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1 Introduction

This paper explores properties of massless quantum fields on a three-dimensional de Sitter
background. Our main focus is on their contribution to the thermodynamic properties of
the de Sitter horizon. The static patch of de Sitter is described by the metric

ds?
2
where t € R, 0 < p < 7/2, ¢ ~ ¢+ 2m. The de Sitter horizon resides at p = 7/2 and has
size 27f. Although the de Sitter horizon resembles the black hole horizon to some degree,

= —dt? cos® p + dp?® + sin? pdy? (1.1)

the two differ in several regards [1]. For instance, the de Sitter horizon has no parameter
tuning its associated temperature, heavy quantum fields become increasingly insensitive
to its presence, and it behaves oppositely to a black hole under absorption of a pulse of
energy. As we take the large ¢ limit, the de Sitter horizon tends to the null boundary of
an empty Minkowski spacetime potentially linking it to the physics of a thermal version of
soft modes [2].! As such, a careful and quantitative exploration of the features of the de
Sitter horizon is warranted.

We will focus on the relation of the static patch to the partition function over a
Euclidean three-dimensional round sphere, which is the Euclidean continuation ¢ — —i¢
of the static patch (1.1), with £ ~ & + 2w. For theories of gravity coupled to matter
admitting a semiclassical de Sitter solution, it was proposed by Gibbons and Hawking
in [8], and more recently explored in [9-11], that the de Sitter horizon entropy is computed
by the logarithm of the Euclidean gravitational path integral Zs ., about the round sphere
(Euclidean static patch) saddle point solution. For a theory of pure Einstein gravity with
a positive cosmological constant A = +1/¢2, and Newton constant G in three spacetime
dimensions, one has [9, 12-14]

log Zgrav = Sas — 310g Sas + 5log 27 + ipgray + . . . (1.2)

where Sgs = m¢/2G > 1 is the tree-level Gibbons-Hawking entropy of the de Sitter hori-
zon, which is parametrically large in the semiclassical limit. Although three-dimensional
gravity carries no propagating degrees of freedom, the structure (1.2) is non-trivial and a
microscopic understanding is so far lacking (attempts include [15-19]). Unlike the leading
term, the subleading terms in (1.2) stem from perturbative quantum corrections of the
gravitational fluctuations. The logarithmic term is related to the residual SO(4) subgroup
of the diffeomorphism group preserved by the three-sphere saddle. The constant part is
unambiguous in odd spacetime dimensions as it cannot be absorbed into a local countert-
erm, while the phase ¢gray can arise due to the unboundedness of the conformal mode. In
the treatment of [20] one finds that ¢gray = —57/2 to leading order at large Sgs.

Further corrections to (1.2) will appear as even inverse powers of Sgg. Upon coupling
the theory to matter fields, the expansion (1.2) may receive additional contributions. Con-
sider first matter fields that are parametrically heavy with respect to the de Sitter length £.

This limit might also suggest we treat the de Sitter horizon as a boundary [3-7], although a clear
framework for how to do so remains unclear.



Integrating them out results in an effective gravitational theory that will be perturbed, to
high accuracy, by a local functional of the metric containing higher derivative terms. Pro-
vided parity is preserved, due to the absence of local degrees of freedom in three-dimensional
gravity, such a theory can always be brought back to an Einstein theory with a cosmological
constant through local field redefinitions of the metric. From this perspective, integrating
out massless or light fields, or some more general conformal matter theory, is interest-
ing in that one can affect the details of (1.2) which are of a more non-local nature. The
two-dimensional version of this problem was recently explored in [21, 22]. In what follows
we focus on the contribution to (1.2) from Chern-Simons gauge fields. These are massless
gauge theories which are under solid theoretical control while producing various interesting
modifications to (1.2). Further to this, at least semiclassically, three-dimensional gravity
can be expressed as a Chern-Simons theory [23, 24]. For de Sitter in Euclidean signature
this Chern-Simons theory has gauge group SU(2),+iy X SU(2)x—iy with complexified levels
Kk & iy where v = (/4G € RT, and s € Z is the coupling for a gravitational Chern-Simons
type of term. In Lorentzian signature the relevant Chern-Simons theory is one with an
SL(2,C) gauge group. Such complexified Chern-Simons theories have been the subject of
various interesting works including [25-30]. Here we find a natural application of these
theories within the realm of three-dimensional de Sitter space.

The relation between three-dimensional gravity and Chern-Simons theory may permit
a more direct link between the Euclidean expression (1.2) and the Lorentzian picture (1.1).
Of particular interest is whether the logarithmic term and further subleading terms in (1.2)
have a simple Lorentzian interpretation. One hope that such a link exists comes from
literature on what is known as topological entanglement entropy [31, 32], which is a finite
contribution to the vacuum entanglement entropy between disconnected regions of space in
Chern-Simons theory or some more general topological field theory. In its simplest form,
one quantises Chern-Simons theory on S? spatial slices and considers the entanglement
entropy stemming from splitting the S? into two disks. It is argued [31-33] that this
entanglement entropy is computed by the So° component of the modular S-matrix S,,," of
the edge-mode theory living at the boundary of the disk. On the other hand, as was already
known from the seminal work [34], So” computes the partition function of Chern-Simons
theory on an S3 topology.

Our goal will be to express the aforementioned results relating the three-sphere parti-
tion function to an edge-mode theory in the language of three-dimensional de Sitter space.
We would like to sharpen the general (though somewhat schematic) hypothesis that

Zgrav ; ,811{84' Zedge[ﬁ] ) (1'3)
where Zgqge is the thermal partition function of a putative edge-mode theory. The edge-
modes are evaluated at parametrically high temperature due to their parametric proximity
to the de Sitter horizon. In this paper we develop a collection of tools to assess (1.3). We
provide circumstantial evidence for an edge-mode interpretation for the subleading terms
of the semiclassical expansion (1.2) of Zg,y. The interpretation of the leading term Sgyg
as an entanglement entropy of an edge-mode theory, or any other microscopic origin, is
left open.



In the first part of our discussion, we take the low energy theory to be three-dimensional
general relativity coupled to Chern-Simons gauge theory and consider the contribution
to (1.2) from the Chern-Simons sector. In the second part of our discussion, we investigate
a Lorentzian interpretation for the purely gravitational expression (1.2) by viewing the
gravitational theory as a complexified Chern-Simons theory.

1.1 Outline

In section 2 we discuss the dS3 geometry and the type of low energy effective theories we
will study. In section 3 we review and place several relevant results from the Chern-Simons
literature into the context of three-dimensional de Sitter space. In section 4 we describe in
detail the relation between the edge-mode theory residing at the boundary of a spatial disk
to the three-sphere partition function for Abelian Chern-Simons theory. The edge-mode
theory introduced in this section serves as the basic template for the latter sections. In
section 5 we discuss an Abelian Chern-Simons theory with complexified U(1) gauge group.
This is meant to serve as an Abelian toy model for Lorentzian three-dimensional gravity
expressed as a Chern-Simons theory with a complexified SU(2) gauge group. In 6 we
introduce an Abelian Chern-Simons theory with complexified level that is meant to serve
as a simplified toy model of Euclidean gravity expressed as a Chern-Simons theory with a
complexified level. In section 7 we briefly discuss how to extend the results of sections 5
and 6 to the non-Abelian case relevant to general relativity. Finally, in section 8 we make
some comments on AdS;/CFTj3 in the case where AdS, has a three-dimensional de Sitter
boundary. The appendices provide further details on various computations presented in
the main text.

2 Geometry and general setup

In this section we discuss some basic geometric properties of three-dimensional de Sitter
space and the type of low energy effective theories we will consider.

2.1 Geometry of dSg3

Three-dimensional de Sitter space admits a global chart described by the following metric

ds?
2

where 7 € R and df2 describes the round metric on the unit two-sphere. The above

= —dT? 4 cosh® T d0?, (2.1)

spacetime is one of constant and positive Ricci scalar, and the length-scale ¢ characterises
the curvature scale. If we are interested in the piece of de Sitter associated to a single
observer, or more precisely the intersection of all future events and past events of an
inertial worldline, we find a rather different description of the spacetime, namely
ds® 2 .2 2 w2 2

= —dt* cos” p + dp® + sin” pdp*, (2.2)
with ¢ ~ o+ 27, t € R, and 0 < p < /2. The piece of global de Sitter that this static
metric covers is the shaded region in figure 1. The exponentially expanding character



Figure 1. The Penrose diagram of dS3, with the static patch highlighted. Constant time slices are
two-spheres, with the 7 = 0 shown explicitly, and the left and right-hand sides of the diagram are
the poles of S2.

of (2.1) is subsumed into the presence of a cosmological event horizon of size 27/ residing
at p = w/2. An inertial observer is described by the time-like curve p = 0, and the light
emitted toward them by objects approaching p = /2 becomes increasingly redshifted.
Finally, we note that the original global Cauchy surface at 7 = 0, which takes the form
of a spatial S?, has been split two disks whose common S' boundary comprises the dSs
horizon. The induced metric on each disk at a constant ¢ slice is given by
2

% = dp? +sin? pdy?. (2.3)
It is occasionally convenient to view dS;3 as the metric induced on a hypersurface embedded
in Rb3. Denoting the coordinates of RM by (X, X), the hypersurface is described by the
following equation

—(X0)2+X-X:£2. (2.4)

The hypersurface preserves an SO(3,1) = SL(2,C)/Zs subgroup of the Poincaré symme-
tries of R13. This subgroup constitutes the isometry group of dS3. We can recover the
metrics (2.1) and (2.2) through specific parametrisations for the (X°, X).

Another geometric feature clear from (2.4) is the relation of dSs to the round metric
on S3. Indeed, upon analytically continuing X° — —iX? the equation (2.4) becomes that
of an S3 embedded in R*, and the isometries become SO(4) = SU(2) x SU(2)/Z5. From
the perspective of our two charts, the continuation corresponds to 7 — —if in (2.1), and
t — —i€ in (2.2). If the latter continuation is to give a smooth Euclidean space, we must
further periodically identify & ~ & + 2m. The periodicity of the Fuclidean static patch time
coordinate £ lies at the heart of the thermal properties of the dSg horizon. From it we can
read off the temperature of the dSs horizon, Tys = (27¢)~!, as measured by an inertial
observer at p = 0. It is somewhat remarkable that both the global and static patches,
which describe rather distinct pieces of the Lorentzian space-time, analytically continue
to the same compact space in Euclidean signature. The ‘observer independence’ of the de
Sitter horizon is reflected in Euclidean signature by the fact that any great circle on the
S3 can be viewed as the Euclidean de Sitter horizon.



Given the presence of a horizon, it is natural to consider quantum fields in a thermal
density matrix within a single static patch. This can be achieved by placing them in a
pure Hartle-Hawking state across the full S? spatial slice at 7 = 0 and tracing out one of
the two static patch regions. In much of what follows we will consider contributions to the
thermal properties of the static patch horizon from Chern-Simons and gravitational fields.

Before doing so we end a few more general comments.

