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1 Introduction

The entropy of entanglement, famously elucidated in early debates on the nature of quan-
tum mechanics,’ has emerged more recently as a powerful unifying tool in quantum field
theory. It can act as an order parameter for phase transitions [1-4], has provocative links
with the black hole entropy formula [5, 6], has assisted in generalizing the c-theorem to
higher dimensions [7, 9], and appears to play a role in the holographic emergence of space-
time geometry [10-12] in the AdS/CFT correspondence [13-15].

Despite the utility of the quantity, it remains notoriously difficult to compute. Most
examples involve only free fields [16] or exploit conformal symmetry [17, 18]. This is
unfortunate since some highly interesting applications involve the renormalization group
flow of the entanglement entropy, as alluded to above.

For a spacetime without boundary the leading contribution to the entanglment entropy
of a quantum field theory is the area law [19]. That is, if one considers the entropy as a
function of the scale of the region, the dominant contribution is proportional to the surface
area. If one introduces a spacetime boundary, it is possible to have an additional term which
scales as the intersection of the surface area with the boundary (this may or may not be
subleading depending on the geometry of the spacetime). The difference in entanglement

entropy for different choices of boundary physics AS will appear in this term. See figure 1.

!The phrase “entropy of entanglement” is modern terminology [19] but the physics was understood.
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Figure 1. The entanglement entropy of Region A in a spacetime without boundary is proportional
to its surface area, S ~ A. If one introduces a boundary with associated boundary physics, then
the difference in entanglement entropy for difference choices of boundary physics scales with the
intersection of the region with the boundary, AS ~ 0A = AN oQ.

In this paper we will explore two simple examples in this vein which sidestep the
difficulty with broken scale invariance mentioned above by imposing “mixed” boundary

2 on a free scalar field. By “mixed” we mean a boundary condition which is

conditions
some linear interpolation between two canonical conformally invariant boundary conditions,
controlled by a parameter f. See figure 2. In particular, we will be interested in the cases
where the bulk geometry is Minkowski space or Anti-de Sitter space. For Minkowski space
we will include an artificial boundary at z = 0 so we are working in half Minkowski space.
Anti-de Sitter space already has a (conformal) boundary region. In both cases the bulk
theory is free and the interesting (conformal symmetry breaking) physics is located at the
boundary, which is a d dimensional Minkowski space where D = d+1 is the bulk spacetime
dimension. The case of Anti-de Sitter space is especially interesting since the bulk space
is holographically dual to a theory associated with boundary.

In either case one may implement the boundary condition via the addition of a bound-
ary action, so one may think of the imposition of mixed boundary conditions as an insertion
of a (relevant) boundary operator of dimension A = d — [f] (< D). In the Minkowski case,
one may think of this as a mass term localized on the boundary. This generates a renor-
malization group flow complete with ultraviolet and infrared fixed points which are the
conformally invariant theories. But because the field remains free, the physics is deter-
mined entirely by the Green’s function and so the entanglement entropy (of the Rindler
wedge) is exactly computable with the usual methods augmented by some standard tools
from asymptotic analysis.

The main results are the expressions for the half Minkowski Rindler entropy (3.19)
and the dual conformal field theory Rindler entropy (4.34). They will conveniently take
the form (Exactly in the Minkowski case, to leading order in Anti-de Sitter):

AST = B(fer=2)AS> (1.1)

2Tt is common in the AdS/CFT literature to use this terminology, and we will use it here. However,
traditionally “mixed” refers to imposing different boundary conditions at different locations on the boundary
whereas we have in mind the linear mixture of boundary terms traditionally called “Robin” boundary
conditions.



Bulk Spacetime Boundary
(t=0)

z
)

Boundary o/\ =0

RegionA  /

Region 8 Region A
( Traced Out) ( Rindler Wedge)

r/ g
/
é’"’l/Boundary Physics

Breaks Conformal
Symmetry

Spacetime Boundary (z=0)

Figure 2. We consider bulk spacetimes with boundary, either half Minkowski space or Anti-de
Sitter spaces. Both have boundaries which are Minkowski space of one lower dimension. Mixed
boundary conditions break conformal symmetry of the boundary, where for the latter we are think-
ing holographically. We are interested in computing the entanglement entropy of a Rindler wedge
whose horizon intersects the z axis.

Where 3 is some function which interpolates between 0 and 1 as f interpolates between
0 and oco. Also see the corresponding graphs in figure 3 and figure 5 which illusrate this
behavior of the entropy as a function of the boundary coupling f. The expression (4.14)
is also interesting as a distinct, but ultimately subleading, contribution (with the same
behavior). The results are interesting for three reasons.

First, it is useful to have exact results for the entanglement entropy that are not
conformal field theories and which capture the full renormalization group interpolation
between ultraviolet and infrared fixed points. (see [20] for a related example). We find that
the interpolation is monotonic in the parameter f. In half Minkowski space, this extends the
results of [20] to the case of m? = 0 where conformal symmetry is broken only by boundary
physics. In Anti-de Sitter space this extends the results of [21] and [22] to finite f.

Second, the results therefore illustrate the scaling behavior of the entangement entropy,
which can be compared with expectations based on the irreversability of the renormaliza-
tion group, as follows. As already mentioned, it has long been known that the dominant
contribution to the entanglement entropy® obeys an area law [19]:

A
SeE = (g, 6)6137,2 (1.2)

where A is the surface area of the region in question and p is some dimensionless parameter
which is a function of the cutoff scale ¢ and the coupling constants g. Note this is divergent.
We may understand this term, and its divergence, as emerging from the short distance
correlations across the boundary (e.g. in the two point fucntion) which persist to arbitrarily
short distances.

For a conformal field theory in D = 2 this u(g,€) is just a constant proportional
to the central charge, as was found in [17] Heuristically this makes sense as the central

3As long as the theory in question is considered at zero temperature and not a topological quantum
field theory.



charge is related to the number of degrees of freedom, which we might expect to scale with
correlations across the boundary. Given the role of ¢ in establishing the irreversability of
the renormalization group [23], this is already a hint of the way entanglement entropy may
serve as a probe of renormalization group flow. Indeed, it was proven in [8] that the area
term decreases monotonically along the renormalization group flow, which is equivalent to
the c-theorem in D = 2

For a spacetime with boundary, one can have an additional term:

16,0 95 (1.3

Where 0A is the area of the intersection of surface area with the boundary. It may or
may not be subleading depending on the bulk geometry. It is this term that concerns us.
Other subleading terms are possible with or without a boundary. One may collect all terms

and define:
JET) = ——2 .
Y (D —2)r(0=3)

Where Sgg(r) is the entanglement entropy for a spherical region of radius r. It was
shown in [9] that Strong Subaddivity [24] along with Lorentz invarience and the “Markov
property” [25] which applies to the vacuum of a quantum field theory, implies that (among
other things) the renormalization group flow of the entanglement entropy must obey:

Afur < Afigy (1.5)

Where the A here refers to subtracting the corresponding entanglement entropy of the pure
(unperturbed) ultraviolet theory and “infrared” means r — oo while “ultraviolet” means
r — 0.* Hueristically, the point is that this generalized area law coefficient fi is a quantity
which depends on scale, interpolating between ultraviolet and infrared fixed points, and
this behavior is constrained by the irreversability of the renormalization group flow.

Strictly speaking, for half Minkowski space the boundary breaks the bulk Lorentz
Invarience, so the result (1.5) does not apply. However the monotonicity of our result is
illustrative® of the entropic g-theorem® [26] found for boundary conformal field theories
in D = 2 and which was generalized in [27], which applies specifically to the second
term (1.4). This confirms the conventional wisdom that results such as (1.5) reflect, again
more fundamentally, the irreversability of the renormalization group which we might expect
to apply for more general backgrounds and appear in whatever way is appropriate given
the nature of the physics involved in conformal symmetry breaking.

Third, the results for Anti-de Sitter space, when combined with a geometric contribu-
tion which we also compute, provide a test for the recent proposal [32] for the % corrections
to the celebrated Ryu-Takayangi formula [10]. The full statement is that the entanglement

4Tt’s worth noting that neither side is necessarily positive definite.

