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1 Introduction

Type IIB 5-brane web [1, 2] is a powerful tool to study 5d superconformal theories

(SCFTs) [3–6]. Perturbative and non-perturbative aspects of many SCFTs be understood

from 5-brane webs. As an effective description of the SCFT at low energy, one can readily

read off the prepotential of 5d N = 1 gauge theory from a given web diagram of the theory.

Also, novel non-perturbative aspects of the SCFTs can be computed or seen through 5-

brane configurations. For instance, for a given 5-brane configuration, one can compute the

instanton partition functions using topological vertex formulation [7, 8]. Global symmetry

enhancement [9–11] at UV fixed points and various dualities between low energy gauge

theories, which are hard to explain in the gauge theories, often have simpler explanations

in the 5-brane webs.

Five-dimensional N = 1 supersymmetric gauge theories can also be engineered via M-

theory compactification on a local Calabi-Yau threefolds (CY3) [1, 2]. BPS particles and

magnetic monopole strings in 5d theory correspond to M2 branes wrapping holomorphic

2-cycles and magnetic dual M5 branes wrapping holomorphic 4-cycles, whose volumes are

given as masses and tensions of the 5d BPS objects, respectively. The prepotential of

the 5d theory is realized as the triple intersection number in geometry. Geometry itself
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provides another powerful tool to study 5d SCFTs as well. In particular, recent progress

on geometric classifications of 5d SCFTs [12–18] enlarged lists of possible SCFTs and also

proposed intriguing new dualities and RG flows.

Equivalence between 5-brane web and geometry for toric Calabi-Yau threefolds is well

established [19]. Given a toric geometry, it is straightforward for one to find the corre-

sponding 5-brane web diagram. Volumes of 2-cycles and 4-cycles in geometry correspond

to the lengths of edges and the areas of compact faces in the 5-brane web, respectively.

Non-toric web diagrams are 5-brane configurations of orientifold planes such as O7±-,

O5- and ON0-planes and those obtained via non-perturbative Higgsings [20–25]. These

non-toric 5-brane webs, along with F-theory classification of 6d SCFTs, has provided a

new perspective on 6d N = (1, 0) SCFTs. In particular, some of 6d N = 1 SCFTs with

SO(N) gauge symmetry coupled to a single tensor multiplet, when compactified on a circle,

have natural Type IIB 5-brane configurations with two O5-planes, as its (T-dual) Type IIA

brane configuration contains an O6-plane [24, 26]. Though such large class of non-toric

5-branes are known, unlike toric case, equivalence between non-toric 5-brane webs and

geometry is still limited and hence worth further study.

The aim of this paper is to complete Type IIB 5-brane engineering of some of 6d

N = 1 SCFTs which involve non-toric realizations of 5-branes with O5-planes. In par-

ticular, we consider 5-brane realizations of a family of 6d N = (1, 0) SCFTs with SO(N)

gauge symmetry on a −2 or −3 curve in the base of F-theory [27] when compactified

on a circle. We construct 5-brane diagrams of those and compute their prepotentials (or

monopole string tensions) which are consistent with the triple intersection numbers from

the corresponding Calabi-Yau geometries [15]. More specifically, by considering RG flows

on Higgs branches of D-type conformal matter, we construct 5-brane web configurations

with two O5-planes describing 6d SCFTs with an SO(N) gauge group and then study

possible Higgsings and Hanany-Witten transitions to generate Higgs branch flows of 6d

SCFTs with SO(N) gauge symmetry on a circle. Moreover, by tuning non-zero holonomies

such that a charged scalar mode carrying non-zero Kaluza-Klein momentum along the 6d

circle becomes light and then by Higgsing the theory with a vev of the light mode, we

propose new RG flows leading to 5-brane web configurations for twisted compactifications

of 6d theories.

The organization of the paper is as follows: In section 2, we review equivalence between

5-brane web and toric CY geometry and extend its equivalence to non-toric cases, and

then discuss how to obtain the prepotential from 5-brane and also from geometry. In

section 3, we further develop non-toric geometry with O5-planes and discuss Type IIB

5-brane configurations for 6d SCFTs with SO(N) gauge symmetry, which are realized as

elliptically fibered (non-toric) Calabi-Yau threefold. Especially we propose 5-brane webs

realizing SO(N) theories on −3 curve. In section 4, we propose 5-brane webs for SO(N)

theories on −2 curve. In section 5, we discuss twisting of 6d SO(N) gauge theories on −4

curve. We then summarize and conclude with future directions in section 6.
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2 5-brane webs and Calabi-Yau geometries

We start with a short summary of the relationship between Type IIB (p, q) 5-brane webs

and non-compact Calabi-Yau threefolds in M-theory compactification, with the notations

used throughout the subsequent sections.

Let us review the salient features of M-theory compactified on a non-compact Calabi-

Yau three (CY3) manifold X to five dimensions [28]. This compactification gives rise to a

5d field theory at low energy. We can consider a smooth threefold X with Kähler moduli φi
(i = 1, · · · , n) associated to Kähler 4-cycles Si where Si is a divisor basis of h1,1(X) = n.

The Kähler moduli φi for compact 4-cycles Si with i = 1, · · · , r are identified with the

Coulomb branch moduli in the 5d field theory, whereas φi for non-compact surfaces Si
with i = r + 1, · · · , n are associated to the mass parameters mi. So when the 5d field

theory admits a gauge theory description, the rank of the gauge group agrees with the

number of compact Kähler surfaces r and φi becomes the vacuum expectation value of the

scalar field in the charged vector multiplet parameterizing the Coulomb branch.

In the singular limit, when all the Kähler parameters φi are turned off so that all

4-cycles collapse to a point, the smooth threefold X will reduce to a singular Calabi-Yau

threefold Y . This singular threefold Y realizes either a 6d SCFT if the CY3 admits an

elliptic fibration or, otherwise, a 5d SCFT. In the former case, the smooth threefold

X describes a circle compactification of the associated 6d SCFT where the circle size is

implemented as an additional mass parameter in the geometry. So X provides a resolution

of the singular elliptic CY3 when elliptic fiber class has finite volume.

In M-theory compactification, BPS states in the 5d field theory come from M2- and M5-

branes. M2- and M5-branes wrapped on 2- or 4-cycles in the CY3 provide charged vector

multiplets and magnetic monopole strings respectively in the low energy field theory. The

masses of vector multiplets and the tensions of the monopole strings are volumes of 2- and

4-cycles and they are controlled by Kähler parameters φi.

A non-compact threefold X can be modeled by a union of connected compact surfaces

S = ∪iSi and each Kähler surface Si is either P2 or a ruled surface of degree n over genus g

curve blown up at p points, which we denote by Fpn,g [14–16]. We will often omit super(or

sub)-scripts p, n, g if those numbers are zero. Let S1 and S2 be two surfaces in S. These

two surfaces are glued along a holomorphic curve C = S1 ∩S2 of genus g. In order to have

a consistent Calabi-Yau threefold, the gluing curves should intersect transversally which

imposes the Calabi-Yau condition

C2|S1 + C2|S2 = 2g − 2 , (2.1)

where the subscripts denote the projections of C on S1,2 respectively. Also, a curve class

in each surface must satisfy the adjunction formula

(K · C)|Si + C2|Si = 2g − 2 , (2.2)

where K|Si is the canonical class of the surface Si. There can be more than one curve at

the intersection of two surfaces satisfying above conditions.
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C1 C2Fp1
n1,g1 |1 Fp2

n2,g2 |2

Figure 1. Two surfaces (or 4-cycles) S1 = Fp1
n1,g1 and S2 = Fp2

n2,g2 glued along a curve C whose

projection to the surface Si is denoted by Ci. The subscript of |i denotes i-th surface.

Diagrammatically, two surfaces S1 = Fp1n1,g1 and S2 = Fp2n2,g2 glued together by a curve

C will be drawn as the diagram in figure 1. Here, the gluing curve is represented by a line

connecting two surfaces and the symbols C1 and C2 on the line denote the projections of

C to the first and the second surfaces respectively. A diagram can have more than one line

between two surfaces if two surfaces are glued along multiple curves. Note also that two

holomorphic curves within a single surface can be glued each other. In this case, there is

a line connecting the surface to itself in the diagram. We will call this self-gluing [14].

The canonical class of a local S = P2 is K|S = −3` where ` is a base class with self-

intersection `2 = 1. The canonical class of a Hirzebruch surface of degree n with p blownup

points S = Fpn is given by

K|S = −2h+ (n− 2)f +

p∑

i=1

xi . (2.3)

Here h is a section class and f is a fiber class and xi’s are exceptional curve classes at the

blowup points. There is an additional distinct section class e. They satisfy

e2 = −n , h2 = n , f2 = 0 , xi · xj = −δij ,
e · f = h · f = 1 , e · h = e · xi = h · xi = f · xi = 0 . (2.4)

A ruled surface over a genus g curve can be obtained by g self-gluings of a rational Hirze-

bruch surface with a number of blow-up points. This geometric transition is introduced

in [14]. For example, a surface Fn,g can be obtained from F2g+p
n by g self-gluings. For this,

we glue g pairs of exceptional curves (xi, yi) with i = 1, · · · , g. The canonical class K ′S
after self-gluings is then given by

K ′S = KS +

g∑

i=1

(xi + yi) . (2.5)

See [14, 16] for more details and other geometric transitions.

We are now interested in physics on the Coulomb branch of the low energy 5d theory.

A smooth threefold X is described by the Kähler class J defined as

J = φiSi , i = 1, · · · , n , (2.6)

with compact and non-compact moduli φi. Then the triple intersection numbers of 4-cycles

in X can be computed as

F =
1

3!

∫

X
J · J · J =

1

3!

n∑

i,j,k

φiφjφk

∫

X
Si · Sj · Sj . (2.7)
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As one can see, F is a cubic polynomial of Kähler parameters φi and it computes the

prepotential on the Coulomb branch in the 5d field theory. The metric τij on the Coulomb

branch and the volumes of 4-cycles Ti can be extracted from the prepotential F as

τij = ∂i∂jF =

∫

X
J · Si · Sj , Ti = ∂iF =

1

2

∫

X
J · J · Si , (2.8)

with i = 1, · · · , r.
We can compute the triple intersection numbers Si · Sj · Sk among 4-cycles Si in

X. First, if all surfaces are the same, the self-intersection number is determined by the

canonical class as

Si · Si · Si = (K ·K)|Si . (2.9)

If a surface Si has self-gluings, we should replace K in this equation by a modified divisor

K ′ given in (2.5). Second, if i = j 6= k, then the intersection number is given by

Si · Si · Sk =
∑

a

(Ca · Ca)|Sk
, (2.10)

where Ca|Sk
stands for a gluing curve between two surfaces projected on Sk. Lastly, if all

surfaces are distinct, i.e. i 6= j 6= k, the triple intersection number can be written as

Si · Sj · Sk =
∑

a

(Caj · Cak )|Si , (2.11)

where Caj are the gluing curve classes between Si and Sj . The prepotential of the 5d

field theory is therefore fully determined by intersection data of compact surfaces in the

associated Calabi-Yau threefold. We note that the volume of an effective 2-cycle C in a

surface Si ∈ S can also be computed as an intersection product

vol(C) = −(J · C) = −
n∑

j=1

φj(K · C)|Sj −
n∑

i,k=1

φi(C · Cik)|Si , (2.12)

where Cik denotes a collection of all gluing 2-cycles except for C at the intersection Si∩Sk.
Now we discuss the relation between Calabi-Yau geometries explained above and (p, q)

5-brane webs in Type IIB string theory. When X is a toric Calabi-Yau threefold, there

exists one-to-one map between X and a 5-brane web via the duality between M-theory

and Type IIB theory [19]. A 5-brane web consists of edges and vertices forming a number

of closed (or internal) and open (or external) faces on a plane. Some examples of 5-brane

webs are given in figure 2. The diagrams (a) and (b) in figure 2 are 5-brane counterparts of

the Calabi-Yau threefold of a local P2 and a del Pezzo surface dP2 = F1
1, respectively. Note

that figure 2(b) can be also thought of as an F1
0, since F1

0 is isomorphic to F1
1. Figure 2(c)

realizes a threefold of a Kähler surface S1 ∪ S2 where two compact surfaces S1 = F1 and

S2 = F3 are connected along a curve C = S1 ∩ S2 whose projections on to each surface are

C|S1 = h and C|S2 = e.

In a 5-brane web, closed faces correspond to compact surfaces of the associated Calabi-

Yau geometry. So the closed face in figure 2(a) implements a local P2 and the closed face
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F1
1

F

1

(a) (b) (c)

P
2

F
1
1

F

3

e

f

h-x1

x1

e

f
h

h
f

e

1

2

ℓ

ℓ
ℓ P2

F1|1
F3|2

F1
1

Figure 2. (a) 5-brane web for a local P2. (b) A 5-brane web for F1
1 = F1

0. (c) A 5-brane web for

two surfaces S1 = F1 and S2 = F3.

(0,1) (-n,1)

(n+2,-1)(-2,-1)

Fn

(a)

F3 F3
1 2

(b) (c)

e
f

h x1 x1x2

(−n+ 2, 1)

(n,−1)

(0, 1)

(−2,−1)

Fn F1
3 F2

3

Figure 3. (a) A local 5-brane web for an Fn. (b) A 5-brane web for F1
3. (c) A 5-brane web for F2

3.

in figure 2(b) is an F1
1 (or F1

0). The volume of a compact Kähler surface in geometry is

therefore the area of the compact face of the corresponding 5-brane web.

A Hirzebruch surface Fn of degree n can be described as a local 5-brane web in fig-

ure 3(a). A Calabi-Yau geometry consisting of a single surface Fn with n > 3 is non-toric.

It can be however understood as a component surface in a bigger toric CY3. For example,

a single surface F3 can be a component surface of the dual threefold of the brane web in

figure 2(c). Blowing up a point in a Hirzebruch surface is equivalent to adding an addi-

tional external 5-brane as in figure 3(b) for one blowup and also as in figure 3(c) for two

blowups. Bigger brane webs for toric threefolds can be constructed by gluing such closed

faces following the intersection structure of compact surfaces in the geometry.

A collection of connected edges on a face is mapped to an effective curve class in

the geometry. The volumes of each curve are the lengths of the corresponding edges in a

given 5-brane web. Gluing curves between two surfaces in geometry correspond to internal

edges between two closed faces of a web diagram. For example, the base curve ` in a P2

is one of three edges of the closed face in figure 2(a), and a fiber class f in an F1
1 is the

edge connecting two parallel internal edges as drawn in figure 2(b). Also the gluing curve

between an F1 and an F3 is the edge between two internal faces in figure 2(c).

One non-trivial test for the above maps is to compare the prepotential from geometry

with that from 5-brane web. In geometry, using the formulae given in (2.9)–(2.11), we

can compute the prepotentials of threefolds involving only a single surface S = P2 and

S = F1
1 as

6FP2 = φ3(K ·K) = φ3(−3`)2 = 9φ3 ,

6FF1
1

= φ3(K ·K) = φ3(−2h− f + x1)
2 = 7φ3 , (2.13)

where φ is the Kähler parameter and we used `2 = 1 and (2.4). Here we turned off all

– 6 –
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the non-compact Kähler parameters.1 In 5-brane web, we first compute the volumes of

internal faces and then integrate them to obtain a cubic prepotential. In order to compute

the volumes of faces in a brane web, we need to fix the lengths of internal edges against

Kähler parameters in the corresponding geometry. For this, we can use the above map

for 2-cycles. For example, the volume of the base class ` in an isolated P2 is vol(`) = 3φ.

This implies the length of an internal edge in figure 2(a) is 3φ. It follows then that the

area of the internal face in the web diagram is TP2 = 9
2φ

2. By integrating this area, one

finds the cubic prepotential that indeed agrees with (2.13). Similarly, one can compute the

prepotential for figure 2(b). The volumes of 2-cycles in an F1
1 are vol(e) = vol(x1) = φ,

vol(f) = 2φ, and vol(h) = 3φ. They correspond to the lengths of the edges e, x1, f, h of

the 5-brane web in figure 2(b). Using these lengths, one readily finds the area of internal

face TF1
1

= 7
2φ

2. This leads to the same prepotential FF1
1

as (2.13), as expected.

The prepotential computation for figure 2(c) is more involved, but straightforward. Let

us first compute the prepotential in geometry. The intersection numbers of S = S1 ∪ S2
with S1 = F1, S2 = F3 are

S3
1 = (K ·K)|F1 = 8 , S3

2 = (K ·K)|F3 = 8 ,

S2
1S2 = e2|S2 = −3 , S1S

2
2 = h2|S1 = 1 . (2.14)

One then finds

6FF1∪F3 = 8φ31 + 8φ32 − 9φ21φ2 + 3φ1φ
2
2 . (2.15)

The length of the internal edges in the brane web can be identified as the volumes of

curves (2.12)

vol(e|S1) = φ1 , vol(f |S1) = 2φ1 − φ2 , vol(f |S2) = 2φ2 − φ1 ,
vol(h|S1) = vol(e|S2) = 3φ1 − φ2 , vol(h|S2) = 5φ2 . (2.16)

Note that the fiber classes f |S1,2 amount to the strings connecting two D5-branes and their

volumes form the Cartan matrix of SU(3) gauge algebra as

(vol(f |S1), vol(f |S2)) =

(
2 −1

−1 2

)
·
(
φ1
φ2

)
, (2.17)

which is expected as the low energy field theory of the brane web is the SU(3) gauge

theory with the Chern-Simons level κ = −2. Now the area of each internal face can be

computed as

T1 =
1

2
(2φ1 − φ2)(4φ1 − φ2) , T2 =

1

2
(2φ2 − φ1)(3φ1 + 4φ2) . (2.18)

This gives rise to the prepotential (2.15) of FF1∪F3 above.

1When computing or comparing the prepotentials, we will always turn off all the non-compact Kähler pa-

rameters.
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h
2

F3

F5

F1

F5

(0,1) (-1,1)

(1,-1)

(0,1)

(a) (b)

e
f
h

e
f h

e
f

f e
h

1

2
2

F1|1
F5|2

F3|1
F5|2

Figure 4. (a) The 5-brane web for a non-toric threefold of two intersecting surfaces S1 = F3 and

S2 = F5. (b) The 5-brane web for a non-toric threefold of S1 = F1 and S2 = F5 which is the

resulting 5-brane web after the Hanany-Witten transition is implemented on the 5-brane web (a)

with (−1, 1) 7-brane.

5-brane webs for non-toric threefolds are not well-understood. Only case-by-case stud-

ies have been carried out and there is so far no systematic construction of brane webs for

non-toric geometry. All known non-toric examples are quite non-trivially realized in brane

systems with other additional ingredients such as 7-branes and orientifold planes. Let us

list some known examples of non-toric brane webs.

One simple example is the web diagram in figure 4(a). The corresponding geometry

is a non-toric CY3 of two surfaces S1 = F3 and S2 = F5 intersecting along a curve C|S1 =

h,C|S2 = e. In order to draw a web diagram for this geometry, we introduced two 7-branes

denoted by black dots in figure 4(a). This non-toric threefold hence has a 5-brane web

realization. This geometry however leads to an inconsistent 5d field theory according to

the criteria suggested in [14]. The associated field theory violates unitarity on Coulomb

branch when all masses are switched off. So it has no consistent Coulomb branch unless we

turn on certain mass parameters for the matter fields, which signals that the 5d theory has

no consistent UV completion. However, we can deform this geometry to another geometry

by applying complex structure deformation [14]. The deformed geometry is a CY3 of

S1 = F1, S2 = F5 glued along a curve C|S1 = h+ f, C|S2 = e. This geometry then leads to

a consistent 5d field theory with non-trivial Coulomb branch while showing the same physics

as the original threefold when masses are turned on, up to some decoupled sectors. So it

makes sense to study physics of M-theory compactification on the deformed geometry. This

complex structure deformation in geometry can be implemented in brane web as a Hanany-

Witten transition [29]. In the case at hand, the complex structure deformation is a Hanany-

Witten transition moving the (−1, 1) 7-brane along with the (1,−1) direction as shown with

the arrow in figure 4(a). As a result of the transition, we have the diagram in figure 4(b)

with the (1,−1) 7-branes on which two (1,−1) 5-branes end. This deformed brane web in

figure 4(b) realizes the threefold of F1 ∪ F5. Here the Hirzebruch surface F1 is manifest,

while the second surface F5 is non-trivially realized. The surface F5 is a combination of

two other faces enclosed by colored edges in the web diagram in figure 4(b). The gluing

curve C is a union of the blue edges at the intersection F1 ∩ F5. The union of the purple

edges in F5 is the section class h. Such non-trivial realization of F5 should be understood

as an effect of the (1,−1) 5-brane crossing over F5 and ending on the (1,−1) 7-brane.

– 8 –
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One can compare the brane web against the threefold of S = S1∪S2 with S1 = F1, S2 =

F5. One readily finds the prepotential of the geometry

6FF1∪F5 = 8φ31 + 8φ32 − 15φ21φ2 + 9φ1φ
2
2 . (2.19)

The lengths of the internal edges in figure 4(b) are fixed from the volumes of geometric

2-cycles given as

vol(e|S1) = φ1 − φ2 , vol(f |S1) = 2φ1 − φ2 ,
vol(h|S1) = 3φ1 − 2φ2 , vol(f |S2) = 2φ2 − φ1 . (2.20)

With these parameters in the brane web, one obtains the areas of the closed faces as

T1 =
1

2
(2φ1 − φ2)(4φ1 − 3φ2) , T2 =

1

2
(2φ2 − φ1)(5φ1 + 4φ2) . (2.21)

The integration of these areas yields the same prepotential as (2.19), as expected. It implies

in turn that the tensions of magnetic monopole strings corresponding to the volumes of

4-cycles in the geometry are same as the areas of the compact faces in the corresponding

5-brane web in figure 4(b). This hence supports the brane realization of the non-toric

threefold given by S = F1 ∪ F5.

Another non-toric example is given in figure 5. The diagram in figure 5(b) is a typical

5-brane web for the 5d SO(8) gauge theory. The associated geometry is a non-toric Calabi-

Yau threefold formed by four Hirzebruch surfaces S1 = F2, S2 = F0, S3 = F2, and S4 = F2

which is illustrated as the diagram in figure 5(a). An interesting yet simple structure of

these surfaces is that there are three gluing curves Ci with i = 1, 2, 3 at the intersections

S1 ∩ S2, S3 ∩ S2, and S4 ∩ S2, respectively. More precisely, the gluing curves are

C1|S1 = e|S1 , C2|S3 = e|S3 , C3|S4 = e|S4 , C1|S2 = C2|S2 = C3|S2 = h|S2 . (2.22)

One can identify the compact faces labeled by circled numbers in figure 5(b) as the Hirze-

bruch surfaces in CY3. The map is given as follows:

F2|1 = 1© , F0|2 = 2© , F2|3 = 3© , (2.23)

and
F2|4 = 3©+ 2 · 4© . (2.24)

As one may notice, the fourth surface S4 = F2 is not a single face but rather non-trivially

realized as a combination of multiple faces surrounded with the red edges. This happens

due to an O5-plane at the bottom. So one way of constructing brane webs for non-toric

threefolds is to use orientifold planes in a 5-brane configuration.

One can again check the brane web realization by comparing the prepotential. In

geometry, the prepotential computation is straightforward. The intersection structure

above yields

6FF2∪F0∪F2∪F2 = 8

4∑

i=1

φ3i − 6φ22(φ1 + φ3 + φ4) . (2.25)
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Figure 5. (a) A non-toric threefold of four surfaces F2 ∪ F0 ∪ F2 ∪ F2. (b) The brane web for the

threefold (a). This is also a brane web for the 5d SU(8) gauge theory at low energy.

The volumes of the 2-cycles in the threefold are

vol(h|S2) = vol(e|S1) = vol(e|S3) = vol(e|S4) = 2φ2 ,

vol(h|S1) = 4φ1 , vol(h|S3) = 4φ2 , vol(h|S1) = 4φ3 , (2.26)

and

(vol(f |S1), vol(f |S2), vol(f |S3), vol(f |S4)) =




2 −1 0 0

−1 2 −1 −1

0 −1 2 0

0 −1 0 2


 ·




φ1
φ2
φ3
φ4


 . (2.27)

So the fiber classes fSi form the Cartan matrix of SO(8) algebra.

The volumes of curves in (2.26) fix the parameters of the brane web in figure 5(b). In

terms of the geometric parameters, the areas of the internal faces read

T 1© = (2φ1 − φ2)(2φ1 + φ2) , T 2© = 2φ2(2φ2 − φ1 − φ3 − φ4) ,
T 3© = (2φ3 − φ2)(2φ3 + φ2) , T 3©+2 4© = (2φ4 − φ2)(2φ4 + φ2) . (2.28)

Indeed, the prepotential obtained by integrating these areas agrees with the prepoten-

tial (2.25) of the non-toric threefold above.

3 SO(N) theories on −3 curve

In this section we construct 5-brane webs for circle compactifications of 6d SCFTs with

SO(N) gauge symmetry supported on a −3 curve in the base of the elliptic Calabi-Yau

threefold in F-theory compactification [27, 30]. We shall first consider a Type IIB 5-brane

web for the 6d SCFT with SO(12)× Sp(2) gauge symmetry when compactified on a circle

and discuss how the brane web changes following RG flows in its Higgs branches. These

RG flows in the brane system yield the (p, q) 5-brane realizations for the theories on a

−3 curve we are interested in. We will also extend this construction to involve new Higgs

branch flows giving rise to twisted compactifications of 6d SCFTs. The hierarchy of RG

fixed points that we will discuss in this section is given in figure 6.
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Figure 6. Higgsing hierarchy on a −3 curve. F,S, and C denote the fundamental, the spinor, and

the conjugate spinor representation of gauge groups respectively.

3.1 Untwisted theories

We start with the 6d SCFT with a product gauge group SO(12)×Sp(2) where the SO(12)

gauge symmetry is on a −4 curve while the Sp(2) gauge symmetry is over a −1 curve. In

the convention in [27], this theory can be depicted as

[Sp(2)]
so12
4

sp2
1 [SO(12)] . (3.1)

We shall consider various RG flows of this theory developed by vevs of Higgs scalar fields

in the hypermultiplets.

This theory has a 5-brane web realization in Type IIB string theory as depicted in

figure 7(a). There are six and two internal D5-branes suspended between other (p, q) 5-

branes in the middle of the diagram. With two O5-planes on the top and the bottom of the

diagram, string states stretched between them implement the SO(12)×Sp(2) gauge bosons

and bi-fundamental matter. Other external D5-branes give rise to the global symmetry

Sp(2)× SO(12).

We remark that in figure 7, we have chosen the directions of 7-brane monodromy cuts

such that they point still the same direction even after the Hanany-Witten transition. For

instance, the monodromy cuts of two 7-branes on the right of figure 7(b) are oriented along

(1,0) direction (to the right), and the same 7-branes moved to the left by the Hanany-

Witten transition are still assigned such that they point to the right along the O5-planes,

as shown in figure 7(b). It is then straightforward that the charges are conserved on the

O5-planes. From here on, the orientation of 7-brane monodromy cuts should be understood

such that the charges are conserved on 5-branes. See appendix B for more details.
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O5+ O5− O5−O5+

O5+ O5− O5−O5+

(a) (b) (c)

Figure 7. (a) A 5-brane configuration for the 6d [Sp(2)]
so12

4
sp2

1 [SO(12)] theory. (b) Higgsing (a)

by using a pair of two Sp(2) fundamental hypermultiplets. The resulting 5-brane web is dual to the

6d SO(12) gauge theory on a −4 curve intersecting with a −1 curve, [Sp(4)]
so12

4 1 [SO(4)]. The

(blue) dotted lines denote the monodromy cuts of (1,0) 7-branes on the left, while the (red) dotted

lines denote the monodromy cuts of Higgsed 7-branes on the right. (c) An equivalent diagram by

sending two D7-branes in the digram (b) to the left. The (red) dotted lines are oriented such that

they point to the right through the O5-planes.

