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1 Introduction

This paper explores properties of massless quantum fields on a three-dimensional de Sitter
background. Our main focus is on their contribution to the thermodynamic properties of
the de Sitter horizon. The static patch of de Sitter is described by the metric

ds2

`2
= −dt2 cos2 ρ+ dρ2 + sin2 ρ dϕ2 , (1.1)

where t ∈ R, 0 ≤ ρ ≤ π/2, ϕ ∼ ϕ + 2π. The de Sitter horizon resides at ρ = π/2 and has
size 2π`. Although the de Sitter horizon resembles the black hole horizon to some degree,
the two differ in several regards [1]. For instance, the de Sitter horizon has no parameter
tuning its associated temperature, heavy quantum fields become increasingly insensitive
to its presence, and it behaves oppositely to a black hole under absorption of a pulse of
energy. As we take the large ` limit, the de Sitter horizon tends to the null boundary of
an empty Minkowski spacetime potentially linking it to the physics of a thermal version of
soft modes [2].1 As such, a careful and quantitative exploration of the features of the de
Sitter horizon is warranted.

We will focus on the relation of the static patch to the partition function over a
Euclidean three-dimensional round sphere, which is the Euclidean continuation t → −iξ
of the static patch (1.1), with ξ ∼ ξ + 2π. For theories of gravity coupled to matter
admitting a semiclassical de Sitter solution, it was proposed by Gibbons and Hawking
in [8], and more recently explored in [9–11], that the de Sitter horizon entropy is computed
by the logarithm of the Euclidean gravitational path integral Zgrav about the round sphere
(Euclidean static patch) saddle point solution. For a theory of pure Einstein gravity with
a positive cosmological constant Λ = +1/`2, and Newton constant G in three spacetime
dimensions, one has [9, 12–14]

logZgrav = SdS − 3 logSdS + 5 log 2π + iϕgrav + . . . (1.2)

where SdS = π`/2G � 1 is the tree-level Gibbons-Hawking entropy of the de Sitter hori-
zon, which is parametrically large in the semiclassical limit. Although three-dimensional
gravity carries no propagating degrees of freedom, the structure (1.2) is non-trivial and a
microscopic understanding is so far lacking (attempts include [15–19]). Unlike the leading
term, the subleading terms in (1.2) stem from perturbative quantum corrections of the
gravitational fluctuations. The logarithmic term is related to the residual SO(4) subgroup
of the diffeomorphism group preserved by the three-sphere saddle. The constant part is
unambiguous in odd spacetime dimensions as it cannot be absorbed into a local countert-
erm, while the phase ϕgrav can arise due to the unboundedness of the conformal mode. In
the treatment of [20] one finds that ϕgrav = −5π/2 to leading order at large SdS.

Further corrections to (1.2) will appear as even inverse powers of SdS. Upon coupling
the theory to matter fields, the expansion (1.2) may receive additional contributions. Con-
sider first matter fields that are parametrically heavy with respect to the de Sitter length `.

1This limit might also suggest we treat the de Sitter horizon as a boundary [3–7], although a clear
framework for how to do so remains unclear.
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Integrating them out results in an effective gravitational theory that will be perturbed, to
high accuracy, by a local functional of the metric containing higher derivative terms. Pro-
vided parity is preserved, due to the absence of local degrees of freedom in three-dimensional
gravity, such a theory can always be brought back to an Einstein theory with a cosmological
constant through local field redefinitions of the metric. From this perspective, integrating
out massless or light fields, or some more general conformal matter theory, is interest-
ing in that one can affect the details of (1.2) which are of a more non-local nature. The
two-dimensional version of this problem was recently explored in [21, 22]. In what follows
we focus on the contribution to (1.2) from Chern-Simons gauge fields. These are massless
gauge theories which are under solid theoretical control while producing various interesting
modifications to (1.2). Further to this, at least semiclassically, three-dimensional gravity
can be expressed as a Chern-Simons theory [23, 24]. For de Sitter in Euclidean signature
this Chern-Simons theory has gauge group SU(2)κ+iγ ×SU(2)κ−iγ with complexified levels
κ± iγ where γ ≡ `/4G ∈ R+, and κ ∈ Z is the coupling for a gravitational Chern-Simons
type of term. In Lorentzian signature the relevant Chern-Simons theory is one with an
SL(2,C) gauge group. Such complexified Chern-Simons theories have been the subject of
various interesting works including [25–30]. Here we find a natural application of these
theories within the realm of three-dimensional de Sitter space.

The relation between three-dimensional gravity and Chern-Simons theory may permit
a more direct link between the Euclidean expression (1.2) and the Lorentzian picture (1.1).
Of particular interest is whether the logarithmic term and further subleading terms in (1.2)
have a simple Lorentzian interpretation. One hope that such a link exists comes from
literature on what is known as topological entanglement entropy [31, 32], which is a finite
contribution to the vacuum entanglement entropy between disconnected regions of space in
Chern-Simons theory or some more general topological field theory. In its simplest form,
one quantises Chern-Simons theory on S2 spatial slices and considers the entanglement
entropy stemming from splitting the S2 into two disks. It is argued [31–33] that this
entanglement entropy is computed by the S0

0 component of the modular S-matrix Smn of
the edge-mode theory living at the boundary of the disk. On the other hand, as was already
known from the seminal work [34], S0

0 computes the partition function of Chern-Simons
theory on an S3 topology.

Our goal will be to express the aforementioned results relating the three-sphere parti-
tion function to an edge-mode theory in the language of three-dimensional de Sitter space.
We would like to sharpen the general (though somewhat schematic) hypothesis that

Zgrav
?= lim
β→0+

Zedge[β] , (1.3)

where Zedge is the thermal partition function of a putative edge-mode theory. The edge-
modes are evaluated at parametrically high temperature due to their parametric proximity
to the de Sitter horizon. In this paper we develop a collection of tools to assess (1.3). We
provide circumstantial evidence for an edge-mode interpretation for the subleading terms
of the semiclassical expansion (1.2) of Zgrav. The interpretation of the leading term SdS
as an entanglement entropy of an edge-mode theory, or any other microscopic origin, is
left open.
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In the first part of our discussion, we take the low energy theory to be three-dimensional
general relativity coupled to Chern-Simons gauge theory and consider the contribution
to (1.2) from the Chern-Simons sector. In the second part of our discussion, we investigate
a Lorentzian interpretation for the purely gravitational expression (1.2) by viewing the
gravitational theory as a complexified Chern-Simons theory.

1.1 Outline

In section 2 we discuss the dS3 geometry and the type of low energy effective theories we
will study. In section 3 we review and place several relevant results from the Chern-Simons
literature into the context of three-dimensional de Sitter space. In section 4 we describe in
detail the relation between the edge-mode theory residing at the boundary of a spatial disk
to the three-sphere partition function for Abelian Chern-Simons theory. The edge-mode
theory introduced in this section serves as the basic template for the latter sections. In
section 5 we discuss an Abelian Chern-Simons theory with complexified U(1) gauge group.
This is meant to serve as an Abelian toy model for Lorentzian three-dimensional gravity
expressed as a Chern-Simons theory with a complexified SU(2) gauge group. In 6 we
introduce an Abelian Chern-Simons theory with complexified level that is meant to serve
as a simplified toy model of Euclidean gravity expressed as a Chern-Simons theory with a
complexified level. In section 7 we briefly discuss how to extend the results of sections 5
and 6 to the non-Abelian case relevant to general relativity. Finally, in section 8 we make
some comments on AdS4/CFT3 in the case where AdS4 has a three-dimensional de Sitter
boundary. The appendices provide further details on various computations presented in
the main text.

2 Geometry and general setup

In this section we discuss some basic geometric properties of three-dimensional de Sitter
space and the type of low energy effective theories we will consider.

2.1 Geometry of dS3

Three-dimensional de Sitter space admits a global chart described by the following metric

ds2

`2
= −dT 2 + cosh2 T dΩ2 , (2.1)

where T ∈ R and dΩ describes the round metric on the unit two-sphere. The above
spacetime is one of constant and positive Ricci scalar, and the length-scale ` characterises
the curvature scale. If we are interested in the piece of de Sitter associated to a single
observer, or more precisely the intersection of all future events and past events of an
inertial worldline, we find a rather different description of the spacetime, namely

ds2

`2
= −dt2 cos2 ρ+ dρ2 + sin2 ρ dϕ2 , (2.2)

with ϕ ∼ ϕ + 2π, t ∈ R, and 0 ≤ ρ ≤ π/2. The piece of global de Sitter that this static
metric covers is the shaded region in figure 1. The exponentially expanding character
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Figure 1. The Penrose diagram of dS3, with the static patch highlighted. Constant time slices are
two-spheres, with the T = 0 shown explicitly, and the left and right-hand sides of the diagram are
the poles of S2.

of (2.1) is subsumed into the presence of a cosmological event horizon of size 2π` residing
at ρ = π/2. An inertial observer is described by the time-like curve ρ = 0, and the light
emitted toward them by objects approaching ρ = π/2 becomes increasingly redshifted.
Finally, we note that the original global Cauchy surface at T = 0, which takes the form
of a spatial S2, has been split two disks whose common S1 boundary comprises the dS3
horizon. The induced metric on each disk at a constant t slice is given by

ds2

`2
= dρ2 + sin2 ρ dϕ2 . (2.3)

It is occasionally convenient to view dS3 as the metric induced on a hypersurface embedded
in R1,3. Denoting the coordinates of R1,3 by (X0,X), the hypersurface is described by the
following equation

−
(
X0
)2

+ X ·X = `2 . (2.4)

The hypersurface preserves an SO(3, 1) ∼= SL(2,C)/Z2 subgroup of the Poincaré symme-
tries of R1,3. This subgroup constitutes the isometry group of dS3. We can recover the
metrics (2.1) and (2.2) through specific parametrisations for the (X0,X).

Another geometric feature clear from (2.4) is the relation of dS3 to the round metric
on S3. Indeed, upon analytically continuing X0 → −iX0 the equation (2.4) becomes that
of an S3 embedded in R4, and the isometries become SO(4) ∼= SU(2) × SU(2)/Z2. From
the perspective of our two charts, the continuation corresponds to T → −iθ in (2.1), and
t → −iξ in (2.2). If the latter continuation is to give a smooth Euclidean space, we must
further periodically identify ξ ∼ ξ+ 2π. The periodicity of the Euclidean static patch time
coordinate ξ lies at the heart of the thermal properties of the dS3 horizon. From it we can
read off the temperature of the dS3 horizon, TdS = (2π`)−1, as measured by an inertial
observer at ρ = 0. It is somewhat remarkable that both the global and static patches,
which describe rather distinct pieces of the Lorentzian space-time, analytically continue
to the same compact space in Euclidean signature. The ‘observer independence’ of the de
Sitter horizon is reflected in Euclidean signature by the fact that any great circle on the
S3 can be viewed as the Euclidean de Sitter horizon.

– 4 –
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Given the presence of a horizon, it is natural to consider quantum fields in a thermal
density matrix within a single static patch. This can be achieved by placing them in a
pure Hartle-Hawking state across the full S2 spatial slice at T = 0 and tracing out one of
the two static patch regions. In much of what follows we will consider contributions to the
thermal properties of the static patch horizon from Chern-Simons and gravitational fields.
Before doing so we end a few more general comments.

2.2 Entanglement & gravitational entropy

It is generally a complicated problem to separate two regions of a gauge theory (including
gravitational theories) in a strictly local way. In discussions of entanglement entropy for
ordinary gauge theories there are various proposals for how to deal with the problem of
the entangling surface [35–40]. For standard Yang-Mills theories, the choices are often
labelled by a choice of ‘centre’ of the gauge invariant operator algebra. In Chern-Simons
theories, which we will proceed to study, electric and magnetic fields do not commute.
Consequently, it is not reasonable to classify choices in terms of electric and magnetic
centres. Alternatively, [35, 37] one might extend the gauge invariant Hilbert space to
admit non-trivial charges at the entangling surface. As overviewed in [40], the extended
Hilbert space picture matches calculations of entanglement entropy employing Euclidean
path integral techniques. Our considerations will be in line with this approach, since we
are interested in making contact with the manifestly gauge-invariant three-sphere partition
function.