®The result [27] was actually proven while this work was in the process of publication! Building on the
work in [28].

5The g-theorem was originally proposed in a non-entropic context, much like the c-theorem, in [29], was
proven using the boundary beta-function in [30], and extended to D = 3 in [31].



entropy of the conformal field theory dual to the bulk Anti-de Sitter space, which we think
of as embedded in a holographic quantum theory of gravity, is given by:

Sep T = fé + (1‘2 + She> 4 Swald + Sren (1.6)
The first term (~ N?) is the Ryu-Takayanagi term, the other terms (~ N°) include the 1-
loop correction to the area, the bulk entanglement entropy, and corrections from curvature
couplings and renormalization counterterms.

In the context of AdS/CFT, the mixed boundary conditions have an interesting in-
terpretation as dual to double trace operators in the conformal field theory, as was first
pointed out in [33] and was elaborated on in e.g. [34]. In particular, the f quantity is dual
to a coupling constant for a double trace interaction:

~ J;/dxd(’)@ (1.7)

Where O is the operator dual to the bulk field in the conformal case f = 0. This is a
very rich topic, which e.g. includes interesting relations with the stability and bounded-
ness [35-37] of the operators in AdS/CFT. Since the entropy may act as an order parameter
for phase transitions, it too probes these issues and we will discuss them, though that will
not be our main focus here.

The important point is that the result (1.5) does of course apply to the conformal
field theory dual, and we will attempt to assess whether the prediction of (1.6) obeys the
inequality as expected for any choice of f for which the corresponding operator is relevant.
This extends the work of [21] and [22], which partly inspired this work [32].

As a side note, we would also like to point out that this appears to serve in general as
a tractable example of a holographic renormalization group flow generated entirely by %
effects, and also that we are able to use our methods to improve the computation of the
vacuum energy found in [34].7

2 Preliminaries and methods

The entropy of entanglement is defined as the von Neuman entropy of the “reduced”
density operator associated with some subsector of the full quantum theory. Traditionally,
one imagines separating the Hilbert space into a direct product:

H=H,®Hp (2.1)

And then taking the trace of the density operator pap for the full state over, say, space B
to get a “reduced” density operator and associated entanglement entropy:

pA:TTBPAB (2.2)
Stis = —Tra(paln(pa)) (2.3)

"We'll actually compute the Free Energy Density in the conformal field theory.



Strictly speaking, for quantum field theories the splitting in (2.1) is not possible due to
the Reeh-Schlieder theorem [38], and one must instead define the entanglement entropy
for a subring of observables rather than a subsector of the Hilbert space. This distinction
turns out to be important for e.g. gauge fields [39-41], but since we are here interested
only in scalar fields we may ignore this.® In quantum physics S]:S‘E can be nonzero even
if the full state pap is pure, which is arguably one of the more profound differences from
classical theory.

In this work, we are interested in the entanglement entropy associated specifically
with the Rindler Wedge, the subregion of spacetime accessible to a uniformally accelerating
observer. In the case of half Minkowski space, we are imagining a Rindler wedge associated
with an observer accelerating away from the horizon but remaining equidistant from the
artificial boundary. In the case of Anti-de Sitter space we are actually imagining a Rindler
observer in the dual conformal field theory. See again figure 2. It’s worth noting here that
the entanglement entropy should be associated not with a spacial slice but with the entire
causal diamond which is the causal development of the slice. The Penrose diagram of the
boundary in 2 shows the diamond associated with the bulk spacial slice.

We will compute the entanglement entropy using the replica method. In general, this
means observing that:

S = —n|ner Tr(p") (2.4)

This is just a mathematical fact, but it can be heuristically interpreted as saying the
entropy is a measure of the decrease in the “coincidence probability” (the probability that
all systems are found in the same state) as the number of systems is increased. Specifically
in quantum field theory, this method geometrizes nicely because the p™ can be thought
of as “gluing” together multiple copies of the space and then the tracing procedure just
computes the partition function on this space:

S = —Oplne1(Zn)Z7) = Ol (Wi — nW1) (2.5)

Where W refers to the connected function (or free energy in the Euclidean picture). In
the case of the Rindler Wedge, the replica manifold is the cone with surplus angle 6 =
2m(n — 1) and the conical singularity is located at the horizon (which is a single point after
we Euclidienize). Within this computational scheme the e cutoff serves to regulate this
singularity, but the origin of the divergence is still better understood from the heuristic
description given in the previous section.

This quantity is divergent in quantum field theory due to the short distance behavior
of the Green’s function which encodes correlations across the horizon at all scales. We will
therefore introduce a short distance cutoff € to regulate the result. The “area law” result
mentioned in the introduction implies that the Rindler entropy is also infrared divergent
since the Rindler horizon area is infinite, so we will include a long distance cutoff A where
necessary as well.

8In fact this subtlety produces “boundary effects” for entanglement of its own sort, which are different
than those investigated here.



In a free theory, even with nontrivial boundary conditions, the whole theory is deter-
mined entirely by its Green’s function, which may be determined by solving the equation
of motion or built from the spectrum of the theory. For example we have that, at one loop:

W = ;/mo: dm?Tr(G) (2.6)

Where here the trace is over the spacetime. We may obtain results for the replica manifold
from those for n = 1 by means of the Sommerfeld Formula [42]:

/Fcot <w2— z)F(w)dw (2.7)

(07

Fona(2) = For(2) = dmicy
Where the I" contour goes down the line —7 and back up the line 7 and where Fa(z) is
an arbitrary 2w—periodic function

In effect then, computing the entanglement entropy is just a matter of composing
the linear functions (2.5), (2.6), (2.7). So the entanglement entropy up to one loop is a
linear functional of the Green’s function, which is expected given the theory is free and
we are interested in vacuum correlations across the horizon. We will actually be interested
here only in the entropy difference for different boundary conditions, so this linearity is
convenient since it means the difference in entanglement entropies is just a linear functional
of the difference in Green’s functions.

For Anti-de Sitter space we will need to additionally include a geometric contribution.
This will be found using the linearized Einstein equation and by point splitting the Green’s
function to obtain the stress tensor, see section 4. This too is linear in the Green’s function.

For all cases we will define the subtracted entropy as:

AST =5/ — 89 (2.8)

Where f is a boundary coupling which breaks conformal invariance. In general A will be
used for this subtraction while § will be used for quantum corrections, although A will also
be used for the scaling dimension of some operators where it is not too unclear to do so
(we hope).

We will be working with a free massive quantum scalar field. We can define the theory
by specifying the (Euclidien)? action and partition function:

2= [ddlone ™ 116 = 5 [ Vla"0u0000 + w6 (2.9

Where €2 is some spacetime background and the restriction on the path integral must be
chosen to implement suitable boundary conditions, of which there will be a 1 parame-
ter family. The requirement is that the operator associated with the equation of motion
resulting from the action:

. 1
D=-V*4+m?= —%aa(\/ggabab) (2.10)

%o be clear, t = —ir.



Is a positive operator on the space of functions on satisfying said boundary conditions. This
is made manifest if one recognizes that we may integrate by parts to schematically obtain:

2= [idipne 02 (2.11)

We will use the variables D = d + 1 = n + 3 so that D represents the bulk spacetime
dimension, d the boundary dimension, and n the dimension of intersection of the horizon
with the boundary.

3 Half Minkowski space
The (Euclidien) background geometry for half Minkowski space is given by:
ds® = d2* +dr* +dz-di  2>0 (3.1)

We will imagine a horizon at, say, 1 = 0, cutting the bulk spacetime in two and allowing
us to compute an associated entanglement entropy.
The differential operator which defines the scalar field theory reduces from (2.10) to:

D=—8-0,- 0, +m? (3.2)

Meanwhile one may integrate the action by parts to obtain that the operator is positive
on the space of functions which obey:

8Z¢|Z=0 = f¢|z=0 f >0 (33)

For some fixed f. The case f = 0 is traditionally called the “Neumann” Theory while
f — oo is the “Dirichlet” theory. We may think of nonzero f as inserting a relevant
boundary operator of dimension D — 2.

