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1 Introduction

Entanglement entropy and quantum field theory. Two-dimensional conformal field
theories are characterised by an infinite-dimensional algebra, known as a Virasoro algebra,
that leads to their exact solution [1-3]. There exists a set of field theories that present,
in addition to conformal invariance, an internal Lie group symmetry: the Wess-Zumino-
Witten models, that possess interesting applications in a wide range of topics, such as the
study of fundamental interactions, statistical mechanics, and condensed matter theory [4—
7]. In the present work, such theories will be the arena to study the decomposition of the
entanglement into the charge sectors of the symmetry.



As widely known, when a system is in a pure state, the bipartite entanglement between
a subsystem A and its complementary B may be quantified by the Rényi entanglement
entropies [8-12]

1
Sp = — log Trap}, (1.1)

where p4 is the reduced density matrix (RDM) of a subsystem A. The von Neumann
entropy is obtained as the limit n — 1 of eq. (1.1), and the entire spectrum of p4 can
also be reconstructed from the Rényi entropies [13]. In field theory, the Rényi entropies .S,
are usually achieved through the replica approach because, for integer n, Trp’j = g—lﬁ (14,
15] with Z,, the partition function on an n-sheeted Riemann surface obtained by joining
cyclically the n sheets along the region A.

This approach, when applied to the vacuum of a (141) dimensional conformal field
theory (CFT), leads to the famous scaling results [14-19]
Sl(L)zglog%, Sn(L):%nj;llogé, (1.2)
when the subsystem A is an interval of length L embedded in the infinte line and € < L is

an ultraviolet cutoff.

The possibility of measuring in an experiment the internal symmetry structure of the
entanglement [20-23] went together with new theoretical frameworks developed to address
the same problem [24, 25]. These progresses paved the way to study different symmetry-
resolved contributions in various theoretical contexts such as CFTs [24-31], free [32, 34]
and interacting integrable quantum field theories [33, 35], holographic settings [36, 37],
spin chains [21, 22, 38-54], disordered systems [55-58] and for non-trivial topological
phases [59-61].

Symmetry-resolved entanglement entropy. The problem we address in this paper
can be formulated as follows. We consider a 141D field theory on the infinite line R,
with the Hilbert space H, and a symmetry group G that acts unitarily on H. The spatial
bipartition R = AU B with A = [0,L] and B = (—00,0) U (L, +00) corresponds to a
bipartition of the Hilbert space of the field theory, H = H 4 ® Hp, and we assume that the
action of G is such that, for any element g € G, the unitary matrix U, acting on H can be
decomposed as U, = UgA ® Uf, where U;‘ (Uf) is a unitary operator acting on H4 (Hp).

We focus on the symmetry-resolved entanglement entropy of the ground state of the
quantum field theory. We assume that the ground state |¢y) is non-degenerate, so that
it is invariant under the action of G: Uy |¢g) = [¢9). Consequently, the reduced density
matrix py4 is also invariant (under the action of G restricted to H ):

UL paUM = U (Tr [wo) (ol) Uy = Teg (Ug! o) (o] U')
= Trp (UL Uy o) (ol USUPY) = T (UL 10o) (o U
= Trp [1o) (Yo| = pa, (1.3)

where we have used the cyclicity of the trace and the unitarity of U gB,l to arrive at the
last line. Thus, when decomposing the Hilbert space H 4 into a direct sum of irreducible



representations of GG, the reduced density matrix p4 is block-diagonal in the corresponding
basis:

P1pA1
pa = EPrrpay = P2pA2 : (1.4)
r .

Here r labels the irreducible representations of GG. Let us stress that if there are multiple
occurrences of one representation r, they must be altogheter. For example, consider G =
SU(2), and a subsystem made of three spins 1/2, whose decomposition into irreps is

(1/2) ® (1/2) ® (1/2) = 2(1/2) @ (3/2), (1.5)

where the spin (1/2) irrep appears with multiplicity 2. In this example the density matrix
would have two blocks, one with the two irreps of dimension 2 transforming as the spin
1/2-representation, the other with one irrep of dimension 4 transforming as the spin 3/2-
representation under the action of SU(2).

In eq. (1.4), the block pa, is normalised such that Trpa, = 1, and p, = Tr(Il,p4) is
a non-negative number such that >, p, = Trpq = 1 (II, is the projector on the irrep r).
The symmetry-resolved entanglement entropy measures the entanglement in the subsystem
A for a fixed symmetry sector, i.e.

S, =

n

— log Trap -y ST = iﬂ Sh- (1.6)

The total von Neumann entanglement entropy can be written as [20, 62]
S1 :ZPT‘S{ _Zpr logp, = S+ 5", (1.7)
T s

where the first term, S, is known as configurational entanglement entropy and measures
the weighted sum of the entropy of all sectors, while the second one, S™, measures the
fluctuation of the charge within A and is called the number entropy. The origin of the
latter name is inspired by the case when the conserved charge is a particle number. Clearly
such a name is inappropriate for a more general charge like the ones considered here, but
we prefer not to change a well established terminology. It is worth mentioning that the
relation in eq. (1.7) has also been exploited to study the entanglement structure for both
abelian and non-abelian (lattice) gauge theories, e.g. in [63—68]. In the gauge theories, the
symmetry resolved entropy S7 is further split into two contributions.

Entanglement equipartition. One important finding in the aforementioned literature
is that conformal invariance forces the entanglement entropy to be equally distributed
among the different sectors of a U(1) symmetric theory [25]. As an example, we can
consider a massless compact boson (aka Luttinger liquid), which is a CFT with central
charge ¢ = 1 and a U(1) symmetry generated by the current operator J(z) = iv/Kd¢(z),
where ¢(z) is a chiral boson and K a constant related to the compactification radius of



the theory. The entanglement entropy in the sector labelled by the charge eigenvalue ¢ has
been found to be [24, 25, 38]

SI(L) = S, (L) — %log (27{{ log L) + ;W +o(LY). (1.8)

It may look awkward that the symmetry-resolved contributions have a double log correc-
tion, while the total entanglement entropy does not. However, when calculating the latter
according to eq. (1.7) this double log cancels [38, 41]. The independence of eq. (1.8) on
the charge ¢ has been dubbed entanglement equipartition [25], which is the main feature
of a CFT endowed with an abelian symmetry. It is an open issue to understand whether
such equipartition of entanglement survives for a CFT with a non-abelian symmetry. To
date, there are no results concerning such theories, with the exception of the SU(2) spin-
chain/CFT studied in [24]. However, the authors used different conventions with respect
to ours, since they do not normalise each block of p4 by each trace before calculating the
entropies, so the resulting resolved entropies are not entanglement measures by themselves.
Another important aspect of eq. (1.8) is that the dependence on the ultraviolet cutoff € at
order O(LY) is fully encoded in the total entropy and so, eq. (1.8) is universal. Equivalently,
we can say that S,(L) — S4(L) is universal up to order LY. Tt is also natural to wonder
whether such universality persists for non-abelian symmetries.

141D CFTs with non-abelian symmetry: Wess-Zumino-Witten models. Our
goal is to fill this gap and to study how the total entanglement splits into the contributions
coming from symmetry sectors in CFTs with a non-abelian Lie group symmetry, i.e. the
Wess-Zumino-Witten (WZW) models. They are described by a two-dimensional action
which consists of a non-linear ¢ term plus the Wess-Zumino term, whose topological cou-
pling factor k is constrained to be an integer number and it is referred to as the level of
the model [4, 5]. Here we follow the conventions of ref. [2]. For simplicity, we assume that
the Lie group G is compact and simple.