Consider Chern-Simons theory with gauge group G and the level k and whose three-
sphere partition function we denote by ZGk [S3]. Although ZGk [S3] is a manifestly gauge
invariant object it will be related to a Lorentzian edge-mode calculation, which we describe
in sections 3 and 4, for which gauge invariance must be manifestly broken. Both the
entanglement entropy of the edge-mode theory as well as ZGk [S3] are ultraviolet divergent
quantities. We will make sense [9] of the divergences of ZGk [S3] by coupling the theory
to three-dimensional gravity with cosmological constant Λ = 1/`2 > 0. The low energy
effective theory in Euclidean signature is thus given by2

− SE [gµν , Aµ] = 1
16πG

∫
d3x
√
g

(
R− 2

`2

)
+ iSCS[Aµ] , (2.5)

where SCS[Aµ] is the Chern-Simons action. Unlike pure Chern-Simons theory, the above
theory is no longer topological due to the explicit metric dependence in the gravitational
sector. The classical solution space for the metric remains that of three-dimensional grav-
ity due to the metric independence of Chern-Simons theory. In three-dimensions, this is
nothing more than the round metric on the three-sphere or quotients thereof. The path
integral of interest now becomes

Zgrav+CS = Zreg
Gk

[
S3
]
×Zgrav . (2.6)

2The Chern-Simons action (being insensitive to the metric) is insensitive to the signature and hence
appears in the same form for both the Lorentzian and Euclidean path integral.
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The pure gravitational path integral Zgrav is given by (1.2). Any ultraviolet divergences
stemming from quantum fluctuations of the Chern-Simons sector can be absorbed into the
cosmological constant Λ and Newton constant G, such that Zreg

Gk [S3] is the finite ultraviolet
regularised part of the Chern-Simons partition function. The overall phase of Zreg

Gk [S3] is
affected by the choice of framing and is given by ϕCS = 2πnck/24 where ck is the left-
moving central charge of the WZW model with current algebra Gk [34] — for SU(2)k this
would be ck = 3k/(k + 2) — and n ∈ Z. We note that the total phase of Zgrav+CS is then
given by

ϕgrav+CS = ϕgrav + 2πnck
24 + . . . (2.7)

For the gravitational phase ϕgrav = −5π/2 proposed in [20], special choices of n and k

can lead to a vanishing ϕgrav+CS modulo 2π, at least to leading order in the large SdS
expansion.

At least for vanishing phase, logZreg
Gk [S3] can be viewed as a physical, ultraviolet finite

correction to the tree-level Gibbons-Hawking de Sitter horizon entropy SdS = π`/2G [8].
So long as it is small compared to SdS, there is no issue with the contribution to the
entanglement entropy from the Chern-Simons sector being negative.

3 Chern-Simons theory on dS3 and S3

In this section we consider Chern-Simons theory on the manifolds S3, S2 × R, and D × R,
where D denotes the two-dimensional disk. We frame the discussion in the language of
Lorentzian and Euclidean three-dimensional de Sitter space. Chern-Simons theory with
gauge group G and level k ∈ Z+ is described by the action

SCS[Aµ] = k

4π

∫
M
d3x εµνρTr

(
Aµ∂νAρ + 2

3AµAνAρ
)
, (3.1)

with Aµ = AaµT
a, where T a are the anti-Hermitian generators of G satisfying the normali-

sation Tr(T aT b) = −1
2δ
ab, and a = 1, . . . , dimG, while εµνρ is the Levi-Civita symbol. The

non-Abelian field strength tensor is Fµν = ∂µAν − ∂νAµ + [Aµ, Aν ].
Our reason for studying Chern-Simons theories is threefold. Firstly, the topological

nature of Chern-Simons theory ensures that all excitations have vanishing energy — all
physics is ‘soft physics’. In particular, it contributes to the non-local structure of the de
Sitter entropy (1.2). Secondly, we can draw from a host of exact results for Chern-Simons
theory on compact manifolds, as well as on manifolds with boundaries. Both these features
will prove to be particularly relevant to questions regarding de Sitter space. Thirdly, general
relativity in three-dimensions is equivalent, at least at the semiclassical level, to a Chern-
Simons theory exhibiting certain unusual features such as a non-compact gauge group
and/or a complexified value for the level [23, 24]. For now, we will steer clear of the third
point, which we return to in section 7, and focus on the first two.

3.1 Chern-Simons theory on S3

We now consider the behaviour of Chern-Simons gauge fields on a fixed dS3 or S3 back-
ground. Pure Chern-Simons theory on a three-manifold M will only perceive topological

– 6 –
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features, so one might wonder if there is any lesson to be learned specifically about de Sitter.
Here, as was discussed in section 2, it is helpful to consider the more general setup whereby
we couple Chern-Simons theory to three-dimensional gravity. The Lorentzian/Euclidean
theory admits dS3/S3 solutions. Given that the metric is semiclassically fixed, the theory
is no longer topological. In this context we can ask how the presence of a Chern-Simons
gauge field contributes to the thermodynamic properties of the dS3 horizon.

In the remainder of this section and the next our focus will be entirely on the case of
a fixed background. We take the gauge group G to be compact and semi-simple, and the
level k ∈ Z+. Recall that Chern-Simons theory is topological, and hence only sensitive to
the type of manifold on which it resides. From our discussion of the dS3 geometry one is
led to consider various three manifolds. These are S3, S2 × R, and D × R.

Chern-Simons theory on S3. The first object we consider is the partition function
of Chern-Simons theory on S3. Although naïvely this is nothing more than a number,
and hence as good as our choice of normalisation, it turns out that Chern-Simons theory is
sufficiently structured that one can make sense of this number in an essentially unambiguous
way.3 The result [34] can be stated concisely in terms of the modular S-matrix Smn

associated to the WZW CFT with gauge group G and level k, namely

ZGk

[
S3
]

= S0
0 . (3.2)

(An account of modular S-matrices and their properties can be found in the latter chapters
of [41]. They encode the transformation of extended characters under inversion.) It should
be emphasised that ZGk [S3] is a gauge invariant object. As a concrete example, we can
consider G = SU(5) for which

ZSU(5)k

[
S3
]

= 1√
5(k + 5)2

4∏
j=1

[
2 sin πj

k + 5

](5−j)
. (3.3)

Notice that in the perturbative limit, where k → ∞, the above expression is approxi-
mated by

lim
k→∞

ZSU(5)k

[
S3
]
≈ 9
π14 512

√
5

( 2π√
k + 5

)24
. (3.4)

The above expression has some identifiable features. For instance the power of
√
k + 5

corresponds to dim SU(5) = 24. Whereas the numerical pre-factor is the reciprocal of the
canonical group volume of SU(5), given by (see for example [42, 43])

vol SU(N) =
√
N

2π
(2π)N(N+1)/2

G(N + 1) , (3.5)

where G(z) is the Barnes G-function.

3There is an ambiguity in the overall phase of the S3 partition function, which is fixed by a choice of
framing. Unless otherwise stated, we will select a framing for which the overall phase vanishes.
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More generally, the large k limit of the sphere partition function of Chern-Simons
theory with gauge group G is given by

lim
k→∞

ZGk

[
S3
]
≈ 1

volG

( 2π√
k + h

)dimG
, (3.6)

where h is the dual Coxeter number of G. Schematically, we may view the above structure
as stemming from the fact that the path integral requires division by the space of gauge
transformations, of which all but the constant part are cancelled by redundancies in the
local description of the theory. When a quantum field theory lives on a compact space,
the constant part of a compact gauge group is finite and must be taken into account.
Indeed, its contribution is responsible for the group theoretic factors exhibited by (3.6).
The dependence on the level k is also sensible. The volume of the constant part of the
gauge group must be normalised with respect to the size of the fluctuations of the theory,
which are controlled by 1/

√
k in the perturbative limit. Such group theoretical factors have

been recently explored in [9].

3.2 Chern-Simons on S2 × R and D × R

We now consider Chern-Simons theory on S2 × R and D × R. The first is topologically
equivalent to the global geometry (2.1) of dS3, while the second is topologically equivalent
to the static patch (2.2).

Chern-Simons theory on S2 × R. We now proceed to consider Chern-Simons theory
on S2×R. Here, we view R as the global dS3 time coordinate T , and the S2 as the spatial
Cauchy slice of global dS3. It is convenient to choose the following metric on S2

ds2 = 4dx2

(1 + x2)2 , x = {x, y} ∈ R2 . (3.7)

We begin with a description of the Hilbert space. This is given by quantising the space of
flat G-connections on S2, modulo gauge transformations. But on S2×R, all flat connections
are trivial. The Hilbert space is one-dimensional. The unique state of this peculiar world
can be explicitly described in the Schrödinger picture. To describe it, it is convenient to
work in the gauge AT = 0. The gauge constraints that we must solve are then given by

Fij = 0 , i, j ∈ {x, y} . (3.8)

The following quantum state can be shown to solve the above equation [44]

ΨS2 [Ax (x)] = N exp
[
ik

4πTr
∫
S2
d2x

[
(g−1∂xg)(g−1∂yg)

]
− 2πik

∫
S2
d2xw0(g)

]
, (3.9)

where N is a normalisation constant, g(x) ∈ G, and w0 is the time-component of the
three-vector whose divergence gives the winding number density:

W (g) = ∂µw
µ = 1

24π2Tr εαβγ
(
g−1∂αgg

−1∂βgg
−1∂γg

)
. (3.10)

– 8 –
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Figure 2. The T = 0 slice of global de Sitter split into two static patch hemispheres at the S1

horizon. These hemispheres are topologically disks, and we can imagine ‘tracing out’ the degrees
of freedom in one of the static patches that is behind the horizon of the other.

The gauge field is non-locally related to g(x) as Ax(x) = g−1∂xg. Unlike what happens
in standard Yang-Mills theory, the Chern-Simons wavefunctional ΨS2 [Ax(x)] is not gauge
invariant under the residual gauge freedom

Ahi (x) = h−1 (∂i +Ai(x))h , i ∈ {x, y} , (3.11)

with h(x) ∈ G. Rather, under the residual gauge freedom ΨS2 [Ax(x)] transforms as

ΨS2 [Ax(x)] = e2πiα(Ax(x);h)ΨS2 [Ax(x)] , (3.12)

where

α(Ax(x);h) ≡ k

8π2Tr
∫
d2x

[
2Ax(x) ∂yhh−1 + h−1∂xhh

−1 ∂yh
]
− k

∫
d2xw0(h). (3.13)

As a function of the gauge field the ground state ΨS2 [Ax(x)] encodes non-local quantum
correlations. The non-local correlations play an important role, for instance, if we are to
trace out those degrees of freedom living in a certain spatial region. Our considerations of
dS3 suggest performing precisely such a trace if we are to consider the physics contained
within a single dS3 horizon, as depicted in figure 2.

Chern-Simons theory on D×R. As already noted, the spatial section of a single static
patch is given by the hemisphere metric on a two-dimensional disk D whose coordinates we
denote by {ρ, ϕ} with ϕ ∼ ϕ + 2π. From this perspective, we are encouraged to consider
the problem of Chern-Simons theory on D × R, where now R is associated with the static
patch time t. In this case, the Hilbert space of Chern-Simons theory is far richer [45] due
to the presence of the spatial S1 boundary.

We can construct the edge-mode theory as follows (see [46] for an overview). First,
we must ensure that we have a well-defined variational problem in the presence of the S1

boundary. We will not add further terms localised on the boundary ∂M of the disk. As
such, the variational problem enforces us to impose boundary conditions on ∂M:

(At − υAϕ) |∂M = 0 . (3.14)
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The parameter υ is a real number which we take to be positive. We must further ensure that
the gauge transformations do not disturb our boundary condition. This can be achieved
by forcing the gauge parameter λ to vanish on the S1 boundary. We can further impose
(at least locally) that the gauge condition (3.14) holds away from the boundary of the disk
as well. For that to be the case the bulk gauge parameter must satisfy

(∂t − υ∂ϕ)λ = 0 , λ|S1 = 0 . (3.15)

The above is solved by λ = λ̄(ϕ+ υt, ρ) with λ̄|S1 = 0, which constitutes a residual gauge
freedom. We can further specify a gauge fixing condition throughout the interior of the
disk. The constraint arising from extending the gauge condition (3.14) into the disk interior
is solved by the following configurations

Aρ = U−1∂ρU , Aϕ = U−1∂ϕU , (3.16)

with U ∈ G. The residual gauge freedom transforms the group valued function U → eiελ̄U ,
where ε is a small parameter. Consequently, the residual gauge parameter can be entirely
fixed upon fixing the form of U . Unless otherwise specified, we impose that Aµ remains
smooth throughout the interior of the disk. To do so, we must ensure that the holonomy of
the gauge field vanishes around any closed loop in the interior of the disk. Non-vanishing
holonomy would indicate the presence of external charge puncturing the disk. The resulting
theory at the boundary of the disk, upon taking everything into account, becomes a chiral
WZW model with group G and level k built from the boundary values of U [45]. Upon
quantisation, this theory has an infinite number of states. We now study the Abelian case
in detail.

