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1 Introduction

Type IIB 5-brane web [1, 2] is a powerful tool to study 5d superconformal theories
(SCFTs) [3-6]. Perturbative and non-perturbative aspects of many SCFTs be understood
from 5-brane webs. As an effective description of the SCFT at low energy, one can readily
read off the prepotential of 5d A/ = 1 gauge theory from a given web diagram of the theory.
Also, novel non-perturbative aspects of the SCFTs can be computed or seen through 5-
brane configurations. For instance, for a given 5-brane configuration, one can compute the
instanton partition functions using topological vertex formulation [7, 8]. Global symmetry
enhancement [9-11] at UV fixed points and various dualities between low energy gauge
theories, which are hard to explain in the gauge theories, often have simpler explanations
in the 5-brane webs.

Five-dimensional A/ = 1 supersymmetric gauge theories can also be engineered via M-
theory compactification on a local Calabi-Yau threefolds (CY3) [1, 2]. BPS particles and
magnetic monopole strings in 5d theory correspond to M2 branes wrapping holomorphic
2-cycles and magnetic dual M5 branes wrapping holomorphic 4-cycles, whose volumes are
given as masses and tensions of the 5d BPS objects, respectively. The prepotential of
the 5d theory is realized as the triple intersection number in geometry. Geometry itself



provides another powerful tool to study 5d SCFTs as well. In particular, recent progress
on geometric classifications of 5d SCFTs [12-18] enlarged lists of possible SCFTs and also
proposed intriguing new dualities and RG flows.

Equivalence between 5-brane web and geometry for toric Calabi-Yau threefolds is well
established [19]. Given a toric geometry, it is straightforward for one to find the corre-
sponding 5-brane web diagram. Volumes of 2-cycles and 4-cycles in geometry correspond
to the lengths of edges and the areas of compact faces in the 5-brane web, respectively.

Non-toric web diagrams are 5-brane configurations of orientifold planes such as O7*-,
05- and ON’-planes and those obtained via non-perturbative Higgsings [20-25]. These
non-toric 5-brane webs, along with F-theory classification of 6d SCFTs, has provided a
new perspective on 6d N = (1,0) SCFTs. In particular, some of 6d N/ =1 SCFTs with
SO(N) gauge symmetry coupled to a single tensor multiplet, when compactified on a circle,
have natural Type IIB 5-brane configurations with two O5-planes, as its (T-dual) Type ITA
brane configuration contains an O6-plane [24, 26]. Though such large class of non-toric
5-branes are known, unlike toric case, equivalence between non-toric 5-brane webs and
geometry is still limited and hence worth further study.

The aim of this paper is to complete Type IIB 5-brane engineering of some of 6d
N = 1 SCFTs which involve non-toric realizations of 5-branes with O5-planes. In par-
ticular, we consider 5-brane realizations of a family of 6d N = (1,0) SCFTs with SO(N)
gauge symmetry on a —2 or —3 curve in the base of F-theory [27] when compactified
on a circle. We construct 5-brane diagrams of those and compute their prepotentials (or
monopole string tensions) which are consistent with the triple intersection numbers from
the corresponding Calabi-Yau geometries [15]. More specifically, by considering RG flows
on Higgs branches of D-type conformal matter, we construct 5-brane web configurations
with two Ob5-planes describing 6d SCFTs with an SO(NN) gauge group and then study
possible Higgsings and Hanany-Witten transitions to generate Higgs branch flows of 6d
SCFTs with SO(V) gauge symmetry on a circle. Moreover, by tuning non-zero holonomies
such that a charged scalar mode carrying non-zero Kaluza-Klein momentum along the 6d
circle becomes light and then by Higgsing the theory with a vev of the light mode, we
propose new RG flows leading to 5-brane web configurations for twisted compactifications
of 6d theories.

The organization of the paper is as follows: In section 2, we review equivalence between
5-brane web and toric CY geometry and extend its equivalence to non-toric cases, and
then discuss how to obtain the prepotential from 5-brane and also from geometry. In
section 3, we further develop non-toric geometry with O5-planes and discuss Type 11B
5-brane configurations for 6d SCFTs with SO(N) gauge symmetry, which are realized as
elliptically fibered (non-toric) Calabi-Yau threefold. Especially we propose 5-brane webs
realizing SO(N) theories on —3 curve. In section 4, we propose 5-brane webs for SO(N)
theories on —2 curve. In section 5, we discuss twisting of 6d SO(N) gauge theories on —4
curve. We then summarize and conclude with future directions in section 6.



2 5-brane webs and Calabi-Yau geometries

We start with a short summary of the relationship between Type IIB (p,q) 5-brane webs
and non-compact Calabi-Yau threefolds in M-theory compactification, with the notations
used throughout the subsequent sections.

Let us review the salient features of M-theory compactified on a non-compact Calabi-
Yau three (CY3) manifold X to five dimensions [28]. This compactification gives rise to a
5d field theory at low energy. We can consider a smooth threefold X with Ké&hler moduli ¢;
(i =1,---,n) associated to Kihler 4-cycles S; where S; is a divisor basis of A1 (X) = n.
The Kéahler moduli ¢; for compact 4-cycles S; with ¢ = 1,--- ,r are identified with the
Coulomb branch moduli in the 5d field theory, whereas ¢; for non-compact surfaces S;
with ¢ = r + 1,--- ,n are associated to the mass parameters m;. So when the 5d field
theory admits a gauge theory description, the rank of the gauge group agrees with the
number of compact Kéhler surfaces r and ¢; becomes the vacuum expectation value of the
scalar field in the charged vector multiplet parameterizing the Coulomb branch.

In the singular limit, when all the K&hler parameters ¢; are turned off so that all
4-cycles collapse to a point, the smooth threefold X will reduce to a singular Calabi-Yau
threefold Y. This singular threefold Y realizes either a 6d SCFT if the CY3 admits an
elliptic fibration or, otherwise, a 5d SCFT. In the former case, the smooth threefold
X describes a circle compactification of the associated 6d SCFT where the circle size is
implemented as an additional mass parameter in the geometry. So X provides a resolution
of the singular elliptic CYs when elliptic fiber class has finite volume.

In M-theory compactification, BPS states in the 5d field theory come from M2- and M5-
branes. M2- and M5-branes wrapped on 2- or 4-cycles in the CY3 provide charged vector
multiplets and magnetic monopole strings respectively in the low energy field theory. The
masses of vector multiplets and the tensions of the monopole strings are volumes of 2- and
4-cycles and they are controlled by Kéahler parameters ¢;.

A non-compact threefold X can be modeled by a union of connected compact surfaces
S = U;S; and each Kihler surface S; is either P? or a ruled surface of degree n over genus g
curve blown up at p points, which we denote by F} ; [14-16]. We will often omit super(or
sub)-scripts p,n, g if those numbers are zero. Let S; and S3 be two surfaces in S. These
two surfaces are glued along a holomorphic curve C = 51N Sy of genus g. In order to have
a consistent Calabi-Yau threefold, the gluing curves should intersect transversally which
imposes the Calabi-Yau condition

C?ls, +C?ls, =29 — 2, (2.1)

where the subscripts denote the projections of C' on 572 respectively. Also, a curve class
in each surface must satisfy the adjunction formula

(K -O)|s, +C?|s, =29 — 2, (2.2)

where K|g, is the canonical class of the surface S;. There can be more than one curve at
the intersection of two surfaces satisfying above conditions.
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Figure 1. Two surfaces (or 4-cycles) S; = FPt —and Sy = F22  glued along a curve C' whose
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projection to the surface S; is denoted by C;. The subscript of |; denotes i-th surface.

Diagrammatically, two surfaces S; = Fh} 4, and Sy = F}2 4, glued together by a curve
C will be drawn as the diagram in figure 1. Here, the gluing curve is represented by a line
connecting two surfaces and the symbols C and Cy on the line denote the projections of
C to the first and the second surfaces respectively. A diagram can have more than one line
between two surfaces if two surfaces are glued along multiple curves. Note also that two
holomorphic curves within a single surface can be glued each other. In this case, there is
a line connecting the surface to itself in the diagram. We will call this self-gluing [14].

The canonical class of a local S = P? is K|g = —3¢ where / is a base class with self-
intersection #2 = 1. The canonical class of a Hirzebruch surface of degree n with p blownup
points S = F}, is given by

P
Kls=-2h+n-2)f+> . (2.3)
i=1
Here h is a section class and f is a fiber class and z;’s are exceptional curve classes at the
blowup points. There is an additional distinct section class e. They satisfy

2 2 2
ec=-n, h"=n, =0, xz x;=—0;,

e-f=h-f=1, e-h=e-ax;=h-2;=f-2;,=0. (2.4)

A ruled surface over a genus g curve can be obtained by ¢ self-gluings of a rational Hirze-
bruch surface with a number of blow-up points. This geometric transition is introduced
in [14]. For example, a surface F, ; can be obtained from F29P by ¢ self-gluings. For this,
we glue g pairs of exceptional curves (z;,v;) with ¢ = 1,---,g. The canonical class K
after self-gluings is then given by

g
Ky=Ks+Y (zi+u). (2.5)
=1

See [14, 16] for more details and other geometric transitions.
We are now interested in physics on the Coulomb branch of the low energy 5d theory.
A smooth threefold X is described by the Kéhler class J defined as

J:@SZ-, izl,-.-,n, (2.6)

with compact and non-compact moduli ¢;. Then the triple intersection numbers of 4-cycles
in X can be computed as

1 1«
]—":?’!/XJ-JJ:3!Z¢i¢j¢k/XSi'5j‘Sj- (2.7)

i7j7k



As one can see, F is a cubic polynomial of Kéhler parameters ¢; and it computes the
prepotential on the Coulomb branch in the 5d field theory. The metric 7;; on the Coulomb
branch and the volumes of 4-cycles T; can be extracted from the prepotential F as

1
X 2 /x
withi=1,---,r.
We can compute the triple intersection numbers S; - S; - S, among 4-cycles S; in
X. First, if all surfaces are the same, the self-intersection number is determined by the
canonical class as

Si-Si 8= (K K)ls,. (2.9)

If a surface 5; has self-gluings, we should replace K in this equation by a modified divisor
K’ given in (2.5). Second, if i = j # k, then the intersection number is given by

Si-Si-Sp=» (C"-C")g,, (2.10)

a

where C%|g, stands for a gluing curve between two surfaces projected on Sj. Lastly, if all
surfaces are distinct, i.e. ¢ # j # k, the triple intersection number can be written as

Si-Sj- Sk =Y (C}-CPls, (2.11)
a
where C7 are the gluing curve classes between S; and S;. The prepotential of the 5d
field theory is therefore fully determined by intersection data of compact surfaces in the
associated Calabi-Yau threefold. We note that the volume of an effective 2-cycle C in a
surface S; € S can also be computed as an intersection product

vol(C) = —(J - C) ==Y (K -CO)ls, — Y &i(C-Car)ls, , (2.12)

j=1 ik=1

where Cj;, denotes a collection of all gluing 2-cycles except for C' at the intersection S; N Sy.

