu ()7, P

The two equations can be rewrite as second order differential in {z,} and first order
differential in q:

(1- q>5152q§<c2w/ ()20 ¥ — A{Qu (1)) 2 ¥ (D31)

= —E€1Uy < W' +1( )Qw +1( )> N\Ij + 51uw’<($ - m:’-&-l + 61I/w)Qw/(1‘)>ZN\If
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and o' =2 +e1:
(1- q>slezq§q<c2w/<x>>m (Qu (@) (D.32)

= EIEIw’uw’ <Pw_/(x)Qw’—1(x)>ZN\II - Elaw’uw’«w - m;/ - Ell/w—l)Qw’ (x)>ZN‘;[I

Differential operator H is defined in (6.81):

a 1— 2 ~ z z —
A= zw: > ! (e1V2 =) + Gt VE) @1 V2 — m +my). (D.33)
The Fourier transform (5.2) yields:
0 Olog TPert(y) N
1— g g8’ Wiy v,
(1-q)e1e2q laq a9

0 0
= —E1Uyy (—sgyay—m:}H) Torgp1+e1tyy (—any—m‘jﬂ%—anﬂH) T, (D.34a)

0 OlogYPrt(y) .
1— _——= YT, —HY,
(1—q)e1e2q [aq aq
. 0 _ . 0 _ .
=1ty | —e2y=——m_, | Yor—1—E10u Uy | —€2y—=——m_,—1V5 | Tor (D.34b)
oy w y w

The derivatives w.r.t. y can be eliminated by considering a linear combination:
N 0 0 - . N
(1 - q)5152 (qw’—l—luw’-‘rlqaqu’ - uw’qaCITw’—l—l) + (Uw’HQTw’+1 - qw’+1uw’+1HT¢u’)

= €1 U o/ 41U/ +1 [(m:/_H T 61V2/+1)Tw/+1 + (m;,_H — m:;,_H + 8lvz/+1)rw/}
(D.35)

We denote two N x N diagonal matrices u = diag(ug, u1, . ..,un—1), and G = diag(Go, ...,
GN—l) with

Up+9 -1 Gui1tios
Uy Uy
The N g-differential equations (D.35) can be written as one N x N matrix equation:

Gy =

o 0 .
(1 - q)e122 (G — U) (qaq — a5, log Tpert(y)) Y - (G- U)OY

=51 Gu[UM* - MU = V| (U -1y)T. (D.36)

Matrix U is defined in (6.58), and diagonal matrices in (6.59). We again consider change of
basis IT = (U — In)Y. Vector IT obeys KZ equation:

[eg 0 1 1~ &9 dlog TPert(y)

O=|Zg-+ 7 sH-———F— D.37
c109  (1—q)qef e dq (D.37)

11
- —(U-1Iy)(G-U)'G UM*—M_U_l—V}H
(1—CI)C|€1( ) ) u( ( ) )

[ . pert >

_20 L 1y e0leXPy) Ap.a)
€199 (1—q)gei & dq (CESIC Y

|20 e W W g (D.38)
1c109 9 g-1 q-y
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Elements of matrix ﬁl(y, q) are

N—-1
Ay a =+ [(U-1) Y (G 0Yu (UM - MU - V)
1 =0 ab

Oat1>1 Oa>v + _
::%-Qhua<y) _w%l(y> ) (n%rmv__vﬁ) (D.30)
2b q q €1

with a,b=1,..., N. We find individual KZ-operators QA[QLy as:

A 1 A Zagl 4 ZN— m; —mg
(%) = 5 Hlqmofar — =5 MLz 4 Ma e )
ab 51

Za €1
Za L My —m;r
+ — Vb + I 9a>b (D40a)
Zb €1
s I 20+ +ano1 (mi—mg
(ml) R [ ! ( CHELL R A N (D.40Db)
ab €1 Za €1
(%) =-= iy e ) | Sam —a (D.40¢)
Ya oz \ P €1 N e e
a,b =1,...,N. KZ-operators obtained from supersymmetric gauge theory agree with
representation theory prediction:
QAIQ = ji%, él() = ji;i, ﬁly = %, (D.41)

after taking care the perturbative factor ¥ in (4.11):

+
my, — Qp
Vi Vi + —2——.

(D.42)
€1

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References
[1] C. Vafa and E. Witten, A Strong coupling test of S duality, Nucl. Phys. B 431 (1994) 3
[hep-th/9408074] [iNSPIRE].

