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1 Introduction

There is countless experimental evidence showing that Quantum chromodynamics (QCD) is

the correct fundamental theory of strong interactions. However, the perturbative approach

fails in the low-energy region of the hadronic spectrum, i.e. for energies less than 700 MeV

to 1 GeV, where QCD becomes non-perturbative. A possible way is to use at low energies

an effective field theory that would be built upon the relevant degrees of freedom, i.e. the

mesons and the baryons. The situation here is not that simple, though, since such a theory

in the full-energy region is not known from first principles. Nevertheless, in the region of



energies typically less than M,, with M, being the mass of the p(770) meson, we have
an effective field theory of QCD, Chiral perturbation theory (xPT) [1-4]. Inspired by the
large- N, limit, we can construct an effective theory for an intermediate energy region that
also satisfies all symmetries of the underlying theory. This effective theory, Resonance chi-
ral theory (RxT), is relevant for energies within the bounds of M, < E <2GeV [5, 6]. For
higher energies, RxT loses its applicability and cannot be properly used because of the pro-
liferation of the overlapping higher resonances that become significant in hadron dynamics.

The phenomenological Lagrangian approach based on large-N. and the chiral symme-
try was first introduced in 1989 in [5]. It was further developed and enlarged both for
the even-parity sector and the odd-parity sector [6-16]. Important questions connected
with the renormalization within RxT were recently studied e.g. in [17-23]. RxT increases
the number of degrees of freedom of Chiral perturbation theory by including massive U(3)
multiplets of vector V(177), axial-vector A(171), scalar S(0*") and pseudoscalar P(0~)
resonances. Interactions within these types of channels can be studied with the help of
the Green functions of the chiral currents that for such reason represent a powerful tool in
order to obtain physical observables of the theory. Comparing the theoretical predictions
with experimental measurements, we can determine the values of the parameters of the
theory and obtain a more comprehensive understanding of the behaviour of the processes
and the theory itself.

The motivation behind this paper is to be able to provide the matching of the QCD
operator product expansion (OPE) with the RxT, which allows us to compare the effective
field theory at the low energies with the description at high energies. However, the matching
itself is not a subject of this work since it will be studied in detail in our future paper [24].
For a very recent application of the short distance constraints see e.g. [25].

Within the OPE framework, all the three-point Green functions are studied in terms
of the QCD condensates with dimension D < 6, In this paper we provide a complete
OPE description of all the three-point correlators to the first nonvanishing order in .
It is important to mention that to the best of our knowledge, the OPE has been studied
extensively only for some of the Green functions and mainly only with the emphasis on the
quark condensate (see e.g. [26] and [27]). To this end, we have recalculated some of the
known contributions independently, while the remaining contributions in this paper were
calculated for the first time here.

In our calculations we have employed techniques based on the Fock-Schwinger gauge.
We used it systematically for all contributions (with an exception of pertrurbative con-
tributions) even for cases were some other methods as the plane-wave method might be
more suitable.

This paper is organized as follows. After introducing our notation, we present a short
review of the Green functions, operator product expansion framework and the QCD con-
densates in section 2. In section 3, we briefly remind the reader some basic concepts, such
as the Fock-Schwinger gauge, which is crucial for the calculations of the contributions of
the QCD condensates to the Green functions, and important propagation formulas that are
needed to rewrite the nonlocal condensates into the local ones. Sections 4, 5, 6, 7 and 8 are
devoted to the calculations and the results of the perturbative contribution and the con-



tributions of the quark, gluon, quark-gluon and four-quark condensates to the three-point
Green functions. These sections are the main outcomes of this paper.

After the Conclusion, an extensive set of appendices follows. Appendix A contains
a review of the important Fourier transforms that are useful for our calculations, while
appendix B provides a pedagogical introduction to Fock-Schwinger gauge. Appendix C is
devoted to a detailed derivation of the propagation formulas that are necessary in order to
obtain the effective contributions for some of the QCD condensates. Appendix D follows,
in which we present the results for the QCD condensate contributions to all the two-point
Green functions. Appendices E and F provide a detailed derivation of the decompositions
of the (VVA), (AAA), (AAV) and (VVV) Green functions, since their tensor structures
is not that trivial as in other cases, and thus deserve special attention.

Symbolic computations have been performed with a use of MATHEMATICA, FEYN-
CaLc [28, 29] and PACKAGE-X [30, 31]. The Feynman diagrams have been drawn using
JAXODRAW [32].

1.1 Notation
Here, we present the following notation that is used throughout the paper.

e The three-point Green functions are denoted generally as (O1020s3), where O; are
composite local operators (see (2.4) and the introductory paragraph in the next
section for details). By this notation we assume that the operator O; is evaluated
at the space-time point x and carries momentum p and the flavor index a. If it also
carries the Lorentz index, we assume it to be . In other words, the first operator
in the designation of the Green function, O, is associated with a set of (u, a, z, p).
Similarly, the operators Oy and Oj are associated with (v, b, y, ¢) and (p, ¢, z, r),
respectively.

e We consider all three momenta to be incoming, which gives the momentum conser-
vation
p+qg+r=0, (1.1)

that allows us to express the scalar products of p, ¢ and r in terms of squares of

momenta, such as

1
pg==(-p* - +r?),

2
1
pWZgFﬁ+f—ﬁ%
1
Q'Tzi( 2—q2—7‘2).

e Accordingly to the fact that all momenta are considered as incoming, the Fourier
transform is defined to be

F(p) = /d4x e TR (z),

4 . ~
Pz) = / <‘217r1>’4 e F(p) (1.2)



Useful Fourier transforms, relevant for this paper, are listed in the appendix A.

The powers of momenta are denoted as p?® = (p?)" = (p,p")" with n being the
integer.

Spinor indices are denoted as small Latin letters (4,7, k,l). Color indices are de-
noted as small Greek letters (o, 3,7,0). Flavor indices corresponding to the fun-
damental representation of the flavor group are denoted as capital Latin letters
(A, B,C, D). SU(3) indices of the adjoint representation are denoted as small Latin
letters (a, b, ¢, d).

We use €913 = +1.

A short-hand Veltman’s Schoonschip notation for the contractions of Levi-Civita
tensor with the components of momenta is used, for example e#/@(®) = E'“Vaﬁpg or
et @) = By g5 Similarly for the sigma tensor ¢®? = 11v*,7°] we denote

o = gty and ¢@(@) = Uaﬁpaqg.

SU(3) generators T are defined as T = %)\a, with A? being the Gell-Mann matrices,
a =1,...,8. Such normalization implies that Tr(T%T?%) = %5‘“’.

Symbols [e, e] and {e, e} stand for the commutator and anticommutator, respectively.
The covariant derivative in the fundamental representation is taken to be

V=0, +igsAu, (1.3)
where A, = ALT* is the gluon field.
The commutator of these derivatives gives the gluon field strength tensor,

[V, V] = igsG v (1.4)
with G, = GJ,, T* given as

G = DAy — Dy, + igs[ Ay Ay,
Gl = OuAy, — O], — gs f7ALAG (1.5)

where £ is the SU(3) structure constant, see eq. (2.8).

The chiral limit is considered throughout the paper.



2 Green functions of chiral currents

The Green functions are defined as the vacuum expectation values of the time ordered
products of the composite local operators. The standard definition of the n-point correlator
reads’

Ho,..0,(P1, - Pn—1:Pn) (2.1)
- /d41‘1 coodlp, g e TP T (0|T O1(x1) ... Op—1(2n—1)O0n(0)]0)

where the object on the left-hand side is the Green function in the momentum represen-
tation, which is obtained by performing Fourier transform on the Green function in the
coordinate representation. Therefore, the mass dimension of Ilp, . o, is

n

Mo, .0, =Y (0] —4(n—1), (2:2)

=1

where [O;] are the mass dimensions of the operators O;. In what follows, for all the relevant
composite operators we have [O;] = 3 and thus [[Ip, .0, ] = 4—n. Therefore, the two-point
and the three-point Green functions have the mass dimensions of two and one, respectively.

On the right hand side of (2.1), T stands for the time-ordering and all the indices are
suppressed in (2.1) for simplicity. The translation invariance was used to set the coordi-
nate of the n'" operator into the origin. As we will see in subsection 3.6, the translation
invariance of the Green function may not always be apparent, so it is always useful to check
whether such a requirement is satisfied. For this reason, we always take all the operators
to be at nonzero space-time points in the intermediate stages of our calculations.

In our case, denoting g(x) as the triplet of the lightest quarks,

q= (’U,, d, S)T ) (23)

we consider the local composite operators in (2.1) to be represented by the octets of the
chiral vector V(x) = g(x)vy,T%q(z) and axial-vector Af(z) = q(z)y,v5T%q(x) currents
and scalar S%(z) = q(z)T%q(x) and pseudoscalar P*(x) = ig(z)vs1T%q(z) densities.

These chiral currents and densities can be rewritten generally as?

O (2) = Tro () (TC1)ik (T Pt (), (2.4)

where the spin matrix I'; denotes the unit and the Dirac matrices, I'1 € (1,7, ivs, Y.75)->
We have also explicitly written out the spinor (i, k), flavor (A, B) and color («) indices of
the quark fields and the flavor matrix 7. According to the notation presented above, we

n our case, the symbol |0) stands for the nonperturbative QCD vacuum. For clarity, however, we will
omit showing the vacuum state from now on, i.e. we symbolically define (0| o [0) = (o).

2In various literature, the operators of the form (2.4) are generally called the Dirac or QCD currents.
Here we call these objects currents for I' = ~,, y,75 and densities for I' = 1, ivs.

®In our work we do not discuss the correlators involving the tensor current 75, (z) = g(z)ouwT%q(z)
since it is not usually considered in yPT and RxT Lagrangians. Note that the inclusion of such currents
would increase the number of Green functions with very complicated tensor decomposition.



associate the momentum p to the operator (2.4), since it is evaluated at space-time point
x and carries the flavor index a. Similarly, we associate momenta ¢ and r = —(p + ¢) with
the operators O4(y) and O%(z), respectively.

2.1 Classification

Formally, one can arrange 20 different combinations of three composite operators selected
from the currents V and A and the densities S and P. However, the Lorentz covariance
and invariance of QCD with respect to parity and/or time reversal forbid the existence of
some of the combinations. Specifically, the correlators (SSP), (PPP), (VSP), (ASS) and
(APP) are not allowed to exist in QCD.*

Considering the relevant 15 Green functions, we introduce a simple division of the
correlators into two sets. Such division will be useful later when it comes to a study of the
respective QCD condensates contributions, since all the correlators of the specific set have,
in the chiral limit, nonvanishing contribution from the same QCD condensates.

The classification is as follows:

e Set 1: The correlators with the perturbative contribution in the chiral limit:
— (ASP), (VSS), (VPP), (VVA), (AAA), (AAV), (VVV).

e Set 2: The correlators that are the order parameters of the chiral symmetry breaking
in the chiral limit:

— (S8S), (SPP), (VVP), (AAP), (VAS), (VVS), (AAS), (VAP).

As indicated, the first set consists of the correlators that have the lowest possible con-
tribution to the OPE. On the other hand, the latter set consists of the order parameters
of the chiral symmetry breaking, and their OPE expansion thus starts with the nonpertur-
bative contribution from the quark condensate.

To be precise, appropriate combinations of the correlators of the Set 1 also make up
the order parameters. Specifically, these are as follows: (V.SS) — (VPP) and (AAV) —
(VVV). On the other hand, (VV A) — (AAA) is not the order parameter. Neither are the
combinations of (ASP)—(VSS) and (ASP)—(V PP), due to the different flavor structures.

Before we advance, let us briefly remind some basic properties of all the relevant
Green functions. In the following subsections, we present a short review of the chiral Ward
identities that allow us to establish the tensor decompositions of the correlators.

2.2 Chiral Ward identities

The Green functions are connected through the chiral Ward identities that reflect the sym-
metry properties of a given theory on the quantum level. The knowledge of the identities
allows us to determine the structure of the Green functions.

4Due to parity the respective decomposition would contain the Levi-Civita tensor. Note also that (SSP)
and (PPP) correlators do not carry any Lorentz indices while (V.SP), (ASS) and (APP) carry just one.
Therefore, in none of these cases we would be able to obtain the nontrivial Lorentz structure since there
is no way to saturate four indices of the Levi-Civita tensor by contractions with only two independent
momenta. Thus the non-existence of these correlators is valid also beyond the chiral limit.



Let us take the definition (2.1), restrict ourselves only to the three-point Green func-
tions, i.e. take n = 3, and label the first operator O;(z1) as Of(x) for now. Then, for
the three-point Green functions in the chiral limit in the z-representation, the chiral Ward
identity can be expressed as®

(T Of (2)O0a(y)Os(2)) = 6(z° — y°)(T[O} (), Oa2(y)]O3(2))
+0(a? = 2°)(T Ox(y) [0V (), Os(2)])
+ anomaly . (2.5)

To evaluate the chiral Ward identities, it is necessary to know the equal-time commuta-
tion relations among the currents V', A and the densities S, P. Since we are interested only
in the nonsinglet currents and densities in this paper, we omit the contributions from the
singlet ones. We also omit the contributions of the Schwinger terms [34], since we tacitly
assume that the covariant T-product is used instead of the naive one in the definition of
the Green functions [35].° Then, the commutators of the vector and axial-vector currents
are as follows:

Vit 2), Vi (t,y)] = [A§ (¢, 2), Ap(ty)] = i6° (@ — y) Vit @),
Vi (8, @), A (t )] = [A§(t @), V(L y)] = i6° (@ — y) FAL (¢, @) (2.6)

with @, y being the space coordinates. Similarly, the commutators of the vector or axial-
vector currents and the scalar or pseudoscalar densities read

V5! (¢, @), S°(t, y)] 167 ( ) (t,z),
Vi'(t, @), P(t,y)] = i6°(m — y) f*" Pe(t, @),
[A§(t, ), S"(t,y)] = i6° (@ — y)d™* P(t, @),
[A%(t, ), P°(t,y)] = — 6> (x — y)d°S°(t, x) . (2.7)

In the previous expressions (2.6)-(2.7), f%€ is a totally antisymmetric SU(3) structure

dabc

constant and is totally symmetric SU(3) group invariant:

£ = — 2i Te ([T, T°|T°) (2.8)
a*c = 2Te({T° T°}T°).

Using the commutation relations above and performing the Fourier transform of (2.5),
we are able to obtain the respective Ward identities in the momentum representation for
all the Green functions. The results are shortly summarized below.

2.2.1 Green functions of Set 1

As we have seen, the Ward identities of three-point Green functions give us the right-hand
side of these identities in terms of two-point Green functions. For this reason, we refer
the reader to the appendix D, where the definitions and decompositions (D.la)—(D.2) of
two-point correlators are presented.

®Generally, there should also be another term with a divergence of the Noether current present in (2.5).
However, in the chiral limit, the nonsinglet currents are conserved, i.e. 0*V,; = 0 and 0" A, = 0.
For pedagogical review and further references see also [36, 37]).



In what follows, we start with the Green functions that belong to the Set 1.

(ASP), (VSS) and (VPP) Green functions. One immediately finds out that the
right-hand sides of the Ward identities of these correlators are proportional to two-point
Green functions (SS) and (PP). Specifically, we have

" [Hasp(p, q; T)]Zbc = <HPP(7“2) — Hss(q2)>dab67
P [Myss(p, g; T)}Zbc = <Hss(7“2) - Hss(ff))f“bc,
P [y pp(p,g;r)] o = (pr(rz) = pr(q2)>f e (2.9)

(VV A) and (AAA) Green functions. The correlators (VV A) and (AAA) are objects
of utmost importance due to the presence of the anomaly, which is of perturbative nature.
The respective Ward identities for (VV A) read, due to the violation of conservation

of the chiral axial-vector current on the quantum level,

abc

P [Mvvalp, @), = 0,
v b
¢’ [Myvalp, 7)), = 0,
i N,
r?[Myyva(p, ¢; r)]ffp = - ;—;ewwq)da%. (2.10)
T
Similarly, for the (AAA) we have
b tN,
p/‘ [HAAA(p7 q; r)] Zz/cp — fﬂzgl/P(p)(q)d(lbc ’
b 1N,
¢"[Maaa(p, q;7)] Z,,Cp = 247:2 gte(p)(a) gabe
0 pate — e L)) gabe
r? [Mana(p,a7)],, = = Y d"’e . (2.11)

(AAV) and (VVV) Green functions. The right-hand side of the Ward identities of
the (AAV) and (VVV) Green functions are proportional to (VV) and (AA) correlators.
The specific forms are as follows:

P [Maav (,07)] e = ([ ()], = [Maa(a)],, ) £

Hrp
¢’ Maav (p, ¢ T)]Z?,Cp = ([HAA(p)]M, - [HVV(T)]W> fabe,
[y (057 e, = ([Maa(@)],, — [Maa()], ) £ (2.12)

and

P [y (p, g )] 2

p ([HVV(T)LP - [HVV(Q)]VP> fobe
abce

¢ [Myvv(p,a:7)],,,, ([va(p)]up - [HVV(T)]M)) o,

r? [yvv (p, q; T)]abc ([HVV(CJ)]W - [va(p)]w>fabc~ (2.13)

uvp



2.2.2 Green functions of Set 2

Let us now focus on the correlators from the Set 2.

(VVP), (AAP) and (V AS) Green functions. Right-hand sides of the Ward identi-
ties of the (VV P), (AAP) and (V AS) Green functions vanish due to the forbidden existence
of the (V P) and (AS) correlators. Therefore,”

{P, "} [Mvve(p. ;)] = {0,0},
{r",¢"} [Maar(p,¢;r ]abc ={0,0},
{p“,q”}[HVAs(p r)]o = {0,0}. (2.14)

(VV'S), (AAS) and (VAP) Green functions. For the (VVS) Green function, its
Ward identities lead to the combinations of the (V'S) correlators and vanish identically, too.
On the other hand, (AAS) and (VAP) correlators are, within Ward identities, reduced to
the combinations of the (AP) Green functions, which contribute nontrivially.

The respective Ward identities can be formally written down, according to (2.6)—(2.7),
as follows. The right-hand sides of the Ward identities for the (VV'S) correlator vanish,

{p".¢"}vvs(p, g;r) ]abc ={0,0}, (2.15)

while for the (AAS) and (VAP) we have®

P [HAAs(p,q;r)]Zlf = [Map(q)] d*** = ;q;; g d®®
[HAAS (p’ ¢ )} abc _ [HAP (p)] udabc — <3q;I> dabc ’
P [Mvap(p ¢r )]abc =— ([HAP(T)]V + [HAP(Q)]V> fobe = (q;) <ZV )fabc
¢’ [Myap(p, ¢ T)}Z?,C = [Map(r)], f* = —glgmfabc : (2.16)

As mentioned above, unlike for any other Green functions above, the Ward identities reduce
the correlators (AAS) and (VAP) to a combination of (AP). Since the (AP) correlator
is saturated only by the Goldstone boson exchange, we have already substituted it in the
exact form (D.5) (see also (D.2) for notation).

2.3 Tensor decomposition

By knowing the Ward identities of the Green functions, one is able to construct the tensor
structures of such correlators, which helps us to present the results of the OPE in a compact

"Here and in (2.15), the curly brackets do not represent the anticommutator, of course, but a shortened
notation of writing down the Ward identities.

8The Ward identities (2.16) for the (AAS) and (VAP) Green functions differ with the ones presented
n [27] (eq. (4.12), page no. 12) or [38] (eq. (3), page no. 3) either due to the different normalization of
the quark condensate or due to the various normalization or conventional factors in the definitions of the
correlators or the chiral currents/densities. See the end of subsection 5.2 for details.



form. Generally, one may start writing down a complete basis of relevant tensors and then
separate the tensor structure into a transversal and longitudinal part, which is fixed by the
Ward identities. In our case, the results of the three-point Green functions are thus fixed
by the respective results for the two-point Green functions, presented in appendix D.

2.3.1 Green functions of Set 1

In what follows we present the tensor decomposition of the correlators of the Set 1.
(ASP), (VSS) and (VPP) Green functions. The Lorentz structure of these Green
functions is easy to reproduce since the only available structure has to be made of momenta

with one Lorentz index. Upon assuming the Ward identities (2.9), it is straightforward to
write down the decompositions in the following forms:

[Masp(p,q;7)] " = d™[Masp(p, ¢;7)]

1% W’
b
[Mvss(p.a;r)], " = f* Myss(p,a:7)],
b
v pp(p, g; T)]Z ‘= My ppp,q; 7‘)]“ : (2.17)
with the Lorentz parts given as
b
Masp(p, q; T)]u = Fasp(0®.¢*,7*)T.(p,a;7) + (HPP(T2) - Hss(f))p*g ;

[yss(P.g; rﬂu = Fvss(0®,a*, ) Tulp, ¢;7) + (Hss('rz) - Hss@ﬁ)%,

v pp(p, q; T)]M = Fvpp(p®, ¢, r*)Tulp, ;) + (HPP(TQ) - HPP(QQ))% , (2.18)
where we have introduced the tensor 7,

P2+ g2 — 2

22 Pus (2.19)

TP, ;) = qu +

with the property
PHTu(p, q;m) = 0.

The (VSS) and (V PP) Green functions must be symmetric under the interchange of
(g,b) <> (r,c) due to the Bose symmetry. Since the flavor factor of such correlators is anti-
symmetric, the Lorentz structures in (2.18) must be antisymmetric under such interchange,
too. This, however, leads to the conclusion that the respective invariant functions” must
be symmetric under exchanging the momenta ¢ and r,

-FVSS(]?27Q277”2) - FVSS(p27T27q2)7
Fvpp(p?, ¢4 r%) = Fvpp(®?, 7%, ¢%), (2.20)

due to the antisymmetricity of the tensor (2.19) in the last two arguments,

Tu(psq;7) = =Tu(ps 73 9) - (2.21)

9The Lorentz-invariant scalar coefficients, that make up the decompositions of the Green functions, will

be called simply as “invariant functions” from now on throughout the paper.

~10 -



(VV A) and (AAA) Green functions. The (VV A) and (AAA) Green functions are re-
markable due to the presence of the chiral anomaly, as mentioned in the previous subsection.
The general form of these correlators can be written down, knowing (2.10) and (2.11), as

[Myva(p, g;7)] Zl;cp =d"[Myva(p.q; T)]M,,p :
[Mana(p,g;r)] e = d™ [Mana(p, 7)), (2.22)

where the Lorentz structures can be further decomposed into the longitudinal and transver-

sal parts,

= [HE/L\)/A(Pa q; T)]“l,p + [Hg/T\ZA

[Maaa(p, q; T)]Wp = [H(/xL,a)lA(P»QQ T)]Wp + [HEQA

P a7)]
@ a:7)] (2.23)

[Myvap.ar)],,

with the longitudinal components being fixed by the anomaly, i.e.