Let us now discuss Higgs branches associated with the scalars in the Sp(2) fundamental

hypermultiplets charged under the SO(12) flavor symmetry. We shall give a non-trivial vev

to these Higgs scalars such that only the SO(8) part in the SO(12) flavor symmetry remains

unbroken. The RG flow followed by this Higgs vev leads to a new IR SCFT which now has

SO(12) × Sp(1) gauge symmetry. Given this IR theory, we can perform another Higgsing

breaking the SO(8) symmetry to SO(4) flavor symmetry. Consequently we reach another

IR theory that is the 6d SCFT with SO(12) gauge symmetry. This sequence of RG flows

can be summarized as [31]:

[Sp(2)]
so12
4

sp2
1 [SO(12)] → [Sp(3)]

so12
4

sp1
1 [SO(8)] → [Sp(4)]

so12
4 1 [SO(4)] . (3.2)

In the brane web, the first Higgsing of the Sp(2) fundamental scalars amounts to

aligning two external SO(12) D5-branes and an internal Sp(2) D5-brane together so that

two external D5-branes can end on a single D7-brane while keeping the S-rule [29]. The

diagram in figure 7(b) shows the RG flow in the brane web that Higgses the UV SO(12)×
Sp(2) gauge symmetry to the SO(12) symmetry in IR. Two black dots in this diagram

denote D7-branes and two external D5-branes are ending on each 7-brane. As one can

see the Sp(2) gauge symmetry on the right side is fully Higgsed. This brane web hence

corresponds to the 6d SCFT with the SO(12) gauge symmetry over a −4 curve intersecting

with a −1 curve. This theory (or the brane web) has Sp(4)×SO(4) global symmetry. This

will become manifest in an equivalent brane web given in the figure 7(c) which we can

obtain from the diagram (b) by the Hanany-Witten transitions after moving two 7-branes

to the left-side.

SO(12) gauge theory. Now we will blow down the −1 curve in the base. Blowdown

of an exceptional curve decreases the self-intersection numbers of adjacent curves by one.

So, after doing this, we expect that our theory reduces to a 6d theory over a single curve

of the self-intersection −3 in the base. This blowdown of −1 curve can also be done by a

Higgsing. In the brane diagrams in figure 8, we first deform the diagram in figure 7(c) to

– 12 –



J
H
E
P
1
0
(
2
0
2
0
)
0
1
4

(c)(a) (b)
(a) (b) (c)

O5+ O5− O5−

O5+ O5− O5−O5+

Figure 8. (a) A 5-brane web for the 6d [Sp(4)]
so12

4 1 [SO(4)] theory. (b) The brane web for

the 6d SO(12) gauge theory on a −3 curve, [Sp(5)]
so12

3 . (c) An equivalent web diagram after the

Hanany-Witten transition moving the 7-brane on the right hand side to the left hand side on the

diagram (b).

figure 8(a). This deformation is a smooth transition by tuning the positions of (p, q)-branes

near orientifold planes as discussed in [32]. Now a new Higgs branch can open up in the

new diagram where the heights of two external D5-branes on the right hand side are aligned

with height of the adjacent internal D5-brane, as depicted in figure 8(b). We claim that

this is the Higgsing blowing down the −1 curve in the base while leaving a single −3 curve

with gauge group SO(12). More precisely, the transition from the 5-brane configuration of

figure 8(a) to that of figure 8(b) is equivalent to the Higgsing in the 6d field theory

[Sp(4)]
so12
4 1 [SO(4)] → [Sp(5)]

so12
3 . (3.3)

So we propose that the brane diagram in figure 8(b) (or figure 8(c) after Hanany-Witten

transition) is a Type IIB realization of the 6d SCFT of SO(12) gauge symmetry on a

−3 curve coupled to five hypermultiplets in the fundamental representation and an half-

hypermultiplet in the spinor representation of the SO(12).

We can associate this brane web with the dual CY3 geometry of the 6d SO(12) SCFT

on −3 curve when compactified on a circle. The corresponding CY3 geometry is given

in [15]. An elliptic Calabi-Yau threefold for a 6d theory after resolving all the singularities

can be represented by a collection of compact Kähler surfaces (or four-cycles) with finite

volumes, each of which is a ruled surface over a genus g curve possibly with a number of

blowups as we discussed above.

The geometry for the SO(12) theory is drawn in figure 9(a). This diagram repre-

sents the intersection structure of 7 complex ruled surfaces Si, (i = 0, 1, · · · 6) with Kähler

parameters φi in an elliptically fibered Calabi-Yau threefold. We can compute the cu-

bic prepotential (or the triple intersection numbers) of this geometry by employing the

computation algorithm given in the previous section. The result is

6FSO(12) = 8φ30 + 6φ31 + 8φ32 + 8φ33 + 7φ34 + 8φ35 − 2φ36 − 3φ20φ2 − 3φ0φ
2
2 − 9φ1φ

2
2

+ 3φ21φ2 − 6φ1φ
2
3 − 3φ21φ4 − 3φ1φ

2
4 − 6φ1φ

2
5 − 9φ22φ3 + 3φ2φ

2
3 − 15φ23φ4

+ 9φ3φ
2
4 − 21φ24φ5 + 15φ4φ

2
5 − 18φ24φ6 + 12φ4φ

2
6 − 30φ25φ6

+ 6φ1φ2φ3 + 6φ1φ3φ4 + 6φ1φ4φ5 + 30φ4φ5φ6 . (3.4)

– 13 –



J
H
E
P
1
0
(
2
0
2
0
)
0
1
4

φ6 − φ5
<latexit sha1_base64="q2/vIRSzFTkmegrxYv0KCHJbksc=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBHcOMyIr2XBjcsK9gHtUDJppg3NJGOSKZSh3+HGhSJu/Rh3/o3pdBbaeuByD+fcS25OmHCmjed9Oyura+sbm6Wt8vbO7t5+5eCwqWWqCG0QyaVqh1hTzgRtGGY4bSeK4jjktBWO7mZ+a0yVZlI8mklCgxgPBIsYwcZKQTcZst71ed6uepWq53o50DLxC1KFAvVe5avblySNqTCEY607vpeYIMPKMMLptNxNNU0wGeEB7VgqcEx1kOVHT9GpVfooksqWMChXf29kONZ6Eod2MsZmqBe9mfif10lNdBtkTCSpoYLMH4pSjoxEswRQnylKDJ9Ygoli9lZEhlhhYmxOZRuCv/jlZdK8cH3P9R8uqzW3iKMEx3ACZ+DDDdTgHurQAAJP8Ayv8OaMnRfn3fmYj644xc4R/IHz+QPsl5F4</latexit><latexit sha1_base64="q2/vIRSzFTkmegrxYv0KCHJbksc=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBHcOMyIr2XBjcsK9gHtUDJppg3NJGOSKZSh3+HGhSJu/Rh3/o3pdBbaeuByD+fcS25OmHCmjed9Oyura+sbm6Wt8vbO7t5+5eCwqWWqCG0QyaVqh1hTzgRtGGY4bSeK4jjktBWO7mZ+a0yVZlI8mklCgxgPBIsYwcZKQTcZst71ed6uepWq53o50DLxC1KFAvVe5avblySNqTCEY607vpeYIMPKMMLptNxNNU0wGeEB7VgqcEx1kOVHT9GpVfooksqWMChXf29kONZ6Eod2MsZmqBe9mfif10lNdBtkTCSpoYLMH4pSjoxEswRQnylKDJ9Ygoli9lZEhlhhYmxOZRuCv/jlZdK8cH3P9R8uqzW3iKMEx3ACZ+DDDdTgHurQAAJP8Ayv8OaMnRfn3fmYj644xc4R/IHz+QPsl5F4</latexit><latexit sha1_base64="q2/vIRSzFTkmegrxYv0KCHJbksc=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBHcOMyIr2XBjcsK9gHtUDJppg3NJGOSKZSh3+HGhSJu/Rh3/o3pdBbaeuByD+fcS25OmHCmjed9Oyura+sbm6Wt8vbO7t5+5eCwqWWqCG0QyaVqh1hTzgRtGGY4bSeK4jjktBWO7mZ+a0yVZlI8mklCgxgPBIsYwcZKQTcZst71ed6uepWq53o50DLxC1KFAvVe5avblySNqTCEY607vpeYIMPKMMLptNxNNU0wGeEB7VgqcEx1kOVHT9GpVfooksqWMChXf29kONZ6Eod2MsZmqBe9mfif10lNdBtkTCSpoYLMH4pSjoxEswRQnylKDJ9Ygoli9lZEhlhhYmxOZRuCv/jlZdK8cH3P9R8uqzW3iKMEx3ACZ+DDDdTgHurQAAJP8Ayv8OaMnRfn3fmYj644xc4R/IHz+QPsl5F4</latexit><latexit sha1_base64="q2/vIRSzFTkmegrxYv0KCHJbksc=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBHcOMyIr2XBjcsK9gHtUDJppg3NJGOSKZSh3+HGhSJu/Rh3/o3pdBbaeuByD+fcS25OmHCmjed9Oyura+sbm6Wt8vbO7t5+5eCwqWWqCG0QyaVqh1hTzgRtGGY4bSeK4jjktBWO7mZ+a0yVZlI8mklCgxgPBIsYwcZKQTcZst71ed6uepWq53o50DLxC1KFAvVe5avblySNqTCEY607vpeYIMPKMMLptNxNNU0wGeEB7VgqcEx1kOVHT9GpVfooksqWMChXf29kONZ6Eod2MsZmqBe9mfif10lNdBtkTCSpoYLMH4pSjoxEswRQnylKDJ9Ygoli9lZEhlhhYmxOZRuCv/jlZdK8cH3P9R8uqzW3iKMEx3ACZ+DDDdTgHurQAAJP8Ayv8OaMnRfn3fmYj644xc4R/IHz+QPsl5F4</latexit>

2φ5 − φ4
<latexit sha1_base64="KO1o5qjwmHAvOEjesOWdmSEkmFc=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgxpC0FV0W3LisYB/QxjKZTtqhk0mYmSgl9D/cuFDErf/izr9xmmahrQcu93DOvcyd48ecKe0431ZhbX1jc6u4XdrZ3ds/KB8etVWUSEJbJOKR7PpYUc4EbWmmOe3GkuLQ57TjT27mfueRSsUica+nMfVCPBIsYARrIz1U+/GYDS4vslYflCuO7WRAq8TNSQVyNAflr/4wIklIhSYcK9VznVh7KZaaEU5npX6iaIzJBI9oz1CBQ6q8NLt6hs6MMkRBJE0JjTL190aKQ6WmoW8mQ6zHatmbi/95vUQH117KRJxoKsjioSDhSEdoHgEaMkmJ5lNDMJHM3IrIGEtMtAmqZEJwl7+8StpV263Z7l290rDzOIpwAqdwDi5cQQNuoQktICDhGV7hzXqyXqx362MxWrDynWP4A+vzB13hkbU=</latexit>

2φ4 − φ3 − φ5 − φ6
<latexit sha1_base64="WbpyDj4RQqMfi/TJKo4J74/98sg=">AAACBXicbVDLSsNAFL3xWesr6lIXwSK4MSS1PpYFNy4r2Ae0IUymk3boZBJmJkIp3bjxV9y4UMSt/+DOv3GaZKGtF4ZzOOde7twTJIxK5TjfxtLyyuraemmjvLm1vbNr7u23ZJwKTJo4ZrHoBEgSRjlpKqoY6SSCoChgpB2MbmZ++4EISWN+r8YJ8SI04DSkGCkt+eZRtZcMqV87y+A8h4scLn2z4thOVtYicQtSgaIavvnV68c4jQhXmCEpu66TKG+ChKKYkWm5l0qSIDxCA9LVlKOISG+SXTG1TrTSt8JY6MeVlam/JyYoknIcBbozQmoo572Z+J/XTVV47U0oT1JFOM4XhSmzVGzNIrH6VBCs2FgThAXVf7XwEAmElQ6urENw509eJK2q7Tq2e1er1O0ijhIcwjGcggtXUIdbaEATMDzCM7zCm/FkvBjvxkfeumQUMwfwp4zPH2m+lyo=</latexit><latexit sha1_base64="WbpyDj4RQqMfi/TJKo4J74/98sg=">AAACBXicbVDLSsNAFL3xWesr6lIXwSK4MSS1PpYFNy4r2Ae0IUymk3boZBJmJkIp3bjxV9y4UMSt/+DOv3GaZKGtF4ZzOOde7twTJIxK5TjfxtLyyuraemmjvLm1vbNr7u23ZJwKTJo4ZrHoBEgSRjlpKqoY6SSCoChgpB2MbmZ++4EISWN+r8YJ8SI04DSkGCkt+eZRtZcMqV87y+A8h4scLn2z4thOVtYicQtSgaIavvnV68c4jQhXmCEpu66TKG+ChKKYkWm5l0qSIDxCA9LVlKOISG+SXTG1TrTSt8JY6MeVlam/JyYoknIcBbozQmoo572Z+J/XTVV47U0oT1JFOM4XhSmzVGzNIrH6VBCs2FgThAXVf7XwEAmElQ6urENw509eJK2q7Tq2e1er1O0ijhIcwjGcggtXUIdbaEATMDzCM7zCm/FkvBjvxkfeumQUMwfwp4zPH2m+lyo=</latexit><latexit sha1_base64="WbpyDj4RQqMfi/TJKo4J74/98sg=">AAACBXicbVDLSsNAFL3xWesr6lIXwSK4MSS1PpYFNy4r2Ae0IUymk3boZBJmJkIp3bjxV9y4UMSt/+DOv3GaZKGtF4ZzOOde7twTJIxK5TjfxtLyyuraemmjvLm1vbNr7u23ZJwKTJo4ZrHoBEgSRjlpKqoY6SSCoChgpB2MbmZ++4EISWN+r8YJ8SI04DSkGCkt+eZRtZcMqV87y+A8h4scLn2z4thOVtYicQtSgaIavvnV68c4jQhXmCEpu66TKG+ChKKYkWm5l0qSIDxCA9LVlKOISG+SXTG1TrTSt8JY6MeVlam/JyYoknIcBbozQmoo572Z+J/XTVV47U0oT1JFOM4XhSmzVGzNIrH6VBCs2FgThAXVf7XwEAmElQ6urENw509eJK2q7Tq2e1er1O0ijhIcwjGcggtXUIdbaEATMDzCM7zCm/FkvBjvxkfeumQUMwfwp4zPH2m+lyo=</latexit><latexit sha1_base64="WbpyDj4RQqMfi/TJKo4J74/98sg=">AAACBXicbVDLSsNAFL3xWesr6lIXwSK4MSS1PpYFNy4r2Ae0IUymk3boZBJmJkIp3bjxV9y4UMSt/+DOv3GaZKGtF4ZzOOde7twTJIxK5TjfxtLyyuraemmjvLm1vbNr7u23ZJwKTJo4ZrHoBEgSRjlpKqoY6SSCoChgpB2MbmZ++4EISWN+r8YJ8SI04DSkGCkt+eZRtZcMqV87y+A8h4scLn2z4thOVtYicQtSgaIavvnV68c4jQhXmCEpu66TKG+ChKKYkWm5l0qSIDxCA9LVlKOISG+SXTG1TrTSt8JY6MeVlam/JyYoknIcBbozQmoo572Z+J/XTVV47U0oT1JFOM4XhSmzVGzNIrH6VBCs2FgThAXVf7XwEAmElQ6urENw509eJK2q7Tq2e1er1O0ijhIcwjGcggtXUIdbaEATMDzCM7zCm/FkvBjvxkfeumQUMwfwp4zPH2m+lyo=</latexit>

2φ3 − φ2 − φ4
<latexit sha1_base64="Fyp9eCnEYrROtr4iAK2IsEZdzLM=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIbixJLeiy4MZlBfuANoTJdNIOnUzCzEQooeCvuHGhiFu/w51/4zTNQlsPDPdwzr3cOydIOFPacb6t0tr6xuZWebuys7u3f2AfHnVUnEpC2yTmsewFWFHOBG1rpjntJZLiKOC0G0xu5373kUrFYvGgpwn1IjwSLGQEayP59kl9kIyZf3WZl/qiNHy76tScHGiVuAWpQoGWb38NhjFJIyo04Vipvusk2suw1IxwOqsMUkUTTCZ4RPuGChxR5WX5+TN0bpQhCmNpntAoV39PZDhSahoFpjPCeqyWvbn4n9dPdXjjZUwkqaaCLBaFKUc6RvMs0JBJSjSfGoKJZOZWRMZYYqJNYhUTgrv85VXSqddcp+beN6rNWhFHGU7hDC7AhWtowh20oA0EMniGV3iznqwX6936WLSWrGLmGP7A+vwBj7iUgg==</latexit><latexit sha1_base64="Fyp9eCnEYrROtr4iAK2IsEZdzLM=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIbixJLeiy4MZlBfuANoTJdNIOnUzCzEQooeCvuHGhiFu/w51/4zTNQlsPDPdwzr3cOydIOFPacb6t0tr6xuZWebuys7u3f2AfHnVUnEpC2yTmsewFWFHOBG1rpjntJZLiKOC0G0xu5373kUrFYvGgpwn1IjwSLGQEayP59kl9kIyZf3WZl/qiNHy76tScHGiVuAWpQoGWb38NhjFJIyo04Vipvusk2suw1IxwOqsMUkUTTCZ4RPuGChxR5WX5+TN0bpQhCmNpntAoV39PZDhSahoFpjPCeqyWvbn4n9dPdXjjZUwkqaaCLBaFKUc6RvMs0JBJSjSfGoKJZOZWRMZYYqJNYhUTgrv85VXSqddcp+beN6rNWhFHGU7hDC7AhWtowh20oA0EMniGV3iznqwX6936WLSWrGLmGP7A+vwBj7iUgg==</latexit><latexit sha1_base64="Fyp9eCnEYrROtr4iAK2IsEZdzLM=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIbixJLeiy4MZlBfuANoTJdNIOnUzCzEQooeCvuHGhiFu/w51/4zTNQlsPDPdwzr3cOydIOFPacb6t0tr6xuZWebuys7u3f2AfHnVUnEpC2yTmsewFWFHOBG1rpjntJZLiKOC0G0xu5373kUrFYvGgpwn1IjwSLGQEayP59kl9kIyZf3WZl/qiNHy76tScHGiVuAWpQoGWb38NhjFJIyo04Vipvusk2suw1IxwOqsMUkUTTCZ4RPuGChxR5WX5+TN0bpQhCmNpntAoV39PZDhSahoFpjPCeqyWvbn4n9dPdXjjZUwkqaaCLBaFKUc6RvMs0JBJSjSfGoKJZOZWRMZYYqJNYhUTgrv85VXSqddcp+beN6rNWhFHGU7hDC7AhWtowh20oA0EMniGV3iznqwX6936WLSWrGLmGP7A+vwBj7iUgg==</latexit><latexit sha1_base64="Fyp9eCnEYrROtr4iAK2IsEZdzLM=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIbixJLeiy4MZlBfuANoTJdNIOnUzCzEQooeCvuHGhiFu/w51/4zTNQlsPDPdwzr3cOydIOFPacb6t0tr6xuZWebuys7u3f2AfHnVUnEpC2yTmsewFWFHOBG1rpjntJZLiKOC0G0xu5373kUrFYvGgpwn1IjwSLGQEayP59kl9kIyZf3WZl/qiNHy76tScHGiVuAWpQoGWb38NhjFJIyo04Vipvusk2suw1IxwOqsMUkUTTCZ4RPuGChxR5WX5+TN0bpQhCmNpntAoV39PZDhSahoFpjPCeqyWvbn4n9dPdXjjZUwkqaaCLBaFKUc6RvMs0JBJSjSfGoKJZOZWRMZYYqJNYhUTgrv85VXSqddcp+beN6rNWhFHGU7hDC7AhWtowh20oA0EMniGV3iznqwX6936WLSWrGLmGP7A+vwBj7iUgg==</latexit>

2φ2 − φ0 − φ1 − φ3
<latexit sha1_base64="Kp2i6aEShrJFCq7LiZY8e/g/GJQ=">AAACBXicbVDLSsNAFL2pr1pfUZe6CBbBjSGpgi4LblxWsA9oQ5hMJ+3QySTMTIQSunHjr7hxoYhb/8Gdf+M0yUJbLwzncM693LknSBiVynG+jcrK6tr6RnWztrW9s7tn7h90ZJwKTNo4ZrHoBUgSRjlpK6oY6SWCoChgpBtMbuZ+94EISWN+r6YJ8SI04jSkGCkt+eZxY5CMqd84z8EpwC3gwjfrju3kZS0TtyR1KKvlm1+DYYzTiHCFGZKy7zqJ8jIkFMWMzGqDVJIE4Qkakb6mHEVEell+xcw61crQCmOhH1dWrv6eyFAk5TQKdGeE1FguenPxP6+fqvDayyhPUkU4LhaFKbNUbM0jsYZUEKzYVBOEBdV/tfAYCYSVDq6mQ3AXT14mnYbtOrZ7d1lv2mUcVTiCEzgDF66gCbfQgjZgeIRneIU348l4Md6Nj6K1YpQzh/CnjM8fVx6XHg==</latexit><latexit sha1_base64="Kp2i6aEShrJFCq7LiZY8e/g/GJQ=">AAACBXicbVDLSsNAFL2pr1pfUZe6CBbBjSGpgi4LblxWsA9oQ5hMJ+3QySTMTIQSunHjr7hxoYhb/8Gdf+M0yUJbLwzncM693LknSBiVynG+jcrK6tr6RnWztrW9s7tn7h90ZJwKTNo4ZrHoBUgSRjlpK6oY6SWCoChgpBtMbuZ+94EISWN+r6YJ8SI04jSkGCkt+eZxY5CMqd84z8EpwC3gwjfrju3kZS0TtyR1KKvlm1+DYYzTiHCFGZKy7zqJ8jIkFMWMzGqDVJIE4Qkakb6mHEVEell+xcw61crQCmOhH1dWrv6eyFAk5TQKdGeE1FguenPxP6+fqvDayyhPUkU4LhaFKbNUbM0jsYZUEKzYVBOEBdV/tfAYCYSVDq6mQ3AXT14mnYbtOrZ7d1lv2mUcVTiCEzgDF66gCbfQgjZgeIRneIU348l4Md6Nj6K1YpQzh/CnjM8fVx6XHg==</latexit><latexit sha1_base64="Kp2i6aEShrJFCq7LiZY8e/g/GJQ=">AAACBXicbVDLSsNAFL2pr1pfUZe6CBbBjSGpgi4LblxWsA9oQ5hMJ+3QySTMTIQSunHjr7hxoYhb/8Gdf+M0yUJbLwzncM693LknSBiVynG+jcrK6tr6RnWztrW9s7tn7h90ZJwKTNo4ZrHoBUgSRjlpK6oY6SWCoChgpBtMbuZ+94EISWN+r6YJ8SI04jSkGCkt+eZxY5CMqd84z8EpwC3gwjfrju3kZS0TtyR1KKvlm1+DYYzTiHCFGZKy7zqJ8jIkFMWMzGqDVJIE4Qkakb6mHEVEell+xcw61crQCmOhH1dWrv6eyFAk5TQKdGeE1FguenPxP6+fqvDayyhPUkU4LhaFKbNUbM0jsYZUEKzYVBOEBdV/tfAYCYSVDq6mQ3AXT14mnYbtOrZ7d1lv2mUcVTiCEzgDF66gCbfQgjZgeIRneIU348l4Md6Nj6K1YpQzh/CnjM8fVx6XHg==</latexit><latexit sha1_base64="Kp2i6aEShrJFCq7LiZY8e/g/GJQ=">AAACBXicbVDLSsNAFL2pr1pfUZe6CBbBjSGpgi4LblxWsA9oQ5hMJ+3QySTMTIQSunHjr7hxoYhb/8Gdf+M0yUJbLwzncM693LknSBiVynG+jcrK6tr6RnWztrW9s7tn7h90ZJwKTNo4ZrHoBUgSRjlpK6oY6SWCoChgpBtMbuZ+94EISWN+r6YJ8SI04jSkGCkt+eZxY5CMqd84z8EpwC3gwjfrju3kZS0TtyR1KKvlm1+DYYzTiHCFGZKy7zqJ8jIkFMWMzGqDVJIE4Qkakb6mHEVEell+xcw61crQCmOhH1dWrv6eyFAk5TQKdGeE1FguenPxP6+fqvDayyhPUkU4LhaFKbNUbM0jsYZUEKzYVBOEBdV/tfAYCYSVDq6mQ3AXT14mnYbtOrZ7d1lv2mUcVTiCEzgDF66gCbfQgjZgeIRneIU348l4Md6Nj6K1YpQzh/CnjM8fVx6XHg==</latexit>

2φ0 − φ2
<latexit sha1_base64="HxWeLpolWCQYaHADApqDdKoC454=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgxmGmCLosuHFZwT6gHUsmzbShmUxIMkoZ+h9uXCji1n9x59+YTmehrQcu93DOveTmhJIzbTzv2ymtrW9sbpW3Kzu7e/sH1cOjtk5SRWiLJDxR3RBrypmgLcMMp12pKI5DTjvh5Gbudx6p0iwR92YqaRDjkWARI9hY6aHel2M28C7yVh9Ua57r5UCrxC9IDQo0B9Wv/jAhaUyFIRxr3fM9aYIMK8MIp7NKP9VUYjLBI9qzVOCY6iDLr56hM6sMUZQoW8KgXP29keFY62kc2skYm7Fe9ubif14vNdF1kDEhU0MFWTwUpRyZBM0jQEOmKDF8agkmitlbERljhYmxQVVsCP7yl1dJu+76nuvfXdYabhFHGU7gFM7BhytowC00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AUiaRqw==</latexit><latexit sha1_base64="HxWeLpolWCQYaHADApqDdKoC454=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgxmGmCLosuHFZwT6gHUsmzbShmUxIMkoZ+h9uXCji1n9x59+YTmehrQcu93DOveTmhJIzbTzv2ymtrW9sbpW3Kzu7e/sH1cOjtk5SRWiLJDxR3RBrypmgLcMMp12pKI5DTjvh5Gbudx6p0iwR92YqaRDjkWARI9hY6aHel2M28C7yVh9Ua57r5UCrxC9IDQo0B9Wv/jAhaUyFIRxr3fM9aYIMK8MIp7NKP9VUYjLBI9qzVOCY6iDLr56hM6sMUZQoW8KgXP29keFY62kc2skYm7Fe9ubif14vNdF1kDEhU0MFWTwUpRyZBM0jQEOmKDF8agkmitlbERljhYmxQVVsCP7yl1dJu+76nuvfXdYabhFHGU7gFM7BhytowC00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AUiaRqw==</latexit><latexit sha1_base64="HxWeLpolWCQYaHADApqDdKoC454=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgxmGmCLosuHFZwT6gHUsmzbShmUxIMkoZ+h9uXCji1n9x59+YTmehrQcu93DOveTmhJIzbTzv2ymtrW9sbpW3Kzu7e/sH1cOjtk5SRWiLJDxR3RBrypmgLcMMp12pKI5DTjvh5Gbudx6p0iwR92YqaRDjkWARI9hY6aHel2M28C7yVh9Ua57r5UCrxC9IDQo0B9Wv/jAhaUyFIRxr3fM9aYIMK8MIp7NKP9VUYjLBI9qzVOCY6iDLr56hM6sMUZQoW8KgXP29keFY62kc2skYm7Fe9ubif14vNdF1kDEhU0MFWTwUpRyZBM0jQEOmKDF8agkmitlbERljhYmxQVVsCP7yl1dJu+76nuvfXdYabhFHGU7gFM7BhytowC00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AUiaRqw==</latexit><latexit sha1_base64="HxWeLpolWCQYaHADApqDdKoC454=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgxmGmCLosuHFZwT6gHUsmzbShmUxIMkoZ+h9uXCji1n9x59+YTmehrQcu93DOveTmhJIzbTzv2ymtrW9sbpW3Kzu7e/sH1cOjtk5SRWiLJDxR3RBrypmgLcMMp12pKI5DTjvh5Gbudx6p0iwR92YqaRDjkWARI9hY6aHel2M28C7yVh9Ua57r5UCrxC9IDQo0B9Wv/jAhaUyFIRxr3fM9aYIMK8MIp7NKP9VUYjLBI9qzVOCY6iDLr56hM6sMUZQoW8KgXP29keFY62kc2skYm7Fe9ubif14vNdF1kDEhU0MFWTwUpRyZBM0jQEOmKDF8agkmitlbERljhYmxQVVsCP7yl1dJu+76nuvfXdYabhFHGU7gFM7BhytowC00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AUiaRqw==</latexit>