2.2 Entanglement & gravitational entropy

It is generally a complicated problem to separate two regions of a gauge theory (including
gravitational theories) in a strictly local way. In discussions of entanglement entropy for
ordinary gauge theories there are various proposals for how to deal with the problem of
the entangling surface [35-40]. For standard Yang-Mills theories, the choices are often
labelled by a choice of ‘centre’ of the gauge invariant operator algebra. In Chern-Simons
theories, which we will proceed to study, electric and magnetic fields do not commute.
Consequently, it is not reasonable to classify choices in terms of electric and magnetic
centres. Alternatively, [35, 37] one might extend the gauge invariant Hilbert space to
admit non-trivial charges at the entangling surface. As overviewed in [40], the extended
Hilbert space picture matches calculations of entanglement entropy employing Euclidean
path integral techniques. Our considerations will be in line with this approach, since we
are interested in making contact with the manifestly gauge-invariant three-sphere partition
function.

Consider Chern-Simons theory with gauge group G and the level k£ and whose three-
sphere partition function we denote by Zg,[S?]. Although Zg, [S®] is a manifestly gauge
invariant object it will be related to a Lorentzian edge-mode calculation, which we describe
in sections 3 and 4, for which gauge invariance must be manifestly broken. Both the
entanglement entropy of the edge-mode theory as well as Zg, [S?] are ultraviolet divergent
quantities. We will make sense [9] of the divergences of Zg,[S®] by coupling the theory
to three-dimensional gravity with cosmological constant A = 1/¢?> > 0. The low energy
effective theory in Euclidean signature is thus given by?

1 2 .
- SE [g/w,Au] = 167G /dgw\/ﬁ (R — £2> + ZSCS[AM] , (2.5)

where Scg[A,] is the Chern-Simons action. Unlike pure Chern-Simons theory, the above
theory is no longer topological due to the explicit metric dependence in the gravitational
sector. The classical solution space for the metric remains that of three-dimensional grav-
ity due to the metric independence of Chern-Simons theory. In three-dimensions, this is
nothing more than the round metric on the three-sphere or quotients thereof. The path
integral of interest now becomes

Zgravr0s = Z58 [sﬂ X Zgrax - (2.6)

2The Chern-Simons action (being insensitive to the metric) is insensitive to the signature and hence
appears in the same form for both the Lorentzian and Euclidean path integral.



The pure gravitational path integral Zgy is given by (1.2). Any ultraviolet divergences
stemming from quantum fluctuations of the Chern-Simons sector can be absorbed into the
cosmological constant A and Newton constant G, such that Zg#[S?] is the finite ultraviolet
regularised part of the Chern-Simons partition function. The overall phase of Zéig[Sg] is
affected by the choice of framing and is given by pcs = 2mncy/24 where ¢y is the left-
moving central charge of the WZW model with current algebra Gy [34] — for SU(2)j this
would be ¢, = 3k/(k +2) — and n € Z. We note that the total phase of Zgavtcs is then
given by

2mney
Pgrav+CS = Pgrav + 24 (27)
For the gravitational phase @grayv = —5m/2 proposed in [20], special choices of n and k

can lead to a vanishing @grav+cs modulo 27, at least to leading order in the large Sggs
expansion.

At least for vanishing phase, log Z_g;g [S3] can be viewed as a physical, ultraviolet finite
correction to the tree-level Gibbons-Hawking de Sitter horizon entropy Sgs = 7¢/2G [8].
So long as it is small compared to Sgsg, there is no issue with the contribution to the
entanglement entropy from the Chern-Simons sector being negative.

3 Chern-Simons theory on dS; and S3

In this section we consider Chern-Simons theory on the manifolds S3, S x R, and D x R,
where D denotes the two-dimensional disk. We frame the discussion in the language of
Lorentzian and Euclidean three-dimensional de Sitter space. Chern-Simons theory with
gauge group G and level k € ZT is described by the action

k 2
SeslAul = 1 /M A3z e"P Ty (A”a,,A,, + 3AHA,,AP> , (3.1)

with A, = A}T“, where T are the anti-Hermitian generators of G satisfying the normali-
sation Tr(T°T?) = —%5“17, and a = 1,...,dim G, while e**? is the Levi-Civita symbol. The
non-Abelian field strength tensor is Fj,, = 0,4, — 0, A, + [Au, Al

Our reason for studying Chern-Simons theories is threefold. Firstly, the topological
nature of Chern-Simons theory ensures that all excitations have vanishing energy — all
physics is ‘soft physics’ In particular, it contributes to the non-local structure of the de
Sitter entropy (1.2). Secondly, we can draw from a host of exact results for Chern-Simons
theory on compact manifolds, as well as on manifolds with boundaries. Both these features
will prove to be particularly relevant to questions regarding de Sitter space. Thirdly, general
relativity in three-dimensions is equivalent, at least at the semiclassical level, to a Chern-
Simons theory exhibiting certain unusual features such as a non-compact gauge group
and/or a complexified value for the level [23, 24]. For now, we will steer clear of the third
point, which we return to in section 7, and focus on the first two.

3.1 Chern-Simons theory on S3

We now consider the behaviour of Chern-Simons gauge fields on a fixed dSsz or S3 back-
ground. Pure Chern-Simons theory on a three-manifold M will only perceive topological



features, so one might wonder if there is any lesson to be learned specifically about de Sitter.
Here, as was discussed in section 2, it is helpful to consider the more general setup whereby
we couple Chern-Simons theory to three-dimensional gravity. The Lorentzian/Euclidean
theory admits dS3/S% solutions. Given that the metric is semiclassically fixed, the theory
is no longer topological. In this context we can ask how the presence of a Chern-Simons
gauge field contributes to the thermodynamic properties of the dS3 horizon.

In the remainder of this section and the next our focus will be entirely on the case of
a fixed background. We take the gauge group G to be compact and semi-simple, and the
level kK € ZT. Recall that Chern-Simons theory is topological, and hence only sensitive to
the type of manifold on which it resides. From our discussion of the dS3 geometry one is
led to consider various three manifolds. These are S3, S? x R, and D x R.

Chern-Simons theory on S3. The first object we consider is the partition function
of Chern-Simons theory on S2. Although naively this is nothing more than a number,
and hence as good as our choice of normalisation, it turns out that Chern-Simons theory is
sufficiently structured that one can make sense of this number in an essentially unambiguous
way.> The result [34] can be stated concisely in terms of the modular S-matrix S,,"

associated to the WZW CF'T with gauge group G and level k, namely
Zg, [$%] = &°. (3.2)

(An account of modular S-matrices and their properties can be found in the latter chapters
of [41]. They encode the transformation of extended characters under inversion.) It should
be emphasised that Zg, [93] is a gauge invariant object. As a concrete example, we can

consider G = SU(5) for which

7j }(51')

k+5 (3:3)

1 4
Zsu(s) [53} = {2 sin
=1

V5(k +5)? ;

Notice that in the perturbative limit, where k& — oo, the above expression is approxi-
mated by

lim Zsy(s), [$°] ~ ) ( ul )24 (3.4)

fmvoo UG 45125 \VE+5/ '
The above expression has some identifiable features. For instance the power of vk + 5
corresponds to dim SU(5) = 24. Whereas the numerical pre-factor is the reciprocal of the
canonical group volume of SU(5), given by (see for example [42, 43])

\/N (QW)N(N—H)/Q

(3.5)

where G(z) is the Barnes G-function.

3There is an ambiguity in the overall phase of the S partition function, which is fixed by a choice of
framing. Unless otherwise stated, we will select a framing for which the overall phase vanishes.



More generally, the large k limit of the sphere partition function of Chern-Simons
theory with gauge group G is given by

1 27 dim G
. 3 ~
Jm Zo | ~ g (m) ’ (3:6)

where h is the dual Coxeter number of G. Schematically, we may view the above structure

as stemming from the fact that the path integral requires division by the space of gauge
transformations, of which all but the constant part are cancelled by redundancies in the
local description of the theory. When a quantum field theory lives on a compact space,
the constant part of a compact gauge group is finite and must be taken into account.
Indeed, its contribution is responsible for the group theoretic factors exhibited by (3.6).
The dependence on the level k is also sensible. The volume of the constant part of the
gauge group must be normalised with respect to the size of the fluctuations of the theory,
which are controlled by 1/ vk in the perturbative limit. Such group theoretical factors have
been recently explored in [9)].

3.2 Chern-Simons on S2 X R and D X R

We now consider Chern-Simons theory on S? x R and D x R. The first is topologically
equivalent to the global geometry (2.1) of dSs, while the second is topologically equivalent
to the static patch (2.2).

Chern-Simons theory on §? X R. We now proceed to consider Chern-Simons theory
on S? x R. Here, we view R as the global dS3 time coordinate 7, and the S? as the spatial
Cauchy slice of global dSs3. It is convenient to choose the following metric on S?

4dx?

2 _
ds® = (1—|—x2)2’

x = {z,y} € R%. (3.7)

We begin with a description of the Hilbert space. This is given by quantising the space of
flat G-connections on S?, modulo gauge transformations. But on S? x R, all flat connections
are trivial. The Hilbert space is one-dimensional. The unique state of this peculiar world
can be explicitly described in the Schrodinger picture. To describe it, it is convenient to
work in the gauge A7 = 0. The gauge constraints that we must solve are then given by

The following quantum state can be shown to solve the above equation [44]

Vg [Az (x)] = Nexp {ZTTr /32 d*z [(g_laxg)(g_lﬁyg)} — 2mik /52 d*x wo(g)} , (3.9

where A is a normalisation constant, g(x) € G, and w® is the time-component of the
three-vector whose divergence gives the winding number density:

W (g) = 0, w" = ﬁTrEaﬁ'y (gflﬁaggflagggflﬁwg) i (3.10)



Figure 2. The 7 = 0 slice of global de Sitter split into two static patch hemispheres at the S*
horizon. These hemispheres are topologically disks, and we can imagine ‘tracing out’ the degrees
of freedom in one of the static patches that is behind the horizon of the other.

The gauge field is non-locally related to g(x) as A;(x) = g~ '0,g. Unlike what happens
in standard Yang-Mills theory, the Chern-Simons wavefunctional ¥g2[A4,(x)] is not gauge
invariant under the residual gauge freedom

AP (%) =h O+ Aix) b, ie{zy}, (3.11)
with h(x) € G. Rather, under the residual gauge freedom Wg2[A,(x)] transforms as
Wgal Ap(x)] = 2D 4, (x)] (3.12)
where

oAy (x); h ——Tr/dQ 2A x) Oyhh™t + h o h b 8h—k;/d2xw (h). (3.13)

As a function of the gauge field the ground state Wg¢2[A4,(x)] encodes non-local quantum
correlations. The non-local correlations play an important role, for instance, if we are to
trace out those degrees of freedom living in a certain spatial region. Our considerations of
dS;3 suggest performing precisely such a trace if we are to consider the physics contained
within a single dS3 horizon, as depicted in figure 2.