These WZW models are the scaling limit of critical quantum spin chains with the
same symmetry [6, 7, 69]. For instance, some possible discretisations of SU(2); are the
Heisenberg spin-1/2 chain or the Haldane-Shastry model for k = 1 [70-74]. They have been
also studied in the context of topological anyons on 1D chains [75]. Spin chains associated
with spin j = k/2, k > 1 correspond to SU(2); WZW models, which can mark phase
transitions between different gapped phases, as in the Babudjan-Takhtajan chains [76-78].

Main result. In this paper we compute the symmetry-resolved entanglement entropy in
the ground state of a non-abelian WZW model. In the course of the derivation we make
some assumptions on the multiplicity of the entanglement spectrum, or equivalently on the
conformal boundary conditions induced at the entangling points (see sections 4, 5 and [81]).



With these assumptions, we find that, for large L,

53(0) = $u(2) — T 10g(10g 1)
+2logdim(r) — log T/Z()ig? + dim2(G) (— log k + ioi% + 10g(27r3))
+o(LY), (1.9)

where dim(G) is the dimension of the Lie group G, Vol(G) is its volume, and dim(r) is the
dimension of the representation. Here Z(G) is the center of GG, which is a finite subgroup
whose order is denoted by |Z(G)|. This result extends the abelian one, see eq. (1.8),
since there dimr = 1 for all sectors. However, in contrast with the latter case, now
the entanglement explicitly depends on the charge sectors at O(L°). It is also consistent
with the one of ref. [24] for the SU(2) case. The only difference is that here we are
interested in a symmetry decomposition of SU(2) with respect to the total spin, while
ref. [24] reports the resolution with respect to both the total spin and its z-component,
see section 2. Our approach also provides an explicit expression for p, (see eq. (5.12)).
We mention that different assumptions on the entanglement spectrum would change, in a
calculable way, the O(L") terms in eq. (1.9), but leave unchanged the double logarithm
whose prefactor depends only on the dimension of the group. Finally we mention that the
dim(r) dependence in eq. (1.9) is reminiscent of the representation entropy introduced in
the context of gauge theories [63-67].

Outline. The paper is structured as follows. In section 2, we provide all the definitions
concerning the measures of symmetry-resolved entanglement and we review the example
of a non-abelian resolution for a SU(2) spin chain. In section 3, we present the WZW-
models, its symmetry algebra and we introduce the notion of character of a representation.
Using the modular properties of unspecialised characters, we calculate the moments of
the RDM in presence of a charge flux, that we call charged moments and we give an
alternative derivation of the symmetry decomposition of entanglement for WZW-models
with SU(2); symmetry in section 4. This strategy has the advantage of being generalisable
for the computation of the symmetry-resolved entanglement entropies for an arbitrary
non-abelian symmetry, as showed in section 5. We conclude in section 6. Two appendices
are also included: in appendix A, we review how the RDM can be expressed in terms
of Virasoro generators while in appendix B we give an example of a field theory with a
non-abelian symmetry but which is not a WZW-model.

2 Overview of known results for U(1) and SU(2)

In this section we review the known results about the symmetry resolution of an abelian
symmetry and a SU(2) one, following ref. [24]. Reviewing the U(1) case allows us to
introduce some of the key steps that we will adapt to non-abelian Lie groups G in sections 4
and 5. In contrast, the method of ref. [24] for the SU(2) case is not generalisable to other
groups G; nevertheless we review it here for completeness and as a comparison for our main
derivation. The more general method is presented in details in sections 4 and 5.



2.1 U(1) symmetry-resolved entanglement (after ref. [24])

We consider a system with internal U(1) symmetry, generated by a charge operator @ with
eigenvalues in Z: the group elements e’ € U(1) act on the Hilbert space H as ¢®?. For
a bipartition into two subsystems, A and B, the charge () is the sum of the charges in A
and B, @ = Q4 + Qp. The reduced density matrix p4 admits a decomposition according
to the eigenvalue ¢ € Z of the charge operator @ 4,

PA = @pql)A,qv (2.1)
q

where p, is the probability of finding ¢ in a measurement of @4 in the RDM py, i.e.
pq = Tr(Ilgpa) and II, is the projector onto the subspace of eigenvalue ¢g. The density
matrices pa, of different blocks are normalised: Trps, = 1. The symmetry-resolved
entropies (1.6) can be obtained from the entanglement spectrum of p4 and its resolution
in the charge sectors, see appendix A. Another way to compute them is to introduce the
charged moments of the reduced density matrix as in ref. [24],

Zn(a, L) = Z7 Try [,oﬁ eiaQA} , (2.2)

where we keep the factor Z7' to ensure that for « = 0,n =1, Trupa = 1. Using the Fourier
representation of the projection operator, we get the moments of the RDM restricted to
the sector of fixed charge ¢ [24],
— n T da —iqo n i@
ZU(L) = Te(ly pl) = [ Soe Ty [plh 4], (2.3)
_g 21

The probability introduced in eq. (1.4) is py(L) = Z{(L). Finally, the symmetry-resolved
entropies are obtained as

1 Z4(L)
S4(L) = 1 - . 2.4
MO = ok 24
This formalism is easily applied to the a free massless compact boson, which is the easiest
CFT with U(1) symmetry. The charged moments for a single interval of length L on the
infinite line behave as [24]

Znlon L) _ - p-sn-b)-gy (2.5)

Z{L = Cn,a
where ¢, o is a non-universal constant which depends on the cutoff (i.e. the microscopic
details of the model). Eq. (2.5) is valid for a € (—m, ), but what we really need is just
its behaviour around a = 0. Indeed, we can evaluate the Fourier transform (2.3) by the
saddle point approximation at large L to get

do

Z4(L) = L5 w) %e_iqae_%(%)Hochma
1/2 2,2
~ oLt (1) -
~ cpol 6" (2K)12(log L)I/ze TR Iog(L/e) (2.6)



Plugging this into eq. (2.4) leads to the symmetry-resolved Rényi entropy (1.8). The effect
of the o dependence of ¢, o is to renormalise the variance of the distribution in eq. (2.6)
by a O(L") term and so leading to a correction O(1/(log L)) terms in the entropy (1.8), as
shown for a free fermionic system in [38, 52].

2.2 SU(2) symmetry-resolved entanglement (after ref. [24])

To tackle the SU(2) case, the authors of ref. [24] rely on the following trick, which allows
them to recycle the result for the U(1) case. Decomposing the Hilbert space H 4 into SU(2)
sectors with spin j and magnetisation j#, they notice that, for an SU(2)-invariant reduced
density matrix pa,

Try,=iph = (25 + 1)(Tryz =0 — Tryz—j410%)- (2.7)

Here the trace in the left-hand side is over all states in H 4 with spin J4 = j, while the
two traces in the right-hand side are over all states with fixed magnetisation J%, without
restriction on the total spin J4. Eq. (2.7) is slightly different from the identity used in [24]:

TrJA:sz:jz = Tri:ij — Trjz:j+1pﬁ, (2.8)

i.e. the trace in the left-hand side is over all states with fixed spin J4 = j and Jj = j%,
whose multiplet structure gives the contribution (25 + 1) in our eq. (2.7). A sketch of a
derivation of that identity is given below. First, let us explain how the SU(2) symmetry-
resolved entanglement can be obtained from there. The point is that the operator J3
generates a U(1) symmetry (an abelian subgroup of SU(2)) so it can be identified with the
charge operator () of the previous section (up to an unimportant constant). The two terms
in the right-hand side of eq. (2.7) can be computed using the same methods as for the
U(1) case. Indeed, the charged moments related to the U(1) subgroup are just given by
eq. (2.5), with K = k/2, see refs. [24, 25] and section 4.2. The saddle point approximation
of the Fourier transform gives

JZ=j 1 ™ do ;-
BTN = o [ ez, D) (2.9)
1 —T7
22 1/2
~ —&(n—21) ~Fleg(L7o 7(7”0
~ Cn,DL 6 (& s k‘l/z(log L)1/2 +...].

where the dots stands for neglected subleading contributions, due e.g. to ¢, . From
eq. (2.7) we get

. _ o omg?x® g w9/203/2
ZJAZI(L) ~ ep e Fosl/a L6 n%ﬂfma

(2.10)
where we keep the Gaussian factor in order to have a normalised probability Zi] A=I(L).
Eq. (2.10) leads to the desired symmetry-resolved Rényi entropy for the spin-j representa-
tion:

SI(L) = Sp(L) — glog(log L) (2.11)

3 1
+21log(2j + 1) — log(2%/%7%) + 3 (—logk + fg_(:? + log(27r3)) + o(LY).