φ1 − φ0
<latexit sha1_base64="rAvi7od6hLtY99ypqJC2UMjKfw4=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4MSQi6LHgxWMF+wFtKJvtpl262cTdSaGE/g4vHhTx6o/x5r9x2+agrQ+Gebw3w86+MJXCoOd9O2vrG5tb26Wd8u7e/sFh5ei4aZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3c381phrIxL1iJOUBzEdKBEJRtFKQTcdip5/OW9er1L1XG8Oskr8glShQL1X+er2E5bFXCGT1JiO76UY5FSjYJJPy93M8JSyER3wjqWKxtwE+fzoKTm3Sp9EibalkMzV3xs5jY2ZxKGdjCkOzbI3E//zOhlGt0EuVJohV2zxUJRJggmZJUD6QnOGcmIJZVrYWwkbUk0Z2pzKNgR/+curpHnl+p7rP1xXa24RRwlO4QwuwIcbqME91KEBDJ7gGV7hzRk7L86787EYXXOKnRP4A+fzB91MkW4=</latexit><latexit sha1_base64="rAvi7od6hLtY99ypqJC2UMjKfw4=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4MSQi6LHgxWMF+wFtKJvtpl262cTdSaGE/g4vHhTx6o/x5r9x2+agrQ+Gebw3w86+MJXCoOd9O2vrG5tb26Wd8u7e/sFh5ei4aZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3c381phrIxL1iJOUBzEdKBEJRtFKQTcdip5/OW9er1L1XG8Oskr8glShQL1X+er2E5bFXCGT1JiO76UY5FSjYJJPy93M8JSyER3wjqWKxtwE+fzoKTm3Sp9EibalkMzV3xs5jY2ZxKGdjCkOzbI3E//zOhlGt0EuVJohV2zxUJRJggmZJUD6QnOGcmIJZVrYWwkbUk0Z2pzKNgR/+curpHnl+p7rP1xXa24RRwlO4QwuwIcbqME91KEBDJ7gGV7hzRk7L86787EYXXOKnRP4A+fzB91MkW4=</latexit><latexit sha1_base64="rAvi7od6hLtY99ypqJC2UMjKfw4=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4MSQi6LHgxWMF+wFtKJvtpl262cTdSaGE/g4vHhTx6o/x5r9x2+agrQ+Gebw3w86+MJXCoOd9O2vrG5tb26Wd8u7e/sFh5ei4aZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3c381phrIxL1iJOUBzEdKBEJRtFKQTcdip5/OW9er1L1XG8Oskr8glShQL1X+er2E5bFXCGT1JiO76UY5FSjYJJPy93M8JSyER3wjqWKxtwE+fzoKTm3Sp9EibalkMzV3xs5jY2ZxKGdjCkOzbI3E//zOhlGt0EuVJohV2zxUJRJggmZJUD6QnOGcmIJZVrYWwkbUk0Z2pzKNgR/+curpHnl+p7rP1xXa24RRwlO4QwuwIcbqME91KEBDJ7gGV7hzRk7L86787EYXXOKnRP4A+fzB91MkW4=</latexit><latexit sha1_base64="rAvi7od6hLtY99ypqJC2UMjKfw4=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4MSQi6LHgxWMF+wFtKJvtpl262cTdSaGE/g4vHhTx6o/x5r9x2+agrQ+Gebw3w86+MJXCoOd9O2vrG5tb26Wd8u7e/sFh5ei4aZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3c381phrIxL1iJOUBzEdKBEJRtFKQTcdip5/OW9er1L1XG8Oskr8glShQL1X+er2E5bFXCGT1JiO76UY5FSjYJJPy93M8JSyER3wjqWKxtwE+fzoKTm3Sp9EibalkMzV3xs5jY2ZxKGdjCkOzbI3E//zOhlGt0EuVJohV2zxUJRJggmZJUD6QnOGcmIJZVrYWwkbUk0Z2pzKNgR/+curpHnl+p7rP1xXa24RRwlO4QwuwIcbqME91KEBDJ7gGV7hzRk7L86787EYXXOKnRP4A+fzB91MkW4=</latexit>

φ1 + φ4 − φ3 − φ5
<latexit sha1_base64="EaHJaDGYGtGh3vQ87DiWZnDQAXA=">AAACBHicbVDLSsNAFL3xWesr6rKbwSIIYkhsRZcFNy4r2Ae0IUymk3bo5MHMRCihCzf+ihsXirj1I9z5N07TLLT1wnAO59zLnXv8hDOpbPvbWFldW9/YLG2Vt3d29/bNg8O2jFNBaIvEPBZdH0vKWURbiilOu4mgOPQ57fjjm5nfeaBCsji6V5OEuiEeRixgBCsteWaln4yY55zlUD/PoTaHS8+s2padF1omTkGqUFTTM7/6g5ikIY0U4VjKnmMnys2wUIxwOi33U0kTTMZ4SHuaRjik0s3yI6boRCsDFMRCv0ihXP09keFQykno684Qq5Fc9Gbif14vVcG1m7EoSRWNyHxRkHKkYjRLBA2YoETxiSaYCKb/isgIC0yUzq2sQ3AWT14m7QvLqVnOXb3asIo4SlCBYzgFB66gAbfQhBYQeIRneIU348l4Md6Nj3nrilHMHMGfMj5/AOljluo=</latexit>

2φ1 − φ4
<latexit sha1_base64="ijQpNkDjqp7s8GkILl+Zt+5B/AE=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgxpDUgi4LblxWsA9oY5lMJ+3QySTMTJQS+h9uXCji1n9x5984SbPQ1gOXezjnXubO8WPOlHacb6u0tr6xuVXeruzs7u0fVA+POipKJKFtEvFI9nysKGeCtjXTnPZiSXHoc9r1pzeZ332kUrFI3OtZTL0QjwULGMHaSA/1QTxhQ/cib41htebYTg60StyC1KBAa1j9GowikoRUaMKxUn3XibWXYqkZ4XReGSSKxphM8Zj2DRU4pMpL86vn6MwoIxRE0pTQKFd/b6Q4VGoW+mYyxHqilr1M/M/rJzq49lIm4kRTQRYPBQlHOkJZBGjEJCWazwzBRDJzKyITLDHRJqiKCcFd/vIq6dRt99J27xq1pl3EUYYTOIVzcOEKmnALLWgDAQnP8Apv1pP1Yr1bH4vRklXsHMMfWJ8/V7WRsQ==</latexit>

φ0 + φ2
<latexit sha1_base64="jMmppqZE30zxJdAGWhBgp1gpaa0=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBEEYZipgi4LblxWsA9oh5JJM21okhmTTKEM/Q43LhRx68e4829Mp7PQ1gOXezjnXnJzwoQzbTzv21lb39jc2i7tlHf39g8OK0fHLR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD8d3cb0+o0iyWj2aa0EDgoWQRI9hYKeglI9b3LvNW61eqnuvlQKvEL0gVCjT6la/eICapoNIQjrXu+l5iggwrwwins3Iv1TTBZIyHtGupxILqIMuPnqFzqwxQFCtb0qBc/b2RYaH1VIR2UmAz0sveXPzP66Ymug0yJpPUUEkWD0UpRyZG8wTQgClKDJ9agoli9lZERlhhYmxOZRuCv/zlVdKquf6V6z9cV+tuEUcJTuEMLsCHG6jDPTSgCQSe4Ble4c2ZOC/Ou/OxGF1zip0T+APn8wfcsZFw</latexit>

3φ1
<latexit sha1_base64="QV0WDZNJfJaXnzQ/q6EqyLaNiI4=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbB07JrBT0WvHisYD+gXUo2zbahSTYkWaEs/RFePCji1d/jzX9j2u5BWx8MPN6bYWZerDgzNgi+vdLG5tb2Tnm3srd/cHhUPT5pmzTThLZIylPdjbGhnEnassxy2lWaYhFz2oknd3O/80S1Yal8tFNFI4FHkiWMYOukTr2vxmwQDqq1wA8WQOskLEgNCjQH1a/+MCWZoNISjo3phYGyUY61ZYTTWaWfGaowmeAR7TkqsaAmyhfnztCFU4YoSbUradFC/T2RY2HMVMSuU2A7NqveXPzP62U2uY1yJlVmqSTLRUnGkU3R/Hc0ZJoSy6eOYKKZuxWRMdaYWJdQxYUQrr68TtpXflj3w4frWsMv4ijDGZzDJYRwAw24hya0gMAEnuEV3jzlvXjv3seyteQVM6fwB97nD6mqjw8=</latexit>

3φ0
<latexit sha1_base64="nNkpuXjFgj/PBta9C/ZQmoR8Hbo=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbB07JrBT0WvHisYD+gXUo2zbahSTYkWaEs/RFePCji1d/jzX9j2u5BWx8MPN6bYWZerDgzNgi+vdLG5tb2Tnm3srd/cHhUPT5pmzTThLZIylPdjbGhnEnassxy2lWaYhFz2oknd3O/80S1Yal8tFNFI4FHkiWMYOukTr2vxmwQDKq1wA8WQOskLEgNCjQH1a/+MCWZoNISjo3phYGyUY61ZYTTWaWfGaowmeAR7TkqsaAmyhfnztCFU4YoSbUradFC/T2RY2HMVMSuU2A7NqveXPzP62U2uY1yJlVmqSTLRUnGkU3R/Hc0ZJoSy6eOYKKZuxWRMdaYWJdQxYUQrr68TtpXflj3w4frWsMv4ijDGZzDJYRwAw24hya0gMAEnuEV3jzlvXjv3seyteQVM6fwB97nD6gmjw4=</latexit>

φ6 − φ5 −m1
<latexit sha1_base64="2xwqS4A8V8tbNrW/L2eyaQc8p00=">AAAB+nicbVC7TsMwFHXKq5RXCiOLRYXE0ijhPVZiYSwSfUhtFDmu01q1nch2QFXop7AwgBArX8LG3+CmGaDlSFf36Jx75esTJowq7brfVmlldW19o7xZ2dre2d2zq/ttFacSkxaOWSy7IVKEUUFammpGuokkiIeMdMLxzczvPBCpaCzu9SQhPkdDQSOKkTZSYFf7yYgGl/W8XdR54AV2zXXcHHCZeAWpgQLNwP7qD2KcciI0Zkipnucm2s+Q1BQzMq30U0UShMdoSHqGCsSJ8rP89Ck8NsoARrE0JTTM1d8bGeJKTXhoJjnSI7XozcT/vF6qo2s/oyJJNRF4/lCUMqhjOMsBDqgkWLOJIQhLam6FeIQkwtqkVTEheItfXibtU8c7c7y781rDKeIog0NwBE6AB65AA9yCJmgBDB7BM3gFb9aT9WK9Wx/z0ZJV7ByAP7A+fwDRV5L+</latexit>

m1 −m2
<latexit sha1_base64="zchNBqoKSSQ0zY5ZprN1AzHGLuQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyFpBT0WvHisYD+gDWGz3bRLdzdhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmRSln2njet1Pa2Nza3invVvb2Dw6PqscnHZ1kitA2SXiiehHWlDNJ24YZTnupolhEnHajyd3c7z5RpVkiH800pYHAI8liRrCxUleE/pUI62G15rneAmid+AWpQYFWWP0aDBOSCSoN4Vjrvu+lJsixMoxwOqsMMk1TTCZ4RPuWSiyoDvLFuTN0YZUhihNlSxq0UH9P5FhoPRWR7RTYjPWqNxf/8/qZiW+DnMk0M1SS5aI448gkaP47GjJFieFTSzBRzN6KyBgrTIxNqGJD8FdfXieduus3XP/hutZ0izjKcAbncAk+3EAT7qEFbSAwgWd4hTcndV6cd+dj2VpyiplT+APn8wdUkI7X</latexit>

m2 −m3
<latexit sha1_base64="mF9CZ/bJwD5rcAWbX4TDYucCr6s=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyFpBT0WvHisYD+gDWGz3bRLdzdhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmRSln2njet1Pa2Nza3invVvb2Dw6PqscnHZ1kitA2SXiiehHWlDNJ24YZTnupolhEnHajyd3c7z5RpVkiH800pYHAI8liRrCxUleE9SsRNsJqzXO9BdA68QtSgwKtsPo1GCYkE1QawrHWfd9LTZBjZRjhdFYZZJqmmEzwiPYtlVhQHeSLc2fowipDFCfKljRoof6eyLHQeioi2ymwGetVby7+5/UzE98GOZNpZqgky0VxxpFJ0Px3NGSKEsOnlmCimL0VkTFWmBibUMWG4K++vE46dddvuP7Dda3pFnGU4QzO4RJ8uIEm3EML2kBgAs/wCm9O6rw4787HsrXkFDOn8AfO5w9XnI7Z</latexit>

m3 −m4
<latexit sha1_base64="EWJwcJziPoNi7IoFWsqsf5JPEwM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyGxBT0WvHisYD+gDWGz3bRLdzdhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmRSln2njet1Pa2Nza3invVvb2Dw6PqscnHZ1kitA2SXiiehHWlDNJ24YZTnupolhEnHajyd3c7z5RpVkiH800pYHAI8liRrCxUleE9SsRNsJqzXO9BdA68QtSgwKtsPo1GCYkE1QawrHWfd9LTZBjZRjhdFYZZJqmmEzwiPYtlVhQHeSLc2fowipDFCfKljRoof6eyLHQeioi2ymwGetVby7+5/UzE98GOZNpZqgky0VxxpFJ0Px3NGSKEsOnlmCimL0VkTFWmBibUMWG4K++vE46165fd/2HRq3pFnGU4QzO4RJ8uIEm3EML2kBgAs/wCm9O6rw4787HsrXkFDOn8AfO5w9aqI7b</latexit>

m4 −m5
<latexit sha1_base64="CzAFlFic1eWnPYKnOB9wOIxO4rc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyHRih4LXjxWsB/QhrDZbtqlu5uwuxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzopQzbTzv2ymtrW9sbpW3Kzu7e/sH1cOjtk4yRWiLJDxR3QhrypmkLcMMp91UUSwiTjvR+G7md56o0iyRj2aS0kDgoWQxI9hYqSPC+oUIr8NqzXO9OdAq8QtSgwLNsPrVHyQkE1QawrHWPd9LTZBjZRjhdFrpZ5qmmIzxkPYslVhQHeTzc6fozCoDFCfKljRorv6eyLHQeiIi2ymwGellbyb+5/UyE98GOZNpZqgki0VxxpFJ0Ox3NGCKEsMnlmCimL0VkRFWmBibUMWG4C+/vEral65/5foP9VrDLeIowwmcwjn4cAMNuIcmtIDAGJ7hFd6c1Hlx3p2PRWvJKWaO4Q+czx9dtI7d</latexit>

m5
<latexit sha1_base64="j8IKSev1WJxfGEFgHAhhEOqXqe0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgadn1gR4DXjxGNCaQLGF2MpsMmccyMyuEJZ/gxYMiXv0ib/6Nk2QPmljQUFR1090Vp5wZGwTfXmlldW19o7xZ2dre2d2r7h88GpVpQptEcaXbMTaUM0mblllO26mmWMSctuLRzdRvPVFtmJIPdpzSSOCBZAkj2DrpXvQue9Va4AczoGUSFqQGBRq96le3r0gmqLSEY2M6YZDaKMfaMsLppNLNDE0xGeEB7TgqsaAmymenTtCJU/ooUdqVtGim/p7IsTBmLGLXKbAdmkVvKv7ndTKbXEc5k2lmqSTzRUnGkVVo+jfqM02J5WNHMNHM3YrIEGtMrEun4kIIF19eJo9nfnjuh3cXtbpfxFGGIziGUwjhCupwCw1oAoEBPMMrvHnce/HevY95a8krZg7hD7zPH/vnjYg=</latexit>
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Figure 9. (a) The elliptic threefold for the 6d SO(12) theory with 5 fundamentals and a 1/2 spinor.

(b) The 5-brane web dual to the geometry in (a).

We can compare this geometry against our brane web configuration. For this, we use the

brane web in figure 9(b) which can be obtained from the diagram in figure 8(c) by a series

of flop transitions as well as brane moves discussed in appendix A.

A collection of internal faces in a 5-brane web can be identified with compact Kähler

surfaces in the dual geometry. In the case at hand, the internal faces of the 5-brane web

in figure 9(b) can be associated with the surfaces Si in the geometry as follows:

F1|0 = 1© , F2
3|1 = 1©+ 2 · 7©+ 8© , F1|2 = 2© , F3|3 = 3© ,

F1
5|4 = 4© , F7|5 = 5©+ 9© , F10

6 |6 = 5©+ 2 · 6© . (3.5)

The 2-cycles in the geometry can also be identified with internal edges in a 5-brane web.

For example, all the fiber classes f |Si are identified with the edges denoted by Wi’s, which

give rise to W-bosons in the low energy field theory. We note that the charges of the 7

fiber classes form the Cartan matrix of the affine SO(12) gauge algebra as

vol(f |S0 , f |S1 , f |S2 , f |S3 , f |S4 , f |S5 , f |S6) =




2 0 −1 0 0 0 0

0 2 −1 0 0 0 0

−1 −1 2 −1 0 0 0

0 0 −1 2 −1 0 0

0 0 0 −1 2 −1 −1

0 0 0 0 −1 2 0

0 0 0 0 −1 0 2




·




φ0
φ1
φ2
φ3
φ4
φ5
φ6




, (3.6)

which is expected for SO(12) gauge algebra. The edge between compact faces 1© and 2© is

identified with the gluing curve of C|S0 = e and C|S2 = e between S0 and S2 whose volume
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is vol(c) = φ0 +φ2. With this identification, lengths of internal edges in the brane web are

fixed by the volumes of the associated 2-cycles in terms of the Kähler parameters φi (also

mi for non-compact Kähler parameters) and the result is written on the brane diagram

in figure 9(b). The areas of the internal compact faces of the 5-brane web in figure 9(b),
∂FSO(12)

∂φi
(i = 0, · · · , 6), are then given by

T 1© =
1

2
(4φ0+φ2)(2φ0−φ2) ,

T 1©+2 7©+ 8© =
1

2
(6φ21−3φ22−2φ23−φ24−2φ25+2φ2(φ1+φ3)+2φ4(−φ1+φ3+φ5)) ,

T 2© =
1

2
(4φ2+φ0−φ1−φ3)(2φ2−φ0−φ1−φ3) ,

T 3© =
1

2
(2φ3−φ2−φ4)(4φ3−2φ1+3φ2−3φ4) ,

T 4© =
1

2
(−φ21−5φ23+7φ24+5φ25+4φ26+2φ1(φ3+φ5)

+10φ5φ6+2φ4(3φ3−φ1−7φ5−6φ6)),

T 5©+ 9© =
1

2
(2φ5−φ4)(4φ5−2φ1+7φ4−10φ6) ,

T 5©+2 6© =−3φ24−5φ25−φ26+φ4(5φ5+4φ6) . (3.7)

The result perfectly agrees with the volumes of compact surfaces which come from first

derivatives of the triple intersection numbers with respect to φi in the threefold of the

SO(12) theory given in equation (3.4). This strongly supports our proposal of the 5-brane

web for the 6d SO(12) SCFT on a −3 curve, given in figure 9(b).

SO(11) gauge theory. We shall now Higgs the above brane diagram for the 6d SO(12)

theory to obtain the brane configurations for a family of 6d SCFTs on −3 curve. Our first

example is the Higgsing to the 6d SCFT of SO(11) gauge symmetry with 4 fundamental

hypermultiplets and a 1/2 spinor hypermultiplet. As the Higgs branch opens up in the

massless limit at certain subspace in the Coulomb moduli, this Higgsing is achieved by

bringing the top internal and the top external D5-branes together toward the top orientifold

5-brane in figure 9(b). This is a standard Higgsing procedure from SO(2N) to SO(2N − 1)

in a 5-brane web, where a hypermultiplet in the fundamental representation of SO(2N)

becomes massless. In other words, we set the masses (or heights of D5-branes) as

φ6 − φ5 = m5 = 0 , (3.8)

in the 5-brane web given in figure 9(b). This leads to the 5-brane configuration in fig-

ure 10(b). We claim that this brane configuration implements the 6d SCFT with SO(11)

gauge symmetry coupled to 4 fundamental hypers and a 1/2 spinor hyper.

The resolved CY3 geometry for this theory is given in [15], which is summarized in

figure 10(a). From the intersection structure of 6 compact surfaces Si, i = 0, 1, · · · , 5, we

compute the cubic prepotential for this geometry

6FSO(11) = 8φ30 + 6φ31 + 8φ32 + 8φ33 + 7φ34 − 24φ35 − 3φ20φ2 − 3φ0φ
2
2 − 9φ1φ

2
2 + 3φ21φ2

− 6φ1φ
2
3 − 3φ21φ4 − 3φ1φ

2
4 − 6φ1φ

2
5 − 9φ22φ3 + 3φ2φ

2
3 − 15φ23φ4 + 9φ3φ

2
4

− 39φ24φ5 + 57φ4φ
2
5 + 6φ1φ2φ3 + 6φ1φ3φ4 + 6φ1φ4φ5 . (3.9)
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2φ5 − φ4
<latexit sha1_base64="KO1o5qjwmHAvOEjesOWdmSEkmFc=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgxpC0FV0W3LisYB/QxjKZTtqhk0mYmSgl9D/cuFDErf/izr9xmmahrQcu93DOvcyd48ecKe0431ZhbX1jc6u4XdrZ3ds/KB8etVWUSEJbJOKR7PpYUc4EbWmmOe3GkuLQ57TjT27mfueRSsUica+nMfVCPBIsYARrIz1U+/GYDS4vslYflCuO7WRAq8TNSQVyNAflr/4wIklIhSYcK9VznVh7KZaaEU5npX6iaIzJBI9oz1CBQ6q8NLt6hs6MMkRBJE0JjTL190aKQ6WmoW8mQ6zHatmbi/95vUQH117KRJxoKsjioSDhSEdoHgEaMkmJ5lNDMJHM3IrIGEtMtAmqZEJwl7+8StpV263Z7l290rDzOIpwAqdwDi5cQQNuoQktICDhGV7hzXqyXqx362MxWrDynWP4A+vzB13hkbU=</latexit>

2φ3 − φ2 − φ4
<latexit sha1_base64="Fyp9eCnEYrROtr4iAK2IsEZdzLM=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIbixJLeiy4MZlBfuANoTJdNIOnUzCzEQooeCvuHGhiFu/w51/4zTNQlsPDPdwzr3cOydIOFPacb6t0tr6xuZWebuys7u3f2AfHnVUnEpC2yTmsewFWFHOBG1rpjntJZLiKOC0G0xu5373kUrFYvGgpwn1IjwSLGQEayP59kl9kIyZf3WZl/qiNHy76tScHGiVuAWpQoGWb38NhjFJIyo04Vipvusk2suw1IxwOqsMUkUTTCZ4RPuGChxR5WX5+TN0bpQhCmNpntAoV39PZDhSahoFpjPCeqyWvbn4n9dPdXjjZUwkqaaCLBaFKUc6RvMs0JBJSjSfGoKJZOZWRMZYYqJNYhUTgrv85VXSqddcp+beN6rNWhFHGU7hDC7AhWtowh20oA0EMniGV3iznqwX6936WLSWrGLmGP7A+vwBj7iUgg==</latexit><latexit sha1_base64="Fyp9eCnEYrROtr4iAK2IsEZdzLM=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIbixJLeiy4MZlBfuANoTJdNIOnUzCzEQooeCvuHGhiFu/w51/4zTNQlsPDPdwzr3cOydIOFPacb6t0tr6xuZWebuys7u3f2AfHnVUnEpC2yTmsewFWFHOBG1rpjntJZLiKOC0G0xu5373kUrFYvGgpwn1IjwSLGQEayP59kl9kIyZf3WZl/qiNHy76tScHGiVuAWpQoGWb38NhjFJIyo04Vipvusk2suw1IxwOqsMUkUTTCZ4RPuGChxR5WX5+TN0bpQhCmNpntAoV39PZDhSahoFpjPCeqyWvbn4n9dPdXjjZUwkqaaCLBaFKUc6RvMs0JBJSjSfGoKJZOZWRMZYYqJNYhUTgrv85VXSqddcp+beN6rNWhFHGU7hDC7AhWtowh20oA0EMniGV3iznqwX6936WLSWrGLmGP7A+vwBj7iUgg==</latexit><latexit sha1_base64="Fyp9eCnEYrROtr4iAK2IsEZdzLM=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIbixJLeiy4MZlBfuANoTJdNIOnUzCzEQooeCvuHGhiFu/w51/4zTNQlsPDPdwzr3cOydIOFPacb6t0tr6xuZWebuys7u3f2AfHnVUnEpC2yTmsewFWFHOBG1rpjntJZLiKOC0G0xu5373kUrFYvGgpwn1IjwSLGQEayP59kl9kIyZf3WZl/qiNHy76tScHGiVuAWpQoGWb38NhjFJIyo04Vipvusk2suw1IxwOqsMUkUTTCZ4RPuGChxR5WX5+TN0bpQhCmNpntAoV39PZDhSahoFpjPCeqyWvbn4n9dPdXjjZUwkqaaCLBaFKUc6RvMs0JBJSjSfGoKJZOZWRMZYYqJNYhUTgrv85VXSqddcp+beN6rNWhFHGU7hDC7AhWtowh20oA0EMniGV3iznqwX6936WLSWrGLmGP7A+vwBj7iUgg==</latexit><latexit sha1_base64="Fyp9eCnEYrROtr4iAK2IsEZdzLM=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIbixJLeiy4MZlBfuANoTJdNIOnUzCzEQooeCvuHGhiFu/w51/4zTNQlsPDPdwzr3cOydIOFPacb6t0tr6xuZWebuys7u3f2AfHnVUnEpC2yTmsewFWFHOBG1rpjntJZLiKOC0G0xu5373kUrFYvGgpwn1IjwSLGQEayP59kl9kIyZf3WZl/qiNHy76tScHGiVuAWpQoGWb38NhjFJIyo04Vipvusk2suw1IxwOqsMUkUTTCZ4RPuGChxR5WX5+TN0bpQhCmNpntAoV39PZDhSahoFpjPCeqyWvbn4n9dPdXjjZUwkqaaCLBaFKUc6RvMs0JBJSjSfGoKJZOZWRMZYYqJNYhUTgrv85VXSqddcp+beN6rNWhFHGU7hDC7AhWtowh20oA0EMniGV3iznqwX6936WLSWrGLmGP7A+vwBj7iUgg==</latexit>

