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1 Introduction

Probing space-time with strings challenges the way we describe geometry. When the target
space possess commuting isometries string theory is invariant under Abelian T-duality, the
statement that different backgrounds lead to the same underlying physics. Double Field
Theory (DFT) [1-5] is a framework that accounts for such a generalized geometry by
making Abelian T-duality a manifest symmetry, for reviews see [6-8].

Interestingly the isometries need not be Abelian. An extension of Buscher’s proce-
dure [9, 10] to the case of backgrounds with non-commuting isometries led to the so-called
non-Abelian T-duality (NATD) [11]. This duality can connect backgrounds with isometry
groups of different dimensions, and so its action works in one direction but not reversely.
This drawback was cured in [12] where the requirement of isometries as a guiding principle
was abandoned. It was proposed that there must be some higher algebraic structure relat-
ing dual models that shows up only in special cases as an isometry group. This led to the



idea of Poisson-Lie T-duality [12]-[14], a generalization of Abelian and NATD. These gen-
eralized dualities are only symmetries of the classical string, and mostly work as a solution
generating technique, for a review see [15].

Generalized dualities are not obviously captured by the symmetries of DF'T, where the
rigid O(d, d) invariance only accounts for Abelian T-duality. To understand how generalized
dualities fit into this framework, it is convenient to consider generalized Scherk-Schwarz
(gSS) reductions [16, 17] in the context of Gauged DFT [18, 19]. There, the background is
captured by a generalized twist matrix U € O(d, d) plus a generalized dilaton shift e=2* €
R*, that locally depend on the coordinates of the internal space. The background then
gauges the effective action through the fluxes generated by the duality twist. Interestingly,
there is a degeneration in the space of twists that lead to the same flux configurations [20].!
In fact, more generally it is enough to demand that the fluxes fall into the same duality orbit,
in which case the different backgrounds would lead to the same underlying physics.? This
observation was originally done in [20], and lies at the core of many interesting discussions
on how DFT connects with generalized dualities [23]-[28]. We can resume it as follows:

Generalized dualities are represented through certain local O(d,d) transfor-
mations and shifts of the generalized dilaton that relate different backgrounds
(duality twists in Gauged DFT) whose gaugings fall into the same duality orbit.

In this paper we exploit the technology of DFT to compute the first order higher
derivative corrections to generalized dualities. Higher derivatives are incorporated into
DFT through deformations of the double local Lorentz transformations [29, 30].% Iden-
tifying the duality covariant DFT fields with those of supergravity requires the choice of
a specific double Lorentz gauge and certain higher order field redefinitions. While in the
Gauged DFT sub-sector of DFT the fields transform linearly under O(d, d), the T-duality
transformation of the supergravity fields gets deformed by the double Lorentz transforma-
tions and the redefinitions. Interestingly, throughout this procedure the O(d,d) transfor-
mations need not be rigid, and so it can be applied to generalized dualities in light of the
observation made above.

In this paper we find a unified expression for first order corrections to generalized
dualities. It can be easily specified to any generalized T-duality (Abelian, non-Abelian,
Poisson-Lie, etc.) and deformations such as Yang-Baxter, in any of the theories captured
by the higher derivative corrections to DFT (bosonic or heterotic strings and HSZ theory),
in any supergravity frame related by field redefinitions.

Before introducing the original results, we intend to provide a pedagogical introduction
to DFT for readers of the generalized duality community, and the other way around. Section

!The paradigmatic case is that of SO(4) gaugings generated by O(3,3) valued twists representing either
an S® background with H-flux or a T-fold.

2Even more generally, the gaugings can fall into different orbits, as happens for instance when the
backgrounds are non-unimodular. We can still can make sense of the duality as connecting solutions to
deformed theories, such as generalized supergravities [21, 22].

3There are alternative formulations in which the generalized diffeomorphisms are deformed [31-35], and
also formulations in which the Lorentz deformations are accounted for through extensions of the duality
group [36-38].