4 Abelian example

In this section we construct and explore the edge-mode theory associated to Abelian Chern-
Simons theory with gauge group U(1) at level k quantised on a spatial disk D. The purpose
of the section is to provide a detailed discussion of this edge-mode theory and its relation to
the three-sphere partition function ZU(1)k [S3]. This is meant to serve as the basic template
for the discussion of edge-mode theories in the latter sections.

The Abelian theory on a three-manifoldM is governed by the action

SU(1)k [Aµ] = k

4π

∫
M
d3x εµνρAµ∂νAρ , (4.1)

where Aµ is a real-valued Abelian gauge field. So long as the three-manifold M has no
boundary, the above is gauge invariant under Aµ → Aµ−∂µλ, where λ is a smooth function
onM. If it is further assumed that U(1) is compact, and moreover that SU(1)k is the low
energy limit of a theory containing both electric and magnetic monopoles, then the standard
Dirac argument enforces k ∈ Z. For the sake of simplicity, we take k ∈ 2 × Z+ in what
follows.4

4This is, in part, to avoid subtleties associated to fermionic states in the edge-mode theory.
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4.1 Three-sphere partition function

We begin by computing the S3 partition function. We have

ZU(1)k

[
S3
]

= (volG)−1
∫
DAµ eiSU(1)k [Aµ] , (4.2)

where we have manifestly divided by the volume of the gauge group, which is generated by
the space of smooth real functions on S3. Given that S3 is compact, we must also consider
the constant part of the gauge group which is generated by the constant function λc on
S3. We take the group elements generated by λc to be given by

U(λc) = eiλc , (4.3)

such that λc is compact with radius 2π. It is convenient to rescale the gauge field by√
2π/k, to remove the k dependence from the action. In doing so, we change the volume

of the constant part of the gauge group to
√

2πk. Whenever we evaluate path integrals,
we will assume this normalisation for the action. To get a feel for the structure of the
result [47], we can parameterise Aµ as

Aµ = ATµ + ∂µB , ∇µATµ = 0 , (4.4)

where we exclude the constant part of the scalar field B as it does not contribute to the
configuration space of the Aµ. We thus find

ZU(1)k

[
S3
]

= (volG)−1 ×
√

det′ (−∇2)×
∫
D′B

∫
DATµ e

iSU(1)k [ATµ ] . (4.5)

The prime indicates we are dropping the zero-mode. Although the above expression is still
rather schematic, one can already note that the path-integral over B will mostly cancel the
volume of G. The difference lies in the zero-mode sector which is absent in the space of
functions B. Since no other term in the partition function depends on k, we can already
conclude that

ZU(1)k

[
S3
]
∝
√

1
k
. (4.6)

We now fix the remaining proportionality constant. One way to do so involves calculating
and regularising the divergent functional determinants stemming from the Gaussian path
integral. Generally speaking, a local quantum field theory in three-dimensions on a compact
space with metric gµν will have a partition function of the form

logZ[gµν ] = c0 `
−3
uv

∫
d3x
√
g + c1 `

−1
uv

∫
d3x
√
gR+ finite , (4.7)

where `uv is an ultraviolet length scale. The finite piece will encode some non-local func-
tional of gµν . If the theory is not parity invariant, as is the case for Chern-Simons theory,
one will generally have a local contribution proportional to the gravitational Chern-Simons
term contributing to the Λ-independent part. In certain circumstances, due to the presence
of additional symmetries or structures, such as supersymmetry, some of the divergences
can be argued to be absent. As we discuss in appendix A, applying the Fadeev-Popov

– 11 –



J
H
E
P
1
0
(
2
0
2
1
)
0
9
1

procedure in the Lorenz gauge to the Abelian Chern-Simons theory yields the following
contribution to the sphere partition function

ZU(1)k [S3] = eiϕCS
(
volS3 `−3

uv

)−1/2
√

1
k
×
(
det′

(
−∇2/`−2

uv
))1/2(

detLL†/`−2
uv
)1/4 , (4.8)

where L is the operator iεµνρ∂ρ acting on the space of transverse vector fields, and the
numerator stems from path integration over the ghost fields. The prime in the determi-
nant means we are omitting any zero modes, which must be dealt with separately. Any
of the local ultraviolet divergences in (4.7) come from evaluating the functional determi-
nants in (4.8).

To assess the nature to the leading cubic divergence, it is sufficient to consider the
problem on R3 (or a large enough box). In this case the spectra are straightforward to
obtain, and one finds that the eigenvalues of both LL† and −∇2 are given by k · k with
LL† having twice the multiplicity due to the two polarisations of ATµ . Consequently, at
least the absolute value of ZU(1)k [S3] is free of cubic ultraviolet divergences. This resonates
well with the absence of local degrees of freedom in Chern-Simons theory. So far, our
arguments do not suffice to conclude anything about the linear divergence of ZU(1)k [S3].
As we discuss in appendix A, a linear divergence is indeed present in the heat kernel
regularisation scheme. We find

|ZU(1)k

[
S3
]
| =

√
1
k
e−

3π
4ε , ε ≡ 2e−γ`uv

`
. (4.9)

The phase ϕCS of ZU(1)k [S3] requires a careful treatment. We can heuristically argue that it
will not contribute to the cubic divergence either. Indeed, given that the phase is associated
to the parity non-invariance of the theory, we might expect any associated divergence to
also be parity non-invariant such as the gravitational Chern-Simons term.5

A more sophisticated approach to compute the sphere partition function, and its phase,
follows [34]. Since this approach will be of use more generally, we now discuss it. Consider
two solid tori, T2

L = DL × S1 and T2
R = DR × S1, with boundary tori T 2

L and T 2
R. If we

glue these together by identifying the points on T 2
L with those on an oppositely oriented

T 2
R, we obtain an S2×S1. The partition function ZGk [S2×S1] counts the number of states

of Chern-Simons theory with gauge group G at level k quantised on a spatial S2, that is
to say

ZGk

[
S2 × S1

]
≡ 1 . (4.10)

That the above equation holds, regardless of the gauge group and level (so long as there
are no punctures on the S2) is simply the statement that Chen-Simons theory on a spatial
S2 has a unique state in its Hilbert space. What is perhaps less immediate is that by
identifying the points on T 2

L with a particular modular transformation τR of the points on
T 2
R, we instead get an S3. This is true for a variety of τR. For our immediate purpose we

5Alternatively, we could consider adding two Chern-Simons terms with equal and opposite level, and
regularise in such a way that the phase of the sphere partition function vanishes.
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will consider an inversion τ̃R = −1/τR. Finally, we must now take into account the general
relation

ZGk

[
T̃2
]

= S0
0 × ZGk

[
T2
]
, (4.11)

where T̃2 is a solid torus whose boundary is given by that of T2 upon performing the
inversion τ̃ = −1/τ . The above formula follows from a careful consideration of the solid
torus Hilbert space [34], but we will not attempt to derive it here. If we can view the
partition functions on the left and right hand sides of (4.11) as quantum wavefunctions in
the Hilbert space of the theory quantised on a spatial T 2, we can take an inner product of
both sides with the state on the right hand side to get

ZU(1)k

[
S3
]

= S0
0 × ZU(1)k

[
S2 × S1

]
. (4.12)

Using the modular S-matrix for U(1)k, it is concluded that

ZU(1)k

[
S3
]

=
√

1
k
. (4.13)

In such a way, we can fix the overall constant and phase in (4.5). We now proceed to con-
sider the above expressions from the perspective of the theory quantised on a spatial disk.

4.2 Classical edge-mode theory

Quantisation of Chern-Simons theory on a spatial disk requires a careful consideration of
boundary conditions on the S1 boundary. As already mentioned, a well-posed variational
problem with Dirichlet conditions on the gauge field enforces the boundary condition (3.14).
Imposing the condition (3.14) throughout the remainder of space fixes our gauge entirely.
The resulting constraints impose that the spatial components of the gauge field take the
following form

Aρ = i eiΞ(t,ϕ,ρ) ∂ρ e
−iΞ(t,ϕ,ρ) , Aϕ = i eiΞ(t,ϕ,ρ)∂ϕe

−iΞ(t,ϕ,ρ) , (4.14)

where we recall that ρ ∈ [0, π/2] and ϕ ∼ ϕ+ 2π are coordinates on the disk (2.3).
The edge-mode theory residing at the boundary of the disk where ρ = π/2, in the case

of G = U(1), is described by the Floreanini-Jackiw action [48]

Sedge = k

4π

∫
dtdϕ ∂ϕζ (∂t − υ∂ϕ) ζ , (4.15)

where the field ζ(t, ϕ) = Ξ(t, ϕ, ρ)|ρ=π/2 is a compact scalar with periodicity ζ ∼ ζ+2π field
mapping R × S1 → S1. The above theory is that of a compact chiral boson. Classically,
the solution space is given by

ζ(t, ϕ) = g(ϕ+ υt) +mϕ+ f(t) . (4.16)

The first term corresponds to a chiral excitation moving at angular velocity υ [49]. The
second term, which arises due to the compactness of ζ, provides a winding number m ∈
Z counting the number of times ζ wraps around the spatial S1. The third term does
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not contribute to the classical energy of the solution, as can be seen from the classical
Hamiltonian

H = kυ

4π

∫
dϕ (∂ϕζ)2 . (4.17)

As can be seen from (4.14), f(t) carries no physical information and can be dropped all
together. The global U(1) symmetry of the edge-mode theory corresponds to shifts of ζ
(modulo integer multiples of 2π), and is generated by the following charge

Q =
∫
dϕ

2π ∂ϕζ . (4.18)

It is convenient to expand the non-winding mode sector in a Fourier expansion

ζ(t, ϕ) = 1√
2π

∑
n∈Z+

(
αn(t)e−inϕ + ᾱn(t)einϕ

)
. (4.19)

4.3 Quantum edge-mode theory

Upon quantisation, the complex functions αn(t) are promoted to operators satisfying the
equal-time commutation relations

[α̂n, α̂m] =
[
α̂†n, α̂

†
m

]
= 0 ,

[
α̂n, α̂

†
m

]
= 2π
kn

δm,n . (4.20)

To derive the above, we should keep in mind that this problem involves a constrained phase
space. It follows from the commutation relations (4.20) that the edge-mode theory contains
a level k u(1) Kac-Moody algebra. The periodicity ζ ∼ ζ + 2π leads us to consider the
vertex operators

Ôn =: einζ̂ : , n = 1, 2, . . . , k − 1 . (4.21)

Acting with the Ôn inserts a timelike Wilson line piercing the interior of the disk. The
operator carries fractional charge Qn = n/k under the U(1) shift symmetry (4.18) of
the edge-mode theory. We view such anyonic insertions as external data to the edge-
mode theory, and consequently not part of the edge-mode Hilbert space. For n = mk,
with m ∈ Z, the above operators are no longer singular in the disk interior. Indeed,
the closed-loop integral

∮
Aϕdϕ from a single winding mode evaluates to 2πm. Instead, for

n = mk these correspond to winding mode excitations which indeed reside in the edge-mode
Hilbert space.

The quantum Hamiltonian for a given winding sector m is given by

Ĥm = k υ
m2

2 Îm + υk

2π
∑
n∈Z+

n2 α̂†nα̂n , (4.22)

where Îm is the identify operator in a given winding sector. The ground state is given by
the state carrying vanishing winding and annihilated by all the α̂n. In a given winding
sector the eigenstates of the Hamiltonian are given by

|n1, d1;n2, d2; . . . , np, dp〉m =
p∏
i=1

√
1
di!