[2] N.A. Nekrasov, Seiberg-Witten prepotential from instanton counting, Adv. Theor. Math. Phys.
7 (2003) 831 [hep-th/0206161] [INSPIRE].

[3] N. Nekrasov, 2d CFT-type equations from 4d gauge theory, lecture at The Langlands Program
and Physics, IAS, Princeton March 8-10, 2004.

[4] N. Nekrasov and A. Okounkov, Seiberg- Witten theory and random partitions, Prog. Math. 244
(2006) 525 [hep-th/0306238] [INSPIRE].

[5] N. Nekrasov, On the BPS/CFT correspondence, lecture at The University of Amsterdam
String Theory Group Seminar, February 3, 2004.

— 77 —


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1016/0550-3213(94)90097-3
https://arxiv.org/abs/hep-th/9408074
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9408074
https://doi.org/10.4310/ATMP.2003.v7.n5.a4
https://doi.org/10.4310/ATMP.2003.v7.n5.a4
https://arxiv.org/abs/hep-th/0206161
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0206161
https://doi.org/10.1007/0-8176-4467-9_15
https://doi.org/10.1007/0-8176-4467-9_15
https://arxiv.org/abs/hep-th/0306238
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0306238

[6]

[7]

N. Nekrasov, BPS/CFT correspondence: non-perturbative Dyson-Schwinger equations and
qg-characters, JHEP 03 (2016) 181 [arXiv:1512.05388] [INSPIRE].

L.F. Alday, D. Gaiotto and Y. Tachikawa, Liouville Correlation Functions from
Four-dimensional Gauge Theories, Lett. Math. Phys. 91 (2010) 167 [arXiv:0906.3219]
[INSPIRE].

N. Wyllard, Ax_1 conformal Toda field theory correlation functions from conformal N = 2
SU(N) quiver gauge theories, JHEP 11 (2009) 002 [arXiv:0907.2189] [INSPIRE].

L.F. Alday and Y. Tachikawa, Affine SL(2) conformal blocks from 4d gauge theories, Lett.
Math. Phys. 94 (2010) 87 [arXiv:1005.4469] [INSPIRE].

C. Kozcaz, S. Pasquetti, F. Passerini and N. Wyllard, Affine sl(N) conformal blocks from
N =2 SU(N) gauge theories, JHEP 01 (2011) 045 [arXiv:1008.1412] [InSPIRE].

N. Wyllard, W-algebras and surface operators in N = 2 gauge theories, J. Phys. A 44 (2011)
155401 [arXiv:1011.0289] [INSPIRE].

N. Wyllard, Instanton partition functions in N =2 SU(N) gauge theories with a general
surface operator, and their W-algebra duals, JHEP 02 (2011) 114 [arXiv:1012.1355]
[INSPIRE].

Y. Tachikawa, On W-algebras and the symmetries of defects of 6d N = (2,0) theory, JHEP 03
(2011) 043 [arXiv:1102.0076] [INSPIRE].

H. Kanno and Y. Tachikawa, Instanton counting with a surface operator and the chain-saw
quiver, JHEP 06 (2011) 119 [arXiv:1105.0357] [INSPIRE].

A. Klemm, W. Lerche, P. Mayr, C. Vafa and N.P. Warner, Selfdual strings and N = 2
supersymmetric field theory, Nucl. Phys. B 477 (1996) 746 [hep-th/9604034] [iINSPIRE].

D. Gaiotto, N = 2 dualities, JHEP 08 (2012) 034 [arXiv:0904.2715] [INSPIRE].

D. Gaiotto, G.W. Moore and A. Neitzke, Wall-crossing, Hitchin Systems, and the WKB
Approzimation, arXiv:0907.3987 [INSPIRE].

A. Gorsky, I. Krichever, A. Marshakov, A. Mironov and A. Morozov, Integrability and
Seiberg- Witten exact solution, Phys. Lett. B 355 (1995) 466 [hep-th/9505035] [INSPIRE].

R. Donagi and E. Witten, Supersymmetric Yang-Mills theory and integrable systems, Nucl.
Phys. B 460 (1996) 299 [hep-th/9510101] [INSPIRE].

A. Gorsky and N. Nekrasov, Elliptic Calogero-Moser system from two-dimensional current
algebra, hep-th/9401021 [INSPIRE].