2 is devoted to review some relevant aspects of DF'T, its flux formulation, its gauged version
and the way to encode higher derivatives. We discuss there how generalized dualities fit
into Gauged DFT to leading order in /. Section 3 discusses how generalized dualities
are captured by local O(d,d) x R* transformations, and present the explicit form of the
elements of this group in the case of Abelian, non-Abelian and Poisson-Lie T-duality.
Section 4 contains most of the original results of this paper, combining the ideas in section 2
and 3 to generate a general formula for higher derivative corrections to generalized dualities.
Along the paper the reader will find the following results:

e Although local O(d,d) transformations and R shifts of the generalized dilaton are
not symmetries of DFT, some specific elements of this group transform Gauged DFT
into another Gauged DFT in the same duality orbit. In certain cases when the
gaugings fall into distinct duality orbits, one can still make sense of the transformation
as connecting background solutions to deformed DFTs.

e The local O(d,d) x RT transformations that relate dual backgrounds remain uncor-
rected with respect to higher derivatives. The elements that generate the generalized
dualities can then be read from the backgrounds to lowest order, and applied to
higher-order corrected backgrounds so as to obtain the corrections to the dual back-
ground. This result is extremely powerful, as it allows to perform duality transfor-
mations to backgrounds with higher derivatives, by knowing only the transformation
to lowest order. We give the explicit form of these transformations for different gen-
eralized dualities: Abelian (3.53), non-Abelian (3.63) and PL T-duality (3.100), and
discuss the relation between pluralities and the notion of orbits in Gauged DFT.

e In the context of Gauged DFT, the duality covariant generalized fields are linearly
acted on by the local O(d,d) x RT transformation that defines the generalized du-
ality. However, when it comes to translating this into the language of supergravity,
the Lorentz gauge fixing and field redefinitions spoil the order and simplicity of gen-
eralized dualities in Gauged DFT, inducing higher-order corrections to the transfor-
mations of the supergravity fields. In this paper we compute these corrections in
full generality in (4.24). The result is remarkably simple, and still general enough to
account for any of the two parameters a and b that control the higher-order defor-
mations (a = 0 or b = 0 is the heterotic string, a = b is bosonic, a = —b is HSZ),
for any generalized duality (defined as connecting background solutions through local
O(d, d) transformations and generalized dilaton shifts), for any supergravity scheme
defined by its relation to the DFT scheme.

2 A review of Double Field Theory

In this section we set the conventions to be used throughout the paper, and briefly review
the frame [1, 2, 39] or flux [40] formulation of DFT, it’s gauged version [19] through gSS
reductions and it’s first order higher-derivative extension [29].

We begin with some conventions. D is the dimension of the full space-time, d is the
dimension of the internal compact space, and n = D — d is the dimension of the external



Space

Curved | Algebraic | Flat
Dim

2D M, N 7,J A, B
D /’l’7 V L? R a? /6
2d M,N I,J A B
m,n 1,7 a,b
n m,n i,j a,b

Table 1. Index conventions.

space. Apart from the usual curved and flat type of indices, flux compactifications involve
an extra type of internal indices that we call “algebraic” for reason that will become clear
later. Table 1 contains the conventions for different type of indices in different dimensions.

2.1 Flux formulation of DFT

Double Field Theory (DFT) incorporates T-duality as a manifest symmetry, given by the
continuous global O(D, D) group that preserves the symmetric metric naqas. This metric
and its inverse are used to raise a lower the 2D curved indices M, N on which O(D, D)
acts. Duality requires that in addition to the standard space-time coordinates X*, the
theory includes dual coordinates X u» associated with the winding excitations of closed
string theory on backgrounds with non-trivial cycles. It is then defined over a doubled
space with coordinates XM = (X “,)? ). The double space is however constrained. One
option is to impose the strong constraint which states that all fields and their products
must be annihilated by the double Laplacian

opmoM.-..=0. (2.1)

This implies that locally there is always an O(D, D) transformation that rotates into a
frame in which the fields depend only on half of the coordinates. A particular solution is
given by demanding that nothing depends on the dual coordinates d" = 0 in which case
the section coincides with the standard D-dimensional space-time on which supergravity
is defined. Although flux compactifications of DFT permit a relaxation of this strong
constraint [19], as we will discuss later, in this paper we will impose the strong constraint
all along.

There is also a local O(1,D — 1) x O(1, D — 1) symmetry usually referred to as the
double Lorentz symmetry. It preserves two symmetric matrices 143 and H 45 and acts on
flat 2D indices A, B which are raised and lowered by 7.45.