(
kni
2π

)di (
α̂†ni

)di |0〉 , di, p ∈ N , (4.23)
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and their corresponding energy

E{ni,di};m = k υ
m2

2 − υ
(
ε0 + 1

24

)
+ υ

p∑
i=1

dini . (4.24)

The degeneracy of those states for fixed
∑
i nidi = N is given by the integer partition

number p(N). We have allowed for an overall shift in the energy υε0 to account for normal
ordering ambiguities. The thermal partition function of the edge-mode theory is thus
given by

Zedge [β] = tr e−βĤ = q−ε0 ×
ϑ3
(
0, qk/2

)
η(q) , (4.25)

where q = e−υβ , and ϑ3(0, q) is the elliptic theta function

ϑ3(z, q) ≡
∑
n∈Z

qn
2
e2niz . (4.26)

We reproduce the above from the perspective of a Euclidean partition function in ap-
pendix B.

We now imagine that our edge-modes are located parametrically close to the dS3
horizon. One might argue, in such a case, that the edge-mode theory should be placed
at a parametrically high temperature (in units measured by the inertial clock at ρ = 0).
Let us discuss this from a Euclidean perspective. Recall that Euclidean continuation of
the de Sitter horizon becomes a circle in S3. Removing a small region near the horizon
corresponds to excising a thin solid torus T2 from the S3, as shown in figure 3. The two
cycles of the boundary of T2 correspond to a spatial cycle and a thermal cycle. As we
take the region to vanishing size, the size of the thermal cycle shrinks to zero, which is
the Euclidean picture of a high temperature limit. This is, to some extent, similar to
the brick-wall regularisation considered by ‘t Hooft [50] (see also [51–53]). Thus, to make
contact with the dS3 picture, we would like to study the edge-mode theory (4.15) at high
temperature. In the high temperature limit, we can exploit the modular properties of
ϑ(0, qk/2) and η(q) to find

lim
β→0+

logZedge[β] = π2

6υβ −
1
2 log k . . . (4.27)

The first term encodes the contribution from the high energy sector of the theory and is
proportional to the temperature. The finite term is temperature independent, and moreover
it is independent of our choice of υ. In fact, it is equal to the three-sphere partition
function (4.13). The entropy Se of the edge-modes at high temperature can similarly be
computed and reads

Se = π2

3υβ −
1
2 log k . . . (4.28)

Thus, we can relate the regularised expression for ZU(1)k [S3] (4.13) to the finite part of the
entropy of the edge-mode theory in the high temperature limit. The divergent high tem-
perature contribution is most naturally accommodated by a linearly divergent ultraviolet
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Figure 3. The Penrose diagram on the left shows the Lorentzian picture of the edge modes, which
live on the thick, blue line at a distance β/2π � ` from the horizon. On the right is the Euclidean
picture, where the edge modes live on the surface of a solid torus with thermal cycle β. Shrinking
the thermal cycle is the same as taking the high temperature limit, ot taking the edge modes to
live very close to the horizon.

piece of the three-sphere partition function, indicating that

ZU(1)k [S3] = lim
β→0+

Zedge[β] , (4.29)

in a regularisation scheme where the linear divergence of ZU(1)k [S3] in (4.9) is tuned ac-
cordingly. We note that there are no cubic divergences appearing on either side.

It has been argued [31, 32] that the temperature independent term in (4.27) is a
universal contribution to the entanglement entropy, independent of any of the detailed
features associated to the cutoff surface. Here, in view of our discussion in section 2.2, we
can interpret − log

√
k as a contribution to the dS3 horizon entropy. From this perspective,

the fact that − log
√
k is negative is immaterial.

4.4 Edge-mode symmetries

It is worth pausing momentarily here and noting that the edge-mode theory, which is
nothing more than a chiral compact boson theory, has a large symmetry group containing
an affine extension of the Virasoro algebra.6 The Virasoro generators are constructed in
the usual way

L̂0 = k

2π
∑
n∈Z+

n2α̂†nα̂n , L̂m = k

2π

∞∑
n=1

(m+ n)nα̂†nα̂n+m + k

4π

m−1∑
n=1

(m− n)nα̂m−nα̂n ,

(4.30)
giving rise to the corresponding Virasoro algebra

[
L̂m, L̂

†
n

]
=

(m+ n) L̂m−n + 1
12m

(
m2 − 1

)
δn,m, m ≥ n ,

(m+ n) L̂†n−m, m < n .
(4.31)

6The dS3/CFT2 literature discusses a Virasoro symmetry associated to the future/past boundary [54].
Here we see the appearance of a Virasoro symmetry within a single static patch.

– 16 –



J
H
E
P
1
0
(
2
0
2
1
)
0
9
1

We notice that the edge-mode Hamiltonian in (4.22) obeys Ĥ0 = υL̂0. We can further
compute the commutation relations between the L̂n and α̂n

[
L̂n, α̂m

]
= − (n+m) α̂n+m ,

[
L̂n, α̂

†
m

]
=

(m− n)α̂†m−n, m > n

(n−m)α̂n−m, m < n .
(4.32)

The presence of the vertex operators (4.21) allows the algebra to be extended beyond
the Virasoro-u(1) Kac-Moody algebra. The generators additionally include the vertex
operators Ĵ (k)

± =: e±ikζ̂ :. Recalling that k is even, it follows that the conformal dimension
of the generators, ∆± = k/2, is also an integer. The extended algebra has a finite number,
k, of highest weight irreducible representations (see [41] for a pedagogical discussion). We
can organise the Hilbert space of the edge-mode theory in terms of these. The different
representations are labelled by a parameter s = 0, 1, . . . , k− 1, denoting the representation
carried by the Wilson line inserted in the interior of the disk [34]. Their corresponding
character is given by

χs(q) = 1
η(q)

∑
m∈Z

q
k
2 (m+ s

k )2
, s = 0, 1, . . . , k − 1 . (4.33)

We observe that upon fixing ε0 = 0 and q = e−vβ , the above character for s = 0 is equivalent
to the thermal partition (4.25). The modular S-matrix for the extended u(1) character at
level k is given by (see for example [55, 56])

Smn =
√

1
k
e2πimn/k , m, n = 0, 1, . . . , k − 1 . (4.34)

Using that Smn relates the χs(q) under β → 1/β, we can re-derive the high temperature
behaviour (4.27).

Odd values of k & N = 2 supersymmetry, briefly. Before moving on to the non-
Abelian case, we briefly comment that for odd k much of the above discussion carries
through. The essential difference is that the generators Ĵ (k)

± =: e±ikζ̂ : will carry half-
integer conformal dimensions and obey fermionic anti-commutation relations.

Let us focus on the case k = 3, which is studied for example in [33]. In this case the
generators Ĵ (3)

± =: e±3iζ̂ : have weight ∆± = 3/2. Decomposing the generators into their
respective Fourier modes Ĵ (3)

±,n on the cylinder, one finds the anti-commutation relations

{Ĵ (3)
±,n, Ĵ

(3)
±,m} = 0 ,

{Ĵ (3)
+,n, Ĵ

(3)
−,m} = 1

2

(
n2 − 1

4

)
δn+m,0 + 3L̂n+m + 3i

2
(
m2 − n2

)
α̂n+m .

(4.35)

We can also compute the commutation relations between the Ĵ (3)
± , the Virasoro gener-

ators (4.30), and the Kac-Moody generators (4.20) leading to an N = 2 superconformal
algebra. This has been explored, for example, in [33, 57].7 The operators : e±iζ̂ : correspond

7The edge-mode theory of Chern-Simons theory with an SU(2) gauge group at level k = 2 also enjoys
an N = 2 superconformal symmetry.
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to insertions of fractional charge ±1/3 inside the spatial disk, and are primaries under the
N = 2 superconformal algebra.

Supersymmetry is not often associated to physics in de Sitter space [58], but the usual
arguments do not preclude the possibility of a supersymmetric edge-mode theory (or a
superconformal theory more generally [59]).

4.5 Comments on the non-Abelian case

From the modular S-matrix (4.34) we observe that inserting a single Wilson line in the
interior of the disk will not affect the constant part of the partition function because
Sm0 = S0

0. This is no longer true for the non-Abelian case. For instance, if we take
Chern-Simons theory with gauge group SU(2) at level k the relevant modular S-matrix is
(see for example [41])

Smn =
√

2
k + 2 sin

(
(m+ 1)(n+ 1)π

k + 2

)
, m, n = 0, 1, . . . , k . (4.36)

As mentioned earlier, S0
0 is equal to the regularised partition function ZSU(2)k [S3] for the

choice of framing leading to vanishing phase. Explicitly,

ZSU(2)k [S3] =
√

2
k + 2 sin

(
π

k + 2

)
. (4.37)

When considering the theory on the disk, the thermal partition function of the edge-mode
theory is again given by a character of the ŝu(2)k extended algebra. These are known from
the rational CFT literature. For an insertion of the spin-s/2 integrable highest weight
representation of level k in the interior of the disk, we have (see for example [41])

Zedge[β; s] =
ϑ k+2
s+1 − ϑ

k+2
−s−1

ϑ 2
1 − ϑ 2

−1
, s = 0, 1, . . . , k , (4.38)

where the generalised ϑ-functions are

ϑ ks (q, z) ≡
∑

p∈ s
2k+Z

qkp
2
e2πipkz. (4.39)

As in the Abelian case, q = e−βυ and z = 0 in (4.38) gives the thermal partition function of
the edge-mode theory. The entropy in the high temperature limit of the edge-mode theory,
which is now an SU(2)k chiral WZW model, will be given by

S(s)
e = 3k

k + 2
π2

3βv + log
(√

2
k + 2 sin

(
(s+ 1)π
k + 2

))
. . . (4.40)

The above is an increasing function of s in the range s = 0, 1, . . . , k.8 For vanishing s, the
temperature independent piece of Se is the S3 partition function (4.37) of Chern-Simons

8It is also customary to express the entropy in terms of the quantum dimensions d(k)
s of SU(2)k. The

numbers encode the multiplicity of various operators appearing upon fusion. They are given by

d(k)
s = sin

(
π(s+ 1)
k + 2

)
sin−1

(
π

k + 2

)
, s = 0, 1, 2, . . . , k ,
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theory with SU(2) gauge group at level k. For non-vanishing s, it is the S3 partition
function including the insertion of a closed unknotted Wilson loop carrying the spin-s/2
integrable representation of level k. The large k expansion makes clear that in this case,
horizon thermodynamics will receive contributions at all loop orders. In the weakly coupled
limit, one finds

lim
k→∞

expS(s)
e ≈ (1 + s)× 1

vol SU(2)

(
4π2

k

)3/2

× e
π2
βv , s = 0, 1, . . . , k . (4.41)

We see that the exponential of the entropy receives a multiplicative factor of (1 + s) in
the weakly coupled limit. The factor (1 + s) is nothing more than the dimension of the
Hilbert space attached to the puncture, and hence the entropy increases by this amount if
the state is not measured with further precision.

Finally, we can also consider the phase of ZSU(2)k [S3] from the perspective of the edge-
mode theory, again following [34]. Usually, when we consider a two-dimensional conformal
field theory on the torus, the partition function is invariant under shifts τ → τ + 1. This is
simply the statement that the angular momentum is quantised. However, our edge-mode
theory is chiral, and transforms anomalously upon shifting τ → τ + 1. The integrable
character of weight h transforms as

χh(τ + 1) = e2πi(h−ck/24)χh(τ) , (4.42)

where for the SU(2)k theory under consideration the weights of the spin-s/2 primaries are
given by h = s(s + 2)/4(k + 2) and ck = 3k/(k + 2). In particular, under τ → τ + n the
identity character transforms by a phase given by einck/24 where n is an integer. This agrees
with the set of admissible phases for ZSU(2)k [S3] stemming from the framing anomaly.

5 Complexified Abelian Chern-Simons: Lorentzian model

In this section we proceed to consider a complexified version of the Abelian Chern-Simons
theory. This theory is introduced as a simple and calculable toy model with a complexified
gauge group, a property common to three-dimensional gravity with Lorentzian signature
and Λ > 0 expressed as a Chern-Simons theory.