N. Nekrasov and V. Pestun, Seiberg- Witten geometry of four dimensional N = 2 quiver gauge
theories, arXiv:1211.2240 [InSPIRE].

A. Gorsky, A. Marshakov, A. Mironov and A. Morozov, N = 2 supersymmetric QCD and
integrable spin chains: Rational case Ny < 2N., Phys. Lett. B 380 (1996) 75
[hep-th/9603140] [INSPIRE].

A. Gorsky, S. Gukov and A. Mironov, Multiscale N = 2 SUSY field theories, integrable systems
and their stringy/brane origin. 1, Nucl. Phys. B 517 (1998) 409 [hep-th/9707120] [INSPIRE].

N.A. Nekrasov and S.L. Shatashvili, Quantum integrability and supersymmetric vacua, Prog.
Theor. Phys. Suppl. 177 (2009) 105 [arXiv:0901.4748] [INSPIRE].

— 78 —


https://doi.org/10.1007/JHEP03(2016)181
https://arxiv.org/abs/1512.05388
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1512.05388
https://doi.org/10.1007/s11005-010-0369-5
https://arxiv.org/abs/0906.3219
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0906.3219
https://doi.org/10.1088/1126-6708/2009/11/002
https://arxiv.org/abs/0907.2189
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0907.2189
https://doi.org/10.1007/s11005-010-0422-4
https://doi.org/10.1007/s11005-010-0422-4
https://arxiv.org/abs/1005.4469
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1005.4469
https://doi.org/10.1007/JHEP01(2011)045
https://arxiv.org/abs/1008.1412
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1008.1412
https://doi.org/10.1088/1751-8113/44/15/155401
https://doi.org/10.1088/1751-8113/44/15/155401
https://arxiv.org/abs/1011.0289
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1011.0289
https://doi.org/10.1007/JHEP02(2011)114
https://arxiv.org/abs/1012.1355
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1012.1355
https://doi.org/10.1007/JHEP03(2011)043
https://doi.org/10.1007/JHEP03(2011)043
https://arxiv.org/abs/1102.0076
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1102.0076
https://doi.org/10.1007/JHEP06(2011)119
https://arxiv.org/abs/1105.0357
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1105.0357
https://doi.org/10.1016/0550-3213(96)00353-7
https://arxiv.org/abs/hep-th/9604034
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9604034
https://doi.org/10.1007/JHEP08(2012)034
https://arxiv.org/abs/0904.2715
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0904.2715
https://arxiv.org/abs/0907.3987
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0907.3987
https://doi.org/10.1016/0370-2693(95)00723-X
https://arxiv.org/abs/hep-th/9505035
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9505035
https://doi.org/10.1016/0550-3213(95)00609-5
https://doi.org/10.1016/0550-3213(95)00609-5
https://arxiv.org/abs/hep-th/9510101
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9510101
https://arxiv.org/abs/hep-th/9401021
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9401021
https://arxiv.org/abs/1211.2240
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1211.2240
https://doi.org/10.1016/0370-2693(96)00480-7
https://arxiv.org/abs/hep-th/9603140
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9603140
https://doi.org/10.1016/S0550-3213(98)00055-8
https://arxiv.org/abs/hep-th/9707120
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9707120
https://doi.org/10.1143/PTPS.177.105
https://doi.org/10.1143/PTPS.177.105
https://arxiv.org/abs/0901.4748
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0901.4748

[25]

[26]

N.A. Nekrasov and S.L. Shatashvili, Supersymmetric vacua and Bethe ansatz, Nucl. Phys. B
Proc. Suppl. 192-193 (2009) 91 [arXiv:0901.4744] [INSPIRE].

N.A. Nekrasov and S.L. Shatashvili, Quantization of Integrable Systems and Four Dimensional
Gauge Theories, in 16th International Congress on Mathematical Physics, (2009), pp. 265-289
[DOI] [arXiv:0908.4052] INSPIRE].

N. Dorey, S. Lee and T.J. Hollowood, Quantization of Integrable Systems and a 2d/4d Duality,
JHEP 10 (2011) 077 [arXiv:1103.5726] [INSPIRE].

N. Nekrasov, BPS/CFT correspondence II: Instantons at crossroads, Moduli and Compactness
Theorem, Adv. Theor. Math. Phys. 21 (2017) 503 [arXiv:1608.07272] [INSPIRE].