This result is the first and unique example of a non-abelian symmetry resolution in the
literature, but it cannot be easily generalised to an arbitrary non-abelian symmetries be-
cause it strongly relies on the identity (2.7). However, an alternative derivation of the same
result in section 4 will allow us to perform such generalisation.

Derivation of the identity (2.7). Now let us come back to the identity (2.7), on which
the calculation of ref. [24] relies. Because the matrix p’ is invariant under the action of
SU(2), it can be decomposed as a sum of projectors over all irreducible representations
appearing in the decomposition of # 4 (here each irrep of spin j can appear several times,
which is accounted for by the index a):

ph = Z Y ) (2.12)
Vi a

with some coefficients c(; ,). We have TrIl(; ;) = 2j + 1 and, with the same notations as in
eq. (2.7), Tryz =;ll(j4) = 1. More generally,

1if j<j
Trye Tl ) = = (2.13)
AT {O otherwise,

because the irrep of spin j’ contains exactly one state with j* = j if 5 < 5/, and zero
otherwise. Consequently,

Tr=(ra) = Trrz=jTlra = 850, (2.14)

which gives eq. (2.7). Since eq. (2.14) works for fixed j7, if we do not consider any restriction
on the values of j*, we get the result in eq. (2.7), otherwise we obtain eq. (2.8).

3 WZW models: currents and characters

In this section we introduce our conventions for WZW models and review some fundamental
objects which will be useful later on. The interested readers can consult the comprehensive
literature on the subject, for example in [2-4, 79].

3.1 WZW model on G and current algebra

We consider a compact simple Lie group G and the associated Lie algebra g = Lie(G). Let
J% (a=1,...,dim g) be generators of g, with commutation relations

[J9, 0% = Y ife.ge, (3.1)
C
with structure constants f°..
In the WZW model on the Lie group G, the symmetry is locally generated by the
holomorphic and anti-holomorphic current J%(z) and J*(Z), where (z, 2) are complex coor-
dinates for 2D Euclidean space. As usual in CFT, the holomorphic and anti-holomorphic



components are independent and isomorphic. Focusing on the holomorphic components,
the modes in their Laurent expansion

T2 = X (3.2)

obey the commutation relations of the Kac-Moody algebra at level k (the level k is a
positive integer),

[J2, 8] szab o FEM K (T ) im0 (3.3)
Here,
1
K(X,)Y)= @Tr(aandY) (3.4)

is the Killing form of g, which is positive definite because G is compact We follow the
normalisation convention of ref. [2], with the inclusion of the factor 5 ¢ Where g is the dual
Coxeter number of g.

The currents can be multiplied to construct the energy-momentum tensor, whose mode
expansion generates the Virasoro algebra. Mathematically, this means that the enveloping
algebra of the Kac-Moody algebra contains a subalgebra that is the Virasoro algebra,
a result which is known as the Sugawara construction [2]. We can express the energy-
momentum tensor in terms of the currents in the following way:

T(z) = 2(kl+g) OERACECR (3.5)

where :: denotes the normal ordering, which consists in the subtraction of the singular
terms. The computation of the operator product expansion T'(z)T(w) determines the
central charge ¢ of the theory, which is

_k dim(G)

) 3.6
k+g (36)

where dim(G) = dim g is the dimension of the Lie group G, or equivalently the dimension
of g. As already mentioned, the stress-energy tensor can be expanded into mode operators,
L, the Virasoro generators, that read

Ln n+1T a 7a . .
3wt 4T C) = s S i (3.7)

where the integration contour circles the origin and the normal ordering means that positive
modes should appear to the right of negative ones.

3.2 The unspecialised characters and their asymptotic behaviour

Primary fields of WZW models are in one-to-one correspondence with highest weight rep-
resentations of the Kac-Moody algebra (3.3), see e.g. ref. [2]. Each primary field transforms
as a representation r under conjugation by elements of G, so we can label them by irreps



of G. The unspecialised character of the corresponding highest weight representation of
the Kac-Moody algebra M, is defined as

Xr(x,7) = TrMTeiZa Zalg 2mir(Lo=37), (3.8)

Here x = (21,...,%dim ) is the coordinate of elements in the Lie algebra, so e 20 Tal” g
viewed as an element of G via the exponential map. When x = 0, eq. (3.8) is referred to as
the specialised character, x,(7) := x»(0,7). We note that, in the literature (see e.g. [79]),
unspecialised characters are sometimes defined alternatively as

TrMTei Zb angeQW’L'T(LO*i)? (39)

where H® (b = 1,...,rank g) are Cartan generators (i.e. the generators of a maximal
commuting subalgebra of g), so that 3", o, H® is an element of the Cartan subalgebra b C g,
instead of an arbitrary element of g. We stress that this makes no difference, because any
element of g is conjugated to an element of . In other words, for any element >, z,J* € g,
there exists g € G such that >, 2,J% = g7 1>, apH?g for some b apH® € h. Using the
fact [g, Lo] = 0 and the cyclicity of the trace, one sees that the two definitions are equivalent.

In what follows, we will need the asymptotics of x,(x,7) when 7 — i0". This is
obtained by using the modular properties of the characters. Under the modular transfor-
mation 7 — —1/7, the unspecialised character (3.8) transforms as [2, 79]

_ i K(xJx-J) ) ,<X _1> 1
Xr(x,7) = €' 2 St (77 ) (3.10)

T
T

where S is the modular S-matrix, which is unitary and symmetric. In the argument of the
exponential, we use the notation x-J = ", z,J%, and K(.,.) is the positive definite Killing
form, normalised as in eq. (3.4). As explained in the following sections, we are mainly
interested in the behaviour of characters around the elements of the center of G, e.g. the
unit element. Therefore, in the limit 7 — 0™, we can keep only the leading contribution
of each character x,- (—%), ie.

o) s @IS e ), (3.11)
where h, is the conformal dimension of the primary field associated with the highest weight
representation r’. The leading behaviour of eq. (3.11) is given by the smallest dimension
field. Since we are dealing with unitary theories, this is given by the identity with hy = 0,
while the conformal dimensions of all other fields are strictly positive. As a consequence,
we have [2]

Xr(%,7) = Srg elar e ianr Kxdx ), (3.12)

This asymptotic behaviour plays a key role in our derivation of the symmetry-resolved
entanglement entropy below.