Now we discuss the relation between Calabi-Yau geometries explained above and (p, q)
5-brane webs in Type IIB string theory. When X is a toric Calabi-Yau threefold, there
exists one-to-one map between X and a 5-brane web via the duality between M-theory
and Type IIB theory [19]. A 5-brane web consists of edges and vertices forming a number
of closed (or internal) and open (or external) faces on a plane. Some examples of 5-brane
webs are given in figure 2. The diagrams (a) and (b) in figure 2 are 5-brane counterparts of
the Calabi-Yau threefold of a local P? and a del Pezzo surface dPy = 1, respectively. Note
that figure 2(b) can be also thought of as an FJ, since F} is isomorphic to Fi. Figure 2(c)
realizes a threefold of a Kéahler surface S; U Sy where two compact surfaces S1 = F; and
So = IF3 are connected along a curve C' = 51 N Sy whose projections on to each surface are
Cls, = h and C|g, = e.

In a 5-brane web, closed faces correspond to compact surfaces of the associated Calabi-
Yau geometry. So the closed face in figure 2(a) implements a local P? and the closed face



. e
FFN— 'n F1)}

X1 e
h-x1 / h F3|2

(b) ©)

Figure 2. (a) 5-brane web for a local P2. (b) A 5-brane web for F{ = F}. (c) A 5-brane web for
two surfaces S; = F; and Sy = Fs.
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Figure 3. (a) A local 5-brane web for an IF,,. (b) A 5-brane web for Fi. (c¢) A 5-brane web for F3.

in figure 2(b) is an F} (or F}). The volume of a compact Kéhler surface in geometry is
therefore the area of the compact face of the corresponding 5-brane web.

A Hirzebruch surface F,, of degree n can be described as a local 5-brane web in fig-
ure 3(a). A Calabi-Yau geometry consisting of a single surface F,, with n > 3 is non-toric.
It can be however understood as a component surface in a bigger toric CY3. For example,
a single surface F3 can be a component surface of the dual threefold of the brane web in
figure 2(c). Blowing up a point in a Hirzebruch surface is equivalent to adding an addi-
tional external 5-brane as in figure 3(b) for one blowup and also as in figure 3(c) for two
blowups. Bigger brane webs for toric threefolds can be constructed by gluing such closed
faces following the intersection structure of compact surfaces in the geometry.

A collection of connected edges on a face is mapped to an effective curve class in
the geometry. The volumes of each curve are the lengths of the corresponding edges in a
given 5-brane web. Gluing curves between two surfaces in geometry correspond to internal
edges between two closed faces of a web diagram. For example, the base curve /¢ in a P?
is one of three edges of the closed face in figure 2(a), and a fiber class f in an F} is the
edge connecting two parallel internal edges as drawn in figure 2(b). Also the gluing curve
between an F; and an F3 is the edge between two internal faces in figure 2(c).

One non-trivial test for the above maps is to compare the prepotential from geometry
with that from 5-brane web. In geometry, using the formulae given in (2.9)—-(2.11), we
can compute the prepotentials of threefolds involving only a single surface S = P? and
S =TF{ as

6Fp> = ¢°(K - K) = ¢°(=30)* = 9¢°,
6Fs = ¢*(K - K) = ¢*(=2h — [ + 21)? = 7¢°, (2.13)

where ¢ is the Kihler parameter and we used /2 = 1 and (2.4). Here we turned off all



the non-compact Kihler parameters.! In 5-brane web, we first compute the volumes of
internal faces and then integrate them to obtain a cubic prepotential. In order to compute
the volumes of faces in a brane web, we need to fix the lengths of internal edges against
Kahler parameters in the corresponding geometry. For this, we can use the above map
for 2-cycles. For example, the volume of the base class ¢ in an isolated P? is vol({) = 3 ¢.
This implies the length of an internal edge in figure 2(a) is 3¢. It follows then that the
area of the internal face in the web diagram is Tp2 = %ng. By integrating this area, one
finds the cubic prepotential that indeed agrees with (2.13). Similarly, one can compute the
prepotential for figure 2(b). The volumes of 2-cycles in an F} are vol(e) = vol(z1) = ¢,
vol(f) = 2¢, and vol(h) = 3¢. They correspond to the lengths of the edges e, z1, f, h of
the 5-brane web in figure 2(b). Using these lengths, one readily finds the area of internal
face Tp: = %<Z>2. This leads to the same prepotential ]-"F% as (2.13), as expected.

The prepotential computation for figure 2(c) is more involved, but straightforward. Let
us first compute the prepotential in geometry. The intersection numbers of S = 57 U Sy
with Sl = Fl, S2 == Fg are

St = (K K)ls, =8, S} = (K - K)|s, =8,
528y = €?|g, = —3, 5183 = h%g, =1. (2.14)
One then finds
6FF,urFs = 8¢? + 8¢% - 9¢%¢2 + 3¢1¢% . (2.15)

The length of the internal edges in the brane web can be identified as the volumes of
curves (2.12)

vol(els,) = ¢1, vol(flsy) =2¢1 — d2,  wol(fls,) = 2¢2 — 1,
vol(h|g,) = vol(els,) = 3d1 — P2, vol(h|s,) = 52 . (2.16)

Note that the fiber classes f|s, , amount to the strings connecting two D5-branes and their
volumes form the Cartan matrix of SU(3) gauge algebra as

(vl(f]s,), vol(fls)) = (_21 ‘21> - (f;) , (217)

which is expected as the low energy field theory of the brane web is the SU(3) gauge
theory with the Chern-Simons level K = —2. Now the area of each internal face can be
computed as

T = %(2@ — $2)(4p1 — ¢2), Th= %(2@ — $1)(301 + 4¢2) . (2.18)

This gives rise to the prepotential (2.15) of Fr,ur, above.

"When computing or comparing the prepotentials, we will always turn off all the non-compact Kéhler pa-
rameters.



(0,1) (-1,1) ©.1)

S )
/he F3l1 Fifin

f e
[ e ]F5’2 h h ]F5|2

(@ (b)

Figure 4. (a) The 5-brane web for a non-toric threefold of two intersecting surfaces S; = F3 and
Sy = F5. (b) The 5-brane web for a non-toric threefold of S; = Fy; and Sy = F5 which is the
resulting 5-brane web after the Hanany-Witten transition is implemented on the 5-brane web (a)
with (—1,1) 7-brane.

5-brane webs for non-toric threefolds are not well-understood. Only case-by-case stud-
ies have been carried out and there is so far no systematic construction of brane webs for
non-toric geometry. All known non-toric examples are quite non-trivially realized in brane
systems with other additional ingredients such as 7-branes and orientifold planes. Let us
list some known examples of non-toric brane webs.

One simple example is the web diagram in figure 4(a). The corresponding geometry
is a non-toric CY3 of two surfaces S; = F3 and So = F5 intersecting along a curve Clg, =
h,C|s, = e. In order to draw a web diagram for this geometry, we introduced two 7-branes
denoted by black dots in figure 4(a). This non-toric threefold hence has a 5-brane web
realization. This geometry however leads to an inconsistent 5d field theory according to
the criteria suggested in [14]. The associated field theory violates unitarity on Coulomb
branch when all masses are switched off. So it has no consistent Coulomb branch unless we
turn on certain mass parameters for the matter fields, which signals that the 5d theory has
no consistent UV completion. However, we can deform this geometry to another geometry
by applying complex structure deformation [14]. The deformed geometry is a CY3 of
S1 =TF1, So = F5 glued along a curve C|g, = h+ f, C|g, = e. This geometry then leads to
a consistent 5d field theory with non-trivial Coulomb branch while showing the same physics
as the original threefold when masses are turned on, up to some decoupled sectors. So it
makes sense to study physics of M-theory compactification on the deformed geometry. This
complex structure deformation in geometry can be implemented in brane web as a Hanany-
Witten transition [29]. In the case at hand, the complex structure deformation is a Hanany-
Witten transition moving the (—1,1) 7-brane along with the (1, —1) direction as shown with
the arrow in figure 4(a). As a result of the transition, we have the diagram in figure 4(b)
with the (1, —1) 7-branes on which two (1,—1) 5-branes end. This deformed brane web in
figure 4(b) realizes the threefold of F; U F5. Here the Hirzebruch surface F; is manifest,
while the second surface F5 is non-trivially realized. The surface F5 is a combination of
two other faces enclosed by colored edges in the web diagram in figure 4(b). The gluing
curve C' is a union of the blue edges at the intersection Iy N F5. The union of the purple
edges in [F5 is the section class h. Such non-trivial realization of F5 should be understood
as an effect of the (1,—1) 5-brane crossing over 5 and ending on the (1, —1) 7-brane.



One can compare the brane web against the threefold of S = S1USs with S; = F1, 5, =
F5. One readily finds the prepotential of the geometry

6T, ur; = 867 + 8¢5 — 15¢7 2 + 9105 . (2.19)

The lengths of the internal edges in figure 4(b) are fixed from the volumes of geometric
2-cycles given as

UOZ(6|51) =¢1— 92, 'UOl(f‘SH) =2¢1 — ¢2,
vol(h|g,) = 3¢1 — 2¢2, vol(fls,) = 2¢2 — ¢1 . (2.20)

With these parameters in the brane web, one obtains the areas of the closed faces as

T = %(2@ —¢2)(4g1 —3¢2), b= %(2@ — 1) (51 + 4¢2) . (2.21)

The integration of these areas yields the same prepotential as (2.19), as expected. It implies
in turn that the tensions of magnetic monopole strings corresponding to the volumes of
4-cycles in the geometry are same as the areas of the compact faces in the corresponding
5-brane web in figure 4(b). This hence supports the brane realization of the non-toric
threefold given by S = F; U F5.