Chern-Simons theory on D X R. As already noted, the spatial section of a single static
patch is given by the hemisphere metric on a two-dimensional disk D whose coordinates we
denote by {p, ¢} with ¢ ~ ¢ + 27. From this perspective, we are encouraged to consider
the problem of Chern-Simons theory on D x R, where now R is associated with the static
patch time ¢. In this case, the Hilbert space of Chern-Simons theory is far richer [45] due
to the presence of the spatial S' boundary.

We can construct the edge-mode theory as follows (see [46] for an overview). First,
we must ensure that we have a well-defined variational problem in the presence of the S*
boundary. We will not add further terms localised on the boundary dM of the disk. As
such, the variational problem enforces us to impose boundary conditions on OM:

(A —vAy) [om = 0. (3.14)



The parameter v is a real number which we take to be positive. We must further ensure that
the gauge transformations do not disturb our boundary condition. This can be achieved
by forcing the gauge parameter A to vanish on the S! boundary. We can further impose
(at least locally) that the gauge condition (3.14) holds away from the boundary of the disk
as well. For that to be the case the bulk gauge parameter must satisfy

(815—7}8@))\:0, )\|Sl =0. (315)

The above is solved by A = A(¢ + vt, p) with A|g1 = 0, which constitutes a residual gauge
freedom. We can further specify a gauge fixing condition throughout the interior of the
disk. The constraint arising from extending the gauge condition (3.14) into the disk interior
is solved by the following configurations

A, =U1t9,U, A,=U"'9,U, (3.16)

with U € G. The residual gauge freedom transforms the group valued function U — AT ,
where ¢ is a small parameter. Consequently, the residual gauge parameter can be entirely
fixed upon fixing the form of U. Unless otherwise specified, we impose that A, remains
smooth throughout the interior of the disk. To do so, we must ensure that the holonomy of
the gauge field vanishes around any closed loop in the interior of the disk. Non-vanishing
holonomy would indicate the presence of external charge puncturing the disk. The resulting
theory at the boundary of the disk, upon taking everything into account, becomes a chiral
WZW model with group G and level k built from the boundary values of U [45]. Upon
quantisation, this theory has an infinite number of states. We now study the Abelian case
in detail.

4 Abelian example

In this section we construct and explore the edge-mode theory associated to Abelian Chern-
Simons theory with gauge group U(1) at level k quantised on a spatial disk D. The purpose
of the section is to provide a detailed discussion of this edge-mode theory and its relation to
the three-sphere partition function Zyi), [S3]. This is meant to serve as the basic template
for the discussion of edge-mode theories in the latter sections.

The Abelian theory on a three-manifold M is governed by the action

k
SU(l)k [AM] = E /M dgx EMVPA,uaVAp ) (41)

where A, is a real-valued Abelian gauge field. So long as the three-manifold M has no
boundary, the above is gauge invariant under A, — A, —3J, A, where X is a smooth function
on M. If it is further assumed that U(1) is compact, and moreover that Sy, is the low
energy limit of a theory containing both electric and magnetic monopoles, then the standard
Dirac argument enforces k € Z. For the sake of simplicity, we take k € 2 x Z" in what

follows.*

4This is, in part, to avoid subtleties associated to fermionic states in the edge-mode theory.

~10 -



4.1 Three-sphere partition function

We begin by computing the S partition function. We have
Zyu(1y, [53} = (volG)™! /DAM S [Anl (4.2)

where we have manifestly divided by the volume of the gauge group, which is generated by
the space of smooth real functions on S3. Given that S® is compact, we must also consider
the constant part of the gauge group which is generated by the constant function A. on
S3. We take the group elements generated by . to be given by

U(\,) = e, (4.3)

such that \. is compact with radius 27. It is convenient to rescale the gauge field by
V27 [k, to remove the k dependence from the action. In doing so, we change the volume
of the constant part of the gauge group to v/2rk. Whenever we evaluate path integrals,
we will assume this normalisation for the action. To get a feel for the structure of the
result [47], we can parameterise A, as

A=A +0,8, VFAl =0, (4.4)

where we exclude the constant part of the scalar field B as it does not contribute to the
configuration space of the A,. We thus find

Zuy, [$] = (volG) ™" x \/det! (~V72) x / D'B / DAL iSval4L] (4.5)

The prime indicates we are dropping the zero-mode. Although the above expression is still
rather schematic, one can already note that the path-integral over B will mostly cancel the
volume of G. The difference lies in the zero-mode sector which is absent in the space of
functions B. Since no other term in the partition function depends on k, we can already

conclude that
1

ZU(l)k [SB} X E . (46)
We now fix the remaining proportionality constant. One way to do so involves calculating
and regularising the divergent functional determinants stemming from the Gaussian path
integral. Generally speaking, a local quantum field theory in three-dimensions on a compact

space with metric g,,, will have a partition function of the form

log Z[g,w] = co lge / Ba/g+ e ly) /d3x\/§R + finite, (4.7)

where {y, is an ultraviolet length scale. The finite piece will encode some non-local func-
tional of g,,. If the theory is not parity invariant, as is the case for Chern-Simons theory,
one will generally have a local contribution proportional to the gravitational Chern-Simons
term contributing to the A-independent part. In certain circumstances, due to the presence
of additional symmetries or structures, such as supersymmetry, some of the divergences
can be argued to be absent. As we discuss in appendix A, applying the Fadeev-Popov
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procedure in the Lorenz gauge to the Abelian Chern-Simons theory yields the following
contribution to the sphere partition function

_ 172 /p—2\\1/2
Zy), [S3] = e'cs (yvol 83 023 Ve 1 X (det’ (- V7/0) , (4.8)
v v E (detLLt/e)
€ uv

where L is the operator "0, acting on the space of transverse vector fields, and the
numerator stems from path integration over the ghost fields. The prime in the determi-
nant means we are omitting any zero modes, which must be dealt with separately. Any
of the local ultraviolet divergences in (4.7) come from evaluating the functional determi-
nants in (4.8).

To assess the nature to the leading cubic divergence, it is sufficient to consider the
problem on R3 (or a large enough box). In this case the spectra are straightforward to
obtain, and one finds that the eigenvalues of both LL! and —V? are given by k - k with
LL' having twice the multiplicity due to the two polarisations of AE. Consequently, at
least the absolute value of Zy ), [S3] is free of cubic ultraviolet divergences. This resonates
well with the absence of local degrees of freedom in Chern-Simons theory. So far, our
arguments do not suffice to conclude anything about the linear divergence of ZU(1)k[S3]-
As we discuss in appendix A, a linear divergence is indeed present in the heat kernel
regularisation scheme. We find

1 37 2e ¢
N — uv
|ZU(1)k {S } ’ = ke de £ = 7£ . (49)

The phase ¢cs of Zy(y), [S3] requires a careful treatment. We can heuristically argue that it
will not contribute to the cubic divergence either. Indeed, given that the phase is associated
to the parity non-invariance of the theory, we might expect any associated divergence to
also be parity non-invariant such as the gravitational Chern-Simons term.®

A more sophisticated approach to compute the sphere partition function, and its phase,
follows [34]. Since this approach will be of use more generally, we now discuss it. Consider
two solid tori, T2 = Dy, x S' and T% = Dgr x S!, with boundary tori T? and T]%. If we
glue these together by identifying the points on Tf with those on an oppositely oriented
T?%, we obtain an S? x S1. The partition function Zg, [S? x S1] counts the number of states
of Chern-Simons theory with gauge group G at level k quantised on a spatial S?, that is
to say

Zg, | x 8 =1. (4.10)

That the above equation holds, regardless of the gauge group and level (so long as there
are no punctures on the S2) is simply the statement that Chen-Simons theory on a spatial
S? has a unique state in its Hilbert space. What is perhaps less immediate is that by
identifying the points on Tf with a particular modular transformation 7r of the points on
TI%, we instead get an S3. This is true for a variety of 7. For our immediate purpose we

5 Alternatively, we could consider adding two Chern-Simons terms with equal and opposite level, and
regularise in such a way that the phase of the sphere partition function vanishes.
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will consider an inversion 7g = —1/7x. Finally, we must now take into account the general
relation
Zg, |T%| = &° x Zg, 17|, (4.11)

where T? is a solid torus whose boundary is given by that of T2 upon performing the
inversion 7 = —1/7. The above formula follows from a careful consideration of the solid
torus Hilbert space [34], but we will not attempt to derive it here. If we can view the
partition functions on the left and right hand sides of (4.11) as quantum wavefunctions in
the Hilbert space of the theory quantised on a spatial 72, we can take an inner product of
both sides with the state on the right hand side to get

ZU(I)k [53} = 500 X ZU(l)k [52 X Sl] . (4.12)
Using the modular S-matrix for U(1)y, it is concluded that

1

3l — /2
Zuqy, |S°] = /7 - (4.13)
In such a way, we can fix the overall constant and phase in (4.5). We now proceed to con-
sider the above expressions from the perspective of the theory quantised on a spatial disk.

4.2 Classical edge-mode theory

Quantisation of Chern-Simons theory on a spatial disk requires a careful consideration of
boundary conditions on the S' boundary. As already mentioned, a well-posed variational
problem with Dirichlet conditions on the gauge field enforces the boundary condition (3.14).
Imposing the condition (3.14) throughout the remainder of space fixes our gauge entirely.
The resulting constraints impose that the spatial components of the gauge field take the
following form

A, = i et E(te.p) d, e 1EbLeP) A, = ieiE(t,so,p)awefiE(tvso,p) , (4.14)

where we recall that p € [0,7/2] and ¢ ~ ¢ + 27 are coordinates on the disk (2.3).
The edge-mode theory residing at the boundary of the disk where p = /2, in the case
of G = U(1), is described by the Floreanini-Jackiw action [48]

k
Setge = 7 [ dtdp0,C (0~ v0,) . (415)

where the field ((t, ») = Z(t, ¢, p)| y=r /2 is a compact scalar with periodicity ( ~ ¢+27 field
mapping R x S' — S'. The above theory is that of a compact chiral boson. Classically,
the solution space is given by

C(t ) = glo+vt) +me+ f(t). (4.16)

The first term corresponds to a chiral excitation moving at angular velocity v [49]. The
second term, which arises due to the compactness of (, provides a winding number m €
Z counting the number of times ¢ wraps around the spatial S'. The third term does
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not contribute to the classical energy of the solution, as can be seen from the classical
Hamiltonian

H=— Z/dgp (0,0)2. (4.17)

As can be seen from (4.14), f(t) carries no physical information and can be dropped all
together. The global U(1) symmetry of the edge-mode theory corresponds to shifts of ¢
(modulo integer multiples of 27), and is generated by the following charge

Q= / @qc. (4.18)

It is convenient to expand the non-winding mode sector in a Fourier expansion

C(t,p) = \/% Z (an _m‘p+07n(t)eiw) . (4.19)

nez+
4.3 Quantum edge-mode theory

Upon quantisation, the complex functions a,(t) are promoted to operators satisfying the
equal-time commutation relations