2φ2 − φ0 − φ1 − φ3
<latexit sha1_base64="Kp2i6aEShrJFCq7LiZY8e/g/GJQ=">AAACBXicbVDLSsNAFL2pr1pfUZe6CBbBjSGpgi4LblxWsA9oQ5hMJ+3QySTMTIQSunHjr7hxoYhb/8Gdf+M0yUJbLwzncM693LknSBiVynG+jcrK6tr6RnWztrW9s7tn7h90ZJwKTNo4ZrHoBUgSRjlpK6oY6SWCoChgpBtMbuZ+94EISWN+r6YJ8SI04jSkGCkt+eZxY5CMqd84z8EpwC3gwjfrju3kZS0TtyR1KKvlm1+DYYzTiHCFGZKy7zqJ8jIkFMWMzGqDVJIE4Qkakb6mHEVEell+xcw61crQCmOhH1dWrv6eyFAk5TQKdGeE1FguenPxP6+fqvDayyhPUkU4LhaFKbNUbM0jsYZUEKzYVBOEBdV/tfAYCYSVDq6mQ3AXT14mnYbtOrZ7d1lv2mUcVTiCEzgDF66gCbfQgjZgeIRneIU348l4Md6Nj6K1YpQzh/CnjM8fVx6XHg==</latexit><latexit sha1_base64="Kp2i6aEShrJFCq7LiZY8e/g/GJQ=">AAACBXicbVDLSsNAFL2pr1pfUZe6CBbBjSGpgi4LblxWsA9oQ5hMJ+3QySTMTIQSunHjr7hxoYhb/8Gdf+M0yUJbLwzncM693LknSBiVynG+jcrK6tr6RnWztrW9s7tn7h90ZJwKTNo4ZrHoBUgSRjlpK6oY6SWCoChgpBtMbuZ+94EISWN+r6YJ8SI04jSkGCkt+eZxY5CMqd84z8EpwC3gwjfrju3kZS0TtyR1KKvlm1+DYYzTiHCFGZKy7zqJ8jIkFMWMzGqDVJIE4Qkakb6mHEVEell+xcw61crQCmOhH1dWrv6eyFAk5TQKdGeE1FguenPxP6+fqvDayyhPUkU4LhaFKbNUbM0jsYZUEKzYVBOEBdV/tfAYCYSVDq6mQ3AXT14mnYbtOrZ7d1lv2mUcVTiCEzgDF66gCbfQgjZgeIRneIU348l4Md6Nj6K1YpQzh/CnjM8fVx6XHg==</latexit><latexit sha1_base64="Kp2i6aEShrJFCq7LiZY8e/g/GJQ=">AAACBXicbVDLSsNAFL2pr1pfUZe6CBbBjSGpgi4LblxWsA9oQ5hMJ+3QySTMTIQSunHjr7hxoYhb/8Gdf+M0yUJbLwzncM693LknSBiVynG+jcrK6tr6RnWztrW9s7tn7h90ZJwKTNo4ZrHoBUgSRjlpK6oY6SWCoChgpBtMbuZ+94EISWN+r6YJ8SI04jSkGCkt+eZxY5CMqd84z8EpwC3gwjfrju3kZS0TtyR1KKvlm1+DYYzTiHCFGZKy7zqJ8jIkFMWMzGqDVJIE4Qkakb6mHEVEell+xcw61crQCmOhH1dWrv6eyFAk5TQKdGeE1FguenPxP6+fqvDayyhPUkU4LhaFKbNUbM0jsYZUEKzYVBOEBdV/tfAYCYSVDq6mQ3AXT14mnYbtOrZ7d1lv2mUcVTiCEzgDF66gCbfQgjZgeIRneIU348l4Md6Nj6K1YpQzh/CnjM8fVx6XHg==</latexit><latexit sha1_base64="Kp2i6aEShrJFCq7LiZY8e/g/GJQ=">AAACBXicbVDLSsNAFL2pr1pfUZe6CBbBjSGpgi4LblxWsA9oQ5hMJ+3QySTMTIQSunHjr7hxoYhb/8Gdf+M0yUJbLwzncM693LknSBiVynG+jcrK6tr6RnWztrW9s7tn7h90ZJwKTNo4ZrHoBUgSRjlpK6oY6SWCoChgpBtMbuZ+94EISWN+r6YJ8SI04jSkGCkt+eZxY5CMqd84z8EpwC3gwjfrju3kZS0TtyR1KKvlm1+DYYzTiHCFGZKy7zqJ8jIkFMWMzGqDVJIE4Qkakb6mHEVEell+xcw61crQCmOhH1dWrv6eyFAk5TQKdGeE1FguenPxP6+fqvDayyhPUkU4LhaFKbNUbM0jsYZUEKzYVBOEBdV/tfAYCYSVDq6mQ3AXT14mnYbtOrZ7d1lv2mUcVTiCEzgDF66gCbfQgjZgeIRneIU348l4Md6Nj6K1YpQzh/CnjM8fVx6XHg==</latexit>

2φ0 − φ2
<latexit sha1_base64="HxWeLpolWCQYaHADApqDdKoC454=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgxmGmCLosuHFZwT6gHUsmzbShmUxIMkoZ+h9uXCji1n9x59+YTmehrQcu93DOveTmhJIzbTzv2ymtrW9sbpW3Kzu7e/sH1cOjtk5SRWiLJDxR3RBrypmgLcMMp12pKI5DTjvh5Gbudx6p0iwR92YqaRDjkWARI9hY6aHel2M28C7yVh9Ua57r5UCrxC9IDQo0B9Wv/jAhaUyFIRxr3fM9aYIMK8MIp7NKP9VUYjLBI9qzVOCY6iDLr56hM6sMUZQoW8KgXP29keFY62kc2skYm7Fe9ubif14vNdF1kDEhU0MFWTwUpRyZBM0jQEOmKDF8agkmitlbERljhYmxQVVsCP7yl1dJu+76nuvfXdYabhFHGU7gFM7BhytowC00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AUiaRqw==</latexit><latexit sha1_base64="HxWeLpolWCQYaHADApqDdKoC454=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgxmGmCLosuHFZwT6gHUsmzbShmUxIMkoZ+h9uXCji1n9x59+YTmehrQcu93DOveTmhJIzbTzv2ymtrW9sbpW3Kzu7e/sH1cOjtk5SRWiLJDxR3RBrypmgLcMMp12pKI5DTjvh5Gbudx6p0iwR92YqaRDjkWARI9hY6aHel2M28C7yVh9Ua57r5UCrxC9IDQo0B9Wv/jAhaUyFIRxr3fM9aYIMK8MIp7NKP9VUYjLBI9qzVOCY6iDLr56hM6sMUZQoW8KgXP29keFY62kc2skYm7Fe9ubif14vNdF1kDEhU0MFWTwUpRyZBM0jQEOmKDF8agkmitlbERljhYmxQVVsCP7yl1dJu+76nuvfXdYabhFHGU7gFM7BhytowC00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AUiaRqw==</latexit><latexit sha1_base64="HxWeLpolWCQYaHADApqDdKoC454=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgxmGmCLosuHFZwT6gHUsmzbShmUxIMkoZ+h9uXCji1n9x59+YTmehrQcu93DOveTmhJIzbTzv2ymtrW9sbpW3Kzu7e/sH1cOjtk5SRWiLJDxR3RBrypmgLcMMp12pKI5DTjvh5Gbudx6p0iwR92YqaRDjkWARI9hY6aHel2M28C7yVh9Ua57r5UCrxC9IDQo0B9Wv/jAhaUyFIRxr3fM9aYIMK8MIp7NKP9VUYjLBI9qzVOCY6iDLr56hM6sMUZQoW8KgXP29keFY62kc2skYm7Fe9ubif14vNdF1kDEhU0MFWTwUpRyZBM0jQEOmKDF8agkmitlbERljhYmxQVVsCP7yl1dJu+76nuvfXdYabhFHGU7gFM7BhytowC00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AUiaRqw==</latexit><latexit sha1_base64="HxWeLpolWCQYaHADApqDdKoC454=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgxmGmCLosuHFZwT6gHUsmzbShmUxIMkoZ+h9uXCji1n9x59+YTmehrQcu93DOveTmhJIzbTzv2ymtrW9sbpW3Kzu7e/sH1cOjtk5SRWiLJDxR3RBrypmgLcMMp12pKI5DTjvh5Gbudx6p0iwR92YqaRDjkWARI9hY6aHel2M28C7yVh9Ua57r5UCrxC9IDQo0B9Wv/jAhaUyFIRxr3fM9aYIMK8MIp7NKP9VUYjLBI9qzVOCY6iDLr56hM6sMUZQoW8KgXP29keFY62kc2skYm7Fe9ubif14vNdF1kDEhU0MFWTwUpRyZBM0jQEOmKDF8agkmitlbERljhYmxQVVsCP7yl1dJu+76nuvfXdYabhFHGU7gFM7BhytowC00oQUEFDzDK7w5T86L8+58LEZLTrFzDH/gfP4AUiaRqw==</latexit>

φ1 − φ0
<latexit sha1_base64="rAvi7od6hLtY99ypqJC2UMjKfw4=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4MSQi6LHgxWMF+wFtKJvtpl262cTdSaGE/g4vHhTx6o/x5r9x2+agrQ+Gebw3w86+MJXCoOd9O2vrG5tb26Wd8u7e/sFh5ei4aZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3c381phrIxL1iJOUBzEdKBEJRtFKQTcdip5/OW9er1L1XG8Oskr8glShQL1X+er2E5bFXCGT1JiO76UY5FSjYJJPy93M8JSyER3wjqWKxtwE+fzoKTm3Sp9EibalkMzV3xs5jY2ZxKGdjCkOzbI3E//zOhlGt0EuVJohV2zxUJRJggmZJUD6QnOGcmIJZVrYWwkbUk0Z2pzKNgR/+curpHnl+p7rP1xXa24RRwlO4QwuwIcbqME91KEBDJ7gGV7hzRk7L86787EYXXOKnRP4A+fzB91MkW4=</latexit><latexit sha1_base64="rAvi7od6hLtY99ypqJC2UMjKfw4=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4MSQi6LHgxWMF+wFtKJvtpl262cTdSaGE/g4vHhTx6o/x5r9x2+agrQ+Gebw3w86+MJXCoOd9O2vrG5tb26Wd8u7e/sFh5ei4aZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3c381phrIxL1iJOUBzEdKBEJRtFKQTcdip5/OW9er1L1XG8Oskr8glShQL1X+er2E5bFXCGT1JiO76UY5FSjYJJPy93M8JSyER3wjqWKxtwE+fzoKTm3Sp9EibalkMzV3xs5jY2ZxKGdjCkOzbI3E//zOhlGt0EuVJohV2zxUJRJggmZJUD6QnOGcmIJZVrYWwkbUk0Z2pzKNgR/+curpHnl+p7rP1xXa24RRwlO4QwuwIcbqME91KEBDJ7gGV7hzRk7L86787EYXXOKnRP4A+fzB91MkW4=</latexit><latexit sha1_base64="rAvi7od6hLtY99ypqJC2UMjKfw4=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4MSQi6LHgxWMF+wFtKJvtpl262cTdSaGE/g4vHhTx6o/x5r9x2+agrQ+Gebw3w86+MJXCoOd9O2vrG5tb26Wd8u7e/sFh5ei4aZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3c381phrIxL1iJOUBzEdKBEJRtFKQTcdip5/OW9er1L1XG8Oskr8glShQL1X+er2E5bFXCGT1JiO76UY5FSjYJJPy93M8JSyER3wjqWKxtwE+fzoKTm3Sp9EibalkMzV3xs5jY2ZxKGdjCkOzbI3E//zOhlGt0EuVJohV2zxUJRJggmZJUD6QnOGcmIJZVrYWwkbUk0Z2pzKNgR/+curpHnl+p7rP1xXa24RRwlO4QwuwIcbqME91KEBDJ7gGV7hzRk7L86787EYXXOKnRP4A+fzB91MkW4=</latexit><latexit sha1_base64="rAvi7od6hLtY99ypqJC2UMjKfw4=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4MSQi6LHgxWMF+wFtKJvtpl262cTdSaGE/g4vHhTx6o/x5r9x2+agrQ+Gebw3w86+MJXCoOd9O2vrG5tb26Wd8u7e/sFh5ei4aZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3c381phrIxL1iJOUBzEdKBEJRtFKQTcdip5/OW9er1L1XG8Oskr8glShQL1X+er2E5bFXCGT1JiO76UY5FSjYJJPy93M8JSyER3wjqWKxtwE+fzoKTm3Sp9EibalkMzV3xs5jY2ZxKGdjCkOzbI3E//zOhlGt0EuVJohV2zxUJRJggmZJUD6QnOGcmIJZVrYWwkbUk0Z2pzKNgR/+curpHnl+p7rP1xXa24RRwlO4QwuwIcbqME91KEBDJ7gGV7hzRk7L86787EYXXOKnRP4A+fzB91MkW4=</latexit>

3φ0
<latexit sha1_base64="nNkpuXjFgj/PBta9C/ZQmoR8Hbo=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbB07JrBT0WvHisYD+gXUo2zbahSTYkWaEs/RFePCji1d/jzX9j2u5BWx8MPN6bYWZerDgzNgi+vdLG5tb2Tnm3srd/cHhUPT5pmzTThLZIylPdjbGhnEnassxy2lWaYhFz2oknd3O/80S1Yal8tFNFI4FHkiWMYOukTr2vxmwQDKq1wA8WQOskLEgNCjQH1a/+MCWZoNISjo3phYGyUY61ZYTTWaWfGaowmeAR7TkqsaAmyhfnztCFU4YoSbUradFC/T2RY2HMVMSuU2A7NqveXPzP62U2uY1yJlVmqSTLRUnGkU3R/Hc0ZJoSy6eOYKKZuxWRMdaYWJdQxYUQrr68TtpXflj3w4frWsMv4ijDGZzDJYRwAw24hya0gMAEnuEV3jzlvXjv3seyteQVM6fwB97nD6gmjw4=</latexit>

m1 −m2
<latexit sha1_base64="zchNBqoKSSQ0zY5ZprN1AzHGLuQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyFpBT0WvHisYD+gDWGz3bRLdzdhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmRSln2njet1Pa2Nza3invVvb2Dw6PqscnHZ1kitA2SXiiehHWlDNJ24YZTnupolhEnHajyd3c7z5RpVkiH800pYHAI8liRrCxUleE/pUI62G15rneAmid+AWpQYFWWP0aDBOSCSoN4Vjrvu+lJsixMoxwOqsMMk1TTCZ4RPuWSiyoDvLFuTN0YZUhihNlSxq0UH9P5FhoPRWR7RTYjPWqNxf/8/qZiW+DnMk0M1SS5aI448gkaP47GjJFieFTSzBRzN6KyBgrTIxNqGJD8FdfXieduus3XP/hutZ0izjKcAbncAk+3EAT7qEFbSAwgWd4hTcndV6cd+dj2VpyiplT+APn8wdUkI7X</latexit>

m2 −m3
<latexit sha1_base64="mF9CZ/bJwD5rcAWbX4TDYucCr6s=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyFpBT0WvHisYD+gDWGz3bRLdzdhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmRSln2njet1Pa2Nza3invVvb2Dw6PqscnHZ1kitA2SXiiehHWlDNJ24YZTnupolhEnHajyd3c7z5RpVkiH800pYHAI8liRrCxUleE9SsRNsJqzXO9BdA68QtSgwKtsPo1GCYkE1QawrHWfd9LTZBjZRjhdFYZZJqmmEzwiPYtlVhQHeSLc2fowipDFCfKljRoof6eyLHQeioi2ymwGetVby7+5/UzE98GOZNpZqgky0VxxpFJ0Px3NGSKEsOnlmCimL0VkTFWmBibUMWG4K++vE46dddvuP7Dda3pFnGU4QzO4RJ8uIEm3EML2kBgAs/wCm9O6rw4787HsrXkFDOn8AfO5w9XnI7Z</latexit>

m3 −m4
<latexit sha1_base64="EWJwcJziPoNi7IoFWsqsf5JPEwM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyGxBT0WvHisYD+gDWGz3bRLdzdhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmRSln2njet1Pa2Nza3invVvb2Dw6PqscnHZ1kitA2SXiiehHWlDNJ24YZTnupolhEnHajyd3c7z5RpVkiH800pYHAI8liRrCxUleE9SsRNsJqzXO9BdA68QtSgwKtsPo1GCYkE1QawrHWfd9LTZBjZRjhdFYZZJqmmEzwiPYtlVhQHeSLc2fowipDFCfKljRoof6eyLHQeioi2ymwGetVby7+5/UzE98GOZNpZqgky0VxxpFJ0Px3NGSKEsOnlmCimL0VkTFWmBibUMWG4K++vE46165fd/2HRq3pFnGU4QzO4RJ8uIEm3EML2kBgAs/wCm9O6rw4787HsrXkFDOn8AfO5w9aqI7b</latexit>

2φ5 − φ4 −m1
<latexit sha1_base64="m10o+ZBU0ECe21U4E4ZUD1RgR5s=">AAAB+3icbVC7TsMwFHXKq5RXKCOLRYXE0igpRTBWYmEsEn1IbRQ5rtNatZ3IdhBV1F9hYQAhVn6Ejb/BTTNAy5Gu7tE598rXJ0wYVdp1v63SxubW9k55t7K3f3B4ZB9XuypOJSYdHLNY9kOkCKOCdDTVjPQTSRAPGemF09uF33skUtFYPOhZQnyOxoJGFCNtpMCuNobJhAZX9bw16zzwArvmOm4OuE68gtRAgXZgfw1HMU45ERozpNTAcxPtZ0hqihmZV4apIgnCUzQmA0MF4kT5WX77HJ4bZQSjWJoSGubq740McaVmPDSTHOmJWvUW4n/eINXRjZ9RkaSaCLx8KEoZ1DFcBAFHVBKs2cwQhCU1t0I8QRJhbeKqmBC81S+vk27D8S4d775ZazlFHGVwCs7ABfDANWiBO9AGHYDBE3gGr+DNmlsv1rv1sRwtWcXOCfgD6/MHQoyTOA==</latexit>

2φ4 − φ3 − 2φ5
<latexit sha1_base64="2J0sOWbf2J6Vwj54cKOs+ntWyLg=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFcNMy01Z0WXDjsoJ9QDsMmTTThmYeJBmhjF34K25cKOLW33Dn35hOZ6GtB0JOzrmXe3O8mDOpLOvbKKytb2xuFbdLO7t7+wfm4VFHRokgtE0iHomehyXlLKRtxRSnvVhQHHicdr3JzdzvPlAhWRTeq2lMnQCPQuYzgpWWXPOkNojHzG1UsqteWTwvXbNsVa0MaJXYOSlDjpZrfg2GEUkCGirCsZR924qVk2KhGOF0VhokksaYTPCI9jUNcUClk2b7z9C5VobIj4Q+oUKZ+rsjxYGU08DTlQFWY7nszcX/vH6i/GsnZWGcKBqSxSA/4UhFaB4GGjJBieJTTTARTO+KyBgLTJSOrKRDsJe/vEo6tapdr9p3jXKzmsdRhFM4gwuw4QqacAstaAOBR3iGV3gznowX4934WJQWjLznGP7A+PwBDG6UxA==</latexit>

m4
<latexit sha1_base64="MccrEAhFDYyitMfwksnjzIzLS2c=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeCF48V7Ae0oWy2m3bp7ibsToQS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeEEth0XW/ndLG5tb2Tnm3srd/cHhUPT7p2CgxjLdZJCPTC6jlUmjeRoGS92LDqQok7wbTu9zvPnFjRaQfcRZzX9GxFqFgFHNJDRuVYbXm1t0FyDrxClKDAq1h9WswiliiuEYmqbV9z43RT6lBwSSfVwaJ5TFlUzrm/Yxqqrj108Wtc3KRKSMSRiYrjWSh/p5IqbJ2poKsU1Gc2FUvF//z+gmGt34qdJwg12y5KEwkwYjkj5ORMJyhnGWEMiOyWwmbUEMZZvHkIXirL6+TzlXdu657D41as17EUYYzOIdL8OAGmnAPLWgDgwk8wyu8Ocp5cd6dj2VrySlmTuEPnM8fL4KNmw==</latexit>

φ0 + φ2
<latexit sha1_base64="jMmppqZE30zxJdAGWhBgp1gpaa0=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBEEYZipgi4LblxWsA9oh5JJM21okhmTTKEM/Q43LhRx68e4829Mp7PQ1gOXezjnXnJzwoQzbTzv21lb39jc2i7tlHf39g8OK0fHLR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD8d3cb0+o0iyWj2aa0EDgoWQRI9hYKeglI9b3LvNW61eqnuvlQKvEL0gVCjT6la/eICapoNIQjrXu+l5iggwrwwins3Iv1TTBZIyHtGupxILqIMuPnqFzqwxQFCtb0qBc/b2RYaH1VIR2UmAz0sveXPzP66Ymug0yJpPUUEkWD0UpRyZG8wTQgClKDJ9agoli9lZERlhhYmxOZRuCv/zlVdKquf6V6z9cV+tuEUcJTuEMLsCHG6jDPTSgCQSe4Ble4c2ZOC/Ou/OxGF1zip0T+APn8wfcsZFw</latexit>
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Figure 10. (a) The elliptic threefold for the 6d SO(11) theory with 4 fundamentals and a 1/2

spinor hyper. (b) A dual brane web for (a).

We can identify our 5-brane configuration with this geometry. The relation between

the compact Kähler surfaces in geometry and the internal faces in the brane diagram is

given by

F1|0 = 1© , F2
3|1 = 1©+ 2 · 7©+ 8© , F1|2 = 2© ,

F3|3 = 3© , F1
5|4 = 4© , F13,4|5 = 2 · 5©+ 6© . (3.10)

This relation can be checked by comparing the monopole string tensions with respect to

the Kähler parameters φi. In the brane configuration, the monopole string tensions (or the

areas of the internal faces) are

T 1© =
1

2
(4φ0 + φ2)(2φ0 − φ2) ,

T 1©+2 7©+ 8© =
1

2
(6φ21−3φ22−2φ23−φ24−2φ25+2φ2(φ1+φ3)−2φ4(φ1−φ3−φ5)) ,

T 2© =
1

2
(4φ2+φ0−φ1−φ3)(2φ2−φ0−φ1−φ3) ,

T 3© =
1

2
(2φ3−φ2−φ4)(4φ3−2φ1+3φ2−3φ4) , (3.11)

T 4© =
1

2
(−φ21−5φ23+7φ24+19φ25+2φ1(φ3+φ5) + 2φ4(−φ1+3φ3−13φ5)) ,

T2 5©+ 6© =
1

2
(φ4−2φ5)(2φ1−13φ4+12φ5).

As expected, these tensions agree with the volumes of Kähler surfaces in the geometry.

SO(10) gauge theory. Next, we will Higgs this 6d SO(11) theory down to the 6d SCFT

of SO(10) gauge symmetry with 3 fundamentals and one spinor hyper. Similarly to the
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2φ3 − φ2 − φ4
<latexit sha1_base64="Fyp9eCnEYrROtr4iAK2IsEZdzLM=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIbixJLeiy4MZlBfuANoTJdNIOnUzCzEQooeCvuHGhiFu/w51/4zTNQlsPDPdwzr3cOydIOFPacb6t0tr6xuZWebuys7u3f2AfHnVUnEpC2yTmsewFWFHOBG1rpjntJZLiKOC0G0xu5373kUrFYvGgpwn1IjwSLGQEayP59kl9kIyZf3WZl/qiNHy76tScHGiVuAWpQoGWb38NhjFJIyo04Vipvusk2suw1IxwOqsMUkUTTCZ4RPuGChxR5WX5+TN0bpQhCmNpntAoV39PZDhSahoFpjPCeqyWvbn4n9dPdXjjZUwkqaaCLBaFKUc6RvMs0JBJSjSfGoKJZOZWRMZYYqJNYhUTgrv85VXSqddcp+beN6rNWhFHGU7hDC7AhWtowh20oA0EMniGV3iznqwX6936WLSWrGLmGP7A+vwBj7iUgg==</latexit><latexit sha1_base64="Fyp9eCnEYrROtr4iAK2IsEZdzLM=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIbixJLeiy4MZlBfuANoTJdNIOnUzCzEQooeCvuHGhiFu/w51/4zTNQlsPDPdwzr3cOydIOFPacb6t0tr6xuZWebuys7u3f2AfHnVUnEpC2yTmsewFWFHOBG1rpjntJZLiKOC0G0xu5373kUrFYvGgpwn1IjwSLGQEayP59kl9kIyZf3WZl/qiNHy76tScHGiVuAWpQoGWb38NhjFJIyo04Vipvusk2suw1IxwOqsMUkUTTCZ4RPuGChxR5WX5+TN0bpQhCmNpntAoV39PZDhSahoFpjPCeqyWvbn4n9dPdXjjZUwkqaaCLBaFKUc6RvMs0JBJSjSfGoKJZOZWRMZYYqJNYhUTgrv85VXSqddcp+beN6rNWhFHGU7hDC7AhWtowh20oA0EMniGV3iznqwX6936WLSWrGLmGP7A+vwBj7iUgg==</latexit><latexit sha1_base64="Fyp9eCnEYrROtr4iAK2IsEZdzLM=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIbixJLeiy4MZlBfuANoTJdNIOnUzCzEQooeCvuHGhiFu/w51/4zTNQlsPDPdwzr3cOydIOFPacb6t0tr6xuZWebuys7u3f2AfHnVUnEpC2yTmsewFWFHOBG1rpjntJZLiKOC0G0xu5373kUrFYvGgpwn1IjwSLGQEayP59kl9kIyZf3WZl/qiNHy76tScHGiVuAWpQoGWb38NhjFJIyo04Vipvusk2suw1IxwOqsMUkUTTCZ4RPuGChxR5WX5+TN0bpQhCmNpntAoV39PZDhSahoFpjPCeqyWvbn4n9dPdXjjZUwkqaaCLBaFKUc6RvMs0JBJSjSfGoKJZOZWRMZYYqJNYhUTgrv85VXSqddcp+beN6rNWhFHGU7hDC7AhWtowh20oA0EMniGV3iznqwX6936WLSWrGLmGP7A+vwBj7iUgg==</latexit><latexit sha1_base64="Fyp9eCnEYrROtr4iAK2IsEZdzLM=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIbixJLeiy4MZlBfuANoTJdNIOnUzCzEQooeCvuHGhiFu/w51/4zTNQlsPDPdwzr3cOydIOFPacb6t0tr6xuZWebuys7u3f2AfHnVUnEpC2yTmsewFWFHOBG1rpjntJZLiKOC0G0xu5373kUrFYvGgpwn1IjwSLGQEayP59kl9kIyZf3WZl/qiNHy76tScHGiVuAWpQoGWb38NhjFJIyo04Vipvusk2suw1IxwOqsMUkUTTCZ4RPuGChxR5WX5+TN0bpQhCmNpntAoV39PZDhSahoFpjPCeqyWvbn4n9dPdXjjZUwkqaaCLBaFKUc6RvMs0JBJSjSfGoKJZOZWRMZYYqJNYhUTgrv85VXSqddcp+beN6rNWhFHGU7hDC7AhWtowh20oA0EMniGV3iznqwX6936WLSWrGLmGP7A+vwBj7iUgg==</latexit>

2φ2 − φ0 − φ1 − φ3
<latexit sha1_base64="Kp2i6aEShrJFCq7LiZY8e/g/GJQ=">AAACBXicbVDLSsNAFL2pr1pfUZe6CBbBjSGpgi4LblxWsA9oQ5hMJ+3QySTMTIQSunHjr7hxoYhb/8Gdf+M0yUJbLwzncM693LknSBiVynG+jcrK6tr6RnWztrW9s7tn7h90ZJwKTNo4ZrHoBUgSRjlpK6oY6SWCoChgpBtMbuZ+94EISWN+r6YJ8SI04jSkGCkt+eZxY5CMqd84z8EpwC3gwjfrju3kZS0TtyR1KKvlm1+DYYzTiHCFGZKy7zqJ8jIkFMWMzGqDVJIE4Qkakb6mHEVEell+xcw61crQCmOhH1dWrv6eyFAk5TQKdGeE1FguenPxP6+fqvDayyhPUkU4LhaFKbNUbM0jsYZUEKzYVBOEBdV/tfAYCYSVDq6mQ3AXT14mnYbtOrZ7d1lv2mUcVTiCEzgDF66gCbfQgjZgeIRneIU348l4Md6Nj6K1YpQzh/CnjM8fVx6XHg==</latexit><latexit sha1_base64="Kp2i6aEShrJFCq7LiZY8e/g/GJQ=">AAACBXicbVDLSsNAFL2pr1pfUZe6CBbBjSGpgi4LblxWsA9oQ5hMJ+3QySTMTIQSunHjr7hxoYhb/8Gdf+M0yUJbLwzncM693LknSBiVynG+jcrK6tr6RnWztrW9s7tn7h90ZJwKTNo4ZrHoBUgSRjlpK6oY6SWCoChgpBtMbuZ+94EISWN+r6YJ8SI04jSkGCkt+eZxY5CMqd84z8EpwC3gwjfrju3kZS0TtyR1KKvlm1+DYYzTiHCFGZKy7zqJ8jIkFMWMzGqDVJIE4Qkakb6mHEVEell+xcw61crQCmOhH1dWrv6eyFAk5TQKdGeE1FguenPxP6+fqvDayyhPUkU4LhaFKbNUbM0jsYZUEKzYVBOEBdV/tfAYCYSVDq6mQ3AXT14mnYbtOrZ7d1lv2mUcVTiCEzgDF66gCbfQgjZgeIRneIU348l4Md6Nj6K1YpQzh/CnjM8fVx6XHg==</latexit><latexit sha1_base64="Kp2i6aEShrJFCq7LiZY8e/g/GJQ=">AAACBXicbVDLSsNAFL2pr1pfUZe6CBbBjSGpgi4LblxWsA9oQ5hMJ+3QySTMTIQSunHjr7hxoYhb/8Gdf+M0yUJbLwzncM693LknSBiVynG+jcrK6tr6RnWztrW9s7tn7h90ZJwKTNo4ZrHoBUgSRjlpK6oY6SWCoChgpBtMbuZ+94EISWN+r6YJ8SI04jSkGCkt+eZxY5CMqd84z8EpwC3gwjfrju3kZS0TtyR1KKvlm1+DYYzTiHCFGZKy7zqJ8jIkFMWMzGqDVJIE4Qkakb6mHEVEell+xcw61crQCmOhH1dWrv6eyFAk5TQKdGeE1FguenPxP6+fqvDayyhPUkU4LhaFKbNUbM0jsYZUEKzYVBOEBdV/tfAYCYSVDq6mQ3AXT14mnYbtOrZ7d1lv2mUcVTiCEzgDF66gCbfQgjZgeIRneIU348l4Md6Nj6K1YpQzh/CnjM8fVx6XHg==</latexit><latexit sha1_base64="Kp2i6aEShrJFCq7LiZY8e/g/GJQ=">AAACBXicbVDLSsNAFL2pr1pfUZe6CBbBjSGpgi4LblxWsA9oQ5hMJ+3QySTMTIQSunHjr7hxoYhb/8Gdf+M0yUJbLwzncM693LknSBiVynG+jcrK6tr6RnWztrW9s7tn7h90ZJwKTNo4ZrHoBUgSRjlpK6oY6SWCoChgpBtMbuZ+94EISWN+r6YJ8SI04jSkGCkt+eZxY5CMqd84z8EpwC3gwjfrju3kZS0TtyR1KKvlm1+DYYzTiHCFGZKy7zqJ8jIkFMWMzGqDVJIE4Qkakb6mHEVEell+xcw61crQCmOhH1dWrv6eyFAk5TQKdGeE1FguenPxP6+fqvDayyhPUkU4LhaFKbNUbM0jsYZUEKzYVBOEBdV/tfAYCYSVDq6mQ3AXT14mnYbtOrZ7d1lv2mUcVTiCEzgDF66gCbfQgjZgeIRneIU348l4Md6Nj6K1YpQzh/CnjM8fVx6XHg==</latexit>