Another non-toric example is given in figure 5. The diagram in figure 5(b) is a typical
5-brane web for the 5d SO(8) gauge theory. The associated geometry is a non-toric Calabi-
Yau threefold formed by four Hirzebruch surfaces S; = Fq, S5 = Fg, S5 = Fo, and S4 = Fy
which is illustrated as the diagram in figure 5(a). An interesting yet simple structure of
these surfaces is that there are three gluing curves C; with ¢ = 1,2,3 at the intersections
S1 NSy, S3N Se, and S4 N So, respectively. More precisely, the gluing curves are

Cl|51 = 6‘517 02’53 = 6|S37 C3|54 = 6‘547 01’52 = 02|52 = 03‘52 = h‘sr (2‘22)

One can identify the compact faces labeled by circled numbers in figure 5(b) as the Hirze-
bruch surfaces in CY3. The map is given as follows:

Foli =@, Fol2 = @, Fals = ®, (2.23)

and
Fals=@+2-@. (2.24)

As one may notice, the fourth surface Sy = o is not a single face but rather non-trivially
realized as a combination of multiple faces surrounded with the red edges. This happens
due to an O5-plane at the bottom. So one way of constructing brane webs for non-toric
threefolds is to use orientifold planes in a 5-brane configuration.

One can again check the brane web realization by comparing the prepotential. In
geometry, the prepotential computation is straightforward. The intersection structure
above yields

4
6T, UroUE,UE, = 8 Y 6% — 603 (¢d1 + 3+ 6a) . (2.25)

i=1
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Figure 5. (a) A non-toric threefold of four surfaces Fy UFgUFy UF5. (b) The brane web for the
threefold (a). This is also a brane web for the 5d SU(8) gauge theory at low energy.

The volumes of the 2-cycles in the threefold are

vol(h|s,) = vol(e|s,) = vol(e|s,) = vol(els,) = 262,

vol(h|s,) = 4¢1, wol(h|sy) = 4¢2, wol(hls,) = 4¢3, (2.26)
and
2 210 0 b1
(vol( ). vol(fls). ol Flsy)vol(f1s) = | o0 2 5 0 || & (227)
0 -10 2 4

So the fiber classes fg, form the Cartan matrix of SO(8) algebra.
The volumes of curves in (2.26) fix the parameters of the brane web in figure 5(b). In
terms of the geometric parameters, the areas of the internal faces read

T = (291 — ¢2)(2¢1 + ¢2) T = 2¢2(2¢2 — ¢1 — ¢3 — ¢4),
1@ = (203 — ¢2)(2¢3 + ¢2), 1@ +2@ = (204 — ¢2)(204 + ¢2) . (2.28)

Indeed, the prepotential obtained by integrating these areas agrees with the prepoten-
tial (2.25) of the non-toric threefold above.

3 SO(NN) theories on —3 curve

In this section we construct 5-brane webs for circle compactifications of 6d SCFTs with
SO(N) gauge symmetry supported on a —3 curve in the base of the elliptic Calabi-Yau
threefold in F-theory compactification [27, 30]. We shall first consider a Type IIB 5-brane
web for the 6d SCFT with SO(12) x Sp(2) gauge symmetry when compactified on a circle
and discuss how the brane web changes following RG flows in its Higgs branches. These
RG flows in the brane system yield the (p,q) 5-brane realizations for the theories on a
—3 curve we are interested in. We will also extend this construction to involve new Higgs
branch flows giving rise to twisted compactifications of 6d SCFTs. The hierarchy of RG
fixed points that we will discuss in this section is given in figure 6.

~10 -
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Figure 6. Higgsing hierarchy on a —3 curve. F, S, and C denote the fundamental, the spinor, and
the conjugate spinor representation of gauge groups respectively.

3.1 Untwisted theories

We start with the 6d SCFT with a product gauge group SO(12) x Sp(2) where the SO(12)
gauge symmetry is on a —4 curve while the Sp(2) gauge symmetry is over a —1 curve. In
the convention in [27], this theory can be depicted as

5012 SPa
[Sp(2)] 4 1 [SO(12)]. (3.1)
We shall consider various RG flows of this theory developed by vevs of Higgs scalar fields
in the hypermultiplets.

This theory has a 5-brane web realization in Type IIB string theory as depicted in
figure 7(a). There are six and two internal D5-branes suspended between other (p,q) 5-
branes in the middle of the diagram. With two O5-planes on the top and the bottom of the
diagram, string states stretched between them implement the SO(12) x Sp(2) gauge bosons
and bi-fundamental matter. Other external D5-branes give rise to the global symmetry
Sp(2) x SO(12).

We remark that in figure 7, we have chosen the directions of 7-brane monodromy cuts
such that they point still the same direction even after the Hanany-Witten transition. For
instance, the monodromy cuts of two 7-branes on the right of figure 7(b) are oriented along
(1,0) direction (to the right), and the same 7-branes moved to the left by the Hanany-
Witten transition are still assigned such that they point to the right along the O5-planes,
as shown in figure 7(b). It is then straightforward that the charges are conserved on the
Ob5-planes. From here on, the orientation of 7-brane monodromy cuts should be understood
such that the charges are conserved on 5-branes. See appendix B for more details.
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(b)

5012 5Py

Figure 7. (a) A 5-brane configuration for the 6d [Sp(2)] 4 1 [SO(12)] theory. (b) Higgsing (a)
by using a pair of two Sp(2) fundamental hypermultiplets. The resulting 5-brane web is dual to the
6d SO(12) gauge theory on a —4 curve intersecting with a —1 curve, [Sp(4)] all [SO(4)]. The
(blue) dotted lines denote the monodromy cuts of (1,0) 7-branes on the left, while the (red) dotted
lines denote the monodromy cuts of Higgsed 7-branes on the right. (c) An equivalent diagram by
sending two D7-branes in the digram (b) to the left. The (red) dotted lines are oriented such that
they point to the right through the O5-planes.

Let us now discuss Higgs branches associated with the scalars in the Sp(2) fundamental
hypermultiplets charged under the SO(12) flavor symmetry. We shall give a non-trivial vev
to these Higgs scalars such that only the SO(8) part in the SO(12) flavor symmetry remains
unbroken. The RG flow followed by this Higgs vev leads to a new IR SCF'T which now has
SO(12) x Sp(1) gauge symmetry. Given this IR theory, we can perform another Higgsing
breaking the SO(8) symmetry to SO(4) flavor symmetry. Consequently we reach another
IR theory that is the 6d SCFT with SO(12) gauge symmetry. This sequence of RG flows
can be summarized as [31]:

5012 5P 5012 5Py 5012

[Sp(2)] 4 1 [SO(12)] — [Sp3)] 4 1 [SO®)] — [Sp(4)] 4 1[SO(4)].  (3.2)

In the brane web, the first Higgsing of the Sp(2) fundamental scalars amounts to
aligning two external SO(12) D5-branes and an internal Sp(2) D5-brane together so that
two external D5-branes can end on a single D7-brane while keeping the S-rule [29]. The
diagram in figure 7(b) shows the RG flow in the brane web that Higgses the UV SO(12) x
Sp(2) gauge symmetry to the SO(12) symmetry in IR. Two black dots in this diagram
denote D7-branes and two external D5-branes are ending on each 7-brane. As one can
see the Sp(2) gauge symmetry on the right side is fully Higgsed. This brane web hence
corresponds to the 6d SCFT with the SO(12) gauge symmetry over a —4 curve intersecting
with a —1 curve. This theory (or the brane web) has Sp(4) x SO(4) global symmetry. This
will become manifest in an equivalent brane web given in the figure 7(c) which we can
obtain from the diagram (b) by the Hanany-Witten transitions after moving two 7-branes
to the left-side.

SO(12) gauge theory. Now we will blow down the —1 curve in the base. Blowdown
of an exceptional curve decreases the self-intersection numbers of adjacent curves by one.
So, after doing this, we expect that our theory reduces to a 6d theory over a single curve
of the self-intersection —3 in the base. This blowdown of —1 curve can also be done by a
Higgsing. In the brane diagrams in figure 8, we first deform the diagram in figure 7(c) to
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(c)

Figure 8. (a) A 5-brane web for the 6d [Sp(4)] ] [SO(4)] theory. (b) The brane web for

the 6d SO(12) gauge theory on a —3 curve, [Sp(5)] °3%, (¢) An equivalent web diagram after the
Hanany-Witten transition moving the 7-brane on the right hand side to the left hand side on the
diagram (b).

figure 8(a). This deformation is a smooth transition by tuning the positions of (p, ¢)-branes
near orientifold planes as discussed in [32]. Now a new Higgs branch can open up in the
new diagram where the heights of two external D5-branes on the right hand side are aligned
with height of the adjacent internal D5-brane, as depicted in figure 8(b). We claim that
this is the Higgsing blowing down the —1 curve in the base while leaving a single —3 curve
with gauge group SO(12). More precisely, the transition from the 5-brane configuration of
figure 8(a) to that of figure 8(b) is equivalent to the Higgsing in the 6d field theory

5012 5012

[Sp(4)] 4 1[SO(4)] — [Sp(3)] 3 . (3-3)
So we propose that the brane diagram in figure 8(b) (or figure 8(c) after Hanany-Witten
transition) is a Type IIB realization of the 6d SCFT of SO(12) gauge symmetry on a
—3 curve coupled to five hypermultiplets in the fundamental representation and an half-
hypermultiplet in the spinor representation of the SO(12).

We can associate this brane web with the dual CY3 geometry of the 6d SO(12) SCFT
on —3 curve when compactified on a circle. The corresponding CY3 geometry is given
n [15]. An elliptic Calabi-Yau threefold for a 6d theory after resolving all the singularities
can be represented by a collection of compact Kéhler surfaces (or four-cycles) with finite
volumes, each of which is a ruled surface over a genus g curve possibly with a number of
blowups as we discussed above.

The geometry for the SO(12) theory is drawn in figure 9(a). This diagram repre-
sents the intersection structure of 7 complex ruled surfaces S;, (i =0, 1,---6) with Kéhler
parameters ¢; in an elliptically fibered Calabi-Yau threefold. We can compute the cu-
bic prepotential (or the triple intersection numbers) of this geometry by employing the
computation algorithm given in the previous section. The result is

6Fs0(12) = 880 + 667 + 8¢5 + 8¢3 + 767 + 803 — 203 — 3502 — 3o¢s — 9165
+ 30762 — 60103 — 36704 — 3p197 — 66103 — 99303 + 3d205 — 15¢3¢4
+ 99305 — 219365 + 150407 — 180106 + 126405 — 306206
+ 6010203 + 601304 + 60104P5 + 30040506 - (3.4)
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Figure 9. (a) The elliptic threefold for the 6d SO(12) theory with 5 fundamentals and a 1/2 spinor.
(b) The 5-brane web dual to the geometry in (a).