~10 -



3.3 Haar measure on G from the Killing form, and orthonormality of group
characters

Metric and Haar measure. Importantly, because G is compact and simple, the Killing
form K(.,.) is positive definite on g. The Killing form then gives rise to a Riemannian metric
on G. In a local coordinate chart x € R¥™(&) 5 g(x) € G, this metric can be defined as
follows:

Kop(x) = K(i g7 (x)0ag(x),i g~ (x)Dpg(x)). (3.13)
[The factors i come from the fact that we use the physics convention that the Lie algebra
elements X € g are multiplied by ¢ before being exponentiated to give a group element
eX € G. Then g~!(x)dy9(x) needs to be multiplied by i to be in the Lie algebra.] This

metric induces a volume form on G,
du(g(x)) = y/detK (x) dx, (3.14)

which turns out to be the Haar measure on G. We recall that the Haar measure is unique up
to normalisation, and here the normalisation of the measure du is fixed by the normalisation
of the Killing form. In particular, the volume of the group

Vol(G) = /G du(g) (3.15)

is fixed by this normalisation convention [80].
To see that the measure (3.14) is the Haar measure on G, one can check that it is
invariant under left multiplication by a fixed group element h € G,

du(hg) = du(g), (3.16)

which is a consequence of the invariance of the Killing form under conjugation by elements
of G,
K(h™'Xh,h7'Yh) = K(X,Y), forall heg. (3.17)

Moreover, for compact Lie groups, a left invariant measure must also be right invariant,
i.e. du(gh) = du(g), so it is the Haar measure on G.

Group characters. Finally, let us recall the definition of group characters. Given g € G,
a representation U, is not unambiguous since any similarity transformation yields an equiv-
alent form. In order to describe the invariant properties of the group, one could use the
eigenvalues of a representation matrix which do not change under similarity transforma-
tions. This leads to the construction of the Casimir operators, the eigenvalues of which
classify the representation. Since this is in general a very difficult problem, in many cases
it is sufficient to use a simpler invariant, namely the group character of a representation r,
which is defined in terms of the unitary matrix U, as

xr(g) = TrU,, (3.18)

and it is invariant under similarity transformations. Importantly, group characters of
irredubile representations are orthonormal with respect to the Haar measure,

1 e
Vol (@) /G dp(g)xr(9) X (g) = drpr- (3.19)
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4 Revisiting the SU(2); case

In this section we provide a detailed derivation of the charged moments for SU(2); and the
corresponding entanglement decomposition. This alternative approach with respect to the
one reviewed in section 2.2 leads to a generalisation to an arbitrary non-abelian symmetry
reported in the next section.

4.1 The entanglement Hamiltonian

We focus on a critical system described by the WZW-model SU(2);, at level k, and central
charge ¢ = %“2, where we used eq. (3.6) with g = 2. In CFT, the powers of the reduced
density matrix, p}, are expressed as [17, 81]

e—27rnKA

—— 7y =Trae ™54 (4.1)
Zt

Ph =
where K4 = [, dzToo(z)/f'(x) is the entanglement Hamiltonian and Ty is a component
of the stress tensor. The function f(x) is the conformal map from the euclidean spacetime,
with a cut along the interval A and two boundaries, into an annulus of width 2log L /e and
height 27 [81]. As shown in appendix A, for the ground state of a CFT on the real line,
K 4 is proportional to the Virasoro generator Ly up to an additive constant,

Ky = m (LO _ 204) : (4.2)

therefore .
Zp = Trpe 2K = Ty yqlo— 2 —p2mir o M 4.3
n A€ Aq ) q € s T 210g(L/6> ( )
with € the UV cutoff. This is nothing but a consequence of the celebrated Bisognano-

Wichmann theorem [82, 83] joined with conformal invariance [81, 84].

4.2 Charged moments and SU(2); characters

We are interested in how Z,, can be resolved in the different j sectors of our theory, ZJ (7).
The Hilbert space H 4 is a linear combination of the modules, M, corresponding to a given
representation labelled by j, Ha4 = @®;n;M; with coeflicients n;. In order to achieve our
goal, let us focus on the charged moments for the conserved quantity J§. In this section
Zn(a, ) stands for the charged moments (2.2) related to this U(1) charge. They can be
written as a linear combination of the unspecialised characters introduced in eq. (3.8) [25],
ie.

£

Zn(a, 1) = anXj(()é,T), Xj(a,7) = TerqLO_M el s. (4.4)
J

Here the trace is over all states in the representation with highest weight 7 and level k£, which
belong to the module M. The index j = 0, % . % labels all the unitary representations of
the Kac-Moody algebra of SU(2)x [2]. At this point we are forced to make some physical
assumptions on the allowed values of nj, i.e. on the structure of the entanglement spectrum
of the CFT. For example the approach reviewed in section 2.2 comes from the continuum
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limit of an SU(2) spin chain. In that case, the total spin of the subsystem A would be
either integer or half-integer depending on the parity of the length L of the subsystem.
Consequently, n; = 0 for half-integer j when L is even, while n; = 0 for integer j if L
is odd. From a CFT perspective, we conclude that the continuum limit of the spin chain
induced boundary conditions at the two entangling point of the subsystem A that select
only integer or half-integers values of j’s (although this is difficult to prove directly, see
e.g. [85] for a similar issue). We stress that, from the CFT side, other choices of n; are also
fully legitimate; anticipating the result, they all lead to the same double logarithmic factor
in the symmetry-resolved entropies (1.9), but to a different O(1) term which is affected by
a boundary factor log g (g is the Affleck-Ludwig non-integer ground state degeneracy [86])
resulting from the induced boundary CFT at the entangling points; in turn this is very
similar to what is known for the total entanglement entropy [85, 87].

Going back to our main computation, the SU(2)j, characters are known in the literature
and in order to write them down in a compact form, we first define the level-k theta
functions

nGZJr;n*,C

Then the SU(2); characters read [2]
k42 k42
o8 (o, 1) — 0", (a,7)
0¥ (a,7) — ©F (e, 7)
k42 k42
_ @éjil)(a7 T) - @(—2—;—)1 (a7 T) (4 6)
- 1 1 1 . .
qs(y2 —y 2) 2 (1 —¢")(1 —yg")(1 —y~tg™)

We refer to appendix A for a detailed expansion of this quantity.

X]'(a’ T) =

In the limit L > ¢, one has ¢ ~ 1, so that a large number of terms contribute to
eq. (4.6). However, using the modular transformation 7 — —1/7, we get

_ mik(a/@m)? a 1 2 w2+ 1)(25' +1)
xjla,m) =e > ;Sjj’Xj’ (r’¢>’ Siit =\ o 8in 2 :

(4.7)
In the limit L > €, only the term with j° = 0 survives in the sum, so for a around 0 the

final result is

2log(L/€) [ﬁ(%)—%%}

Zn(a, 1) = Z nix;(o, 1) =~ CW"(Z Sjonj>e , (4.8)
j j

as already obtained in [25]. Similar techniques have been employed for the entanglement
entropies in ref. [88]. Here ¢, is a non-universal constant which depends on the cutoff
(see also the discussion after eq. (2.5) for the abelian case).

We already mentioned in section 2 that we are ultimately interested in the saddle point
evaluation of the integral which leads to the evaluation of the symmetry-resolved entropies.
As we explain in section 4.3, in this case the saddle points are determined by the behaviour
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of the charged moments around a = 0 and a = 27, which correspond to the two elements
of the center of SU(2), Z = {1,—1} (see the parameterisation (4.13) of the elements of
SU(2)). It is not sufficient to know the asymptotic behaviour (4.8) around a = 0, we also
need to know the one around o = 27. However, when we set o/ = 27 — a, we observe that

T) = anxj(%r —ad, 1) = anTer(—l)QngLo_ 75 = Zn X] o, 7).
J J

(4.9)
Since either all j are integer or they are all half-integer, the factor (—1)2/ simply reduces
to an overall factor 1 or —1, respectively. Moreover, the previous asymptotic expansion

yields, for o/ around 0,

. 2log(L/e) | & (L) =L a2
Zn(2m — o\ 7) ~ cn,gﬂ_af<2(—1)2fsjom>e ostio (-4, (4.10)
J

To summarize, eq. (4.8) gives the large L behaviour when « € [0, 7], while eq. (4.9) gives
the leading contribution when « € (m, 27]. We now turn to the analysis of the integral over

all group elements parameterized by (4.13), where we use these asymptotic behaviours.