(L) _ _ y
[HVVA(p’ 4q; ’f'):| uvp - 871,2742 e ®)a )Tp’

(L) . iNe  uw(p)(e) WNe  upw)a) v _Ne _upp)(a)
I uv(p)(q) .0 pe(p)(q _ PPNDpH — (2.94
AP 6]y = = 2,20 T St 7 omzp2© P 22)

The transversal parts, on the other hand, are a bit more complicated. We write them
down as a sum of three terms,
Frva & )T 0, ¢:7) + Gvva@?, ¢ r) T (0 as )
+ Hyvalp?, ¢, TQ)THSZ(p,q, r),
T
M0 @), = Faaa®? )T 6r) + Gara?, ¢ ) TN, a;7)
+ Haaa(®, ) TE) (p,q, r), (2.25)

()4 (7)) ., =

where the respective tensors are given as'”

2.4 2 2
1 v v pTtq —r v 1 2 _puvp(p—
7;L(W))(p’ q;r) = pretr®Na) _ grevep)a) _ —— <€u (®)(9).p — 5" chvp(p q)) ’

2 2
T2, q7) = PO — g + T Lemayr

2 2 2
prehe®)a) 4 gueve)@) _ DT T ()

TS (0, q7) = 5

T, ar) = (0 +¢* — )t (v, ¢;r) + tﬁf’g (P, ;7).

7;(30(177 ar ) ( )t,(wg (pa q; T) - (p + q - 27"2)151(},/42 (pa q; T) )
TS p,q;r) = (p + " = 20 (p, g5 r) + (07 — ) (P g 7)

where the tensors on the right hand sides of are defined in (E.21).

19T6 the best of our knowledge, the tensors for the (V'V A) correlator were introduced for the first time
in [39]. The reader, however, should be aware of a different normalization with respect to ours, see eq. (2.1)
and (2.14) in ref. [39)].
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The properties of the tensors above with respect to the Bose symmetries are given
in (E.20) and (E.26). As a result, the corresponding invariant functions satisfy the following
relations:

fVVA(p27q27 7,2) - ‘FVVA(q27p27 7’2) ’
gVVA(p27 q2,7“2) = —QVVA((]2,]?2>7“2) ;
Hyvap®, ¢ r*) = —Hyva(d®,p*,r7)

and

Faaa0?, ¢*,1%) ==Fanala®,p*,1%) =—Fana(r?,¢*,p*) =—Faaa(0*, 7%, %),
gAAA(an q27 T2) = _gAAA(q27 p23 TQ) = _gAAA(T27 q2>p2) = _gAAA(p27 7"2, q2) 5
Haaa®®, >, 7% = Haaal@®,p*,7%) = Haaa(r*, %, p*) = Haaa®® 7,4 .  (2.26)

(AAV) and (VVV) Green functions. The (AAV) and (VVV) Green functions have
a complicated structure made of momenta and the metric tensor and their Ward identities
include the (VV) and (AA) Green functions. After separating the flavor and the Lorentz
structures, the decomposition of these correlators can be written as

= fabc [HAAV(p7 q;T )]

= fMyyv (p, ¢;7))

[Maav(p, q; T)]le,p
abc

uvp

prp’

[Myvy (p, ;7)) (2.27)

prp”

We once again separate the Lorentz parts into the longitudinal and transversal components
(see appendix F for a detailed derivation),

[HAAV (pa q; T)] ) = [HELXL/)lV (p7 q; T)] uvp + [HE‘\TXV (p’ 9 T)] pvp’

vy (p, g; T)]MW = [H§/L‘)/V(pa q; T)]uyp + [Hg‘;v(p’ g T)]uup’

where the respective parts read

M e a)] = TaaA TS0 a7) — Taala) T (q,p57)
— Ty (P T (r a5 p)

Ry (.air)] = v AT w.a:r) — vy (@) T (g pi7)
— Ty (P TS (r a5 p)

and

[H;T,gv(l’a g; T)]lwp = Faav(p®,¢* 7"2)7;552,(1?,(1, )+QAAV(Z)2,Q2,7’2)7L(3
)77/5,1(%7“ p) — HAAV(qzaPQJ"z)E(pu(p, 7:q),
M0y 0.7, = Fovv 0% )T w6 ) + Fovv (2,02, ) T8 (r, pi )
HTE (q,m5p) + Gvvv (0, ) TS

+7-lAAv(p ¢ r

+ Fyvv(g®r?,p
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with the tensors defined as

715(32)(]97 q; T) = _pl/gﬂp + ppg,LLU + qp [<p . q>9“l’ — q’“‘py]qirry [(p . T)gup - T”‘pp] )
(P @) 9 — qupv] [(a-7)Pp — (P 7) 4]
(p-r)(g-r)
7:L(3;))(pa q; T) = —qu [(p : T)gup - Tupp] + Guv [(p : T)Qp - (q : T)pp]

+ 7y [(p ) Q)gup - qup] + Gup [(q : T)pu - (p : Q)Tz/] .

TN b air) = —

uvp )

We note that the invariant functions have the following symmetry properties:

Faav(p®, %, 1r%) = Faav(d®, 0%, %),
Gaav (P, %1% = Gaav (4, p* 1),
]:VVV(p2>q27T2) = ]:VVV(q27p27T2)7 (228)

while Gyvy is fully symmetric in all of its arguments.

Since the decompositions (2.27) are given by the contributions (D.1a)—(D.1b) of the
two-point correlators, the (AAV') Green function is entirely determined by three indepen-
dent invariant functions, while the (VV'V) is given only by two.

2.3.2 Green functions of Set 2

Now, we focus on the correlators that are the order parameters of the chiral symmetry
breaking in the chiral limit, i.e. on those that belong to the Set 2. Before we advance, let
us mention that some of these correlators have been studied in the past in various contexts,
see for example [27, 38, 40—44].

(S§SS) and (SPP) Green functions. The first two Green functions, (SSS) and (SPP)
are zero-rank tensors with trivial Lorentz structure that can be written down in a simple
form

b
[HSSS(pa q; T)]a ‘= dabcfSSS(p27 q27 TQ) )
[Mspp(p, g; T)]abc = d"Fspp(p* >, r%). (2.29)
(VVP), (AAP) and (V AS) Green functions. These three correlators belong to the
odd-intrinsic parity sector of QCD. Their Lorentz structure is thus given by the Levi-Civita

tensor with two indices contracted with external momenta. Similarly as above, these Green
functions can be written down as

abc abe y
[HVVP(pv q; T)] =d b fvvp(p% q2’ T2)6/“L (»)(q) ’

nz
abc abe y

Laap(p, g:7)] 2 = d™ Faap(p?, g2, r)en @@
abc abe y

[HVAS(p7 q; T)] s =f b .FVAS(pQ7 q2’ 7‘2)5M (p)(a) . (230)
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(VVS), (AAS) and (VAP) Green functions.

Unlike in the previous case, these

Green functions belong to the even sector of QCD. Their structure is a little bit more

complicated and can be written down as

with

[Mvvs(p,a;r)] ,, = Fovs@®, )T (0, a:7) + Gvvs(0®, 6 7)) T (0, asr)
(Maas(p,a;r)],,, = Faas®® & r*) T8 (0, a:7) + Gaas(0?, ¢, r*) T (b as7)

(Mvar(p,a;r)],, = Frar®® &, )T (0, 4:7) + Gvar(®0®,a* 7)) T,0) (. ¢ 7)
<qQ> <(p,u + QQM)QV

abc
1%
abc
uv

b
ZVC = f*[My ap(p, q;7)]

Myvs(p,g;r)]
[Maas(p, ;7))

[y ap(p, q;7)]

= d[Myys(p, g;7)]

= d"" [Maas(p,q;7)]

— (qq) 2

3p2q?’

+

pv?

3r2

where the respective tensors '775,9 and 775,?,

TS 0. a;7) = qups

1
T2, ¢;r) = p*auty + @*pupv + =0 + ¢ — r)put — P90 »

are transversal,

T (0, a57)
¢T3 (p, ;7)

1
+ *(]92 + (]2 - 7"2)9;”/,

2

PT (pq;7) =0,
T2 (p,q;r) =0,

Nz

and symmetrical upon exchanging (p, 1) < (q,v),

TS (0. air) = T3 (a.pi7)
T i) = T2 (a.pir) .

— g,“,> . (2.31)

(2.32)

(2.33)

The symmetricity (2.33) of the tensors (2.32) directly implies that the respective in-

variant functions of the (VVS) and (AAS) correlators are symmetrical in the first two

arguments,

and similarly for (AAS)

FVVS(p27q27T2) = FVVS<q P T
gVVS(p2>q27T2) = gVVS(q DT

— 14 —
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As we have already mentioned, the terms proportional to the quark condensate in
(AAS) and (VAP) (2.31) are present there due to the requirement of satisfying the Ward
identities (2.16) that are fixed by the contribution of the (AP) correlator. See appendix D.2
for details.

3 Operator product expansion and QCD condensates

Regarding the study of the correlators above, there are two regimes where the QCD dy-
namics of the current correlators is well understood. The first one is that of low external
momenta where the dynamics is governed by means of xPT. The second one corresponds
to the high energies where the asymptotic freedom allows us to use the perturbative ap-
proach in terms of the strong coupling constant as and the asymptotics of the correlators
for large euclidean momenta is given by the operator product expansion [45].

3.1 Operator product expansion

Within the framework of the operator product expansion (OPE), short-distance behaviour
of the Green functions can be studied. Since we are interested in the three-point correlators,
let us consider a product of three gauge-invariant composite operators, Of(z)O%(y)O5(z).
Then, if the coordinates of these operators are close to each other, the OPE allows us to
rewrite such a product as a (possibly infinite) sum of gauge-invariant local operators, made
of quark and gluon fields, with c-number Wilson coefficients. The vacuum averages of
these local operators are purely nonperturbative parameters, called the QCD condensates.
Their numerical values cannot be calculated directly from first principles. They need to be
obtained by other means, such as using calculations in the lattice QCD or extracting them
from experimental measurements.

3.2 QCD condensates

If we consider an OPE of the Green functions in terms of the QCD condensates up to
and including dimension 6 without derivative terms, an arbitrary three-point correlator in
massless theory can be written down as follows:

Hpaopos (AP Ag; Ar) EmiN )\Coaoboc(p, qr) (3.1a)
+ )\gcéaéboc(pyq, r)(aq) (3.1b)

S 05 b 657G G) (310

A4 Cgfgi?; (P, ¢;7) (@0, G q) (3.1d)

T Cgféboc(p,q;T)<(GXQ)(GXq)) +..., (3.1¢)

where the first term corresponds to the perturbative contribution (D = 0) and the subse-
quent ones stand for the contributions of the quark (D = 3), gluon (D = 4), quark-gluon
(D = 5) and four-quark (D = 6) condensates, with the respective canonical dimension
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shown in the bracket. We do not consider contributions of higher-dimensional (D > 6)
condensates in this work.

Similarly to the four-quark condensate, there is also another QCD condensate with
D = 6, the three-gluon condensate <GZ’”GZI’,’UG§’“ )¢, For simplicity, we intentionally
omit this contribution in this paper because we will cover this topic in detail in our future
work. Moreover, it is assumed that such contribution vanishes in the chiral limit for any
two-point Green function of quark-bilinear currents [46, 47].

The Wilson coefficients, denoted as ngogog (p,q;r) in (3.1a)—(3.1e), contain all the
information about short-distance physics, i.e. the dynamics above some scale u, and are
calculable in perturbative QCD by means of the technique of Feynman diagrams. They
are labeled by the upper index Z = 1, (qq), ..., symbolizing which QCD condensate con-
tribution they belong to.

In (3.1e), X stands for any combination of the basis of 4 x4 matrices (1,vu, V5, Yu V5, Tpur)
with the basis of 3 x 3 matrices (1,7), that preserves the Lorentz invariance of the four-
quark condensate.

The four-quark condensate is of particular interest for us, and not only based on the
fact that evaluation of its contribution to the Green functions is the most complicated of
all the cases. It is a vacuum averaged value of a dimension-six operator, constructed of
four quark fields, which can be written down in the schematic form

(@Xq)([@Xq)). (32)
According to (3.2), there are several types of four-quark condensates that differ in
the present matrix structure. However, within the approximation scheme, based on the
assumption of the dominance of intermediate vacuum states in the large N, limit, the matrix
elements (3.2) can be further simplified in terms of squares of the quark condensate. In
detail, having explicitly written down the spinor, color and flavor indices of the quark fields,
the factorization hypothesis says that at large-NV, limit, a general four-quark condensate
can be rewritten as [48]

=\2
(@050 905) = 2<4qq>34 (810810050160 70°Y — 6u0j100505,04765C) . (3.3)

which follows from the normalization of the quark condensate (see (3.9a) or (5.1)).

Assuming the special case of X in (3.2) being the combination of the 4 x 4 matrices,
I' € (1,vu, 75, YuV5, 0 ), and the Gell-Mann matrices T, the formula (3.3) above allows
us to write down the general four-quark condensate (3.2) simply as

(qq)?

(@r1°9)@r 1)) = -5 155 (1] (3.4)
which we can illustratively evaluate for various matrices I" as
22 forl'=1, (3.5a)
2t forT'=~,, 3.5b
— a — a <QQ>2 2 fyu ( )
((@r1eg)(@r 1)) = .33 %) 2 forlI" =75, (3.5¢)
—2t forT = v,7s, (3.5d)
(2.3 forD' =0y, (3.5¢)
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however, in our case, only the relation (3.5b) will be needed in further calculations, i.e.

2
(@ Tq) (" Tq)) = 2 (@a)* .

-5 (3.6)

We note that a similar formula to ours (3.4) can be also found in ref. [48] (see eq. (6.15),
page no. 432) or in ref. [49] (see eq. (1.7), page no. 708). However, notice that the authors
of [49] use a different normalization since they assume the SU(3) symmetry to be broken
and, therefore, do not consider the flavor indices.

That said, any of our results (3.5a)-(3.5¢e) for the four-quark condensates are smaller
by a factor of three with respect to the results found in any literature, which considers the
quark field to be single flavor. For example, compare (3.5a), (3.5b), (3.5¢) and (3.5¢) with
eq. (4.8), page no. 715; eq. (4.4a), page no. 712; eq. (5.2), page no. 719 and eq. (4.4b), page
no. 712 in ref. [49], respectively. See also [50].

3.3 Fock-Schwinger gauge

In the paragraphs above, we have mentioned that QCD condensates are, among other
properties, the vacuum expectation values of local operators. However, while calculating
the contributions of the condensates by the means of the corresponding Feynman diagrams,
one does not necessarily obtain the local condensate immediately since the quark or gluon
fields are, generally, in different space-time points.

Thus, one is obligated to expand the quark or gluon fields into the Taylor series around
the origin, project out the Lorentz structure and form the local condensate, where all the
fields forming the condensate are already in the same space-time point. To this end,
a suitable framework for such manipulations with quark and gluon fields is the Fock-
Schwinger gauge [51, 52].

By denoting Af;(x) as the gluon field,"! the Fock-Schwinger gauge corresponds to the
choice

(2 — 20)" A%(2) = 0, (3.7)

where z( is an arbitrary fixed space-time point. Therefore the Fock-Schwinger gauge (3.7)
violates the translation invariance. Since any gauge-invariant quantity must be independent
of xg, cancellation of zg-dependent terms and the restoration of translation invariance,
serves as a validity check of the calculations. However, due to algebraical difficulties, it is
often considered the special case of the four-vector xy having all the components zero, i.e.
xo = 0, which we will employ throughout the paper, too. Using the Fock-Schwinger gauge
with such a choice, it is possible to obtain the following expressions for the expansion of
the quark and gluon fields, given in terms evaluated at the origin (cf. appendix B):

1 1
q(x) = q(0) + 2"V ,q(0) + 5x“x”VHqu(0) + éx“x”xpvﬂvyqu(O) + ...,

1 1 1
Au(z) = z2"Gpp(0) + gxpx”Dpr(O) + gmpxaw”DngGw(O) +..., (3.8)

2

""We alert the reader not to mix up the gluon field A% (z) with the axial-vector current A% (z).
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where the covariant derivatives in the fundamental and in the adjoint representations are
defined as (1.3) and (C.3), respectively. In (3.8) we have intentionally suppressed all the
relevant spinor, color and flavor indices.

3.4 Propagation of nonlocal condensates

Using the Fock-Schwinger gauge, one can thus obtain expressions that convert the nonlocal
condensates into local ones. For the case of the topic studied in this paper, we have
derived the following propagation formulas for the nonlocal quark, gluon and quark-gluon
condensates, that are necessary to obtain the contributions of the local QCD condensates

up to dimension six and up to O(as) in the chiral limit:!'2

<§fa(1:)q/§5(y)> = <2§q.q;2 Oik, — = (26150 '3C2¥q) [F@p (z, y)]kz

: — \2
imas(qq _
+ 23<37> [G<qq> (z, y)]kl +... >(5a55AB , (3.92)

(e} 2 2
as(Af () A (y)) = 287@3)[{}5 Na,y)o™ + ... (3.9b)

o (Tl 0108 0) = (P [F (o),

— \2
TOs(qq — “
+ 23<35> (G (@, 9)] 4 ) (T%)5a0"P . (3.9¢)

In these formulas the normal ordering of the operator products is tacitly assumed, for
details see [53, 55].13 We have also assumed the validity of the dominance of an interme-
diate vacuum states in the large N, limit (3.3) when evaluating the propagation formulas
proportional to the four-quark condensate.

As can be seen from above, the nonlocal quark condensates propagates itself as the
local quark, quark-gluon and four-quark condensates and the respective functions in (3.9a),
that collect the coordinate dependence, read

F{99) (g, y) = %(az —y)? 4+ %U(x)(y) 7 (3.10a)
G (2, ) = Al - y)( — ¥) — (&~ )¢ +9). (3.100)

The propagation of the nonlocal gluon condensate is straightforward since tlge only
relevant term is the local gluon condensate, with the corresponding function H, ,if >(ac,y)

in (3.9b) in the form
2
H/(“Cj >(:E, y) = (x'y)guu —Yuly - (311)

12 A note about the terminology is in order here. We call the origin of the local QCD condensates on the
right-hand side of (3.9a)—(3.9¢) as the “propagation of the nonlocal condensates”, similarly as in [53]. In
some literature, these formulas are also called “multiple expansion” or simply “projection” [54].

13Since our calculations are restricted to the tree-level, the normal ordering is sufficient for renormalization
of the operator products.
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Figure 1. A graphical illustration of the propagation formula (3.9a). The black line stands for
the quark line and the bold dot on its end represents the quark field that goes between the vacuum
states. The curly line stands for the gluon field, if such line has a bold dot on its end, it represents the
gluon field that goes between the vacuum states. The symbol ® stands for insertion of the current
and the grey blob means any possible couplings to other currents or the quark-gluon vertices. On
the left-hand side, the brackets around the quark fields mean averaging over them according to
the formula (3.9a), while on the right-hand side, the oval over the respective quark or gluon fields
means a creation of the local condensates.

Figure 2. A graphical illustration of the propagation formula (3.9¢). The notation corresponds to
the one already explained in figure 1.

Finally, the nonlocal quark-gluon condensate propagates as the local quark-gluon and
four-quark condensates, with the functions in (3.9¢) given as

qA _ (u

F{A9) (z,u,y) = o (3.12a)
- 1 1 )

GL‘]A‘D (x,u,y) = éfy“ [3u-(x+y) —4u2] +6;/L[4u“—3(x+y)“] — %au(x*y)(“)a’yafyg,. (3.12b)

The propagation formulas (3.9a)—(3.9¢) are graphically illustrated at figure 1 and
figure 2.

3.5 Comparison with literature

In the literature, the formulas (3.9a)—(3.9¢) are often presented with one of the coordinates
set into the origin. Recovering the general structure for all coordinates to be nonzero is not
trivial, since the Fock-Schwinger gauge prevents us from simply shifting the coordinates.
Also, some of the sources in the literature present formulas, equivalent to (3.9a)-(3.9¢c),
with several typos. Here we try to list such misprints for readers’ convenience.

Of course, due to the loss of information when setting one of the coordinates to zero,
one is not able to sufficiently check the validity of our formulas, however, one may at least
try to verify whether the numerical factors are in agreement.
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First of all, we explicitly write out the flavor indices when expanding the quark fields.
The propagation formulas (3.9a)—(3.9¢) contain two quark fields between the vacuum states,
so the flavor factor present in such expressions is %6“3. On the other hand, most of the
literature does not consider these indices explicitly. Thus, when comparing our formulas
to the literature, one should be careful whether it is necessary to multiply the relevant
propagation formulas with a factor of 3 and scratch the 648, Then, the comparison can
be made quite easily.

Since the comparison with the known results is of utmost importance, due to the
frequent typos or inconsistencies found in the literature, we pay special care to it in the
following paragraphs. Let us emphasize that the comparison of our formulas with the
literature is provided upon consideration that all the results have been rewritten into such
forms that the respective indices and coordinates are the same as ours. Only then the
comparison is performed.

Propagation formula (3.9a). Let us start with the propagation of the nonlocal quark
condensate, specifically with the first term of such propagation,

(@a(@ala®) > 5755180500507 (313)

Since the derivation of the local quark condensate is straightforward, we only stress
that omitting the flavor indices leads to the difference in the normalization, since the factor
becomes greater by the factor of three. This fact further propagates itself, especially into
the evaluation of the four-quark condensate within the factorization approximation. As
an example of literature where the flavor indices are omitted, we mention [54] (eq. (A5),
page no. 1596), [56] (eq. (2), page no. 3537) or [57] (eq. (10), page no. 186). Also, see [58]
(eq. (6.227), page no. 255) and [53] (eq. (28.15), page no. 301).

The part of (3.9a) proportional to the quark-gluon condensate reads

(@l@afw) > ~LEE0 o =g 4 300 5t aa)
which is in an agreement with ref. [54] (eq. (A45), page no. 1600), [56] (eq. (2), page
no. 3537) and [57] (eq. (10), page no. 186), where the authors consider both coordinates of
the quark fields to be nonzero.'* However, the authors use a different sign convention for
the covariant derivative in the fundamental representation, which makes for a difference in
an overall sign.