We will be interested in the spectrum of this operator since this can be used to define
the quantum field theory and in particular may give us the Green’s function. So we seek
to solve:

D¢ = Ao (3.4)

One may check that the following functions are an orthonomal set of eigenfunctions which
obey the boundary conditions:

¢ = W(@rﬂbm + agdi)e (3.5)
Where: ) ‘
e =€" koS (3.6)

V2R

The corresponding Eigenvalue is:

A= k2 + k> + m? (3.7)



Notice that the =0 case returns:
ay = an (3.8)

Whereas f — oo gives:
ax = —a (3.9)

K

Which are precisely the results we would expect (symmetry and antisymmtry) using the
method of images to obtain the spectrum with boundary conditions from the spectrum on
the whole space. Indeed, one can see from the structure of the eigenfunctions that it is a
wavelength-dependent generalization of the method images, where the phase of the image
depends on the scale. The boundary condition induces a sort of “RG Flow” from a free
scalar field with a “Neuman mirror” in the UV (at large k) to the same theory but with a
“Dirichlet Mirror” in the IR (small x).°

We may find the Green’s function from the spectral theory of D using the relation:

.|.
=% “AA”A (3.10)

A

Where the vy are the eigenfunctions of D, in this case (3.5) We have:

drdkd k2 — f2 ik @) gir(2+2)
Gf:G+/ Rk K —f e e (3.11)
2m)P K2+ 2 k2 4 |K|2 4+ m2
Where G is the usual Minkowski Green’s function. We see that we have:
F=G+P.G G*=G-P.G P.=i--7 (3.12)

We are actually most interested in the “subtracted” Green’s function since we want to
compute differences between the theories:

drdk? [ R ET) iR+
2m)P K2 + f2 12 4+ |K|2 + m2

AGI =67 -G° = —2/ (3.13)

We may now use the formulas from 2 to compute the entanglement entropy. We will
be cursory in the following, see appendix A for more details. We will choose the case
m? = 0 since then it is only the boundary that breaks conformal invairence, and D = 4 for
simplicity, but our method is generalizable.

Let’s start by considering the limiting cases f — 0,00 We find:

LA
244/ €

Where the latter is true by definition. These are the endpoints, we’d like to be able to

AS™ = ASY =0 (3.14)

see the full interpolation as a function of f. We may try to proceed by expanding the

1076 be clear, since the phase depends on scale, an object emitting a range of wavelengths would not
really pervieve this as a mirror.



integral (3.13), which is intractable, in either small or large f:

2 /1.2
% =Y (= Ft (3.15)
Mlz/fz = (w7 f>1 (3.16)

n

It was pointed out in [20] that the entropy is not an analytic function of f at f = 0,
posssibly due to the appearance of a tachyon for f < 0 which indicates the onset of a phase
transition at this point. Therefore we will expand in large f. We obtain:

1 A T(E+n) /-1\"
A = e 2 R T an) <f252> (3.17)

This is divergent,'! but can be interpreted as an asymptotic series.'? Indeed, (3.13) is not

so different from the Eulerian integral:

[e%e) eft
F(z)= [ dt 3.18
() /0 1+ at (3.18)

Which is known to be tractable with asymptotic methods [44]. We can even resum the
series using the Borel summation method!? to obtain:
22 (1 |1/21/2
Ga3 (W‘O,L—Uz

2V

AST = ) AS> (3.19)

Where AS® is the same as that in (3.14). Although there is no proof ensuring resummation
is unique, we present this as the correct solution for the entanglement entropy as a function
of f. It is monotonic as expected and has the correct asymptotic expansion. One can also
check that it isn’t analytic at the origin as expected. So the appearance of the tachyon,
and therefore the absence of stability, for f < 0 appears as non-analyticity of AS/.

One can now plot the whole interpolation between theories, see figure 3. Notice f
only appears in the combination fe, which encodes the ratio of the renormalization scale
to the cutoff.

Notice also that it depends not on the area of the horizon, but the area of the inter-
section of it with the boundary. So it’s subleading to the usual area law. This plus its
monotonicity is reminiscent of the g-theorem for D = 2, where we have:

A
S = glog <6) + log(g) + co (3.20)

The first term takes the place of the area law (c is the central charge), the second term is
a constant (since n = 0 here) which depends on the boundary physics, and the last term is

1 Consider e.g. the ratio test.

12 A theorem of analysis [45] ensures that given the integrand is analytic and that the integration is finite
term by term, the expression is the correct asymptotic series.

13 Again, see appendix A for details.

~10 -
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Figure 3. This plot shows ASY/|AS®| vs. fe for D = 4 and m? = 0. Notice it is decreases
monotonically.

a constant which doesn’t. The g term has been proven to decrease monotonically, and this
has been generalized to higher dimensions more recently [27]. Our result are illustrative of
that this generalization, again building on [20].

Since our results are in D = 4, we should comment specifically on the “Boundary
F-theorem” conjecture [46-48]. The conjecture, which is a generalization of the g-theorem
specific to D = 4, states that for a 4D CFT with a boundary RG flow, the constant term
in the entanglement entropy of a hemispherical region centered on the boundary, with
bulk contribution subtracted, is monotonically decreasing along the flow. Although we
have found the entanglement for a planar region, we may still assess the behavior of any
constant term for sake of comparison.!* We see from (3.19) and (3.14) that our results are
entirely of the form of a perimeter law with zero constant term, since:

AWNA%NA (3.21)
€

Therefore the monotonicity of the constant term is satisfied, but trivially so being always
zero. Our D = 4 monotonicity result for the coefficient of the perimeter term is therefore
more comparable to [8].

4 Anti-de Sitter space

Now we will turn to the free scalar (2.9) in Anti-de Sitter space, with (Euclidianized)
metric:

L2
ds® = ?(sz +dr?+dZ-d¥) z>0 (4.1)

Topologically this is the same as the previous section, and we will again use 1 = 0 to
define the Rindler splitting. For the theory (2.9) in an Anti-de Sitter background, it is

14YWe thank the reviewer for recommending this comparison.
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convenient to introduce the quantity:

v=1/d?/4+m?L? Ay = é:l:l/ (4.2)

2

For example, the small z limiting behavior for any solution to the equation of motion
goes as:
B(2) = P12 + ..+ a2t (4.3)

And for the range of masses given by:
0<r<i (4.4)

A one parameter family of boundary conditions is permissible just as in the Minkowski
case:

p=fm f=0 (4.5)

Where we see the mass dimension of f is [f]= 2v.15 Just as before, as long as f > 0 the
theory is well defined (as was shown in [43]). The f = 0 case is traditionally still called in
“Neuman Theory” and the f — oo the “Dirichlet Theory”. As was pointed out in [34], it
is important to note that in the limit v — 0 the spectra for different f all degenerate and
so all give rise to the same quantum theory.'6

As mentioned in section 1, in the Dual Conformal Field Theory the f parameter acts
as a coupling constant for a double trace deformation of the Neuman theory, and this
deformation generates a Renormalization group flow between a theory with operators of
scaling dimension A_ to one of A.

Unlike with the Minkowski case it is this Conformal Field Theory Dual we have in
mind, and we are thinking of our results as a holographic calculation of the (Rindler)
entropy in the Dual theory. We are able to relate the two using the proposal (1.6). In our
case, we are only interested in the entropy difference, so we have:

ASAS

- f
ASlpr= =5 + Slas (4.6)
. entropic
geometric

We obtain (4.6) by noting that the classical contributions cancel (because the classical
solution for the theories we consider are ¢ = 0)), that we have no curvature couplings
(which would give Swayq in (1.6)), and by assuming that any renormalization counterterms
do not depend on f.!7 This is all precisely the same as in [21] and [22] where the f = 0, 00
cases were computed. We seek to extend their calculation to general f and compare results

15Because we will be integrating over v at various points, it will be necessary to be careful about this
implicit v dependence in f.

16Nevertheless, there is still a 1 parameter family of possibilities due to the appearance of an additional
term in the expansion (4.3) for v = 0. This is just as with degeneracy for ordinary differential equations
wherein an “additional solution” appears. One could consider this family additionally but we will not
pursue this here.

7This is a reasonable assumption but it is not guaranteed since in principle there may be finite boundary
counterterms associated with f. We will neglect this possibility here.