5.1 Lorentzian model

The Lorentzian model is built from a complexified gauge field Aµ = Aµ + iBµ, where Aµ
and Bµ are real Abelian gauge fields. Our action is given by

SL[Aµ] = k + iλ

8π

∫
M
d3x εµνρAµ∂νAρ + k − iλ

8π

∫
M
d3x εµνρĀµ∂νĀρ , (5.1)

such that the temperature independent part of the entropy is given by S(s)
e = − 1

2 log
∑

s
d

(k)
s d

(k)
s . In the

large k limit the quantum dimensions are approximately given by the usual degeneracy formula for SU(2)
spin-s/2 irreducible representations d(k)

s ≈ s+ 1 .
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and is real-valued. The parameters k and λ are taken to be real-valued. We denote the Lie
algebra of our theory by uC(1). The gauge transformations act in the following way

Aµ → Aµ + ∂µϑ , (5.2)

where the gauge parameter ϑ is a complex-valued function. In terms of Aµ and Bµ the
action is given by

SL[Aµ] = k

4π

∫
M
d3x εµνρ (Aµ∂νAρ −Bµ∂νBρ)−

λ

4π

∫
M
d3x εµνρ (Aµ∂νBρ +Bµ∂νAρ) .

(5.3)
At λ = 0, the real and imaginary parts of the gauge field A decouple. Setting either λ = 0
or k = 0 reduces the model to an Abelian BF model with U(1) gauge group (see [60, 61] for
an overview). In addition to being real-valued, we will impose that k take integer values
upon quantisation of the theory. This follows from taking Aµ as the generator of a compact
u(1) gauge algebra. The parameter λ is not constrained to be an integer. Unless otherwise
specified, we will take k ∈ Z+ and λ ∈ R/{0} in what follows.

The classical equations of motion for (5.3) are given by

εµνρ∂νAρ = εµνρ∂νBρ = 0 . (5.4)

They are satisfied when the field strengths associated to Aµ and Bµ vanish. The classical
solution space is the space of flat connections modulo gauge transformations. Assuming
the theory resides on a three-manifold with topology R× S2, we can canonically quantise
the theory in the At = Bt = 0 gauge. States must then satisfy the constraints

FAij = FBij = 0 , i, j ∈ S2 . (5.5)

The equal time commutation relations are given by

[Ai (x) , Aj (y)] = − [Bi (x) , Bj (y)] = 2πi
k
εijδ (x− y) . (5.6)

It follows that on a spatial S2 the Hilbert space has a unique state.
As a final remark before embarking onto the edge-mode theory, it is worth noting that

the volume of UC(1) is infinite, making it difficult to interpret the perturbative formula (3.6)
for the S3 partition function of the Lorentzian model.

5.2 Lorentzian edge-mode theory & quantisation

Following the discussion in section 4.2, we can construct an edge-mode theory at the S1

boundary of the spatial disk. As before, we consider fixing the following gauge9

At − υAϕ = 0 , (5.7)

where υ = υre + iυim is now a complex parameter. The gauge constraint that follows from
imposing the above condition is

Ai(t, ρ, ϕ) = ieiΞ(t,ρ,ϕ) ∂i e
−iΞ(t,ρ,ϕ) , i ∈ {ρ, ϕ} , (5.8)

9More general boundary conditions can also be considered, and it may be interesting to do so.
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where now the boundary value of Ξ(t, ρ, ϕ)|ρ=π/2 is denoted by ζ = ζre + iζim and has
compact real part. The action governing our edge-mode theory is given by

Sedge = k + iλ

8π

∫
dtdϕ (∂tζ − υ∂ϕζ) ∂ϕζ + k − iλ

8π

∫
dtdϕ

(
∂tζ̄ − ῡ∂ϕζ̄

)
∂ϕζ̄ . (5.9)

Once again, the classical solutions are given by complexified chiral excitations of both the
real and imaginary parts of ζ. We find

ζ = f(ϕ+ υt) +mϕ+ g(t) , (5.10)

where f(z) is a complex valued function. We note that ζim = (ζ − ζ̄)/2i does not contain
winding modes around the S1. The classical Hamiltonian is given by

Qt = (k + iλ)υ
8π

∫
dϕ (∂ϕζ)2 + (k − iλ)ῡ

8π

∫
dϕ
(
∂ϕζ̄

)2
, (5.11)

which generates time translations. We note that Qt is real. The generator of ϕ-translations
is given by

Qϕ = (k + iλ)
8π

∫
dϕ∂ϕζ∂tζ + (k − iλ)

8π

∫
dϕ∂ϕζ̄∂tζ̄ . (5.12)

On-shell Qt and Qϕ are equivalent within the sector with vanishing winding number. The
classical theory (5.9) is also invariant under shifts ζ → ζ + δ of the field ζ by some δ ∈ C.
The generators of the shift symmetries are

Qζ = 1
2π

∫
dϕ∂ϕζ , Qζ̄ = 1

2π

∫
dϕ∂ϕζ̄ . (5.13)

Quantisation. In order to quantise the theory, it is convenient to express ζ in terms of
Fourier modes. For the non-winding mode sector, we have

ζ(t, ϕ) = 1√
2π

∑
n∈Z/{0}

αn(t)einϕ . (5.14)

The αn(t) ≡ an(t) + ibn(t) are independent complex functions of t for all n, and we take
an(t) and bn(t) to be real-valued. To quantise the theory, it is convenient to follow the
procedure outlined in [62]. For a given n, we can define the vector with components ξin by
ξn ≡ (a−n, b−n, an, bn). One finds the commutator

[ξ̂in, ξ̂jn] = i

n
M ij , (5.15)

with
M−1 = 2π

k2 + λ2

(
0 −1
1 0

)
⊗
(
λ k

k −λ

)
. (5.16)

The eigenvalues of M−1 are ±2πi/
√
k2 + λ2, each doubly degenerate. In terms of the ξ̂n,

the quantum Hamiltonian for the vanishing winding mode sector is given by

Q̂t = 1
2π

∑
n∈Z+

n2
(
ω
(
ξ̂3
nξ̂

1
n − ξ̂4

nξ̂
2
n

)
− ψ

(
ξ̂3
nξ̂

2
n + ξ̂4

nξ̂
1
n

))
. (5.17)
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Here we have defined ω ≡ kυre − λυim and ψ ≡ λυre + kυim. We can construct operators
obeying the more standard creation/annihilation algebra. We find that

Â±n ≡ ξ̂4
n ± iξ̂3

n ±
(ik ∓ λ)√
k2 + λ2

(
ξ̂1
n ± iξ̂2

n

)
,

B̂±n ≡ ξ̂4
n ∓ iξ̂3

n ±
(ik ± λ)√
k2 + λ2

(
ξ̂1
n ∓ iξ̂2

n

)
,

(5.18)

obey the commutation relations[
Â+
n , Â

−
m

]
=
[
B̂+
n , B̂

−
m

]
= 8π
n
√
k2 + λ2

δn,m , (5.19)

with all others vanishing. The Hamiltonian can then be put into the following form

Q̂t =
√
k2 + λ2

8π
∑
n∈Z+

n2
(
υre

(
Â+
n Â
−
n − B̂+

n B̂
−
n

)
+ iυim

(
Â+
n B̂

+
n − Â−n B̂−n

))
. (5.20)

Consequently, uncovering the spectrum of Q̂t reduces to a two-site hopping type problem,
where the sites are labelled by A and B.

5.3 Lorentzian edge-mode spectrum

At this stage, we are confronted with diagonalising the Lorentzian edge-mode Hamilto-
nian (5.20). Since each Fourier mode decouples, it is sufficient to discuss the problem for a
single mode number n. It is convenient to represent the creation and annihilation operators
satisfying (5.19) in the following way

Â±n =
( 4π
n
√
k2 + λ2

)1/2 (
xn ±

d

dxn

)
, B̂±n =

( 4π
n
√
k2 + λ2

)1/2 (
yn ±

d

dyn

)
. (5.21)

As detailed in appendix C, it is straightforward to put the single mode Hamiltonian Q̂n
problem into the Schrödinger problem

signwn
2

(
− d2

dw2
n

+ w2
n −

1/4 + p2
n

w2
n

)
ψn = 1

υre

(
En
n

+ υimpn

)
ψn , (5.22)

where xn = wn cosh tn, yn = wn sinh tn and pn ∈ R is the Fourier momentum associated to
the tn ∈ R coordinate. The En are the eigenvalues of Q̂(n)

t . The operator on the left-hand
side of (5.22) is precisely that of a conformal quantum mechanics as studied for example
in [63–66], whose sl(2,R) generators are given by

K̂n = signwn
2 w2

n , D̂n = − i2

[
wn

d

dwn
+ 1

2

]
, Ĥn = −signwn

2

[
d2

dw2
n

+ 1/4 + p2

w2
n

]
,

(5.23)
satisfying

[D̂n, Ĥn] = iĤn , [D̂n, K̂n] = −iK̂n , [K̂n, Ĥn] = 2iD̂n . (5.24)
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The generators (5.23) furnish the principal series representation with weight ∆ = 1/2 +
ipn/2. It is known that the spectrum of Ĥn+ K̂n is given by the even integers [64–66], and
is thus unbounded. Consequently, the single mode energy spectrum is given by

En(m, pn) = 2υrenm− υimnpn , m ∈ Z , pn ∈ R . (5.25)

The unboundedness and continuity of the edge-mode Hamiltonian is a reflection of the fact
that the Lorentzian Chern-Simons theory has a complexified gauge group. It also implies
that the thermal partition function of the edge-mode theory is no longer a sensible quantity
to compute. (Sensible quantities to compute might involve [67, 68] imposing additional
constraints on the state-space or modifying the boundary conditions on the Chern-Simons
gauge field at the boundary of the disk.) To sharpen this issue, we consider the edge-mode
theory on a torus.

5.4 Lorentzian model in Euclidean signature?

The Euclidean continuation of the complexified edge-mode theory (5.9) can be achieved
by taking t = −iτ . If we are to place the system at a finite inverse temperature β, we
further impose that τ ∼ τ + β, such that the theory resides on a torus. Upon continuing
to Euclidean time, we end up with the Euclidean edge-mode action

S
(E)
edge = k + iλ

8π

∫
dτdϕ (−i∂τζ + υ∂ϕζ) ∂ϕζ + k − iλ

8π

∫
dτdϕ

(
−i∂τ ζ̄ + ῡ∂ϕζ̄

)
∂ϕζ̄ . (5.26)

It is convenient to further express the action in terms of the modes on the torus

ζ(τ, ϕ) = 1√
2π

∑
(m,n)∈Z2

e2πimτ/β+inϕζm,n , ζ̄(τ, ϕ) = 1√
2π

∑
(m,n)∈Z2

e−2πmiτ/β−inϕζ̄m,n ,

(5.27)
such that

S
(E)
edge =

∑
(m,n)∈Z2

k+iλ
8π

(
−2πimn+βυn2

)
ζm,nζ−m,−n+ k−iλ

8π
(
−2πimn+βῡn2

)
ζ̄m,nζ̄−m,−n .

(5.28)
Here ζm,n ∈ C and ζ̄m,n is the complex conjugate of ζm,n. As discussed in appendix B, in the
Abelian case a Euclidean continuation that preserves the reality conditions of the Chern-
Simons gauge field would further require the continuation υ = −iυE . In the complexified
case, this is no longer necessitated as υ is allowed to take complex values. Instead, given
the unboundedness of the spectrum we must confront a Gaussian unsuppressed Euclidean
path-integral

Zedge [β] =
∫
DζDζ̄ e−S

(E)
edge[ζ,ζ̄] . (5.29)

In order to render Zedge[β] better defined, we can complexify the contour of path-
integration [26]. For simplicity, we take υre > 0 and λ = 0 while recalling k ∈ Z+. It
is then clear that taking a contour where ζ(τ, ϕ) and ζ̄(τ, ϕ) are independent real fields
will render Zedge[β] well-defined.10 Upon continuing the contour of ζ and ζ̄, the symme-
try group of the edge-mode theory becomes U(1) × U(1). As we will see in the following

10Expressing Zedge[β] in terms of the Fourier modes (5.27), we can view the problem as an infinite-
dimensional version of the complex integral
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section, the price to pay in curing the unboundedness of the Hamiltonian is unitarity of
the edge-mode theory. For λ 6= 0, we must consider a more elaborate contour to render
Zedge[β] better defined. This is discussed in the next section where we view the λ 6= 0 case
as a continuation of the λ = 0 case with k ∈ Z+.

From the perspective of the original Chern-Simons gauge theory (5.1) with complexified
gauge group UC(1), the analytic continuation rendering ζ(τ, ϕ) and ζ̄(τ, ϕ) as independent
real fields can be achieved by continuing the complexified Chern-Simons gauge fields Aµ
and Āµ to two independent real-valued U(1) gauge fields, whilst maintaining a complexi-
fied level.