On the other hand, one-coordinate version of the formula above, for y = 0, coincides
with the one given by Ioffe et al. in [58] (eq. (6.227), page no. 255) but differs by a factor
of igs with the expression presented by Narison in [53] (eq. (28.15), page no. 301).

The one-coordinate version of (3.9a) for the propagation of the four-quark condensate,

Tg(q 2
(@ @af5(0)) > 1T W02 ), 50565, (3.15)

" Notice that eq. (2) at page no. 3537 in [56] lacks a factor of % in comparison with eq. (A45), page
no. 1600 in [54], where the authors suppress the factor of %6”‘6 intentionally.
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differs from the expression presented by Ioffe et al. in ref. [58] (eq. (6.227), page no. 255)
by a factor of four. However, we are in an agreement with the formula given by Narison
in ref. [53] (eq. (28.15), page no. 301). Once again, we remind the reader that also the
difference in the normalization of the four-quark condensate (3.6) has been taken into
account while comparing this part.

Propagation formula (3.9b). The formula (3.9b) for converting the vacuum value of
two gluon fields into the gluon condensate is trivial, can be easily derived and has been
presented in the literature many times already. See for example [59], eq. (65) at page
no. 165, or [53], eq. (28.12), page no. 300.

Propagation formula (3.9c). The propagation formula (3.9¢) for the nonlocal quark-
gluon condensate reads
(@) A a5 (0) 3 07 CD (00 (75,547 (3.16)
which is in an agreement with [54], eq. (A75) at page no. 1603, and also with Narison [53]
(eq. (28.16) at page no. 301), after contracting the formula with the color part.
Finally, setting y = 0, the part of (3.9¢), relevant for the propagation of the four-quark
condensate, is

TOg(q 2
(Tl (0) A2 0)aF5(0)) > 200

1 1 )
X (67“(3u~x—4u2)+6%(4u“—3$“)—;6“(“”)(“)0‘7&75> (Tt (3.17)
ki
which differs from Narison [53] (eq. (28.16), page no. 301) by an overall sign and a factor
in front of the Levi-Civita tensor, provided we take into account (3.6).

3.6 Translation invariance

As we have already stressed out in the subsection 3.3, although the Fock-Schwinger gauge
violates translation invariance, the final result of any calculation, obtained within this
gauge, must be translation invariant. One thus has to make sure and verify that the whole
contribution is indeed translation invariant after all the possible contributing diagrams (and
their respective permutations) are accounted for. If this is the case, translation invariance
allows us to make a shift by, say, the z-coordinate in all arguments, which finally allows us
to set z =0, i.e.
(z=0)

Hosopos (2,9, 2) = Mpeppoe(z — 2,4 = 2,0) " =" Hpeppos (2, 9) - (3.18)
As outlined in the formula above, the translation invariance simplifies the Fourier transform
because one thus integrates over only two coordinates, instead of three. This also allows
us to overcome various difficulties related to derivatives of the delta function.

In our case, the Fock-Schwinger gauge is used to obtain the contributions of the gluon,
quark-gluon and four-quark condensates. The translation invariance of the respective final
results, i.e. the validity of (3.18), was carefully checked using a computer brute force for
such contributions throughout the paper and for all the Green functions, i.e. for all the
relevant combinations of the Dirac matrices. For details, see sections 6, 7 and 8.
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X < X

Figure 3. Feynman diagram of the perturbative contribution to the three-point Green functions
at the leading order. The addition of the Bose-symmetrized diagram is tacitly assumed. Bose-
symmetrized contribution can be obtained by reverting the direction of the fermionic flow while
keeping the position of the inserted currents unchanged.

4 Perturbative contribution

4.1 General remarks

The perturbative contribution is the lowest possible contribution to the OPE, denoted
as (3.1a). Formally, one could assign the unit operator as the respective QCD condensate
to this contribution. Then, in the case of three-point Green functions, such contribution is
given by a triangle diagram, with all the quark fields contracted.

The relevant contribution to the three-point Green functions in the leading order O(1),

depicted at figure 3, can be written down as'®

d*e
1 . _ b
HO%O%Og (p,q;r) = =N Tx[T°T TC]/ (2m)?

+ [(T1,a,p) < (T2,b,9)] (4.1)

Tr [rlso(e)rgso(ﬁ — q)I'350(4 + p)}

where the minus sign in front of the integral sign is present there because of the closed

fermion loop and

So(l) = (4.2)

denotes the free massless fermion propagator.'©

Before we present the results, let us briefly comment on integral evaluation in (4.1).
As it is common, we work in dimensional regularisation and perform the integration in
d = 4 — 2¢. As will be mentioned in particular cases later, this procedure often leads to
divergent terms. Specifically in our case, which corresponds to the MS scheme applied at

5For clarity, we will omit the specific designation of the unit operator 1 of the perturbative contribution
in (4.1) and in the subsequent results in subsection 4.2, however, we keep the symbol of this contribution
in the upper indices of the respective invariant functions, as shown in (3.1a).

Including all the relevant indices, the massless quark propagator (4.2) reads

[SO(Z)]jjfa 5= (%) 'kaaﬁaAB = [So(0)],,0a56%"

since the free propagator does not change the flavor nor the color of the propagating quark.
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one-loop level, it is useful to define the divergent term 1/ in the form!”

1
£
where vg = 0.577 ... is the Euler-Mascheroni constant.

1
=CE + In(47), (4.3)

We also define the following quantities. The Passarino-Veltman function for a scalar
one-loop triangle integral with massless internal lines, Co(p?, ¢%,72;0,0,0), is defined to be

d4€ 1 i 2 2 2,
/(27r)4 =P+ pp ~ (amp 0w ar:0.0.,0), (44)

where the explicit form of the Cp-function reads [60]

1 2 2 .2 )\1/2 2 2 2_A1/2
Co(pQ?q2aT2§070;0) = N Lis Pty Tt {(/2 — Liy p°+q r {(/2
AK e Y P24+ q? =12+ N

R N Ry &
Ly 2_ 22 1/2 — Lz 2 _ 2 2 1/2
PP @ —rit+ AR p?—q" —ri—Ag

. p2—q2+7’2+/\}(/2 ' p2—q2+7’2—/\}(/2
PP =@+ = X7 PP =@ +r2+ X

with
Ak = Ak (0%, %, r7) = p* + ¢t + et = 277 — 2p*r? — 277 (4.5)
being the fully symmetric Kéllén (triangle) function and Lig(x) the dilogarithm (also known
as Spence’s function), defined usually in the form
TIn(l —u
Lis(z) = —/ In(l — ) du. (4.6)
0 u
Treatment of the Dirac 75 matrix plays an important role in the calculations of loop
integrals. Since we evaluated all the integrals shown below using the MATHEMATICA tool
PACKAGE-X, we refer the reader for a detailed description to the refs. [30, 31]. Here we
only mention that we consider the naive implementation of the dimensional regularization,
where 75 anticommutes with other Dirac matrices.

4.2 Results

In what follows, we present all the obtained results divided into three parts, based on the
similarity of the respective results. We introduce the following notation especially for this
subsection. We split the perturbative results, given in terms of the respective invariant
functions, into several parts,

Pﬂ(pQ,QQ,T‘Z) _ pl,(f)(p27q27r2) + 7;11,(00)@27(]2,742)00(1)2’q27r2;0,070)
2 2
+ PLO (% g%, 1?) log (Z) +PHD(p? 2, r?) log (f,g)
1 2 9 o[l Mz
+P 7(#)(p’q ,’f’) ?—klog _ﬁ ) (47)

with P being symbolically the general invariant functions F, G or H of all the correlators.

9 e’YE

"Beyond the one-loop level, it is useful to redefine the renormalization scale as p? — u e
T
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In (4.7), the upper index (f) denotes the finite part while the indices (Cp), (p) and (q)
stand for the terms proportional to the respective (di)logarithms. Finally, the index (u)
represents the coefficient that is, at one-loop level, equal both to the local divergence 1/&
and the p-dependent logarithm log(—pu?/r?).

(ASP), (VSS) and (VPP) Green functions. Although the correlators (ASP),
(VPP) and (VSS) differ in the flavor structure, i.e. in the presence of the d**¢ and fa
symbols, one can notice that in the naive implementation of the dimensional regularization,
due to the anticommuting s, the Lorentz structure of (4.1) is the same for all of these

correlators. In other words,
[Mhsp(poa:r)], = Mssp @), = MW pplp,a:7)], - (4.8)

Since the two-point perturbative contributions of (SS) and (PP) are the same,
see (D.14Db), the respective invariant functions of the (ASP), (VPP) and (VSS) Green
functions in (2.18) are also the same, i.e.

‘Fz%SP(p27q27r2> = ‘F‘]]/-PP(p27q277a2) = ]'—1%55(1?2,(]2,7“2), (49)

with the explicit result for the (ASP) correlator in the form

Fispw? ¢*r?) = - %
fiégo)(p27 q2,r2) _ 4;é\ngp2q2r2,
Fadb(p?. ) = 8;‘9&}(192(192 —q> =),
Frdw? ¢t ) = - 8;9&}((12(1?2 —¢+r?),
Faddw? ¢t = - ;]7\:2 : (4.10)

(VVA) and (AAA) Green functions. The (VV A) triangle has been an object of
interest and utmost importance for decades. The reason is the presence of the axial anomaly
that has been studied for the first time in 1969 by seminal papers of Adler [61] and Bell
and Jackiw [62].

Having the perturbative contribution to the (VV A) calculated, one can evaluate the
(AAA) in the similar way. One possible approach [63] consists of taking the cyclic permu-
tation of the Dirac matrices in (4.1) into account, which leads to the contribution given as

abc 1 abc cba

[Maaa: 7)), = 3 ([Hﬂvm(p, ;)] [Movalrasp)], + [y alp.rs Q)}Zf,by) :
(4.11)
This parametrization ensures satisfaction of the Bose symmetry of the (AAA) triangle in
all the arguments and preserves the axial-vector Ward identities.
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Then, the perturbative contributions for the (VV A) Green function can be written

down as!®
1,(f) 2 iNe 9
‘FVVA(p q r ) 871_2)(;(7“ ’
,(Co) iNe
Fouo 0, ¢%r?) = ST
x [(p2 +q%) <7"4 + (- q2)2> —2r(p* + ¢* — p*¢%)
1,(p) /.2 2 2y iN¢ 2 2 2 2 92
Fora®® ¢, r?) ——m(p —q* = 1*)(Ak + 6p*r?),
1,(q) iNe 9 5 9 2 2
Fa®, ¢?,r%) = m(p — >+ 1) (Mg + 6¢°r7),
Fodl* ) = 0, (4.12)
y 2 2 2\ _ ZNC 2 2
gVVA(p7Q7T)_ 87T2)\K(p _Q)7
2 Z‘]\[C 2 2\ .2 2 2
gV (p q T) 22(]9 Q)T()‘K+6PQ)7
8 )‘K
1,(0) 2 2 2\ iN¢
gVVA(p NN ) ——m
X (7“6 — 4 (7p? + &) + r2(12%¢% + 5p* — ¢*) + (* — ) (0* + qz)) :
1,(9) ;2 2 2y 1N,
Gvap®, g%, re) = m
X (7"6 — ' (p® +7¢%) + r*(12p°¢ — p* + 5¢*) + (0* — ¢*)*(P* + q2)> :
gVVA(p ¢, r*)= 0, (4.13)
L,(f) 2 iN¢ 2 2
iN,
“rtﬂv(m’uo @) = — — (0 — )2 (i + 6p%)
87T )‘K
1,(p) N,
HVVA(p q r ) m
X (7“6 — ' (T0* + @) + 2 (120°¢% + 5p* — ¢*) + (* — )’ (P* + q2)) :
31(‘1) 2 iNc
HVVA(p q r ) m
X (7“6 — 4 (p? + 7¢) + r2(12p%¢* — p* + 5¢*) + (* — ¢)?(P* + qz)) :

Hﬂ (1)

VVA(p q T’) 07

(4.14)

8In the ref. [64], the perturbative contribution to the (VV A) Green function in the massless limit is

shown explicitly, and is in the form similar to ours. Although the authors do not consider a presence of

the SU(3) generators and use a different normalization, we agree on the results for the respective invariant

functions up to one term, which is, however, most likely a typo. See the third line in eq. (50) at page no. 15

in ref. [64].
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while for the (AAA) correlator we have

FWh ) = FLD 0 = PR )
= FO %) = YW ¢?r?) =0 (4.15)

and
iNe (P —»@* =) (¢* —17)
16m°Ax Ak +p*(q* +12) + ¢*r?
3iN. p*¢*r?(p* — ¢*)(* — r*)(¢* — 1)
S 8n2\E A + A 1) + g2
1N, p?(q? —1r?)
32202 Ak + p2(q2 +12) + ¢*r?
X (7“6 — 4 (p? + 7¢%) — r2(p* — 24p°¢* + 7¢*) + (* — ) (P* + q2)> :
iN¢ q2(p2 — 72)
32m20% Mg + p2(¢% + 12) + ¢?r?
X (p6 —pH@® + 7% — PP(¢* — 24¢*r? + Trh) + (@ — ) (P + 7“2)) :
0, (4.16)
iN, 1
162 Ak Ak + p2(q? +12) + ¢?r?
X [0 (@) (' = (@ = 1)) = P3P gt )
31N, p2q3r?
8T\ Ak + P2 (g2 + r2) + ¢?r?
$ |p° = (@ + 1) (0t = (@ = 1)) = PR3 + gt )
3iN,. P>
3271'2)\%( Ak + P2 (q? +12) + ¢?r?
X [ — 8 4+ 15(3p% — 4¢%) + r(—5p?¢® — 3p* + 10¢%)

1,
gAng(p27 q27 TQ) = -

G\ (2, P, r?) =

)

AP (p2, g2 1?) =

gi’zglq%(p{ q2> TQ) =

Gy %, 2 r?)

1% a2 ) =

1L (2 2 42y =

HEP) (2, 4%, r%) =

+ (- ¢%) <T2(9p2q2 +p* +4¢") + ¢ (p* — q2)2>} ,
3N, 7
327202 Ak + p2(q% + 72) + ¢2r2

x | = p* 4 0% (367 — 4r?) + p* (=52 - 3¢ + 10r%)
+(q2 =) (PP 9% + gt + 4y +12(q? 1))

HY P P = 0. (4.17)

HED (2, %, %) =

(AAV) and (VVV) Green functions. Since the (VVV) Green function does not
contain any -5 matrices, the integration over the loop momenta goes along familiar lines.
On the other hand, the (AAV) triangle contains two 5 matrices, however, these can
be eliminated without a change of the overall sign in the naive implementation of the
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dimensional regularization. Therefore, this triangle is thus simply reduced to the one of
the (VVV) correlator, i.e.

vy @), = Mhay @), - (4.18)

Since the perturbative contribution to the two-point Green functions (VV) and (AA)
is the same, see (D.4a), the longitudinal parts of the (AAV') and (VVV) correlators (2.27)
are equal to each other, too. Then, obviously, (4.18) implies the equality of the respective
transversal parts of these three-point correlators. This fact, however, leads to a trivial
property of the (VVV) invariant functions for the perturbative contribution, since they can
be expressed in the terms of the ones of the (AAV'). In detail, we find the following relations:

F\]}vv@Qanﬂ“z) = fj}mv(ﬁ: q2,7“2) )
Govy (0%, 6% 1%) = Ghav (0%, % 17) . (4.19)
To present the perturbative results in a compact form, we once again employ here the
notation (4.7) and write down only the results for the (AAV) correlator, due to (4.19).
The results are as follows:
B 1N,
7212 \2.
x <—23T6(p2+q2)—17T2(p2+q2)(p2—q2)2
+57“4(3p2+q2)(p2+3q2)+11(p2—q2)4+147"8) :
1N,
8T2N3,
x (—p4(6q4—37“4—q27“2)+p6(2q2—37"2)
+p2(q2—r2)(q2+r2)(2q2+7“2)+p8+q2(q2—7“2)3) :
iN.,
48m2N\3.
X (—7"12+67"2(p2—q2)3(7p2q2+2p4+q4)+(p2—q2)5(3p2+q2)
—2r10(8p2 43¢ +3r8 (—2p*? + 11p* +11¢h)
—r*(p* =) (—41p*¢* +37p*¢* +35p° +33¢°)
470 (—14p'*+10p%" +p°13¢%))
_ e
48m2N3
X <—7“4(p2—q2)(37p4q2—41p2q4+33p6+35q6)
+6r°(0*— )2 (D +p* +2¢") + (0> — )’ (P> +3¢°) +r1?
+4r%(—10p*¢* +14p>¢" +13p° — ¢°)
— 308 (222 +11p 41161 +2r 0 (39 +8¢%) )
_ 1N,
2472’

]]‘7
FARw? tr?) =

1,(C
‘FAIgVO) (p27 q2’ TQ) =

(P = —r*)(p* = +r?)

1,
fA,g@(p2aq27T2) =

filg({z'(p27q2ar2) =

]17
Faf ¢ ) =

(4.20)
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51N,
G ) = gy 00—+ )+,
242Ny,
(Co) 1N,
QA (*,¢°,r?) = m

x (=4 (") 01 (4 4P (P (<TaPr P+ 6+ 6r)
—p4(q2—r2)2(9q2r2+4q4+4r4)+p2(—q67“4—q47“6+q10+r10)
Fr ().

1N,
gilhgxpv (p Ve 7”2) 2
247‘(’2)\%(

X (—5p8(q2+r2)—2p6(—20q2T2+9q4+9r4)+24p4(q2—r2)2(q2+r2)
—4p2(q2—T2)2(7q27’2+q4+7‘4)+6p10—3(q2—7“2)4(q2+7‘2)>,

N,
G (p% g2 r2) =
247r2)\§(

X <—(q2—r2)3(13q2r2+6q4+3r4)—1—6p4(4q47‘2—8q2r4+3q6+r6)
+p(¢* —1?)(—=35¢*r? = 11¢*r* +5¢°+9r°) +3p'°
+2p°(~12¢" +3r* +10g%%) +p (407 - 91) )

G W)= o, (4.21)
N,

7212 N2

x (—23p(q2+12) +5p* (3% +17) (4% +3r%) + 14p°

1A (g2 (@) + 1 (g ) )

Ml (04" %)

UNe 9,92 2 92y, 92 9 9
TRt (p"+q" —r7)(p"—q"+1r°)
x (=t (P2 +3p" 60" 7202 ) (0 +a2) (0 +20°)
7,6(3p2_2q2)+q2(p2_q2)3_r8) 7
1N,
247223 "

x (50" (4 +7%) — 4p*(—5g%r 2 +4q" +4r4) + 2 +9(¢2— )2 (¢*+1%))

1L (52 g2 0?) =

Hill (0" ¢ %) = (W) (P~ ¢ 1)

iN,
1YW (%) == (PP 1)
x (—p2(q2—T2)2(44q2r2+9q4+7r4)—(q2—7“2)4(3q2+7"2)+p10
—2}76(—7(127“2 +24q4 + 137‘4) —1—198(15(]2 +7r2)
+p4(—6q4r2+44q6+26r6)> ,
iN,

TR (4.22)

]]'7
HA%;(Paqzﬂ"z) =—
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Figure 4. Feynman diagram of the quark condensate contribution to the three-point Green func-
tions at the leading order O(1).

5 Quark condensate

5.1 General remarks

The quark condensate, (gq), plays a crucial role since its presence is responsible for the
breakdown of the chiral symmetry in QCD. Moreover, within the context of the Fock-
Schwinger gauge, the nonlocal quark condensate propagates not only as a local quark
condensate, but also generates higher QCD condensates.

In this section, however, only the first term of (3.9a) is relevant. Therefore, the formula
for a conversion of the nonlocal quark condensate into the local one reads

(T (@)at s () 2 %%6&55”. (5.1)

Apparently, the expansion of the nonlocal quark condensate to the local one is independent
of coordinates in the chiral limit, which simplifies the calculations significantly, because one
can evaluate the contributing diagrams directly in the momentum representation.

The leading order contribution of the quark condensate is given by the set of tree-level
Feynman graphs depicted symbolically at figure 4, formed by two contractions between the
three corresponding currents or densities. Altogether, there are six contributing diagrams
and the calculations can be performed in the momentum representation, according to (5.1).
Then, the contribution of the quark condensate at the leading order is given as

(a9) oy lgg)
Hotlzogog (p’ q; T) - 22 .3

Tr[TaTbTC]Tr[FlSO(T+q)FgSg(r)F3 + (5terms).  (5.2)

As the next-to-leading order O(as) correction to the quark condensate contribution,
one is obligated to consider the corrections to the diagrams at figure 4 either by means of
the gluon or the quark loops. Although the latter does not contribute at O(a;) due to the
conservation of color in QCD, the former represents a very important contribution.

A motivation behind studying the contribution of the gluonic corrections to the quark
condensate at O(«s) is an opportunity to explore the renormalization dependence of such
condensate in full QCD, i.e. the dependence on the renormalization scale p.

Since we have not studied the gluonic corrections and the renormalization of the quark
condensate explicitly, we refer the reader to the original work [27] for a comprehensive
description. Therein, the authors studied both the two-point and the three-point Green
functions.
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5.2 Results

Here we present the results for the leading order contribution of the quark condensate to
the Green functions, obtained from the formula (5.2). We have

FLp? ?r?) = HS%AK, (5.3a)
Fip@? % r?) =— H;ZZZTQ[ (=), (5.3b)
R0 ¢% ) = GIqujﬁrg P* +q*+77), (5.3¢)
Fl P, % r?) = 6},<sz>r2 P> +q> =), (5.3d)
FIs(p®. 2, r?) = 6p<2qqqz>r2 P = —r?), (5.3¢)
FI %, ¢% %) = - G]jfjﬁrz P+ P+,

gvvs(p ¢ r?) = - &gjgﬂ ) (5.3f)
Fite@? ¢ ) =— 6fojz>rz P>+ —r?),

gAAS(p ¢, r?) =— 3p<§qqgr2 ) (5.3g)
FEb ) = 0 — 2 =),

gVAP(p ¢, r?) =— 3p<2qqq2>rg . (5.3h)

The results above deserve a detailed discussion. We remind the reader that we under-
stand the quark field g to be the flavor triplet, as defined by (2.3). Therefore, the quark
condensate (gq) is thus a sum over all flavor-diagonal quark condensates,

(@)= > (¥y) = (uu) + (dd) + (Ss) , (5.4)

PY=u,d,s

where, in the chiral limit, all the values of the condensates on the right-hand side of (5.4)
are equaled to each other, i.e.