N. Nekrasov, BPS/CFT Correspondence III: Gauge Origami partition function and
qq-characters, Commun. Math. Phys. 358 (2018) 863 [arXiv:1701.00189] [INSPIRE].

N. Nekrasov, BPS/CFT correspondence IV: sigma models and defects in gauge theory, Lett.
Math. Phys. 109 (2019) 579 [arXiv:1711.11011] INSPIRE].

N. Nekrasov, BPS/CFT correspondence V: BPZ and KZ equations from qq-characters,
arXiv:1711.11582 [INSPIRE].

S. Gukov and E. Witten, Rigid Surface Operators, Adv. Theor. Math. Phys. 14 (2010) 87
[arXiv:0804.1561] [INSPIRE].

S. Gukov and E. Witten, Gauge Theory, Ramification, And The Geometric Langlands
Program, hep-th/0612073 [INSPIRE].

E. Frenkel, S. Gukov and J. Teschner, Surface Operators and Separation of Variables, JHEP
01 (2016) 179 [arXiv:1506.07508] [INSPIRE].

S. Jeong and N. Nekrasov, Riemann-Hilbert correspondence and blown up surface defects,
JHEP 12 (2020) 006 [arXiv:2007.03660] [INSPIRE].

N. Nekrasov and N.S. Prabhakar, Spiked Instantons from Intersecting D-branes, Nucl. Phys. B
914 (2017) 257 [arXiv:1611.03478] [INSPIRE].

S. Jeong, Splitting of surface defect partition functions and integrable systems, Nucl. Phys. B
938 (2019) 775 [arXiv:1709.04926] [INSPIRE].

S. Jeong and N. Nekrasov, Opers, surface defects, and Yang-Yang functional, Adv. Theor.
Math. Phys. 24 (2020) 1789 [arXiv:1806.08270] [NSPIRE].

S. Jeong and X. Zhang, BPZ equations for higher degenerate fields and non-perturbative
Dyson-Schwinger equations, arXiv:1710.06970 [INSPIRE].

S. Jeong and X. Zhang, A note on chiral trace relations from qq-characters, JHEP 04 (2020)
026 [arXiv:1910.10864] [INSPIRE].

N. Nekrasov, Blowups in BPS/CFT correspondence, and Painlevé VI, arXiv:2007.03646
[INSPIRE].

N. Lee and N. Nekrasov, Quantum spin systems and supersymmetric gauge theories. Part I,
JHEP 03 (2021) 093 [arXiv:2009.11199] [INSPIRE].

N. Nekrasov and A. Tsymbaliuk, Surface defects in gauge theory and KZ equation,
arXiv:2103.12611 [INSPIRE].

H.-Y. Chen, T. Kimura and N. Lee, Quantum Elliptic Calogero-Moser Systems from Gauge
Origami, JHEP 02 (2020) 108 [arXiv:1908.04928] [INSPIRE].

- 79 —


https://doi.org/10.1016/j.nuclphysBPS.2009.07.047
https://doi.org/10.1016/j.nuclphysBPS.2009.07.047
https://arxiv.org/abs/0901.4744
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0901.4744
https://doi.org/10.1142/9789814304634_0015
https://arxiv.org/abs/0908.4052
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0908.4052
https://doi.org/10.1007/JHEP10(2011)077
https://arxiv.org/abs/1103.5726
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1103.5726
https://doi.org/10.4310/ATMP.2017.v21.n2.a4
https://arxiv.org/abs/1608.07272
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1608.07272
https://doi.org/10.1007/s00220-017-3057-9
https://arxiv.org/abs/1701.00189
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1701.00189
https://doi.org/10.1007/s11005-018-1115-7
https://doi.org/10.1007/s11005-018-1115-7
https://arxiv.org/abs/1711.11011
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1711.11011
https://arxiv.org/abs/1711.11582
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1711.11582
https://doi.org/10.4310/ATMP.2010.v14.n1.a3
https://arxiv.org/abs/0804.1561
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0804.1561
https://arxiv.org/abs/hep-th/0612073
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0612073
https://doi.org/10.1007/JHEP01(2016)179
https://doi.org/10.1007/JHEP01(2016)179
https://arxiv.org/abs/1506.07508
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1506.07508
https://doi.org/10.1007/JHEP12(2020)006
https://arxiv.org/abs/2007.03660
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2007.03660
https://doi.org/10.1016/j.nuclphysb.2016.11.014
https://doi.org/10.1016/j.nuclphysb.2016.11.014
https://arxiv.org/abs/1611.03478
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1611.03478
https://doi.org/10.1016/j.nuclphysb.2018.12.007
https://doi.org/10.1016/j.nuclphysb.2018.12.007
https://arxiv.org/abs/1709.04926
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1709.04926
https://doi.org/10.4310/ATMP.2020.v24.n7.a4
https://doi.org/10.4310/ATMP.2020.v24.n7.a4
https://arxiv.org/abs/1806.08270
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1806.08270
https://arxiv.org/abs/1710.06970
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1710.06970
https://doi.org/10.1007/JHEP04(2020)026
https://doi.org/10.1007/JHEP04(2020)026
https://arxiv.org/abs/1910.10864
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1910.10864
https://arxiv.org/abs/2007.03646
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2007.03646
https://doi.org/10.1007/JHEP03(2021)093
https://arxiv.org/abs/2009.11199
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2009.11199
https://arxiv.org/abs/2103.12611
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2103.12611
https://doi.org/10.1007/JHEP02(2020)108
https://arxiv.org/abs/1908.04928
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1908.04928