4.3 Projecting the charged moments on the spin j representation

The idea to project the charged moments on the spin j representation is to use the orthonor-
mality of the group characters with respect to the Haar measure to isolate the contribution
from all states of spin j in the trace (4.3), corresponding to the term proportional to the
group character x;(«). This is done by using the orthonormality of group characters with
respect to the Haar measure, i.e. using the following relation between the matrix represen-
tation of the group element g in Ha, U, ;‘, and the projector 1I; on all states transforming

2] +1)
- dy 411
77 Nol(SU(2)) / 9)x;(9 (4.11)

where the factor (25 4 1) is the dimension Of the representation. Let us observe that if we

in the represention j:

were interested in a symmetry decomposition of entanglement with respect to both j, 57
(as done in [24]), because of the multiplet structure of SU(2), the factor 25+ 1 in eq. (4.11)
should be removed. In other words, all the 25 4 1 states belonging to the same irrep j give
the same contribution to the entanglement. For SU(2), the group characters are given by

J J+3 _y9=3  sin((j + 1
Y-y 77z sin((j +3))
Xj(a) = Z ym = T 1 = : QZ 3 (412)
m=——j yz —y > S

whose behaviour around o = 0 is x;(0) = 2j + 1, while around o = 27 is x;(27) =
(—1)%(25 +1).

As already discussed in section 3.2, the simplest way to measure invariantly the volume
of a group, SU(2) in this case, is to start from the Killing metric in the Lie algebra. We
can write down a generic element of SU(2) in its exponential form as

9(z,y,2) = ell@ostvoutao:)/2 _ cos% 4 Sn(e/2)

a = /22 +y?+ 22 €]0,27] (4.13)

(xog + yo, + 202),
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where (z,y, z) are the coordinates of the Lie algebra su(2) and o; the Pauli matrices. Let
us observe that for a« = 2w, g = —1, i.e. the behaviour of g around a = 0,27 corresponds
to the behaviour around the two elements of the center of SU(2), Zs, i.e. respectively +1
and —1. The Killing form is given by

K(o4,05) = ZTr (adzz ad02]> = ZTr(Uin) = g, i,j €{z,y, 2} (4.14)

where we used that g = 2 for SU(2). Once we have found the Killing form, using eq. (3.13),
we can fix the metric Ky (x,y,2),a,b € {z,y, 2z} and compute

v det Kop(z,y,2) = ﬂ(W)Q. (4.15)

We can rewrite it in polar coordinates (x,y,z) = (acos~ysin 3, asinysin 3, a cos ) such
that

sin(a/2)\*
Vol(SU(2)) = v2 x2+y +Z2<27rdxdydz (a) =

27 2 .9 9
=2 dadBdya? sin g1 osi22,
0 0 JoO a2

From the volume form in eq. (4.15) we can explicitly write down the Haar measure for
SU(2) as

(4.16)

du(a,,@,fy):ﬂsinQ%sinﬁdadﬁdV 0<a<2m,0<p<m0<~y<2m. (4.17)

One can also explicitly check that using eq. (4.17) and the SU(2) characters in eq. (4.12),
the orthogonality relation in eq. (3.19) is satisfied.
Using eq. (4.8), we get

’ o 2j+1 (a T)
2 = For( VIiSU) /d ) =g xil®)

e klog(L/) , 25n379 Zn(2m,L) iy 25n379

o~ 7(2]—1- 3 + (=) s
2Vol(SU(2)) k3log”(L/e) Z7 k3log”(L/e)

nj2‘rr2

e Fos@/9 Z,(0,L) . .9 25n379

~ 2j+1)2 | — T 4.18
VolSU@) 2z FHD k3log®(L/e) (4.18)

where we approximate the first line by two integrals, one around « = 0, the other around
a = 27, Indeed, for a € [0,27] there is a saddle point at & = 0 and one at @ = 27r. The
first one corresponds to study the charged moments around g = 1, while the second one
around g = —1, which are the two elements of the center of SU(2). Let us stress again that
since j is fixed to be integer or half-integer, the factors 1 or —1 overall simplify. Eq. (4.18)
coincides with the result found in eq. (2.10) once we use eq. (4.16). Also here we have kept
the Gaussian factor to get a normalised probability, i.e.,

2 2
sz /-c317TL// dje” Foa(L/a) (25 +1)2 =1, (4.19)
og”(L/e)
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where, in the large L limit, we can approximate the sum over the irreducible representation
as an integral.

As a byproduct of our results, from eq. (4.18), we can compute the number entropy
entanglement entropy, i.e.

- Y2l os i) = - | diZmos 2{(r)
0

1 1 3
>3 log(klogL) —2+4+~vg — - logm + —, (4.20)

2 2

with vg the Euler constant. In full analogy with the U(1) case, see e.g. [38], the leading
term of the number entropy is a double logarithm in L. The prefactor is 1/2, exactly
like for U(1), but this will not be true in general, as shown in the next section. When
computing the total entropy, this double log cancels with the same contributions coming
from the configurational entanglement entropy, as we will show in the next paragraph.

4.4 Result for the symmetry-resolved entanglement

At this point we can plug the result found in eq. (4.18) into the definition of symmetry-

Zu(0,L) 5 ,1 e o
7 n3/2 <(2 + 1) Pl (L0 (L/e)) ] .

(4.21)
The first ratio in (4.21) just gives the total Rényi entropy of order n while the other term is

resolved entanglement in eq. (1.6), i.e

1 ZI(T) 1

- log = 1
L—n Bzl “1-n ®

5
k3log®(L/¢)

log (;(Qj +1)? ) + 2(13_ ) log(n) = glog(logL)

o

+ log (2(2j +1)? k3) + (13—n) log(n) 4+ o(L%), (4.22)

where we have neglected the (subleading) contributions due to the cutoff € (see ref. [38] for
the U(1) case in which the contribution O(1/log L) are taken into account, too). Putting
everything together, the symmetry-resolved entropies in the j sector are given by

SI (L) = Su(L) — glog(log L) - ;log(k) +2log(2j + 1) + log(n)

3
2(1-n)

+ glog(ﬂ) + o(LY). (4.23)

Summing up the weighted symmetry-resolved contributions (4.23) at n = 1, we get the
configurational entanglement entropy

o 1 31
= Z ZI(1)S](L) ~ Sy — 5 log(klog L) +2 — v — 5 + 5 log(). (4.24)

Notice that the prefactor 1/2 of the double logarithmic term comes from the combination
of 3/2 present already in eq. (4.23) and another double log coming from the integral of
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the log(25 + 1) term always in eq. (4.23). As an important final sanity check, combining
egs. (4.20) and (4.24), we straightforwardly verify that eq. (1.7) is satisfied and the double
logarithmic terms exactly cancel in order to recover the total entanglement entropy, Si.
Eq. (4.23) is equivalent to (2.11) and so it just represents a consistency check with some
known results. However, this calculation is the starting point to study the entanglement
resolution for a WZW-model with an arbitrary symmetry group and it would have been
difficult to motivate many of some intermediate steps (e.g. the choice of n;, the equivalent
saddles from the elements of the center, etc.) without having in mind a concrete example.

5 Symmetry resolution for a general group G

This section contains the main results of the manuscript: after some explicit examples of
symmetry decomposition for WZW-models, we find a general expression for the symmetry-
resolved entanglement of these theories by emphasising its universal features. Since we rely
on what has been shown in detail for our case study SU(2) in the previous section, it is
important to read it before embarking in the study of this one.

5.1 Derivation of the main result

We generalise the method exploited for SU(2), using the tools of section 3.