(@q) = 3(v). (5.5)

As we have mentioned, several authors have studied the role of the quark condensate
contribution to the OPE of Green functions already. However, as it seems, most of them
have taken the quark condensate to be a condensate of quarks of the single flavor. In
such a case, despite differences in notation, their quark condensates would be denoted as
({7b) in our designation. Therefore, our results differ by the factor of three with respect
to the results of such authors. These include the authors of ref. [27] or [38]. These cases
are discussed below in detail. However, in what follows, we already take into account the
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difference in the factor of three and discuss only whether an agreement between our results
and other authors has been achieved.

Let us start with ref. [27]. Apart from the normalization of the quark condensate,
the authors use a different normalization of the scalar and pseudoscalar density. For every
occurrence of any of these densities, a factor of two must be taken into account. Also, the
authors have a factor of 42 in the definition of the three-point Green function. Therefore,
for the (SSS) and (SPP) correlators, a factor of —24 must be considered. Then, we are
in agreement with their results, see eq. (4.7) at page no. 11. For the (VV P), (AAP)
and (VAS) Green functions, a factor of —6 must be taken into account. Their result is
different by an overall sign, see eq. (4.11) at page no. 12, which might be due to the different
convention for the Levi-Civita tensor.

The results for the (VV'S), (AAS) and (VAP) Green functions are not given in terms
of the respective invariant functions in ref. [27] but in the form of suitable contractions
so that rational scalar functions are built. For this reason, we present our results of such
contractions below:

v 7(a9) ) _ (qq) 2 9y2 2, 2.2 4
9" [yysp,air)],, = - 22 [(0° = ) + (0* + ¢*)r? — 2r7]
(qq) . _ (g9)
q“py [H\/('I;J/S(p7q7 T)] my - 12p2q2 K>
v [r{aa) . _ (7q) 2 92 2, 9\ 2 4
gM [HAAS(p7Qa T)]#V = - 6]92(]27"2 [(p —q ) - 3(p +q )’f’ + 2r ] ,
7 (qq)
¢"p” [ (p, ;7)) = Topg? (Ak +4p%¢?)
v 17(@q) ) _ @) o o N2, 2 2
g” [HVAP(p7qa T)]uy - 6]92(]27“2 (p —q — 2r )(p +q = )7
uu[l—[@@( . )] _ (aq) [2)\ + 2022 (0% — ¢ + 2>] 5.6)
qap vAP\P, 45T w = WT K P q-(p q )| - (5.

All of these are in an agreement with the results in [27], see eq. (4.18) at page no. 14, upon
the conversion factor of —6 is taken into account.

Our results (5.3h) for the (VAP) are in an agreement with the ones in [38], see eq. (8)
at page no. 4 therein.

In calculations within the framework of Chiral perturbation theory and Resonance
chiral theory, the quark condensate is often rewritten in terms of the chiral parameter By
and the pion decay constant in the chiral limit Fp. Specifically, due to (5.5), we have

(Gq) = —3BoFy . (5.7)

Assuming the validity of (5.7), our result (5.3c) for the contribution of the quark
condensate to the (VV P) Green function coincides with the one in ref. [26], see eq. (7) at
page no. 4 therein.

The result (5.3¢) for the (VV P) correlator is in an agreement with the results in
ref. [11], see eq. (31) at page no. 12, upon the different convention for the Levi-Civita tensor
is taken into account. Similarly, we are in an agreement with the result in ref. [65], see
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eq. (8) at page no. 3, upon taking into account that the authors introduce a factor of i in the
definition of the (VV P) Green function, use a different normalization of the pseudoscalar
density and the quark condensate (see eq. (3) and eq. (4) at page no. 2 and eq. (6) at page
no. 3 therein, respectively) and a different convention for the Levi-Civita tensor.

Similarly, the result (5.3¢) for the (V AS) Green function agrees with the result in [11],
see eq. (82) at page no. 21, due to the same reason as above.

6 Gluon condensate

6.1 General remarks

The next nonperturbative contribution to the OPE of Green functions stems from the
operator with dimension 4, i.e. the gluon condensate <GZ,,G‘“’ @), which we will denote
simply as (G?) from now on.

Having three chiral currents or densities, it is obvious that the gluon condensate can be
formed from the triangle graphs by coupling two gluon fields to the quark lines. To evaluate
such diagrams, one would write down the contribution in the coordinate representation and
then use the propagation formula (3.9b). After integrating over the coordinates of the two
gluons, it would be possible to perform the Fourier transform, which would give us the
final result in the momentum representation. However, this procedure is quite lengthy and
time-consuming. Instead, it is much efficient to use the strategy described below.

To calculate the contribution of the gluon condensate to the three-point Green func-
tions, it is easier to use an approach based on the Fock-Schwinger gauge in the coordinate
representation, in which the gluon condensate arises in an obvious way.

Since we work in the chiral limit, the basic ingredient for our calculation represents the
massless quark propagator in external gluon field [66], which is formulated already in terms
of the gluon field strength tensors and, for this reason, is much more suitable in calculating
the contribution of the gluon condensate. This propagator, within the Fock-Schwinger
gauge, reads

S(z,y) = So(z,y) + S (2,4)Gap(0) + Sa(2,5)Gap(0)GP(0) + ... , (6.1)

with the coordinate dependence summarized in the following factors:

i -y

So(z,y) = 272 (x —y)t’ (6.2a)

S (2,y) = —497:2 <m’yﬂse“mﬂ - Ma:af) : (6.2b)
i 2 —_

Saeyy) =L PV [2%y* — (z-y)?]. (6.2¢)

19272 (z — y)*
Since the Fock-Schwinger gauge violates translation invariance, the propagator (6.1) is not
invariant with respect to translation either, see last term in (6.2b). As an illustration, this
propagator can be graphically denoted as in figure 5.

9The first contribution (6.2a) stands for the free massless quark propagator in the coordinate rep-
resentation. Its connection to the propagator in the momentum representation (4.2) reads So(z,y) =

f d*e efil(zfy)so(g).

(2m)*
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S(x,y) —

Figure 5. An illustration of the quark propagator in the external gluon field (6.1). On the
right-hand side, the figures stand for (6.2a), (6.2b) and (6.2¢), respectively.

(d)

Figure 6. Feynman diagrams of the contributions of the gluon condensate to the three-point Green

functions. Similarly as in figure 3, the Bose-symmetrized diagrams are tacitly assumed. The dia-
grams 6(a)—6(c) contain two propagators (6.2b) and the diagrams 6(d)—-6(f) one propagator (6.2¢).

Then, within the Fock-Schwinger gauge, the whole contribution of the gluon condensate
to the three-point Green functions is thus given only by the six diagrams (and the Bose-
symmetrized ones) denoted at figure 6.

Easily, one can then write down the total contribution of the diagrams at figure 6 as

<G2> _ arpbrc
H(’)‘fogog(x’y’ z)=—Tr [T T ]Tr [FlS(:E,y)FQS(y, z)F;:,S(z,:n)] @)
+ [(Fl,a,l') < (FQabvy)] ; (63)

where the subscript at the end of the first line refers to the fact that, after inserting (6.1)
for the individual propagators, we keep only the terms with two gluon tensors, and the
second line stands for the Bose-symmetrized contributions. To form the gluon condensate,

the following formula is needed:

< [GQBGWSD 214 (ga'ygﬂé ga695’7) <G2> ) (64)

which can be easily obtained from applying color matrices to the projection formula for
the composite operator [67],

1
75ab(ga'ygﬁ(5 - ga5g,3’y)<G2> ) (65)

a b\ __
<Ga5G75> ~ 96

and then taking the trace.
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The total contribution of (6.3) thus represents six individual contributions plus the
Bose-symmetrized ones. However, upon making sure that (6.3) is indeed invariant under
translation, one can set the third coordinate z to the origin. This is greatly convenient
because such choice simplifies the calculations significantly by eliminating the second term
in (6.2b) and (6.2c) completely. Then we are left with only four contributing topologies
and four Bose-symmetrized ones. From now on, we are thus allowed to use a notation
of (3.18) with only two coordinates.

The next part consists of converting the previous results from the coordinate repre-
sentation into the momentum one by performing the Fourier transform. This represents a
quite lengthy process to go through. However, after some algebra, one can write down the
total contribution in the form

G? —i(p-ztqy) r{G?
Héot;(ggog(l’a%r) :/d435d4?/€ e y)Hé’)‘f(;g(’)g(m’y)v

i (G?) I

= s ﬂ[T“TbTC];m? '(p.g;7) + [(T1,a,p) & (T2.b,9)] . (6.6)

where
(G?) « B
% (p, ¢;r) = Tr[T17%95T9y s Tsy "] [FLC ) (p, g3 7 ) oy

) (p, q;7) = Tr[T17* 95Ty Tay V5] [FS (p, g; 7 gy s
) (p, g;r) = T [T17°Toy 5Ty 775) [Bs) (0, g3 7 N s
i, qir) = 2 Tr [[17° Ty T3y] [FLC >(p7q;?“)]a57-

~ 2
The functions Fi<G ) are remnants of the Fourier transform, and can be obtained in a
closed form as

~ 2 4 I
[F (. qsm)] :_gaﬁ/(d = p) [t + 1] [Fo(0)]

ofy 27)4 py

4 - = ~ ~ ~
_/(§W§ [Fa(C+ )] [Fa(€ = p)] 4 [F5 (O], + gapFr(a) [F5(r)].,

~ (2 o~ i I
[F2<G >(P;Q§T)]aﬂ'y:_gom//(;17T§4F1(£_p) [FQ(E)]M[F6(£+T)}MB

S 4 ~ ~
B 0] a5, = = [ Gyt Pl =] [P0 [Fate )]

~ 2 4 n o
[Fim(p,q;?")]am:_/ (Swf (5= )] [Fr (€ +7)] 5 [Fr(0)]

4 ~ ~
| G Pt = L [te [, o

where the functions E are defined in the appendix A.

~ 34—



After performing the contractions and some algebraic manipulations, we arrive at

56 _ 9 ey, sir!
[Fl (pv(.Ivr)]ag,Y _/W[Il (&p, q; T”aﬁ’y + (]279 ﬂ,,ﬂ/,

T _ [ ey, sir!
[F2 (p7Q7T)] afy - / (271')4 [12 (&p, q; T)}aﬁ'y - pTrzg ’Y,rﬂ’

~c2 d*¢ 2
Mf%wmmm=/ (19 (0, p.g )]

(271')4 apy’
~(G? d4€ G2
(7 >(p,q;7")]am=/<2ﬁ)4[fﬁ (6.0 g (6.8)

with the integrands in the form

2(041)(b=p)°0 g0 [r?=(+7)*]+£27
CE=—p) T R )’

G2
(17 (6, p,q;7)] gy = 047° (

(G2) ‘ B o r5(€+r)2+(£2—r2)(€+7‘)5 2€a(€+r)f3(€—p)7
7 i, =047 (0 = e )
(G?) _ _ 2(0—p)* P (t+r) (0=p)* [(0+7)?+£2—7?]
I (K,qu,r)]am_mwﬁ( AP —g™ AT PR >

(L—p)(t+r)Per 3215 (0 —p)®
e A (e (R

X <[(£+T)2+€2r2] [6296“’(€+r)2—4r'8 (W (7% —(0+7)?] +£2r7>}

G2
[Ii >(€,p,q;r)]a57 = 1287

+2zﬁ([m(ﬁ—zr?)—e%ﬁ](z+r)2—2(e2—rz)(rzeue?w))). (6.9)

Some of the individual terms in the above integrands are IR divergent. We have treated
these divergences by dimensional regularization. However, summing up the respective
contributions, the divergences cancel each other and the complete integrals (6.8) are IR-safe.

6.2 Results

Here we present the results obtained by the procedure described above. Since the propa-
gator (6.1) is odd in the number of gamma matrices, one can easily move the 5 matrices
contained in the currents and densities of the correlators. After easy manipulations, one
can find apparent relations between these correlators such as

2 2 2

L b (4 7)] y = (%2 (p, ¢ 7)] . = [ L (p, ¢;7)] . (6.10a)
2 2

EEACN' "y = IVICN ") o (6.10D)
2 2

[H§4G14‘>/ (p7 q; T)] uvp = [Hg/GV%/ (p7 q; T)] wp’ (6100)

that are somewhat equivalent to the ones in the case of the perturbative contribution, apart
from (6.10b), which appears here for the first time.

In the context of the relations (6.10b) and (6.10c) we note that the gluon condensate
contributions to the (VV A) and (AAV) thus accidentally have even higher symmetry than
it is necessary since they also satisfy the additional Bose symmetries of the (AAA) and
(VVV) correlators, respectively, which they are equal to.
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We also remind the reader that the longitudinal parts (2.24) of the (VV A) and (AAA)
Green functions are not affected by the gluon condensate contribution and, therefore, the re-
lation (6.10b) thus automatically represents the transversal parts (2.25) of these correlators.

The contribution of the gluon condensate to the (S.S) and (PP) Green functions is the
same, see (D.14b). Then, once again we find out that

G2 G? G?
FY0 ) = Bl ¢ %) = FSLw?, 6% r?), (6.11)

which is similar to (4.9) for the case of the perturbative contribution.

However, the contribution of the gluon condensate to the (V'V') and (AA) correlators is
the same, too. This allows us to express the invariant functions of the (AAA) and (VVV)
correlators in terms of the ones of the (VV A) and (AAV'), respectively. Specifically, we find

G2 G2 G2
FQA%(P{ q2ﬂ“2) = gé/vix(PQa q2,?”2) - H%/VA(P% q2,7“2) )

(G%, 2 9 9 —1H<G2> 2 2 o2y 1 1
gAAA(p yq 5T ) 9 VVA(p q T ) 4>\K+p2(q2+r2)+q27«2
G2
< (07 = 0* + 2+ PAFTL0 6% r)
G2
+ (a2 + ¢ — )G A ¢ 7"2)) :
3 1
4 g +p*(q* +1?) + ¢%r?

G? G2
<[ (FGA0 2 - GO ) - )

G2
H54A1>4(p27 q27 T2) =

G? G2
+ (A ) + G500 ) P - r2>] S 612)
and
G? G2
Flr? 8% = F ot dr?),
G? G2
G 0% ¢ ) = Gl (0. 2 ). (6.13)

In terms of the invariant functions, the results of the contributions of the gluon con-
densate to the three-point Green functions can be written down as follows:

Q2 ias(G? 3p2 — q2 — 72
J—“ﬁlsﬁ(p2,q2,r2) _ _ (G7) ( )

48w p2q?r?
FI) (2, g2, 02) = 10elG) 0 — Ag) +p e 4 )
96T prgtr?
GG (2 2 2y _ ias(G?) (0 = @) P* + ¢ + 1)
VVA(p ?q 7T ) - 967T p4q47“2 3
26 2 22y ias(G?) (P = ¢*)(P* + ¢* + 1)
VVA(p 4T ) - 967 p4q4r2 ’
G2
‘F1<4A>(p2aq2ur2) = 0)
GZ
gﬁlA,Zl(p27q2’T2) = 0)
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iag(G?) 1
" e e
- 2,2 2 2
Fabet ) = Sl B Y I
i (GP) (4 D) (0" + ¢*r?) + PP - r?)?
487 prqgtrd ’
i (G2 D2 — g2 — 2
_ Séi )P p224r4 [/\K _pz(p2 e TQ)] :
ias<G2> p2 + C]2 —r?
967 piqir?
ias(G?) (¢° + ) (0" + ¢*r®) + p*(¢* — %)
48T pratrd '

G2
H1<4A,>4(p27 q27 702) -

GQ
g,<4A\>/(p2> q27 T2) =

G2
quAe/(p{ q27 TQ) -

G2
‘7:\</VX>/(p27 q27 7,2) =

Mg +72(0* + ¢* —r?)],

GZ
g\</V\>/(p2’ q27 TQ) - -

(6.14)

A very important note is in order here. As one can see, in contrast to the perturbative
contribution and O(ay) contribution to the quark condensate, the results for the gluon
condensate do not contain any logarithmic terms though it is also a one-loop calculation.
The Fourier transform of individual terms gives rise to such terms, however, all logarithms
cancel each other completely and we are left with a simple rational result.?’

7 Quark-gluon condensate

7.1 General remarks

The only QCD condensate with canonical dimension 5 in the chiral limit is the quark-gluon
condensate, (go,, G*"q), which we will denote by suppressing the Lorentz indices simply
as (go-Gq) from now on.

There are two classes of contributions. The first one consists of propagation of the
nonlocal quark condensate and the second one of propagation of the nonlocal quark-gluon
condensate.

Propagation of nonlocal quark condensate. The first class of contributions of the
quark-gluon condensate to the three-point Green functions is given by the diagrams where
the soft gluon is attached to the quark line that carries zero momentum and as such these
graphs cannot be evaluated with standard perturbative methods. However, within the
Fock-Schwinger gauge, this contribution stems from the propagation of the nonlocal quark
condensate, as given by the formula (3.9a) with the relevant part in the form

- s 70‘G —
(@a(@)a 5(y)) 2 —W [F9 (@, )] ;0055”7 (7.1)

with the function F{99 (z,v) defined in (3.10a).

20A similar fact was also observed in [67], where the authors studied Borel-transformed invariant ampli-
tudes of mesons.
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Figure 7. Feynman diagrams of the contributions of the quark-gluon condensate to the three-point
Green functions due to the effective propagation of the non-local quark condensate (7.1).

There are six relevant diagrams, see figure 7 and the appendix D.4 for details. The
contribution of the diagrams can be written down in the form

(d9)—(aoGa) __9s{qo-Gq)
Hogopos — (10:2)=="g5. 57

x Tr [F@> (z,2)'350(z,y)T25 (y,z)I'1 | + (5 permutations). (7.2)

Te[T°T"T?]

Propagation of nonlocal quark-gluon condensate. The second class of contributions
of the quark-gluon condensate to the three-point Green functions consists of the diagrams
with the soft gluon line attached to the quark line that carries nonzero momentum. These
are graphs calculable by standard Feynman diagram techniques. The only difference is
that the local quark-gluon condensate is obtained, using the Fock-Schwinger gauge, from
the propagation of the nonlocal quark-gluon condensate. The contribution is given by the
formula (3.9¢) with the relevant part

0uaf () A3 w)af o (0)) 5 PTG @0 (0, ), (1564 (7

with the function F,?Aq) (x,u,y) given by (3.12a).

In the case of the three-point Green functions, there are two possibilities of attaching
the soft gluon to the fermion line between two chiral currents, which can be seen in figure 8.
Due to six permutations of ordering these currents, there are 12 different contributing
diagrams to this class.

The contributions of the diagrams can be written down, with a use of (7.3), as

(2.Aq)—~(go-Ca) _ _195(@0 -G\ rrepbra
[HO%Ogog (Jj,y, Z)] (a) = —WTI' [T T ]
X /d4u Tr [FO@A@(Z,u,x)FgSo(z,y)FQSO(y,u)vo‘So(u,a:)Fl} + (5 permutations) ,

[17349) ~ @7-Ga) _ _i95(go-Gq)

b
0L0bOs (x’ Y, Z)] b 25.32 Tr [TCT T‘l}

X /d4u Tr [Foqu@(z,u,x)FgSo(z,u)fyaSo(u,y)FgSo(y,x)Fl} + (5 permutations) .
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(b)

Figure 8. Feynman diagrams of the contributions of the quark-gluon condensate to the three-point

Green functions due to the effective propagation of the non-local quark-gluon condensate (7.3).

To perform an integration over the coordinate of the gluon field, we use the following
trick. Although the gluon is soft, such integration can be carried out simply as a standard
Fourier transform also, if a nonzero momentum k is temporarily assigned to the gluon
field. This simplifies the manipulations significantly since it allows us to appropriately
differentiate with respect to k, when needed, provided that we set k¥ = 0 back at the end
of the calculations.?! Then, integrating out over the coordinate u, we obtain the following
results:

(@ Aq)—(go-Gaq) _ gs{qo-Gq)
[Hogogog (,y,2)] @~ 95.32

X (817r29ap [Fo(z — y)h — iza[Fy(z — y)]up + [Fo(x - yﬂ“’”)

+ (5 permutations) ,

(@Aq)—(qo-Gaq) _ 9s(qo-Gq)
Mogoo; @2y == g

X <817T29aﬂ [FZ(?J — Z>]u — Wa [F8<y - Z)]up * [Fg(y a Z)]aup>

+ (5 permutations) .

Tr[T°T*T*) Tr [00u T3S0(2, y)T27*~" 77T

Tr [TCTbT“] Tr [Uayfgfy“’y”’prQSo(y, x)Fl]

Now one can make sure that it is safe to set z = 0. Then, it is a trivial task to perform
the Fourier transform and convert the results to the momentum representation, such as

GA G- s(qo-Gq c a v

MG (0] oy = 2 ST T Te 0L S(p + )Ty °T]
1 ~ ~ .

% (_ 3 Ja [FZ(p)]p - [Fg(p)]a#p> + (b permutations) ,

[17(340) > @ Ga) __95(@0-Gq)

030405 (p, q; r)] = 55 32 Tr [TCTbTa] Tr [Uaurgfy“»y”,prQSO (p)rl}

% <8717296W [ﬁQ(T)]p T [F9(7")}aup> + (5 permutations) .

2Similar argument has been used already in the literature. See, for example, pages 386-387 in ref. [67].
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7.2 Results

Here we present all the results obtained for the contribution of the quark-gluon condensate
to the relevant three-point Green functions.

o qo-Gq)
FlaoGa) 2 2r%) = 9s(qo-Gq)
sss - (0%,q7r7) 144ptqird

X (—7"4(4p2q2+7p4+7q4)+87“6(p2+q2)+67"2(p2—q2)2(p2+q2)
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@-Ga), 2 2 o 9s(@o-Gq)
gVVS (p ’q T )_ 12p4q47‘4)\%—(

x (—(p2+q2)(4p4+3p2q2+4q4)7“6+(p4+q4)(p2—q2)4+(p4+q4)7“8
—(P*+¢*) (4p®—5p°¢? +14p*¢* —5p* ¢ +4¢°)r?
+2(3p8+5p6q2+12p4q4—|—5p2q6+3q8)r4> ,

9s(qo-Gq)
2ptqtriNg

X (—(9q2+11r2)p12+(q2—7‘2)(9(]8—8q6r2+91q47“4+37q27“6+23r8)p4
— (3¢5 +17¢*r? = 43¢*r* +10r%)p® + (9¢* — 7¢*r* + 14r*)p'°
+ (=3¢ —74¢572 +99¢*r* — 13¢%r5 4+ 15r%)p®

—(®=rH3(9¢5 4+ 34¢ % + 32¢%r* +161°) p?