[, ] = [0, 6, ] =0, (a0, 01, = % S - (4.20)

To derive the above, we should keep in mind that this problem involves a constrained phase
space. It follows from the commutation relations (4.20) that the edge-mode theory contains
a level k£ u(1) Kac-Moody algebra. The periodicity ¢ ~ ¢ + 27 leads us to consider the
vertex operators R

Op=¢":, n=12...k—1. (4.21)

Acting with the O,, inserts a timelike Wilson line piercing the interior of the disk. The
operator carries fractional charge Q, = n/k under the U(1) shift symmetry (4.18) of
the edge-mode theory. We view such anyonic insertions as external data to the edge-
mode theory, and consequently not part of the edge-mode Hilbert space. For n = mk,
with m € Z, the above operators are no longer singular in the disk interior. Indeed,
the closed-loop integral § A,dy from a single winding mode evaluates to 2mm. Instead, for
n = mk these correspond to winding mode excitations which indeed reside in the edge-mode
Hilbert space.
The quantum Hamiltonian for a given winding sector m is given by

A m?. vk At A
Hy, =kv—I,, + o Z n? &l éy, (4.22)

where 1, is the identify operator in a given winding sector. The ground state is given by
the state carrying vanishing winding and annihilated by all the &,. In a given winding
sector the eigenstates of the Hamiltonian are given by

kn; d;
1, disna, dos . .., 1y, dyy H (”) (af.)"10),  dipenN,  (4.23)

— 14 —



and their corresponding energy

m? 1 P
Endiym = kv7 —v ((—:0 + 24) +v Z ding; . (4.24)
i=1

The degeneracy of those states for fixed ) ,n;d; = N is given by the integer partition
number p(N). We have allowed for an overall shift in the energy veg to account for normal
ordering ambiguities. The thermal partition function of the edge-mode theory is thus

given by
A 193 (07 qk/2)
Zeawe |[B] = tre Pl =g=c0 x — 7 4.25
edge [ ] 77(61) ( )
where ¢ = e7¥8, and 93(0, q) is the elliptic theta function
U3(z,q) = Z g ez | (4.26)

neZ

We reproduce the above from the perspective of a Euclidean partition function in ap-
pendix B.

We now imagine that our edge-modes are located parametrically close to the dSs
horizon. One might argue, in such a case, that the edge-mode theory should be placed
at a parametrically high temperature (in units measured by the inertial clock at p = 0).
Let us discuss this from a Euclidean perspective. Recall that Euclidean continuation of
the de Sitter horizon becomes a circle in S3. Removing a small region near the horizon
corresponds to excising a thin solid torus T? from the S3, as shown in figure 3. The two
cycles of the boundary of T2 correspond to a spatial cycle and a thermal cycle. As we
take the region to vanishing size, the size of the thermal cycle shrinks to zero, which is
the Euclidean picture of a high temperature limit. This is, to some extent, similar to
the brick-wall regularisation considered by ‘t Hooft [50] (see also [51-53]). Thus, to make
contact with the dSs picture, we would like to study the edge-mode theory (4.15) at high
temperature. In the high temperature limit, we can exploit the modular properties of
9(0, ¢*/?) and n(q) to find

7.‘.2

1
lim log Z =— ——logk... 4.27
BLHOlJF g Ledge [/B] 6 2 g ( )
The first term encodes the contribution from the high energy sector of the theory and is
proportional to the temperature. The finite term is temperature independent, and moreover
it is independent of our choice of v. In fact, it is equal to the three-sphere partition
function (4.13). The entropy S of the edge-modes at high temperature can similarly be

computed and reads
2

m 1

Thus, we can relate the regularised expression for Zy1), [Ss] (4.13) to the finite part of the

entropy of the edge-mode theory in the high temperature limit. The divergent high tem-
perature contribution is most naturally accommodated by a linearly divergent ultraviolet
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Figure 3. The Penrose diagram on the left shows the Lorentzian picture of the edge modes, which
live on the thick, blue line at a distance /27 < ¢ from the horizon. On the right is the Euclidean
picture, where the edge modes live on the surface of a solid torus with thermal cycle 8. Shrinking
the thermal cycle is the same as taking the high temperature limit, ot taking the edge modes to
live very close to the horizon.

piece of the three-sphere partition function, indicating that

Zu(), 193] = ﬂli%{r ZedgelB] » (4.29)

in a regularisation scheme where the linear divergence of Zyi),[Ss] in (4.9) is tuned ac-
cordingly. We note that there are no cubic divergences appearing on either side.

It has been argued [31, 32] that the temperature independent term in (4.27) is a
universal contribution to the entanglement entropy, independent of any of the detailed
features associated to the cutoff surface. Here, in view of our discussion in section 2.2, we
can interpret — log vk as a contribution to the dS3 horizon entropy. From this perspective,
the fact that — log vk is negative is immaterial.

4.4 Edge-mode symmetries

It is worth pausing momentarily here and noting that the edge-mode theory, which is
nothing more than a chiral compact boson theory, has a large symmetry group containing
an affine extension of the Virasoro algebra. The Virasoro generators are constructed in
the usual way

. k 9 /\.'. R . k o0 R k m—1 R
Oz—Znanan, mz—Zm—kn & Apgm + — (m — n)nduy—ndy, ,
2w 2 “— 4 =
nez+ = n=1
(4.30)
giving rise to the corresponding Virasoro algebra
{ﬁ [A/T}— (m+n) Ly + 5m (m? = 1) 6pm, m>n, (4.31)
ms - *
" (m )LL me M <n.

5The dS3/CFT literature discusses a Virasoro symmetry associated to the future/past boundary [54].
Here we see the appearance of a Virasoro symmetry within a single static patch.
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We notice that the edge-mode Hamiltonian in (4.22) obeys Hy = vly. We can further
compute the commutation relations between the ﬁn and &,

(m — n)dJr

L] = —(n e m) . [Bndh] = {(

—ny M >n
men (4.32)
n—m)an—m, m<n.

The presence of the vertex operators (4.21) allows the algebra to be extended beyond
the Virasoro-u(1l) Kac-Moody algebra. The generators additionally include the vertex
operators jj([k) —: ikl Recalling that k is even, it follows that the conformal dimension
of the generators, Ay = k/2, is also an integer. The extended algebra has a finite number,
k, of highest weight irreducible representations (see [41] for a pedagogical discussion). We
can organise the Hilbert space of the edge-mode theory in terms of these. The different
representations are labelled by a parameter s = 0,1,...,k — 1, denoting the representation
carried by the Wilson line inserted in the interior of the disk [34]. Their corresponding

character is given by

1 o2
Xs(@) = — S 2™ s=0,1,.. k1. (4.33)
n(a) 2=

We observe that upon fixing eg = 0 and ¢ = e~?, the above character for s = 0 is equivalent
to the thermal partition (4.25). The modular S-matrix for the extended u(1) character at
level k is given by (see for example [55, 56])

1 .
S, = \/;(227rzmn/k7 m,n=20,1,...,k—1. (4.34)

Using that S,,," relates the xs(q) under 5 — 1/, we can re-derive the high temperature
behaviour (4.27).

Odd values of k & N = 2 supersymmetry, briefly. Before moving on to the non-
Abelian case, we briefly comment that for odd & much of the above discussion carries
through. The essential difference is that the generators jj(tk) —: ek, will carry half-
integer conformal dimensions and obey fermionic anti-commutation relations.

Let us focus on the case k = 3, which is studied for example in [33]. In this case the
generators jf’) =: ¢+3¢C; have weight Ay = 3/2. Decomposing the generators into their

respective Fourier modes jf% on the cylinder, one finds the anti-commutation relations

~3) 1 1 R 3 X (4.35)
{ —1(—3nv _3m} =5 <n2 - > On+m,0 + 3Lnm + — <m2 - n2> Qntm -
) ) 4 2

We can also compute the commutation relations between the jf), the Virasoro gener-
ators (4.30), and the Kac-Moody generators (4.20) leading to an N = 2 superconformal
algebra. This has been explored, for example, in [33, 57].7 The operators : et correspond

"The edge-mode theory of Chern-Simons theory with an SU(2) gauge group at level k = 2 also enjoys
an N = 2 superconformal symmetry.
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to insertions of fractional charge +1/3 inside the spatial disk, and are primaries under the
N = 2 superconformal algebra.

Supersymmetry is not often associated to physics in de Sitter space [58], but the usual
arguments do not preclude the possibility of a supersymmetric edge-mode theory (or a
superconformal theory more generally [59]).

4.5 Comments on the non-Abelian case

From the modular S-matrix (4.34) we observe that inserting a single Wilson line in the
interior of the disk will not affect the constant part of the partition function because
Sn’ = S, This is no longer true for the non-Abelian case. For instance, if we take
Chern-Simons theory with gauge group SU(2) at level k the relevant modular S-matrix is
(see for example [41])

2 f(m+D(n+1)n
mn: y ,n = ,1,...,]{}. 4.
S 1/k+251n< r 12 m,n =0 (4.36)

As mentioned earlier, Sp° is equal to the regularised partition function Zsu(2),, [S3] for the

choice of framing leading to vanishing phase. Explicitly,

2 . T
ZsvenlsY =\ s (05 ) (4.37)

When considering the theory on the disk, the thermal partition function of the edge-mode

theory is again given by a character of the 5u(2); extended algebra. These are known from
the rational CFT literature. For an insertion of the spin-s/2 integrable highest weight
representation of level k in the interior of the disk, we have (see for example [41])

ﬁk+2 - 19/6-1—2
Zedge|B; 8] = —to—2=L  s=0,1,...,k, (4.38)
I — 02
where the generalised ¥-functions are
ﬁf(q, z) = Z qkp262“ipkz. (4.39)
pEi-i-Z

As in the Abelian case, ¢ = e #Y and z = 0 in (4.38) gives the thermal partition function of
the edge-mode theory. The entropy in the high temperature limit of the edge-mode theory,
which is now an SU(2), chiral WZW model, will be given by

3k 7 2 (s+1)m
() = 22— 4] i 4.4
Se k+23ﬁv+og<\/k+28m< kT2 )) (4.40)

The above is an increasing function of s in the range s = 0, 1,...,k.® For vanishing s, the

temperature independent piece of S, is the S% partition function (4.37) of Chern-Simons

8Tt is also customary to express the entropy in terms of the quantum dimensions d® of SU(2)k. The
numbers encode the multiplicity of various operators appearing upon fusion. They are given by

dgk)—sin(ﬂ(s+1))sin_1( T ) s=0,1,2,....k,

k+2 k+2
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theory with SU(2) gauge group at level k. For non-vanishing s, it is the S® partition
function including the insertion of a closed unknotted Wilson loop carrying the spin-s/2
integrable representation of level k. The large k expansion makes clear that in this case,
horizon thermodynamics will receive contributions at all loop orders. In the weakly coupled

limit, one finds

1 472 3/2 2
kli)n;oexpstgs) %(1"_8) X m (k) XCBT, 82071,...7]{:. (441)

We see that the exponential of the entropy receives a multiplicative factor of (1 + s) in
the weakly coupled limit. The factor (1 + s) is nothing more than the dimension of the
Hilbert space attached to the puncture, and hence the entropy increases by this amount if
the state is not measured with further precision.