φ1 − φ0
<latexit sha1_base64="rAvi7od6hLtY99ypqJC2UMjKfw4=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4MSQi6LHgxWMF+wFtKJvtpl262cTdSaGE/g4vHhTx6o/x5r9x2+agrQ+Gebw3w86+MJXCoOd9O2vrG5tb26Wd8u7e/sFh5ei4aZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3c381phrIxL1iJOUBzEdKBEJRtFKQTcdip5/OW9er1L1XG8Oskr8glShQL1X+er2E5bFXCGT1JiO76UY5FSjYJJPy93M8JSyER3wjqWKxtwE+fzoKTm3Sp9EibalkMzV3xs5jY2ZxKGdjCkOzbI3E//zOhlGt0EuVJohV2zxUJRJggmZJUD6QnOGcmIJZVrYWwkbUk0Z2pzKNgR/+curpHnl+p7rP1xXa24RRwlO4QwuwIcbqME91KEBDJ7gGV7hzRk7L86787EYXXOKnRP4A+fzB91MkW4=</latexit><latexit sha1_base64="rAvi7od6hLtY99ypqJC2UMjKfw4=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4MSQi6LHgxWMF+wFtKJvtpl262cTdSaGE/g4vHhTx6o/x5r9x2+agrQ+Gebw3w86+MJXCoOd9O2vrG5tb26Wd8u7e/sFh5ei4aZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3c381phrIxL1iJOUBzEdKBEJRtFKQTcdip5/OW9er1L1XG8Oskr8glShQL1X+er2E5bFXCGT1JiO76UY5FSjYJJPy93M8JSyER3wjqWKxtwE+fzoKTm3Sp9EibalkMzV3xs5jY2ZxKGdjCkOzbI3E//zOhlGt0EuVJohV2zxUJRJggmZJUD6QnOGcmIJZVrYWwkbUk0Z2pzKNgR/+curpHnl+p7rP1xXa24RRwlO4QwuwIcbqME91KEBDJ7gGV7hzRk7L86787EYXXOKnRP4A+fzB91MkW4=</latexit><latexit sha1_base64="rAvi7od6hLtY99ypqJC2UMjKfw4=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4MSQi6LHgxWMF+wFtKJvtpl262cTdSaGE/g4vHhTx6o/x5r9x2+agrQ+Gebw3w86+MJXCoOd9O2vrG5tb26Wd8u7e/sFh5ei4aZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3c381phrIxL1iJOUBzEdKBEJRtFKQTcdip5/OW9er1L1XG8Oskr8glShQL1X+er2E5bFXCGT1JiO76UY5FSjYJJPy93M8JSyER3wjqWKxtwE+fzoKTm3Sp9EibalkMzV3xs5jY2ZxKGdjCkOzbI3E//zOhlGt0EuVJohV2zxUJRJggmZJUD6QnOGcmIJZVrYWwkbUk0Z2pzKNgR/+curpHnl+p7rP1xXa24RRwlO4QwuwIcbqME91KEBDJ7gGV7hzRk7L86787EYXXOKnRP4A+fzB91MkW4=</latexit><latexit sha1_base64="rAvi7od6hLtY99ypqJC2UMjKfw4=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4MSQi6LHgxWMF+wFtKJvtpl262cTdSaGE/g4vHhTx6o/x5r9x2+agrQ+Gebw3w86+MJXCoOd9O2vrG5tb26Wd8u7e/sFh5ei4aZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3c381phrIxL1iJOUBzEdKBEJRtFKQTcdip5/OW9er1L1XG8Oskr8glShQL1X+er2E5bFXCGT1JiO76UY5FSjYJJPy93M8JSyER3wjqWKxtwE+fzoKTm3Sp9EibalkMzV3xs5jY2ZxKGdjCkOzbI3E//zOhlGt0EuVJohV2zxUJRJggmZJUD6QnOGcmIJZVrYWwkbUk0Z2pzKNgR/+curpHnl+p7rP1xXa24RRwlO4QwuwIcbqME91KEBDJ7gGV7hzRk7L86787EYXXOKnRP4A+fzB91MkW4=</latexit>

m1 −m2
<latexit sha1_base64="zchNBqoKSSQ0zY5ZprN1AzHGLuQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyFpBT0WvHisYD+gDWGz3bRLdzdhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmRSln2njet1Pa2Nza3invVvb2Dw6PqscnHZ1kitA2SXiiehHWlDNJ24YZTnupolhEnHajyd3c7z5RpVkiH800pYHAI8liRrCxUleE/pUI62G15rneAmid+AWpQYFWWP0aDBOSCSoN4Vjrvu+lJsixMoxwOqsMMk1TTCZ4RPuWSiyoDvLFuTN0YZUhihNlSxq0UH9P5FhoPRWR7RTYjPWqNxf/8/qZiW+DnMk0M1SS5aI448gkaP47GjJFieFTSzBRzN6KyBgrTIxNqGJD8FdfXieduus3XP/hutZ0izjKcAbncAk+3EAT7qEFbSAwgWd4hTcndV6cd+dj2VpyiplT+APn8wdUkI7X</latexit>

m2 −m3
<latexit sha1_base64="mF9CZ/bJwD5rcAWbX4TDYucCr6s=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyFpBT0WvHisYD+gDWGz3bRLdzdhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmRSln2njet1Pa2Nza3invVvb2Dw6PqscnHZ1kitA2SXiiehHWlDNJ24YZTnupolhEnHajyd3c7z5RpVkiH800pYHAI8liRrCxUleE9SsRNsJqzXO9BdA68QtSgwKtsPo1GCYkE1QawrHWfd9LTZBjZRjhdFYZZJqmmEzwiPYtlVhQHeSLc2fowipDFCfKljRoof6eyLHQeioi2ymwGetVby7+5/UzE98GOZNpZqgky0VxxpFJ0Px3NGSKEsOnlmCimL0VkTFWmBibUMWG4K++vE46dddvuP7Dda3pFnGU4QzO4RJ8uIEm3EML2kBgAs/wCm9O6rw4787HsrXkFDOn8AfO5w9XnI7Z</latexit>

φ0 + φ2
<latexit sha1_base64="jMmppqZE30zxJdAGWhBgp1gpaa0=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBEEYZipgi4LblxWsA9oh5JJM21okhmTTKEM/Q43LhRx68e4829Mp7PQ1gOXezjnXnJzwoQzbTzv21lb39jc2i7tlHf39g8OK0fHLR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD8d3cb0+o0iyWj2aa0EDgoWQRI9hYKeglI9b3LvNW61eqnuvlQKvEL0gVCjT6la/eICapoNIQjrXu+l5iggwrwwins3Iv1TTBZIyHtGupxILqIMuPnqFzqwxQFCtb0qBc/b2RYaH1VIR2UmAz0sveXPzP66Ymug0yJpPUUEkWD0UpRyZG8wTQgClKDJ9agoli9lZERlhhYmxOZRuCv/zlVdKquf6V6z9cV+tuEUcJTuEMLsCHG6jDPTSgCQSe4Ble4c2ZOC/Ou/OxGF1zip0T+APn8wfcsZFw</latexit>

φ5 − φ4
<latexit sha1_base64="A/PGZ8bQJTVkJzletIU1bcYu4nI=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgxpBoRZcFNy4r2Ae0oUymk3boZBJnJoUS+h1uXCji1o9x5984SbPQ1gOXezjnXubO8WPOlHacb6u0tr6xuVXeruzs7u0fVA+P2ipKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJ3eZ35lSqVgkHvUspl6IR4IFjGBtJK8fj9ng+iJv9UG15thODrRK3ILUoEBzUP3qDyOShFRowrFSPdeJtZdiqRnhdF7pJ4rGmEzwiPYMFTikykvzo+fozChDFETSlNAoV39vpDhUahb6ZjLEeqyWvUz8z+slOrj1UibiRFNBFg8FCUc6QlkCaMgkJZrPDMFEMnMrImMsMdEmp4oJwV3+8ippX9rule0+1GsNu4ijDCdwCufgwg004B6a0AICT/AMr/BmTa0X6936WIyWrGLnGP7A+vwB6oSReQ==</latexit>

2m4
<latexit sha1_base64="qP+0PsMUbVLQrHw0HwbjKMh3Yfo=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0hqoR4LXjxWsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzwoQzbTzv2yltbe/s7pX3KweHR8cn1dOzro5TRWiHxDxW/RBrypmkHcMMp/1EUSxCTnvh7C73e09UaRbLRzNPaCDwRLKIEWxyqS5GjVG15rneEmiT+AWpQYH2qPo1HMckFVQawrHWA99LTJBhZRjhdFEZppommMzwhA4slVhQHWTLWxfoyipjFMXKljRoqf6eyLDQei5C2ymwmep1Lxf/8wapiW6DjMkkNVSS1aIo5cjEKH8cjZmixPC5JZgoZm9FZIoVJsbGU7Eh+Osvb5Ju3fVvXP+hUWu5RRxluIBLuAYfmtCCe2hDBwhM4Rle4c0Rzovz7nysWktOMXMOf+B8/gBruI3D</latexit>

φ5 − φ1 −m4
<latexit sha1_base64="t7p0c6EbwFG5UslRGo26hCjCjCo=">AAAB+nicbVC7TsMwFHXKq5RXCiOLRYXE0iiBIhgrsTAWiT6kNooc12mt2k5kO6Aq9FNYGECIlS9h429w0wzQcqSre3TOvfL1CRNGlXbdb6u0tr6xuVXeruzs7u0f2NXDjopTiUkbxyyWvRApwqggbU01I71EEsRDRrrh5Gbudx+IVDQW93qaEJ+jkaARxUgbKbCrg2RMg8t63rw6DxqBXXMdNwdcJV5BaqBAK7C/BsMYp5wIjRlSqu+5ifYzJDXFjMwqg1SRBOEJGpG+oQJxovwsP30GT40yhFEsTQkNc/X3Roa4UlMemkmO9Fgte3PxP6+f6ujaz6hIUk0EXjwUpQzqGM5zgEMqCdZsagjCkppbIR4jibA2aVVMCN7yl1dJ59zxLhzvrlFrOkUcZXAMTsAZ8MAVaIJb0AJtgMEjeAav4M16sl6sd+tjMVqyip0j8AfW5w/ONJL8</latexit>

φ5 − φ4 −m1
<latexit sha1_base64="ZYFQYLlYUFtyUzZfjqgIF45fa3s=">AAAB+nicbVC7TsMwFHXKq5RXCiOLRYXE0iiBIhgrsTAWiT6kNooc12mt2k5kO6Aq9FNYGECIlS9h429w0wzQcqSre3TOvfL1CRNGlXbdb6u0tr6xuVXeruzs7u0f2NXDjopTiUkbxyyWvRApwqggbU01I71EEsRDRrrh5Gbudx+IVDQW93qaEJ+jkaARxUgbKbCrg2RMg8t63hp1HniBXXMdNwdcJV5BaqBAK7C/BsMYp5wIjRlSqu+5ifYzJDXFjMwqg1SRBOEJGpG+oQJxovwsP30GT40yhFEsTQkNc/X3Roa4UlMemkmO9Fgte3PxP6+f6ujaz6hIUk0EXjwUpQzqGM5zgEMqCdZsagjCkppbIR4jibA2aVVMCN7yl1dJ59zxLhzvrlFrOkUcZXAMTsAZ8MAVaIJb0AJtgMEjeAav4M16sl6sd+tjMVqyip0j8AfW5w/OQJL8</latexit>

2φ4 − φ3
<latexit sha1_base64="fgq5lO4KZiXZ03hDUsSXkD6RI3k=">AAAB9XicbVDLSsNAFL2pr1ofrbp0M1gEN4akLeiy4MZlBfuANpbJdNIOnUzCzEQpof/hxoUibv0Xd/6N0zQLbT1wuYdz7mXuHD/mTGnH+bYKG5tb2zvF3dLe/sFhuXJ03FFRIgltk4hHsudjRTkTtK2Z5rQXS4pDn9OuP71Z+N1HKhWLxL2exdQL8ViwgBGsjfRQG8QTNmxcZq0+rFQd28mA1ombkyrkaA0rX4NRRJKQCk04VqrvOrH2Uiw1I5zOS4NE0RiTKR7TvqECh1R5aXb1HJ0bZYSCSJoSGmXq740Uh0rNQt9MhlhP1Kq3EP/z+okOrr2UiTjRVJDlQ0HCkY7QIgI0YpISzWeGYCKZuRWRCZaYaBNUyYTgrn55nXRqtlu33btGtWnncRThFM7gAly4gibcQgvaQEDCM7zCm/VkvVjv1sdytGDlOyfwB9bnD1rSkbM=</latexit>

2φ1 − φ2
<latexit sha1_base64="pop4zdRFWWGJqbVir7KpIm1vxWk=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBHcOEyqoMuCG5cV7APasWTSTBuayQxJRilD/8ONC0Xc+i/u/BvT6Sy09cDlHs65l9ycIBFcG8/7dlZW19Y3Nktb5e2d3b39ysFhS8epoqxJYxGrTkA0E1yypuFGsE6iGIkCwdrB+Gbmtx+Z0jyW92aSMD8iQ8lDTomx0kOtl4x4H5/nrdavVD3Xy4GWCS5IFQo0+pWv3iCmacSkoYJo3cVeYvyMKMOpYNNyL9UsIXRMhqxrqSQR036WXz1Fp1YZoDBWtqRBufp7IyOR1pMosJMRMSO96M3E/7xuasJrP+MySQ2TdP5QmApkYjSLAA24YtSIiSWEKm5vRXREFKHGBlW2IeDFLy+TVs3FFy6+u6zW3SKOEhzDCZwBhiuowy00oAkUFDzDK7w5T86L8+58zEdXnGLnCP7A+fwBVK2Rrw==</latexit>

m3
<latexit sha1_base64="F89rsbAXpGd3vFq1Q6jkb4GftPM=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgadlVQY8FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvSgU31ve/UWltfWNzq7xd2dnd2z+oHh61TJJpypo0EYnuRMQwwRVrWm4F66SaERkJ1o7GtzO//cS04Yl6tJOUhZIMFY85JdZJD7J/2a/WfM+fA6+SoCA1KNDoV796g4RmkilLBTGmG/ipDXOiLaeCTSu9zLCU0DEZsq6jikhmwnx+6hSfOWWA40S7UhbP1d8TOZHGTGTkOiWxI7PszcT/vG5m45sw5yrNLFN0sSjOBLYJnv2NB1wzasXEEUI1d7diOiKaUOvSqbgQguWXV0nrwgsuveD+qlb3ijjKcAKncA4BXEMd7qABTaAwhGd4hTck0At6Rx+L1hIqZo7hD9DnD/jfjYY=</latexit>

φ1 − φ3 + φ5 +m4
<latexit sha1_base64="ciCfTUU+4hSM108VDDk4GyIthv4=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARhOIwYyu6LLhxWcE+oB2GTJppQ5PMkGSEUurGX3HjQhG3/oU7/8Z0OgttPRDu4Zx7ubknTBhV2nW/rcLK6tr6RnGztLW9s7tn7x+0VJxKTJo4ZrHshEgRRgVpaqoZ6SSSIB4y0g5HNzO//UCkorG41+OE+BwNBI0oRtpIgX3US4Y08M6zUq1k5bLCg1pgl13HzQCXiZeTMsjRCOyvXj/GKSdCY4aU6npuov0JkppiRqalXqpIgvAIDUjXUIE4Uf4ku2AKT43Sh1EszRMaZurviQniSo15aDo50kO16M3E/7xuqqNrf0JFkmoi8HxRlDKoYziLA/apJFizsSEIS2r+CvEQSYS1Ca1kQvAWT14mrQvHqzreXa1cd/I4iuAYnIAz4IErUAe3oAGaAINH8AxewZv1ZL1Y79bHvLVg5TOH4A+szx+P+pWa</latexit>

φ3 − φ1 − φ4 +m4
<latexit sha1_base64="hx0GLooOCHiDYtaeHCfjbPzwaZY=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARBHGYsQVdFty4rGAf0A5DJs20oUlmSDJCGerGX3HjQhG3/oU7/8Z0OgttPRDu4Zx7ubknTBhV2nW/rdLK6tr6RnmzsrW9s7tn7x+0VZxKTFo4ZrHshkgRRgVpaaoZ6SaSIB4y0gnHNzO/80CkorG415OE+BwNBY0oRtpIgX3UT0Y0qF3kxZuX+jkP6oFddR03B1wmXkGqoEAzsL/6gxinnAiNGVKq57mJ9jMkNcWMTCv9VJEE4TEakp6hAnGi/Cy/YApPjTKAUSzNExrm6u+JDHGlJjw0nRzpkVr0ZuJ/Xi/V0bWfUZGkmgg8XxSlDOoYzuKAAyoJ1mxiCMKSmr9CPEISYW1Cq5gQvMWTl0n70vFqjndXrzacIo4yOAYn4Ax44Ao0wC1oghbA4BE8g1fwZj1ZL9a79TFvLVnFzCH4A+vzB5GclZs=</latexit>

φ1 + φ3 − φ2 − φ5 −m4
<latexit sha1_base64="c0+NLGmdsFmhSlXvW1p5uw3ZMUQ=">AAACCHicbVDLSgMxFM34rPU16tKFwSII0jLTVnRZcOOygn1AOwyZNNOGJpkhyQhl6NKNv+LGhSJu/QR3/o3pdBbaeiGcwzn3cnNPEDOqtON8Wyura+sbm4Wt4vbO7t6+fXDYVlEiMWnhiEWyGyBFGBWkpalmpBtLgnjASCcY38z8zgORikbiXk9i4nE0FDSkGGkj+fZJPx5R373IoFbOoDqHyzL3675dcipOVnCZuDkpgbyavv3VH0Q44URozJBSPdeJtZciqSlmZFrsJ4rECI/RkPQMFYgT5aXZIVN4ZpQBDCNpntAwU39PpIgrNeGB6eRIj9SiNxP/83qJDq+9lIo40UTg+aIwYVBHcJYKHFBJsGYTQxCW1PwV4hGSCGuTXdGE4C6evEza1Ypbq7h39VKjksdRAMfgFJwDF1yBBrgFTdACGDyCZ/AK3qwn68V6tz7mrStWPnME/pT1+QNqT5g9</latexit>

➃

➂

➁

➀

➄

➅

➆

➇

(b)

F1

∣∣
0

F1

∣∣
2

F1
3

∣∣
3

ehee

f

F4

∣∣
4

e

F1
3

∣∣
1 F7

4

∣∣
5

h

e
f − x

f − x

e− z

zx

h

h− x

f − xi − yi

(a)

Figure 11. (a) The elliptic threefold for the 6d SO(10) theory with 3 fundamentals and a spinor.

(b) The dual brane web for (a).

previous case, we give a Higgs vev to a fundamental scalar field and take the vev to infinity.

In the brane web, this can be achieved by tuning the mass parameter m4 to zero. The

resulting brane web is given in figure 11(b) (up to an additional flop transition).

The resolved Calabi-Yau threefold for this theory [15] is summarized in figure 11(a).

The cubic prepotential of this threefold is

6FSO(10) = 8φ30 + 7φ31 + 8φ32 + 7φ33 + 8φ34 + φ35 − 3φ20φ2 − 3φ0φ
2
2 − 9φ1φ

2
2 + 3φ21φ2

− 3φ21φ3 − 3φ1φ
2
3 − 3φ21φ5 − 3φ1φ

2
5 − 9φ22φ3 + 3φ2φ

2
3 − 12φ23φ4 + 6φ3φ

2
4

− 15φ23φ5 + 9φ3φ
2
5 − 18φ24φ5 + 6φ1φ2φ3 + 6φ1φ3φ5 + 18φ3φ4φ5 . (3.12)

The map between the compact four-cycles in the geometry and the internal faces in the

brane web is

F1|0 = 1© , F1
3|1 = 1©+ 2 · 7©+ 8© , F1|2 = 2© , F1

3|3 = 3© ,

F4|4 = 4© , F7
4|5 = 4©+ 2 · 5©+ 6© . (3.13)

We can compute the monopole string tensions from the brane web and the results are

T 1© =
1

2
(4φ0+φ2)(2φ0−φ2) ,

T 1©+2 7©+ 8© =
1

2
(7φ21−3φ22−φ23−φ25+2φ1(φ2−φ3−φ5)+2φ3(φ2+φ5)) ,

T 2© =
1

2
(4φ2+φ0−φ1−φ3)(2φ2−φ0−φ1−φ3) ,

T 3© =
1

2
(−φ21−3φ22+7φ23+2φ24+3φ25

+2φ1(φ2−φ3+φ5)+2φ3(φ2−4φ4−5φ5)+6φ4φ5) ,
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Figure 12. (a) The elliptic threefold for the 6d SO(9) theory with 2 fundamentals and a spinor.

(b) A dual brane web to the geometry (a).

T 4© = (2φ4−φ3)(2φ4+2φ3−3φ5) ,

T 4©+2 5©+ 6© =
1

2
(−φ21−5φ23−6φ24+φ25−2φ1φ5+2φ3(φ1+3φ4+3φ5)) , (3.14)

which are in perfect agreement with the volumes of compact Kähler surfaces in the geometry

obtained from the prepotential above.

SO(9) gauge theory. By the same mechanism we can obtain all other 6d SCFTs on a

−3 curve in the RG flow hierarchy. It is hence straightforward to find the brane diagram of

the 6d SCFT on −3 curve with SO(9) gauge symmetry. We pull the top internal and the

top external D5-branes on the left side toward the top orientifold plane. This corresponds

to tuning the distances as m3 = 0 and φ5 − φ4 = 0 followed by a series of flop transitions.

The final diagram is illustrated in figure 12(b). This is the brane web for the 6d SO(9)

gauge theory on −3 curve.

The corresponding CY3 geometry is summarized in figure 12(a) and the prepotential

of this geometry can be obtained from the geometry as

6FSO(9) = 8φ30 + 7φ31 + 8φ32 + 7φ33 − 9φ34 − 3φ20φ2 − 3φ0φ
2
2 − 9φ1φ

2
2 + 3φ21φ2

− 9φ22φ3 + 3φ2φ
2
3 − 3φ21φ3 − 3φ1φ

2
3 − 3φ21φ4 − 3φ1φ

2
4

− 27φ23φ4 + 33φ3φ
2
4 + 6φ1φ2φ3 + 6φ1φ3φ4 . (3.15)

We can associate the geometry and the brane configuration by the map

F1|0 = 1© , F1
3|1 = 1©+ 2 · 6©+ 7© , F1|2 = 2© ,

F1
3|3 = 3© , F1

8,2|4 = 2 · 4©+ 5© . (3.16)
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Figure 13. (a) The elliptic threefold for the 6d SO(8) theory with a fundamental and a spinor and

a conjugate spinor hyper. (b) The dual brane web for the 6d SO(8) theory on a −3 curve.

Note that the geometry in figure 12(a) does not look the same as the geometry for the

6d SO(9) theory on a −3 curve given in [15]. However it turns out that our geometry is

equivalent to the geometry given in [15] up to a flop on the exceptional curve x in F 1
8,2.

The monopole string tensions from the brane configuration are

T 1© =
1

2
(4φ0 + φ2)(2φ0 − φ2) ,

T 1©+2 6©+ 7© =
1

2
(7φ21 − 3φ22 − φ23 − φ24 + 2φ1(φ2 − φ3 − φ4) + 2φ3(φ2 + φ4)) ,

T 2© =
1

2
(4φ2 + φ0 − φ1 − φ3)(2φ2 − φ0 − φ1 − φ3) ,

T 3© =
1

2
(−φ21 − 3φ22 + 7φ23 + 11φ24 + 2φ1(φ2 − φ3 + φ4) + 2φ3(φ2 − 9φ4)) ,

T2 4©+ 5© =
1

2
(−φ21 − 9φ22 − 9φ24 + 2φ1(φ3 − φ4) + 22φ3φ4) . (3.17)

This result also agrees with the volumes of four-cycles in the geometry obtained from the

cubic prepotential above.