6 Complexified Abelian Chern-Simons: euclidean model

In this section we proceed to consider a different complexified version of the Abelian Chern-
Simons theory. This theory is introduced as a simple and calculable toy model with a com-
plexified level, a property common to three-dimensional gravity with Euclidean signature
and Λ > 0 viewed as a Chern-Simons theory.

6.1 Euclidean model on S3

The action for the Euclidean model is given by

SE
[
A±µ

]
= κ+ iγ

4π

∫
M
d3x εµνρA+

µ ∂νA
+
ρ + κ− iγ

4π

∫
M
d3x εµνρA−µ ∂νA

−
ρ , (6.1)

where now A+ and A− are two real-valued u(1) gauge fields. We assume that both U(1)
groups are compact and take the parameter κ ∈ Z+. There is no restriction on γ so we
take γ ∈ R+. The S3 partition function must be carefully defined since iSE [A±µ ] is no
longer purely oscillatory but rather an unbounded functional rendering the path integral
over eiSE problematic. To make sense of it we can again consider a complexification of
the original path-integration contour. On S3 the only U(1) flat connection (modulo gauge
transformations) is the trivial one. Moreover, given that the action is quadratic in the fields
the choice of contour can be reduced to a problem of Gaussian integration. The Gaussian
integral we are interested in is of the form

Iσ =
∫
C
dx e−σx

2/2 , (6.2)

with σ = eiϑ|σ| ∈ C. We take C to be along a path eiϕx̃ with x̃ ∈ R and ϑ+2ϕ ∈ (−π/2, π/2)
such that

Iσ =
√

2π
|σ|
e−iϑ/2 . (6.3)

Iσ =
∫

C×C

dzdz̄dwdw̄ e−σzw−σz̄w̄ ,

where σ ∈ C with positive real part. To define Iσ we first take z and z̄ as well as w and w̄ to be
independent complex variables, and then integrate over the contour w = z̄ and w̄ = z. In this sense, we
have that Iσ = π2/σ2.
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We further take that Iσ̄ ≡ (Iσ)∗ such that the corresponding contour is e−iϕx̃, and the
product Iσ̄Iσ is positive and real. Applying the same reasoning to the Chern-Simons case,
we arrive at

Zκ,γ
[
S3
]

=
( 1
volU(1)

)2
×
∣∣∣∣∣ 4π2

κ+ iγ

∣∣∣∣∣ = 1√
κ2 + γ2 . (6.4)

The above result is invariant under complex conjugation, i.e. γ → −γ. For γ = 0 we
retrieve the standard result (4.13) with a choice of framing leading to a vanishing phase.
For κ = 0, the result makes sense for γ ∈ R+ but becomes non-analytic if one tries to
continue to the whole complex-γ plane.11

6.2 Euclidean edge-mode theory on the torus

Since A± are now compact u(1) gauge fields, the boundary chiral bosons, which we denote as
ζ±, are now compact. Following the procedure outlined in previous sections, and imposing
the boundary condition

A±τ − υ±A±ϕ |∂M = 0 , (6.5)

with υ± ∈ R, we end up with an edge-mode theory governed by the action

Sedge = κ+ iγ

4π

∫
dτdϕ ∂ϕζ

+
(
∂τ − υ+∂ϕ

)
ζ+ + κ− iγ

4π

∫
dτdϕ ∂ϕζ

− (∂τ − υ−∂ϕ) ζ− .
(6.6)

The above theory, which we take to be in Euclidean signature, is non-unitary. Consequently,
a Hilbert space interpretation of the theory is unclear. Nevertheless, we can try to compute
the Euclidean torus partition function of Sedge. We take the periodicity of Euclidean time
to be τ ∼ τ +β, and we recall that ϕ ∼ ϕ+2π. It is convenient to express the non-winding
sector in terms of their respective Fourier modes, namely

ζ±(τ, ϕ) = 1√
2π

∑
(m,n)∈Z2

ζ±m,ne
2πimτ/β+inϕ . (6.7)

The reality condition is ζ±−m,−n =
(
ζ±m,n

)∗
. The edge-mode action now reads

Sedge =
∑

(m,n)∈Z2

κ+ iγ

4π
(
2πmn− βυ+n2

)
|ζ+
m,n|2 + κ− iγ

4π
(
2πmn− βυ−n2

)
|ζ−m,n|2 , (6.8)

and the path integral becomes an integral over all the ζ±m,n. We can compare the edge-mode
action iSedge to the one stemming from Lorentzian edge-mode theory, i.e. −S(E)

edge in (5.28),
discussed in the previous section. If we map (k, λ) = (2κ, 2γ) and (υ, ῡ) = i(υ+, υ−), it
follows that the deformed contour discussed below (5.29) indeed leads to the Euclidean
edge-mode theory (6.8).

In order to render the path integral over iSedge convergent, we must again alter the
integration contour C of ζ±n,m. The path integration over the non-winding mode sector of ζ±

11Although our treatment leads to a real valued Zκ,γ [S3], it seems feasible that a more general regulari-
sation can lead to an overall phase that depends on the choice of framing of S3. It would be interesting to
explore this both for the Abelian case and the non-Abelian extension discussed in section 7.1.
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yields a functional determinant proportional to the Dedekind η-function (see appendix B).
The sum over the winding sector must be similarly defined. The winding modes are given
by ζ±(t, ϕ) = m±ϕ where m± are integers.12 Consequently, we must perform the sum

Sw =
∑
m±∈Z

e−i
κ+iγ

2 υ+βm2
+−i

κ−iγ
2 υ−βm2

− = ϑ3
(
0, q(κ+iγ)/2

+

)
ϑ3
(
0, q(κ−iγ)/2
−

)
. (6.9)

The above sum exists provided −(κ± iγ)βυ±/2π is in the upper-half plane. In the last
equality, we have defined q± ≡ e−iυ

±β . Putting it all together, upon path integrating over
eiSedge we end up with the torus partition function

Zedge [β] =
ϑ3
(
0, q(κ+iγ)/2

+

)
ϑ3
(
0, q(κ−iγ)/2
−

)
η(q+)η(q−) . (6.10)

To render the Dedekind η-functions well-defined, we take υ± to have a small negative
imaginary part. Taking the β → 0+ limit we have

lim
β→0+

logZedge [β] = π2

6βiυ+ + π2

6βiυ− − log |κ+ iγ| . . . (6.11)

The finite part agrees with the S3 partition function (6.4). We further note that the above
expression can be obtained from the Abelian edge-mode expression (4.27) by a simple
analytic continuation.

7 Remarks on gravitation in three-dimensions

The classical action of general relativity in three-dimensions can be expressed as a Chern-
Simons theory [23, 24]. The gauge group depends on the signature and sign of the cosmo-
logical constant Λ. We restrict to Λ = +1/`2 > 0. In Euclidean signature the gauge group
is SU(2)×SU(2) and the level is complex. In Lorentzian signature the gauge group becomes
SL(2,C), which can be viewed as the complexification of SU(2) (or SL(2,R)). These Chern-
Simons theories are natural non-Abelian extensions of the complexified Abelian theories
explored in sections 5 and 6. The purpose of this section is to comment briefly on how the
properties of the complexified Abelian theories generalise, leaving a more detailed analysis
to future work.

7.1 Euclidean signature

We begin by considering the Euclidean theory whose action is given by SE = S+
E+S−E , where

S±E

[
A±µ

]
= κ± iγ

4π

∫
M
d3x εµνρTr

(
A±µ ∂νA

±
ρ + 2

3A
±
µA
±
ν A
±
ρ

)
. (7.1)

12Given the periodicity of ζ±, one is also tempted to consider the vertex operators Ô±n =: einζ̂
±
: carrying

U(1) charge (4.18) Q±n = n/(κ ± iγ). Although O±n bear some similarity to the anyonic operators (4.21)
of ordinary Abelian Chern-Simons theory, their physical meaning is more obscure at complex level. For
instance, in the ordinary Abelian case k ∈ Z+ corresponds to the number of anyonic species, something
hard to understand when the level is complex.
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The A±µ are SU(2) gauge fields. In terms of the vielbein eiµ and spin-connection ωij,µ =
εijkω

k
µ, where εijk is the Levi-Civita symbol, one has

A±µ =
(
ωiµ ± eiµ

)
Ti , Ti = 1

2 iσi , (7.2)

where the σi are the Pauli matrices. Substituting A± into (7.1) leads to Einstein gravity in
three-dimensions plus a parity-odd Chern-Simons type term for the spin connection. The
imaginary part of the level, γ ∈ R+, is given by γ = `/4G, while κ ∈ Z is the coupling of a
parity-odd gravitational Chern-Simons term.

The equations of motion stemming from (7.1) are the flat connection equations, and
the solutions are the space of flat connections modulo gauge transformations. For standard
SU(2) Chern-Simons theory on an S3 we would discard the presence of multiple possible
saddles due to the absence of non-trivial flat connections. However, when the Chern-Simons
coupling is taken away from the integers one must exercise further caution. In particular,
gauge transformations changing the winding number will no longer be trivial. So, the space
of flat connections with differing winding number have different on-shell actions. Of these,
most will not have a clear interpretation from the perspective of the gravitational theory
since they will lead to non-invertible or otherwise non-standard vielbeins. This is a feature
we did not have to confront in the Abelian toy models of the previous sections. We consider
perturbative effects around the flat-connection A+ = g−1dg and A− = 0, where g ∈ SU(2).
Recalling that the group geometry of SU(2) under the Haar metric is the three-sphere, this
flat connection corresponds to the round S3 in the gravitational theory as can be explicitly
checked. Following reasoning analogous to the Euclidean U(1) model with complexified
levels, it has been argued that [9, 27]

Zgrav = e2πγ × eiϕgrav

∣∣∣∣∣
√

2
κ+ iγ + 2 sin π

κ+ iγ + 2

∣∣∣∣∣
2

, (7.3)

to all orders in a large-γ perturbative expansion, and this expansion reproduces (1.2).
According to Gibbons and Hawking [8], SdS = logZgrav calculates the quantum corrected
entropy of the dS3 horizon. To leading order in the large γ expansion, SdS = 2πγ =
π`/2G. The one-loop correction is given by the analytic continuation of the expression at
integer level:

eS
(1)
dS =

( 1
vol SU(2)

)2
×
∣∣∣∣∣ 4π2

κ+ iγ + 2

∣∣∣∣∣
3

. (7.4)

This is the natural non-Abelian extension of (6.4). It is challenging to reproduce the leading
contribution SdS directly from the gravitational perspective (attempts include [16–18]). In
line with our discussion so far, we now consider the possibility of an edge-mode theory
which may reproduce the subleading corrections to SdS from a Lorentzian perspective.

7.2 Lorentzian signature

We now turn to the Lorentzian theory

SL[Aµ] = k + iλ

8π

∫
M
d3x εµνρTr

(
Aµ∂νAρ + 2

3AµAνAρ
)

+ c.c. , (7.5)
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where Aµ is an SL(2,C) gauge field related to the vielbein and spin connection as

Aµ =
(
ωiµ + ieiµ

)
Ti , Āµ =

(
ωiµ − ieiµ

)
Ti , (7.6)

where (T1, T2, T3) = 1
2(iσ2, σ1, σ3) are the real generators of SL(2,R) obeying Tr(TiTj) =

1
2ηij and [Ti, Tj ] = εijkT

k, with T i = ηijTj . We further have that k ∈ Z+ and λ ∈ R.
As for the Abelian theory with UC(1) gauge group, we would like to understand the

edge-mode theory. We must pick a boundary condition for the SL(2,C) gauge field. Any
choice will break the full diffeomorphism group, for the same reason that boundary con-
ditions break the gauge-symmetries of the Chern-Simons theory. Various proposals for
boundary conditions have appeared in the literature [67–69]. Our interest is to understand
the diffeomorphism invariant one-loop correction S(1)

dS (7.4), and more generally the sublead-
ing corrections to the three-level de Sitter entropy SdS encoded in (7.3), from a Lorentzian
perspective. In line with our previous discussions, we choose boundary conditions (3.14),
namely

(At − υAϕ) |∂M = 0 , (7.7)

with υ ∈ C. Going through the same steps, the Lorentzian edge-mode theory is then
described by a chiral SL(2,C) WZW theory at level k + iλ [16, 25, 69]

Sedge[g] = k + iλ

8π Tr
∫
dtdϕ

(
g∂ϕg

−1
) (
g (∂t − υ∂ϕ) g−1

)
+ π(k + iλ)SWZ[g] + c.c. , (7.8)

where g(t, ϕ) is an SL(2,C) valued function, and

SWZ[g] = 1
24π2

∫
B
d3y εµνρTr

(
g−1∂µgg

−1∂νgg
−1∂ρg

)
, (7.9)

where B is a three-manifold whose boundary is the tϕ-cylinder.
As for the Abelian Lorentzian model, the Hamiltonian stemming from (7.8) is real but

unbounded from below. The theory satisfies an SL(2,C) current algebra given by (see for
instance [16]) [

Jan , J
b
m

]
= 1

2(k + iλ)nδabδn+m,0 − ifabc Jcn+m,[
J̃an , J̃

b
m

]
= 1

2(k − iλ)nδabδn+m,0 − ifabc J̃cn+m ,
(7.10)

where the SL(2,C) structure constants are fabc = εabc, where εabc is the Levi-Civita symbol.
Using the above currents, the Sugawara construction yields a Virasoro algebra with central
charge

cSL(2,C) = 3 (k + iλ)
(k + iλ+ 2) + 3 (k − iλ)

(k − iλ+ 2) = 6
(
k(k + 2) + λ2)
(k + 2)2 + λ2 . (7.11)

Some details of the derivation for cSL(2,C) are provided in appendix D. Notice that in the
semiclassical limit k →∞, we have that cSL(2,C) ≈ 6 which is the number of field theoretic
degrees of freedom in (7.8). Moreover, we see that cWZW is given by complexifying the
level k for the central charge cSU(2) = 3k/(k + 2) of the SU(2) WZW model.