(
(

Go-G
‘Fﬁ}qjs q>(p2aq2)T2):

+ q2—r2)5(3q4+4q2r2+4r4)—|—3p14),

40 —
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12ptgirins.

X (—(p2+q2)(4p4+3p2q2+4q4)7“6+(p4+q4)(p2—q2)4
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]:\</qAP (I>(p2’q27,,42): 3< >

72ptqtriNg

X (—(pz—q2)(14108—i—57p6q2—1—110p4q4—i—57pzq6—1—14(18)7"4—1—47“14
+(23p* +16p*¢°+25¢")r' — (p* —¢*) (15p™ +p°¢* = 17¢*)r®
+(0? —¢%) (10p°+23p" ¢ +47p%q* +24°)r0 —16(p* +¢°)r?
+(P* =) (P +¢*) (11p*+7p°¢* + Tp* ¢ +11¢%)r?
—3(p2—q2)5(p2+q2)2) :

GIT SN (%) =— 1‘3}%12?% P*—q*)

x (—(p2+q2)2(4p4—5p2q2+4q4)r2+2T4(p2+q2)(3p4+5p2q2+3q4)

—(4p4+11p2q2+4q4)7”6+(p2+q2)rg+(p2+q2)(p2—q2)4)- (7.4)

Since these contributions are given by tree diagrams, all logarithmic terms, that emerge
from the Fourier transform, have to cancel each other out, which serves as a nontrivial check
of consistency of our calculations, besides the fulfillment of the Ward identities. As there
are no contributions of the quark-gluon condensate to the two-point Green functions, the
right-hand side of all the relevant Ward identities of the three-point contributions (7.4)
must vanish. It is easy to verify that this fact is indeed satisfied, which also serves as a
consistency check of the results above.

8 Four-quark condensate

8.1 General remarks

There are three classes of contributing diagrams to the three-point Green functions that
generate the four-quark condensate contribution. The first class is given by the diagrams
calculable by the standard technique of Feynman diagrams in a perturbative regime. The
other two classes contain diagrams with soft gluons attached to the quark lines that carry
zero momentum and cannot be evaluated within the perturbative approach. These graphs
are thus obtained effectively, given by the propagations of the nonlocal quark and quark-
gluon condensates.
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Direct contribution. The first class of contributions of the four-quark condensate to the
three-point Green functions consists of diagrams with two separate fermion lines connected
via a hard gluon line, i.e. via the gluon propagator with nonzero momentum. As such,
these diagrams are evaluated within standard techniques of Feynman diagrams, the only
difference with respect to a conventional perturbative theory is that the averaging over the
uncontracted quark fields is performed according to (3.3).

There are six unique graph topologies, depicted at figure 9, with six individual diagrams
for each topology due to the number of permutations. Therefore, there are 36 contributing
diagrams in total.

Once we take the gluon propagator in the form

i

[Sg(p)]zby = _ﬁguuéab = Sg(p)g,uuéaba (8'1)

by standard well-known approach, and a use of (3.3), one finds the contributions of the
diagrams 9(a)-9(f) at figure 9 to be of the forms

[Hpert.—><§q)2 T <QQ>2

. — brparpc
030405 (p, q; r)](a) i T [T°TT*] Sy(r)
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A2
ert.—(gq)? Tas(qq arnc
[Hg%ég_ggw (p, q; 7")] © = 8<1>Tr [TbT T ]Sg(r)
x Tr|T2S0(p + r)yaSg(p)FngSg(—r)’ya} + (5 terms) ,
pert.—(gq)> . o (qq>2 brparc
[Hogogog (p,g;7)] @ ~ TTT [T°TT<] S(r)
x Tr |:FQS[)(p + T)’}/aSo(p)Fl’yaSO(T)Fg] + (5 terms) ,
—\2
ert.—(gq)? Tas(qq arc
[Hggé’;@(gw (p, q; r)](e) = 8<1>Tr [TbT T ]Sg(r)

x Tr [’yo‘So(p + q)FgSo(p)FlfgSo(—r)va} + (5 terms) ,

pert.—)(ﬁq)2 . . 7TO‘8<§Q>2
Mogoo;” i)l = =g -

x Tr [vaSo(p + Q)F2SO(p)F1’YaSo(T)F3] + (5terms). (8.2

Tr[T°TT*] Sy(r)

One can notice the fact that the first term in (3.3) does not contribute at all since it leads
to terms with traces of single Gell-Mann matrices that vanish identically.

Propagation of nonlocal quark condensate. The second class of contributions of the
four-quark condensate to the three-point Green functions is given by the diagrams similar
to the ones of the quark condensate with the difference in that the soft gluon is connected
to the quark line with zero momentum. The relevant graphs are depicted at figure 10.
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(c)

(d) (e) ()

Figure 9. Feynman diagrams of the direct contribution of the four-quark condensate to the three-
point Green functions.

(b)

Figure 10. Feynman diagrams of the contributions of the four-quark condensate to the three-point
Green functions due to the effective propagation of the nonlocal quark condensate (8.3).

As such, this contribution stems from the expansion of the quark condensate (3.9a). The

contributing part is given as

: = \2
_ 1T \qq g
(Ta@)a W) > 557 ‘< 37> 348 60,5[G (2, 9)] (8:3)

where the function G(@9 (z,y) is defined in (3.10b).

The contribution can be written down as

: — \2
(g9)—(7a)° _ imas(qq)
HO%OQOg (.CC, Y, Z) - 23 i 36

+ (5 permutations) , (8.4)

Tr [TchTa] Tr |:G<§Q> (Z, :L‘)F3S()(Z, y)F250 (y, .CC)Fl

with the subsequent Fourier transform being of trivial nature.
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(b)

Figure 11. Feynman diagrams of the contributions of the four-quark condensate to the three-point

Green functions due to the effective propagation of the nonlocal quark condensate (8.5).

Propagation of nonlocal quark-gluon condensate. The third class of contributions
of the four-quark condensate to the three-point Green functions is given by the diagrams
also similar to the ones of the quark condensate, however, here the soft gluon is inserted
between the currents, as shown at figure 11. The contribution is then obtained effectively,
using the expansion of the nonlocal quark-gluon condensate (3.9¢).

Then, the contribution of the relevant diagrams is given as

TOg(q 2 —
0T ()AL )l 2)) > T A () (G )], (85)

with G,@A(D (x,u,y) given as (3.12b).

After performing familiar manipulations, the graphs at figure 11 contribute as
[H@A@H@qy (x z)] _ (2o <qQ>2Tr [TchTa]
080805 Y@y = .35
X /d4u Tr [GSEA‘J)(z,u, z)I'350(2, y)T'250(y, w)vaSo (u, x)Fl}
+ (5 permutations) ,

(@Aq)—(7a)? _ imag(gg)?
[Ho;logog (,y, Z>](b) T T 9.3

X / d*uTr [Gf}“q) (z,u, 2)T'350(2, u)YaSo(u, y)T'250 (v, 13)F1:|

Te[T°T"T°]

+ (5 permutations) , (8.6)

where we are required to integrate over the coordinate u of the soft gluon.

Integrating over the soft gluon coordinate is by far the most complex task of all the
evaluations presented in this paper. For a detailed discussion of the calculation itself, see
appendix D.5, where the evaluation is described thoroughly for the case of the two-point
correlators.

Similarly to the previous section, after performing the necessary integration in (8.6),
one can make sure that it is indeed safe to set z = 0, which simplifies the subsequent

Fourier transform.
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8.2 Results

Finally, the results for the invariant functions of the contribution of the four-quark con-
densate to the three-point Green functions are as follows:

Simas(gq)*
729p4qtrt

X [4p6 + 12p% (¢ — 20%) — 9% — (¢® + ) (T¢%r* + 2¢* + 27“4)} ,

F1<48>P (p27 q27 T2) =

Bimas <QQ>2
FI 02 a2 ) = T20p gt

X [4p6 — (® + r)(24p* — 11672 + 2¢* + 2r%) 4+ 9p?¢? 2} ,

: _ \2
(@q)* 2 8imos(qq)
}—VPP(p ¢r) = 729ptqirt
X |40 + (@ + 1)(12p" + 11677 — 26" — 20%) + 9%
: _ \2
@)?, 2 2 o Aimas(qq)
‘FVVA(paQJ’)_ W

x [— art(p* + ¢ + (0* + ¢*)r? (27“4 —9(p* - q2)2)

—2(2p%¢* + 9p*q* + 2p%¢° — p® — qg)} :

dimas(qq)”
2
gVVA(p ¢ )= 729p36q67"4
X (0% = @) + g2+ ) [ (0 + ) (1177 — 2% — 26%) — 20
: — \2
(q9)* 2 dimas (qq)
H\g\q/A(p q r ) 729p2q67.4

X (12 = )P + ¢+ 1) (0 + ) (112 = 2 — 2%) — 20
JT_:EXA?A(p27q27T2) = 07
G? (2 2 2y = 2imest@a)” (7 — )" = )@ — )" + " +17)
AAA 243p4q47,.4 )\K +p2(q2 _|_7a2) + q27a2
2imas(qq)? 1
243p4q4744 )\K +p2(q2 +’I”2> +q2/,n2
X [ — 18" +p*(¢* +1?) (7(194 +qt+rt) - 25q2r2)

A+ %)+ TaPr (gt )]

i

qu,4>,4 (p q 7”2)

dimorg <qq> 2
729p0 674

X [— 27”4(p2 + q2) (13(p4 + q4) —rt = 14p2q2) + 7*6(2qu2 +11p* + 11q4)

+(p* — ¢*)? (r2(20p2q2 +11p* + 11¢%) +2(p° + q6))} :

F 0P q% %) = -
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Simarg <qQ>2
729p0 676

% [_ 7,6(2p2q2 _ 9p4 _ 9q4) n 27,8(p2 n qz) i 97,4(p6 i qﬁ)

—\2
Gl (p?, ¢%,r?) =

+2r2(p% — )2 +p* + ¢*) + PP (P? + ¢*)(—11p°¢* + 2p* + 2¢%) |,
dimorg <QQ>2
729pt 676

X [ — p?(2¢%7% + 2¢%r® 4+ 7¢® — 110%) + 20%(¢® + ) + p5(2¢%r? — T¢* + 110%)

= \2
HID (52, 2, %) =

+2p ("% + 1t +5¢° — 13r%) + 2(¢* — r)* (" + TG)} :
47;77053<qq>2
729p0 674

% [_ r2(p2 _ q2)2(16p2q2 + 7p4 T 7q4) i r6(2p2q2 _ 7p4 _ 7q4)

= \2
F$3>V(p2vq2vr2) =

+2r(p* + ) (r* — 4p*¢® + 5p* + 5¢*) + 2(0* — ) (P° + qﬁ)] :

8imas(qq)*
729p5¢6r6

X [ —9p*(q® + %) +20% (¢ + %) + 207 (¢* — r?)2(¢*r* + ¢* + 1)

— \2
gé/?\q)v (p27 q27 TZ) =
- ]36(2c]27“2 +9¢* + 9?"4) + c127“2(q2 + rz)(—11q2r2 +2¢* + 27“4)} . (8.7)

9 Summary

In this paper we have presented the complete survey of leading order contributions of the
QCD condensates up to dimension six to all relevant three-point Green functions of the
chiral currents and densities within the framework of the operator product expansion.

We give a detailed derivation of the formulas for an expansion of the nonlocal quark
and quark-gluon condensates in terms of local QCD condensates in a general case, where
all the coordinates of the quark and gluon fields are nonzero (see eq. (3.9a) and (3.9¢)
and appendix C). We hope that our complete list of corresponding formulas done in uni-
fied parameterization and convention will bring clarification and unification of equivalent

expressions scattered in the literature.

After a short review of well-known perturbative contributions, which we recalculated
independently, we studied higher-order QCD condensates. We present the results for the
gluon and four-quark condensates contributions to the (VV A), (AAA), (VVV), (ASP),
(AAV), (V' SS) and (V PP) correlators and the results for the contribution of the quark and
quark-gluon condensates to the (SSS), (SPP), (VVP), (AAP), (VAS), (VVS), (AAS)
and (VAP) Green functions.

To our knowledge, the complete results for the gluon, quark-gluon and four-quark
condensates have not yet been presented in the literature. We believe that our work can
be useful for further theoretical and phenomenological studies of the Green functions.
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A Fourier transform

In this appendix we present useful formulas for the Fourier transform, that has been used
in our calculations. Let us only remind the reader that we use the convention (1.2). We
have??

1 ~ 4ir?

Fi(x) =2 +— Fi(p) =T (A.1la)
:Uu ~ 87T2

[FQ(@“)]” =2 A [FQ(p)LL :*pjpu, (A.1b)
TpTy = 8im? 4p,.py

[F3($)]p,l/ = ;2 A [F3(p)]ul/ :_p4(g,ul/_152> ; (AlC)
1 ~ 2

Fy(x) = «—— Fy(p) = inr’log (— f;) , (A.1d)
Ty ~ 272

[F5($)]u =4 — [FE)(]?)]H :—pry, (A.le)
TpTy ~ 2im? 2pupy

[FG(JS)]W = — [Fﬁ(p)]w, = TR gpu—p72 ) (A.1f)
Ty T ~ An’ 4pupup

[F7(37)]Wp: Mx4 £ [F,?(p)]lu,yp: Tr <gul/pp+guppv+gwpu_ /;2 p) - (Aldg)

For evaluation of the contribution of the quark-gluon condensate the following formulas,
apart from (A.la)—(A.1b), are useful in order to make the manipulations as compact as

possible:

b (T G ~ _ Pubv
I ) — (RGN, =2 (a2
[F (w)] o L TpLvlp JuvTp T GupTu+GupTy [ﬁ ( )] . 2pupuDp (A 2b)

9 uvp {72 x4 212 A 9\p uvp pG : ’

In order to evaluate the contribution of the four-quark condensate, it is necessary
to introduce another Fourier transforms. In detail, the relations below arise due to the
integration over the coordinate of the soft gluon in the case of the effective propagation of

22Polynomials with possibly infinite constants are not shown since they are not relevant in our calculations.
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the non-local quark-gluon condensate. We have:

Fuolr) = log(—ia?) R =T s
[Fn(x)]lw =— 16;2 <m:§ll —i—%guy log(—M2x2)> — [Fvn(p)]w, = QPZ;?V ) (A.3Db)
[F12(33)]Wp0 — [EQ(P)]WW = W’ (A.3¢c)
where
[F12(2)] ,,p0 = ﬁ [ — 8im” ([Fu(x)}wgpa + [P (@)lupgvo + [F11(2)]vpgpo
+ [F11(2)] o Gvp + [F11(2)]vo Gup + [Fll(x)]poguy)
+ %Fm(aﬁ)(gwgup + GupGuo + Guv9pe) + W] :

B Note on Fock-Schwinger gauge

Here we provide a discussion upon the origin of the formulas (3.8), that are also important
for the derivation of the propagation formulas in the following appendix C. As we have
mentioned in the subsection 3.3, we take the Fock-Schwinger gauge (3.7) throughout the
paper in the form

' Aj(x) = 0. (B.1)

Let us start with the first relation in (3.8), which is a Taylor expansion of the quark
field ¢(z) with partial derivatives exchanged with covariant ones. This is a straightforward
consequence of (B.1) which enables us to write

2o, =2V, (B.2)

Now we proceed with the derivation of the second relation in (3.8). As we will see,
another advantage of the Fock-Schwinger gauge is that it allows us to express the gluon
field A, () in terms of a gauge-invariant quantity, the gluon field strength tensor G, (z).
The following trivial identity is a convenient starting point:

B DA ()

A(a) = (mg(x)) — ot (B.3)
If we consider (B.1), the previous identity takes the form
0A%(x)
a _ P
Upon taking (B.1) into account once again, one obtains
0A%(z)  0A%x)
a _ 1 P
Gy, (2) = xp< S Do ) , (B.5)
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since the term proportional to the f¢ symbol in (1.5) vanishes. After comparing (B.4)
and (B.5), one gets the desired expression between the gluon field and gluon field strength

tensor: % A% ()
x
AZ(CL’) + 1’p# = [EpGgu(fE) . (BG)
Now, let us rescale the coordinate z — ax, with « being a real number. We get then
0A% ()
Al (ax) + xp# = az’Gy, (ax), (B.7)

where it is crucial to notice that the left-hand side of (B.7) is actually a total derivative,
due to which we can rewrite the relation above as

d

o (aAZ(ax)) = azr’Gy,(ax). (B.8)

Performing an integration of (B.8) over the parameter « in the interval [0, 1] we get

1
Aj(z) = xp/o aGy, (ar)da. (B.9)
Now, we write down the Taylor expansion of the gluon field strength tensor around the
origin, i.e.
[e.e] an
Goulaz) = Z Hazyl 0y 0y, G (0) (B.10)
n=0

which, after inserting this expression into (B.9) and integrating over the parameter «, gives

o0

a 1 v 1% a
Au(a:') = Z ml’px Lo ”31,1 .. '6VnGp,u,(0) . (Bll)

n=

The property (B.2) allows us to rewrite the expansion (B.11) in terms of the covariant
derivatives of the gluon field strength tensor, by which we finally obtain the relation (3.8).

C Derivation of propagation formulas

In this appendix we present a complete derivation of the propagation formulas (3.9a), (3.9b)
and (3.9¢). It is important to note that derivation of some parts of these formulas can be
found in the literature already, however, we present this derivation here with the intent of
having all the procedures explained here in detail at one place, with all formal necessities
and with every aspect belonging to the fact that we take into account the flavor indices.

A detailed comparison of our propagation formulas with the known results presented
already in the literature has been discussed in subsection 3.5. Therefore, in what follows,
we will not point out differences between this work and the work of other authors. However,
we only shortly mention some references, where the derivation of propagation formulas can
be also found.

2 A reader should be aware of a typo in the ref. [53], see eq. (28.3) at page no. 299 therein.
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A comprehensive derivation of the propagations giving arise to the quark and the
quark-gluon condensates is presented in [54], where the authors work beyond the chiral
limit. Further, some fragments of the derivation of the propagations of the four-quark
condensate can be found in [67]. Both these issues are also discussed in detail in [55].

Although the authors of [67] do not present the direct derivation of the propagation
formulas, they show the way of how to obtain the contributions of the four-quark condensate
from the respective vacuum expectation values of the relevant operators. In detail, our
derivation of (C.43), (C.58) and (C.67) can be compared with the one of these authors,
see eq. (21) at page no. 386, eq. (24) at page no. 387 and eq. (23) at page no. 386 therein,
respectively.

The same derivation as in [67] is presented also in the book [58].

C.1 Preliminaries

In order to provide as complete derivation of the propagational formulas as possible, we
first recapitulate some basic facts that we will build the procedure upon. Among these pre-
liminary facts we include the equations of motion and minimal Lorentz basis that nonlocal
QCD condensates are made of.

C.1.1 Equations of motion

In the chiral limit, the QCD Lagrangian reads
— 1
Laop = iqVq — 3G, G, (C.1)
with the covariant derivative and the gluon field strength tensor given as (1.3) and (1.5),
respectively. Having the Lagrangian (C.1), the equations of motion can be obtained.
For the gluon field, we have the equation of motion in the form

(DMG;W)& = gsq%/Taq’ (02)
where the covariant derivative in the adjoint representation is
(D)™ = 00" + go f* AL, . (C.3)

On the other hand, the equations of motion for the quark fields are in the form of the
Dirac equations:

<

g=0, (C.4a)
0,

(C.4b)

=1
I

q

4

with ¥V acting to the right, as usual, and Y acting to the left, as indicated.

To avoid confusion, we clarify how the covariant derivative in (C.4b) should be under-
stood. Apparently, making g out of ¢ necessarily leads to the Hermitian conjugation of the
covariant derivative, which then acts to the left. To highlight this, we have denoted

%# = VL . (C.5)
Then, the covariant derivative in (C.4b) is taken to be

% = VL'}/“ ) (C.6)
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C.1.2 Minimal Lorentz structure of nonlocal QCD condensates

In the forthcoming sections, we will need to construct structures that carry either two
or three Lorentz indices. These can be made of appropriate combinations of the metric,
Levi-Civita tensor and Dirac matrices, such that the parity is conserved.

The requirement of parity conservation forces us to accompany the Levi-Civita tensor
always with the 5 matrix, and vice versa. Then, one can write down the following two- and
three-index structures (for now, we do not explicitly write down the respective permutations
of the indices):

o gh, ot Y, e Pyaen®, e Paagyd,
o GHIYP, IR, P, ey L
where the ellipsis stand for any other terms such that the already shown structures would

be accompanied by additional tensors or matrices so that the indices would be contracted
properly.

However, as it turns out, not every term of those above is necessary for constructing
the minimal Lorentz structure of the nonlocal QCD condensates. To this end, let us remind
the following property. The basis of all 4 x 4 matrices is determined by 16 matrices: 1, v*,
7%, v*~% and o*¥. Therefore, one can decompose any 4 x 4 matrix X easily as

1 1 1 515 1 5 5 1 y
X:ZTr[X]+ZTr[X'y“]%+ZTr[X7 | —ZTr[X’y"V 7% +§Tr[XU“ low. (C.7)

Taking the decomposition formula (C.7) into account, we are allowed to eliminate some

of the structures shown above,?* which leads us to the conclusion, that only the tensors

(g", o) (C.8)
and
(g"4, g"PyY , g¥PAH, P yanP) (C.9)

are needed to build the Lorentz structure with two or three indices, respectively.

C.1.3 Expansion of quark and gluon fields

To be able to provide the propagation of the local QCD condensates through the nonlocal
ones, we need the expansions (3.8) of the quark and gluon fields within the Fock-Schwinger
gauge. Let us rewrite these formulas here, including all the necessary indices, such as the
spinor (¢ =1...4), color (¢ =1...3) and the flavor (A =1...3) ones.