SO(8) gauge theory. We can further Higgs the SO(9) theory down to the 6d SCFT

with SO(8) gauge symmetry on a −3 curve. Following the procedure discussed above, we

pull the top external D5-brane toward the orientifold plane by turning off m2. The resulting

brane web after a series of flops is given in figure 13(b). The geometry of the 6d SO(8)

gauge theory on a −3 curve [15] given in figure 13(a). The threefold has the prepotential

6FSO(8) = 8φ30 + 4φ31 + 8φ32 + 8φ33 + 6φ34 − 3φ20φ2 − 3φ0φ
2
2 + 3φ21φ2 − 9φ1φ

2
2

− 6φ1φ
2
3 − 6φ1φ

2
4 − 9φ22φ3 + 3φ2φ

2
3 − 9φ22φ4 + 3φ2φ

2
4 − 6φ23φ4

+ 6φ1φ2φ3 + 6φ1φ2φ4 + 6φ2φ3φ4 . (3.18)
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2φ0 − φ2
<latexit sha1_base64="jRtz2vImgVKe3bowOSCCdkcloao=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBHcOMxUQZcFNy4r2Ae0Y8mkmTY0kwlJRilD/8ONC0Xc+i/u/BvT6Sy09cDlHs65l9ycUHKmjed9Oyura+sbm6Wt8vbO7t5+5eCwpZNUEdokCU9UJ8SaciZo0zDDaUcqiuOQ03Y4vpn57UeqNEvEvZlIGsR4KFjECDZWeqj15Ij1vfO81fqVqud6OdAy8QtShQKNfuWrN0hIGlNhCMdad31PmiDDyjDC6bTcSzWVmIzxkHYtFTimOsjyq6fo1CoDFCXKljAoV39vZDjWehKHdjLGZqQXvZn4n9dNTXQdZEzI1FBB5g9FKUcmQbMI0IApSgyfWIKJYvZWREZYYWJsUGUbgr/45WXSqrn+hevfXVbrbhFHCY7hBM7Ahyuowy00oAkEFDzDK7w5T86L8+58zEdXnGLnCP7A+fwBUyKRrg==</latexit>

3φ0
<latexit sha1_base64="F2b7u/tP3Hb4GfdpKJiVG+Lvuew=">AAAB7nicbVC7SgNBFL0bH4nxFbW0GQyK1bJrCi0DNpYRzAOSJcxOZpMhs7PDzKwQlnyEjYUitv6KrZ3fIPgNTjYpNPHAhcM593LvPaHkTBvP+3QKa+sbm8XSVnl7Z3dvv3Jw2NJJqghtkoQnqhNiTTkTtGmY4bQjFcVxyGk7HF/P/PY9VZol4s5MJA1iPBQsYgQbK7VrPTlifa9fqXqulwOtEn9BqvXi95c8K7w3+pWP3iAhaUyFIRxr3fU9aYIMK8MIp9NyL9VUYjLGQ9q1VOCY6iDLz52iU6sMUJQoW8KgXP09keFY60kc2s4Ym5Fe9mbif143NdFVkDEhU0MFmS+KUo5Mgma/owFTlBg+sQQTxeytiIywwsTYhMo2BH/55VXSunD9muvf2jRcmKMEx3AC5+DDJdThBhrQBAJjeIAneHak8+i8OK/z1oKzmDmCP3DefgBd4JKL</latexit>

➃
➂

➁

➀

➄

➅

φ1 − φ3 −m2
<latexit sha1_base64="F1f0GmBKA2QHgHgrHCOnN61BDrc=">AAAB+nicbVC7TsMwFHXKo6W8UhhZLCoQS6ukHWCsxMJYJPqQ2ihyXKe1ajuR7YCq0E9hYQAhVn6ClY1vQOIbcNMO0HKkq3t0zr3y9QliRpV2nE8rt7a+sZkvbBW3d3b39u3SQVtFicSkhSMWyW6AFGFUkJammpFuLAniASOdYHw58zu3RCoaiRs9iYnH0VDQkGKkjeTbpX48or5byVq9wv2ab5edqpMBrhJ3QcqN/PdXfJp7b/r2R38Q4YQToTFDSvVcJ9ZeiqSmmJFpsZ8oEiM8RkPSM1QgTpSXZqdP4YlRBjCMpCmhYab+3kgRV2rCAzPJkR6pZW8m/uf1Eh1eeCkVcaKJwPOHwoRBHcFZDnBAJcGaTQxBWFJzK8QjJBHWJq2iCcFd/vIqadeqbr3qXps0qmCOAjgCx+AMuOAcNMAVaIIWwOAOPIAn8GzdW4/Wi/U6H81Zi51D8AfW2w99upZ1</latexit>

φ3 − φ1 +m1
<latexit sha1_base64="6FRWOr4pPkSl6rvNdgxjgM0f/uA=">AAAB+nicbVDLSgMxFM3UR2t9TXXpZrAogjhM7EKXBTcuK9gHtMOQSTNtaJIZkoxSxn6KGxeKuPUn3LrzGwS/wXTqQlsPXO7hnHvJzQkTRpX2vA+rsLS8slosrZXXNza3tu3KTkvFqcSkiWMWy06IFGFUkKammpFOIgniISPtcHQx9ds3RCoai2s9TojP0UDQiGKkjRTYlV4ypEHtJG/wmAcwsKue6+VwFgn8IdV68eszOSy8NQL7vdePccqJ0JghpbrQS7SfIakpZmRS7qWKJAiP0IB0DRWIE+Vn+ekT58AofSeKpSmhnVz9vZEhrtSYh2aSIz1U895U/M/rpjo69zMqklQTgWcPRSlzdOxMc3D6VBKs2dgQhCU1tzp4iCTC2qRVNiHA+S8vktapC2suvDJpuGCGEtgD++AIQHAG6uASNEATYHAL7sEjeLLurAfr2XqZjRasn51d8AfW6zd5NpZy</latexit>

2m2
<latexit sha1_base64="OwXTgOmeytTvB6VbmmXhjAQ4kO4=">AAAB63icbVC7SgNBFL0bXzG+Ei1tBoNgtezGQsuAjWUE84BkCbOT2WTIzOwyMyuEJR9gY2PhA1t/yM7KT/AXnE1SaOKBC4dz7uXee8KEM20879MprK1vbG4Vt0s7u3v7B+XKYUvHqSK0SWIeq06INeVM0qZhhtNOoigWIaftcHyV++07qjSL5a2ZJDQQeChZxAg2uVQT/Vq/XPVcbwa0SvwFqdYLL/dfFfXd6Jc/eoOYpIJKQzjWuut7iQkyrAwjnE5LvVTTBJMxHtKupRILqoNsdusUnVplgKJY2ZIGzdTfExkWWk9EaDsFNiO97OXif143NdFlkDGZpIZKMl8UpRyZGOWPowFTlBg+sQQTxeytiIywwsTYeEo2BH/55VXSqrn+uevf2DRcmKMIx3ACZ+DDBdThGhrQBAIjeIAneHaE8+i8Om/z1oKzmDmCP3DefwBh8pFy</latexit>

2φ2 − φ0 − φ1 − 2φ3
<latexit sha1_base64="m+LDIA0TCG0DSRoO/66qC33CmJE=">AAACBnicbVDLSsNAFJ3UR2t9RV2KECyKm4akXeiy4MZlBfuANoTJdNIOnUyGmYlQQldu/BU3LhRx69atO79B8BucJl1o64HhHs65lzv3BJwSqRzn0yisrK6tF0sb5c2t7Z1dc2+/LeNEINxCMY1FN4ASU8JwSxFFcZcLDKOA4k4wvpz5nVssJInZjZpw7EVwyEhIEFRa8s2jWp+PiF+rZsXJi1vN1bpvVhzbyWAtE3dOKo3i9xc/Lbw3ffOjP4hREmGmEIVS9lyHKy+FQhFE8bTcTyTmEI3hEPc0ZTDC0kuzM6bWiVYGVhgL/ZiyMvX3RAojKSdRoDsjqEZy0ZuJ/3m9RIUXXkoYTxRmKF8UJtRSsTXLxBoQgZGiE00gEkT/1UIjKCBSOrmyDsFdPHmZtGu2W7fda52GDXKUwCE4BmfABeegAa5AE7QAAnfgATyBZ+PeeDRejNe8tWDMZw7AHxhvP4dBmto=</latexit>

2φ3 − φ2
<latexit sha1_base64="CWJAIAiQBIWw8/jGdoeDCSAQOGA=">AAAB+HicbVC7TsMwFHXKo6U8GmBksahALERJO8BYiYWxSPQhtVHkuE5r1XEs20EqUb+EhQGEWPkLVja+AYlvwE07QMuRru7ROffK1ycUjCrtup9WYW19Y7NY2ipv7+zuVez9g7ZKUolJCycskd0QKcIoJy1NNSNdIQmKQ0Y64fhq5nfuiFQ04bd6IogfoyGnEcVIGymwK7W+GNGgDs/zXgvsquu4OeAq8Rak2ih+f4nTwnszsD/6gwSnMeEaM6RUz3OF9jMkNcWMTMv9VBGB8BgNSc9QjmKi/Cw/fApPjDKAUSJNcQ1z9fdGhmKlJnFoJmOkR2rZm4n/eb1UR5d+RrlINeF4/lCUMqgTOEsBDqgkWLOJIQhLam6FeIQkwtpkVTYheMtfXiXtmuPVHe/GpOGAOUrgCByDM+CBC9AA16AJWgCDFDyAJ/Bs3VuP1ov1Oh8tWIudQ/AH1tsP3fGViQ==</latexit>
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Figure 14. (a) Elliptic threefold for the 6d SO(7) theory with two spinor hypers. (b) Brane web

for the 6d SO(7) theory on a −3 curve.

We can easily identify this geometry with the brane web configuration through the map

given as

F1|0 = 1© , F4
3|1 = 1©+ 2 · 6©+ 7© , F1|2 = 2© ,

F3|3 = 3© , F2
3|4 = 3©+ 2 · 4©+ 5© . (3.19)

One can compute the monopole string tensions from the brane web and the results are

T 1© =
1

2
(4φ0 + φ2)(2φ0 − φ2),

T 1©+2 6©+ 7© =
1

2

(
4φ21 − 3φ22 − 2φ23 − 2φ24 + 2φ2(φ1 + φ3 + φ4)

)
,

T 2© =
1

2
(4φ2 + φ0 − φ1 − φ3 − φ4)(2φ2 − φ0 − φ1 − φ3 − φ4) ,

T 3© =
1

2
(2φ3 − φ2)(4φ3 + 3φ2 − 2φ1 − 2φ4) ,

T 3©+2 4©+ 5© =
1

2

(
− 3φ22 − 2φ23 + 6φ24 + 2φ2(φ1 + φ3 + φ4)− 4φ1φ4

)
. (3.20)

These tensions are the same as the volumes of surfaces in the geometry.

SO(7) gauge theory. The brane web for the 6d SO(7) gauge theory on −3 curve can

be obtained from the SO(8) diagram by another standard Higgsing that uses an SO(8)

fundamental scalar vev. Then we obtain the web diagram in figure 14(b) and this brane

configuration amounts to the 6d SCFT with SO(7) gauge symmetry coupled to two spinor

hypermultiplets. The associated CY3 geometry is drawn in figure 14(a) [15]. One computes

the prepotential of this geometry as

6FSO(7) = 8φ30 + 4φ31 + 8φ32 + 8φ33 − 3φ20φ2 − 3φ0φ
2
2 − 9φ1φ

2
2 + 3φ21φ2

− 12φ1φ
2
3 − 18φ22φ3 + 12φ2φ

2
3 + 12φ1φ2φ3 . (3.21)
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φ0 + φ2
<latexit sha1_base64="jMmppqZE30zxJdAGWhBgp1gpaa0=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBEEYZipgi4LblxWsA9oh5JJM21okhmTTKEM/Q43LhRx68e4829Mp7PQ1gOXezjnXnJzwoQzbTzv21lb39jc2i7tlHf39g8OK0fHLR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD8d3cb0+o0iyWj2aa0EDgoWQRI9hYKeglI9b3LvNW61eqnuvlQKvEL0gVCjT6la/eICapoNIQjrXu+l5iggwrwwins3Iv1TTBZIyHtGupxILqIMuPnqFzqwxQFCtb0qBc/b2RYaH1VIR2UmAz0sveXPzP66Ymug0yJpPUUEkWD0UpRyZG8wTQgClKDJ9agoli9lZERlhhYmxOZRuCv/zlVdKquf6V6z9cV+tuEUcJTuEMLsCHG6jDPTSgCQSe4Ble4c2ZOC/Ou/OxGF1zip0T+APn8wfcsZFw</latexit>

φ1 − φ0
<latexit sha1_base64="rAvi7od6hLtY99ypqJC2UMjKfw4=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4MSQi6LHgxWMF+wFtKJvtpl262cTdSaGE/g4vHhTx6o/x5r9x2+agrQ+Gebw3w86+MJXCoOd9O2vrG5tb26Wd8u7e/sFh5ei4aZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3c381phrIxL1iJOUBzEdKBEJRtFKQTcdip5/OW9er1L1XG8Oskr8glShQL1X+er2E5bFXCGT1JiO76UY5FSjYJJPy93M8JSyER3wjqWKxtwE+fzoKTm3Sp9EibalkMzV3xs5jY2ZxKGdjCkOzbI3E//zOhlGt0EuVJohV2zxUJRJggmZJUD6QnOGcmIJZVrYWwkbUk0Z2pzKNgR/+curpHnl+p7rP1xXa24RRwlO4QwuwIcbqME91KEBDJ7gGV7hzRk7L86787EYXXOKnRP4A+fzB91MkW4=</latexit><latexit sha1_base64="rAvi7od6hLtY99ypqJC2UMjKfw4=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4MSQi6LHgxWMF+wFtKJvtpl262cTdSaGE/g4vHhTx6o/x5r9x2+agrQ+Gebw3w86+MJXCoOd9O2vrG5tb26Wd8u7e/sFh5ei4aZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3c381phrIxL1iJOUBzEdKBEJRtFKQTcdip5/OW9er1L1XG8Oskr8glShQL1X+er2E5bFXCGT1JiO76UY5FSjYJJPy93M8JSyER3wjqWKxtwE+fzoKTm3Sp9EibalkMzV3xs5jY2ZxKGdjCkOzbI3E//zOhlGt0EuVJohV2zxUJRJggmZJUD6QnOGcmIJZVrYWwkbUk0Z2pzKNgR/+curpHnl+p7rP1xXa24RRwlO4QwuwIcbqME91KEBDJ7gGV7hzRk7L86787EYXXOKnRP4A+fzB91MkW4=</latexit><latexit sha1_base64="rAvi7od6hLtY99ypqJC2UMjKfw4=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4MSQi6LHgxWMF+wFtKJvtpl262cTdSaGE/g4vHhTx6o/x5r9x2+agrQ+Gebw3w86+MJXCoOd9O2vrG5tb26Wd8u7e/sFh5ei4aZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3c381phrIxL1iJOUBzEdKBEJRtFKQTcdip5/OW9er1L1XG8Oskr8glShQL1X+er2E5bFXCGT1JiO76UY5FSjYJJPy93M8JSyER3wjqWKxtwE+fzoKTm3Sp9EibalkMzV3xs5jY2ZxKGdjCkOzbI3E//zOhlGt0EuVJohV2zxUJRJggmZJUD6QnOGcmIJZVrYWwkbUk0Z2pzKNgR/+curpHnl+p7rP1xXa24RRwlO4QwuwIcbqME91KEBDJ7gGV7hzRk7L86787EYXXOKnRP4A+fzB91MkW4=</latexit><latexit sha1_base64="rAvi7od6hLtY99ypqJC2UMjKfw4=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4MSQi6LHgxWMF+wFtKJvtpl262cTdSaGE/g4vHhTx6o/x5r9x2+agrQ+Gebw3w86+MJXCoOd9O2vrG5tb26Wd8u7e/sFh5ei4aZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3c381phrIxL1iJOUBzEdKBEJRtFKQTcdip5/OW9er1L1XG8Oskr8glShQL1X+er2E5bFXCGT1JiO76UY5FSjYJJPy93M8JSyER3wjqWKxtwE+fzoKTm3Sp9EibalkMzV3xs5jY2ZxKGdjCkOzbI3E//zOhlGt0EuVJohV2zxUJRJggmZJUD6QnOGcmIJZVrYWwkbUk0Z2pzKNgR/+curpHnl+p7rP1xXa24RRwlO4QwuwIcbqME91KEBDJ7gGV7hzRk7L86787EYXXOKnRP4A+fzB91MkW4=</latexit>

2φ0 − φ2
<latexit sha1_base64="jRtz2vImgVKe3bowOSCCdkcloao=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBHcOMxUQZcFNy4r2Ae0Y8mkmTY0kwlJRilD/8ONC0Xc+i/u/BvT6Sy09cDlHs65l9ycUHKmjed9Oyura+sbm6Wt8vbO7t5+5eCwpZNUEdokCU9UJ8SaciZo0zDDaUcqiuOQ03Y4vpn57UeqNEvEvZlIGsR4KFjECDZWeqj15Ij1vfO81fqVqud6OdAy8QtShQKNfuWrN0hIGlNhCMdad31PmiDDyjDC6bTcSzWVmIzxkHYtFTimOsjyq6fo1CoDFCXKljAoV39vZDjWehKHdjLGZqQXvZn4n9dNTXQdZEzI1FBB5g9FKUcmQbMI0IApSgyfWIKJYvZWREZYYWJsUGUbgr/45WXSqrn+hevfXVbrbhFHCY7hBM7Ahyuowy00oAkEFDzDK7w5T86L8+58zEdXnGLnCP7A+fwBUyKRrg==</latexit>

3φ0
<latexit sha1_base64="F2b7u/tP3Hb4GfdpKJiVG+Lvuew=">AAAB7nicbVC7SgNBFL0bH4nxFbW0GQyK1bJrCi0DNpYRzAOSJcxOZpMhs7PDzKwQlnyEjYUitv6KrZ3fIPgNTjYpNPHAhcM593LvPaHkTBvP+3QKa+sbm8XSVnl7Z3dvv3Jw2NJJqghtkoQnqhNiTTkTtGmY4bQjFcVxyGk7HF/P/PY9VZol4s5MJA1iPBQsYgQbK7VrPTlifa9fqXqulwOtEn9BqvXi95c8K7w3+pWP3iAhaUyFIRxr3fU9aYIMK8MIp9NyL9VUYjLGQ9q1VOCY6iDLz52iU6sMUJQoW8KgXP09keFY60kc2s4Ym5Fe9mbif143NdFVkDEhU0MFmS+KUo5Mgma/owFTlBg+sQQTxeytiIywwsTYhMo2BH/55VXSunD9muvf2jRcmKMEx3AC5+DDJdThBhrQBAJjeIAneHak8+i8OK/z1oKzmDmCP3DefgBd4JKL</latexit>

➃

➂

➁

➀

➄2φ2 − φ0 − 3φ1
<latexit sha1_base64="od2K2z8Pz43pOftKzzuv1Ft21Zo=">AAAB/3icbVDLSgMxFM3UR2t9jQpu3ASL4qZlpl3osuDGZQX7gHYYMmmmDc1kQpIRytiFv+LGhSJu/QS37vwGwW8wnXahrQfCPZxzL/fmBIJRpR3n08qtrK6t5wsbxc2t7Z1de2+/peJEYtLEMYtlJ0CKMMpJU1PNSEdIgqKAkXYwupz67VsiFY35jR4L4kVowGlIMdJG8u3Dak8MqV8tZ8Up17Lq+nbJqTgZ4DJx56RUz39/idPce8O3P3r9GCcR4RozpFTXdYT2UiQ1xYxMir1EEYHwCA1I11COIqK8NLt/Ak+M0odhLM3jGmbq74kURUqNo8B0RkgP1aI3Ff/zuokOL7yUcpFowvFsUZgwqGM4DQP2qSRYs7EhCEtqboV4iCTC2kRWNCG4i19eJq1qxa1V3GuTRgXMUABH4BicARecgzq4Ag3QBBjcgQfwBJ6te+vRerFeZ605az5zAP7AevsBtcmYOQ==</latexit>

2φ1 − φ2 −m1
<latexit sha1_base64="hjbNRXsVCAlZ0uauYhKqKI7+IlY=">AAAB+3icbVC7TsMwFHXKo6W8QhlZIioQS6OkDDBWYmEsEn1IbRQ5rtNatR3LdhBV1F9hYQAhVj6ClY1vQOIbcNMO0HKkq3t0zr3y9YkEJUp73qdVWFvf2CyWtsrbO7t7+/ZBpa2SVCLcQglNZDeCClPCcUsTTXFXSAxZRHEnGl/N/M4dlook/FZPBA4YHHISEwS1kUK7Uu+LEQn9Wt7qNRb6oV31XC+Hs0r8Bak2it9f4rTw3gztj/4gQSnDXCMKler5ntBBBqUmiOJpuZ8qLCAawyHuGcohwyrI8tunzolRBk6cSFNcO7n6eyODTKkJi8wkg3qklr2Z+J/XS3V8GWSEi1RjjuYPxSl1dOLMgnAGRGKk6cQQiCQxtzpoBCVE2sRVNiH4y19eJe2665+7/o1JwwVzlMAROAZnwAcXoAGuQRO0AAL34AE8gWdraj1aL9brfLRgLXYOwR9Ybz/u65av</latexit>

m1<latexit sha1_base64="oPGK/HypnFBbJGHx47PF0umGilk=">AAAB6nicbVC7SgNBFL0bXzG+Ei1tBoNgtexqoWXAxjKieUCyhNnJbDJkZnaZmRXCkg+wsLFQgq1fZGflJ/gLTjYpNPHAhcM593LvPWHCmTae9+kU1tY3NreK26Wd3b39g3LlsKnjVBHaIDGPVTvEmnImacMww2k7URSLkNNWOLqe+a0HqjSL5b0ZJzQQeCBZxAg2VroTPb9XrnqulwOtEn9BqrXC9PGror7rvfJHtx+TVFBpCMdad3wvMUGGlWGE00mpm2qaYDLCA9qxVGJBdZDlp07QqVX6KIqVLWlQrv6eyLDQeixC2ymwGeplbyb+53VSE10FGZNJaqgk80VRypGJ0exv1GeKEsPHlmCimL0VkSFWmBibTsmG4C+/vEqa565/4fq3Ng0X5ijCMZzAGfhwCTW4gTo0gMAAnuAFXh3uPDtT523eWnAWM0fwB877D+8ZkTU=</latexit>
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Figure 15. (a) The elliptic threefold for the 6d G2 gauge theory with a fundamental hyper. (b)

The brane web for this 6d G2 theory.

The brane diagram can also be compared to the geometry with the identification of compact

surfaces as

F1|0 = 1© , F4
3|1 = 1©+ 2 · 5©+ 6© , F1|2 = 2© , F6|3 = 2 · 3©+ 4© . (3.22)

The volume of these surfaces from the web diagram are

T 1© =
1

2
(2φ0 − φ2)(4φ0 + φ2) ,

T 1©+2 5©+ 6© =
1

2
(4φ21 + 2φ1φ2 − 3φ22 + 4φ2φ3 − 4φ23) ,

T 2© =
1

2
(φ0 + φ1 − 2φ2 + 2φ3)(−φ0 + φ1 − 4φ2 + 2φ3) ,

T2 3©+ 4© = (φ2 − 2φ3)(2φ1 − 3φ2 − 2φ3) . (3.23)

This result is in perfect agreement with the geometric result.

G2 gauge theory. We can now consider an interesting RG flow from an SO(7) gauge

theory to an exceptional G2 gauge theory generated by a large Higgs vev of an SO(7)

spinor operator. This Higgsing has a natural realization in the SO(7) brane web. Two

spinor hypers in the SO(7) gauge theory correspond to two external D5-branes on the

right side in the brane web. So we need to adjust the positions of these two external D5-

branes together so that a Higgs branch opens up. The Higgs branch diagram is drawn in

figure 15(b). This brane web at low energy implements the 6d SCFT of G2 gauge symmetry

with one fundamental hypermultiplet.

The corresponding threefold (studied in [15]) is given in figure 15(a). The cubic pre-

potential can be obtained from the threefold as

6FG2 = 8φ30 + 8φ32 − 3φ30φ2 − 3φ0φ
2
2 − 27φ1φ

2
2 + 27φ21φ2 . (3.24)
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Figure 16. (a) The elliptic threefold for the 6d SU(3) gauge theory on a −3 curve. (b) The brane

web for the 6d SU(3) theory on a −3 curve.

This geometry is associated with our brane web by the relation

F1|0 = 1© , F9,1|1 = 1©+ 2 · 3©+ 2 · 4©+ 5© , F1|2 = 2© . (3.25)

The volumes of these surfaces can be easily extracted from the brane diagram

T 1© =
1

2
(2φ0 − φ2)(4φ0 + φ2) ,

T 1©+2 3©+2 4©+ 5© =
9

2
(2φ1 − φ2)φ2 ,

T 2© =
1

2
(φ0 − 3φ1 + 4φ2)(−φ0 − 3φ1 + 2φ2) , (3.26)

and the result agrees with the volumes of Kähler surfaces in the geometry.

SU(3) gauge theory. Lastly, we will Higgs this G2 brane web down to the web diagram

for the 6d SU(3) gauge theory on a −3 curve. This can be done by simply tuning the mass

parameter in the brane web as m1 = 0. Then the resulting brane web is in figure 16(b).

The corresponding CY3 consists of three surfaces glued as drawn in figure 16(a) and this

threefold has the cubic prepotential

6FSU(3) = 9φ30 + 9φ31 + 9φ32 − (φ0 + φ1 + φ2)
3 . (3.27)

The three surfaces in the geometry are identified with the faces in the brane web as

F1|0 = 1© , F1|1 = 1©+ 2©+ 2 · 3©+ 2 · 4©+ 5© , F1|2 = 2© . (3.28)

Moreover, the areas of the internal faces in the brane web

T 1© =
1

2
(2φ0 − φ1 − φ2)(4φ0 + φ1 + φ2) ,

T 1©+ 2©+2 3©+2 4©+ 5© =
1

2
(−φ0 + 2φ1 − φ2)(φ0 + 4φ1 + φ2) ,

T 2© =
1

2
(−φ0 − φ1 + 2φ2)(φ0 + φ1 + 4φ2) (3.29)

perfectly match the volumes of the three surfaces in the geometry.
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Since the 6d SU(3) gauge theory on −3 curve is a non-Higgsable theory [33], we expect

that there is no further Higgs branch flow from the SU(3) brane web in figure 16(b). Indeed

we find no other Higgs transition in this brane configuration.

3.2 Twisted theories

In the previous subsection, we discussed Higgsing procedures of 6d SCFTs induced by

large vevs of scalar fields in hypermultiplets charged under ordinary gauge symmetries.

In this subsection, we consider a new type of RG flows from the 6d theories which opens

up only after circle compactification at finite radius. When a 6d SCFT is compactified

on a circle, the associated singular elliptic threefold can be resolved by introducing non-

zero Kähler parameters for the compact four-cycles. From the gauge theory point of view,

this corresponds to turning on non-zero holonomies both for gauge and global symmetries

around the 6d circle. In the brane webs, all the compact faces and the internal edges have

finite size by the holonomies.

Now we can tune holonomies such that a charged scalar mode carrying non-zero

Kaluza-Klein momentum along the 6d circle becomes light. We can then consider giv-

ing a non-zero vev to this light scalar mode. This will trigger a Higgs branch flow to a new

6d theory at low energy living on a circle. This is similar to the standard Higgs mechanism

but now using a Kaluza-Klein momentum state.

Quite interestingly, we find that the RG flows by KK states in the brane systems we

studied above lead to new brane configurations for twisted compactifications of the 6d

SO(2N) gauge theories on −3, which we shall discuss from now on.

First, consider the brane web in figure 10(b) for the SO(11) gauge theory compactified

on a circle. In fact, we need to introduce the 6d circle radius R on this brane web diagram.

Note that the height of the diagram is set by the circle radius. To restore the circle radius,

we can redefine the Kähler parameters as

2φ0 − φ2 → 2φ0 − φ2 + 2R−1 , φ1 − φ0 → φ1 − φ0 −R−1 , (3.30)

while other parameters denoted in the diagram remain the same. Then we flop some

two cycles to get the brane web in figure 17(a). This brane diagram has another Higgs

branch which opens when we pull the internal and the external D5-branes denoted by

downward arrows toward the orientifold plane at the bottom. The brane moves sets the

mass parameters as

φ0 = φ1 −R−1 , m1 = R−1 . (3.31)

So the gauge and flavor holonomies are tuned to cancel the Kaluza-Klein mass proportional

to R−1. The Higgsed brane web at low energy is given in figure 17(b).