- 12 —



to expectations based on the irreversibility of the Renormalization Group (1.5) as a way of

checking the consistency of the proposal (1.6). So we must compute two terms, an entropic

contribution and a geometric contribution. Both can be obtained from the Greens function.
The Greens function is most easily found not by spectral theory but by solving:

DG(z,2') = \}gé(x —a) (4.7)

The metric factor is chosen so that:
[ v i@ (@ m6(.)) = 1) (4.8)

The solution requires nothing other than standard Sturm-Liouville techniques and resem-
bles finding the classical static electric field Greens function in cylindrical coordinates as
in [49]. This task was first accomplished for general f in [34]. We have:

AGT — —SIH:W)L / dkad (222K, (k2)K, (k=) M AT 0s(®) (4.9)
With: 1
22 fT(1 + v) k*T(1 - v)
f_ _ 4.1
T k2T =) + 22T (1 + v) (22”ff(1 ) o
And: d—1 .=
r 0,k sin(0)"dkdo (4.11)

(2mL)d

And where A7 refers to the boundary directions only.

4.1 Entropic contribution

We may proceed to get the bulk entanglement entropy just as in section 3, this time by

2v i
f_ k F(l — l/)
=2 (e )
(2
For full details, see appendix B. As it turns out there is a complication which is that for
the Anti-de Sitter the analogue of (2.6):

expanding:'®

1 v
W=3 / dv*TrG (4.13)
0

Where we may integrate from v = 0 since AW,—g = 0 as explained above. The issue
is this integral will be intractable. However if we expand in v, which is reasonable since
0 <v <1, we will be able to proceed and will even be able to resum the series (4.12) in f
order by order in v without asymptotic methods. The result, which does not converge, can
be interpreted as an asymptotic expansion in small v For example, for D = 5 we obtain:

- f 2v f 2v

18 And the same theorem guarantees we will get at least an asymptotic series.
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« Neuman Theory
ASf oe Mixed Case+O{v 4}
A5

— Mixed Case+O{v"5)

..... Dirichlet Theory

Figure 4. This plot shows AS/{dS/\ASXOdS| vs. fe for v = % for any D = 5. Notice it is increases
monotonically.

Where: ,
AS® = <A> v (4.15)

Which agrees with [21] and [22], and where:

1+ +1log(4) +1°(3/2) (A2) 4
S4.1 = — | V

’ 96 2 (4.16)

This is monotonic, just as in the Minkowski case, however here it is monotonically
increasing. See figure 4.

It is possible to compute the additional terms systematically, for any D > 4.9 For all
cases the results have the structure:

oo 1—3
AS;ZdS = Z Z Sijylgb (_.]‘162117 =1 0> (417)

i=3 j=0

Where ¢ is the Hurwitz Lerch ¢ function. Only terms with 5 = 0 will be nonzero in the
limit f — oo and these will only contribute for odd ¢ for 3 <¢ < D — 2. For D = 5 this is
only the v term which is why we were able to write it in the form (4.16).

The expression we provided is written in terms of the dimensionless parameter fe?”, so
we have implicitly had in mind fixing this quantity, expanding in it, and then resumming
order by order in v. This form is useful for considering e.g. varying f with e fixed, which
interpolates between Neuman and Dirichlet theories. However for some fixed f we would
like to take € — oo since it is an ultraviolet regulator in the conformal field theory and we
are really only interested in finite or divergent terms in this limit. Which terms survive
will depend on the choice of D and v, another reason (4.16) and (4.17) are useful. For the

YFor D = 3 there are additional divergences which prevent the integral expressions from being tractable
even after expansion, see [21].
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case D =5 and v = % again, we get for example:2’

AST = (/4% +0()

(4.18)
Note the second term is a finite contribution, while both are proportional to the area in

3(7e+log(4)+90(3/2)+11 [ FAZY  3(r+log(4)+10(3/2))+7
46087 < € > 2304

the dual conformal field theory.

It is worth noting that as a bonus we may obtain the zero temperature Free Energy
(The Euclidean connected function), which is related to the vacuum energy sought in [34].
In [34] the authors noted monotonicity of this quantity based on the integral expression (4.9)
but did not compute the integral. We may however proceed with the same strategy as for
the entropy to compute, for example:

fe (A 0, O\ T(EHr(9)?
aw' =~ ({5 ) (o) (g ) “amgasy  +0w) )

Which in e.g. D =5 gives:

1 2v A4
AW = i <1 ffe”) <e4> o0 (4:20)

We note that 16\—; is just the volume of the conformal field theory, so the coefficient of this
may be interpreted as the free energy density (at zero temperature). All the higher order
terms can be computed systematically as described previously. Notice the monotonicity
appears as expected.

4.2 Geometric contribution

In order to make a prediction for the entanglement entropy of the dual conformal field
theory using the proposal (1.6), we must also compute the area term which comes from 1-
loop stress tensor backreaction on the geometry. In general, this could result in a different
Ryu-Takayangi minimal surface in the bulk, but since we have chosen the horizon to be
defined by x1 = 0 the unbroken symmetries ensures this will not change in our case and
we need only compute the shift in area for this same surface.

We must keep in mind also that we should use the same expansion employed when
computing the entropic contribution. Namely, we fix a z cutoff for the space and expand
in the v independant quantity fe?”. This means we will need to be solving the (linearized)
Einstein equations with appropriate boundary conditions imposed at z = €.?!

We proceed as follows. First, we must obtain the stress tensor. We may get this by
“point splitting” the Greens function (see e.g. [50]). That is we define:

(Top) = lim ((Tup(2,2")) — Zap) + 9@ (4.21)

' —x

20We could not provide a similar expression in the Minkowski case because the expression was not analytic
for small fe.

2'Equivalently, we may think of choosing boundary conditions by requiring that in the e — 0 limit we
have the same boundary as the Neuman theory since this fixes the ultraviolet fixed point.

~15 —



Where the first term is the classical stress tensor promoted to a quantum operator, but
“point split” so it isn’t evaluated at coincident points. The second term is a quantity meant
to remove the divergences from the first quantity. It can be rather difficult to determine
but depends only on geometric invarients. The final term @ is meant to enforce:

VT = 0 (4.22)

For us, the issue is simplified since we are only interested in the difference in stress
tensors for different boundary conditions. The divergent part Z, is removed from this
automatically.??

The classical (Hilbert) stress tensor is:

2 (\f L) oL
Top = \77 = 25gab + gL (4.23)
Which for our case is:
1
Ty = aOb + 5 9ab(9™'0cDucd + m*¢*) (4.24)

Where recall m? is related to v by (4.2) which is important for a v expansion. The promo-
tion of T, to a point-split operator and taking its expectation value can be accomplished
by replacing the terms in (4.21) with the Greens function or the appropriate derivative.
See appendix B for the details of this and the rest of the calculation.

So using (4.21) we may obtain an expansion for difference in stress tensors. To lowest
order in v we get:

€2 2 L d
<Ew=—< f )(er(i)%1>yﬂw+0() (4.25)

14+ fEQV 2d+4p( )
Where 2, is the area of the n-sphere. For D = 5 this is:

2v
<Tab> = - 1 —"’f_ef€2y (15557_(_2) Gab + O(VQ) (426)

In order to obtain (4.25), one must expand as in the previous subsection. This means
cutting off the space at z = ¢, (4.25) should therefore be thought of as the boundary value
of the stress tensor which interpolates between Neuman and Dirichlet as a function of z.
The contribution goes to zero as € — 0 for fixed f as it should, since all theories approach
the Neuman fixed point in the ultraviolet.