[45] A.A. Belavin, A.M. Polyakov and A.B. Zamolodchikov, Infinite Conformal Symmetry in
Two-Dimensional Quantum Field Theory, Nucl. Phys. B 241 (1984) 333 [nSPIRE].

[46] V.G. Knizhnik and A.B. Zamolodchikov, Current Algebra and Wess-Zumino Model in
Two-Dimensions, Nucl. Phys. B 247 (1984) 83 [INSPIRE].

[47] R.J. Baxter, Partition function of the eight vertex lattice model, Annals Phys. 70 (1972) 193
[INSPIRE].

[48] B. Feigin, E. Frenkel and N. Reshetikhin, Gaudin model, Bethe ansatz and correlation
functions at the critical level, Commun. Math. Phys. 166 (1994) 27 [hep-th/9402022]
[INSPIRE].

[49] A. Mironov, A. Morozov, B. Runov, Y. Zenkevich and A. Zotov, Spectral Duality Between
Heisenberg Chain and Gaudin Model, Lett. Math. Phys. 103 (2013) 299 [arXiv:1206.6349]
[INSPIRE].

[50] H.-Y. Chen, P.-S. Hsin and P. Koroteev, On the Integrability of Four Dimensional N = 2
Gauge Theories in the Omega Background, JHEP 08 (2013) 076 [arXiv:1305.5614] [INSPIRE].

[61] S. Jeong, N. Lee and N. Nekrasov, in progress.

[62] E. Frenkel and N. Reshetikhin, The g-characters of representations of quantum affine algebras
and deformations of W-algebras, math/9810055 [INSPIRE].

[63] O. Biquard, Sur les fibrés paraboliques sur une surface complexe, J. Lond. Math. Soc. 53
(1996) 302.

[54] I. Biswas, Parabolic bundles as orbifold bundles, Duke Math. J. 88 (1997) 305.

[65] U. Bruzzo, W.y. Chuang, D.E. Diaconescu, M. Jardim, G. Pan and Y. Zhang, D-branes,
surface operators, and ADHM quiver representations, Adv. Theor. Math. Phys. 15 (2011) 849
[arXiv:1012.1826] INSPIRE].

[56] J. Gomis, B. Le Floch, Y. Pan and W. Peelaers, Intersecting Surface Defects and
Two-Dimensional CFT, Phys. Rev. D 96 (2017) 045003 [arXiv:1610.03501] [INSPIRE].

[67] Y. Pan and W. Peelaers, Intersecting Surface Defects and Instanton Partition Functions,
JHEP 07 (2017) 073 [arXiv:1612.04839] [INSPIRE].

[58] A. Braverman, Instanton counting via affine Lie algebras. 1. Equivariant J functions of
(affine) flag manifolds and Whittaker vectors, in CRM Workshop on Algebraic Structures and
Moduli Spaces, (2004) [math/0401409] [INSPIRE].

[59] N. Nekrasov, V. Pestun and S. Shatashvili, Quantum geometry and quiver gauge theories,
Commun. Math. Phys. 357 (2018) 519 [arXiv:1312.6689] [INSPIRE].