Entanglement Hamiltonian and charged moments. The entanglement Hamiltonian
is still given by eq. (4.2), i.e.

Ka= m <L0 - 21) : (5.1)

therefore )
7 Trae—2Ka — Ty, glo—5 _ J2mir _ _ U 5.9
n A€ A4 24, q e s T 9 10g(L/6> ( )
with € the UV cutoff. Given an element of the algebra X € g, we define the charged

moments as Z,(X,7) = ZpTr[e*X p’4]. The total Hilbert space decomposes as
Ha = Brne M, (5.3)

where n, gives the multiplicity of the module M, over the Kac-Moody algebra. Hence,
the charged moments Z,, (X, 7) can be written as a linear combination of the unspecialised
characters in eq. (3.8)

Zn(X,7) = anXr(X7 7), (5.4)
'
with the same coefficients n,..

Asymptotics of the charged moments. In the limit L > €, we can use the expansion
of the unspecialised characters reviewed in section 3 to find the large-L asymptotics of the
charged moments

Zn(X,L) = Z,(0, L)e ot KX loa(L/9) g ¥ e g (5.5)

— 00
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X is in some small neighborhood of the unit element. However,

which is valid until g = €’
as we have learnt from the SU(2) case, when we project the charged moments onto the
irreducible representations, we have to consider the contributions coming from all the
saddle points. Apart from the unit element, the other obvious saddle points correspond
to the elements h € Z(G) of the center of the Lie group. Indeed, as we explain below, the
contribution around each element h is proportional to eq. (5.5), up to a constant phase.

Furthermore, for simplicity we will assume that these are the only saddle points con-
tributing to the integral. This seems like a reasonable assumption in view of the SU(2)
case, but we do not how to prove that it holds for a general group G. It is under this
assumption that we arrive at our main result (1.9). We stress that, even if other saddle
points were present, the leading orders in eq. (1.9) would remain unchanged; only the order
O(L%) term in eq. (1.9) would be affected.

If we consider group elements of the form g = he'X, we have a slightly different asymp-
totic behaviour with respect to eq. (5.5) when h is not simply the unit element. The unitary

matrix UgA can be decomposed as U;‘ = UU,ix, where U is a representation of Z(G),

€
which is a finite abelian subgroup. Let H,i(G), m = 1,---,|Z(G)|, denote the projector
onto states in H 4 that transform in the m-th irreducible (one-dimensional) representation

of Z(G). Irreps of Z(G) are just phases times the identity in each block, i.e.

Uy =Y eenZ(©), (5.6)

This definition shows that the elements of the center of a group play the same role up to a
constant (in L) phase. We stress again that our intuition about these multiple saddle points
has been suggested by the explicit computations done for the SU(2) case in section 4.3. In
our case study SU(2), the center is given by Zsy, and we have already seen that around g = 1,
¢?i(1) = 1, while around g=—1, eii(=1) = (—1)%7. However, these phases are fixed to be
+1 or —1 by the boundary conditions at the entangling points of the subsystem through the
coefficients n, appearing in eq. (5.4). In a similar way, for the general case we assume that
all the non-zero n, in eq. (5.4) correspond to representations r that are in the same block
in eq. (5.6), i.e. there is a single term in the sum (5.6). As a consequence, Uy, is fixed to be
simply a phase, Uj, = ™) and the asymptotic expression in the neighborhood of h reads

. k

Zu(X,L) = 70, L)ei#M e gz KXCX)log(L/e) o1 X e g, he Z(G). (5.7)
— 00

Projecting the charged moment onto the representation r using the orthonor-

mality of group characters. The main idea of our approach is to use the orthonormality

of group characters to extract the contribution of the representation r from Tr[gp’i], i.e.

recalling Z) (L) = Tr[IL,p%],

B dim(r)

Z1(0) = Gori) | o) Tlapini o) (5.8)

Similarly to what has been discussed after eq. (4.11), if we were interested in a symmetry
resolution involving also the quantum numbers labelling the states within an irreducible
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representation r (e.g. j* for the case study SU(2)), the prefactor dim(r) should be removed.
The reason is that the entanglement Hamiltonian K4 is independent of them because it
commutes with the corresponding charge generators, therefore each quantum number in a
given irrep r gives the same contribution to Tr[gp’;], from which the prefactor dim(r) arises.

X 1] because

Strictly speaking, Tr[gp;] differs from the charged moments built with Tr[he
the former is valid for arbitrary group elements g € G, while the latter is Vahd only for
elements in a neighbourhood of the element % in the center of the group. Nevertheless, the
knowledge of only Tr[heX p"4] is enough for our aims because we are going to use a saddle
point integral that is dominated by the elements of the group in some neighbourhood of
h e Z(Q).
Around h, it is convenient to use the local coordinate chart x — g(x) = he’ 2 g Tal

Replacing the integral over the whole group G by the integral over the neighbourhood of

h parametrised by this chart, we have

dim(r
2 = 3 ot [ e Sz, L e T

heZ(G)
dim(r i
V@) / \Jdet K (x)dx Zy, (x, L)y (het 220 %ol (5.9)

Now we use the asymptotics (5.7), and then we do a saddle point approximation around

hEZ

the elements of the center of the group,

Z,(L)

L—o0

Z g] L dlr% 1 W(h)/\/me %2”2& pTaTp K (J* , I log(L/¢) *(helz TaqJ )
e ol(

heZ(G)

. ; dim(G) /2
Zn(0,L) dim(r)ete™) ( 2n°n ) Tr [he_ leg:&/e)Za,bKil(Java)Jan

_heé(:G) AL Vol(G) kln(L/e)

_Z,(0.1) |Z<G>|< 2% )dim“”)”

)

(2)
dim?(r)e” ot (5.10)

Z1 Vol(G) \ kln(L/e¢)

where in the last step we used that (K (J%, J°) = 64/2),

71,2
2k log(L/ ) Za b Ja Jb)Jan —ng(h) _klog(g/e) Za Ja
Tr he Tre

(2) x2n

= ¢ TR T 1 i) iy = €M TR

" dim(r), (5.11)
and C’( ) labels the eigenvalues of the quadratic Casimir operator of G. We also remark
that the evaluation of the Gaussian integral holds for J* = O(y/log L), such that the
saddle-point approximation is valid.

From eq. (5.10) for n = 1, we also read that the probability introduced in eq. (1.4) is
in the large L limit

dim?(r)e” F1oe(79)

5 dim(G)/2 .
< 2n ) i Flos(@7a 7 (5.12)
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Interestingly, the normalisation of that probability distribution, >, p() (L) = 1, in the
large L limit, leads us to the following asymptotic formula relating the quadratic Casimir
operator and the dimension of irreducible representations of G,

n—0t

lim (27m) 5 ™D/2 S dim2(r)e 1% = Vol(G). (5.13)

Here the sum is over all irreps r of G. [This is the reason why the factor |Z(G)| has
dropped. It reenters if one restricts the sum to irreps r that transform identically under
the action of the center Z(G), see also the discussion in section 5.2.] This formula may be
viewed as an analog of the one for finite groups, that says that the square of dimensions of
all irreps is equal to the order of the group, since one may regard Vol(G)/(2mn)3m(©)/2 as
the order of some finite approximation of the continuous Lie group G.

Unfortunately, we have not been able to find formula (5.13) in the mathematics liter-
ature. It is very likely that it comes from results on the Plancherel formula for Lie groups
(see, e.g., refs. [91, 92]), but we have not been able to find it in the explicit form (5.13)
(also ref. [93] is closely related to this subject). Nevertheless, in the following section we
will check its validity explicitly for the group SU(N), for some values of N, using the actual

form of the quadratic Casimir operator.