Because this contribution is proportional to the metric, at this order in v the backre-
action is equivalent to a simple shift of the cosmological constant:

<Tab> = )\gab — 5Ac.c. = 871G\ (4.27)

22In principle it is possible that some finite part remains, since we are comparing two different theories,
not two states in the same theory (for which the subtraction is guaranteed to be correct by a theorem [51]).
We will neglect this possibility since we appear to obtain the correct answer when our results reduce to
known results obtained by other methods.
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The cosmological constant is related to the AdS radius L by:

p __(@=1)

4.2
So: JIGLY
2vV2G L2\
SL=-""""""1 OG> 4.29
Meanwhile the classical result for the area is:
00 Ln+1 AP
A= A”/ (L/z)”+1 =—— (4.30)
. n €
Putting this altogether we get:
ASAT A" 2p[3tn
AT _ _ATE2RET g (4.31)

4G e d(d-2)

And so finally we have:

ASAS o [ fe Q.d°T(GHI(9)* ) A" 2
B o0 = <1+ fﬁzy> <2d+gd(d_2)r(“)wn o) (43

Which for D = 5 again for example is:

ASAT fer AT v N
4G 1+ fev €2 607

O?) (4.33)

Note that this is a monotonic contribution to the boundary area law. It agrees with [21]
and [22] when f — oco. Since it is of order v! whereas (4.17) was of order v3 it is always the
leading contribution. So the geometric contribution leads the entropic contribution for any
f (for Rindler space). So (4.32) is our prediction for the dual field theory Rindler entropy
to lowest order in v. That is, to emphasize:

AS{;FT:LMN +0(?) = ( fe > < Qd?T(5)(5)” ) ﬁw(’)(uz) (4.34)

4G 1+ fe2 ) \ 2d+3d(d—2)T(LE3)mm | en

We can plot this as in section 3. See figure 5 Higher order contributions can be computed
systematically by proceeding with point splitting and solving the bulk Einstein equations.
See appendix B for full details. The results have a structure similar to (4.17).

We can of course take the ¢ — 0 limit for some choice of v just like in the previous
section, and the results are similar.

4.3 Irreversability

The monotonicity of the interpolation of the entropy of the conformal field theory found
in the previous section is reminiscent of the behavior of “c-functions” which capture the
irreversibility of the renormalization group flow. On the other hand our entropy apparently
increases rather than decreases which is the opposite of what we would expect.
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X « Neuman Theory
AS/
|AS| — Mixed Case

T Dirichlet Theory

ff‘ll/

Figure 5. This plot shows AS(’;FT/|A58°FT| vs. fe to lowest order in v for any D > 4. Notice it is
increases monotonically.

In order to clarify this issue we need to compare with explicit results on the irreversibil-
ity of the renormalization group flow and its relation to entanglement entropy. The most
general result to date is the theorem in [9] which was mentioned in the introduction. To be
more explicit, let AS(r) be the difference in entanglement entropy between the deformed
theory and the theory at the UV fixed point (just as in (2.8)) for a spherical region of
radius 7. We can define the following quantity:

S'(r)

fi(r) = (d—2)@3 (4.35)

Where here we are thinking of d as the spacetime dimension as in the conformal field theory
dual to Anti-de Sitter space of dimension D = d+ 1. We can think of this as the coefficient
of the area term. The result of [9] says that this u(r) acts as a c-function in any dimension:

i'(r) <0 (4.36)

That is it is monotonically decreasing as we go from ultraviolet to infrared with increasing
spherical radius.

If we think of our Rindler result as representing that of a sphere of infinite radius r ~ A
the result in the previous section satisfies (4.36) trivially:

i(r) =0 (4.37)

This is because for any value of f the Rindler Entropy is in the deep infrared regime. In
order to compare with irreversibility expectations nontrivially, we may do one of two things:

1. Because our result to lowest order comes entirely from the shift in the cosmological
constant, it would seem like we could extend our results to lowest order in v to a
spherical entangling surface using [10]. If we do this naively, the inequality (4.36)
will actually be violated. This is because, as was pointed out in [22], there is a
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v term that appears in the entropic contribution for finite » which exactly cancels
the geometric contribution, at least for the f = oo case. The important term is of
order 3. This resolves the puzzle pointed out in [21] regarding consistency of higher
order v terms with expectations based on the a-theorem, but also means we cannot
trivially extend our results to a spherical surfaces to the necessary order of v. This is
because past first order the backreaction on the geometry is not reducible to a shift of
the cosmological constant and we cannot e.g. guarantee the minimal surface remains
the same. Nevertheless, if the interpolation found for the Rindler results extends
to spherical entangling surfaces anyway, which appears likely since it appears to be
inherited almost directly from the form of the Greens function, then the proof of the
consistency of the proposal (1.6) with (4.36) in the f — oo case found in [22] extends
immediately to all f. So our results are highly suggestive, but not a proof, of the
consistency at finite f.

2. In d = 2 dimensions (AdS3) the area term is proportional to the central charge, so
the interpolation would be directly interpretable. However we were not able to obtain
the entropic contribution in this case. For f — oo it was found that a naive extension
of the procedure in section 4.1 gave the correct result. If this holds true for finite f
then the interpolation (4.17) will remain true and the consistency found in [22] will
extend to finite f.

It is also worth noting that the free energy computation (4.19) is consistent with the
c-theorem, but this was already known in [34, 60].

So our results are strongly suggestive, but do not concretely prove, that the pro-
posal (1.6) is consistent with irreversibility of the renormalization group for finite f.

5 Discussion and conclusions

In this paper, we computed the entanglement entropy for mixed boundary conditions in
half Minkowski space and in the context of the AdS/CFT correspondence. In both cases,
the result was a monotonic interpolation between conformal fixed points as a function of
a dimensionless combination of the boundary coupling and the cutoff. In the case of half
Minkowski space, our results build on earlier results and are illustrative of the generalization
of the g-theorem to higher dimensions found in [27]. In Anti-de sitter space our results fill
in the interpolation between Neuman and Dirichlet theories as already computed in [21]
and [22] and offer an opportunity for a consistency check of the proposal for 1/N corrections
to the holographic entanglement entropy formula.

We have also commented on the non analyticity of entropy difference at f = 0 which
was observed in [20], where it was suggested that it may be indicative of a phase transition.
Indeed, a tachyon appears precisely at this point. The theory would need to be embedded in
a larger theory to determine the new phase since our free theory simply becomes divergent.

It may be possible to extend the AdS/CFT result to higher order using the recent
proposal [52, 53]:

ScpT = ext [112 + SAd8:| (5.1)
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But it is not entirely clear how to make sense of the gravitational backreaction beyond
1-loop since gravity is not renormalizable and since the next order would inevitably involve
quantum gravitational interactions with the matter field ¢ (for us the backreaction involved
classical gravity responding to the 1-loop stress tensor, which is a tadpole diagram).

It would be interesting to extend the results to higher spin. For spin 1, there is the
additional possibility of topological terms which are supposedly probed by the entanglement
entropy. Combined with mixed boundary conditions, there is a full SL(2,Z) space of
theories (see [37] for summary and elaboration on possibilities) which can be explored and
it would be interesting to see how the entropy transforms under this group. For spin 2, it
has been suggested [54] that the mixed boundary conditions give rise to quantum gravity
on the boundary. In this case it is not even clear what the analogue of the formula (1.6)
would be, making it especially interesting though perhaps problematic.

As mentioned, the results confirm expectations based on the irreversibility of the renor-
malization group flow. As mentioned in [27] it would be desirable to extend these results
as much as possible, for example to boundaries of different codimension.

The fact that the entropy difference (2.8) is so easily computable in this example may
make a comparison with the entropy bounds [55, 56] interesting.

The Ryu-Takayangi formula has been used to derive the linearized Einstein equations
in the bulk from the “first law of entanglement entropy” on the boundary (see e.g. [57-59])
Extending these results to include quantum corrections is important and the example in
this paper may provide an interesting test case for exploratory purposes.

The solubility of this model may be useful in general for exploring holographic renor-
malization group flows generated by % suppressed effects.