We can compare this geometry against our brane web configuration. For this, we use the
brane web in figure 9(b) which can be obtained from the diagram in figure 8(c) by a series
of flop transitions as well as brane moves discussed in appendix A.

A collection of internal faces in a 5-brane web can be identified with compact Kéhler
surfaces in the dual geometry. In the case at hand, the internal faces of the 5-brane web
in figure 9(b) can be associated with the surfaces S; in the geometry as follows:

Filo=®, F3h=0+2-0+®, Fi=0, Fsls =®,

Fili=®, Fis=0+@, Fli=0+2-®. (3.5)
The 2-cycles in the geometry can also be identified with internal edges in a 5-brane web.
For example, all the fiber classes f|g, are identified with the edges denoted by W;’s, which

give rise to W-bosons in the low energy field theory. We note that the charges of the 7
fiber classes form the Cartan matrix of the affine SO(12) gauge algebra as

2 0-10 0 0 O b0

0 2 -10 0 0 O o1

-1-12 -1 0 0 O P2
voz(f‘507f|517f|S27f’S37f‘S47f‘557f|56) = 0 0-12-1020 | 3 ) (36)

0O 0 0 -1 2 —-1-1 o

0O 0 0 0 —-12 0 b5

0O 0 0 0 —-10 2 o

which is expected for SO(12) gauge algebra. The edge between compact faces @ and @ is
identified with the gluing curve of C|g, = e and C|g, = e between Sy and Sz whose volume
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is vol(c) = ¢o + ¢2. With this identification, lengths of internal edges in the brane web are
fixed by the volumes of the associated 2-cycles in terms of the Kéhler parameters ¢; (also
m; for non-compact Kéhler parameters) and the result is written on the brane diagram

in figure 9(b). The areas of the internal compact faces of the 5-brane web in figure 9(b),
8]'-50(12) (’L =0.--

o6 -,6), are then given by

Ty = 1 (0+62) (260—02).
T2+ = 3 (607 363263 — 63203+ 202 61 +65) + 264 (~ b1 +65-+%)),
Tg= %(4¢2+¢0—¢1—¢3)(2¢2—¢0—¢1—¢3),
Ty = (263~ 62— 6) (463~ 261 +362—361).
Ty = L (~6} 5634763 +563 +463 + 26165+ 65)
+10¢506+204(3¢3—d1 —Td5 —6¢6)),
Ty = 5 (205~ 64) (465~ 261+ 764~ 100),
T 120 = —3¢% — 505 — ¢+ Pa(5¢5 +4e) (3.7)

The result perfectly agrees with the volumes of compact surfaces which come from first
derivatives of the triple intersection numbers with respect to ¢; in the threefold of the

SO(12) theory given in equation (3.4). This strongly supports our proposal of the 5-brane
web for the 6d SO(12) SCFT on a —3 curve, given in figure 9(b).

SO(11) gauge theory. We shall now Higgs the above brane diagram for the 6d SO(12)
theory to obtain the brane configurations for a family of 6d SCFTs on —3 curve. Our first
example is the Higgsing to the 6d SCFT of SO(11) gauge symmetry with 4 fundamental
hypermultiplets and a 1/2 spinor hypermultiplet. As the Higgs branch opens up in the
massless limit at certain subspace in the Coulomb moduli, this Higgsing is achieved by
bringing the top internal and the top external D5-branes together toward the top orientifold
5-brane in figure 9(b). This is a standard Higgsing procedure from SO(2N) to SO(2N —1)
in a 5-brane web, where a hypermultiplet in the fundamental representation of SO(2N)
becomes massless. In other words, we set the masses (or heights of D5-branes) as

6 — ¢5 =ms5 =0, (3.8)

in the 5-brane web given in figure 9(b). This leads to the 5-brane configuration in fig-
ure 10(b). We claim that this brane configuration implements the 6d SCFT with SO(11)
gauge symmetry coupled to 4 fundamental hypers and a 1/2 spinor hyper.

The resolved CY3 geometry for this theory is given in [15], which is summarized in
figure 10(a). From the intersection structure of 6 compact surfaces S;, ¢ = 0,1,---,5, we
compute the cubic prepotential for this geometry

6Fs0(11) = 8¢5 + 667 + 8¢5 + 8¢5 + 7o — 2462 — 352 — 30 — 9165 + 3¢5 2
— 60105 — 3¢Tds — 30103 — 60102 — IP5d3 + 3205 — 150304 + Ip3dy
— 390305 + 570403 + 6010203 + 6610304 + 601 Pacs - (3.9)
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Figure 10. (a) The elliptic threefold for the 6d SO(11) theory with 4 fundamentals and a 1/2
spinor hyper. (b) A dual brane web for (a).

We can identify our 5-brane configuration with this geometry. The relation between
the compact Kéhler surfaces in geometry and the internal faces in the brane diagram is

given by

Filo =@, Fhi=0+2-®+®, Fils =@,
F33=®, Fih=@, Fi34l5=2-®+®. (3.10)

This relation can be checked by comparing the monopole string tensions with respect to
the Kéhler parameters ¢;. In the brane configuration, the monopole string tensions (or the
areas of the internal faces) are

Tay = 5 (460 + 62)(260 — 62).
Ty 201® = 3 (663363203~ 63~ 203+ 20061 +03) 20461~ 65— 05)).
Iy = %(4¢2+¢0—¢1—¢3)(2¢2—¢0—¢>1—¢3),
Te = %(%3—¢2—¢4)(4¢3—2¢1+3¢2—3¢4), (3.11)
Te = %(—ﬁ—5¢§+7¢i+19¢§+2¢1(¢3+¢5) + 204(—¢1+3¢3—13¢5)) ,

1
Te+@ = §(¢4—2¢5)(2¢1 —13¢4+12¢5).
As expected, these tensions agree with the volumes of Kéhler surfaces in the geometry.

SO(10) gauge theory. Next, we will Higgs this 6d SO(11) theory down to the 6d SCFT
of SO(10) gauge symmetry with 3 fundamentals and one spinor hyper. Similarly to the
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Figure 11. (a) The elliptic threefold for the 6d SO(10) theory with 3 fundamentals and a spinor.
(b) The dual brane web for (a).

previous case, we give a Higgs vev to a fundamental scalar field and take the vev to infinity.
In the brane web, this can be achieved by tuning the mass parameter my to zero. The
resulting brane web is given in figure 11(b) (up to an additional flop transition).

The resolved Calabi-Yau threefold for this theory [15] is summarized in figure 11(a).
The cubic prepotential of this threefold is

6F50(10) = 866 + T8 + 803 + Te3 + 8835 + ¢ — 3¢5d2 — 3dods — 9b105 + 3102
— 3703 — 3p105 — 3075 — 3107 — 9P5P3 + 3dads — 12¢3¢4 + 6¢3]
— 15¢%¢5 + 9302 — 180305 + 6010203 + 616305 + 18¢3h4¢5 - (3.12)

The map between the compact four-cycles in the geometry and the internal faces in the
brane web is

Filo =@, Fili=0+2-®+®, Fils = @), Fils =®
Fli=®, Fi=0+2-0+0. (3.13)

We can compute the monopole string tensions from the brane web and the results are
Ty = 1 (40+62) (260—02).
T 1204 ® = 5 (763 ~303 — 63— 62 +261 (63— b — )+ 20062+ 65)),
Te = 1(4<Z52+<150—¢>1—9253)(2¢)2—d>o—d>1—</53),

Ty = ( &7 —3¢5+ 73 +205+363
+2¢1(p2— P3+¢5) +203(Pp2 —4dPs—5¢5) +6Pas) ,
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Figure 12. (a) The elliptic threefold for the 6d SO(9) theory with 2 fundamentals and a spinor.
(b) A dual brane web to the geometry (a).

Tay = (24— ¢3)(2¢04+2¢3—3¢5),
1
T 126+® = 5 (—¢1 — 503 667 +05—20165+2¢3(d1+364+3¢5)) (3.14)

which are in perfect agreement with the volumes of compact Kéahler surfaces in the geometry
obtained from the prepotential above.

SO(9) gauge theory. By the same mechanism we can obtain all other 6d SCFTs on a
—3 curve in the RG flow hierarchy. It is hence straightforward to find the brane diagram of
the 6d SCFT on —3 curve with SO(9) gauge symmetry. We pull the top internal and the
top external D5-branes on the left side toward the top orientifold plane. This corresponds
to tuning the distances as ms = 0 and ¢5 — ¢4 = 0 followed by a series of flop transitions.
The final diagram is illustrated in figure 12(b). This is the brane web for the 6d SO(9)
gauge theory on —3 curve.

The corresponding CY3 geometry is summarized in figure 12(a) and the prepotential
of this geometry can be obtained from the geometry as

6F50(9) = 884 + 7% + 8¢5 + T3 — 985 — 352 — 3o — 9165 + 303 b2
— 98303 + 3293 — 333 — 3165 — 3TPs — 3h19]
— 2734 + 33¢307 + 619203 + 6616304 . (3.15)

We can associate the geometry and the brane configuration by the map

Fl‘():@a F§|1:®+2@+®7 ]Fl‘2:®7
Fils=0®, Fgla=2-@+0O. (3.16)
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Figure 13. (a) The elliptic threefold for the 6d SO(8) theory with a fundamental and a spinor and
a conjugate spinor hyper. (b) The dual brane web for the 6d SO(8) theory on a —3 curve.

Note that the geometry in figure 12(a) does not look the same as the geometry for the

6d SO(9) theory on a —3 curve given in [15]. However it turns out that our geometry is

equivalent to the geometry given in [15] up to a flop on the exceptional curve x in F8172.
The monopole string tensions from the brane configuration are

T = 5 (40 + 62)(260 — 62).
T 12040 = (763 — 363 — 63 — 63 + 261(02 — b — 6) + 263(02 + 60)),
Ty = 3 (462 + b0 — 61— 63)(202 — b0 — b1 — 63),
T = 5 (~6% — 363 + T3 + 1163 + 201(62 — 03 + 61) + 20362 — 961)
Toe® = 5(~% — 963 — 963 + 201(65 — 1) +220361) (3.17)

This result also agrees with the volumes of four-cycles in the geometry obtained from the
cubic prepotential above.