Finally, we can also consider the phase of Zgy(g), [S3] from the perspective of the edge-
mode theory, again following [34]. Usually, when we consider a two-dimensional conformal
field theory on the torus, the partition function is invariant under shifts 7 — 7+ 1. This is
simply the statement that the angular momentum is quantised. However, our edge-mode
theory is chiral, and transforms anomalously upon shifting 7 — 7 4+ 1. The integrable
character of weight h transforms as

Xn(7 + 1) = ek () (1.42)

where for the SU(2); theory under consideration the weights of the spin-s/2 primaries are
given by h = s(s +2)/4(k + 2) and ¢ = 3k/(k + 2). In particular, under 7 — 7 + n the

incy /24

identity character transforms by a phase given by e where n is an integer. This agrees

with the set of admissible phases for Zgy ), [S3] stemming from the framing anomaly.

5 Complexified Abelian Chern-Simons: Lorentzian model

In this section we proceed to consider a complexified version of the Abelian Chern-Simons
theory. This theory is introduced as a simple and calculable toy model with a complexified
gauge group, a property common to three-dimensional gravity with Lorentzian signature
and A > 0 expressed as a Chern-Simons theory.

5.1 Lorentzian model

The Lorentzian model is built from a complexified gauge field A, = A, +iB,,, where A,
and B, are real Abelian gauge fields. Our action is given by

k1A 3 k—1A 3 - -
Suld] = /M e A0, Ay + /M Pre A,0,4,, (5.1)
such that the temperature independent part of the entropy is given by S{* = —3log), d¥d® . In the

large k limit the quantum dimensions are approximately given by the usual degeneracy formula for SU(2)
spin-s/2 irreducible representations dgk) ~s+1.
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and is real-valued. The parameters k and X\ are taken to be real-valued. We denote the Lie
algebra of our theory by uc(1). The gauge transformations act in the following way

A, — A+ 0,9, (5.2)

where the gauge parameter ¥ is a complex-valued function. In terms of A, and B, the
action is given by

SplAL) = % /M d3xe'? (A,0,A, — B,O,B,) — % /M d3xe'? (A,0,B, + B, A,) .

(5.3)

At A =0, the real and imaginary parts of the gauge field A decouple. Setting either A = 0

or k = 0 reduces the model to an Abelian BF model with U(1) gauge group (see [60, 61] for

an overview). In addition to being real-valued, we will impose that k take integer values

upon quantisation of the theory. This follows from taking A, as the generator of a compact

u(1) gauge algebra. The parameter \ is not constrained to be an integer. Unless otherwise

specified, we will take k € Z* and A € R/{0} in what follows.

The classical equations of motion for (5.3) are given by

P, A, = e"P9,B, = 0. (5.4)

They are satisfied when the field strengths associated to A, and B,, vanish. The classical
solution space is the space of flat connections modulo gauge transformations. Assuming
the theory resides on a three-manifold with topology R x S?, we can canonically quantise
the theory in the A; = By = 0 gauge. States must then satisfy the constraints

F}=FF=0, ijes®. (5.5)

The equal time commutation relations are given by

211

[Ai (x), 45 ()] = = [Bi (%), Bj ()] = —~eij0 (x —y) - (5.6)

It follows that on a spatial S? the Hilbert space has a unique state.

As a final remark before embarking onto the edge-mode theory, it is worth noting that
the volume of Ug(1) is infinite, making it difficult to interpret the perturbative formula (3.6)
for the S3 partition function of the Lorentzian model.

5.2 Lorentzian edge-mode theory & quantisation

Following the discussion in section 4.2, we can construct an edge-mode theory at the S*
boundary of the spatial disk. As before, we consider fixing the following gauge®

At — U»A(p = 0, (57)

where v = Uy + Vs, is now a complex parameter. The gauge constraint that follows from
imposing the above condition is

Ai(t, p,p) = e =56P2) g, e71=Hr9) e {p o), (5.8)

9More general boundary conditions can also be considered, and it may be interesting to do so.
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where now the boundary value of Z(t, p, ¢)|,—x/2 is denoted by ¢ = (e + i(im and has
compact real part. The action governing our edge-mode theory is given by

k—a\

i+ i) A
Sese = " [ dtdp (94~ v0,€) D, + [ g (06 - 50,0) 0,C. (59)

Once again, the classical solutions are given by complexified chiral excitations of both the
real and imaginary parts of (. We find

¢ = fle+vt)+me+g(t), (5.10)

where f(z) is a complex valued function. We note that (i, = (¢ — ¢)/2i does not contain
winding modes around the S'. The classical Hamiltonian is given by

0 = XY [ 0,07+ B2 [ap(0,0)" (5.11)

which generates time translations. We note that Q; is real. The generator of ¢-translations

is given by b+
+1

/ dpdcon + =) / dp0,COLC . (5.12)

On-shell Q; and Q, are equivalent within the sector with vanishing winding number. The
classical theory (5.9) is also invariant under shifts ¢ — ¢ + ¢ of the field ¢ by some § € C.
The generators of the shift symmetries are

Qap:

1 1 _
— o [0 =y [denC. (5.13)

Quantisation. In order to quantise the theory, it is convenient to express ( in terms of
Fourier modes. For the non-winding mode sector, we have

C(t,p) o (t)e? (5.14)
",

The oy, (t) = an(t) + iby(f) are independent complex functions of ¢ for all n, and we take
an(t) and b,(t) to be real-valued. To quantise the theory, it is convenient to follow the
procedure outlined in [62]. For a given n, we can define the vector with components &, by
&n = (a—p,b_pn,an,by). One finds the commutator

€0, é] = M, (5.15)
n

2m 0 -1 Ak
M= . 5.16
wrmlio)e (i 5) 510
The eigenvalues of M ! are +2mi/v/k% + A2, each doubly degenerate. In terms of the én,
the quantum Hamiltonian for the vanishing winding mode sector is given by

with

O=5 Y (o (86 -88) —v (B8 +E8)) . (5.17)

ne
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Here we have defined w = kvpe — Avg, and ¢ = Avge 4+ kvin. We can construct operators
obeying the more standard creation/annihilation algebra. We find that

(EFA) (a1 2
T 1o N0 é-n + an )
Vi (GEi) 1)

SN
7\/@(&%&),

AF =gt 1483 +

A An] = [B1 B3] = —Z s, (5.19)

with all others vanishing. The Hamiltonian can then be put into the following form

" /2 2

t= 8

Ure (fﬁfx - Eﬂ}?g) + Vi (A+E+ - A—B—)) . (5.20)

neZ+

Consequently, uncovering the spectrum of 9, reduces to a two-site hopping type problem,
where the sites are labelled by A and B.
5.3 Lorentzian edge-mode spectrum

At this stage, we are confronted with diagonalising the Lorentzian edge-mode Hamilto-
nian (5.20). Since each Fourier mode decouples, it is sufficient to discuss the problem for a
single mode number n. It is convenient to represent the creation and annihilation operators
satisfying (5.19) in the following way

A v 1/2 d N 47 1/2 d
+ v + _ .
Av = <n\/k2 T /\2> (QE" = dxn) + B (n\/kQ T )\2> <y” = dyn) - (521

As detailed in appendix C, it is straightforward to put the single mode Hamiltonian O,
problem into the Schrédinger problem

signwn< d? 4 ow? 1/4+p,21> 1
w2 — L= P

E,
- = — (22 4, : 5.22
2 dw% n w% Un Ure ( n TLUzmpn) Yn ( )
where x,, = w, cosht,, y, = w,sinht, and p, € R is the Fourier momentum associated to
the t,, € R coordinate. The E,, are the eigenvalues of an) The operator on the left-hand
side of (5.22) is precisely that of a conformal quantum mechanics as studied for example
in [63-66], whose sl(2, R) generators are given by

. signw, o ~ 7 d 1] - signw, | d? 1/4 + p?
n o Wno n 2{w"dwn+2 i > a2t w2 |
(5.23)
satisfying
(D, H,) = iH, , [Dn, K, = —iK,, (K, Hy) = 2iD,, . (5.24)
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The generators (5.23) furnish the principal series representation with weight A = 1/2 +
ipn /2. Tt is known that the spectrum of H, + K, is given by the even integers [64-66], and
is thus unbounded. Consequently, the single mode energy spectrum is given by

E,(m,pn) = 20enm — Vinipy, , meZ, p,€R. (5.25)

The unboundedness and continuity of the edge-mode Hamiltonian is a reflection of the fact
that the Lorentzian Chern-Simons theory has a complexified gauge group. It also implies
that the thermal partition function of the edge-mode theory is no longer a sensible quantity
to compute. (Sensible quantities to compute might involve [67, 68] imposing additional
constraints on the state-space or modifying the boundary conditions on the Chern-Simons
gauge field at the boundary of the disk.) To sharpen this issue, we consider the edge-mode
theory on a torus.

5.4 Lorentzian model in Euclidean signature?

The Euclidean continuation of the complexified edge-mode theory (5.9) can be achieved
by taking ¢t = —ir. If we are to place the system at a finite inverse temperature (3, we
further impose that 7 ~ 7 4+ 3, such that the theory resides on a torus. Upon continuing
to Euclidean time, we end up with the Euclidean edge-mode action

i\ k— i) i N
;:Tz /dfdgo(—iafg T 08,0) 0,C + 87: /deSO (~i0:C +00,8) 0,C. (5.26)

It is convenient to further express the action in terms of the modes on the torus

E k
Sédg)e =

1 ; ; > 1 o
C(T, 90) = 5= Z 62mm7—/5+m<pcmm ) C(T, 30) = 5= Z e—27rmm-/ﬁ—m<p<m7n >
\/% (m,n)ezZ? \/% (m,n)ez?
(5.27)
such that
k+iA k—1iA B -
S(E) = — | —2m 2 m,nS—m,—n —2mi 2 mnS—m,—n -
edge (m%:ep . ( mimn+ fun )( nCem,—n+ . ( mTimn+ Bun )( nCom,

(5.28)
Here nn € C and 5mn is the complex conjugate of ¢, . As discussed in appendix B, in the
Abelian case a Euclidean continuation that preserves the reality conditions of the Chern-
Simons gauge field would further require the continuation v = —ivg. In the complexified
case, this is no longer necessitated as v is allowed to take complex values. Instead, given
the unboundedness of the spectrum we must confront a Gaussian unsuppressed Euclidean
path-integral
Zeage 8] = [ DD e SeloA]. (5.20)

In order to render Z.gee[] better defined, we can complexify the contour of path-
integration [26]. For simplicity, we take v,e > 0 and A = 0 while recalling k € Z*. Tt
is then clear that taking a contour where ¢(7,¢) and (7, ¢) are independent real fields
will render Zqge[/] well-defined.'® Upon continuing the contour of ¢ and ¢, the symme-
try group of the edge-mode theory becomes U(1) x U(1). As we will see in the following

1OExpressing Zedge[] in terms of the Fourier modes (5.27), we can view the problem as an infinite-
dimensional version of the complex integral
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section, the price to pay in curing the unboundedness of the Hamiltonian is unitarity of
the edge-mode theory. For A # 0, we must consider a more elaborate contour to render
Zedge[] better defined. This is discussed in the next section where we view the A # 0 case
as a continuation of the A = 0 case with k € Z ™.