A Details of half Minkowski space calculations

We choose D = 4 with m? = 0. Since m? = 0 it is actually more convenient to work with
the heat kernal. We have:

+o0 2
K = Z/ / / drdkdo Zln?’(e) < '];2> eQiZK—S(k2+m2+H2)+il€A7‘COS(9) (Al)

Where we have already expanded in large f. Since this expansion of the integrand is
analytic the resulting integral, if finite term by term, givesnan asymptotic series. It is
convenient to use polar coordinates for the boundary directions, in which case:

Ar = |r[y/2(1 — cos(w)) (A.2)

We can then perform the partial trace:

00 00 e_mQS_é (—%)ir (% + Z)
Ky, = / rdrK =) (A.3)
0

pare 75/2(—8s + 8scos(w))

Since the entropy does not depend on terms linear in n the Sommerfeld formula can be
applied as:
w
K, ~ —mResidue {Kw cot <2—> JW = 0} (A.4)
n
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Since this is the only pole. To get the entropy we then take:

And integrate over z and the boundary directions. We get:

(<) T+

OKs=> A A6
; 247sl/? (A.6)

We integrate over s to get the entropy:

1 ‘ 1 .
Ctgas, . & & (-Ae) T+
=73 / ORI S e . (A7)

This sum as divergent, but it may be Borel resummed since the sum:

S, fAArcSinh ﬁ
2.7 =" 24ﬁ< ) (A.8)

is convergent. In Borel summation one takes the divergent sum ) A;, replaces it with

> A;/i, and integrates fooo dte~t/% where t is the asymptotic expansion parameter, for us
t = f2¢2 since this was what appeared in (A.7). This gives the result:

MeijerG [{{%7 %} ’ {}} ’ {{O’ 1}’ {_%}} ’ f21621|
Ve

AST = AS™®

(A.9)

As reported in section 3.

B Details of Anti-de Sitter space calculations

B.1 Entropic contribution

We will proceed for D = 5 since it is difficult to obtain a general expression in terms of D
even as each D > 4 appears tractable case by case. If we expand the Green’s function in
large f we may perform the k integral. We get:

. . —v 1/ . . N .
co 9 b-2iw 2w (4 (_%> L2+ (—1+4)v|T[2+iv]T[2+v+iv]sin(mv)
Z_ L377/2 x
i=0
. . . . . S5 . Ar?
HypergeometricPFQRegularized | (2+iv, 24 (—1+i)v,24+v+iv), ( 2, 3 +iv ), — )
z
(B.1)

One proceeds from here exactly as in appendix A, however one integrates over v instead
of the heat kernal parameter s. In order to perform this integral one must expand in small

~ i (—J{) (B.2)

v. One finds terms:
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Where £ is less than the order of v minus 3. These may be resummed over f term by term,
because they are analytic power series in f. This is what gives rise to the ¢ functions and
the structure (4.17). However the series is not convergent when summed over v and we
should recall that this is only an asymptotic series.

B.2 Geometric contribution

We may find the bulk stress tensor by expanding the integrand of Green’s function in large
f, taking appropriate derivatives, and taking the coincidence limits. We obtain:

Algg)! =

= QuI(3(-1+d) (—5) T (4 (—14+0)0) T ($+i0) T ($+v+iv) sin(rv) -
P 9 F1+d+2iv pd [ d—1 ,2iv ] (%) T (%(1+d+2iu)) )
A(0.00.¢)7 =

> = (P +4div(1+iv)+407 (1422 (14iv))) x

=0

Q7 (A(=1+d)) (—fFF((ll;”I}))ZF (44 (=14i)0) T (4+iv) T (¢ +v+iv) sin(rv) -

gitdt2w [d-Ird 22w ()T (1(3+d+2iv))
NGRS
< L (31 (<7 ) T+ (L) T (L §4) T (1§ v sin(r)
92+d+2iv [d—rd 242w (14 ) T (L (3+d+2iv))

=0
(B.5)

Where z is any boundary coordinate (all the same due to boundary Lorentz symmetry and
Euclideanization). These are badly divergent, not even Borel summable, but they can still
be treated as asymptotic series. We then have:

2
_ A2,

ATy, 5

0u00,0)+(1/28(0.00.0)+(1/21/2) (-5 ) atoar! (B9

2

AT = C00,00,0) +(3/2)A0.00.0) +(1/2)(1)22) (v?— !

: T)aws  ®a)

One can then expand in v. One finds that:
A(Tye) — AT =0+ O@W?) (B.8)

Further the z dependence is ~ 272 so this first contribution is proportional to the metric.
This means AQ7 = 0 automatically at this order and allows a quick determination of the
leading order contribution to the shift in the area as explained in section 4. For higher
order in v there will be both further contributions proportional to the metric and ones
with additional z dependence. The former can be handled as in section 4 but for the latter
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we must explicitly solve the Einstein equation. It actually appears that AQ/ remains 0,
at least for the first few orders in D = 5. The condition is:

VN Lop) = (dTra) = n(T2c) + 20:(T22)) 75 = 0 (B.9)

A convenient metric ansatz is given by:
L2
ds? = <2> (d2? + 22z . d7) (B.10)
z
The zz component of the Einstein equation then gives:

_d(d—1)zh'(z)

72 =T7 (B.11)

Which can be integrated immediately, with a boundary condition set so as to recover
h(e) — 0 as € — 0. Then one simply needs to integrate:

AZLZAJ” N —4(2;)1\” /€°° . <§>d1 Ah(2) (B.12)

This can be done systematically but is very messy. As with the other contributions one
may expand in v and resum order by order in f. For example in D = 5 we can get the
order v term this way:

AcSAf‘ _fe 3 A,
4G P T T (1 F fe2)? 54007 €2

(B.13)

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References
[1] A. Kitaev and J. Preskill, Topological entanglement entropy, Phys. Rev. Lett. 96 (2006)
110404 [hep-th/0510092] [NSPIRE].

[2] T.J. Osborne and M.A. Nielsen, Entanglement in a simple quantum phase transition, Phys.
Rev. A 66 (2002) 032110 [quant-ph/0202162] [INSPIRE].

[3] L. Amico, R. Fazio, A. Osterloh and V. Vedral, Entanglement in many-body systems, Rev.
Mod. Phys. 80 (2008) 517 [quant-ph/0703044] [INSPIRE].

[4] M.P. Hertzberg and F. Wilczek, Some Calculable Contributions to Entanglement Entropy,
Phys. Rev. Lett. 106 (2011) 050404 [arXiv:1007.0993] [InSPIRE].

[5] G.’t Hooft, On the Quantum Structure of a Black Hole, Nucl. Phys. B 256 (1985) 727
[INSPIRE].

[6] S.N. Solodukhin, Entanglement entropy of black holes, Living Rev. Rel. 14 (2011) 8
[arXiv:1104.3712] [NSPIRE].

[7] H. Casini and M. Huerta, On the RG running of the entanglement entropy of a circle, Phys.
Rev. D 85 (2012) 125016 [arXiv:1202.5650] INSPIRE].

~ 93 -


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1103/PhysRevLett.96.110404
https://doi.org/10.1103/PhysRevLett.96.110404
https://arxiv.org/abs/hep-th/0510092
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0510092
https://doi.org/10.1103/PhysRevA.66.032110
https://doi.org/10.1103/PhysRevA.66.032110
https://arxiv.org/abs/quant-ph/0202162
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CA66%2C032110%22
https://doi.org/10.1103/RevModPhys.80.517
https://doi.org/10.1103/RevModPhys.80.517
https://arxiv.org/abs/quant-ph/0703044
https://inspirehep.net/search?p=find+J%20%22Rev.Mod.Phys.%2C80%2C517%22
https://doi.org/10.1103/PhysRevLett.106.050404
https://arxiv.org/abs/1007.0993
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1007.0993
https://doi.org/10.1016/0550-3213(85)90418-3
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB256%2C727%22
https://doi.org/10.12942/lrr-2011-8
https://arxiv.org/abs/1104.3712
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1104.3712
https://doi.org/10.1103/PhysRevD.85.125016
https://doi.org/10.1103/PhysRevD.85.125016
https://arxiv.org/abs/1202.5650
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1202.5650

8]

[9]

[10]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]
[20]

H. Casini, E. Teste and G. Torroba, Relative entropy and the RG flow, JHEP 03 (2017) 089
[arXiv:1611.00016] [INSPIRE].

H. Casini, E. Testé and G. Torroba, Markov Property of the Conformal Field Theory Vacuum
and the a Theorem, Phys. Rev. Lett. 118 (2017) 261602 [arXiv:1704.01870] [INSPIRE].

S. Ryu and T. Takayanagi, Holographic derivation of entanglement entropy from AdS/CFT,
Phys. Rev. Lett. 96 (2006) 181602 [hep-th/0603001] [INSPIRE].