SO(8) gauge theory. We can further Higgs the SO(9) theory down to the 6d SCFT
with SO(8) gauge symmetry on a —3 curve. Following the procedure discussed above, we
pull the top external D5-brane toward the orientifold plane by turning off ms. The resulting
brane web after a series of flops is given in figure 13(b). The geometry of the 6d SO(8)
gauge theory on a —3 curve [15] given in figure 13(a). The threefold has the prepotential

6Fs0(s) = 864 + 467 + 8¢5 + 8¢5 + 645 — 3did2 — 3d0ds + 3dTda — 99165
— 6163 — 66107 — 9303 + 3had3 — 9P3ha + 3207 — 6304
+ 6010203 + 6010204 + 6920304 . (3.18)
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Figure 14. (a) Elliptic threefold for the 6d SO(7) theory with two spinor hypers. (b) Brane web
for the 6d SO(7) theory on a —3 curve.

We can easily identify this geometry with the brane web configuration through the map
given as

Filo=©), Fii=0+2-®+®, Fi]=®,
Fsl3=@®), Fli=0+2-@®+06. (3.19)

One can compute the monopole string tensions from the brane web and the results are
Tay = (4o + 62)(260 — 62),
T 120+ = 5 (463 — 363 — 263 — 263 + 262(01 + 65 + &)
Tg = %(4@ +¢o — d1 — 3 — P1)(202 — do — P1 — ¢3 — P4) ,
Te = %(2% — ¢2) (4¢3 + 302 — 261 — 2¢4),
T®+2@+® = %( — 303 — 203 + 643 + 202(d1 + b3 + Pa) — dd16h4) - (3.20)
These tensions are the same as the volumes of surfaces in the geometry.

SO(7) gauge theory. The brane web for the 6d SO(7) gauge theory on —3 curve can
be obtained from the SO(8) diagram by another standard Higgsing that uses an SO(S)
fundamental scalar vev. Then we obtain the web diagram in figure 14(b) and this brane
configuration amounts to the 6d SCFT with SO(7) gauge symmetry coupled to two spinor
hypermultiplets. The associated CY3 geometry is drawn in figure 14(a) [15]. One computes
the prepotential of this geometry as

6Fs0(r) = 8¢ + 497 + 8¢5 + 8¢5 — 3¢5¢2 — 3dods — 99165 + 3T o
— 120163 — 180205 + 126202 + 1261 das . (3.21)
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Figure 15. (a) The elliptic threefold for the 6d G2 gauge theory with a fundamental hyper. (b)
The brane web for this 6d G2 theory.

The brane diagram can also be compared to the geometry with the identification of compact
surfaces as

Filo=®, Fihi=0+2-0+®, Fi2=®, Fez3=2-0+@. (3.22)

The volume of these surfaces from the web diagram are

Tay = (260 — 62) (4o + 62).
T)+26+@ = %(‘W% + 2¢1¢2 — 3¢5 + ddacds — 4¢3)

Ty = %(% + 01— 202 + 203)(—¢o + 1 — 4da + 2¢3)
To@+@ = (2 — 263) (261 — 3h2 — 2¢3) . (3.23)

This result is in perfect agreement with the geometric result.

G2 gauge theory. We can now consider an interesting RG flow from an SO(7) gauge
theory to an exceptional Ga gauge theory generated by a large Higgs vev of an SO(7)
spinor operator. This Higgsing has a natural realization in the SO(7) brane web. Two
spinor hypers in the SO(7) gauge theory correspond to two external D5-branes on the
right side in the brane web. So we need to adjust the positions of these two external D5-
branes together so that a Higgs branch opens up. The Higgs branch diagram is drawn in
figure 15(b). This brane web at low energy implements the 6d SCFT of G gauge symmetry
with one fundamental hypermultiplet.

The corresponding threefold (studied in [15]) is given in figure 15(a). The cubic pre-
potential can be obtained from the threefold as

6FG, = 87 + 8¢5 — 303da — 3¢ods — 27193 + 27630 . (3.24)
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Figure 16. (a) The elliptic threefold for the 6d SU(3) gauge theory on a —3 curve. (b) The brane
web for the 6d SU(3) theory on a —3 curve.

This geometry is associated with our brane web by the relation

Filo=®, Foih=0+2-0+2-@+0®, F|=0. (3.25)

The volumes of these surfaces can be easily extracted from the brane diagram
Top = %(2% — ¢2) (40 + ¢2) ,
TO+20+2@+® = 2(2451 — ¢2)p2,
Ty = 5 (60 — 361 +462) (=00 — 301 +203), (3.20)
and the result agrees with the volumes of Kéahler surfaces in the geometry.

SU(3) gauge theory. Lastly, we will Higgs this G5 brane web down to the web diagram
for the 6d SU(3) gauge theory on a —3 curve. This can be done by simply tuning the mass
parameter in the brane web as m; = 0. Then the resulting brane web is in figure 16(b).
The corresponding CY3 consists of three surfaces glued as drawn in figure 16(a) and this
threefold has the cubic prepotential

6Fsu() = 900 + 967 + 965 — (b0 + b1 + ¢2)°. (3.27)
The three surfaces in the geometry are identified with the faces in the brane web as
F1|0:®, F1|1:@—|—@—|—2®—|—2@+@, F1|2:@. (328)

Moreover, the areas of the internal faces in the brane web
1
To = 5(2% — @1 — ¢2)(4do + 1 + ¢2),
1
To+@+20+2@+® = 5(=¢0 + 201 = ¢2)(do + 41 + ¢2),

Ty = %(—qbo — ¢1+2¢2)(¢o + ¢1 + 46) (3.29)

perfectly match the volumes of the three surfaces in the geometry.
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Since the 6d SU(3) gauge theory on —3 curve is a non-Higgsable theory [33], we expect
that there is no further Higgs branch flow from the SU(3) brane web in figure 16(b). Indeed
we find no other Higgs transition in this brane configuration.

3.2 Twisted theories

In the previous subsection, we discussed Higgsing procedures of 6d SCFTs induced by
large vevs of scalar fields in hypermultiplets charged under ordinary gauge symmetries.
In this subsection, we consider a new type of RG flows from the 6d theories which opens
up only after circle compactification at finite radius. When a 6d SCFT is compactified
on a circle, the associated singular elliptic threefold can be resolved by introducing non-
zero Kéhler parameters for the compact four-cycles. From the gauge theory point of view,
this corresponds to turning on non-zero holonomies both for gauge and global symmetries
around the 6d circle. In the brane webs, all the compact faces and the internal edges have
finite size by the holonomies.

Now we can tune holonomies such that a charged scalar mode carrying non-zero
Kaluza-Klein momentum along the 6d circle becomes light. We can then consider giv-
ing a non-zero vev to this light scalar mode. This will trigger a Higgs branch flow to a new
6d theory at low energy living on a circle. This is similar to the standard Higgs mechanism
but now using a Kaluza-Klein momentum state.

Quite interestingly, we find that the RG flows by KK states in the brane systems we
studied above lead to new brane configurations for twisted compactifications of the 6d
SO(2N) gauge theories on —3, which we shall discuss from now on.

First, consider the brane web in figure 10(b) for the SO(11) gauge theory compactified
on a circle. In fact, we need to introduce the 6d circle radius R on this brane web diagram.
Note that the height of the diagram is set by the circle radius. To restore the circle radius,
we can redefine the Kéhler parameters as

200 — o — 200 — d2 +2R7, 1 —do — ¢ —¢o— R, (3.30)

while other parameters denoted in the diagram remain the same. Then we flop some
two cycles to get the brane web in figure 17(a). This brane diagram has another Higgs
branch which opens when we pull the internal and the external D5-branes denoted by
downward arrows toward the orientifold plane at the bottom. The brane moves sets the
mass parameters as

¢o=¢1— R, my=R"". (3.31)

So the gauge and flavor holonomies are tuned to cancel the Kaluza-Klein mass proportional
to R~!. The Higgsed brane web at low energy is given in figure 17(b).

We claim that this Higgsing turns the SO(11) gauge theory into the SO(10) gauge
theory on a circle with Zs outer-automorphism twist. This Higgsing is in fact the same
as the Higgsing of the SO(12) brane web in figure 9(b) to the SO(11) brane web, but
here we used a hypermultiplet scalar carrying KK momentum and affine gauge charge
parameterized by R~! and ¢q respectively. So in the case at hand we move the D5-branes
associated to this hypermultiplet to the bottom orientifold plane instead. At the level of
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Figure 17. (a) The brane web for the 6d SO(11) theory on —3 curve. (b) The Higgsed brane web
realizes the 6d SO(10) theory on a —3 curve with Zy twist.

6d gauge algebra after circle compactification, the previous Higgsing in the SO(12) theory
reduces affine SO(12) gauge algebra to affine SO(11) gauge algebra, which identifies two
spinor nodes in the SO(12) Dynkin diagram. On the other hand, the Higgsing of the
SO(11) brane web in this section identifies the affine node and the fundamental node in
the other side of the affine SO(11) Dynkin diagram. This implies the associated affine
gauge algebra after Higgsing is the affine DéZ) algebra which is the affine algebra of SO(10)
gauge symmetry with Zs outer-automorphism twist. The Higgsing thus leaves a brane
configuration exhibiting Z, outer-automorphism twist of the SO(10) gauge symmetry. We
thus expect that the Higgsed brane web in figure 17(b) is a brane realization of the 6d
SO(10) gauge symmetry on a —3 curve with Zs outer-automorphism twist.

This can also be checked from the spectrum of gauge bosons in our brane web. The
gauge bosons come from strings suspending between D5-branes. The gauge bosons W;
stretched between adjacent D5- and Ob5-branes have the following masses:

mw, = 2¢1 — ¢2, my, = 262 — 261 — 3 + R, myy, = 203 — ¢ — ba,
mw, = 204 — @3 — 2¢5, My, = 205 — P4. (3.32)

Indeed, their gauge charges in terms of ¢; form the affine Déz) Cartan matrix. Note that

three fundamental hypers in the SO(10) theory are expected to remain as three fundamental
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Figure 18. (a) The brane web for the 6d SO(8) theory on a —3 curve with Zs twist. (b) The brane
web for the 6d SU(3) theory on a —3 curve with Z, twist.

hypers of SO(9) subalgebra of the Dg), while one SO(10) spinor hyper reduces to an half-
hyper under the SO(9) subalgebra under the Z, automorphism twist. The brane web in
figure 17 shows only three masses m;—234, as well as the KK mass parameter R~ for
three fundamental hypers in IR. This satisfies our expectation for the Z, twisted theory.
These results supports our brane web in figure 17(b) for being the Z, twist of the 6d SO(10)
gauge theory.