The field content of the theory simply consists of a generalized frame Er* and a
generalized dilaton d, that depend on the double coordinates. The generalized frame is
constrained to satisfy

v = Enm? nas Ex®, (2.2)



and permits to define the famous generalized metric as follows
Hpan = EmA Hoas Ex®. (2.3)
The O(D, D) transformations
U npoUn =y, W eO(D, D), (2.4)
act linearly on the space and fields through matrix multiplication
XM = xNo\M ) EX)MA = U N EXNA, (X)) = d(X). (2.5)
The double Lorentz transformations
04 1ep O =nas, O Hep OsP =Has, OcO(1,D—1)x0(1,D—1), (2.6)
act on the fields as follows
L(E)p™* = ExB0Os?, L(d)=d. (2.7)
It is convenient to define a different set of double Lorentz invariants
P 5 = % (nas = Has) , (2.8)

which are projectors P2 = P(#) and P& P(F) = 0 acting on the different factors of the

double Lorentz product. We define the following index notation for future reference
P B =14, PO BTy =1Tg, (2.9)

and the same holds for curved indices. It is also convenient to deal with infinitesimal double
Lorentz transformations O 48 = § 48 + A 4B, parameterized by antisymmetric parameters
Aap = Apap which are diagonal with respect to the projections, namely Az; = 0. In
terms of these, the Lorentz variations of the fields read

SEm™ = EABAgt, 6d=0. (2.10)

On top of these symmetries, DFT is invariant under generalized diffeomorphisms, which
will play a minor role in this work. Finally, there is a crucial transformation consisting in
a constant generalized dilaton shift, that we will call R

e 20 (X)) _ 20,-2d(X) 20 o RE (2.11)

This is not a strict symmetry of the action, but a rescalling, and then the equations of
motion turn out to be invariant under this symmetry. This will be crucial when it comes
to gauging the theory.

DFT is defined by an action that is fixed by invariance under the symmetries discussed
so far. In the frame formulation, it can be written compactly in terms of the so called
generalized fluxes

Fape = 3Q45¢)

2.12
FAE2DAd+QBBA where QABCEDAENBENC, DAEEMA(?M. ( )



The specific form of the action and the corresponding equations of motion are irrelevant in
this paper, the only important thing we need to keep in mind is that they can be written
in terms of the generalized fluxes and their flat derivatives (see [40] for the two-derivative
action, and [30] for the first order corrections in terms of fluxes). Of special importance
are certain projections of the generalized fluxes that happen to appear in higher derivative
Lorentz transformations, and so we define them here for future reference

F(+)ABC = FA@’ F(_)ABC = FX@‘ (2.13)

Connecting with supergravity requires a GL(n) x O(d,d) decomposition of O(D, D).
Let us show how this works in the fully uncompactified scenario n = D. We first impose the
strong constraint and pick the solution oM = 0, so nothing depends on the dual coordinates.
Next, we propose a parameterization of the generalized frame and dilaton

1 [(—Qt, e Qe
Ep? = — w e 2= /G 2.14
MTR ( E o Hn € Ge™™, (2.14)

«

and also the invariant matrices

0 6MV —9aB 0 Jafb 0
NMN = y  NAB = , Huap = ) 2.15
(5% 0 ) ( 0 g8 0 g*8 (2.15)

Here Qv = G + By and gop = diag{—1,1,...,1} are D-dimensional Minkowski ma-
trices that raise and lower flat D-dimensional indices. There are two vielbeins e(i),ﬂ
each transforming under different factors of the Lorentz group. They differ by a Lorentz
transformation, and so they generate the same metric

G = e(i)ua 9o e(i),,ﬂ . (2.16)
If desired, the generalized metric can then be computed from these definitions (2.3)
G, — B,,G"” B, B,,G""
Hounv = * Ko He . (2.17)
—~GFP B, GHv

Using the parameterization of the generalized fields we can compute the components
of the generalized fluxes. In particular we show here the non-vanishing components of F&)
in (2.13)

1, 1
F(i)aﬁv — ﬁe(:F) aw(i)yﬁv ’ w(i)“aﬁ — w#aﬁ(e(i)) + 5Hﬂ@{ﬁ(e(ﬂt)) ’ (2.18)

where w(e™®)) and H(e®)) are the Levi-Civita spin connection and curvature for the two-
form respectively

wua(e) = Vo Ve’ Huo(e) = 30y,B,,e" o, 2.19
n B jz (uPvpl

but evaluated in e®) instead.