J. Lin, M. Marcolli, H. Ooguri and B. Stoica, Locality of Gravitational Systems from
Entanglement of Conformal Field Theories, Phys. Rev. Lett. 114 (2015) 221601
[arXiv:1412.1879] [INSPIRE].

X. Dong, D. Harlow and A.C. Wall, Reconstruction of Bulk Operators within the
Entanglement Wedge in Gauge-Gravity Duality, Phys. Rev. Lett. 117 (2016) 021601
[arXiv:1601.05416] [iNSPIRE].

J.M. Maldacena, The Large N limit of superconformal field theories and supergravity, Int. J.
Theor. Phys. 38 (1999) 1113 [hep-th/9711200] [INSPIRE].

E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2 (1998) 253
[hep-th/9802150] [INSPIRE].

O. Aharony, S.S. Gubser, J.M. Maldacena, H. Ooguri and Y. Oz, Large N field theories,
string theory and gravity, Phys. Rept. 323 (2000) 183 [hep-th/9905111] [INSPIRE].

H. Casini and M. Huerta, Entanglement entropy in free quantum field theory, J. Phys. A 42
(2009) 504007 [arXiv:0905.2662] [INSPIRE].

C. Holzhey, F. Larsen and F. Wilczek, Geometric and renormalized entropy in conformal
field theory, Nucl. Phys. B 424 (1994) 443 [hep-th/9403108] [INnSPIRE].

P. Calabrese and J. Cardy, Entanglement entropy and conformal field theory, J. Phys. A 42
(2009) 504005 [arXiv:0905.4013] INSPIRE].

M. Srednicki, Entropy and area, Phys. Rev. Lett. T1 (1993) 666 [hep-th/9303048] [iINSPIRE].

C. Berthiere and S.N. Solodukhin, Boundary effects in entanglement entropy, Nucl. Phys. B
910 (2016) 823 [arXiv:1604.07571] INSPIRE].

T. Miyagawa, N. Shiba and T. Takayanagi, Double-Trace Deformations and Entanglement
Entropy in AdS, Fortsch. Phys. 64 (2016) 92 [arXiv:1511.07194] [INSPIRE].

S. Sugishita, Entanglement entropy for free scalar fields in AdS, JHEP 09 (2016) 128
[arXiv:1608.00305] InSPIRE].

A.B. Zamolodchikov, Irreversibility of the Flux of the Renormalization Group in a 2D Field
Theory, JETP Lett. 43 (1986) 730 [INSPIRE].

E.P. Wigner and M.M. Yanase, On the Positive Semi-Definite Nature of a Certain Matriz
Ezpression, Can. J. Math. 16 (1964) 397.

H. Casini, E. Teste and G. Torroba, Modular Hamiltonians on the null plane and the Markov
property of the vacuum state, J. Phys. A 50 (2017) 364001 [arXiv:1703.10656] [INSPIRE].

H. Casini, I. Salazar Landea and G. Torroba, The g-theorem and quantum information
theory, JHEP 10 (2016) 140 [arXiv:1607.00390] [INSPIRE].

H. Casini, 1. Salazar Landea and G. Torroba, Irreversibility in quantum field theories with
boundaries, JHEP 04 (2019) 166 [arXiv:1812.08183] INSPIRE].

— 94 —


https://doi.org/10.1007/JHEP03(2017)089
https://arxiv.org/abs/1611.00016
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1611.00016
https://doi.org/10.1103/PhysRevLett.118.261602
https://arxiv.org/abs/1704.01870
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1704.01870
https://doi.org/10.1103/PhysRevLett.96.181602
https://arxiv.org/abs/hep-th/0603001
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0603001
https://doi.org/10.1103/PhysRevLett.114.221601
https://arxiv.org/abs/1412.1879
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1412.1879
https://doi.org/10.1103/PhysRevLett.117.021601
https://arxiv.org/abs/1601.05416
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1601.05416
https://doi.org/10.1023/A:1026654312961
https://doi.org/10.1023/A:1026654312961
https://arxiv.org/abs/hep-th/9711200
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9711200
https://doi.org/10.4310/ATMP.1998.v2.n2.a2
https://arxiv.org/abs/hep-th/9802150
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9802150
https://doi.org/10.1016/S0370-1573(99)00083-6
https://arxiv.org/abs/hep-th/9905111
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9905111
https://doi.org/10.1088/1751-8113/42/50/504007
https://doi.org/10.1088/1751-8113/42/50/504007
https://arxiv.org/abs/0905.2562
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0905.2562
https://doi.org/10.1016/0550-3213(94)90402-2
https://arxiv.org/abs/hep-th/9403108
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9403108
https://doi.org/10.1088/1751-8113/42/50/504005
https://doi.org/10.1088/1751-8113/42/50/504005
https://arxiv.org/abs/0905.4013
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0905.4013
https://doi.org/10.1103/PhysRevLett.71.666
https://arxiv.org/abs/hep-th/9303048
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9303048
https://doi.org/10.1016/j.nuclphysb.2016.07.029
https://doi.org/10.1016/j.nuclphysb.2016.07.029
https://arxiv.org/abs/1604.07571
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1604.07571
https://doi.org/10.1002/prop.201500098
https://arxiv.org/abs/1511.07194
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1511.07194
https://doi.org/10.1007/JHEP09(2016)128
https://arxiv.org/abs/1608.00305
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1608.00305
https://inspirehep.net/search?p=find+J%20%22JETP%20Lett.%2C43%2C730%22
https://doi.org/10.4153/CJM-1964-041-x
https://doi.org/10.1088/1751-8121/aa7eaa
https://arxiv.org/abs/1703.10656
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1703.10656
https://doi.org/10.1007/JHEP10(2016)140
https://arxiv.org/abs/1607.00390
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1607.00390
https://doi.org/10.1007/JHEP04(2019)166
https://arxiv.org/abs/1812.08183
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1812.08183

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

D.V. Fursaev and S.N. Solodukhin, Anomalies, entropy and boundaries, Phys. Rev. D 93
(2016) 084021 [arXiv:1601.06418] [INSPIRE].

I. Affleck and A.W.W. Ludwig, Universal noninteger ‘ground state degeneracy’ in critical
quantum systems, Phys. Rev. Lett. 67 (1991) 161 [INSPIRE].

D. Friedan and A. Konechny, On the boundary entropy of one-dimensional quantum systems
at low temperature, Phys. Rev. Lett. 93 (2004) 030402 [hep-th/0312197| [InSPIRE].

K. Jensen and A. O’Bannon, Constraint on Defect and Boundary Renormalization Group
Flows, Phys. Rev. Lett. 116 (2016) 091601 [arXiv:1509.02160] [INSPIRE].

T. Faulkner, A. Lewkowycz and J. Maldacena, Quantum corrections to holographic
entanglement entropy, JHEP 11 (2013) 074 [arXiv:1307.2892] INSPIRE].

E. Witten, Multitrace operators, boundary conditions, and AdS/CFT correspondence,
hep-th/0112258 [INSPIRE].

S.S. Gubser and I. Mitra, Double trace operators and one loop vacuum energy in AdS/CFT,
Phys. Rev. D 67 (2003) 064018 [hep-th/0210093] [INSPIRE].

J. Troost, A Note on causality in the bulk and stability on the boundary, Phys. Lett. B 578
(2004) 210 [hep-th/0308044] [INSPIRE].

S. Casper, W. Cottrell, A. Hashimoto, A. Loveridge and D. Pettengill, Stability and
boundedness in AdS/CFT with double trace deformations, Mod. Phys. Lett. A 34 (2019)
1950138 [arXiv:1709.00445] [INSPIRE].

W. Cottrell, A. Hashimoto, A. Loveridge and D. Pettengill, Stability and boundedness in
AdS/CFT with double trace deformations II: Vector Fields, arXiv:1711.01257 [INSPIRE].

M. Redhead, More ado about nothing, Found. Phys. 25 (1995) 123 [INSPIRE].

H. Casini, M. Huerta and J.A. Rosabal, Remarks on entanglement entropy for gauge fields,
Phys. Rev. D 89 (2014) 085012 [arXiv:1312.1183] INSPIRE].