We can extend the new type of Higgsing to the other cases. The next example is
the new type of Higgsing on the brane web for the SO(9) gauge theory on a —3 curve
depicted in figure 12(b). We move one of the SO(9) D5-branes and one external D5-brane
on the left-side toward the orientifold plane at the bottom by tuning the mass parameters
as (3.31). We then obtain the brane web in figure 18(a). We propose this brane web
diagram for the Z5 outer-automorphism twist of the 6d SO(8) gauge theory on —3 curve.

This brane web shows the structure of affine Df) gauge algebra, which is expected as
the Zy twist of the affine SO(8) gauge algebra. The gauge bosons from the brane web have
the following masses:

mw, = 2¢1 — ¢2, mw, = 2¢2 — 2¢1 — ¢3,
my, = 2¢3 — ¢2 — 2¢4, mw, = 2¢4 — ¢3, (3.33)

which form the affine Df) Cartan matrix as expected. Moreover, the Higgsed brane web
has only two mass parameter mqy, mo and it manifests the fact that the Zy twist of the
SO(8) theory with a fundamental and a spinor and a conjugate spinor hypermultiplet has
two mass parameters for its global symmetry.

Another example is the Higgsing of the G2 gauge theory with one fundamental hy-
per. We can consider the new Higgs brane flow in the brane diagram for this theory in
figure 15(b). We find that the diagram can be Higgsed to the brane web in figure 18(b) by
putting one internal and one external D5-branes on the orientifold plane at the bottom.
The Higgsed brane web turns out to be the brane web for the 5d SU(3) gauge theory at
Chern-Simons level k& = 9 proposed in [12, 34]. Incidentally, this 5d theory is conjectured
to be the 6d SU(3) minimal SCFT with Z; outer-automorphism twist on a circle and the
dual Calabi-Yau geometry is proposed as S = Fy Uy in [14]. So this example provides
another Higgs branch flow leading to 6d theories with twisted compactification.
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Figure 20. (a) The brane web for the 6d SO(12) x Sp(2) x Sp(2) gauge theory. (b) The brane web
for the 6d SO(12) gauge theory on a —2 curve by Higgsing of (a).

4 SO(N) theories on —2 curve

The discussion in the previous section shows that a family of (p,q)-brane webs for circle
compactifications of 6d SCFTs on a —3 curve can be systematically obtained by RG-flows
from a known brane configuration. In this section, we shall consider a natural generalization
of this discussion now on the rank 2 (Dg, Dg) conformal matter theory [27, 35]. This will
allows us to engineer new interesting (p, ¢)-brane webs for 6d SCFTs now on a —2 curve.
The hierarchy of RG fixed points we shall discuss in this section is drawn in figure 19.

4.1 Untwisted theories

SO(12) gauge theory. We start with the brane web in figure 20(a). This web is for the
6d SCFT of Sp(2) x SO(12) x Sp(2) gauge symmetry coupled to three tensor multiplets
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Figure 21. The elliptic threefold (a) and the brane web (b) for the 6d SO(12) gauge theory on a
—2 curve.

denoted as [27, 35]

5Pg 5012 SP2

[S0(12)] 1 4" 1 [S0(12)], (4.1)

which is also called as the rank 2 (Dg, Dg) conformal matter theory. We can Higgs this
brane web by using external D5-branes of SO(12) xSO(12) global symmetry. In the previous
section we saw that the Sp(2) gauge symmetry on the right side can be fully Higgsed by
tuning 6 external D5-branes on the right side. We can consider the same Higgsing RG-flow
for the Sp(2) gauge symmetry on the left side. This brings the brane web in figure 20(a) to
the brane web in figure 20(b). In F-theory, this blows down two —1 curves of Sp(2) gauge
symmetries in the base and the —4 curve in the middle reduces to a —2 curve. After all,
the 6d theory will be Higgsed to the 6d SCFT on a —2 curve with SO(12) gauge symmetry
coupled to a single tensor:

5Py 5012 SPa 5012

[SO(12)] 1 4 1 [SO(12)] — 2 [Sp(6)] (4.2)

We thus claim that the brane web in figure 20(b) is a brane construction of the 6d SO(12)
gauge theory on a —2 curve compactified on a circle.

Let us compare this brane construction against the geometric construction of the 6d
SO(12) theory given in [15]. For convenience, we shall consider the geometry in figure 21(a)
which is related to the geometry in [15] by flop transitions of six exceptional curves denoted
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by z; in the surface F§. This threefold has the prepotential

6Fso(12) = 8% + 4] + 83 + 83 + 605 + 203 + 20§ — 6¢jd2 — 120365 + 66263
— 120165 + 64102 — 126105 — 186304 + 126307 — 66704 — 66167 — 126163
— 244765 + 186462 — 180766 + 120407 — 180306 — 180503
+ 12010203 + 12019304 + 1201 P45 + 3604050 - (4.3)
To compare with this geometry we first need to move on to the chamber in figure 21(b) by

flopping some cycles in the brane web. Then the compact four-cycles in the geometry can
be identified with the internal faces in the brane web as

Folo=®, Fi|,=0+2-@+0+Q, F:=0, Fals = ®,
Fil,=®, F,=0+0+®, Foly=®+2-©®. (4.4)

The monopole string tensions with respect to ¢; can be extracted from the brane web. The
results are

T =2¢0(2¢60—¢2),
TO+20+@+@ = 201 — 205 — 203 — ¢F — 203 +202(d1+¢3) +204(—d1+03+65).

Te = (2¢2+d0 — 1~ ¢3) (202 — po— p1—3),

T® =2(2¢03—p2—¢4)(P3+P2—d1—04),

T = —¢7 303 +3¢]+ 303 +207 +201(¢3— Pa+9s)

+2¢4(2¢3 —4¢5 —3¢6) +6¢506 ,
TO+@+® = —40% + 03 —30% +204(¢1+305+3¢6) —2¢5(261+3¢5)
T +2© = —307 — 303+ 05 +204(3¢5+2¢6) — 656, (4.5)

which perfectly match the volumes of surfaces in the geometry. More brane webs for the

6d SCFTs on a —2 curve can be obtained by a sequence of Higgs branch flows from this
brane web.

SO(11) gauge theory. As we have shown, the RG-flow from the SO(12) gauge theory
down to the SO(11) gauge theory can be generated by moving a set of D5-branes corre-
sponding to an SO(12) fundamental hyper toward the top orientifold plane in the brane
system. In figure 21(b), this amounts to setting mass parameters as

$6 — ¢5 =m3 =0. (4.6)

The Higgsed brane web is given in figure 22(b) and this realizes the 6d SO(11) gauge theory
on a —2 curve.

The corresponding CY3 threefold consists of six compact 4-cycles intersecting each
other as drawn in figure 22(a). The prepotential of this geometry is

6Fs0(11) = 807 + 497 + 8¢5 + 8¢5 + 603 — 3205 — 6¢5d2 — 120503 + 63
— 120103 4 603dg — 120102 — 18624 + 12¢3¢% — 647 by — 6p1¢3 — 12¢1 $2
— 42035 + 660402 + 1201 dag3 + 12019304 + 12¢1 a5 . (4.7)
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Figure 22. The elliptic threefold (a) and the brane web (b) for the 6d SO(11) gauge theory on a
—2 curve.

We identify the 6 surfaces in the geometry with the internal faces in the brane web as

Foo=®, Fih=0+2®@+@+0, F:o=@, Fis5=0,
Fila=®, Fushs=2-0+®+®. (4.8)

The volumes of these internal faces extracted from the branes are

Ta = 2¢0(2¢0 — ¢2) ,
To+20+@+@ = 207 — 205 — 263 — ¢7 — 263 + 202(d1 + ¢3) + 204(—d1 + ¢3 + 5) ,
T = (202 + ¢o — ¢1 — ¢3)(202 — Po — P1 — ¢3) ,
T = 2(2¢03 — ¢2 — ¢4)(P3 + P2 — ¢1 — ¢4),
Tay = —¢7 — 3¢5 + 3¢5 + 113 + 201(d3 — da + ¢5) + 204(23 — Tebs) ,
Tog+® = (04 — 205)(2¢01 — Tda + 8¢s) . (4.9)

This is in agreement with the volumes of compact four-cycles in the geometry.

SO(10) gauge theory. Other SCFTs with SO(N) gauge symmetry can be obtained by
a series of Higgs branch flows. First, the brane realization of the SO(10) gauge theory with
4 fundamentals and 2 spinor hypers is drawn in figure 23(b). The corresponding geometry
is given in figure 23(a) and this geometry has the prepotential

6F50(10) = 807 + 607 + 8¢5 + 665 + 8] — 205 — 652 — 120503 + 623 (4.10)
— 120105 + 6072 — 6¢7d3 — 60103 — 6dTds5 — 60103 — 120304 + 6]
— 18¢%¢5 + 120307 — 249305 + 1261923 + 120135 + 24d30405 .
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Figure 23. The elliptic threefold (a) and the brane web (b) for the 6d SO(10) gauge theory on a
—2 curve.

The map between the compact faces in the brane web and the compact four-cycles in the
geometry is

Foo=®, Fihi=0+2-0+0@+0, F:=0, Fiz=0
Fils=®@, Fb=0+2-0+0®+®. (4.11)

The volumes of these internal faces extracted from the branes are

T =2¢0(2¢0—¢2),
TO+2@+@+@ = 367 — 205 — d3— d2 +201 (2 — d3— ¢5) +203(d2+ ¢5) ,
= (2¢2+¢0—P1—93) (22— Po—P1—3),
T = —¢3 —2¢3+305+ 3 +20% +2¢1 (¢2— b3 — d5) + 203 (2 — 204 — 3¢5) +4padhs ,
Ta =2(2¢4—¢3)(P3+d1—2¢5),
T@+20+©+@ = — 07 — 305 — 4075 — 92 +2¢1 (b3 — d5) +4d3(da+s), (4.12)

which agree with the volumes of compact four-cycles in the geometry.