The expansion of the quark field (3.8) reads

1 1
qf}a(:v) = qfa + zH (qufa) + Qm“x” (Vuqufa) + gx“x”:np(vuvyqufa) +..., (C.10)

24To be thorough, we show the results that some of the structures above can be rewritten to. We
have 9" = g —io"", e Fraysy® = =201, e Pgapy® = 0, oy’ = —2i0", iy =
gvPAH — gMPAY 4 gM AP 4 et Py 5 and oMAP = i(g"Py" — gMPyY) — e"P2y,~5. In obtaining these
relations we have made a use of a formula s‘“’aﬁepmg = —2(g595 — 9595)-
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where we have intentionally omitted the explicit indication of the fact that the expanded
fields on the right-hand side are evaluated at the origin, i.e. UGo = qfa(O). Moreover, any
field without the designation of the space-time coordinate is considered to be evaluated at
zero from now on.

Similarly, the expansion of the Dirac-conjugated quark field is

Tia(7) = Tilo + (w“éfaﬁ) + %x“az” (aﬁ‘aﬁ(ﬁ) + éx“w”xp(q{}a(%%ﬁp) . (C.11)

where we have used the definition (C.5) of the derivative acting to the left and where we

have changed the order of the indices of such derivatives in the same order as in (C.10),

since the individual terms are symmetrical due to the presence of the coordinates.
Finally, we reintroduce the expansion (3.8) of the gluon field as

1 v a 1 v a
Aj(z) = 5% Gy, + gwpx (DpGop)* + ..., (C.12)

where only these first two terms will be needed.

Having the relations (C.10), (C.11) and (C.12) at our disposal, we can start with
forming the nonlocal QCD condensates and then with the derivation of the individual
propagation formulas.

C.2 Derivation of propagation formula (3.9a)

We start with the propagation formula (3.9a), i.e. with the propagation of the local QCD
condensates through the nonlocal quark condensate. Taking the formulas (C.10) and (C.11)
and performing trivial manipulations, we obtain a series of terms out of which we consider
further only those terms that contain vacuum expectation values of the canonical dimen-
sions 3, 5 and 6. In detail, we obtain the following relevant terms:

(@@t s(w) 2 (Tatis) (C.13a)
+ 5020 9,5.)afl)
+aty (@) (Voals)) (C.13b)

1
oy @ (Vi)

1x“x VP (qm% % % ) >

{
—atayP( (qfa%lt%V) (Voas))
(C.13c¢)
(
"y (@,

+ Sty (@Y ,0) (Vo V,als))

(VMVVV,,qu) > )

7

with (C.13a), (C.13b) and (C.13c) giving arise of the contributions of the local quark,
quark-gluon and four-quark condensates, respectively.
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C.2.1 Propagation of quark condensate

The lowest contribution of the nonlocal quark condensate is the local quark condensate.
Expanding the left-hand sice of (3.9a), according to (C.10)—(C.11), gives the relevant part
in the form of (C.13a). Projecting out the normalization of the spinor, color and flavor

structure gives us

_ _ 1 1 1 _
(@@ s(v) 2 (Tt s) = (45ik) <36a5) <35AB> () -
Therefore, the propagation formula for the quark condensate is simply

1
<q{}a($)qgﬁ(y)> e W<§Q>5ik5aﬂ5AB-

C.2.2 Propagation of quark-gluon condensate

The propagation of the quark-gluon condensate through the nonlocal quark condensate
requires to expand the quark field up to terms with two derivatives, which compensates for
the difference in dimensions of the nonlocal quark condensate and the local quark-gluon
condensates. Specifically, the contributing part (C.13b) can be rewritten to

1 1
(@a(@)ags(y)) > (296“90” — aty” + 2y“y”> (@ (VuVuals)) - (C.14)

The task is thus simplified into extracting the quark-gluon condensate out of the expecta-
tion value on the right-hand side of (C.14). To do so, let us perform the following steps.

1. According to (C.8), we write down the general structure of the vacuum expectation

value in the form
(@0 (VuVuails)) = 67605 (Couw + Do), (C.15)
with C' and D being the unknown functions that need to be identified.
2. Using an obvious identity v#v” = g"” — ioc"” (see the footnote 24), we have
VY = V? —ic''V,V,. (C.16)

On the other hand, rewriting V,V, into the symmetric and the antisymmetric part
and using (1.4) gives

1 1
V.V, = §{VH, V.}+ 5z’gsGW, (C.17)
which, after substituting back into (C.16), gives
2 1 v — 2 1
VY =V —1—5950“ Guw=V —|—§gsa-G, (C.18)

where we have introduced a simplified notation of the contraction of the sigma tensor
with the gluon field strength tensor. The relation (C.17) gives us also

oV ,V, = %igsa-G. (C.19)
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3. Now we multiply both sides of (C.15) with (g"");x04B,s. This leads easily to
(g(V?q)) =2"3%-C, (C.20)

and after using (C.18) and the Dirac equation (C.4a), we get

C =~ 5 (@0 Ga). (C.21)

4. To obtain a constraint for the remaining function D, we now multiply both sides
of (C.15) with (¢);,6485,4. Similarly to the previous step, we obtain

(G(c""V,V,q)) =2*3D, (C.22)

which, using (C.19), leads to

D = 5%5(a0-Ga). (C.23)

5. Knowing the relations (C.21) and (C.23) for the functions C' and D, we put them
back into (C.14), which gives us the vacuum expectation value in the form

- 9s{qo - Gq) i
(@0 (VuViais)) = - W&A% (guu—g%u%.- (C.24)

Substituting (C.24) back into (C.14) gives us the final form for the propagation formula
of the local quark-gluon condensate through the nonlocal quark condensate:

(@ (@) w)) 3 M&“B& [

2

( y)2+;a(z)(y)} . (C.25)
ki

C.2.3 Propagation of four-quark condensate

To obtain the propagation formula for the local four-quark condensate through the nonlocal
quark condensate, one is required to expand the quark field up to three derivatives. Such
procedure leads to (C.13c), which can be rewritten to

_ 1 1 1 _
<qfa(x)q£5(y)> 2 D) [xu*'”l/ <3xp_yp> - <33/u_xu) yuyp} <Qf}a (Vuvuqug5)>- (C.26)
The following steps are needed to be performed to obtain the desired propagation formula.

1. In what follows, we take the general structure of the vacuum expectation value
n (C.26) to be of the form

<§f}a (V“V”V”q}?ﬁ» = (5AB5a5 (Eg””’yp—l—Fg“p’y”—f—Gg”p'y“—f—He“"po"ya’yg,)ki . (C.27)

2. The term proportional to e**?%v,v5 would not contribute to the propagation for-
mula (C.26) due to the contractions with the coordinate part of the formula.
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3. Having the Lorentz structure (C.27), we now multiply both sides of this equation
with (7,)ix and compare the term proportional to the metic tensor g"”. Then, the
left-hand side vanishes due to the Dirac equation (C.4a) and we obtain the condition

AE+F+G=0. (C.28)

4. We now rewrite the left-hand side of (C.27) to make the derivative act to the left:?
(@ (V9" V7a5)) = (@) (VT al)- (©.29)

Then, we multiply right-hand sides of (C.27) and (C.29) with (y,). Similarly to
the previous step, due to the Dirac equation (C.4b), we obtain the condition

E+F+4G=0. (C.30)

5. The solution of the system of equations (C.28) and (C.30) is simply
which leaves us only with one parameter, G, i.e

(T (VIVIVPP5)) = 648603G (97 — Bg"P7" + 9"P7") ;- (C.32)

6. As a next step, we multiply both sides of (C.32) with (7, )irgu,0%das, which gives
us the solution for GG in the form

1

C=—Fa

@(V*¥Vua)) - (C.33)
7. Let us now rewrite the derivatives in the previous expression a bit. A useful formula

Wvu = VMW - [V,“ V] (C.34)

allows us to appropriately modify (C.33), since the first term on the right-hand
side of (C.34) does not contribute due to the Dirac equation, and the commutator
eventually leads to the presence of the gluon-field strength tensor, according to (1.4).

In detail, we have

1 ) S — UV a a
G = o5 (@(V' 1V, V10)) = 555 (0" T*V*(Gla)) . (C.39)
which can be further rewritten to

71-95 a~rY T a A —
G =55 51{[@"T) (D"CGw)") + 557 (@ TG, (V"a)) - (C.36)

Z5Here we use the translation invariance of the ground state, P*|0) =0, in the form

(0"0()) = i([P", O(x)]) = 0

for any local operator O(x). In this particular case we take O = Gf}a (V”V’Jqﬁﬁ). Analogous manipulations
are undertaken throughout this appendix.
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8. We now get back to (C.33), however, we rewrite it with the derivatives acting to

the left,
1 R
and use a formula equivalent to (C.34), i.e.
TR v R e T
V.Y =YV,u+ [V VY], (C.38)

where the first term on the right-hand side once again vanishes due to the Dirac
equation. Applying (C.38) to (C.37), we obtain

igs — Vmaa
9. Comparing (C.36) with (C.39), we get

(@' TG (970)) = —5( (@7 T°0) (DG ). (.40

which can be simplified using the equation of motion (C.2) and (3.6) as

(@ TG, (V19)) = — 50 (@' T*0) (@0 T°0)) = ool (CA1)

10. Inserting (C.41) into (C.39), we finally get
2

G =gy

(aq)*, (C.42)

i.e. the relevant part of the vacuum expectation value (C.27) can be written down as

(@ (V'VVPP5)) 5 — (@a)*0P605(g" " — Bg'*y" + g"P4*),,.  (C.43)

. g
it g7

Finally, after inserting (C.43) back into (C.26), the propagation formula is thus derived
to be in the form

i 2
@@l s0) > o @05 P00 [Aa ) —9) — (22— P)E +p)] - (C)

C.3 Derivation of propagation formula (3.9b)

A derivation of the propagation formula (3.9b) is trivial. However, we include the derivation
here to be as thorough in our explanation as possible.

To evaluate (3.9b), it is sufficient to take the first term of the expansion of the gluon
field (C.12) and then use the projection formula (6.5). Specifically, we have

1 1 1

<.AZ($).AI;(y)> > pry”<waGga> = (41'pr> (%(guugpa - g,uagup)<G2>5ab> ) (0.45)

i.e.

as(G?)
27.3

as (A5 (2) A (y)) 2 (2 ) g — Yuzy] 6. (C.46)
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C.4 Derivation of propagation formula (3.9¢)

Finally, we evaluate the propagation formula (3.9c), i.e. the propagation of the local quark-
gluon and the four-quark condensates through the nonlocal quark-gluon condensate. Once
again, taking the formulas (C.10)—(C.12), we obtain the following relevant terms of dimen-
sion 5 and 6:

1
<6fa(x)“4a( Qk 5 > = 2u1’<qz aG,quk,ﬁ> (C.47a)

v —A
u mp<(Qi,a$ )G%ar )
1
i (al (D,G) ) (©.7H)
1 _A B
- iuyyp<Qi,awa (VPQk,,B)> .
C.4.1 Propagation of quark-gluon condensate
According to (C.47a), the relevant term for propagation of the local quark-gluon condensate
from the nonlocal one is
_ r
<Qfa(x)AZ(U)q;§ﬁ(y)> > _§UU<QfaGZVqI§B> : (048)

Because the vacuum expectation value on the righ-hand side of (C.48) is antisymmetric
in the Lorentz indices due to the presence of the gluon-field strength tensor, we take its
general form as

<q;}aGZquBi,5> = I(Sab(Ta)ﬁa(U#V)ki : (049)

In this case, it is only needed to contract both sides of (C.49) with (0,,)i£045 (1) s,

which gives
1

= %3 (go-Gq) , (C.50)

i.e.

1
<Qz aG,uVQk 5> 26 32 (qU : GQ>5ab(Ta)Ba (Uul/)]m- . (C'51)

Substituting (C.51) back into (C.48) gives us the final form of the propagation formula
for the local quark-gluon condensate in the form

9 (T (@) AL (u)af 5(y)) > (@0 - Ga)d™ P (T") ga (0 () 1, - (C.52)

gs
27 .32
C.4.2 Propagation of four-quark condensate
The three contributing terms in (C.47b) can be rewritten to the following two:

(@) A5 (W ai s(y)) (C.53)

1 1 1 a
5 Gt~ 1) @GR (Ts)) + o (5 = o) (@ (D,6) o)

To obtain the propagation formula, we will now carry on in the procedure below. We start
with the first vacuum expectation value on the right-hand side of (C.53).
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1. (a)

First of all, the Lorentz structure of such vacuum value must be antisymmetric
in the Lorentz indices p,v. Also, unlike in the case of (C.27), we are required
to keep the term proportional to the Levi-Civita tensor. Therefore, we have

(@G (Vo s)) = 42(T") o [T (67P7" — 9"°7") + K" ya5] ;- (C.54)

Now we multiply both sides of (C.54) with (v,7,7)ik. Once again, left-hand
side vanishes due to the Dirac equation (C.4a), and we find out that

K= —iJ, (C.55)
i.e. we now have only one unknown function J to obtain, and
(@G, (VpaPs)) = TP (T ga 977" — g"°" — ie" " vas) ;- (C.56)

In this step, we multiply both sides of (C.56) with (7,)ikg,,p0*2(T%)as, Which

gives us
1, Js
J = =55 (@ TG (V) = — 5555 (@) (C.57)
where we have used the already known result (C.41).
Substituting the solution for J above back into (C.56) thus leaves us with the

result for the first vacuum expectation value in (C.53) in the form

_ 9s(q9)* ,
(@aGl (Voats)) = 55 556"" (T)sa 9" = g2 +ie" 7" Yars] ;- (C.58)
Similarly as in the previous case, the general Lorentz structure of the second
vacuum expectation value in (C.53) is

(@0 (DpGu) ab 5) = 04 B(T") ga [K ("7 — g"P4") + Le"P*v0y5] ., , (C.59)

where we have once again omitted the term proportional to g"”+” since the
structure must be antisymmetric in the Lorentz indices u, v. Also, we formally
keep the term proportional to L, although it vanishes, as we will see in the next
step.

Having the derivative acting on the gluon field strength tensor, we exploit the
Bianchi identity

D,G,, +D,Gy, + DGy, =0, (C.60)
which leads to the constraint on the right-hand side of (C.59) in the form
3LeMP Yy s =0, (C.61)
ie.
L=0, (C.62)
which simplifies (C.59) into the form
(@ (DpGuv) "ais) = K& P (T")5a (9" = 977" )4y (C.63)

which is already antisymmetric in the indices pu,v.
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(¢) Now we freely rearrange the left-hand side of (C.63) by moving the second quark
field in front of the derivative term,

<6fa (DPGMV)aq£ﬂ> = <q;}o¢(b§ﬁ (DpG/,w)a> ; (064)

which does not qualitatively change anything, and then we multiply right-hand
sides of (C.63) and (C.64) with (7,)ikgp0 2 (T%)as, Which leads to

{((@T) (D"G )"y =2°-3*- K, (C.65)
which, after using the equation of motion (C.2) and (3.6), gives

9s _
— 5135 <qq>2 . (C.66)

(d) Finally, we insert (C.66) back into (C.63) and we get

= \2
_ EN v v
(@ (DpGu) " ais) = 284<_ 3>5 3B (T) (977" = 97" ) s - (C.67)
Finally, after inserting (C.58) and (C.67) back into (C.53), we can get the final form of

the propagation formula for the local quark condensate through the nonlocal quark-gluon
condsensate:

— \2
@) Al (w) 5 201545 (1),

1 1 :
x <6’V“ [Bu- (@ +y) - 4w’] + co[4u - 3w +y)"] - S<* (xy)(“)""va%) . (C68)
ki

D OPE for two-point Green functions

We include this appendix to show a clear connection between the two-point and the three-
point Green functions through the Ward identities. Therefore, the results presented here
are useful to check whether the right-hand side of the Ward identities of the three-point
Green functions are indeed expressed as linear combinations of the two-point correlators
of the respective QCD condensate contributions.

Similarly to section 2, we present the following classification of all the two-point Green
functions, relevant in the chiral limit:

e Set 1: The correlators with the perturbative contribution in the chiral limit:
— (VV), (AA), (55), (PP).

e Set 2: The correlator that is the order parameter of the chiral symmetry breaking in
the chiral limit:

— (AP).
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This classification tells us that the (VV), (AA), (SS) and (PP) Green functions have,
apart from the perturbative contribution, also contributions from the gluon and four-quark
condensates in the chiral limit. On the other hand, the (AP) is the order parameter of
the chiral symmetry breaking and has, in the chiral limit, contribution from the quark
condensate only.

We also note that the combinations of the correlators (VV') — (AA) and (SS) — (PP)
are order parameters of the chiral symmetry breaking, too.

The decomposition of all the nonvanishing two-point correlators is given as

[Ty ()], = [Mvv(p)],,,6% = Ty () (g — pups)5™, (D.1a)
[HAA(P)]ZI;, = [HAA(p)L,ﬁ“b = aa(P®) (PG — Pupr) 0, (D.1Db)
[Mss(p)]" = Mss(p*)5" (D.1¢)
[Mep(p)]™ = Hpp(p?)s" (D.1d)
and
[HAP(p)]Zb = [HAP(p)]M(Sab = ILap(p*)pud™. (D.2)

D.1 Perturbative contribution

Perturbative contribution is of remarkably simple form in the case of two-point correlators,
for which it can be written down as

Ne o [ d¥

M oyr) = ~ 50" [ ST [Tush(Taso(e+)] (0.3)

and, after inserting for the Dirac matrices, one finds the individual contributions to be

1 oy 1 o2y Ne |3 _,lﬁ

My (p7) = Hy4(p7) = mon2 [g+310g ( p2> + 5} , (D.4a)
1 ooy o2y Nep?[1 W

o5 (™) =Mpp(p”) = — 73 [g+log< 2 +2/. (D.4Db)

Obviously, the fact that perturbative contributions of (VV) and (AA), or (SS) and
(PP), are the same is not surprising since both (VV) — (AA) and (SS) — (PP) are order
parameters of the chiral symmetry breaking.

D.2 Quark condensate

In the chiral limit, Ward identities fix the (AP) Green function, to be fully saturated by
the single Goldstone boson exchange. As a consequence, the OPE expansion of the (AP)
correlator is given exactly:

) - -2, (D5)

The fact that the contribution of the quark condensate to the (AP) correlator can
be found explicitly in the chiral limit using the Ward identities was formally shown also
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(a) (b)

Figure 12. Feynman diagrams of the perturbative contribution (left) and the contribution of the
quark condensate (right) to the two-point Green functions.

(b)

Figure 13. Feynman diagrams of the contributions of the gluon condensate to the two-point Green
functions. The diagram 13(a) contains two propagators (6.2b) and the diagrams 13(b)-13(c) one
propagator (6.2c).

in ref. [27], see appendix A therein. Needless to say, such an important result has been
known for a long time already and is now a part of standard textbooks. For example, see
eq. (9.94) at page no. 340 in ref. [37].

However, it is useful to point out that the authors of [27] use a different normalizations
of the quark condensate and the pseudoscalar density in their paper. Also, they use a con-
ventional factor of ¢ in the deinition of the two-point correlators with the opposite of the
Fourier transform. This leads to the result that differs in an overall factor of —6i with re-
spect to our result. For details, see eq. (1.2) at page no. 2 and eq. (3.2) at page no. 5 therein.

D.3 Gluon condensate

The contribution of the gluon condensate to the two-point Green functions is due to the
diagrams shown below. Such contribution can be obtained by the means described already
in the section 6 or due to the effective propagation through the nonlocal gluon condensate.
In what follows we shortly comment on these calculations.

The contribution of the gluon condensate to the two-point correlators can be computed
in the coordinate representation using the propagator (6.1). The contribution can be
written down in the form

G? 1 a
15 05(7:4) = =50 Tr 118 (e, )8 (w,0)] - (D.6)

which gives us three possible diagrams, as shown at figure 13.
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The gluon condensate, that arises from the diagram 13(a) at figure 13, is given by
propagation of two individual gluon tensors due to (6.2b). Its contribution reads

2 Qs G2 5ab x2 2 -
Mgos @ )] @) = o < =t

_ Y e ~
19273 (x — y)* (x —y)4 T [F1(¢ Y)l2(# %)]

1

-7l Y)2Gpe — (x — y)plz — y)o] Tr [Fw"%Fw”%}) . (D7)

Although the bottom line of the formula above is invariant with respect to translation,
the upper line is not. This part gets cancelled by the contributions of the diagrams 13(b)
and 13(c). In fact, these graphs contribute equally and their sum reads

2 2 OZSGQ(SameQ—x. 2
[Hg%éé’ (=, y)](b) t [Hfgég (z,9)] () — 1<92733 y(x (y)gy) Tr[T1(# — YT (4 — y)} .

(D.8)

Adding both contributions (D.7)-(D.8) together thus leaves us with the total contribution
in the translation-invariant form

Q 2\ sab
S el 4 [(m - y)ngg —(z - y)p(~T - y)cr]Tr [F17p’75r27075] . (D.9)

()
m )
(*:9) = Zosm3(z — 9)

0703

Now we are allowed to perform a shift of the coordinations, symbolically enoted as
(z,y) = (x —y,0) = (2,0). In other words, we can set y = 0 in (D.9), which effectively
means that contribution of diagrams 13(b) and 13(c) vanishes identically. Then, after
performing the Fourier transform, one finds the result for all the relevant correlators in the
momentum representation as follows:

7ia5<G2>5ab

(G?)
[1 p) =
() 384mp?

2
020} (Tr[Fwa’ysta%] + pzTr[Flpygf,ng%]) ) (D.10)

Propagation of nonlocal gluon condensate. For a curious reader, let us only empha-
size the complexity of the straightforward evaluation of the gluon condensate contribution
to the two-point Green functions, when the vacuum gluons are treated as an external fields,
which require us to apply the propagation formula (3.9b) and perform the integration over
the coordinates of the two gluon fields.

However, since the diagrams 13(b)-13(c) do not contribute, we present here the calcu-
lation only for the diagram 13(a). We obtain the contribution of the corresponding diagram

in the coordinate representation in the following form:2
2
(G2) _ mas(GT) cap
Mogoy(® 1)l @ = 459

x / dtudto B (u,0) Tr [Ty S (2, w)ySo(w, y)T2S0(y, 07" So(v, @)| , - (D11)

with the function H (@2

wg (u,v) given in (3.9b).

26The evaluation based on this approach is of course trivial and has been discussed in the literature many
times. For example, see ref. [68].
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As it turns out, it is much efficient to only perform the integration over the coordinates
u, v of the two gluon fields, leave the expression in the coordinate representation and make
the Fourier transform of the results only after inserting the relevant Dirac matrices.