Final result. Finally, the symmetry-resolved entanglement entropy is

L E)
Sl =T e

leading to our final result

Sy (L) = Sp(L) — dlmz(G) log(log L) + 2log dim(r) — log Vol(G) + log | Z(G)|
+dlm2(G) <— log k + % + 10g(27r3)> . (5.14)

This is the main result of this work: at leading order, the symmetry-resolved entangle-
ment entropy satisfies equipartition, i.e. it is equally distributed in the different symmetry
sectors. Interestingly, we find the term 2log(dim(r)), at O(L®) which explicitly depends
on the specific representation of the group G, breaking equipartition. This is different
from what was found in the literature for the abelian case, where the first terms breaking
equipartition usually occur at order O((log L)~2) (the two results are compatible since in
the abelian case dim(r) = 1 always). Also the prefactor of the double logarithmic correc-
tion has a universal behaviour which depends on the dimension of the group. Actually, the
entire form (5.14) at order O(LY) is universal since the ultraviolet cutoff is fully encoded
in the total entropy.

5.2 The explicit example of SU(INV)

As an example, let us specialize to the case of the WZW model based on the group G =
SU(N). In order to use eq. (5.14) we should provide the values for dim(G), |Z(G)|, Vol(G),
and dimr. As well known, the dimension of SU(N) is just

dim(SU(N)) = N? — 1. (5.15)
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and the center of the group is Z(SU(N)) = Z/(NZ), with order |Z(SU(N))| = N. The
dual Coxeter number is g = NN, so the Killing form, normalized as in eq. (3.4), is K(X,Y) =
Tr(XTY). The invariant metric on the group is then

dp(g) = Tr(ig™'Oag,ig™ " Ohg). (5.16)
For SU(NN) we can write the equivalence

SUN)  con-
m_sw L (5.17)

where S?N~1 is the sphere of unit radius embedded in R*. Around the identity 1y, we

can relate the local coordinates of the sphere and SU(V) through

L 1 1 )
=1, + ZZ/Ndlag{]V_l’ N1 1} + ]Z_; (ziejN — Zjen;) (5.18)

where Zé»v:l |22 = = xn + 1yn and ey; is a matrix with 0 everywhere except for a

1,2
single 1 at position (k, ) Therefore, the metric around the unit element of SU(N) reads

N-1

N
du(g) = N dyN +2 Z dac + dyj] (5.19)
j=1
and using the equivalence in eq. (5.17) we find
Vol(SU(N)) = L2N_1V01(SU(N —1)Vol(S*N 1), Vol(§2V1) = 2t
N-1 : (N -1l
(5.20)
By induction, the final formula for SU(N) turns out to be
2
N N-1 N 271' i+l (2r) =1
Vol(SU(N)) =4/ ————.. =VvN 5.21
ol(SUN)) \/N—lN—2 1;[ \FG(N+1)’ (5:21)

with G(N +1) = N "1 j! the Barnes G function.

Another ingredlent we need is the dimension of the representation r, denoted by
dim(r)gu(ny), where now r = (A1, Az, ..., An—1) is a set of integers that univocally identifies
the irreducible representations. Its explicit expression can be found in [2]

—-1N-1

k
TI( X wel)
. =1 k=l m=k—I
dim(r)sy(n) = — N,l; : (5.22)
k=1 "

Plugging eqs. (5.15), (5.21), and (5.22) into (5.14) we get our final form for the symmetry-
resolved Rényi entropies in SU(N); WZW models.

Finally, it is worth elaborating on the allowed values of A;’s that in turn affect also
the normalisation of the probability in eq. (5.12). Let us consider explicitly the groups
G =SU(2),SU(3),SU(4) for which all the needed ingredients are summarised in table 1.
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N | Vol(G) Cnnn ) dim(r) 1Z(G)| | dim(G)
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+6A2+12A3) (A1+A2+A3+3)

Table 1. The table summarises all the information required for computing the probabilities in
eq. (5.12) for G = SU(2),SU(3),SU(4).

For large \;’s, we can drop all the subleading terms in the expression of the Casimir
eigenvalues and dim(r), so that the probabilities extracted from Z;(r) read

1 3/2 _L 9

k log(
piU()\?ﬁ) ~ \/§7T7 (1)4 1()\1/\2)2<)\1 + )\Q)QG_W(A%—H\%—FMAQ)
b2 klog(L/e)) 4 ;
SU@) . _27/2 1 152 ) ) , )
Pxiders =7 <k log(L/e)) T35 M12228)” (22 (R + 2a)* (M1 £ Az 4 2a)
x 6—W?L/E)(3)€+4)\§+3>\§+4)\1>\2+2>\1>\3+4)\2)\3)' (5.23)

They do not contain yet information about the possible values of \;’s, that are still all
the integers. However, the boundary conditions we imposed through the coefficients n,
in eq. (5.4) induce some constraints on the possible values that \;’s can assume. For
example, for SU(2), we identified A\; = 2j: since j can be either integer or half integer, A\
can be only even or odd, respectively. This implies that when we sum over the possible
representations, we should consider only the values of \;’s which are compatible with our
boundary conditions encoded in (5.4). Since in the large L limit, it holds Y, p, — [ drp(r)
we can take into account the possible values of \; simply by multiplying the final result by
the ratio 1/|Z(G)| between the allowed cases over the total ones, i.e. the correct continuum
limit in 7 is >, pr — ﬁ J drp(r). Accordingly, the probabilities in eq. (5.23) satisfy

1
§/d)\1 pi?(Z) =1
1
L / " dAgpiH&? —1, (5.24)
1
Z/d)\ld)\Qd)\S piﬁs\?,)\s =1

If we set A\; = 2j, we get the computation for the SU(2) case in eq. (4.19).
After this digression, we can determine the number entropy (1.7) for SU(N) as

N-1 NZ2_-1 N2?2-1

log(klog L)+~ 5 Vol(SU(IV))

&1Z(su(v))]

St = log(27%) +1o +N(N-1)logm—c,

(5.25)
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+N2

where ¢ = G(N + 1)2(3_N)/2WT falrdim2(7“)e_“20£2> log dim(r). In order to derive
this result for SU(N), we used that

2 _ _ N(N-1) klog L
7)) /drp(r) log(dim(r)) = 5 log - te (5.26)

Also in the general SU(N) case, the leading term of the number entropy is a double
logarithm with a prefactor depending explicitly on N. Finally, for SU(N) we can also
compute the configurational entropy in eq. (1.7), which reads

N-1 N?2-1 NZ?-1

1 log L) — log(27%) —1
5 og(klogL) 5 + 5 og(27°)—lo

1 N
S¢=5,— Vol(SU(N)) —N(N—1)logm+c,

81Z(SU(N))
(5.27)

Combining eqs. (5.25) and (5.27) specialised to SU(N), it is possible to show that eq. (1.7)
is satisfied; in particular that the double logarithmic terms in the symmetry-resolved en-
tanglement and in the number entropy cancel each other in the sum.

6 Conclusions

In this manuscript, we considered the decomposition of the entanglement entropy into the
various sector of a non-abelian symmetry. In particular, we studied the resolution of the en-
tanglement entropy in WZW-models, which are associated to a group G and their symmetry
algebra is a Kac-Moody algebra. Writing the charged moments as a linear combination of
the unspecialised characters of these theories and using their modular properties, we have
computed the resolved partition functions, i.e. the ones which take into account the pre-
served symmetry by including only states in a given representation of the group. We first
characterised the general scaling behaviour of the charged moments; then we focused on the
integration measure over the group manifold and the group characters around the elements
of its center to extract the symmetry-resolved moments and Rényi entropies. Our physi-
cally more relevant findings are: (i) symmetry-resolved entanglement satisfies equipartition
at leading order; (ii) this equipartition is broken at O(L") by a term depending only on
the dimension of the irrep; (iii) the coefficient in front of the double logarithmic correction
to the Rényi entropies is universal and it is equal to half of the dimension of the symmetry
group of the model; (iv) the difference S,, — S}, between symmetry-resolved Rényi entropy
and total one, is universal up to order O(L°) and the cutoff enters only in higher order
terms; (v) as a byproduct of the aforementioned results, we can find the expression of the
number entropy for SU(N) up to O(L°®) and show that eq. (1.7) is indeed satisfied.