From the perspective of the original Chern-Simons gauge theory (5.1) with complexified
gauge group Ug(1), the analytic continuation rendering ¢ (7, ¢) and (7, ¢) as independent
real fields can be achieved by continuing the complexified Chern-Simons gauge fields A,
and A, to two independent real-valued U(1) gauge fields, whilst maintaining a complexi-
fied level.

6 Complexified Abelian Chern-Simons: euclidean model

In this section we proceed to consider a different complexified version of the Abelian Chern-
Simons theory. This theory is introduced as a simple and calculable toy model with a com-
plexified level, a property common to three-dimensional gravity with Euclidean signature
and A > 0 viewed as a Chern-Simons theory.

6.1 Euclidean model on S3
The action for the Euclidean model is given by

K+ 1y
4dm

Se [47] = [ daeaioa;+ S [ dweeago,a;, (@)
where now A1 and A~ are two real-valued u(1) gauge fields. We assume that both U(1)
groups are compact and take the parameter x € ZT. There is no restriction on v so we
take v € RT. The S2 partition function must be carefully defined since iSg [Aff] is no
longer purely oscillatory but rather an unbounded functional rendering the path integral
over €¢"5E problematic. To make sense of it we can again consider a complexification of
the original path-integration contour. On S® the only U(1) flat connection (modulo gauge
transformations) is the trivial one. Moreover, given that the action is quadratic in the fields
the choice of contour can be reduced to a problem of Gaussian integration. The Gaussian
integral we are interested in is of the form

7, = /Cda:e—”Q/?, (6.2)

with o = e?|o| € C. We take C to be along a path e’?Z with Z € R and 94+2¢ € (—7/2,7/2)

such that
9 ,
I, = 1/F”'e—“?/2 . (6.3)

I, = / dzdzdwdm e 7Y TF
CxC

where 0 € C with positive real part. To define Z, we first take z and z as well as w and w to be
independent complex variables, and then integrate over the contour w = z and w = z. In this sense, we
have that Z, = 7T2/02.
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We further take that Z; = (Z,)* such that the corresponding contour is e~%*Z, and the
product Z5Z, is positive and real. Applying the same reasoning to the Chern-Simons case,
we arrive at

1 2 472 1
3
= —e = . .4
Zrox {S} (volU(l)) it i K2+ 2 04

The above result is invariant under complex conjugation, i.e. v — —v. For v = 0 we
retrieve the standard result (4.13) with a choice of framing leading to a vanishing phase.
For x = 0, the result makes sense for v+ € R™ but becomes non-analytic if one tries to

continue to the whole complex-y plane.!!

6.2 Euclidean edge-mode theory on the torus

Since A* are now compact u(1) gauge fields, the boundary chiral bosons, which we denote as
¢*, are now compact. Following the procedure outlined in previous sections, and imposing
the boundary condition

AF —vF A |opm =0, (6.5)

with v* € R, we end up with an edge-mode theory governed by the action

K Y

+1 —1 _ _ _
. / drdpd,¢* (0 —v0,) ¢+ 2 / drdpd,¢ (9, —v=8,) ¢~ .
(6.6)

The above theory, which we take to be in Fuclidean signature, is non-unitary. Consequently,

Sedge =

a Hilbert space interpretation of the theory is unclear. Nevertheless, we can try to compute
the Euclidean torus partition function of Segge. We take the periodicity of Euclidean time
to be 7 ~ 7+, and we recall that ¢ ~ p+27. It is convenient to express the non-winding
sector in terms of their respective Fourier modes, namely

1 TimT in
Ci(ﬂ ¢) = E Z erri,nez /Bting. (6.7)
(m,n)ez?

*
The reality condition is Cfm_n = (Cnfn) . The edge-mode action now reads

K+ &y K — 1y _ _
Sedge = Z y (27rmn - Bv+n2> |C$7n|2—|—7 (27Tmn — Bu n2) |Cm7n|2, (6.8)
(m,n)eZ2

and the path integral becomes an integral over all the Cﬁi,n. We can compare the edge-mode

action iSeqge to the one stemming from Lorentzian edge-mode theory, i.e. —Séfg?e in (5.28),
discussed in the previous section. If we map (k,\) = (2x,27) and (v,0) = i(vT,v7), it
follows that the deformed contour discussed below (5.29) indeed leads to the Euclidean
edge-mode theory (6.8).

In order to render the path integral over iSeqge convergent, we must again alter the

integration contour C of C;Em. The path integration over the non-winding mode sector of ¢*

'L Although our treatment leads to a real valued Z, ~[S?], it seems feasible that a more general regulari-
sation can lead to an overall phase that depends on the choice of framing of S2. It would be interesting to
explore this both for the Abelian case and the non-Abelian extension discussed in section 7.1.
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yields a functional determinant proportional to the Dedekind n-function (see appendix B).
The sum over the winding sector must be similarly defined. The winding modes are given
by ¢(*(t,¢) = migp where my are integers.'?> Consequently, we must perform the sum

Sy = Z e%%’”ﬁﬁmi—i“gmv—ﬁm% — 0y (07q$+iv)/2) 03 (O,q(ﬂ—iv)ﬂ) ' (6.9)

m4€Z

The above sum exists provided —(x #+ #y)3v® /27 is in the upper-half plane. In the last

equality, we have defined ¢+ = e~ B, Putting it all together, upon path integrating over

¢"edze we end up with the torus partition function

25 (0.8 ) 95 (0,457
Zedge [8] = n(q+)n(g-)

(6.10)

To render the Dedekind 7-functions well-defined, we take v* to have a small negative
imaginary part. Taking the 8 — 0% limit we have

2 2

. — m _ .
ﬂlgng l0g Zedge [8] = 60T + 60— log |k + 7] ... (6.11)

The finite part agrees with the S partition function (6.4). We further note that the above
expression can be obtained from the Abelian edge-mode expression (4.27) by a simple
analytic continuation.

7 Remarks on gravitation in three-dimensions

The classical action of general relativity in three-dimensions can be expressed as a Chern-
Simons theory [23, 24]. The gauge group depends on the signature and sign of the cosmo-
logical constant A. We restrict to A = +1/¢2 > 0. In Euclidean signature the gauge group
is SU(2) x SU(2) and the level is complex. In Lorentzian signature the gauge group becomes
SL(2, C), which can be viewed as the complexification of SU(2) (or SL(2,R)). These Chern-
Simons theories are natural non-Abelian extensions of the complexified Abelian theories
explored in sections 5 and 6. The purpose of this section is to comment briefly on how the
properties of the complexified Abelian theories generalise, leaving a more detailed analysis
to future work.

7.1 Euclidean signature

We begin by considering the Euclidean theory whose action is given by Sg = S}E +S55, where

+[ 4] _ KEWY 3, v T Epu
sg[a] =57 [ daerr s (Aua,,Aer?)AHA,,Ap). (7.1)

12Given the periodicity of ¢T, one is also tempted to consider the vertex operators @,jf =: ei"Ci: carrying
U(1) charge (4.18) Qf = n/(k £ iy). Although OF bear some similarity to the anyonic operators (4.21)
of ordinary Abelian Chern-Simons theory, their physical meaning is more obscure at complex level. For
instance, in the ordinary Abelian case k € Z corresponds to the number of anyonic species, something
hard to understand when the level is complex.
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The Aljf are SU(2) gauge fields. In terms of the vielbein ei and spin-connection w;j, =

eijkwku, where ¢;;;, is the Levi-Civita symbol, one has

Af = (W kel) T T, = %wz (7.2)
where the o; are the Pauli matrices. Substituting A% into (7.1) leads to Einstein gravity in
three-dimensions plus a parity-odd Chern-Simons type term for the spin connection. The
imaginary part of the level, v € R, is given by v = £/4G, while x € Z is the coupling of a
parity-odd gravitational Chern-Simons term.

The equations of motion stemming from (7.1) are the flat connection equations, and
the solutions are the space of flat connections modulo gauge transformations. For standard
SU(2) Chern-Simons theory on an S® we would discard the presence of multiple possible
saddles due to the absence of non-trivial flat connections. However, when the Chern-Simons
coupling is taken away from the integers one must exercise further caution. In particular,
gauge transformations changing the winding number will no longer be trivial. So, the space
of flat connections with differing winding number have different on-shell actions. Of these,
most will not have a clear interpretation from the perspective of the gravitational theory
since they will lead to non-invertible or otherwise non-standard vielbeins. This is a feature
we did not have to confront in the Abelian toy models of the previous sections. We consider
perturbative effects around the flat-connection A* = g~'dg and A~ = 0, where g € SU(2).
Recalling that the group geometry of SU(2) under the Haar metric is the three-sphere, this
flat connection corresponds to the round S? in the gravitational theory as can be explicitly
checked. Following reasoning analogous to the Euclidean U(1) model with complexified

levels, it has been argued that [9, 27]
2 , U
, sin ,
K4ty+2 K4iy+2

to all orders in a large-y perturbative expansion, and this expansion reproduces (1.2).

Zgrav = 62”’Y X ewgra"

(7.3)

According to Gibbons and Hawking [8], Sqs = log Zgay calculates the quantum corrected
entropy of the dSs horizon. To leading order in the large v expansion, Syg = 27y =
7¢/2G. The one-loop correction is given by the analytic continuation of the expression at

S < 1 )2
e~ds = _ X
vol SU(2)

This is the natural non-Abelian extension of (6.4). It is challenging to reproduce the leading

integer level:
3
42

_ 7.4
K4ty +2 (7:4)

contribution Sqg directly from the gravitational perspective (attempts include [16-18]). In
line with our discussion so far, we now consider the possibility of an edge-mode theory
which may reproduce the subleading corrections to Sqs from a Lorentzian perspective.

7.2 Lorentzian signature

We now turn to the Lorentzian theory

k41X
SL[A,“] = 87

[ dwemen (AuayAp + gAuAyAp) t+ec., (75)
M
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where A, is an SL(2, C) gauge field related to the vielbein and spin connection as

A, = (wL + iei) T, A, = (wL - iei) T; (7.6)
where (T3, T»,T3) = 3(io2,01,03) are the real generators of SL(2, R) obeying Tr(T;T}) =
%mj and [T;,T}] = 51-]»ka, with T% = nijTj. We further have that £ € Z* and \ € R.