SO(9) gauge theory. The brane web for the 6d SCFT on a —2 curve with SO(9) gauge
symmetry is depicted in figure 24(b). Its geometric counterpart is drawn in figure 24(a).
This geometry is equivalent to the geometry for the SO(9) gauge theory given in [15] under
flop transitions of two —1 curves f — z; in the surface F%OB' The prepotential of this
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Figure 24. The elliptic threefold (a) and the brane web (b) for the 6d SO(9) gauge theory on a
—2 curve.

geometry is

6F50(9) = 860 + 667 + 8¢5 + 665 — 1803 — 6¢5¢2 — 120165 + 67
— 12033 + 623 — 6033 — 6p102 — 602y — 6107 — 30¢3¢s
+ 420303 + 12616263 + 1201 d34 - (4.13)

The map between the brane system and the geometry in figure 24(a) is

Folo = @, Fili=0+2-®+®+©®, Fl=0,
Fils=®, F%0,3|4:2'@+@+@‘ (4.14)

The volumes of these internal faces extracted from the branes are

Ta = 2¢0(2¢0 — ¢2) ,
T +20+®+@ = 30T — 205 — d5 — 95 + 2¢1 (P2 — ¢3 — da) + 263(d2 + b4) ,
T = (202+d0—d1—03) (202 —Po—P1—3) ,
T = —¢1—2¢5+305+Td5+201(d2— P35 — ¢5)+2h3(d2—5ba) ,
D@+®+® = —$7 — 503 — 93 + 261 (d3 — ¢4) + 146364 , (4.15)

which agree with the volumes of compact four-cycles in the geometry.
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Figure 25. The elliptic threefold (a) and the brane web (b) for the 6d SO(8) gauge theory on a
—2 curve.

SO(8) gauge theory. The brane web for the 6d SCFT on a —2 curve with SO(8)
gauge symmetry is drawn in figure 25(b). The geometry of this theory is summarized in
figure 25(a). We compute the cubic prepotential for this threefold as

6Fs0(s) = 800 + 465 + 803 + 8¢5 — 6502 — 12¢105 + 6672 — 12¢5¢3 + 6203
— 120504 + 60207 — 120105 — 126704 — 12¢304 + 12016203
+ 12¢2¢3¢4 + 1201204 . (4.16)

The surfaces in the geometry is related to the internal faces in the brane web by the map
given as

Folo=®, Fihi=0+2-®+®+©®, Fla=0,
Fuz=®, Fiha=0+2-@0+®+06. (4.17)

The volumes of these internal faces extracted from the branes are

Ta = 2¢0(2¢0 — ¢2) ,
To+20+®+® = 2(¢1 — 03 — 95 + d1(d2 — 204) + d2(¢3 + 04)) |
Te = (—¢o+¢1—2¢2+d3+¢1)(Po+P1—2¢2+d3 +4),
Tg) = 2(¢2 — 2¢3)(d1 — P2 — d3 + ¢4) ,
2@ +2@+®+©® = 2(— 0% — ¢3 — 05 + d2(d1 + b3 + ¢4)) , (4.18)

which agree with the volumes of compact four-cycles in the geometry.
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Figure 26. The elliptic threefold (a) and the brane web (b) for the 6d SO(7) gauge theory on a
—2 curve.

SO(7) gauge theory. A further Higgs branch flow leads to the brane web for the 6d
SCFT on a —2 curve with SO(7) gauge symmetry which is drawn in figure 26(b). The
geometry of this theory is in figure 26(a) and it has the prepotential

6Fs0(r) = 867 + 267 + 8¢5 — 265 — 6502 — 126105 + 6472 — 2453
+ 24¢9¢3 — 18¢145 — 6¢73 3 + 24h1 P2 . (4.19)

The 5-brane system can be mapped to the geometry by the following map:

Folo=®, Fii=042-0+@+®, Fl=0,
F31l5=2"®+@+0®. (4.20)

The geometry in figure 26 is not quite equivalent to the geometry for this theory in [15].
They are, in fact, related each other by flop transitions on two exceptional curves x; in IF;I.

We have also checked that the monopole string tensions obtained both from the brane
webs and the geometries are in perfect agreement. For example, the monopole string
tensions from the brane web in figure 25(b) are

Ta = 2¢0(2¢0—¢2) ,
T+20+@+® = 61— 205~ 3¢5+2¢12 — 20103 + 4 62
T = (—¢o+¢1— 202+ 263) (do+d1 — 202+ 2¢3) ,
D@+ @+@ = —01 —403— 93 +40102— 60193 +8h03 (4.21)

which indeed match the volumes of the compact surfaces in the geometry.
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Figure 27. The elliptic threefold (a) and the brane web (b) for the 6d G5 gauge theory on a
—2 curve.

G2 gauge theory. There are two distinct Higgs branch flows from the SO(7) gauge
theory and the corresponding brane web. One is the Higgsing to the G2 gauge theory with
four fundamentals. The brane web for this theory is illustrated in figure 27(b). This brane
web corresponds to the CY3 geometry in figure 27(a). This threefold yields the prepotential

6Fc, = 8¢5 — 2443 + 8¢5 — 6¢3s — 360103 + 54Prds . (4.22)

The map between the brane web and the geometry is given as

Folo=®, Firidfi=0+2-@0+@+2-0+O@+®, Fla=0. (4.23)

As expected, the areas of the internal faces agree with the volumes of the compact surfaces

in the geometry under this map

T = 2¢0(2¢0 — ¢2)
TD)120+@+20+©+@ = 6(—01 + ¢2)(201 — ¢2),
T = (—2¢0 — 31 + 2¢2)(¢o — 3¢1 + 2¢2) . (4.24)

SO(6) gauge theory. Another Higgs branch limit is to the 6d SCFT with SO(6) (or
SU(4)) gauge symmetry and 8 spinor hypermultiplets. This theory is called as the (As, A3)
conformal matter theory coupled to one tensor multiplet. The RG-flow from our SO(7)
brane web which Higgs the SO(7) gauge symmetry to SO(6) symmetry gives rise to the
brane web in figure 28(a). On the other hand, the brane realization of this theory is already
known as figure 28(b). We find that, though these two brane webs look quite different,
they both engineer the SO(6) gauge theory with 8 spinor hypers at low energy. We have
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Figure 28. The elliptic threefold (a) and the brane web (b) for the 6d SU(4) gauge theory with
8 fundamentals.

also checked that the monopole strings in two brane realizations have the same tensions as

their counterparts.

4.2 Twisted theories

In the previous section, we obtained brane realizations of the SO(2N) gauge theories with
twisted compactification by Higgsing the brane webs of SO(2N + 1) gauge theories on a —3
curve. We can employ the same Higgsing procedure on the brane webs of the SO(2N + 1)
theories we discussed in this section to obtain the brane realizations of the SO(2N) gauge
theories on a —2 curve with Z5 outer-automorphism twist.

We can first Higgs the brane web in figure 22(b) by moving one of the D7-branes
toward the bottom orientifold plane. The resulting brane web is drawn in figure 29(a) and
it realizes the SCFT of SO(10) gauge symmetry on —2 curve with Z5 outer-automorphism
twist. This insists that the strings W, connecting adjacent D5- or O5-branes must carry
gauge charges of the affine Dé2) algebra. We can confirm this by look at the string masses.
The charged string masses from the brane web are

mw, = 2¢0 — ¢1, mw, = 201 — 2¢0 — ¢2, mw,; = 2¢2 — ¢1 — @3,
my, = 2¢3 — ¢2 — 204, mw, = 204 — ¢3, (4.25)

which indeed exhibit the affine Dé2) Cartan structure.

Similarly, the brane web for the SO(9) gauge theory in figure 24(b) and that for the
SO(7) gauge theories in figure 26(b) can be Higgsed down to the brane configurations
in figure 29(b) and figure 29(c) respectively. We conjecture that these brane webs in
figure 29(b) and figure 29(c) are the Zy twisted compactifications of the SO(8) and the
SO(6) gauge theories respectively on a —2 curve. As one can see, the strings W; have masses
forming the affine Df) Cartan matrix and the affine D§2) Cartan matrix respectively.

Lastly, we can Higgs the brane web in figure 27(b) and reduce it to the brane web for
the SU(3) gauge theory on a —2 curve with Z5 outer-automorphism twist. The Higgsed
diagram is illustrated in figure 30(b). We find that this brane web amounts to the geometry

in figure 30(a) with the following map:

dP; =@, Fio3=2-@0+®+2- @O+ +®. (4.26)
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Figure 30. The elliptic threefold (a) and the brane web (b) for the 6d SU(3) gauge theory with 6
fundamentals with Z, twist.

The monopole strings in the brane web have the tensions

Ta = 4(¢o — 2¢01)(¢0 — ¢1),  T2@+@+2@+®+® = —2(¢0 — 2¢1)(3d0 — 2¢1) . (4.27)

This again agrees with the volumes of the surfaces in the geometry.

It was conjectured in [14] that the Zy twisted compactification of the SU(3) gauge the-
ory on a —2 curve will reduce to the 5d N' =1 Sp(2)y gauge theory with 3 hypermultiplets
in the anti-symmetric representation of Sp(2) and, in addition, the associated geometry was

proposed. We find that the geometry, which is of the form Fg EJedP4, proposed in [14] can
be deformed to the geometry in figure 30(a) by flopping three exceptional curves ¢ —x — x;
with ¢ = 2,3,4 in the dP4. This also support our brane proposal for this twisted theory
in figure 30(b). We note also that another brane realization for this theory was proposed
in [34] which would be a dual description of our brane realization in figure 30(b).

5 Twisting of SO(2NN) theories on —4 curve

One may wonder what if we consider a Higgsing of the SO(2N +1) gauge theories with
2N — 7 fundamental hypers on a —4 curve by giving a vev to a fundamental scalar carrying
unit Kaluza-Klein momentum along 6d circle. Similarly to the cases we discussed above,
we expect that this type of Higgsing leads to the twisted compactifications of the SO(2N)
gauge theories on a —4 curve. This follows that we can engineer the brane systems for these
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a)

Figure 31. (a) The brane web for the 6d SO(2N+2) gauge theory with 2N—6 fundamental hypers.
(b) The brane web for the 6d SO(2N +1) gauge theory with 2N —7 fundamental hypers. (c) The
brane web for the SO(2N) gauge theory with 2N —8 fundamentals on Zs twisted compactification.

twisted theories by a Higgsing of known brane webs for the SO(2/N+1) gauge theories with
2N — 7 fundamentals.