[60] G.W. Moore and E. Witten, Integration over the u plane in Donaldson theory, Adv. Theor.
Math. Phys. 1 (1997) 298 [hep-th/9709193] [INSPIRE].

[61] A. Losev, N. Nekrasov and S.L. Shatashvili, Issues in topological gauge theory, Nucl. Phys. B
534 (1998) 549 [hep-th/9711108] [INSPIRE].

[62] M. Aganagic, M. Marifio and C. Vafa, All loop topological string amplitudes from
Chern-Simons theory, Commun. Math. Phys. 247 (2004) 467 [hep-th/0206164| [INSPIRE].

[63] A. Tsuchiya and Y. Kanie, Vertex Operators in the Conformal Field Theory on P and
Monodromy Representations of the Braid Group, Lett. Math. Phys. 13 (1987) 303 [INSPIRE].

— 80 —


https://doi.org/10.1016/0550-3213(84)90052-X
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB241%2C333%22
https://doi.org/10.1016/0550-3213(84)90374-2
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB247%2C83%22
https://doi.org/10.1016/0003-4916(72)90335-1
https://inspirehep.net/search?p=find+J%20%22Annals%20Phys.%2C70%2C193%22
https://doi.org/10.1007/BF02099300
https://arxiv.org/abs/hep-th/9402022
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9402022
https://doi.org/10.1007/s11005-012-0595-0
https://arxiv.org/abs/1206.6349
https://inspirehep.net/search?p=find+J%20%22Lett.Math.Phys.%2C103%2C299%22
https://doi.org/10.1007/JHEP08(2013)076
https://arxiv.org/abs/1305.5614
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1305.5614
https://arxiv.org/abs/math/9810055
https://inspirehep.net/search?p=find+EPRINT%2Bmath%2F9810055
https://doi.org/10.1112/jlms/53.2.302
https://doi.org/10.1112/jlms/53.2.302
https://doi.org/10.1215/S0012-7094-97-08812-8
https://doi.org/10.4310/ATMP.2011.v15.n3.a6
https://arxiv.org/abs/1012.1826
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1012.1826
https://doi.org/10.1103/PhysRevD.96.045003
https://arxiv.org/abs/1610.03501
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1610.03501
https://doi.org/10.1007/JHEP07(2017)073
https://arxiv.org/abs/1612.04839
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1612.04839
https://arxiv.org/abs/math/0401409
https://inspirehep.net/search?p=find+EPRINT%2Bmath%2F0401409
https://doi.org/10.1007/s00220-017-3071-y
https://arxiv.org/abs/1312.6689
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1312.6689
https://doi.org/10.4310/ATMP.1997.v1.n2.a7
https://doi.org/10.4310/ATMP.1997.v1.n2.a7
https://arxiv.org/abs/hep-th/9709193
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9709193
https://doi.org/10.1016/S0550-3213(98)00628-2
https://doi.org/10.1016/S0550-3213(98)00628-2
https://arxiv.org/abs/hep-th/9711108
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9711108
https://doi.org/10.1007/s00220-004-1067-x
https://arxiv.org/abs/hep-th/0206164
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0206164
https://doi.org/10.1007/BF00401159
https://inspirehep.net/search?p=find+J%20%22Lett.Math.Phys.%2C13%2C303%22

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

[72]

(73]

[74]

[75]

I.B. Frenkel and N.Y. Reshetikhin, Quantum affine algebras and holonomic difference
equations, Commun. Math. Phys. 146 (1992) 1 INSPIRE].

N. Nekrasov, Superspin chains and supersymmetric gauge theories, JHEP 03 (2019) 102
[arXiv:1811.04278] [iNSPIRE].

T. Kimura and V. Pestun, Super instanton counting and localization, arXiv:1905.01513
[INSPIRE].

H.-Y. Chen, T. Kimura and N. Lee, Quantum Integrable Systems from Supergroup Gauge
Theories, JHEP 09 (2020) 104 [arXiv:2003.13514] INSPIRE].

E.K. Sklyanin, Quantum inverse scattering method. Selected topics, hep-th/9211111
[INSPIRE].

H.-Y. Chen, N. Dorey, T.J. Hollowood and S. Lee, A New 2d/4d Duality via Integrability,
JHEP 09 (2011) 040 [arXiv:1104.3021] [INSPIRE].

E. Witten, Solutions of four-dimensional field theories via M-theory, Nucl. Phys. B 500 (1997)
3 [hep-th/9703166] [INSPIRE].