As for the Abelian theory with Ug(1) gauge group, we would like to understand the
edge-mode theory. We must pick a boundary condition for the SL(2,C) gauge field. Any
choice will break the full diffeomorphism group, for the same reason that boundary con-
ditions break the gauge-symmetries of the Chern-Simons theory. Various proposals for
boundary conditions have appeared in the literature [67-69]. Our interest is to understand
the diffeomorphism invariant one-loop correction S c(ils) (7.4), and more generally the sublead-
ing corrections to the three-level de Sitter entropy Sgg encoded in (7.3), from a Lorentzian
perspective. In line with our previous discussions, we choose boundary conditions (3.14),
namely

(Ar —vAg) lom =0, (7.7)

with v € C. Going through the same steps, the Lorentzian edge-mode theory is then
described by a chiral SL(2,C) WZW theory at level k + i [16, 25, 69]
_k+aA

Sedgel9] = o Tr/dtdgp (g&pg_l) (g (Op — v0y) g_l) +7(k+ i)\)SWZ [g] + c.c., (7.8)

where ¢(t, ¢) is an SL(2, C) valued function, and

1 -
SVl = 5= /3 diy e Tr (970,99~ Dugg ™ 0y0) | (7.9)

where B is a three-manifold whose boundary is the tp-cylinder.

As for the Abelian Lorentzian model, the Hamiltonian stemming from (7.8) is real but
unbounded from below. The theory satisfies an SL(2,C) current algebra given by (see for
instance [16])

[, 8] = 10k + iN)n0abbsm0 = i fabe S
L ) (7.10)
|:qu7 an:| = %(k - 7:)\)r’usab(sn—l—m,o - Z'fabc JrcH»m )

where the SL(2, C) structure constants are fope = Eqpe, Where £4pc is the Levi-Civita symbol.
Using the above currents, the Sugawara construction yields a Virasoro algebra with central
charge
3(k+i)) 3(k—i)) 6 (k(k+2)+ %)
CSLEO T it ) T h—int2)  (hr224a2 (7.11)

Some details of the derivation for cgr,o,¢) are provided in appendix D. Notice that in the

semiclassical limit k& — oo, we have that cgr(2,c) ~ 6 which is the number of field theoretic
degrees of freedom in (7.8). Moreover, we see that cwzw is given by complexifying the
level k for the central charge cgy(o) = 3k/(k + 2) of the SU(2) WZW model.

As for the case of the Lorentzian complexified U(1) model studied in section 5, upon
continuing the Lorentzian edge-mode theory (7.5) to Euclidean signature, one can consider
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complexifying the SL(2,C) contour leading to that of a WZW model with two copies of
SU(2) at complex level. In particular, to render the path-integral better defined it is natural
to pursue the same avenue as in section 5.4. Upon complexifying the contour of g to one
where it is valued in SU(2) x SU(2) we can make contact with (7.4) much like (4.40) connects
to the three-sphere partition function of SU(2) Chern-Simons theory (4.37). A detailed
treatment of the putative gravitational edge-mode theory (7.8) and its thermodynamic
properties is left for future work.

As a final remark, we note that timelike Wilson lines piercing the origin of the spatial
disk carry unitary irreducible representations of SL(2, C) which when non-trivial, contain an
infinite number of states.!3 This is another indication of the non-compactness of SL(2,C).
It would be interesting to generalise the discussion in section 4.5 to this case.

8 AdS4/CFT3 and 53

In this final section we would like to consider the AdS;/CFTjs correspondence for an
AdS, spacetime whose asymptotic boundary is given by a Euclidean or Lorentzian three-
dimensional de Sitter space. This allows us to explore the thermodynamic properties of
strongly coupled conformal matter theories on a fixed de Sitter background and their ge-
ometrisation in the bulk of AdS,.
The metric of Euclidean AdSy is given by
2
‘% = di¥* + sinh? 9 dQ3 (8.1)
A

with ¥ € [0,00) and d2% describing the round metric on a unit S$®. The four-dimensional
cosmological constant is A = —3/ 5124. The asymptotic boundary resides at ¢ = oo and the
induced metric at the boundary is the round metric on S2. Recalling our previous discus-
sion, we can consider a Lorentzian continuation of (8.1) to the following static spacetime

ds® 2 w2 2 .2 2, a2 2

a = d¥* + sinh” ¢ (—dt cos” p+ dp” +sin” pdy ) . (8.2)
This is a static Lorentzian anti-de Sitter universe whose constant-19 surfaces are given by
the static patch of dS3. A constant-t slice of this geometry is shown in figure 4. The global
geometry is given by replacing the three-dimensional static patch metric in (8.2) with the
global one. The static geometry (8.2) has a horizon at p = m/2. The topology of the
horizon is S' x RT. The Bekenstein-Hawking entropy of the horizon is given by

2 —loge 2

SBH:;%;/O " dﬂsinhﬁz;éj(;g—l—k...), (8.3)
P p

where /,; is the four-dimensional Planck length (such that G' = 62271) and ¢ is a small number

cutting off z = e™?. From the perspective of AdS/CFT the entropy Spp corresponds to

the entropy across the dSs horizon of the dual CFT, and the 1/¢ divergence corresponds to

a local divergence in the CFT due to entanglement of modes localised on the S' horizon.

13Gee [70] for a related discussion.
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Figure 4. A constant ¢ slice of the geometry (8.2). The space is foliated by static patch hemispheres
with exponentially increasing radius in the ¢ direction and the horizon at p = 7/2 is the surface of
this shape.

It is useful to expand the geometry in small z

ds*  dz* 1/1 9 9
5124:22—’—4(22_2—’_2:)6[93' (8.4)

From the above expansion it follows that the solution has vanishing boundary Brown-York
stress tensor. Since the energy vanishes, we have that the logarithm of the thermal partition
function is given entirely by the entropy. The thermal partition function is given by the
Euclidean gravity path integral with an S boundary, such that

log Z[EAdS4] = Spn - (8.5)

In the semiclassical limit, we can calculate log Z[EAdS,] by evaluating the on-shell Einstein

action
1

Seloil = {52
p

6 1
da* R+t |- [ d&asvVhK 8.6
/M .I'\/g ( + 5124> 87’[‘6}2# oM xf ) ( )
on the solution (8.1). The second term is the Gibbons-Hawking boundary term, with K
the extrinsic curvature at the boundary OM and h;; is the induced metric at the boundary
measured in units of &:

1
dspqy = Zng . (8.7)

In general we can also add boundary terms which are built locally from the boundary metric
hij. These will not affect the bulk equations of motion. Using a similar regularisation
prescription as in (8.3), we find
62
Sp=-A4 80 [ Bavh+ [ adavhR[n]. (8.8)
2€pl €3 Jgs e Jgs

The coefficients ag and a; depend on our choice of terms localised at the boundary. In the
dual quantum field theory these are related to ultraviolet divergences (4.7) renormalising
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the boundary cosmological constant and Newton constant. If our theory is supersymmetric,
we expect that ag = 0. Thus, in the semiclassical limit we have
w4 6mlay

log Z [EAdS4] = —ﬁ — c
p

(8.9)

We see that the finite term indeed matches (8.3). If we further tune a; = —¢%/ 2477612)1 we
can also match the linearly divergent term.

For ABJM theory with SU(N); x SU(IV)_ gauge group, the partition function (8.9)
has been calculated exactly in [71] and matched to the bulk in [72]. The finite part, in
terms of the ABJM data, reads

™2 _
10g ZABIM [53] - —NQT)\ /2 (8.10)

where A = N/k is the ‘t Hooft parameter which is kept fixed and large in the large N limit.
The fact that log Zapu[S®] goes as ~ N2 suggests that the theory is in a deconfined phase,
reminiscent of the discussion in [73]. From our perspective, the calculations of [71, 72]
are a microscopic derivation of the Bekenstein-Hawking entropy of the horizon in (8.2).
The Bekenstein-Hawking entropy (8.3) predicts only linear ultraviolet divergences in the
partition function. In fact, this is also true for the S3 partition function calculated in [71],
since they regularise the theory in a way that preserves supersymmetry. The ultraviolet
divergent piece of their calculation comes from the one-loop determinants of a transverse
vector field and a gaugino on S3. The absence of a cubic divergence is a result of the
spectrum alone and is insensitive to any mass terms.

Recalling (4.7), the only other allowed divergence in a parity invariant three-
dimensional quantum field theory is linear in ¢! and is indeed implicitly present in the
localisation treatment of [71]. This is in agreement with (8.3). Interestingly, the calcula-
tions of [71, 72] can be done for any value of the Chern-Simons level k and rank N. They
can be viewed as predicting string and loop corrections of the Bekenstein-Hawking entropy
from the bulk perspective. In the perturbative limit, where A < 1, it is found that

log ZABIM [53} ~-—N2log\ ™'+ ..., (8.11)

which is in agreement with the pure Chern-Simons partition function result (3.6) in the
perturbative limit.!*

One can also consider adding Wilson loops [71, 72]. In the Euclidean picture, the
simplest case is a Wilson loop that goes around the equator of the S®. To preserve super-
symmetry, in addition to the gauge field, one also has additional matter fields on the loop.
For instance in ABJM, the partition function endowed with a 1/2-BPS preserving Wilson

loop in the fundamental representation is given as follows

Zapim [S%We] €2

= e ,
Zasim [S?] 2

(8.12)

1The relation between topological entanglement entropy and black holes in AdS /CFT was also studied
in [74].
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where the expression is given to leading order in the large N limit at fixed and large ‘t
Hooft coupling A = N/k. From the bulk perspective, the above is computed by a string
whose worldsheet intersects the S% boundary at the equatorial S*. The phase is due to a
type ITA B-field. We can Wick rotate to a Lorentzian picture (8.2), where the equatorial
S at p = 0 is now parameterised by the Lorentzian coordinate t. The worldsheet now
intersects the boundary along ¢t at p = 0 and goes all the way to the horizon. In the
thermodouble field picture, we can continue the worldsheet across the horizon such that
the worldsheet intersects the second boundary static patch. As in our discussion of pure
Chern-Simons theory, we might view the partition function with the insertion of the Wilson
loop as computing a part of the entanglement entropy between the two static patches in the
presence of an insertion at the origin of the two spatial disks. From the bulk perspective this
is the contribution to the Bekenstein-Hawking entropy (8.3) due to a worldsheet crossing
the bulk horizon.
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A Chern-Simons determinant on S3

In this appendix we consider the determinant that stems from the quadratic part of Chern-
Simons theory on S®. We first recall that the canonical mass dimension of A4,(z) is zero,
as is the mass dimension for the gauge parameter a(x). We define the normalisation of our
path integration measures

1= [ Dae [ davietrss (A1)
1= /DAZ“ oty fd%\/ﬁg“”Af(x)Af(m)/?, (A.2)
1= / DeDe el | Eovie@e() (A.3)

where V“AZ(J:) = 0, a(x) is a real scalar, while ¢(x) and ¢(x) are Grassmann valued fields.
To render the exponents dimensionless, we multiply by the appropriate powers of the UV
cutoff length scale £y, = 1/Ayy. In fixing the above normalisation, we fix any ultraviolet
ambiguities stemming from field rescalings. The fields can be expanded in a complete basis
of eigenfunctions of the Laplacian on the round three-sphere. For instance,

az) =) ap(z), —V¢ = &, /d3$\/§¢l($)¢z' (z) = o , (A.4)
1
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such that mass dimension of «; is —3/2. Following similar steps for the other fields, we
obtain the following path integration measures

uv \/7

With the above definitions of the path integration measures, and the Chern-Simons action

pa=T] a2 do‘l . Depe=[[ A2dada, DAY = g (A5)

normalised as

1
Scs = 5 / BreP AL, A, (A.6)

we can proceed via the Fadeev-Popov gauge fixing procedure. We take the metric on S°
to be
ds? = (2 (d6? + sin 04923 (A7)

with volume vol S = 272¢3. Working in the Lorenz gauge V, A* = 0, one finds

(A.8)

; o7 V2m (vol $3A3) T2 | det! [-V2/A2,)
| Zvq),, [S } | =1/ % X 172
k volU (1) det [LLt/A2.]

where volU(1) = 27. The term v/27(vol S3A3.)~1/2 /v0l U(1) follows from the zero mode
contribution doyg. It originates from the residual part of the gauge group volume that is
not cancelled by the Lorenz gauge.