To integrate over the gluon coordinates, we employed once again the trick of assigning
arbitrary momenta to the gluon fields, interchanging the integration for the Fourier trans-
form and setting those momenta to zero at the end of the calculation. After making sure
that the contribution (D.11) above is translation-invariant, it is possible to set y = 0, which
simplifies the expression a bit. After some algebraic manipulations, the contribution reads
o (G?)

48

X { - 8771r2[F2(»’U)]a (QBV[FQ(J?)]WP Gy [Fo(z 6up) = 98v[Fo ()] upo [Fo(2)]aro
o)

e (@)] 0 = — 3T [Ty Py Tty 4P]

0703

+ o Fo o (950 P = 930 Fo (@)l + [Fa @) ol

s (oo = 320l Fi e o) ~ Gj?[w]u[&(xnax
* (980970 =~ 98p9w) + 53

which, after inserting for the respective Dirac matrices and performing necessary algebraical

L (@) [Fs(@) g5 — mw] , (D.12)

manipulations, gives

a a s GQ , 9 )
[HéG;>(x):|ui = [HQGA%(LU)] b = _Oé < >5ab<gu + xux > 7

pv 19273 x? x4
G2), \yjab G2), \qab as(G?) 1
[ ()] ™ = [ ()] ™ = - 6z<m3>5 = (D.13)

which is now trivial to convert to the momentum representation.

Results. Regardless of approach used, the formulas (D.10) and (D.13) lead to the same
final results in the momentum representation for the individual Green functions as follows:

G2 G2 i ag(G?

Hg/V>(p2) = H§4A>(p2) = m ;4 > 3 (D14a)
G? G2 i ag(G?

M (p?) = T (0?) = Tor ;2 ) (D.14b)

D.4 Quark-gluon condensate

As stated above, one expects the contribution of the quark-gluon condensate to the (AP)
correlator to vanish since the only nonperturbative contribution is given by the quark
condensate. Verifying that such contribution vanishes serves as a reliable confirmation
that our propagation formulas are correct.

As we have seen in the section 7, the contribution of the local quark-gluon condensate
is given by effective propagations of the nonlocal quark and quark-gluon condensates. In
what follows we will show that both contributions to the (AP) correlator indeed cancel
each other, as expected. On top of that, to verify such cancellation, it will suffice to stay
in the coordinate representation.
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Figure 14. Feynman diagrams of the contribution of the quark-gluon condensate to the two-point
Green functions due to the effective propagation of the non-local quark condensate.

Propagation of nonlocal quark condensate. Let us start with the contribution to
the two-point Green functions given by the propagation of the nonlocal quark condensate.
The relevant topologies of contributing diagrams are depicted at figure 14. Since the
contribution is effective due to the fact that the soft gluon is attached to the quark lines
wit zero momentum, one should not think of the diagrams at figure 14 as of standard
Feynman graphs.

Therefore, when evaluating the contribution, one should ignore the gluon line and
simply average over the uncontracted quark fields according to the part of the formula (3.9a)
proportional to the function F{@9 (z, ), given by (3.10a).

Using the strategy explained above, one obtains the contribution of the diagrams at
figure 14 to be of the form

(aa)—(a0-Ga) _ _ 95{go-Gq)
foroy " (0) == a0 g

+ [(Fl,a,a:) > (Fg,b,y)} . (D.15)

52Ty [F@q> (y,z)T'2S0(y, z)T'1

An inserting all the relevant combinations of the Dirac matrices and performing the
trace leads us to the conclusion, that the only nonvanishing contribution is for the case of
the (AP) correlator:

(@) a0-Ga) (, yab _ _ 9s(@0-Gg)d™"
[HAP (x7 )]M - 2887T2($—y)4
« o (2?4t —y?) —y (4o -y +a®—y?) | (D.16)

Propagation of nonlocal quark-gluon condensate. Similarly, using the formula (3.9¢)
with the part proportional to F; ‘3@4@ (z,y, ), given with (3.12a), one finds the contribution
stemming from the propagation of the nonlocal quark-gluon condensate to be (see the
corresponding Feynman diagram at figure 15)

gA qo-G 19s(qo - Gq a q o
o ) - 1907 ) s [t [0 (g, )PS5 07 S, )T

+ [(Fl,a, x) < (T2, b, y)] , (D.17)
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Figure 15. Feynman diagram of the contribution of the quark-gluon condensate to the two-point
Green functions due to the effective propagation of the non-local quark-gluon condensate.

where we need to integrate over the coordinate u of the four-potential of the gluon field.
This integration is easily performed by introducing momentum k, changing the integration
for Fourier transform and setting k = 0 at the end of the calculations, i.e. schematically

/d4u — lim /d4u e~k (D.18)
k—0
Performing the integration of (D.17) over the coordinate u according to (D.18), we get

(@Aq)—(Go-Ga) _ 95(@o-Gq) ap v
H@tlz@g (:an) - _267,325(1 Tr [aa,,I‘ﬂ’W 7”1“1]

X <871TQQap [Fo(z — y)]# —izq [Fa(z — y)]up + [Fo(z —y)] aﬂp)
+ [(T1,a,2) < (T2,b,9)] . (D.19)

Then, one can substitute for the specific Dirac matrices and finds out that the quark-gluon
condensate contribution to the (AP) correlator, given by the propagation of the nonlocal
quark-gluon condensate, is the opposite to (D.16):

g A Go-G ab q qo-G ab
i ] = T )] (020)

Results. As can be seen from (D.20), both results (D.15) and (D.19), obtained from the
propagation of the nonlocal condensates, cancel each other,

(@q)—(go-Gq) (qAq)—(go-Gq) _
HO%O% (.f(}, y) + Hotllolg) ($7 y) =0 ) (D21)

i.e. also the contribution to the (AP) correlator vanishes,
7“0 (p?) =0, (D.22)

as expected.
To conclude, there is no contribution of the quark-gluon condensate to the above Green
functions (D.1a)—(D.2) in the chiral limit.2”

*"There exists a contribution for the (VT) correlator, however, we do not consider the tensor currents in
this paper.
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(a) (b) (c) (d)

Figure 16. Feynman diagrams of the direct contribution of the four-quark condensate to the
two-point Green functions. The averaging over the quark fields is done according to (3.3).

D.5 Four-quark condensate

Since the evaluation of the contribution of the four-quark condensate has been discussed

thoroughly in the main text, we present here only the results. They are as follows:

Direct contribution. Perturbative contribution to the four-quark condensate is of sim-
ple form. The relevant diagrams are shown at figure 16 and their contributions read

pert. - (7)* __ imas(ga)® —_—
[Hogog )]0y = 162p° 6% Tr [0S0 (p)T17*So(—p)T2] ,

2
ert. 79)2 s a o
et @0 )] ) = — 0D s gy [, 5 (<)L So(p)r)

0703 162p2
ert.—(gq)> B 2iTas(qq)? .
s ™ )], == g T [So(p)T1T250(p)] |
rt.—(qq)>2 2iras(qq)? .,
[H%?é;<qq> )@ =~ 81;2) 5 Tr [[1.S0(—p) So(—p)T2] . (D.23)

Summing up all the contributions above, and substituting for the individual I'-matrices,
leads to the following results:

ert. q)2 b ert. qq)2 b ].67/7[-0[5 7q)? v v\ ca
[Tyt 07 ()] 2 = — [ ()] 2 = A(ng“ — pHp”)5,

pv AA p o 81p6
ert.— (gq)>2 ab ert.—(gq)? ab Simas <qq>2
(IS0 ()] ™ = — [T~ (p)] ™ = it O (D-24)

We alert the reader to notice the opposite sign between the contributions of the respective
pairs of correlators.

Propagation of nonlocal quark condensate. The contributing topologies are shown
on the figure 17. Due to the same reasons as we have explained in the beginning of the
previous section, we also here understand both graphs to be the same, and, obviously,
contributing equally.
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Figure 17. Feynman diagrams of the contribution of the four-quark condensate to the two-point
Green functions due to the effective propagation of the nonlocal quark condensate.

The contribution of such propagation is of simple form:

imas(qq)*
2136
+ [(Flaaal‘) A (FQ,b, y)] ’ (D.25)

H@q)%@q)z

Of@g (m,y) = 5abTr |:G<§q> (y,fL')FQSO(y, J")Fl

with G99 (z,) given by (3.10b). However, after inserting the Dirac matrices and evalu-
ating the trace, we get somewhat lengthy expressions for individual contributions. After
assuring ourselves that these results, together with the results (D.30) of effective propa-
gation of the quark-gluon condensate, are translation-invariant, it allows us to set y = 0,
which gives us

— \2 v
q)— (Gq)2 ab ) — (Gq)2 ab as(qq)” o, L, 2zt
[H<qq>—>(qq> (x)] _ mfgg)—%qq) (m)] _ (aq) 5 b<gp _ >,

vV w w T 2916w 22
(@0)~(@0)? 196 _ (riaa)—@a)® aqab _ @s(@9)®
[fgs™" (@)™ = [Mpp ™ @) = 5769 (D-26)

and which finally leads to the results in the momentum representation:

nv

Iz 72090
q qq)° ab q 7q)> ab
(G0 ()] ™ = [~ )] = . (D.27)

a To)2 a a To)2 a 47:7Ta5 q 2 v v a
[T T ()]0 — [0 () — ST o gy

Propagation of nonlocal quark-gluon condensate. The contribution of the graphs
at figure 18 reads

=2
7A qq9)2 'L7TOZS qq a q. e
G (0, ) = — T g [ 1[G ()T 400" S )T

+ [(Fl,a,x) < (T, b, y)] , (D.28)
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where G&Wm (z,u,y) is given by (3.12b). Performing the integration over the gluon field is
quite lengthy in this case, and the result reads

(@A) (3g)? _ mas(q)?
H(gtllog ($7y) - 22 . 35 5

x [ — i Te[t5) (y, 2) Ty 77T ]
1 .
« (patonlFole = )], = izal e = )], + [Pl = 0,
2
— gTr [t(ﬂlo)wf‘gfy”’y”’ypfl}
X ( 52 (@adso + p9ap) [Fo(z —y)], — waws[Fs(z —y)] ,

-+ [Flg(.r — y)] — 1Ty [Fg(x — y)] Bup ixg [Fg(x — y)]

aBup app
= 9sp[Fr1(@ = 9)],,, = Yoo [Fr1(z = )] 5, — gap [Fra (2 — y)]WJ)]
+ [(Fl,a,x) + (T, b, y)] ) (D.29)

where we have denoted the respective tensors as

NCI

By = (go‘ﬁ A — ghaP)

9

1 —Y)x
t5(e.y) = 5@+ 9 = (@ +9)7°] = 320,

However, after substituing for the specific Dirac matrices, the previous results simplifies
a lot and we obtain

pv 29167
2z,1,
x [(6 log(—p*a?) — 5>9W — ;2} :

(@A) —(@0)? \jab _ rr@Ad—@a?, yjab _ 0s(@9)® qp 22
[ ()] = [ (@) = S5 (7+1210g(—p%%) . (D.30)

= \2
GAG)—(Gg)? , \1ab TAQ)—(qq)? , \7ab as(q9)°
[H&qvwﬁ(qq) (x)Lw _ [HXJA@%(M (@)]" = - (gq) 5ab

Performing the Fourier transform is now easy and the result in the momentum repre-
sentation reads

[Hg‘f/tw@qﬁ(p)]ab _ [H<6Aq>—><aq>2(p)]ab _ dimag(gq)® (Tp2g™ — dp'p”)5° |

v AA w T 729p6
A mr b dAd—@a)?, \qab _ 16imas(qg)?
(LA~ 0% ()00 _ [py{eda-+(aa? (10 _ 243;4> 59 (D.31)

Results. Taking all the individual results (D.24), (D.27) and (D.31) together, we arrive
at the total contribution of the four-quark condensate to the individual two-point Green
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Figure 18. Feynman diagram of the contribution of the four-quark condensate to the two-point
Green functions due to the effective propagation of the nonlocal quark-gluon condensate.

functions:
[ (2) = %W, (D.32a)
9 (2 = — ;;S”ngqw (D.32D)
g - ma;W , (D.32¢)
197 (?) = %63 ”04;3(1‘1)2 | (D.32d)

E On decompositions of the (VV A) and (AAA) Green functions

In this appendix, we show the derivation of the decompositions of the transversal Lorentz
parts of the (VV A) and (AAA) correlators (2.25).

In order to obtain a decomposition of any correlator, one has to take into account two
requirements: the Bose symmetries and the Ward identities of such correlator. We now
show explicit forms of these requirements for the two Green functions in question.

Bose symmetry. The (VV A) Green function, as defined in (2.22), has only one Bose
symmetry, which is invariance with respect to the interchange (u,a,p) < (v,b,q). Due to
the symmetry of the flavor part, the Bose symmetry dictates the following requirement on
the Lorentz part:

Myvalp, g T)]uvp — [Myvale,p; 7")],,#,) =0. (E.1)

On the other hand, the (AAA) Green function, as defined in (2.22), is a bit more
complicated since there are three relations due to the Bose symmetry:

[aaa(p,qi7)],,, — [Maaale,pir)],,, =0, (E.2a)
[Maaalp, ¢;7)],,, — Maaa(r,ap)],,, =0, (E.2b)
[aaa(p, g T)]Myp — [MMaaa(p,7;9)],  =0. (E.2¢)

wpv

The first one is equivalent to (E.1), while (E.2b) and (E.2¢) stand for the interchanges of
(1, a,p) < (p,c,r) and (v,b,q) < (p,c,7), respectively.
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As one can easily see that the longitudinal parts (2.24) of these correlators satisfy the
Bose symmetries instantly. Then, when searching for the complete decompositions (2.23), it
is sufficient to demand the fulfillment of the Bose symmetries only for the transversal parts.

Ward identities. The full Ward identities of the (VV A) and (AAA) correlators are (2.10)
and (2.11), respectively. Naturally, the nonzero right-hand sides of these Ward identities
are given by the longitudinal parts (2.24),

iNe
", ¢ Tp}[ VVA(p’Qa )]uup {0 0, —@5“ (p)(Q)},

p _J _ iNe vp(p)(q) iNe ro(p)(q) _iNC v (p)(q)
{p q r }[ AAA(p)Qa )]MVP_{ 2471'26 ’2471'28 s 247‘(‘26 s (E3)

while the right-hand sides of the Ward identities for the transversal parts must vanish by
definition,

"¢ "} I 4 (v, 57)] ,,, = {0,0,0}, (E.4a)
{p q Tp}[ AAA(p7Qa )LWPZ{O,O,O}. (E4b)

Tensor base. The decomposition of these correlators must be built out of momenta
contracted with the Levi-Civita tensor in such way that the structures carry three Lorentz
indices. Taking the conservation of momenta into account, we can reduce the number of
tensors only to eight:

prerP®N@) - prere®)a) - arere)(@) - gvenpe)(a)

pPetv®)(@) - gperv®)a) - chvp(p) - cvp(a) (E.5)

E.1 (VV A) Green function

Our task now is to find the transversal part of the (VV A) Green function such that it
satisfies the Bose symmetry (E.1) and the Ward identities in the form (E.4a). We start
with the requirement of the Bose symmetry.?®

Bose symmetry. Following introductory remarks in the paragraphs above, we can write
down the transversal part of the (VV A) Green function in the form of a sum of the eight
tensors shown in (E.5), with respective invariant functions that are functions of squares
of momenta. However, to make the fulfillment of the Bose symmetry more apparent, we
will take suitable combinations of these tensors into account. Therefore, let us define the

28The authors are grateful to Marc Knecht for sharing the manuscript of [69] before its publishing,
where the derivation of the (VV A) decomposition can be also found. Our derivation is found on the same
principles and follows the same procedure. However, in comparison with ref. [69], we present an approach
with slightly detailed explanations of individual steps. Also, our notation and normalization differs.
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relevant tensors,

HD (p, g 7) = preP)@ 4 grene®))

t;(LQV)p(pa ¢r) = pHevP®)a) _ gvnp(p)(9)

t/(,LSI/)p(pv ) = pretPP)a) 4 grevep)(a)

tffi)p(p, q;r) = p’etr®Na) _ grevee)(a)

tE?l/p(pa ¢r) = ppsu”(p)(‘l) + qulw(p)(q) :

th/p(Pa q;r) = pPetv®N@) _ gporv(p)(a)

f,ﬁ?p(p, g:r) = ete®) 4 ge(a)

t&g,)p(p, gi7) = P _ gie(a) (5)

and write down the transversal part of (2.23) as

8

T i
50,0, = 3 0 42D g0 )
=1

The structure (E.7), consisted of eight terms, can be further simplified upon taking
the following Schouten identities into account:

pHevP)a@) _ preneP)(@) 4 pperv(p)(a) _ p2emvela) 4 (p.q)etrPP) = 0
ge’P® @) _ qrereP)(@) o gperv(P)(@) 4 2ervep) _ (p. g)etPd) = 0 (E.8)

In fact, we can rewrite two of the eight tensors (E.6) in terms of the remaining six.
We choose to eliminate the following ones:

1
(P @) = (0. i) — 10, (0 ai7) + 5 (0° = YD, (. @57

1 24(8
- 7(]) + Q) tELl/)p(p’ q; T) ’

2
1
tEL?;/)p(pv q; T) = tf}l/)p(p’ q; T) + tEJ,GI/)p(p7 4q; T) - i(p - Q)Qt,gu)p(pv q; T)
1
+ 50" — )t ar). (E.9)

Then, upon substituting them back into (E.7), we are left with the transversal part of the
(VV A) correlator given by six terms, i.e.

T
[0 4 (. g 7)] wp = @90 @ ), (0 g r) + ar (@, a2, (p, g )

+ all(p27 q27 712)11’;(161/)/)(1)7 q; T) + a12(p27 q27 TQ)tI(LEI)/)p(p7 q; 7")
214(8 27\, (7 .
)i Vipyair),  (E.10)

+013(p27q2a7" p(p7q; T)+a14(p27q2ar

where the new invariant functions are linear combinations of the previous ones.
An advantage in choosing the transversal part of the (VV A) correlator in the form
of (E.7) is that the tensor structure t(1), t®), ) are antisymmetric and t@, @ ()
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symmetric upon exchanging p, it <+ ¢, v. In other words, the Bose symmetry requires these
conditions to be satisfied:

[\
[\

(E.11)

Ward identities. Now, having the transversal structure (E.10) of the (VV A) Green
function with the invariant functions satisfying the conditions (E.11), one can try to fur-
ther simplify the structure with the requirement of the fulfillment of the respective Ward
identities. Indeed, the vanishing vector Ward identities lead to the relations

2

plag(p?, ¢, %) — (- Qa0 (p?, ¢4 r?) — a13(p?, 6%, r?) + ana(P?, %, 7%)
ag(p?, % 1) + (p- Qa0 (p®, ¢, 7%) + a1z (p?, %, r?) + ana(p?, 4%, %)

9

0
0, (BE12)

which can be solved for the a5 and ag invariant functions as follows:

1
a13(p*, ¢*,r*) = 5(2?2 — ¢*)ag(p®,¢*, %) — (p-Q)ar0(p*, ¢°, 1%,

1
analp? % r%) = = 507 + Pas(p?, A1) (B13

Inserting the solutions (E.13) back into (E.10) gives us the transversal structure made
of four terms,

12
[Hg\;A(pa 4q; T)]uup - Z ai(pz, q27 T2)t53p(p’ Gr), (E.14)
i=9

with the tensors being

1) (p, ;) = peP Py qrehr®@ _ p2emvpla) _ 2ouwplp)
tf}l,og (p, q;r) = pretP®@) _ greve®)@) _ (. q)(etre®) — civp(a))
tf}l}g (p,qi7r) = (p — q)Per@@) |

02 (p, g;7) = (p+ q)P @) |

Finally, the axial Ward identity gives us the condition

2 2
P’ —4q 2(p-q)
a12(p27q2aT2) = r2 [ag(p2,q2,r2) - all(p2aq2a'r2)] - r2 alo(p2,q2,r2) ) (E15)

which not only reduces the number of invariant functions, but also introduces kinematical
Zeros.
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Result. Substituting the solution (E.15) into (E.14) leads, after some algebraical manip-
ulations, to the final result for the transversal part of the (VV A) Green function in the form

=ag(p®, %7 [t (0, ;) +t ) (0. q57)]

2(p-
+aio(p®,¢%, %) (tﬁfg (p,q;7)— (fgq)tﬁf,? X% r)) (E.16)

[Hg\;A (p7 q; 7”)} uvp

2 2
b —q
+ [all(p27q27r2)_a9(p2>q277‘2)} <t£Lll/1;2 (paQar)_ r2 tf}fp) (p7qu)> :

Finally, to obtain the transversal part of the (VV A) decomposition (2.25), it is now
only necessary to denote
FVVA(p27 q27 72) = alO(p27 q27 T2) )
gVVA(p27 q2a T2) = all(p27 q2> Tz) - ag(pQ, q27 TQ) )

HVVA(FZ)(]2:T2) = ag(p27q2ur2) ) (E17)

and

2(p-q
T air) = {2900, 0:7) — 22402 ger).

wvp nvp wvp

T (0, ar) =5, (0, asr) + 0D (0, 57) - (E.18)

p2 _ q2
T(Q) (p7 q; ’I") = t(ll) (p7 q; T) - Tt(12) (p7 q; ’I”) )

After some manipulations, we indeed arrive at

2 2 2 2
v v + -Tr v r Vo(p—
7L(,},))(p,q; r) = pletr®a@) _ gprerep)a) _ % (au (@) _ 55# p(p q)> ’
2 _ 2
TA W, gr) =P (p — g + L)@y,
T

2 2 2

TE) (b, g 1) = pet?®) | grevr®)a) _ PEAT =T wor) (E.19)

by which we have finally derived the tensors of (2.25), with the following symmetry prop-
erties:

. _ 1 .
Jp.air) = Ti)(apir),
2 cp) — 2 .
7;1,(1/%(])7 q; T) - ﬁyz(Q7p7 T) )

TS 0.qr) =— T (q.pr). (E.20)

E.2 (AAA) Green function

Similarly to the previous section, we will now construct the transversal part of the decom-
position of the (AAA) Green function (2.23) such that the Bose symmetries (E.2a)—(E.2¢)
and the Ward identities (E.4b) are satisfied. However, unlike in the case above, we will
proceed with the construction in such a way that we will start with the requirement of the
vanishing Ward identities.
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Ward identities. As a first step let us determine the independent tensor structure. Us-
ing the Schouten identities (E.8), we can get rid off two tensors out of the eight structures
exactly as in the previous case of the (VV A). The general solution of the transversal-
ity conditions for the transverse part of the (AAA) correlator can be written as a linear
combination of following three tensors

A(13) (pgir) = — pugvp(r)(S) qVEH‘p(T)(S) N rPehv(r)(s) _ wels)
v N D 2p2 2q2 r2 ’
4(14) (0 i) = pugup(T)(S) - qugﬂp(T)(S) _ el)
pvp s 4y 2p2 2(]2 s
1/7-
(0 air) = 3 (r;rp - s”) (s (E.21)
r

where we have introduced the momentum s

S=p—q.