0. Gamayun, N. Iorgov and O. Lisovyy, Conformal field theory of Painlevé VI, JHEP 10
(2012) 038 [Erratum ibid. 10 (2012) 183] [arXiv:1207.0787] [INSPIRE].

H. Nakajima and K. Yoshioka, Instanton counting on blowup. 1, Invent. Math. 162 (2005) 313
[nath/0306198] [NSPIRE].

N. Nekrasov, A. Rosly and S. Shatashvili, Darboux coordinates, Yang-Yang functional, and
gauge theory, Nucl. Phys. B Proc. Suppl. 216 (2011) 69 [arXiv:1103.3919] [INSPIRE].

L. Hollands and O. Kidwai, Higher length-twist coordinates, generalized Heun’s opers, and
twisted superpotentials, Adv. Theor. Math. Phys. 22 (2018) 1713 [arXiv:1710.04438]
[INSPIRE].

A.S. Losev, A. Marshakov and N.A. Nekrasov, Small instantons, little strings and free
fermions, in From Fields to Strings: Circumnavigating Theoretical Physics: A Conference in
Tribute to Ian Kogan, (2003), pp. 581-621 [hep-th/0302191] [INSPIRE].

A. Marshakov and N. Nekrasov, Fxtended Seiberg- Witten Theory and Integrable Hierarchy,
JHEP 01 (2007) 104 [hep-th/0612019] [INSPIRE].

E. Frenkel, Affine Algebras, Langlands Duality and Bethe Ansatz, q-alg/9506003.

A.V. Stoyanovsky, A relation between the knizhnik-zamolodchikov and
belavin-Polyakov-zamolodchikov systems of partial differential equations, math-ph/0012013
[INSPIRE].

J. Teschner, Quantization of the Hitchin moduli spaces, Liouville theory, and the geometric
Langlands correspondence I, Adv. Theor. Math. Phys. 15 (2011) 471 [arXiv:1005.2846]
[INSPIRE].

N. Nekrasov and E. Witten, The Omega Deformation, Branes, Integrability, and Liouville
Theory, JHEP 09 (2010) 092 [arXiv:1002.0888] [INSPIRE].

C. Elliott and V. Pestun, Multiplicative Hitchin Systems and Supersymmetric Gauge Theory,
arXiv:1812.05516 [INSPIRE].

J.-E. Bourgine, M. Fukuda, K. Harada, Y. Matsuo and R.-D. Zhu, (p, ¢)-webs of DIM
representations, 5d N =1 instanton partition functions and qq-characters, JHEP 11 (2017)
034 [arXiv:1703.10759] [INSPIRE].

~ 81 —


https://doi.org/10.1007/BF02099206
https://inspirehep.net/search?p=find+J%20%22Commun.Math.Phys.%2C146%2C1%22
https://doi.org/10.1007/JHEP03(2019)102
https://arxiv.org/abs/1811.04278
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1811.04278
https://arxiv.org/abs/1905.01513
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1905.01513
https://doi.org/10.1007/JHEP09(2020)104
https://arxiv.org/abs/2003.13514
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2003.13514
https://arxiv.org/abs/hep-th/9211111
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9211111
https://doi.org/10.1007/JHEP09(2011)040
https://arxiv.org/abs/1104.3021
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1104.3021
https://doi.org/10.1016/S0550-3213(97)00416-1
https://doi.org/10.1016/S0550-3213(97)00416-1
https://arxiv.org/abs/hep-th/9703166
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9703166
https://doi.org/10.1007/JHEP10(2012)038
https://doi.org/10.1007/JHEP10(2012)038
https://arxiv.org/abs/1207.0787
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1207.0787
https://doi.org/10.1007/s00222-005-0444-1
https://arxiv.org/abs/math/0306198
https://inspirehep.net/search?p=find+EPRINT%2Bmath%2F0306198
https://doi.org/10.1016/j.nuclphysBPS.2011.04.150
https://arxiv.org/abs/1103.3919
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1103.3919
https://doi.org/10.4310/ATMP.2018.v22.n7.a2
https://arxiv.org/abs/1710.04438
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1710.04438
https://arxiv.org/abs/hep-th/0302191
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0302191
https://doi.org/10.1088/1126-6708/2007/01/104
https://arxiv.org/abs/hep-th/0612019
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0612019
https://arxiv.org/abs/q-alg/9506003
https://arxiv.org/abs/math-ph/0012013
https://inspirehep.net/search?p=find+EPRINT%2Bmath-ph%2F0012013
https://doi.org/10.4310/ATMP.2011.v15.n2.a6
https://arxiv.org/abs/1005.2846
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1005.2846
https://doi.org/10.1007/JHEP09(2010)092
https://arxiv.org/abs/1002.0888
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1002.0888
https://arxiv.org/abs/1812.05516
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1812.05516
https://doi.org/10.1007/JHEP11(2017)034
https://doi.org/10.1007/JHEP11(2017)034
https://arxiv.org/abs/1703.10759
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1703.10759