As for the case of the Lorentzian complexified U(1) model studied in section 5, upon
continuing the Lorentzian edge-mode theory (7.5) to Euclidean signature, one can consider
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complexifying the SL(2,C) contour leading to that of a WZW model with two copies of
SU(2) at complex level. In particular, to render the path-integral better defined it is natural
to pursue the same avenue as in section 5.4. Upon complexifying the contour of g to one
where it is valued in SU(2)×SU(2) we can make contact with (7.4) much like (4.40) connects
to the three-sphere partition function of SU(2) Chern-Simons theory (4.37). A detailed
treatment of the putative gravitational edge-mode theory (7.8) and its thermodynamic
properties is left for future work.

As a final remark, we note that timelike Wilson lines piercing the origin of the spatial
disk carry unitary irreducible representations of SL(2,C) which when non-trivial, contain an
infinite number of states.13 This is another indication of the non-compactness of SL(2,C).
It would be interesting to generalise the discussion in section 4.5 to this case.

8 AdS4/CFT3 and S3

In this final section we would like to consider the AdS4/CFT3 correspondence for an
AdS4 spacetime whose asymptotic boundary is given by a Euclidean or Lorentzian three-
dimensional de Sitter space. This allows us to explore the thermodynamic properties of
strongly coupled conformal matter theories on a fixed de Sitter background and their ge-
ometrisation in the bulk of AdS4.

The metric of Euclidean AdS4 is given by

ds2

`2A
= dϑ2 + sinh2 ϑ dΩ2

3 , (8.1)

with ϑ ∈ [0,∞) and dΩ2
3 describing the round metric on a unit S3. The four-dimensional

cosmological constant is Λ = −3/`2A. The asymptotic boundary resides at ϑ =∞ and the
induced metric at the boundary is the round metric on S3. Recalling our previous discus-
sion, we can consider a Lorentzian continuation of (8.1) to the following static spacetime

ds2

`2A
= dϑ2 + sinh2 ϑ

(
−dt2 cos2 ρ+ dρ2 + sin2 ρ dϕ2

)
. (8.2)

This is a static Lorentzian anti-de Sitter universe whose constant-ϑ surfaces are given by
the static patch of dS3. A constant-t slice of this geometry is shown in figure 4. The global
geometry is given by replacing the three-dimensional static patch metric in (8.2) with the
global one. The static geometry (8.2) has a horizon at ρ = π/2. The topology of the
horizon is S1 × R+. The Bekenstein-Hawking entropy of the horizon is given by

SBH = π`2A
2`2pl

∫ − log ε

0
dϑ sinhϑ ≈ π`2A

2`2pl

( 1
2ε − 1 + . . .

)
, (8.3)

where `pl is the four-dimensional Planck length (such that G = `2pl) and ε is a small number
cutting off z = e−ϑ. From the perspective of AdS/CFT the entropy SBH corresponds to
the entropy across the dS3 horizon of the dual CFT, and the 1/ε divergence corresponds to
a local divergence in the CFT due to entanglement of modes localised on the S1 horizon.

13See [70] for a related discussion.
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Figure 4. A constant t slice of the geometry (8.2). The space is foliated by static patch hemispheres
with exponentially increasing radius in the ϑ direction and the horizon at ρ = π/2 is the surface of
this shape.

It is useful to expand the geometry in small z

ds2

`2A
= dz2

z2 + 1
4

( 1
z2 − 2 + z2

)
dΩ2

3 . (8.4)

From the above expansion it follows that the solution has vanishing boundary Brown-York
stress tensor. Since the energy vanishes, we have that the logarithm of the thermal partition
function is given entirely by the entropy. The thermal partition function is given by the
Euclidean gravity path integral with an S3 boundary, such that

logZ[EAdS4] ?= SBH . (8.5)

In the semiclassical limit, we can calculate logZ[EAdS4] by evaluating the on-shell Einstein
action

SE [gij ] = − 1
16π`2pl

∫
M
d4x
√
g

(
R+ 6

`2A

)
− 1

8π`2pl

∫
∂M

d3x
√
hK , (8.6)

on the solution (8.1). The second term is the Gibbons-Hawking boundary term, with K

the extrinsic curvature at the boundary ∂M and hij is the induced metric at the boundary
measured in units of ε:

ds2
bdy = 1

4dΩ2
3 . (8.7)

In general we can also add boundary terms which are built locally from the boundary metric
hij . These will not affect the bulk equations of motion. Using a similar regularisation
prescription as in (8.3), we find

SE = π`2A
2`2pl

+ a0
ε3

∫
S3
d3x
√
h+ a1

ε

∫
S3
d3x
√
hR[h] . (8.8)

The coefficients a0 and a1 depend on our choice of terms localised at the boundary. In the
dual quantum field theory these are related to ultraviolet divergences (4.7) renormalising
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the boundary cosmological constant and Newton constant. If our theory is supersymmetric,
we expect that a0 = 0. Thus, in the semiclassical limit we have

logZ [EAdS4] = −π`
2
A

2`2pl
− 6π2a1

ε
. (8.9)

We see that the finite term indeed matches (8.3). If we further tune a1 = −`2A/24π`2pl we
can also match the linearly divergent term.

For ABJM theory with SU(N)k × SU(N)−k gauge group, the partition function (8.9)
has been calculated exactly in [71] and matched to the bulk in [72]. The finite part, in
terms of the ABJM data, reads

logZABJM
[
S3
]

= −N2π
√

2
3 λ−1/2 , (8.10)

where λ = N/k is the ‘t Hooft parameter which is kept fixed and large in the large N limit.
The fact that logZABJM[S3] goes as ∼ N2 suggests that the theory is in a deconfined phase,
reminiscent of the discussion in [73]. From our perspective, the calculations of [71, 72]
are a microscopic derivation of the Bekenstein-Hawking entropy of the horizon in (8.2).
The Bekenstein-Hawking entropy (8.3) predicts only linear ultraviolet divergences in the
partition function. In fact, this is also true for the S3 partition function calculated in [71],
since they regularise the theory in a way that preserves supersymmetry. The ultraviolet
divergent piece of their calculation comes from the one-loop determinants of a transverse
vector field and a gaugino on S3. The absence of a cubic divergence is a result of the
spectrum alone and is insensitive to any mass terms.

Recalling (4.7), the only other allowed divergence in a parity invariant three-
dimensional quantum field theory is linear in `−1

uv and is indeed implicitly present in the
localisation treatment of [71]. This is in agreement with (8.3). Interestingly, the calcula-
tions of [71, 72] can be done for any value of the Chern-Simons level k and rank N . They
can be viewed as predicting string and loop corrections of the Bekenstein-Hawking entropy
from the bulk perspective. In the perturbative limit, where λ� 1, it is found that

logZABJM
[
S3
]
≈ −N2 log λ−1 + . . . , (8.11)

which is in agreement with the pure Chern-Simons partition function result (3.6) in the
perturbative limit.14

One can also consider adding Wilson loops [71, 72]. In the Euclidean picture, the
simplest case is a Wilson loop that goes around the equator of the S3. To preserve super-
symmetry, in addition to the gauge field, one also has additional matter fields on the loop.
For instance in ABJM, the partition function endowed with a 1/2-BPS preserving Wilson
loop in the fundamental representation is given as follows

ZABJM
[
S3;WC

]
ZABJM [S3] = eiπ/2

2 eπ
√

2λ , (8.12)

14The relation between topological entanglement entropy and black holes in AdS/CFT was also studied
in [74].
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where the expression is given to leading order in the large N limit at fixed and large ‘t
Hooft coupling λ = N/k. From the bulk perspective, the above is computed by a string
whose worldsheet intersects the S3 boundary at the equatorial S1. The phase is due to a
type IIA B-field. We can Wick rotate to a Lorentzian picture (8.2), where the equatorial
S1 at ρ = 0 is now parameterised by the Lorentzian coordinate t. The worldsheet now
intersects the boundary along t at ρ = 0 and goes all the way to the horizon. In the
thermodouble field picture, we can continue the worldsheet across the horizon such that
the worldsheet intersects the second boundary static patch. As in our discussion of pure
Chern-Simons theory, we might view the partition function with the insertion of the Wilson
loop as computing a part of the entanglement entropy between the two static patches in the
presence of an insertion at the origin of the two spatial disks. From the bulk perspective this
is the contribution to the Bekenstein-Hawking entropy (8.3) due to a worldsheet crossing
the bulk horizon.
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A Chern-Simons determinant on S3

In this appendix we consider the determinant that stems from the quadratic part of Chern-
Simons theory on S3. We first recall that the canonical mass dimension of Aµ(x) is zero,
as is the mass dimension for the gauge parameter α(x). We define the normalisation of our
path integration measures

1 ≡
∫
Dα e−`

−3
uv
∫
d3x
√
gα(x)2/2 , (A.1)

1 ≡
∫
DATµ e−`

−1
uv
∫
d3x
√
ggµνATν (x)ATµ (x)/2 , (A.2)

1 ≡
∫
Dc̄Dc e`

−2
uv
∫
d3x
√
gc̄(x)c(x) , (A.3)

where ∇µATµ (x) = 0, α(x) is a real scalar, while c̄(x) and c(x) are Grassmann valued fields.
To render the exponents dimensionless, we multiply by the appropriate powers of the UV
cutoff length scale `uv = 1/Λuv. In fixing the above normalisation, we fix any ultraviolet
ambiguities stemming from field rescalings. The fields can be expanded in a complete basis
of eigenfunctions of the Laplacian on the round three-sphere. For instance,

α(x) =
∑
l

αlφl(x) , −∇2φl = ξlφl ,

∫
d3x
√
gφl(x)φl′(x) = δll′ , (A.4)
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such that mass dimension of αl is −3/2. Following similar steps for the other fields, we
obtain the following path integration measures

Dα ≡
∏
l

Λ3/2
uv

dαl√
2π

, Dc̄Dc ≡
∏′

l
Λ−2

uv dc̄ldcl , DATµ ≡
∏
l

Λ1/2
uv

dAl√
2π

. (A.5)

With the above definitions of the path integration measures, and the Chern-Simons action
normalised as

SCS = 1
2

∫
d3x εµνρAµ∂νAρ , (A.6)

we can proceed via the Fadeev-Popov gauge fixing procedure. We take the metric on S3

to be
ds2 = `2

(
dθ2 + sin2 θdΩ2

2

)
, (A.7)

with volume volS3 = 2π2`3. Working in the Lorenz gauge ∇µAµ = 0, one finds

|ZU(1)k

[
S3
]
| =

√
2π
k
×
√

2π
(
volS3Λ3

uv
)−1/2

volU (1) ×

√√√√ det′ [−∇2/Λ2
uv]

det [LL†/Λ2
uv]1/2

, (A.8)

where volU(1) = 2π. The term
√

2π(volS3Λ3
uv)−1/2/volU(1) follows from the zero mode

contribution dα0. It originates from the residual part of the gauge group volume that is
not cancelled by the Lorenz gauge.