We claim that this Higgsing turns the SO(11) gauge theory into the SO(10) gauge

theory on a circle with Z2 outer-automorphism twist. This Higgsing is in fact the same

as the Higgsing of the SO(12) brane web in figure 9(b) to the SO(11) brane web, but

here we used a hypermultiplet scalar carrying KK momentum and affine gauge charge

parameterized by R−1 and φ0 respectively. So in the case at hand we move the D5-branes

associated to this hypermultiplet to the bottom orientifold plane instead. At the level of
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m2 −m3
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φ0 + φ1 − φ2 +m1

<latexit sha1_base64="gcpB5E/hhgL3jwExVsquYwFDsPw=">AAACAXicbVDLSgMxFM3UR2t9jboR3ASLIhTLpC50WXDjsoJ9QDsMmTTThmYyQ5IRylA3/oobF4q49QvcuvMbBL/BdNqFth4I93DOvdzc48ecKe04n1ZuaXllNV9YK65vbG5t2zu7TRUlktAGiXgk2z5WlDNBG5ppTtuxpDj0OW35w8uJ37qlUrFI3OhRTN0Q9wULGMHaSJ69340HzHPKWUGnWamWQw95dsmpOBngIkEzUqrlv7/i49x73bM/ur2IJCEVmnCsVAc5sXZTLDUjnI6L3UTRGJMh7tOOoQKHVLlpdsEYHhmlB4NImic0zNTfEykOlRqFvukMsR6oeW8i/ud1Eh1cuCkTcaKpINNFQcKhjuAkDthjkhLNR4ZgIpn5KyQDLDHRJrSiCQHNn7xImtUKOquga5NGBUxRAAfgEJwABM5BDVyBOmgAAu7AA3gCz9a99Wi9WK/T1pw1m9kDf2C9/QA3zpkO</latexit>

φ0 − φ1 −m1 + 2R−1

<latexit sha1_base64="VMpLVpUCgLAU17HGrBbIJTz0BQU=">AAACAnicbVDLSsNAFJ3UR2t9RV2Jm2BRBGnI1IUuC25cVrEPaGOYTCft0EkyzEyEEoobf8WNC0Xc+gNu3fkNgt/gNO1CWw9c7uGce5m5x+eMSuU4n0ZuYXFpOV9YKa6urW9smlvbDRknApM6jlksWj6ShNGI1BVVjLS4ICj0GWn6g/Ox37wlQtI4ulZDTtwQ9SIaUIyUljxzt8P71HPKWYPl0IPHlaubtAxHnllybCeDNU/glJSq+e8vfph7r3nmR6cb4yQkkcIMSdmGDlduioSimJFRsZNIwhEeoB5paxqhkEg3zU4YWQda6VpBLHRFysrU3xspCqUchr6eDJHqy1lvLP7ntRMVnLkpjXiiSIQnDwUJs1RsjfOwulQQrNhQE4QF1X+1cB8JhJVOrahDgLMnz5NGxYYnNrzUadhgggLYA/vgCEBwCqrgAtRAHWBwBx7AE3g27o1H48V4nYzmjOnODvgD4+0HdCWZJA==</latexit>

φ1 − φ0 −R−1

<latexit sha1_base64="AERpsDoYZUbarITTtHcs0hVWJjE=">AAAB/XicbVC7TsMwFHXKo6W8wmNjsahALK1iGGCsxMJYEH1IbYgc12mtOk5kO0glqvgVFgYQYuUbWNn4BiS+ATftAC1HurpH59wrXx8/5kxpx/m0cguLS8v5wkpxdW19Y9Pe2m6oKJGE1knEI9nysaKcCVrXTHPaiiXFoc9p0x+cj/3mLZWKReJaD2PqhrgnWMAI1kby7N1O3GceKmfNKV/dpGU08uySU3EywHmCpqRUzX9/xYe595pnf3S6EUlCKjThWKk2cmLtplhqRjgdFTuJojEmA9yjbUMFDqly0+z6ETwwShcGkTQlNMzU3xspDpUahr6ZDLHuq1lvLP7ntRMdnLkpE3GiqSCTh4KEQx3BcRSwyyQlmg8NwUQycyskfSwx0SawogkBzX55njSOK+ikgi5NGhUwQQHsgX1wBBA4BVVwAWqgDgi4Aw/gCTxb99aj9WK9TkZz1nRnB/yB9fYDir2XmA==</latexit>

3φ0 + 2R−1

<latexit sha1_base64="J9m4wdTq2nsKj7F5ZwMxzeXjxs4=">AAAB+HicbVDLSgMxFM3UR2t9dNSlm2BRBHGYaRe6LLhxWcU+oB2HTJppQzOZkGSEOvRL3LhQxK1/4dad3yD4DaaPhVYPXDiccy/33hMKRpV23Q8rt7S8spovrBXXNza3Svb2TlMlqcSkgROWyHaIFGGUk4ammpG2kATFISOtcHg+8Vu3RCqa8Gs9EsSPUZ/TiGKkjRTYpWpXDGjgHleubrITbxzYZddxp4B/iTcn5Vr+61Mc5t7qgf3e7SU4jQnXmCGlOp4rtJ8hqSlmZFzspooIhIeoTzqGchQT5WfTw8fwwCg9GCXSFNdwqv6cyFCs1CgOTWeM9EAtehPxP6+T6ujMzygXqSYczxZFKYM6gZMUYI9KgjUbGYKwpOZWiAdIIqxNVkUTgrf48l/SrDhe1fEuTRoOmKEA9sA+OAIeOAU1cAHqoAEwSME9eARP1p31YD1bL7PWnDWf2QW/YL1+A7YDlW8=</latexit>

m2 −m3

<latexit sha1_base64="mF9CZ/bJwD5rcAWbX4TDYucCr6s=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyFpBT0WvHisYD+gDWGz3bRLdzdhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmRSln2njet1Pa2Nza3invVvb2Dw6PqscnHZ1kitA2SXiiehHWlDNJ24YZTnupolhEnHajyd3c7z5RpVkiH800pYHAI8liRrCxUleE9SsRNsJqzXO9BdA68QtSgwKtsPo1GCYkE1QawrHWfd9LTZBjZRjhdFYZZJqmmEzwiPYtlVhQHeSLc2fowipDFCfKljRoof6eyLHQeioi2ymwGetVby7+5/UzE98GOZNpZqgky0VxxpFJ0Px3NGSKEsOnlmCimL0VkTFWmBibUMWG4K++vE46dddvuP7Dda3pFnGU4QzO4RJ8uIEm3EML2kBgAs/wCm9O6rw4787HsrXkFDOn8AfO5w9XnI7Z</latexit>

2φ1 − φ2

<latexit sha1_base64="pop4zdRFWWGJqbVir7KpIm1vxWk=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBHcOEyqoMuCG5cV7APasWTSTBuayQxJRilD/8ONC0Xc+i/u/BvT6Sy09cDlHs65l9ycIBFcG8/7dlZW19Y3Nktb5e2d3b39ysFhS8epoqxJYxGrTkA0E1yypuFGsE6iGIkCwdrB+Gbmtx+Z0jyW92aSMD8iQ8lDTomx0kOtl4x4H5/nrdavVD3Xy4GWCS5IFQo0+pWv3iCmacSkoYJo3cVeYvyMKMOpYNNyL9UsIXRMhqxrqSQR036WXz1Fp1YZoDBWtqRBufp7IyOR1pMosJMRMSO96M3E/7xuasJrP+MySQ2TdP5QmApkYjSLAA24YtSIiSWEKm5vRXREFKHGBlW2IeDFLy+TVs3FFy6+u6zW3SKOEhzDCZwBhiuowy00oAkUFDzDK7w5T86L8+58zEdXnGLnCP7A+fwBVK2Rrw==</latexit>

2φ2 − 2φ1 − φ3 +R−1

<latexit sha1_base64="Qe8MnQWcSX40FKnC2A71yqWHeU8=">AAACBnicbVDLSsNAFJ3UR2t9RV2KECyKIA2ZdqHLghuXVewD2hgm00k7dDIJMxOhhK7c+CtuXCji1q1bd36D4Dc4bbrQ6oHhHs65lzv3+DGjUjnOh5FbWFxazhdWiqtr6xub5tZ2U0aJwKSBIxaJto8kYZSThqKKkXYsCAp9Rlr+8Gzit26IkDTiV2oUEzdEfU4DipHSkmfuVbrxgHqVclZheVqqx5fXaRmOPbPk2M4U1l8CZ6RUy399xoe5t7pnvnd7EU5CwhVmSMoOdGLlpkgoihkZF7uJJDHCQ9QnHU05Col00+kZY+tAKz0riIR+XFlT9edEikIpR6GvO0OkBnLem4j/eZ1EBaduSnmcKMJxtihImKUia5KJ1aOCYMVGmiAsqP6rhQdIIKx0ckUdApw/+S9pVmxYteGFTsMGGQpgF+yDIwDBCaiBc1AHDYDBLbgHj+DJuDMejGfjJWvNGbOZHfALxus3R9Oasg==</latexit>

2φ2 − φ1 −R−1

<latexit sha1_base64="q3FtKCZbH+loua3aTAY5kWAJmqE=">AAAB/nicbVDLSgMxFM3UR2t9jYorN4NFcdMyqQtdFty4rGIf0I5DJs20oZlMSDJCGQr+ihsXirj1F9y68xsEv8F02oW2Hrjcwzn3kpsTCEaVdt1PK7e0vLKaL6wV1zc2t7btnd2mihOJSQPHLJbtACnCKCcNTTUjbSEJigJGWsHwYuK37ohUNOY3eiSIF6E+pyHFSBvJt/erXTGgfrWcNVi+vk3LcOzbJbfiZnAWCZyRUi3//SWOc+913/7o9mKcRIRrzJBSHegK7aVIaooZGRe7iSIC4SHqk46hHEVEeWl2/tg5MkrPCWNpimsnU39vpChSahQFZjJCeqDmvYn4n9dJdHjupZSLRBOOpw+FCXN07EyycHpUEqzZyBCEJTW3OniAJMLaJFY0IcD5Ly+SZrUCTyvwyqRRAVMUwAE4BCcAgjNQA5egDhoAgxQ8gCfwbN1bj9aL9TodzVmznT3wB9bbDwLCl9Y=</latexit>

2φ4 − φ3 − 2φ5

<latexit sha1_base64="iULgm1hqgzREKmvQzvg1GjjFJVU=">AAAB/3icbVC7TsMwFHXKo6W8AkgsLBYViKVV0oJgrMTCWCT6kNooclynteoklu0gVaEDv8LCAEKsfAIrG9+AxDfgJh2g5UiWj8+5V/f6eJxRqSzr08gtLa+s5gtrxfWNza1tc2e3JaNYYNLEEYtEx0OSMBqSpqKKkQ4XBAUeI21vdDn127dESBqFN2rMiROgQUh9ipHSkmvuV3t8SN3TcnrVytnzzDVLVsVKAReJPSOlev77ix/n3huu+dHrRzgOSKgwQ1J2bYsrJ0FCUczIpNiLJeEIj9CAdDUNUUCkk6T7T+CRVvrQj4Q+oYKp+rsjQYGU48DTlQFSQznvTcX/vG6s/AsnoSGPFQlxNsiPGVQRnIYB+1QQrNhYE4QF1btCPEQCYaUjK+oQ7PkvL5JWtWLXKva1TqMCMhTAATgEJ8AG56AOrkADNAEGd+ABPIFn4954NF6M16w0Z8x69sAfGG8/whmYQQ==</latexit>

2φ5 − φ4

<latexit sha1_base64="fZ9iIVqG7jzPNW5wkIWo7hT5eEA=">AAAB9XicbVDLSgMxFL1TH631VXXpJlgUNw4zVdFlwY3LCvYB7VgyaaYNZjJDklHK0P9w40IRt36HW3d+g+A3mE670NYDl3s4515yc/yYM6Ud59PKLSwuLecLK8XVtfWNzdLWdkNFiSS0TiIeyZaPFeVM0LpmmtNWLCkOfU6b/u3F2G/eUalYJK71MKZeiPuCBYxgbaSbSicesO7pUdZOuqWyYzsZ0Dxxp6RczX9/xQe591q39NHpRSQJqdCEY6XarhNrL8VSM8LpqNhJFI0xucV92jZU4JAqL82uHqF9o/RQEElTQqNM/b2R4lCpYeibyRDrgZr1xuJ/XjvRwbmXMhEnmgoyeShIONIRGkeAekxSovnQEEwkM7ciMsASE22CKpoQ3Nkvz5NGxXaPbffKpGHDBAXYhT04BBfOoAqXUIM6EJDwAE/wbN1bj9aL9ToZzVnTnR34A+vtBxOblTI=</latexit>

2φ5 − φ4 −m2

<latexit sha1_base64="bYuqvyocYAK2UUlaKKG5IxYspUg=">AAAB+3icbVDLSgMxFM3UR2t9jXXpJlgUNx1mqqLLghuXFewD2mHIpJk2NJMJSUYspb/ixoUibv0It+78BsFvMJ12oa0HLvdwzr3k5oSCUaVd99PKrayurecLG8XNre2dXXuv1FRJKjFp4IQlsh0iRRjlpKGpZqQtJEFxyEgrHF5N/dYdkYom/FaPBPFj1Oc0ohhpIwV2qdoVAxqcV7J2VomDamCXXcfNAJeJNyflWv77Sxzn3uuB/dHtJTiNCdeYIaU6niu0P0ZSU8zIpNhNFREID1GfdAzlKCbKH2e3T+CRUXowSqQprmGm/t4Yo1ipURyayRjpgVr0puJ/XifV0aU/plykmnA8eyhKGdQJnAYBe1QSrNnIEIQlNbdCPEASYW3iKpoQvMUvL5Nm1fFOHe/GpOGAGQrgAByCE+CBC1AD16AOGgCDe/AAnsCzNbEerRfrdTaas+Y7++APrLcf+buWtg==</latexit>

m4

<latexit sha1_base64="v4Wh5z4Wfsdl5BkhkSX4aaPlPV0=">AAAB6nicbVC7SgNBFL0bXzG+Ei1tBoNgtexqQMuAjWVE84BkCbOT2WTIzOwyMyuEJR9gYWOhBFu/yM7KT/AXnDwKTTxw4XDOvdx7T5hwpo3nfTq5tfWNza38dmFnd2//oFg6bOg4VYTWScxj1QqxppxJWjfMcNpKFMUi5LQZDq+nfvOBKs1ieW9GCQ0E7ksWMYKNle5Et9Itlj3XmwGtEn9BytXc5PGrpL5r3eJHpxeTVFBpCMdat30vMUGGlWGE03Ghk2qaYDLEfdq2VGJBdZDNTh2jU6v0UBQrW9Kgmfp7IsNC65EIbafAZqCXvan4n9dOTXQVZEwmqaGSzBdFKUcmRtO/UY8pSgwfWYKJYvZWRAZYYWJsOgUbgr/88ippnLv+hevf2jRcmCMPx3ACZ+DDJVThBmpQBwJ9eIIXeHW48+xMnLd5a85ZzBzBHzjvP/OlkTg=</latexit>

m3 −m4

<latexit sha1_base64="cjw6Hzh0eOlBSIhRbneOoRlTAR0=">AAAB7nicbVDLSgNBEOyNrxhfiR69DAbBi2HXCHoMePEYwTwgWZbZyWwyZGZ2mZkVwpIP8OhFUBGvfo83T36Cv+DkcdDEgoaiqpvurjDhTBvX/XRyK6tr6xv5zcLW9s7uXrG039RxqghtkJjHqh1iTTmTtGGY4bSdKIpFyGkrHF5N/NYdVZrF8taMEuoL3JcsYgQbK7VEUD0VwXlQLLsVdwq0TLw5KddyT/dfJfVdD4of3V5MUkGlIRxr3fHcxPgZVoYRTseFbqppgskQ92nHUokF1X42PXeMjq3SQ1GsbEmDpurviQwLrUcitJ0Cm4Fe9Cbif14nNdGlnzGZpIZKMlsUpRyZGE1+Rz2mKDF8ZAkmitlbERlghYmxCRVsCN7iy8ukeVbxqhXvxqZRgRnycAhHcAIeXEANrqEODSAwhAd4hhcncR6dV+dt1ppz5jMH8AfO+w9T6pKM</latexit>

2φ3 − φ2 − φ4

<latexit sha1_base64="eF7dI8nFiKf0MhawXcSehNV+9Gc=">AAAB/nicbVDLSgMxFM3UR2t9jYorN8GiuLHMtIIuC25cVrAPaIchk2ba0EwmJBmhDAV/xY0LRdz6C27d+Q2C32A640JbD4R7OOde7s0JBKNKO86HVVhaXlktltbK6xubW9v2zm5bxYnEpIVjFstugBRhlJOWppqRrpAERQEjnWB8OfM7t0QqGvMbPRHEi9CQ05BipI3k2/u1vhhRv36alVpezny74lSdDHCRuD+k0ih+fYrjwlvTt9/7gxgnEeEaM6RUz3WE9lIkNcWMTMv9RBGB8BgNSc9QjiKivDQ7fwqPjDKAYSzN4xpm6u+JFEVKTaLAdEZIj9S8NxP/83qJDi+8lHKRaMJxvihMGNQxnGUBB1QSrNnEEIQlNbdCPEISYW0SK5sQ3PkvL5J2rerWq+61SaMKcpTAATgEJ8AF56ABrkATtAAGKbgHj+DJurMerGfrJW8tWD8ze+APrNdvRm6YAg==</latexit>
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Figure 17. (a) The brane web for the 6d SO(11) theory on −3 curve. (b) The Higgsed brane web

realizes the 6d SO(10) theory on a −3 curve with Z2 twist.

6d gauge algebra after circle compactification, the previous Higgsing in the SO(12) theory

reduces affine SO(12) gauge algebra to affine SO(11) gauge algebra, which identifies two

spinor nodes in the SO(12) Dynkin diagram. On the other hand, the Higgsing of the

SO(11) brane web in this section identifies the affine node and the fundamental node in

the other side of the affine SO(11) Dynkin diagram. This implies the associated affine

gauge algebra after Higgsing is the affine D
(2)
5 algebra which is the affine algebra of SO(10)

gauge symmetry with Z2 outer-automorphism twist. The Higgsing thus leaves a brane

configuration exhibiting Z2 outer-automorphism twist of the SO(10) gauge symmetry. We

thus expect that the Higgsed brane web in figure 17(b) is a brane realization of the 6d

SO(10) gauge symmetry on a −3 curve with Z2 outer-automorphism twist.

This can also be checked from the spectrum of gauge bosons in our brane web. The

gauge bosons come from strings suspending between D5-branes. The gauge bosons Wi

stretched between adjacent D5- and O5-branes have the following masses:

mW1 = 2φ1 − φ2 , mW2 = 2φ2 − 2φ1 − φ3 +R−1 , mW3 = 2φ3 − φ2 − φ4 ,
mW4 = 2φ4 − φ3 − 2φ5 , mW5 = 2φ5 − φ4 . (3.32)

Indeed, their gauge charges in terms of φi form the affine D
(2)
5 Cartan matrix. Note that

three fundamental hypers in the SO(10) theory are expected to remain as three fundamental
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2φ4 − φ3

<latexit sha1_base64="s0pPxMANr87JnDZc8YzmfpjocsY=">AAAB9XicbVDLSgMxFL1TH631VXXpJlgUNw4zraDLghuXFewD2rFk0kwbmpkJSUYpQ//DjQtF3Podbt35DYLfYDp1oa0HLvdwzr3k5viCM6Ud58PKLS2vrOYLa8X1jc2t7dLOblPFiSS0QWIey7aPFeUsog3NNKdtISkOfU5b/uhi6rduqVQsjq71WFAvxIOIBYxgbaSbSlcMWe/0JGvVXqns2E4GtEjcH1Ku5b8+xVHurd4rvXf7MUlCGmnCsVId1xHaS7HUjHA6KXYTRQUmIzygHUMjHFLlpdnVE3RolD4KYmkq0ihTf2+kOFRqHPpmMsR6qOa9qfif10l0cO6lLBKJphGZPRQkHOkYTSNAfSYp0XxsCCaSmVsRGWKJiTZBFU0I7vyXF0mzYrtV270yadgwQwH24QCOwYUzqMEl1KEBBCTcwyM8WXfWg/VsvcxGc9bPzh78gfX6DRCMlTA=</latexit>

m1

<latexit sha1_base64="oPGK/HypnFBbJGHx47PF0umGilk=">AAAB6nicbVC7SgNBFL0bXzG+Ei1tBoNgtexqoWXAxjKieUCyhNnJbDJkZnaZmRXCkg+wsLFQgq1fZGflJ/gLTjYpNPHAhcM593LvPWHCmTae9+kU1tY3NreK26Wd3b39g3LlsKnjVBHaIDGPVTvEmnImacMww2k7URSLkNNWOLqe+a0HqjSL5b0ZJzQQeCBZxAg2VroTPb9XrnqulwOtEn9BqrXC9PGror7rvfJHtx+TVFBpCMdad3wvMUGGlWGE00mpm2qaYDLCA9qxVGJBdZDlp07QqVX6KIqVLWlQrv6eyLDQeixC2ymwGeplbyb+53VSE10FGZNJaqgk80VRypGJ0exv1GeKEsPHlmCimL0VkSFWmBibTsmG4C+/vEqa565/4fq3Ng0X5ijCMZzAGfhwCTW4gTo0gMAAnuAFXh3uPDtT523eWnAWM0fwB877D+8ZkTU=</latexit>

2φ4 − φ3 −m1

<latexit sha1_base64="qGAMgHNtkPqEfSEknNcj7v2C3Xw=">AAAB+3icbVDLSgMxFM3UR2t9jXXpZrAoblpmWkGXBTcuK9gHtMOQSTNtaJIJSUYsQ3/FjQtF3PoRbt35DYLfYDrtQlsPXO7hnHvJzQkFJUq77qeVW1vf2MwXtorbO7t7+/ZBqa3iRCLcQjGNZTeEClPCcUsTTXFXSAxZSHEnHF/N/M4dlorE/FZPBPYZHHISEQS1kQK7VOuLEQnOK1mrV1jgBXbZrboZnFXiLUi5kf/+Eqe592Zgf/QHMUoY5hpRqFTPc4X2Uyg1QRRPi/1EYQHRGA5xz1AOGVZ+mt0+dU6MMnCiWJri2snU3xspZEpNWGgmGdQjtezNxP+8XqKjSz8lXCQaczR/KEqoo2NnFoQzIBIjTSeGQCSJudVBIygh0iauognBW/7yKmnXql696t2YNKpgjgI4AsfgDHjgAjTANWiCFkDgHjyAJ/BsTa1H68V6nY/mrMXOIfgD6+0H9SCWsw==</latexit>

2φ3 − φ2 − 2φ4

<latexit sha1_base64="cxp8ky08iuM3SFUTAul0W+q4hPE=">AAAB/3icbVC7TsMwFHXKo6W8AkgsLBEViKVR0iLBWImFsUj0IbVR5LhOa+E4lu0gVaEDv8LCAEKsfAIrG9+AxDfgJh2g5UiWj8+5V/f6BJwSqRzn0ygsLa+sFktr5fWNza1tc2e3LeNEINxCMY1FN4ASU8JwSxFFcZcLDKOA4k5wczH1O7dYSBKzazXm2IvgkJGQIKi05Jv7tT4fEb9eza5aNX+e+mbFsZ0M1iJxZ6TSKH5/8ePCe9M3P/qDGCURZgpRKGXPdbjyUigUQRRPyv1EYg7RDRzinqYMRlh6abb/xDrSysAKY6EPU1am/u5IYSTlOAp0ZQTVSM57U/E/r5eo8NxLCeOJwgzlg8KEWiq2pmFYAyIwUnSsCUSC6F0tNIICIqUjK+sQ3PkvL5J2zXbrtnul07BBjhI4AIfgBLjgDDTAJWiCFkDgDjyAJ/Bs3BuPxovxmpcWjFnPHvgD4+0HvXaYPg==</latexit>

2φ2 − 2φ1 − φ3 +R−1
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Figure 18. (a) The brane web for the 6d SO(8) theory on a −3 curve with Z2 twist. (b) The brane

web for the 6d SU(3) theory on a −3 curve with Z2 twist.

hypers of SO(9) subalgebra of the D
(2)
5 , while one SO(10) spinor hyper reduces to an half-

hyper under the SO(9) subalgebra under the Z2 automorphism twist. The brane web in

figure 17 shows only three masses mi=2,3,4, as well as the KK mass parameter R−1, for

three fundamental hypers in IR. This satisfies our expectation for the Z2 twisted theory.

These results supports our brane web in figure 17(b) for being the Z2 twist of the 6d SO(10)

gauge theory.

We can extend the new type of Higgsing to the other cases. The next example is

the new type of Higgsing on the brane web for the SO(9) gauge theory on a −3 curve

depicted in figure 12(b). We move one of the SO(9) D5-branes and one external D5-brane

on the left-side toward the orientifold plane at the bottom by tuning the mass parameters

as (3.31). We then obtain the brane web in figure 18(a). We propose this brane web

diagram for the Z2 outer-automorphism twist of the 6d SO(8) gauge theory on −3 curve.

This brane web shows the structure of affine D
(2)
4 gauge algebra, which is expected as

the Z2 twist of the affine SO(8) gauge algebra. The gauge bosons from the brane web have

the following masses:

mW1 = 2φ1 − φ2 , mW2 = 2φ2 − 2φ1 − φ3 ,
mW3 = 2φ3 − φ2 − 2φ4 , mW4 = 2φ4 − φ3 , (3.33)

which form the affine D
(2)
4 Cartan matrix as expected. Moreover, the Higgsed brane web

has only two mass parameter m1,m2 and it manifests the fact that the Z2 twist of the

SO(8) theory with a fundamental and a spinor and a conjugate spinor hypermultiplet has

two mass parameters for its global symmetry.

Another example is the Higgsing of the G2 gauge theory with one fundamental hy-

per. We can consider the new Higgs brane flow in the brane diagram for this theory in

figure 15(b). We find that the diagram can be Higgsed to the brane web in figure 18(b) by

putting one internal and one external D5-branes on the orientifold plane at the bottom.

The Higgsed brane web turns out to be the brane web for the 5d SU(3) gauge theory at

Chern-Simons level k = 9 proposed in [12, 34]. Incidentally, this 5d theory is conjectured

to be the 6d SU(3) minimal SCFT with Z2 outer-automorphism twist on a circle and the

dual Calabi-Yau geometry is proposed as S = F0 ∪ F10 in [14]. So this example provides

another Higgs branch flow leading to 6d theories with twisted compactification.
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Figure 19. Higgsing hierarchy on a −2 curve.

a) b)

Figure 20. (a) The brane web for the 6d SO(12)×Sp(2)×Sp(2) gauge theory. (b) The brane web

for the 6d SO(12) gauge theory on a −2 curve by Higgsing of (a).

4 SO(N) theories on −2 curve

The discussion in the previous section shows that a family of (p, q)-brane webs for circle

compactifications of 6d SCFTs on a −3 curve can be systematically obtained by RG-flows

from a known brane configuration. In this section, we shall consider a natural generalization

of this discussion now on the rank 2 (D6, D6) conformal matter theory [27, 35]. This will

allows us to engineer new interesting (p, q)-brane webs for 6d SCFTs now on a −2 curve.

The hierarchy of RG fixed points we shall discuss in this section is drawn in figure 19.

4.1 Untwisted theories

SO(12) gauge theory. We start with the brane web in figure 20(a). This web is for the

6d SCFT of Sp(2) × SO(12) × Sp(2) gauge symmetry coupled to three tensor multiplets
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Figure 21. The elliptic threefold (a) and the brane web (b) for the 6d SO(12) gauge theory on a

−2 curve.

denoted as [27, 35]

[SO(12)]
sp2
1

so12
4

sp2
1 [SO(12)] , (4.1)

which is also called as the rank 2 (D6, D6) conformal matter theory. We can Higgs this

brane web by using external D5-branes of SO(12)×SO(12) global symmetry. In the previous

section we saw that the Sp(2) gauge symmetry on the right side can be fully Higgsed by

tuning 6 external D5-branes on the right side. We can consider the same Higgsing RG-flow

for the Sp(2) gauge symmetry on the left side. This brings the brane web in figure 20(a) to

the brane web in figure 20(b). In F-theory, this blows down two −1 curves of Sp(2) gauge

symmetries in the base and the −4 curve in the middle reduces to a −2 curve. After all,

the 6d theory will be Higgsed to the 6d SCFT on a −2 curve with SO(12) gauge symmetry

coupled to a single tensor:

[SO(12)]
sp2
1

so12
4

sp2
1 [SO(12)] →

so12
2 [Sp(6)] (4.2)

We thus claim that the brane web in figure 20(b) is a brane construction of the 6d SO(12)

gauge theory on a −2 curve compactified on a circle.

Let us compare this brane construction against the geometric construction of the 6d

SO(12) theory given in [15]. For convenience, we shall consider the geometry in figure 21(a)

which is related to the geometry in [15] by flop transitions of six exceptional curves denoted
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2
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by xi in the surface F6
8. This threefold has the prepotential

6FSO(12) = 8φ30 + 4φ31 + 8φ32 + 8φ33 + 6φ34 + 2φ35 + 2φ36 − 6φ20φ2 − 12φ22φ3 + 6φ2φ
2
3

− 12φ1φ
2
2 + 6φ21φ2 − 12φ1φ

2
3 − 18φ23φ4 + 12φ3φ

2
4 − 6φ21φ4 − 6φ1φ

2
4 − 12φ1φ

2
5

− 24φ24φ5 + 18φ4φ
2
5 − 18φ24φ6 + 12φ4φ

2
6 − 18φ25φ6 − 18φ5φ

2
6

+ 12φ1φ2φ3 + 12φ1φ3φ4 + 12φ1φ4φ5 + 36φ4φ5φ6 . (4.3)

To compare with this geometry we first need to move on to the chamber in figure 21(b) by

flopping some cycles in the brane web. Then the compact four-cycles in the geometry can

be identified with the internal faces in the brane web as

F0|0 = 1© , F4
4

∣∣
1

= 1©+ 2 · 9©+ 10©+ 11© , F2|2 = 2© , F4|3 = 3© ,

F2
6

∣∣
4

= 4© , F6
8

∣∣
5

= 5©+ 7©+ 8© , F6
6

∣∣
6

= 5©+ 2 · 6© . (4.4)

The monopole string tensions with respect to φi can be extracted from the brane web. The

results are

T 1© = 2φ0(2φ0−φ2) ,
T 1©+2 9©+10©+11© = 2φ21−2φ22−2φ23−φ24−2φ25+2φ2(φ1+φ3)+2φ4(−φ1+φ3+φ5) ,

T 2© = (2φ2+φ0−φ1−φ3)(2φ2−φ0−φ1−φ3) ,
T 3© = 2(2φ3−φ2−φ4)(φ3+φ2−φ1−φ4) ,
T 4© =−φ21−3φ23+3φ24+3φ25+2φ26+2φ1(φ3−φ4+φ5)

+2φ4(2φ3−4φ5−3φ6)+6φ5φ6 ,

T 5©+ 7©+ 8© =−4φ24+φ25−3φ26+2φ4(φ1+3φ5+3φ6)−2φ5(2φ1+3φ6) ,

T 5©+2 6© =−3φ24−3φ25+φ26+2φ4(3φ5+2φ6)−6φ5φ6 , (4.5)

which perfectly match the volumes of surfaces in the geometry. More brane webs for the

6d SCFTs on a −2 curve can be obtained by a sequence of Higgs branch flows from this

brane web.