It is worth mentioning that while throughout all the manuscript we only wrote the
results for the ground state of a single interval in the infinite line, it is easy to generalise
our findings to different situations such as a finite interval in an infinite system at finite
temperature, or finite interval in a finite system by using standard conformal transforma-
tions on the worldsheet. Moreover, it is also possible to adapt our results to the massive
field theories, obtained by adding a relevant perturbation to the critical ones, in the regime
L > m~! using the ideas of ref. [32].
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Finally, our findings also lead to few very natural questions and generalisations. The
most natural one is how other entanglement measures decompose in the sectors of a non-
abelian symmetry and if there is some important difference with the abelian case [26-29].
A second one is whether it is possible to generalise the form factor bootstrap program of
refs. [33-35] to the resolution of non-abelian symmetries. A last one is to identify the holo-
graphic dual of the symmetry-resolved entanglement entropy for theories with non-abelian
symmetry and compare it with our results, as already done for the abelian case in [37].
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A Entanglement Hamiltonian

In this appendix, we try to sketch the main steps which lead to the identification of the
entanglement Hamiltonian with the Virasoro generator, as written in eq. (4.3). Moreover,
we give an alternative brief argument about the entanglement equipartition for the U(1)
compact boson.

Consider the ground state of a 1+1 dimensional CFT Hamiltonian H = [ dzh(z).
To cure the ultraviolet divergences in the construction of the entanglement Hamiltonian of
the interval A = [—L/2, L/2] and it is custom to remove the degrees of freedom in a small
circle in the Euclidean space-time around the entangling points at +1L/2, see e.g. [81]; on
these circle specific boundary condition are imposed and affect the entanglement spectrum
of the interval A [81, 85].

Under these circumstances, the entanglement Hamiltonian K4 is expressed as an in-
tegral of the Hamiltonian density h(x) [81, 84]

L/2—¢ 2/4 _ 2
Ky = / dwwh(x) + const (A.1)
—L/2+e L

where the constant enforces tr(ps) = 1. K4 is easily rewritten in terms of the Virasoro

Ly = 5 (/ dzz"T (2 /dzz"HT( )) (A.2)

where the integration contour C is a semicircle going counterclockwise around the origin.

generator Ly, i.e.

Using standard conformal mappings, we get Ly in the cut plane of eq. (A.1), obtaining [94]

2log(L/e) [L/2—¢  L[2/4 — 22 c 4log(L/e)
Ly=—"—"+ dr———h — 14+ ——). A.

0 7T /L/2+E L (@) + 24( M > (4.3)

Comparing egs. (A.1) and (A.3), we find that K4 is proportional to Ly up to an additive
constant:

T
Kp=——+——|L A4
A7 2log(L/e) ( 0~ 24) +const. (A-4)
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The result in eq. (A.4) and the CFT structure of a compact free boson can be combined
to easily show the equipartition of entanglement for a system endowed with a U(1) sym-
metry without computing the charged moments as done in the main text. In terms of the
conformal modes a,, the Virasoro generator Ly can be written as

1
Ly = Z a_pan + iag. (A.5)
n>0

The term ag—g commutes with Ly and is the generator of translations in the target space of the
compact bosonic field, i.e. the generator of the U(1) symmetry of interest. Moreover, the
Hilbert space factorises into a tensor product of (U(1) charges ) ® (Fock space). Using this
form of Ly in the entanglement Hamiltonian (A.4), the symmetry-resolved entanglement
hamiltonian is just the piece corresponding to a given eigenvalues g of a2. Hence the
distribution is Gaussian in ¢ and equipartition for large L follows from central limit theorem.

It is worth mentioning why these ideas do not generalise to non abelian symmetries.
Taking as a case study SU(IV), the splitting of the entanglement Hamiltonian in two pieces
still occurs. As described in eq. (3.7), one could use the Sugawara construction to show
that it splits into [2]

1
Lo=—— Ji2 42N ge ge|, A6
g S (5 e s a5)
i.e. the quadratic Casimir operator and the other modes of the current. The Casimir
operator commutes with Lo, but a factorisation of the Hilbert space similar to the U(1)
case does not hold as it can be shown for SU(2). Indeed, taking the SU(2); characters in
eq. (4.6), and expanding them with the help of eq. (4.12), we get

o, 7y — 0% (a,r) & e .
o 5(yz —25)1 ~ g TR (y(a) - ¢ (e) ) (AT)
qsly2 —y

Here, we recognise the prefactor as ¢" 21, where the central charge is ¢ = 2 and the

k2
conformal weight of the ground state is h = % However, it is evident from the right

hand side that a factorisation between the SU(2) charges and the currents modes J2 does
not hold.

B N-component free non-compact boson with O(IN) symmetry

In this section we consider a conformal field theory which has an O(N) symmetry but
which is not a WZW-model. It is an O(/V) non compact free boson, defined by the action

N
S— ;/d%;(a@)?. (B.1)

First, let us recall what happens in the abelian case N = 2. The action is invariant
under linear transformations acting upon the vector ¢ = (¢1, ¢2) and preserving the norm
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®? + ¢3, i.e. a rotation in the target space. To this rotation we can associate a single
complex number e®. The conserved charge restricted to the interval A is given by

@A:;[fm«a¢n¢z—¢ma¢g» (B.2)

The charged moments have been computed in ref. [32], getting

101 a2 _ laf
Tr(pe'®@4) o elogL(G(” RAED 2”), (B.3)

whose Fourier transform is given by (g labels the eigenvalues of @ 4)

T da i Zn(0,L
23(n) = [ Gre (e o 202
_r 2w
, (B.4)
Si(L) ~ Sn —log(log L) + -— log(n),

which is different from the results of U(1) compact boson in (1.8), although the global
symmetry is the same.

Let us now move to the general O(N) case. We label by fup. the structure constants
of the Lie group O(N) and we define the matrices [T%p. = —i fupe, satisfying [T%, T?) =
ifapeTC. The N(N — 1)/2 conserved currents are

Jy = —i0,0:T;;b5, (B.5)

and the corresponding conserved charges are
Q4 = [ dr(o)TS0; (B.6)

At this point we rely on a power counting argument similar to what we did in eq. (5.10)
where each integral was Gaussian and led to a contribution proportional to \/mdim(G),
while here the integral over O(N) leads to a term proportional to (log L)3™©O(N) " as shown
by eq. (B.4) when N = 2. Using the behaviour of the group character of O(NN) around the
identity, we get

Z(L) ~ \mchm%)(log L/n)~4mOW) " qim(O(N)) = N(A;_l) (B.7)
and so
SU(L) = S,(L) — dim(O(N)) log(log L) + 2log dim(r)
+ dim(O(N)) lfg_(? — log VOl(O(N)) + o(LY). (B.8)

Let us stress one main difference with respect to the result found in eq. (5.14) for a WZW
model with G = SO(N)p=1: apart from the O(L%) terms, the prefactor in front of the
double logarithmic correction is dim(O(N)), not dim(O(N))/2. This result shows that the
resolution of the entanglement strictly depends on the model which implements the symme-
try we are interested in and not only on the symmetry itself: WZW-models with SO(N)x=1
symmetry corresponds to N real independent free fermions while in this appendix we are
working with N real independent free bosons.
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