After the dust settles, we are left to evaluate the following ratio of functional deter-
minants

o det! (VA3

Jdet LLT/A2,

where the Laplacian —V? acts on scalar functions on S® and LL! acts on transverse vector

(A.9)

fields on S3. The prime indicates we are dropping the zero mode of —V?2. The respective
spectra are well known [75]. For the scalar Laplacian we have

1
Ap = — X

7 X n(n+2), dp=(m+1)?%, n=0,1,... (A.10)

For the LLT operator, the eigenvalues and degeneracies are given by

Ay = =5 x (n+ 1), dp, =2n(n+2), n=12... (A.11)

1
2
Using a heat kernel regularisation,'® we have that

v2 — 2 dr _< —mn(n+2
— log det/ (_A%v> = Z(n—i— 1) /0 —e Fe (n+2) (A.12)

n=1

where the dimensionless cutoff parameter is taken to be ¢ = 277 /FA,, with v being the
Euler constant. It is convenient to rewrite the above in the following form

v2 du N 1+eiu eiu i
— log det’ <_A121v> :/Cie Vit 2( , 2 —e > : (A.13)

u2_|_52 1_ezu(1_€zu

5For a (-function regularisation scheme, see [76].
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The contour C = R + ¢ is parallel to the real axis but has a small positive imaginary part
0 < § < e. We can deform the contour to go down the branch cut from the left and up
from the right. We find

t 1+et et V22 Vv
-1 ! _ —t tc—e —Vite—¢ .
ogdet( ) \/ﬁ<1—€ 1= e ><e +e )

(A.14)
Similar considerations lead to

367215 _ 67325
\/ 52 (1—e 1)

The ultraviolet behaviour is encoded in the small-¢ regime of the integrands. Setting

- flogdet LIt = 2/ (A.15)

€ = 0 in the integrand and performing a small-t expansion we find that there is no ~
1/&3 divergence, and moreover that the leading divergence goes as ~ 1/¢. There is also
a logarithmic ~ loge divergence. Since we are in odd dimensions there should be no
logarithmic divergences contributing to log Z[S3]. Recalling the expression (A.8) we see
that this is indeed the case once we take into account the overall factor E;? / 2 Evaluating
the t-integral in the heat kernel regularisation in the small-¢ limit leads to

2
logr? = —?;—: — 3log% +log 27 = —2—: + 3log lAyy + log 272 . (A.16)

Combining the above with (A.8) and recalling that vol S% = 2723, we find

37
| Zy (1), (S)| = \[e 4 . (A.17)
A similar picture holds for Chern-Simons theories with more general gauge group in the
perturbative, large k, regime. The coefficient of the 1/¢ term in (A.17) can be tuned by
adding a local background dependent term

Sy = Ay / &z /GR = 127200, | (A.18)

where we recall that R = 6/ /2. For the particular choice Ay = —eYAyy /32m we can set the
divergent term to zero.

As a final remark, we note that the choice of normalisations (A.1) serve another physical
purpose, namely to set the partition function of the theory on S* x §? equal to unity (up to
1/e divergences which can be absorbed into local counterterms). This agrees well with the
fact that Chern Simons theory quantised on a spatial S? has a unique state with vanishing
energy. To compute the partition function in this case, one must take into account the non-
trivial moduli space of flat connections due to the presence of a non-contractible cycle [77].
The volume of this moduli space is crucial to cancel the k dependence of the partition
function.

B Euclidean path-integral of Abelian edge-mode theory

In this appendix we provide a derivation of the thermal partition function (4.25) from the
Euclidean path-integral. We must Wick rotate the edge-mode theory (4.15) to Euclidean
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signature by taking ¢t = —iT and imposing the thermal periodicity condition 7 ~ 7 + f.
Notice that although the original Chern-Simons theory, being topological, is insensitive
to the signature of spacetime, the edge-mode theory can sense it. The reason for this is
that from the gauge theory perspective we should also continue A; = iA, when continuing
t = —ir. This would violate the reality conditions of the gauge-fixing condition (3.14)
unless we also continue v = —ivg. If we also analytically continue v, the edge-mode theory
would remain unchanged, and hence unaware of the underlying signature. For the purposes
of computing the thermal partition function, we keep v unchanged upon continuation to
Euclidean signature.
It is convenient to expand the non—winding sector in a Fourier basis

C(ﬂ SO) 7/* Z 27rmi‘r/5+impcm’n s (Bl)
27T (m,n)ez?
with fmn = (—m,—n- Performing the Gaussian path-integral over the non-winding sector,
we are led to evaluate
1
(Bun/2mwm)?

Znon—winding N H 1+ (B2)

m,n=1
We will be rather cavalier about the overall normalisation A as we can determine it by im-
posing that there is a unique vacuum state and hence limg_, (1 — 803) 108 Znon-winding[3] =
0. Using the infinite product representation of sinh z, we can express the above as

1 e~ Pveo

o0
- — B Bu/24 _
Zromanangl ) = 71 x S T—oom = Sy B

where we have absorbed any divergences of the overall energy scale into ey and ¢ = e~v5. If
we further incorporate the winding mode sector wrapping the ¢ cycle, we get an additional
contribution given by

Wlndlng Z efkvﬁn /2 = 193 (07 qk/Q) . (B4)
nez

Combining the two, we find agreement with (4.25).

C Lorentzian edge-mode Hamiltonian

In this appendix we show how the Lorentzian edge-mode Hamiltonian reduces to that of a
conformal quantum mechanics. We start with the Hamiltonian in the form (5.20). Since
the modes carrying fixed momentum n on the circle decouple, it is sufficient to study the
Hamiltonian of a single mode number n:
A VE2+ N2 A ~ ) PSTIPS A Al
) = e’ (vre (A Ay = BB ) +ivin (AL B — A7 B7)) (C.1)

where Q; = Yon an) We represent the raising and lowering operators as

A v 1/2 d . 47 1/2 d
+ _ _w + _ -
Av = (n\/k2 T )\2> (”T” + dxn> + B <m/k2 i )\2) (y" = dyn> - (G2
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In these new coordinates, the Hamiltonian is

2 2
Q; 5 lvre ( <dl’n + an +x, —yh | + 200 | Tn— an —|—ynd o . (C.3)

We then make the following change of coordinates:
Ty = wy, cosht,, Yn = Wy sinh &, , (tn,wp) € R?, (C.4)

covering the region |x| > |y|, shown in figure 5. In terms of (wy,t,), our Hamiltonian is

2 2
) M & 1 d  1d b .
= 2o [—y - — im— | - 5
& 2 lv < dw2  wy, dw, oz w2 dt2 +wy | + 20 dty, (C.5)

For |z| < |y| the Hamiltonian is given by

A(n) n d? 1 d 1 d? . d
S T B 20V — | - C.6
t 2 lv < dw2  wy, dwy, + w2 dt2 |+ 2iv dty, (C.6)

We can then find the Schrédinger equation for each mode. By expanding the wavefunction
in a Fourier basis as

dpn, -
\Ij(wnytn) L wn( n)elpntn7 Pn € [R, (07)

and taking |z| > |y|, we find

d? 1 d 2E,
(— - — % + ) wn - i ( + 2'Uzmpn> wn (CS)

dw2  wy, dw, 2 Ure

To get this in the Shrodinger form, we then make the substitution 1, — \/%—n@bn, and this

d? 4 B,

becomes

n
2\ dw? 2 " Ure

which is the conformal quantum mechanics problem studied in [63, 64]. We need to patch
this solution to the one for |y| > |z| which can be found by exchanging =, > y, in (C.4)
and following the same steps. The result is a change of sign in the left-hand side of (C.9).

D SL(2,C) WZW central charge

To calculate the current algebra and central charge of the chiral SL(2,C) WZW model (7.8),
we first study the non-chiral WZW model and then take the anti-holomorphic sector to
describe the current algebra of the chiral theory. This is because the chiral theory is
invariant under

9(2,2) = g(z,2)Q71(2), (D.1)
where (z, Z) are coordinates on the complex plane. The SL(2,C) WZW model is given by
k + )

2 o1 (IH‘M)/ 3 _uwp —1 ~1 1
S = /d xTr 8 O ) BETT d’ye Tr(g 0,99~ " 0v99 8pg>+c.c.,

(D.2)
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A

Figure 5. Plot showing the shaded regions |z| > |y|, where the Hamiltonian (C.5) is valid. The
blue arrows indicate increasing t = tanh™*(y/z). By gluing this solution along |z| = |y| with the
one in the |y| > |x| region, we arrive at the solution (5.25).

where g € SL(2,C). By computing the equations of motion for this action, we find the

following conserved currents

J.=—5k+iNd.g97",  J:=3(k+iNg 'Oz,
1

5 D.3
(k—iNozgg~ ",  J.=4(k—i\g '0.7, 05

Here the subscripts label which currents are holomorphic/ anti-holomorphic. We can cal-
culate the current algebra (using the procedure described for instance in [41]) and find

200 8] = 30+ 00800 im0 + D i fabed S v »

(k +iA)ndabOn+m,0 — Z i fabe % ngm
c (D.4)
(k — i)\)néab6n+m7o - Z ifabcjg,ner )

c

(kj — i)\)néabéner,o + Z ifabcj,;ner .

L | ne— Lam—
g
3
I
3
N L S
Il
N[ — N[

N[

The anti-holomorphic sector is then given by the second and third of these. Following the
Sugawara construction, we find the anti-holomorphic energy-momentum tensor

T() = gy DETE) + sy ST (03

a a

where we have used fopefevd = €abc€ebd = 204q4. From the OPE

3(k+iX) 3(k—i\) > 1 N 2T () +3T(w)
(

T()T (w) = (2(k+z’)\+2) k- Goa)  G-w)
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we can find the central charge

_3(k+iN) 3(k—i\) 6 (k(k+2)+\?) D7
SLEO T it 2) | (k—ir+2) (k27N (b7
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