[83] J.-E. Bourgine and S. Jeong, New quantum toroidal algebras from 5D N =1 instantons on
orbifolds, JHEP 05 (2020) 127 [arXiv:1906.01625] [INSPIRE].

[84] E. Witten, Analytic Continuation Of Chern-Simons Theory, AMS/IP Stud. Adv. Math. 50
(2011) 347 [arXiv:1001.2933] [INSPIRE].

[85] E. Witten, Fivebranes and Knots, arXiv:1101.3216 [nSPIRE].

[86] A. Kapustin and E. Witten, Electric-Magnetic Duality And The Geometric Langlands
Program, Commun. Num. Theor. Phys. 1 (2007) 1 [hep-th/0604151] [INSPIRE].

[87] A. Kapustin and D. Orlov, Remarks on A branes, mirror symmetry, and the Fukaya category,
J. Geom. Phys. 48 (2003) 84 [hep-th/0109098] INSPIRE].

[88] V. Pestun et al., Localization techniques in quantum field theories, J. Phys. A 50 (2017)
440301 [arXiv:1608.02952] [INSPIRE].

~ 82 —


https://doi.org/10.1007/JHEP05(2020)127
https://arxiv.org/abs/1906.01625
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1906.01625
https://arxiv.org/abs/1001.2933
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1001.2933
https://arxiv.org/abs/1101.3216
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1101.3216
https://doi.org/10.4310/CNTP.2007.v1.n1.a1
https://arxiv.org/abs/hep-th/0604151
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0604151
https://doi.org/10.1016/S0393-0440(03)00026-3
https://arxiv.org/abs/hep-th/0109098
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0109098
https://doi.org/10.1088/1751-8121/aa63c1
https://doi.org/10.1088/1751-8121/aa63c1
https://arxiv.org/abs/1608.02952
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1608.02952

	Introduction
	Intersecting branes, Q-observables, and qq-characters
	Surface defects from folded branes
	The bulk gauge theory
	Introducing surface defects from folded branes: the Q-observables

	qq-characters from crossed branes
	Bulk theory with just one qq-character
	Bulk theory with the surface defect Q-observable and the qq-character


	Intersecting surface defects from branes on orbifold
	Orbifold surface defect as the disorder operator
	Construction of the surface defect via an orbifold
	Vacuum expectation value of the surface defect observable

	Folded branes on orbifold and fractional Q-observables
	Fractional qq-characters
	qq-character and the regular surface defect
	With fractional Q-observables


	Quantum T-Q equations as Dyson-Schwinger equations
	Quantum T-Q equations
	Fractional quantum T-Q equations

	The vortex string defect
	Fourier transform to vortex string defect
	On the intersection of surface defects

	Knizhnik-Zamolodchikov equations
	Knizhnik-Zamolodchikov equations for sl(N)
	Some representations of sl(N)
	4-point correlation function
	Degenerate 5-point correlation function

	Knizhnik-Zamolodchikov equations from the T-Q equations
	The y-component
	The q-component


	XXX(sl(2)) spin chain
	Construction of Lax operators
	Transfer matrix and higher rank qq-characters
	With fractional Q-observables
	Similarity with the spin chain transfer matrix


	Discussion
	Isomonodromic deformations of higher-rank Fuchsian systems
	Separation of variables and KZ/BPZ correspondence
	Quantization conditions
	Representation theory aspects
	Categorification of conformal blocks

	Partition functions of N = 2 supersymmetric gauge theories
	Integrability of XXX(sl(2)) spin chain
	Some computational details for 4-point KZ equation
	Representation side
	Gauge theory side

	Some computational details for 5-point KZ equations
	Representation side
	Gauge theory side
	The y-component of the KZ equation
	The q-component of the KZ equation