After the dust settles, we are left to evaluate the following ratio of functional deter-
minants

r2 = det′
(
−∇2/Λ2

uv
)√

detLL†/Λ2
uv

, (A.9)

where the Laplacian −∇2 acts on scalar functions on S3 and LL† acts on transverse vector
fields on S3. The prime indicates we are dropping the zero mode of −∇2. The respective
spectra are well known [75]. For the scalar Laplacian we have

λn = 1
`2
× n(n+ 2) , dn = (n+ 1)2 , n = 0, 1, . . . (A.10)

For the LL† operator, the eigenvalues and degeneracies are given by

λn = 1
`2
× (n+ 1)2 , dn = 2n(n+ 2) , n = 1, 2, . . . (A.11)

Using a heat kernel regularisation,15 we have that

− log det′
(
− ∇

2

Λ2
uv

)
=
∞∑
n=1

(n+ 1)2
∫ ∞

0

dτ

τ
e−

ε2
4τ e−τn(n+2) , (A.12)

where the dimensionless cutoff parameter is taken to be ε ≡ 2e−γ/`Λuv with γ being the
Euler constant. It is convenient to rewrite the above in the following form

− log det′
(
− ∇

2

Λ2
uv

)
=
∫
C

du√
u2 + ε2

e−i
√
u2+ε2

(
1 + eiu

1− eiu
eiu

(1− eiu)2 − e
iu

)
. (A.13)

15For a ζ-function regularisation scheme, see [76].
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The contour C = R + iδ is parallel to the real axis but has a small positive imaginary part
0 < δ < ε. We can deform the contour to go down the branch cut from the left and up
from the right. We find

− log det′
(
− ∇

2

Λ2
uv

)
=
∫ ∞
ε

dt√
t2 − ε2

(
1 + e−t

1− e−t
e−t

(1− e−t)2 − e
−t
)(

e
√
t2−ε2 + e−

√
t2−ε2

)
.

(A.14)
Similar considerations lead to

− 1
2 log detLL† = 2

∫ ∞
ε

dt√
t2 − ε2

3e−2t − e−3t

(1− e−t)3 . (A.15)

The ultraviolet behaviour is encoded in the small-t regime of the integrands. Setting
ε = 0 in the integrand and performing a small-t expansion we find that there is no ∼
1/ε3 divergence, and moreover that the leading divergence goes as ∼ 1/ε. There is also
a logarithmic ∼ log ε divergence. Since we are in odd dimensions there should be no
logarithmic divergences contributing to logZ[S3]. Recalling the expression (A.8) we see
that this is indeed the case once we take into account the overall factor `−3/2

uv . Evaluating
the t-integral in the heat kernel regularisation in the small-ε limit leads to

log r2 = −3π
2ε − 3 log e

γε

2 + log 2π2 = −3π
2ε + 3 log `Λuv + log 2π2 . (A.16)

Combining the above with (A.8) and recalling that volS3 = 2π2`3, we find

|ZU(1)k(S3)| =
√

1
k
e−

3π
4ε . (A.17)

A similar picture holds for Chern-Simons theories with more general gauge group in the
perturbative, large k, regime. The coefficient of the 1/ε term in (A.17) can be tuned by
adding a local background dependent term

Sb = Λb
∫
d3x
√
gR = 12π2`Λb , (A.18)

where we recall that R = 6/`2. For the particular choice Λb = −eγΛuv/32π we can set the
divergent term to zero.

As a final remark, we note that the choice of normalisations (A.1) serve another physical
purpose, namely to set the partition function of the theory on S1×S2 equal to unity (up to
1/ε divergences which can be absorbed into local counterterms). This agrees well with the
fact that Chern Simons theory quantised on a spatial S2 has a unique state with vanishing
energy. To compute the partition function in this case, one must take into account the non-
trivial moduli space of flat connections due to the presence of a non-contractible cycle [77].
The volume of this moduli space is crucial to cancel the k dependence of the partition
function.

B Euclidean path-integral of Abelian edge-mode theory

In this appendix we provide a derivation of the thermal partition function (4.25) from the
Euclidean path-integral. We must Wick rotate the edge-mode theory (4.15) to Euclidean
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signature by taking t = −iτ and imposing the thermal periodicity condition τ ∼ τ + β.
Notice that although the original Chern-Simons theory, being topological, is insensitive
to the signature of spacetime, the edge-mode theory can sense it. The reason for this is
that from the gauge theory perspective we should also continue At = iAτ when continuing
t = −iτ . This would violate the reality conditions of the gauge-fixing condition (3.14)
unless we also continue υ = −iυE . If we also analytically continue υ, the edge-mode theory
would remain unchanged, and hence unaware of the underlying signature. For the purposes
of computing the thermal partition function, we keep υ unchanged upon continuation to
Euclidean signature.

It is convenient to expand the non-winding sector in a Fourier basis

ζ(τ, ϕ) = 1√
2π

∑
(m,n)∈Z2

e2πmiτ/β+inϕζm,n , (B.1)

with ζ̄m,n = ζ−m,−n. Performing the Gaussian path-integral over the non-winding sector,
we are led to evaluate

Znon-winding[β] = N
∞∏

m,n=1

1
1 + (βυn/2πm)2 . (B.2)

We will be rather cavalier about the overall normalisation N as we can determine it by im-
posing that there is a unique vacuum state and hence limβ→∞ (1− β∂β) logZnon-winding[β] =
0. Using the infinite product representation of sinh z, we can express the above as

Znon-winding[β] = e−βυε0 × eβυ/24
∞∏
n=1

1
1− e−βυn = e−βυε0

η(q) , (B.3)

where we have absorbed any divergences of the overall energy scale into ε0 and q = e−υβ . If
we further incorporate the winding mode sector wrapping the ϕ cycle, we get an additional
contribution given by

Zwinding [β] =
∑
n∈Z

e−kυβn
2/2 = ϑ3

(
0, qk/2

)
. (B.4)

Combining the two, we find agreement with (4.25).

C Lorentzian edge-mode Hamiltonian

In this appendix we show how the Lorentzian edge-mode Hamiltonian reduces to that of a
conformal quantum mechanics. We start with the Hamiltonian in the form (5.20). Since
the modes carrying fixed momentum n on the circle decouple, it is sufficient to study the
Hamiltonian of a single mode number n:

Q̂(n)
t =

√
k2 + λ2

8π n2
(
υre

(
Â+
n Â
−
n − B̂+

n B̂
−
n

)
+ iυim

(
Â+
n B̂

+
n − Â−n B̂−n

))
. (C.1)

where Q̂t =
∑
n Q̂

(n)
t . We represent the raising and lowering operators as

Â±n =
( 4π
n
√
k2 + λ2

)1/2 (
xn ±

d

dxn

)
, B̂±n =

( 4π
n
√
k2 + λ2

)1/2 (
yn ±

d

dyn

)
. (C.2)
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In these new coordinates, the Hamiltonian is

Q̂(n)
t = n

2

[
υre

(
−
(

d

dxn

)2
+
(
d

dyn

)2
+ x2

n − y2
n

)
+ 2iυim

(
xn

d

dyn
+ yn

d

dxn

)]
. (C.3)

We then make the following change of coordinates:

xn = wn cosh tn, yn = wn sinh tn , (tn, wn) ∈ R2 , (C.4)

covering the region |x| > |y|, shown in figure 5. In terms of (wn, tn), our Hamiltonian is

Q̂(n)
t = n

2

[
υre

(
− d2

dw2
n

− 1
wn

d

dwn
+ 1
w2
n

d2

dt2n
+ w2

n

)
+ 2iυim

d

dtn

]
. (C.5)

For |x| < |y| the Hamiltonian is given by

Q̂(n)
t = −n2

[
υre

(
− d2

dw2
n

− 1
wn

d

dwn
+ 1
w2
n

d2

dt2n
+ w2

n

)
+ 2iυim

d

dtn

]
. (C.6)

We can then find the Schrödinger equation for each mode. By expanding the wavefunction
in a Fourier basis as

Ψ(wn, tn) =
∫
R

dpn
2π ψn(wn)eipntn , pn ∈ R , (C.7)

and taking |x| > |y|, we find(
− d2

dw2
n

− 1
wn

d

dwn
− p2

n

w2
n

+ w2
n

)
ψn = 1

υre

(2En
n

+ 2υimpn
)
ψn. (C.8)

To get this in the Shrödinger form, we then make the substitution ψn → 1√
wn
ψn, and this

becomes
1
2

(
− d2

dw2
n

+ w2
n −

1/4 + p2
n

w2
n

)
ψn = 1

υre

(
En
n

+ υimpn

)
ψn, (C.9)

which is the conformal quantum mechanics problem studied in [63, 64]. We need to patch
this solution to the one for |y| > |x| which can be found by exchanging xn ↔ yn in (C.4)
and following the same steps. The result is a change of sign in the left-hand side of (C.9).

D SL(2, C) WZW central charge

To calculate the current algebra and central charge of the chiral SL(2,C) WZWmodel (7.8),
we first study the non-chiral WZW model and then take the anti-holomorphic sector to
describe the current algebra of the chiral theory. This is because the chiral theory is
invariant under

g(z, z̄)→ g(z, z̄)Ω̄−1(z̄), (D.1)

where (z, z̄) are coordinates on the complex plane. The SL(2,C) WZW model is given by

S = k + iλ

8π

∫
d2xTr

(
∂µg−1∂µg

)
− i(k + iλ)

12π

∫
d3y εµνρTr

(
g−1∂µgg

−1∂νgg
−1∂ρg

)
+ c.c. ,
(D.2)
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Figure 5. Plot showing the shaded regions |x| > |y|, where the Hamiltonian (C.5) is valid. The
blue arrows indicate increasing t = tanh−1(y/x). By gluing this solution along |x| = |y| with the
one in the |y| > |x| region, we arrive at the solution (5.25).

where g ∈ SL(2,C). By computing the equations of motion for this action, we find the
following conserved currents

Jz = −1
2(k + iλ)∂zgg−1 , Jz̄ = 1

2(k + iλ)g−1∂z̄g ,

J̃z̄ = −1
2(k − iλ)∂z̄ ḡḡ−1 , J̃z = 1

2(k − iλ)ḡ−1∂z ḡ ,
(D.3)

Here the subscripts label which currents are holomorphic/ anti-holomorphic. We can cal-
culate the current algebra (using the procedure described for instance in [41]) and find[

Jaz,n, J
b
z,m

]
= 1

2(k + iλ)nδabδn+m,0 +
∑
c

ifabcJ
c
z,n+m ,[

Jaz̄,n, J
b
z̄,m

]
= 1

2(k + iλ)nδabδn+m,0 −
∑
c

ifabcJ
c
z̄,n+m ,[

J̃az̄,n, J̃
b
z̄,m

]
= 1

2(k − iλ)nδabδn+m,0 −
∑
c

ifabcJ̃
c
z̄,n+m ,[

J̃az,n, J̃
b
z,m

]
= 1

2(k − iλ)nδabδn+m,0 +
∑
c

ifabcJ̃
c
z,n+m .

(D.4)

The anti-holomorphic sector is then given by the second and third of these. Following the
Sugawara construction, we find the anti-holomorphic energy-momentum tensor

T̄ (z̄) = 1
k + iλ+ 2

∑
a

(Jaz̄ Jaz̄ )(z̄) + 1
k − iλ+ 2

∑
a

(J̃az̄ J̃az̄ )(z̄) , (D.5)

where we have used fabcfcbd = εabcεcbd = 2δad. From the OPE

T̄ (z) T̄ (w) =
( 3 (k + iλ)

2 (k + iλ+ 2) + 3 (k − iλ)
2 (k − iλ+ 2)

) 1
(z̄ − w̄)4 + 2T̄ (w̄)

(z̄ − w̄)2 + ∂T̄ (w̄)
z̄ − w̄

, (D.6)
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we can find the central charge

cSL(2,C) = 3(k + iλ)
(k + iλ+ 2) + 3(k − iλ)

(k − iλ+ 2) = 6
(
k(k + 2) + λ2)
(k + 2)2 + λ2 . (D.7)
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any medium, provided the original author(s) and source are credited.
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