K. Ohmori and Y. Tachikawa, Physics at the entangling surface, J. Stat. Mech. 1504 (2015)
P04010 [arXiv:1406.4167] [INSPIRE].

D. Radicevié, Entanglement Entropy and Duality, JHEP 11 (2016) 130 [arXiv:1605.09396]
[INSPIRE].

D. Fursaeu and D. Vassilivich, Operators, Geometry, and Quanta, Springer (2011) [DOI]]
[INSPIRE].

A. Tshibashi and R.M. Wald, Dynamics in nonglobally hyperbolic static space-times. 3.
Anti-de Sitter space-time, Class. Quant. Grav. 21 (2004) 2981 [hep-th/0402184] [INSPIRE].

L. Euler, De seriebus divergentibus, Novi Comm. Acad. Sci. Petrop. 5 (1754/55) (1760) 205,
English translation: E.J. Barbeau and P.J. Leah, Fuler’s 1760 paper on divergent series,
Historia Math. 3 (1976) 141.

F. Miller, Applied Asymptotic Analysis, American Mathematical Society (2006).

J. Estes, K. Jensen, A. O’'Bannon, E. Tsatis and T. Wrase, On Holographic Defect Entropy,
JHEP 05 (2014) 084 [arXiv:1403.6475] [INSPIRE].

D. Gaiotto, Boundary F-mazimization, arXiv:1403.8052 INSPIRE].

N. Kobayashi, T. Nishioka, Y. Sato and K. Watanabe, Towards a C-theorem in defect CFT,
JHEP 01 (2019) 039 [arXiv:1810.06995] INSPIRE].

— 95—


https://doi.org/10.1103/PhysRevD.93.084021
https://doi.org/10.1103/PhysRevD.93.084021
https://arxiv.org/abs/1601.06418
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1601.06418
https://doi.org/10.1103/PhysRevLett.67.161
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.Lett.%2C67%2C161%22
https://doi.org/10.1103/PhysRevLett.93.030402
https://arxiv.org/abs/hep-th/0312197
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0312197
https://doi.org/10.1103/PhysRevLett.116.091601
https://arxiv.org/abs/1509.02160
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1509.02160
https://doi.org/10.1007/JHEP11(2013)074
https://arxiv.org/abs/1307.2892
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1307.2892
https://arxiv.org/abs/hep-th/0112258
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0112258
https://doi.org/10.1103/PhysRevD.67.064018
https://arxiv.org/abs/hep-th/0210093
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0210093
https://doi.org/10.1016/j.physletb.2003.10.003
https://doi.org/10.1016/j.physletb.2003.10.003
https://arxiv.org/abs/hep-th/0308044
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0308044
https://doi.org/10.1142/S0217732319501384
https://doi.org/10.1142/S0217732319501384
https://arxiv.org/abs/1709.00445
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1709.00445
https://arxiv.org/abs/1711.01257
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1711.01257
https://doi.org/10.1007/BF02054660
https://inspirehep.net/search?p=find+J%20%22Found.Phys.%2C25%2C123%22
https://doi.org/10.1103/PhysRevD.89.085012
https://arxiv.org/abs/1312.1183
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1312.1183
https://doi.org/10.1088/1742-5468/2015/04/P04010
https://doi.org/10.1088/1742-5468/2015/04/P04010
https://arxiv.org/abs/1406.4167
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1406.4167
https://doi.org/10.1007/JHEP11(2016)130
https://arxiv.org/abs/1605.09396
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1605.09396
https://doi.org/10.1007/978-94-007-0205-9
http://inspirehep.net/record/922267
https://doi.org/10.1088/0264-9381/21/12/012
https://arxiv.org/abs/hep-th/0402184
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0402184
https://doi.org/10.1016/0315-0860(76)90030-6
https://doi.org/10.1007/JHEP05(2014)084
https://arxiv.org/abs/1403.6475
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1403.6475
https://arxiv.org/abs/1403.8052
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1403.8052
https://doi.org/10.1007/JHEP01(2019)039
https://arxiv.org/abs/1810.06995
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1810.06995

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

J.D. Jackson, Classical Electrodynamics, John Wiley & Sons (1962).

V. Moretti, One loop stress tensor renormalization in curved background: The Relation
between zeta function and point splitting approaches, and an improved point splitting
procedure, J. Math. Phys. 40 (1999) 3843 [gr-qc/9809006] [INSPIRE].

R. Wald, Quantum Field Theory in Curved Spacetime and Black Hole Thermodynamics, The
University of Chicago Press (1994) [INSPIRE].

N. Engelhardt and A.C. Wall, Quantum Extremal Surfaces: Holographic Entanglement
Entropy beyond the Classical Regime, JHEP 01 (2015) 073 [arXiv:1408.3203] [INSPIRE].

X. Dong and A. Lewkowycz, Entropy, Extremality, Euclidean Variations, and the Equations
of Motion, JHEP 01 (2018) 081 [arXiv:1705.08453] INSPIRE].

W. Cottrell and A. Hashimoto, Comments on TT double trace deformations and boundary
conditions, Phys. Lett. B 789 (2019) 251 [arXiv:1801.09708] [INSPIRE].

H. Casini, Relative entropy and the Bekenstein bound, Class. Quant. Grav. 25 (2008) 205021
[arXiv:0804.2182] [INSPIRE].

R. Bousso, H. Casini, Z. Fisher and J. Maldacena, Proof of a Quantum Bousso Bound, Phys.
Rev. D 90 (2014) 044002 [arXiv:1404.5635] [INSPIRE].

N. Lashkari, M.B. McDermott and M. Van Raamsdonk, Gravitational dynamics from
entanglement ‘thermodynamics’, JHEP 04 (2014) 195 [arXiv:1308.3716] [INSPIRE].

T. Faulkner, M. Guica, T. Hartman, R.C. Myers and M. Van Raamsdonk, Gravitation from
Entanglement in Holographic CFTs, JHEP 03 (2014) 051 [arXiv:1312.7856] [INSPIRE].

T. Faulkner, F.M. Haehl, E. Hijano, O. Parrikar, C. Rabideau and M. Van Raamsdonk,
Nonlinear Gravity from Entanglement in Conformal Field Theories, JHEP 08 (2017) 057
[arXiv:1705.03026] INSPIRE].

S.S. Gubser and I.R. Klebanov, A Universal result on central charges in the presence of
double trace deformations, Nucl. Phys. B 656 (2003) 23 [hep-th/0212138] [INSPIRE].

— 96 —


https://doi.org/10.1063/1.532929
https://arxiv.org/abs/gr-qc/9809006
https://inspirehep.net/search?p=find+EPRINT%2Bgr-qc%2F9809006
http://inspirehep.net/record/400377
https://doi.org/10.1007/JHEP01(2015)073
https://arxiv.org/abs/1408.3203
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1408.3203
https://doi.org/10.1007/JHEP01(2018)081
https://arxiv.org/abs/1705.08453
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1705.08453
https://doi.org/10.1016/j.physletb.2018.09.068
https://arxiv.org/abs/1801.09708
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1801.09708
https://doi.org/10.1088/0264-9381/25/20/205021
https://arxiv.org/abs/0804.2182
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0804.2182
https://doi.org/10.1103/PhysRevD.90.044002
https://doi.org/10.1103/PhysRevD.90.044002
https://arxiv.org/abs/1404.5635
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1404.5635
https://doi.org/10.1007/JHEP04(2014)195
https://arxiv.org/abs/1308.3716
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1308.3716
https://doi.org/10.1007/JHEP03(2014)051
https://arxiv.org/abs/1312.7856
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1312.7856
https://doi.org/10.1007/JHEP08(2017)057
https://arxiv.org/abs/1705.03026
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1705.03026
https://doi.org/10.1016/S0550-3213(03)00056-7
https://arxiv.org/abs/hep-th/0212138
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0212138

	Introduction
	Preliminaries and methods
	Half Minkowski space
	Anti-de Sitter space
	Entropic contribution
	Geometric contribution
	Irreversability

	Discussion and conclusions
	Details of half Minkowski space calculations
	Details of Anti-de Sitter space calculations
	Entropic contribution
	Geometric contribution