Let us start from the (p,q)-brane system in figure 31(a) for the SO(2N +2) gauge
theory with 2N — 6 fundamental hypers. One can Higgs this diagram to the brane web for
the SO(2N +1) gauge theory. For this, we move one of the internal D5-branes and also
one of the external D5-branes to the location of the orientifold plane at the top. Then we
end up with the brane web in figure 31(b). This web is for the SO(2N +1) gauge theory
with 2N — 7 fundamentals. We now consider moving another set of D5-branes denoted by
downward arrows to the bottom orientifold plane. The resulting brane web in figure 31(c)
is the brane web corresponding to the Higgsing triggered by a Higgs vev of a SO(2N+1)
fundamental scalar mode carrying KK momentum. This brane web is thus conjectured to
realize the twisted compactification of the SO(2N) gauge theory with 2N — 8 fundamental
hypermultiplets. The brane web now has 2N — 8 external D5-branes which is the same
as those in the original SO(2N) gauge theory before twisting. This respects the fact that
fundamental hypermultiplets remain intact under Z, twisting of SO(2N) gauge algebra.

Another simple check for this proposal is to compare the string charges between the
internal D5-branes. The i-th string suspending between i-th and (i + 1)-th D5-branes have
the masses as

my = 2¢1 — ¢,

my = 2¢3 — 2¢1 — ¢3,

m; = 20; — Oi—1 — Git1 for2<i<N-1,
mN-1=2¢N-1— ¢N-2 — 20N,

my = 26N — ¢N-1, (5.1)

after taking into account orientifold projections at the top and the bottom of the diagram.

This result shows that the strings connecting internal branes form the affine Dg\?)

gauge
algebra. This signals that our brane web in figure 31(c) would be the Zs twisting of the

SO(2N) gauge theory on a —4 curve.
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6 Conclusion

In this paper, we constructed Type IIB 5-brane configurations for a family of 6d N =
(0,1) SCFTs of Dy gauge symmetry on a —2 or —3 curve in the base engineered in F-
theory [27] when compactified on a circle. These brane webs are obtained by considering
RG flows developed in certain Higgs branches in the brane webs associated to the 6d
(Dn, Dy) conformal matter theories introduced in [35]. We have also explored new RG
flows triggered by Higgs vevs of scalar operators carrying non-zero KK momentum along
the compactification circle. Surprisingly, these RG flows realize twisted compactifications
of 6d SCFTs with SO(2N) or SU(3) gauge symmetry on a —2 or —3 curve.

Let us make some comments about our results and future researches. First, we have
considered Higgs branch flows by scalar vevs with unit KK momentum in 6d theories
compactified on a circle and found that these RG flows give rise to consistent low energy
theories. The low energy theories discussed in this paper turn out to be circle compacti-
fications of 6d theories with outer-automorphism twist which are already known to exist.
One may wonder if similar RG flows by using Higgs vevs of KK modes can provide us a
new family of consistent 6d theories living on a circle.

Another important point is that ordinary Type IIB branes in exotic configurations
appear to support new realizations of 6d theories and also 5d theories which either have
exceptional G2 gauge symmetry or share some unusual properties with exceptional gauge
theories. For example, the 6d minimal SU(3) gauge theory was previous engineered by (p, q)
string junctions between mutually non-perturbative 7-branes admitting no weakly coupled
Type IIB description. However we could find a (p,q) 5-brane web for this theory where
the non-abelian gauge states come from perturbative strings stretched between D5-branes.
It would be very interesting to further investigate those exotic 5-brane configurations and
see if we can construct (p,q) 5-brane systems for other exceptional gauge theories.

Lastly, brane webs found in this paper can be used to compute the partition functions
of the corresponding 6d theories on 2-background. For this computation, we can employ
topological vertex formalism introduced in [7, 8] and also additional techniques in [36, 37]
to take into account the orientifold planes. The results for the theories on a —3 curve
can be compared with some known results in [38, 39], which would exhibit more concrete
checks for our proposal [40].
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Figure 32. (a) A 5-brane configuration before a generalized transition where (2,—1) and (2,1)
5-branes are located with some distance. (b) Two 5-branes meeting at a point on an O5-plane. (c)
A 5-brane configuration after a generalized transition where a D5-brane in the middle is generalized
while (1, —1) and (1,1) 5-branes remain intact.
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A Brane transitions on orientifold 5-branes

We briefly discuss possible brane transitions on an O5-plane. In Type IIB 5-brane webs,
spinor matter of an SO(N) gauge theory can be realized non-perturbatively [25]. An Sp(0)
instanton of coupled to an SO(N) gauge theory is a 5-brane realization of a hypermultiplet
in the spinor representation of SO(N) gauge theory where the “coupling” of Sp(0) naturally
provides a mass of a spinor hypermultiplet which appears as the distance between two 5-
branes ending on an O5-plane. In order to realize small mass spinor parameter, one needs
to reduce the distance between two 5-branes on an O5-plane. Along the way, two such
5-branes meet at a point on a Ob-plane. To realize a massless spinor hypermultiplet, one
may bring them even more close. In doing so, it was observed that 5-branes undergo
“generalized flop transitions” [32], which looks similar to usual flop transitions in 5-brane
webs without orientifold planes. An instructive example is given in figure 32. One can also
think of a brane configuration in figure 32 as a part of web diagram for an Sp(N) gauge
theory, as discussed in [36].

With “generalized flop transitions” one can realize various 5-brane configurations. Of
course, the massless limit of a spinor hypermultiplet for an SO(N) gauge theory is straight-
forward to construct. For instance, 5d Gy gauge theory with flavors was constructed as a
Higgsing of the 5d SO(7) gauge theory with spinor [37]. Moreover, in a similar way, 5-brane
webs for 5d gauge theory with hypermultiplet in the rank-3 antisymmetric representation
was also constructed [41].

These brane transitions are allowed phases in the parameter space of Seiberg-Witten
curves for 5d theories. Before and after the transitions, the diagrams should be a charge
conserving configuration. Figure 32 is a good example. A 5-brane configuration in fig-
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ure 32(a) changes successively to 32(b) and to 32(c), where the height of the newly gen-
erated D5-brane can be higher and higher as the distance between (2,—1) and (2,1) 5-
branes getting closer and closer, keeping the 5-brane configuration on an O5-plane where
(1,—1) and (1,1) 5-branes met a point. The position of the newly generated D5-brane
can be placed even higher by applying usual flop transitions, and then can be used for a
non-perturbative Higgsing as discussed in the main text. Many more examples are also
illustrated in [32, 34, 37, 41].

B Hanany-Witten transitions on a 5-brane web with O5-planes and 7-
brane monodromy cuts

Hanany-Witten transitions on a 5-brane web are realized as moving a (p, ¢) 7-brane on one
side, split by a (p/,¢") 5-brane, to the other side along the direction of the 7-brane charge.
This procedure is repeated till there remain no further 5-branes along its way so that the
7-brane can be taken to infinity without crossing other 5-branes. A 7-brane has the mon-
odromy which is given by the charge of the 7-brane, and the corresponding monodromy cut
can be put in an arbitrary direction on a 5-brane web but the charges of 5-branes crossing
the monodromy cut should be carefully treated. Though the orientation of a (p, ¢) 7-brane
monodromy cut is usually chosen to be aligned along the orientation of its charge (p, q) on
a b-brane web, one can align a (p,q) 7-brane cut arbitrary or even rotate it clockwise or
counterclockwise. This is often understood when one performs Hanany-Witten transitions.

Consider an example of Hanany-Witten transition on a 5-brane configuration, drawn
in figure 33, where the monodromy cuts are depicted as the red dotted lines. Figure 33(b)
is an intermediate step of the Hanany-Witten transition where the (1,0) 7-brane is being
moved to the middle from the right, where the (1,0) 5-brane ending on this (1,0) 7-brane
is now annihilated as it crossed a 5-brane. Figure 33(b) is still a charge conserving config-
uration due to the orientation of the 7-brane cut. The next step is then to move this (1, 0)
7-brane to the left. Here one can rotate the monodromy cut clockwise or counterclockwise.
Figure 33(c) is the resulting configuration when the monodromy cut is rotated counter-
clockwise (i), followed by pulling the 7-brane to the left. On the other hand, figure 33(d) is
the configuration after the monodromy cut is rotated clockwise (i), followed by pulling the
7-brane to the left. We note that both configurations are a charge conserving configuration
and they are related by an SL(2,Z) T-transformation.

When a 5-brane configuration of interest has an O5-plane, Hanany-Witten transi-
tions can also be understood in a similar way but with some caution. For instance, see
figure 34(a). It is a part of 5-brane configuration discussed in the main text. Just as in the
previous example of Hanany-Witten transition, one can put a (1,0) 7-brane in the middle
as depicted in figure 34(b), and there again one can rotate around the monodromy cut
clockwise or counterclockwise. The counterclockwise rotation (i) is straightforward and
the configuration can be understood as the same way as the case without an O5-plane,
and the result configuration is given in figure 34(c). A clockwise rotation (), however, re-
quires some caution. By figure 34(c), we imagine a partial clockwise rotation of the 7-brane
monodromy cut such that the monodromy cut is curved so that it still points its initial
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(a)

(c) (d)

Figure 33. Hanany-Witten transitions and 7-brane monodromy cut. By rotating the 7-brane
monodromy cut (counter-)clockwise, one obtains 5-brane configuration either (d) for (e), and two
configurations are related by an SL(2,7Z) transformation.

orientation along the O5-plane. This configuration is in particular useful as it gives rise
to a charge conserving 5-brane configuration on an O5-plane, as depicted in figure 33(d).
Moreover, when we consider a 5-brane configuration with two O5-planes, rotations of mon-
odromy cuts of flavor 7-brane can be understood in this way. As an example, recall figure 8
discussed in section 3. If we were to denote the monodromy cuts of those (1,0) 7-branes
which were moved to the left by Hanany-Witten transitions, the direction of monodromy
cuts should be understood as in figure 35, where the charges are conserved on O5-planes.
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()

Figure 34. Hanany-Witten transitions and 7-brane monodromy cut for a 5-brane configuration
with an O5-plane. By rotating the 7-brane monodromy cut (counter-)clockwise, one obtains 5-brane
configuration either (c¢) for (d).

Figure 35. Monodromy cuts for figure 8. The red dotted lines denote the monodromy cuts for
7-branes which are moved to the left via Hanany-Witten transitions.
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