SO(11) gauge theory. As we have shown, the RG-flow from the SO(12) gauge theory

down to the SO(11) gauge theory can be generated by moving a set of D5-branes corre-

sponding to an SO(12) fundamental hyper toward the top orientifold plane in the brane

system. In figure 21(b), this amounts to setting mass parameters as

φ6 − φ5 = m3 = 0 . (4.6)

The Higgsed brane web is given in figure 22(b) and this realizes the 6d SO(11) gauge theory

on a −2 curve.

The corresponding CY3 threefold consists of six compact 4-cycles intersecting each

other as drawn in figure 22(a). The prepotential of this geometry is

6FSO(11) = 8φ30 + 4φ31 + 8φ32 + 8φ33 + 6φ34 − 32φ35 − 6φ20φ2 − 12φ22φ3 + 6φ2φ
2
3

− 12φ1φ
2
2 + 6φ21φ2 − 12φ1φ

2
3 − 18φ23φ4 + 12φ3φ

2
4 − 6φ21φ4 − 6φ1φ

2
4 − 12φ1φ

2
5

− 42φ24φ5 + 66φ4φ
2
5 + 12φ1φ2φ3 + 12φ1φ3φ4 + 12φ1φ4φ5 . (4.7)
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Figure 22. The elliptic threefold (a) and the brane web (b) for the 6d SO(11) gauge theory on a

−2 curve.

We identify the 6 surfaces in the geometry with the internal faces in the brane web as

F0|0 = 1© , F4
4|1 = 1©+ 2 · 8©+ 9©+ 10© , F2|2 = 2© , F4|3 = 3© ,

F2
6|4 = 4© , F14,5|5 = 2 · 5©+ 6©+ 7© . (4.8)

The volumes of these internal faces extracted from the branes are

T 1© = 2φ0(2φ0 − φ2) ,
T 1©+2 8©+ 9©+10© = 2φ21 − 2φ22 − 2φ23 − φ24 − 2φ25 + 2φ2(φ1 + φ3) + 2φ4(−φ1 + φ3 + φ5) ,

T 2© = (2φ2 + φ0 − φ1 − φ3)(2φ2 − φ0 − φ1 − φ3) ,
T 3© = 2(2φ3 − φ2 − φ4)(φ3 + φ2 − φ1 − φ4) ,
T 4© = −φ21 − 3φ23 + 3φ24 + 11φ25 + 2φ1(φ3 − φ4 + φ5) + 2φ4(2φ3 − 7φ5) ,

T2 5©+ 6© = (φ4 − 2φ5)(2φ1 − 7φ4 + 8φ5) . (4.9)

This is in agreement with the volumes of compact four-cycles in the geometry.

SO(10) gauge theory. Other SCFTs with SO(N) gauge symmetry can be obtained by

a series of Higgs branch flows. First, the brane realization of the SO(10) gauge theory with

4 fundamentals and 2 spinor hypers is drawn in figure 23(b). The corresponding geometry

is given in figure 23(a) and this geometry has the prepotential

6FSO(10) = 8φ30 + 6φ31 + 8φ32 + 6φ33 + 8φ34 − 2φ35 − 6φ20φ2 − 12φ22φ3 + 6φ2φ
2
3 (4.10)

− 12φ1φ
2
2 + 6φ21φ2 − 6φ21φ3 − 6φ1φ

2
3 − 6φ21φ5 − 6φ1φ

2
5 − 12φ23φ4 + 6φ3φ

2
4

− 18φ23φ5 + 12φ3φ
2
5 − 24φ24φ5 + 12φ1φ2φ3 + 12φ1φ3φ5 + 24φ3φ4φ5 .
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Figure 23. The elliptic threefold (a) and the brane web (b) for the 6d SO(10) gauge theory on a

−2 curve.

The map between the compact faces in the brane web and the compact four-cycles in the

geometry is

F0|0 = 1© , F2
4|1 = 1©+ 2 · 8©+ 9©+ 10© , F2|2 = 2© , F2

4|3 = 3© ,

F4|4 = 4© , F10
4 |5 = 4©+ 2 · 5©+ 6©+ 7© . (4.11)

The volumes of these internal faces extracted from the branes are

T 1© = 2φ0(2φ0−φ2) ,
T 1©+2 8©+ 9©+10© = 3φ21−2φ22−φ23−φ25+2φ1(φ2−φ3−φ5)+2φ3(φ2+φ5) ,

T 2© = (2φ2+φ0−φ1−φ3)(2φ2−φ0−φ1−φ3) ,
T 3© =−φ21−2φ22+3φ23+φ24+2φ25+2φ1(φ2−φ3−φ5)+2φ3(φ2−2φ4−3φ5)+4φ4φ5 ,

T 4© = 2(2φ4−φ3)(φ3+φ4−2φ5) ,

T 4©+2 5©+ 6©+ 7© =−φ21−3φ23−4φ24−φ25+2φ1(φ3−φ5)+4φ3(φ4+φ5) , (4.12)

which agree with the volumes of compact four-cycles in the geometry.

SO(9) gauge theory. The brane web for the 6d SCFT on a −2 curve with SO(9) gauge

symmetry is depicted in figure 24(b). Its geometric counterpart is drawn in figure 24(a).

This geometry is equivalent to the geometry for the SO(9) gauge theory given in [15] under

flop transitions of two −1 curves f − xi in the surface F2
10,3. The prepotential of this
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Figure 24. The elliptic threefold (a) and the brane web (b) for the 6d SO(9) gauge theory on a

−2 curve.

geometry is

6FSO(9) = 8φ30 + 6φ31 + 8φ32 + 6φ33 − 18φ34 − 6φ20φ2 − 12φ1φ
2
2 + 6φ21φ2

− 12φ22φ3 + 6φ2φ
2
3 − 6φ21φ3 − 6φ1φ

2
3 − 6φ21φ4 − 6φ1φ

2
4 − 30φ23φ4

+ 42φ3φ
2
4 + 12φ1φ2φ3 + 12φ1φ3φ4 . (4.13)

The map between the brane system and the geometry in figure 24(a) is

F0|0 = 1© , F2
4|1 = 1©+ 2 · 7©+ 8©+ 9© , F2|2 = 2© ,

F2
4|3 = 3© , F2

10,3|4 = 2 · 4©+ 5©+ 6© . (4.14)

The volumes of these internal faces extracted from the branes are

T 1© = 2φ0(2φ0 − φ2) ,
T 1©+2 7©+ 8©+ 9© = 3φ21 − 2φ22 − φ23 − φ24 + 2φ1(φ2 − φ3 − φ4) + 2φ3(φ2 + φ4) ,

T 2© = (2φ2+φ0−φ1−φ3)(2φ2−φ0−φ1−φ3) ,
T 3© = −φ21−2φ22+3φ23+7φ24+2φ1(φ2−φ3 −φ5)+2φ3(φ2−5φ4) ,

T2 4©+ 5©+ 6© = −φ21 − 5φ23 − 9φ24 + 2φ1(φ3 − φ4) + 14φ3φ4 , (4.15)

which agree with the volumes of compact four-cycles in the geometry.
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Figure 25. The elliptic threefold (a) and the brane web (b) for the 6d SO(8) gauge theory on a

−2 curve.

SO(8) gauge theory. The brane web for the 6d SCFT on a −2 curve with SO(8)

gauge symmetry is drawn in figure 25(b). The geometry of this theory is summarized in

figure 25(a). We compute the cubic prepotential for this threefold as

6FSO(8) = 8φ30 + 4φ31 + 8φ32 + 8φ33 − 6φ20φ2 − 12φ1φ
2
2 + 6φ21φ2 − 12φ22φ3 + 6φ2φ

2
3

− 12φ22φ4 + 6φ2φ
2
4 − 12φ1φ

2
3 − 12φ21φ4 − 12φ23φ4 + 12φ1φ2φ3

+ 12φ2φ3φ4 + 12φ1φ2φ4 . (4.16)

The surfaces in the geometry is related to the internal faces in the brane web by the map

given as

F0|0 = 1© , F4
4|1 = 1©+ 2 · 7©+ 8©+ 9© , F2|2 = 2© ,

F4|3 = 3© , F8
4|4 = 3©+ 2 · 4©+ 5©+ 6© . (4.17)

The volumes of these internal faces extracted from the branes are

T 1© = 2φ0(2φ0 − φ2) ,
T 1©+2 7©+ 8©+ 9© = 2

(
φ21 − φ22 − φ23 + φ1(φ2 − 2φ4) + φ2(φ3 + φ4)

)
,

T 2© = (−φ0+φ1−2φ2+φ3+φ4)(φ0+φ1−2φ2+φ3 +φ4) ,

T 3© = 2(φ2 − 2φ3)(φ1 − φ2 − φ3 + φ4) ,

T2 3©+2 4©+ 5©+ 6© = 2
(
−φ21 − φ22 − φ23 + φ2(φ1 + φ3 + φ4)

)
, (4.18)

which agree with the volumes of compact four-cycles in the geometry.
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Figure 26. The elliptic threefold (a) and the brane web (b) for the 6d SO(7) gauge theory on a

−2 curve.

SO(7) gauge theory. A further Higgs branch flow leads to the brane web for the 6d

SCFT on a −2 curve with SO(7) gauge symmetry which is drawn in figure 26(b). The

geometry of this theory is in figure 26(a) and it has the prepotential

6FSO(7) = 8φ30 + 2φ31 + 8φ32 − 2φ33 − 6φ20φ2 − 12φ1φ
2
2 + 6φ21φ2 − 24φ22φ3

+ 24φ2φ
2
3 − 18φ1φ

2
3 − 6φ21φ3 + 24φ1φ2φ3 . (4.19)

The 5-brane system can be mapped to the geometry by the following map:

F0|0 = 1© , F6
4|1 = 1©+ 2 · 6©+ 7©+ 8© , F2|2 = 2© ,

F2
8,1|3 = 2 · 3©+ 4©+ 5© . (4.20)

The geometry in figure 26 is not quite equivalent to the geometry for this theory in [15].

They are, in fact, related each other by flop transitions on two exceptional curves xi in F2
8,1.

We have also checked that the monopole string tensions obtained both from the brane

webs and the geometries are in perfect agreement. For example, the monopole string

tensions from the brane web in figure 25(b) are

T 1© = 2φ0(2φ0−φ2) ,
T 1©+2 6©+ 7©+ 8© = φ21− 2φ22− 3φ23+2φ1φ2 − 2φ1φ3 + 4φ2φ3

T 2© = (−φ0+φ1− 2φ2+ 2φ3)(φ0+φ1− 2φ2+ 2φ3) ,

T2 3©+ 4©+ 5© = −φ21−4φ22−φ23+4φ1φ2−6φ1φ3+8φ2φ3 , (4.21)

which indeed match the volumes of the compact surfaces in the geometry.
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Figure 27. The elliptic threefold (a) and the brane web (b) for the 6d G2 gauge theory on a

−2 curve.

G2 gauge theory. There are two distinct Higgs branch flows from the SO(7) gauge

theory and the corresponding brane web. One is the Higgsing to the G2 gauge theory with

four fundamentals. The brane web for this theory is illustrated in figure 27(b). This brane

web corresponds to the CY3 geometry in figure 27(a). This threefold yields the prepotential

6FG2 = 8φ30 − 24φ31 + 8φ32 − 6φ20φ2 − 36φ1φ
2
2 + 54φ21φ2 . (4.22)

The map between the brane web and the geometry is given as

F0|0 = 1© , F12,4|1 = 1©+ 2 · 3©+ 4©+ 2 · 5©+ 6©+ 7© , F2|2 = 2© . (4.23)

As expected, the areas of the internal faces agree with the volumes of the compact surfaces

in the geometry under this map

T 1© = 2φ0(2φ0 − φ2) ,
T 1©+2 3©+ 4©+2 5©+ 6©+ 7© = 6(−φ1 + φ2)(2φ1 − φ2) ,

T 2© = (−2φ0 − 3φ1 + 2φ2)(φ0 − 3φ1 + 2φ2) . (4.24)

SO(6) gauge theory. Another Higgs branch limit is to the 6d SCFT with SO(6) (or

SU(4)) gauge symmetry and 8 spinor hypermultiplets. This theory is called as the (A3, A3)

conformal matter theory coupled to one tensor multiplet. The RG-flow from our SO(7)

brane web which Higgs the SO(7) gauge symmetry to SO(6) symmetry gives rise to the

brane web in figure 28(a). On the other hand, the brane realization of this theory is already

known as figure 28(b). We find that, though these two brane webs look quite different,

they both engineer the SO(6) gauge theory with 8 spinor hypers at low energy. We have
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Figure 28. The elliptic threefold (a) and the brane web (b) for the 6d SU(4) gauge theory with

8 fundamentals.

also checked that the monopole strings in two brane realizations have the same tensions as

their counterparts.

4.2 Twisted theories

In the previous section, we obtained brane realizations of the SO(2N) gauge theories with

twisted compactification by Higgsing the brane webs of SO(2N+1) gauge theories on a −3

curve. We can employ the same Higgsing procedure on the brane webs of the SO(2N + 1)

theories we discussed in this section to obtain the brane realizations of the SO(2N) gauge

theories on a −2 curve with Z2 outer-automorphism twist.

We can first Higgs the brane web in figure 22(b) by moving one of the D7-branes

toward the bottom orientifold plane. The resulting brane web is drawn in figure 29(a) and

it realizes the SCFT of SO(10) gauge symmetry on −2 curve with Z2 outer-automorphism

twist. This insists that the strings Wi connecting adjacent D5- or O5-branes must carry

gauge charges of the affine D
(2)
5 algebra. We can confirm this by look at the string masses.

The charged string masses from the brane web are

mW1 = 2φ0 − φ1 , mW2 = 2φ1 − 2φ0 − φ2 , mW3 = 2φ2 − φ1 − φ3 ,
mW4 = 2φ3 − φ2 − 2φ4 , mW5 = 2φ4 − φ3 , (4.25)

which indeed exhibit the affine D
(2)
5 Cartan structure.

Similarly, the brane web for the SO(9) gauge theory in figure 24(b) and that for the

SO(7) gauge theories in figure 26(b) can be Higgsed down to the brane configurations

in figure 29(b) and figure 29(c) respectively. We conjecture that these brane webs in

figure 29(b) and figure 29(c) are the Z2 twisted compactifications of the SO(8) and the

SO(6) gauge theories respectively on a −2 curve. As one can see, the strings Wi have masses

forming the affine D
(2)
4 Cartan matrix and the affine D

(2)
3 Cartan matrix respectively.

Lastly, we can Higgs the brane web in figure 27(b) and reduce it to the brane web for

the SU(3) gauge theory on a −2 curve with Z2 outer-automorphism twist. The Higgsed

diagram is illustrated in figure 30(b). We find that this brane web amounts to the geometry

in figure 30(a) with the following map:

dP1 = 1© , F12,3 = 2 · 2©+ 3©+ 2 · 4©+ 5©+ 6© . (4.26)
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Figure 29. The brane webs for the 6d SO(2N) gauge theories on a −2 curve with Z2 twist, N =

5, 4, 3.
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Figure 30. The elliptic threefold (a) and the brane web (b) for the 6d SU(3) gauge theory with 6

fundamentals with Z2 twist.

The monopole strings in the brane web have the tensions

T 1© = 4(φ0 − 2φ1)(φ0 − φ1) , T2 2©+ 3©+2 4©+ 5©+ 6© = −2(φ0 − 2φ1)(3φ0 − 2φ1) . (4.27)

This again agrees with the volumes of the surfaces in the geometry.

It was conjectured in [14] that the Z2 twisted compactification of the SU(3) gauge the-

ory on a −2 curve will reduce to the 5d N = 1 Sp(2)0 gauge theory with 3 hypermultiplets

in the anti-symmetric representation of Sp(2) and, in addition, the associated geometry was

proposed. We find that the geometry, which is of the form F6
2`∪dP4, proposed in [14] can

be deformed to the geometry in figure 30(a) by flopping three exceptional curves `−x1−xi
with i = 2, 3, 4 in the dP4. This also support our brane proposal for this twisted theory

in figure 30(b). We note also that another brane realization for this theory was proposed

in [34] which would be a dual description of our brane realization in figure 30(b).

5 Twisting of SO(2N) theories on −4 curve

One may wonder what if we consider a Higgsing of the SO(2N+1) gauge theories with

2N −7 fundamental hypers on a −4 curve by giving a vev to a fundamental scalar carrying

unit Kaluza-Klein momentum along 6d circle. Similarly to the cases we discussed above,

we expect that this type of Higgsing leads to the twisted compactifications of the SO(2N)

gauge theories on a −4 curve. This follows that we can engineer the brane systems for these

– 37 –



J
H
E
P
1
0
(
2
0
2
0
)
0
1
4

…
…

…

…

…

…

b)a)

…

…

…

c)

N-3 N-3 N-3 N-4N+1 N N-4 N-1 N-4

Figure 31. (a) The brane web for the 6d SO(2N+2) gauge theory with 2N−6 fundamental hypers.

(b) The brane web for the 6d SO(2N+1) gauge theory with 2N−7 fundamental hypers. (c) The

brane web for the SO(2N) gauge theory with 2N−8 fundamentals on Z2 twisted compactification.

twisted theories by a Higgsing of known brane webs for the SO(2N+1) gauge theories with

2N − 7 fundamentals.

Let us start from the (p, q)-brane system in figure 31(a) for the SO(2N +2) gauge

theory with 2N − 6 fundamental hypers. One can Higgs this diagram to the brane web for

the SO(2N+1) gauge theory. For this, we move one of the internal D5-branes and also

one of the external D5-branes to the location of the orientifold plane at the top. Then we

end up with the brane web in figure 31(b). This web is for the SO(2N+1) gauge theory

with 2N − 7 fundamentals. We now consider moving another set of D5-branes denoted by

downward arrows to the bottom orientifold plane. The resulting brane web in figure 31(c)

is the brane web corresponding to the Higgsing triggered by a Higgs vev of a SO(2N+1)

fundamental scalar mode carrying KK momentum. This brane web is thus conjectured to

realize the twisted compactification of the SO(2N) gauge theory with 2N − 8 fundamental

hypermultiplets. The brane web now has 2N − 8 external D5-branes which is the same

as those in the original SO(2N) gauge theory before twisting. This respects the fact that

fundamental hypermultiplets remain intact under Z2 twisting of SO(2N) gauge algebra.

Another simple check for this proposal is to compare the string charges between the

internal D5-branes. The i-th string suspending between i-th and (i+ 1)-th D5-branes have

the masses as

m1 = 2φ1 − φ2 ,
m2 = 2φ2 − 2φ1 − φ3 ,
mi = 2φi − φi−1 − φi+1 for 2 < i < N − 1 ,

mN−1 = 2φN−1 − φN−2 − 2φN ,

mN = 2φN − φN−1 , (5.1)

after taking into account orientifold projections at the top and the bottom of the diagram.

This result shows that the strings connecting internal branes form the affine D
(2)
N gauge

algebra. This signals that our brane web in figure 31(c) would be the Z2 twisting of the

SO(2N) gauge theory on a −4 curve.
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6 Conclusion

In this paper, we constructed Type IIB 5-brane configurations for a family of 6d N =

(0, 1) SCFTs of DN gauge symmetry on a −2 or −3 curve in the base engineered in F-

theory [27] when compactified on a circle. These brane webs are obtained by considering

RG flows developed in certain Higgs branches in the brane webs associated to the 6d

(DN , DN ) conformal matter theories introduced in [35]. We have also explored new RG

flows triggered by Higgs vevs of scalar operators carrying non-zero KK momentum along

the compactification circle. Surprisingly, these RG flows realize twisted compactifications

of 6d SCFTs with SO(2N) or SU(3) gauge symmetry on a −2 or −3 curve.

Let us make some comments about our results and future researches. First, we have

considered Higgs branch flows by scalar vevs with unit KK momentum in 6d theories

compactified on a circle and found that these RG flows give rise to consistent low energy

theories. The low energy theories discussed in this paper turn out to be circle compacti-

fications of 6d theories with outer-automorphism twist which are already known to exist.

One may wonder if similar RG flows by using Higgs vevs of KK modes can provide us a

new family of consistent 6d theories living on a circle.

Another important point is that ordinary Type IIB branes in exotic configurations

appear to support new realizations of 6d theories and also 5d theories which either have

exceptional G2 gauge symmetry or share some unusual properties with exceptional gauge

theories. For example, the 6d minimal SU(3) gauge theory was previous engineered by (p, q)

string junctions between mutually non-perturbative 7-branes admitting no weakly coupled

Type IIB description. However we could find a (p, q) 5-brane web for this theory where

the non-abelian gauge states come from perturbative strings stretched between D5-branes.

It would be very interesting to further investigate those exotic 5-brane configurations and

see if we can construct (p, q) 5-brane systems for other exceptional gauge theories.

Lastly, brane webs found in this paper can be used to compute the partition functions

of the corresponding 6d theories on Ω-background. For this computation, we can employ

topological vertex formalism introduced in [7, 8] and also additional techniques in [36, 37]

to take into account the orientifold planes. The results for the theories on a −3 curve

can be compared with some known results in [38, 39], which would exhibit more concrete

checks for our proposal [40].
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A Brane transitions on orientifold 5-branes

We briefly discuss possible brane transitions on an O5-plane. In Type IIB 5-brane webs,

spinor matter of an SO(N) gauge theory can be realized non-perturbatively [25]. An Sp(0)

instanton of coupled to an SO(N) gauge theory is a 5-brane realization of a hypermultiplet

in the spinor representation of SO(N) gauge theory where the “coupling” of Sp(0) naturally

provides a mass of a spinor hypermultiplet which appears as the distance between two 5-

branes ending on an O5-plane. In order to realize small mass spinor parameter, one needs

to reduce the distance between two 5-branes on an O5-plane. Along the way, two such

5-branes meet at a point on a O5-plane. To realize a massless spinor hypermultiplet, one

may bring them even more close. In doing so, it was observed that 5-branes undergo

“generalized flop transitions” [32], which looks similar to usual flop transitions in 5-brane

webs without orientifold planes. An instructive example is given in figure 32. One can also

think of a brane configuration in figure 32 as a part of web diagram for an Sp(N) gauge

theory, as discussed in [36].

With “generalized flop transitions” one can realize various 5-brane configurations. Of

course, the massless limit of a spinor hypermultiplet for an SO(N) gauge theory is straight-

forward to construct. For instance, 5d G2 gauge theory with flavors was constructed as a

Higgsing of the 5d SO(7) gauge theory with spinor [37]. Moreover, in a similar way, 5-brane

webs for 5d gauge theory with hypermultiplet in the rank-3 antisymmetric representation

was also constructed [41].

These brane transitions are allowed phases in the parameter space of Seiberg-Witten

curves for 5d theories. Before and after the transitions, the diagrams should be a charge

conserving configuration. Figure 32 is a good example. A 5-brane configuration in fig-
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ure 32(a) changes successively to 32(b) and to 32(c), where the height of the newly gen-

erated D5-brane can be higher and higher as the distance between (2,−1) and (2, 1) 5-

branes getting closer and closer, keeping the 5-brane configuration on an O5-plane where

(1,−1) and (1, 1) 5-branes met a point. The position of the newly generated D5-brane

can be placed even higher by applying usual flop transitions, and then can be used for a

non-perturbative Higgsing as discussed in the main text. Many more examples are also

illustrated in [32, 34, 37, 41].

B Hanany-Witten transitions on a 5-brane web with O5-planes and 7-

brane monodromy cuts

Hanany-Witten transitions on a 5-brane web are realized as moving a (p, q) 7-brane on one

side, split by a (p′, q′) 5-brane, to the other side along the direction of the 7-brane charge.

This procedure is repeated till there remain no further 5-branes along its way so that the

7-brane can be taken to infinity without crossing other 5-branes. A 7-brane has the mon-

odromy which is given by the charge of the 7-brane, and the corresponding monodromy cut

can be put in an arbitrary direction on a 5-brane web but the charges of 5-branes crossing

the monodromy cut should be carefully treated. Though the orientation of a (p, q) 7-brane

monodromy cut is usually chosen to be aligned along the orientation of its charge (p, q) on

a 5-brane web, one can align a (p, q) 7-brane cut arbitrary or even rotate it clockwise or

counterclockwise. This is often understood when one performs Hanany-Witten transitions.

Consider an example of Hanany-Witten transition on a 5-brane configuration, drawn

in figure 33, where the monodromy cuts are depicted as the red dotted lines. Figure 33(b)

is an intermediate step of the Hanany-Witten transition where the (1, 0) 7-brane is being

moved to the middle from the right, where the (1, 0) 5-brane ending on this (1, 0) 7-brane

is now annihilated as it crossed a 5-brane. Figure 33(b) is still a charge conserving config-

uration due to the orientation of the 7-brane cut. The next step is then to move this (1, 0)

7-brane to the left. Here one can rotate the monodromy cut clockwise or counterclockwise.

Figure 33(c) is the resulting configuration when the monodromy cut is rotated counter-

clockwise i©, followed by pulling the 7-brane to the left. On the other hand, figure 33(d) is

the configuration after the monodromy cut is rotated clockwise ii©, followed by pulling the

7-brane to the left. We note that both configurations are a charge conserving configuration

and they are related by an SL(2,Z) T -transformation.

When a 5-brane configuration of interest has an O5-plane, Hanany-Witten transi-

tions can also be understood in a similar way but with some caution. For instance, see

figure 34(a). It is a part of 5-brane configuration discussed in the main text. Just as in the

previous example of Hanany-Witten transition, one can put a (1, 0) 7-brane in the middle

as depicted in figure 34(b), and there again one can rotate around the monodromy cut

clockwise or counterclockwise. The counterclockwise rotation i© is straightforward and

the configuration can be understood as the same way as the case without an O5-plane,

and the result configuration is given in figure 34(c). A clockwise rotation ii©, however, re-

quires some caution. By figure 34(c), we imagine a partial clockwise rotation of the 7-brane

monodromy cut such that the monodromy cut is curved so that it still points its initial
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ii⃝i⃝

(a)

(b)

i⃝

ii⃝

(c) (d)

Figure 33. Hanany-Witten transitions and 7-brane monodromy cut. By rotating the 7-brane

monodromy cut (counter-)clockwise, one obtains 5-brane configuration either (d) for (e), and two

configurations are related by an SL(2,Z) transformation.

orientation along the O5-plane. This configuration is in particular useful as it gives rise

to a charge conserving 5-brane configuration on an O5-plane, as depicted in figure 33(d).

Moreover, when we consider a 5-brane configuration with two O5-planes, rotations of mon-

odromy cuts of flavor 7-brane can be understood in this way. As an example, recall figure 8

discussed in section 3. If we were to denote the monodromy cuts of those (1, 0) 7-branes

which were moved to the left by Hanany-Witten transitions, the direction of monodromy

cuts should be understood as in figure 35, where the charges are conserved on O5-planes.
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O5+ O5− O5−

i⃝

ii⃝
ii⃝

i⃝

(a)

(b)

(c) (d)

Figure 34. Hanany-Witten transitions and 7-brane monodromy cut for a 5-brane configuration

with an O5-plane. By rotating the 7-brane monodromy cut (counter-)clockwise, one obtains 5-brane

configuration either (c) for (d).

(c)(a) (b)
(a) (b) (c)

O5+ O5− O5−

O5+ O5− O5−O5+

Figure 35. Monodromy cuts for figure 8. The red dotted lines denote the monodromy cuts for

7-branes which are moved to the left via Hanany-Witten transitions.
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