Bose symmetry. Having the transversal tensors introduced above, let us make them
subject to the simultaneous interchanges of the momenta and Lorentz indices in order to
find out their behavior with respect to the Bose symmetries (E.2a)—(E.2c). After some
algebraic manipulations, we find out the following transformation properties. For (p, ) <»
(q,v) we have

13 . — 13 .
t9 (g, pir) =t a1,
14 . _ 14 .
tl(/ug (qap7 T) - t,l(u/g(p> q; 7”) )
15 . _ 15 .
tgup) (qap7 ’l“) - t,l(l,Vp) (p> q; ’f’) ) (E22)

for (p, u) <> (r, p) we find

1 3
thu (1.4:0) = = Sthiy (. 7) = St (P ai ).

1 1

tou (1:4:0) = = Sty (0. 6 7) + Sty (i)
1

tu (1:0:p) = = 1) (i 7) = 5 (0 — ¢ = Pt (0, @sr)

L 9 2 2y,(14 )

— 5"+ 3¢" ) (p,q;7) (E.23)
and finally for (¢,v) <> (r, p) we obtain
(13) (v L3y 3 14y, .

t'u,pl/ (p7 T q) - §tuyp (p7 q; 7") + §tp,yp (p’ q; T) )

1 1
1
to (.730) = = t) (0, qs7) = 5 (0" = ¢ + )t (0. g )
1
- 5(31)2 +q* =)t (p, ;). (E.24)
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Based on the behavior (E.22)—(E.24) of the tensor structures (E.21), we construct the
following combinations of such tensors:

T ar) = @ +a =)t (. air) + ) (0, a;7) (E.25a)

Tow, ) = (0 — A (. air) — 0 + ¢ = 2t (0, ¢ ) (E.25b)
1

T (b, q;7) = g(p2 + ¢ =20 (p,qir) + (07 — D (g r) - (E.25c¢)

These are not only fully transversal but have also convenient symmetry properties. In
detail, the tensors (E.25a)—(E.25b) are antisymmetric upon the Bose symmetries, while
the tensor (E.25¢) is symmetric. Symbolically,

4 cp) — 4 cp) — 4 cm) — 4 .
7:1,(1/) (p7Q7T) - _7:/(;1,%((]7p7r) - _T( )(T7q7p) - _771,(p12(p7707Q)7

P pUiL
T asr) = =TSN psr) = =TSN (r aip) = —=T,5)(p750)
TOwar)= T@pr) = TS ap) = TEp.rq). (E.26)

Result. Then we simply construct the transversal part of the (AAA) Green function as
(4@, = Fana@® )T, a7) + Ganap?, & ) T, )
+ Haaap®, )T (0 ;7). (E.27)

Due to the behavior (E.26) of the tensors (E.25a)—(E.25¢) under the Bose symmetries, the
first two invariant functions are antisymmetric under the Bose symmetries, while the third
one is symmetric. See (2.26) for details.

F  On decompositions of the (AAV) and (VV'V) Green functions

In this appendix, we get back to the (AAV) and (VVV) Green functions and present the
derivation of their decompositions (2.27).

Bose symmetry. Similarly as in the previous section, we start with the Bose symmetries
of the Green functions in question. The (AAV) Green function, as defined in (2.27), is
invariant with respect to the interchange (i, a,p) <> (v,b,q). Due to the antisymmetry of
the flavor part, the Bose symmetry dictates:

~0. (F.1)

+ [Maav (g, p; T)]Vup =

[Maav(p, q; T)]uyp

Similarly for the (VVV) Green function, as defined in (2.27), we have

[Mvvv(p,air)],,, + [Mvvv(apn)],,, =0, (F.2a)
[HVVV(MQ;T)]WP + [Myvy (r, Q;P)]p,,ﬂ =0, (F.2b)
[Mvvv(p,air)],, + My )], = 0. (F.2¢)
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Ward identities. The Ward identities of the (AAV) and (VVV) Green functions have
been presented in the main text, see (2.12) and (2.13), respectively. After discarding the
flavor part, we have for the Lorentz part of the (AAV) correlator the following Ward
identities.

P! [Maav (e, ;7)) ,,,

= —aa(®)[Pgop + @ +7)0ap] + yv (r?) [P0, + 1 (P + q),] » (F.3a)
¢ [Maav(p, ;7)) ,,,

= —Tlyv () [P gup + (0 + 4p)] + Taa(®®) [P*9pup + (@ +10)p] »  (F.3b)
r? [Maav (p, ¢; T)]“Vp

= —Taa(P) [P* g + (qu + 7)D0] + Taa(@®) [ g + qu(py +72)] . (F.30)

written in this form anticipating the choice of the tensor basis below. Similarly, for the
Lorentz part of the (VVV):

P [Mvvv (p, g; T)]MW

= —Iyv(¢®) [@®gvp + (pv +10)ap] + Tyv (r?) [1Pgup + 10 (Pp + qp)],  (F.4a)
¢’ [Myyvv(p, g;r)] L

= —Tlvv (r?) [rPgue + (Do + @)] + vy () [P?gup + (qu +7)pp) . (F.4b)
[y vy (p, g; T’)]Wp

= —Iyv (p*) [P g + (qu + 7)) + vy (6) [P + qulpy + 1)) . (Fdc)

F.1 (AAV) Green function
Upon assuming the momentum conservation and using the trick of rewriting p,, ¢, and r,

as —(q+r),, —(p+r), and —(p+ q),, respectively, the Lorentz part of the (AAV) Green
function (2.27) can be written down as a linear combination of 14 tensors, i.e.

[Maav(p,g;7)] wwp

= a®® ) qupep, + 2%, 2,7 @, + c3(P? 6% r?) qurup,
+ ea(p?, ¢%, %) qurugp + s (P76, 7%) rupupp + c6 (02, 4% 1) g,
+ C7(p2, q27 Tz) TuTvPp + 08( 2 7"2) ruTvqp + C9(p2> q27 Tz) PvGup
2

+ c10(0?, @ 7?) Ppgun + c11(P%, 6, 7%) Qugup + c12(0%, ¢, 7%) QoG
+ Cl3(p27q27r )T/Jgup +Cl4(p 7q T )Tugup7 (F5)

to which we now apply the constraints that follow from the fundamental properties of the
correlator, i.e. the Bose symmetry and Ward identities. We start with the former.
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Bose symmetry. The respective Bose symmetry (F.1) allows us to reduce the number
of the invariant functions from 14 to 7, since it leads to the following conditions:

(P, ¢, %) = —ar(¢%, 07, r?),
es(p®, ¢°,r%) = —ea(q® p% 7))
c(p?, ¢*, %) = —es(¢®,p°, 1),
cs(p’,q* %) = —er (g%, 0%, 17)
en(p?, ¢%r%) = —co(¢®,p°,r%)
012(1727612;7"2) = CIO(q 72? 7"2)
014(P2aq277‘2) = —013((1 P ,7"2)- (F.6)

We are thus allowed to rewrite the Lorentz structure (F.5) in a more compact form

[Maav(p,q;7)]

pvp
= a7 qupupy — (@ 0% ) qupuge + e3P, ¢ ) qurupy
—e3(% P2 ) ruputp + s, ¢ ) quruge — cald®, 0%, ) rupup,
+ cr(p* @ ) rurup, — cr(@? P ) ruru s + co (0%, @2 DU gue
— co(q*, 0%, ) qugup + c10(0%, @, 7 )Ppgur — c10(a%, 0%, 77 dp Gy
+ 013(2927 q2, 7"2)77191/0 - 013((1271927 TQ)TVQW ) (F.7)

which is now Bose symmetrical. Now we need to make this structure satisfy the Ward
identities.

Ward identities. Contracting the Lorentz structure (F.7) with the respective momenta
leads to

P [Maav(p,q;7)] Jwp

= [(p-9a®, ) — (p-r)ea(@®, p* r?) + co(®*, ¢* %) + c10(0?, @*, %) | pupp
+ [(p-Des@®, %) + (p-1)en (P, 6%, %) — ews (@, 0%, 77) [ rup,
— [(p-9)er(@® p*. ) + (p-r)es(@®, p*r?) + cro(a®, p* %) | pugp
+ [(p-@)ealp®, %, 7)) = (p-7)er (P, 0%, r)] rug,
— [(p-@)ea(d?, 0%, 7%) = (p-7)e1s(P? ¢, 7%)] 9w (F.8a)
¢’ [Maav(p,q;7)] Jwp
=—[(p-@)er(¢®,p*,7%) — (q-7)ea(p®, ¢, 7%) + co(q®, 0%, 7?) + cr0(a®, p* 72)] 4udp
+ [(p-@)er(p®, . r*) + (¢-1)es(P?, ¢%, %) + cro(p®, % %) ] qupp
— [(p-q)es(@® p* r?) + (q-7)er (@, 0%, 1) — cis(?, ¢ %) | g
— [(p- @)eald®,p*, %) — (¢-7)er(p*, q ,TQ)]rﬂpp
+ [(p-9)eo®?, ¢°,r%) — (q-7)e13(d, P2 7) [ Gup (F.8b)
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P Maav (p.q;7)]

pvp
= [(p-r)er(@®, ¢ 7%) — (q-7)er (P, 72) + eus(p?, ¢°, 1) — cas(a®, p* %) |y
— [(a-7)es(@® p* %) + (p-r)eald®, p*, 1) — co(P?, % 7)) s
+ [(p-)es(0® . r?) + (g-7)ea(P?, % 1%) — eo(d?, 0%, %) | qurs
+ [(p-r)er(®?, 6%, %) = (q-7)er (@, 07 7%) ] qups
+ [(p-r)eo®* ¢ r?) = (a-r)cro(d® P2 )] guw » (F.8¢)

which gives us a system of three equations, to be compared with (F.3a)—(F.3c).

Instead of solving the system all at once, it is easier to start with comparison of the
two different forms of the first Ward identity. Then, upon comparing the scalar functions
with the same tensors in (F.3a) and (F.8a), we arrive at the following system of equations:

(p )1 (P?, 4% %) — (p-r)ea(@®, p*r?) + co(?, 6%, %) + c10(P?, ¢, 7
(p-q)ei(q®,p*,7%) + (p-1)es(¢®, %, r?) + c10(q?, p?, ) — aa(g
( 2

)=0

(") =0

.q ,1"2) + (p-r)er(®®, ¢ %) — ews(d?, 0%, 1) = yy (7%) = 0,
(r’)=0

(r)=0

S
S
5
Y

(F.9)

The solution of this system can be found in such form that we are allowed to express
the invariant functions cg, c19 and cy3 in terms of ¢1, ¢3, ¢4 and c¢7. Specifically, we have

co(p?,q% %) = — Maa(p?) + (¢-7)es(p?, ¢*,7%) + (p-1)ealq®, p*,17),

Cl()(pz,q2,7"2) H (pQ) (p-q)C1(p2,q2,7“2) - (q-T)Cg(p27q2,7"2),
013(P2,92a T2) = HVV(T2) + (p'Q)C3(q2ap277"2) + (Q‘T)C7(q2ap277"2) ) (FlO)

at the cost of having one additional condition for the invariant functions ¢4 and c7,

(- @)ea®? ¢ r?) — (p-r)er(q® p* r?) + Taalq®) — yv(r?) =0, (F.11)

which guarantees the fulfillment of the first Ward identity.

The solutions (F.10) can now be inserted into the second Ward identity (F.8b), which
is hereby solved identically, too, upon taking into account (F.11).

Finally, the previous solutions applied to the third Ward identity (F.8¢c) give us the
requirement of the symmetry of the cg invariant function in the first two arguments, i.e.

es(p®, %, 7%) = cs(g® p*r?), (F.12)
and the condition
(p-r)er (¢, r?) = (q¢-r)ea(q®, p* r?) + Taa(p®) — Maalq®) = 0. (F.13)

Now, the solutions (F.10) and (F.12) could be inserted into the Lorentz structure (F.7),
which would give us the final result for the decomposition of the (AAV’) correlator. How-
ever, keeping the additional constraints (F.11) and (F.13) would be unaesthetic. One may
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thus try to solve these contraints by carefully choosing the solution for the respective in-
variant functions in such a way that these contraints are reduced into much easier relations,
for example in the form of properties of the invariant functions under the Bose symmetry.

Therefore, let us write down the general solution of the constraints (F.11) and (F.13)
in the form

1 -
0 d" %) = 5 [Maa(a?) + e )]
1 -
1) = s [Mvv () + e, %)
1 r
cr(p?, ¢ 1) = e aa(p®) + 67(p2,q2,7"2)} , (F.14)

where the newly introduced invariant functions e; satisfy

e1(p®, ¢, r?) = er(d,p°,17) (F.15a)
er(p, 4%, %) = eald®, p*, %) . (F.15b)

As one can see, the constraints (F.11) and (F.13) are thus reduced into simple rela-
tions (F.15a)—(F.15Db).

Result. Applying the found solutions to the original Lorentz structure (F.7) allows us to
write down its final form as

Maav(p.air)],, = @ & r)ra,e.6r) + e )8, e 6r)
T\ (q,75p) — ea(d®, p%,r) 7, (0,7 q)
(0, @;7) = aa(d®) ) (a, 03 7)
— yy (r?) 753 (r. 4 p) (F.16)
where we have used the following tensors:

T\ (b, qir) = — (- 0)9yu — aurv] [(a-7)Pp = (P-T)gp]

(p-r)(g-r)
D (0, a:7) = — qu[(p-7)90p — TuPp] + g [(P-T)ap — (a:7)p)]
+ 71y [(p ’ Q)gup - qup] + Gup [(q ’ r)pu - (p : Q)Tz/] s

)

1
miop(p. 7)== (7 [0 1910 = 720] = 000 )91 — 0] )

— PvGup T PpGuv - (F17)

We remind the reader that the decomposition (F.16) possesses the symmetry con-
straints of its invariant functions in the forms of (F.12) and (F.15a).

Finally, we note that to obtain the (AAV) decomposition (2.27), it is sufficient to
redefine the tensors and invariant functions as follows:

T, ) =750, (a5 7)

vp
TS, ar) =70, 0.a7)
9 ) — (2 .
ﬁu%(}% q; ’l“) - T/sy)p(pa q; T) ) (F18)
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and

FAAV(p27q27r2) 61(p27q27r2) )
gAAV(p27 q23 TQ) = 63(p27 q27 72) )
HAAV(p27q27r2) 64(p2,q2,T2) . (Flg)

F.2 (VVV) Green function

Since the first Bose symmetry (F.2a) is equivalent to the one of the (AAV') correlator, we
can start with the result (F.7), with the invariant functions ¢;’s replaced for d;’s:

[Mvv(p,air)],,,

= di(p®,¢*17) ( )aupvp + d3(p®, %, 7%)qurup,
— ds(q%, p*, 7 rupuap + da(p®, @, 7°)qurvgp — da(@®, 0% ) rupup,
+ dr(p®, ¢, 7 rurupp — dr(q?, p ) ruruge + do(0%, % )Py gpp
— do(q%, 0%, 7*)qugvp + d10(0®, @, ) PG — dro(a®, 0%, 1) dpGur
+ di3(p?, ¢, 1) gp — dis (@ A TG (F.20)

2 2

quPvPp — dl q,p ,T‘ 2

2

[0

)
)

which has already the appropriate symmetry with respect to the first two arguments.

Bose symmetry. Using similar manipulations, as in the previous section, applied to
the structure (F.20) in order to satisfy the additional Bose symmetries (F.2b) and (F.2c),
allows us to rewrite the invariant functions d4, d7 in terms of dy and dig, di3 in terms of
dg. On top of that, it also allows us to reduce the number of ds invariant functions due to
its symmetries. Specifically, the following properties of the respective invariant functions
can be found:

dl(pQ)q27T2) d4(r2ap27 q2) = d7(q2,7“2,p2) )
dg(p27q2’7‘2) = _dlo(p2ar27q2) = d13(q27T27p2)7
d3(p*, ¢*,r%) = ds(r?, 0%, ¢°) =ds(q*,r%p%). (F.21)

Inserting these relations into (F.20) gives us the Lorentz part of the (VV'V) correlator,

Myvy(p, q;r ]W
¢ r°
b,

2 2

quPvDp — dq (p27 r,q )T,upupp +di (T 7p27 q2)rurupp
2 2)
)

M

dy )
—di(q 2)qupqu +di(@, 77, P qurvap — di(r?, @2, pP)rurug,
( 2 qurupp — d3(q* % ) rupuap — do(a?, 0%, 7°)qugup
(r*, 0%, ) rugvp + do (0%, 6% 7°)Pugup — do(r®, %, 0°)rugup
( )

7p q
DoGuv + d9(q27 T2ap2)ngw/ ) (F.22)

2

,p
q 2

r
+ ds T
~+ dy

_d9 2 2

praq

which satisfies all three Bose symmetries, upon taking the condition (F.21) into account.
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Ward identities. Now we perform the contractions of (F.22) in order to make this
structure satisfy the Ward identities. We have

P [Myvy (p, g7 pr
= [(p q)dl(p2 q2ar2) - (p'r)dl(p27r »q 2) + dg(p27 q27 7”2) - dg(p27r27q2):|pl/pp
+ [(p"l")dl(TQ,pQ,QQ) + (pQ)d3(p27 ) 2) dg(r2>q27p2)]rl/pp
— (- q)di(¢?,p*,7%) + (p-7)d3(q*, p*,7?) — do(a®, 7, p*) | Pvap
+ [(p-q)di(¢® 7%, p%) = (p-1)di(r*, ¢, p°) | ruap
= [(p-@)do(¢*, 1%, 7%) = (p-7)do(r*, >, )| gup » (F.23a)
[HVVV (p7 q; T.)] uvp
=~ [(p-q)d1(¢*,p*.v?) — (q¢-7)di (g% 7%, p?) + do(q?, p*, 7?) — do(a*, 72, %)) 4uqp
+ [(p- )i (P*, % 7%) + (q-r)ds(p®, ¢, r*) — do(p®, 7%, ¢*)| qupp
— [(g-m)di(r*,¢*,p%) + (p-q)ds(q® p*, 7?) — do(r?, p*, ¢*)|7uqp
— [(p-9)di (0*, 7%, ¢%) — (q¢-7)dr (r*, 0%, ¢%)] )
+ [(p-@)do(p®, ¢*,7%) = (q-7)do(r*, 4%, p*)] Gup » (F.23b)
[HVVV (pu q; T)} )
= [p-r)di(r% 0%, ¢%) — (q-7)di(r?, ¢* p*) + do(r%, p?, ¢%) — do(r?, 4%, p*) | ryrs
— [-r)di(®*, 7%, ¢%) + (q-7)ds3(q®, p*, v*) — do(p*, 4%, 7%) ] Tup
+ [(g-7)di (g%, r2,p%) + (p-r)d3(p* ¢, r?) — do(d?, %, %) qurs
+ [(p-r)di(p®, 4%, 7%) = (q-7)di(a® P, 7)) qupy
— [(p-7)do(p®, 7%, ¢°) — (q-7)do(q*, 7%, D*)] Gpuv - (F.23c)

As in the previous case, we start with solving the first Ward identity, i.e. we com-
pare (F.23a) with (F.4a). This leads to the system of five equations:

(p-a)di(p*, %, 7%) — (p-r)di(p*, 7%, %) + do(p°, ¢°, %) — do(p*, 7%, ¢°
(p-q)do(q®, p*,7%) — (p-7)do(r?, p*, ¢*) — Ty v (r )+7"2va r?

)

9

)=0
)=0
(p-q)di(q*,p°,r%) + (p-7)d3(¢%, p?, %) — do(q*, 7%, p*) — vy (¢*) = 0,
)=0
)=0

(

(
(p-7)di(r?, p%, ¢*) + (p- Q)ds(p®, ¢, %) — do(r?, ¢*, p*) — My (r?
(p-Q)di (¢ 7%, p*) = (p-7)di (7, ¢, p°) + Ty v (¢*) — yy (r?

i

. (F.24)

Solving this system leads to the expression for the invariant function dgy in terms of dy
and ds,

do(p®, ¢*,r*) = (p-1)di(p*, 7%, ¢%) + (q-7)ds(p®, 7%, ¢*) — yv (p?) (F.25)

and to the fact that ds is completely symmetrical. On the other hand, solving the system
above gives us also the condition

(p-r)di(p*,q%,7%) — (q-7)d1 (%, p*, r*) + Myv (p?) — vy (¢®) =0, (F.26)

which is somewhat equivalent to the condition (F.13) in the case of the (AAV) correlator.
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As it turns out, the solution (F.25) and the requirement (F.26), together with the fully
symmetric invariant function ds, solves also the second and the third Ward identity.
A general solution of (F.26) can be written as

1
di(p?, %, 7°%) = > My (¢®) + fi(p®, ¢% %) ], (F.27)
where the new invariant function satisfies
f1(p2,q2,7“2) = fl(qzvpz’r2)‘ (F28)

Result. Applying the solutions above into (F.22) gives us the final form of the Lorentz
part of the (VVV) correlator as follows:

[Mvvv(poair)],, = AW a ) 700 ar) + AP 0% 6Tl (r,pia)
+ i@ % PP S (q i p) + ds(p?, ¢ )72 (b, g )
+ HVV(pQ)T;S?;)p(p7 ar) — HVV(QQ)TV(?),;(q,p; 7)

—yy (r) 73 (r, 5 p) (F.29)
where the individual tensors are given as (F.17). As we have already mentioned, the
invariant function f; is symmetric with respect to the first two arguments and ds is totally
symmetric.

To obtain the (VVV') decomposition (2.27), it is sufficient to redefine the tensors as
follows:

fVVV(p27 q27 TQ) = fl(p27 q27 TQ) )
Gvvv(p®, ¢ 1) = ds(p®, 4%, %) . (F.30)
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