Making contact with supergravity requires a gauge fixing. This is achieved by choosing
a double Lorentz gauge in which

e(ﬂua = e(f)ua =e,”, (2.20)

and then locking the vielbeins to coincide with the unique vielbein that there is in super-
gravity. This gauge fixing breaks the double Lorenz group down to its diagonal subgroup,
and on the other hand it breaks the O(D, D) covariance of the generalized frame, so the
failure of O(D, D) to preserve the form of the generalized frame after the gauge fixing will
have to be compensated by a restoring double Lorentz transformation.

2.2 Gauged DFT

We now briefly review Gauged DFT [18, 19], which is obtained after performing a gener-
alized Scherk-Schwarz (gSS) reduction [16, 17] of DFT. The idea is to keep the O(D, D)
structure of the theory, assuming an underlying GL(n) x O(d,d) decomposition, under
which the coordinates split as XM = (Xm™ )N(m, YM) and the strong constraint is imposed
in the external space such that O™ = 0. The gSS ansatz for the fields is read from the rigid
O(D, D) x R* symmetries of the equations of motion, and separating the dependence on
external X and internal Y coordinates

o~ ~

EX M =UVMEX)TY, d(X,Y)=d(X)+A\Y), (2.21)

where the fields with a hat only depend on the external coordinates and correspond to
the dynamical objects in Gauged DFT. The matrix U(Y) is usually called twist matrix or
duality twist, as it must be O(D, D) valued. It maps indices of the parent DFT M, N to
indices of the effective Gauged DFT Z, 7, and must be trivial in the external directions

UMzOMT(X) = sM7omT(X), (2.22)

so it is in fact an element of O(d, d). Together with A\(Y"), they encode all the dependence
on the double internal coordinates, and contain the information of the compactification
background.

To understand the physics behind the ansatz, it is instructive to see how it affects the
generalized metric

HX, YY)y = UV IMTHX) 27U VT, H(X)z7 = E(X)"HasE(X) 75, (2.23)

The full background H (X, Y ) s is written as perturbations around the compactification
background U (Y ) pLéz7U(Y) a7, where the fluctuations are governed by 7/-Z(X )z7 around
077, which contains the fields in the effective action of Gauged DFT, and is fixed by it’s
equations of motion.

Under the gSS ansatz the generalized fluxes (2.12) split as a sum of external and
internal parts

Fasc = F(X)ape + EX4EY gEXcFryx, Fa=F(X)a+ EA%Fr, (2.24)



where all the dependence on the twists ends on the gaugings, defined by

FIJIC = SQ[IJIC]

2.25
Fr = 20MzOMmN + ijz where Qz7x = UMIaMUNJU/\/'}C. ( )

Invariance of the action, covariance of the equations of motion and closure of the gauge
algebra leads to a set of consistency constraints

3
8[IFJ,CR] — ZF[ZJSFICR]S =0, 8’CF;CIJ + 28[ZFJ] — FKF)CIJ =0, (2.26)

where we are defining 97 = UM7d,. Interestingly, the strong constraint implies these
equations, but the reserse it not true and so this is a relaxed version of the strong constraint
in the internal space, which can be truly double as long as these quadratic constraints are
satisfied [19]. Normally, the gaugings F7 receive extra contributions through the gauging
of a warp factor re-scaling of the Kaluza-Klein fields that arise under a GL(n) x O(d, d)
decomposition. We are not assuming such a decomposition and so we will ignore this here,
for a general discussion on this point we refer to [16, 17] and [41]. We finally point out that
normally the fluxes are taken to be constant, in which case the action reduces to a lower
dimensional gauged supergravity. Here we will not always assume this, as non-constant
deformations are relevant when it comes to discuss certain backgrounds that arise in the
context of generalized dualities.

Since the twist matrix has to be trivial in the external sector (2.22) it can be parame-
terized as

dm' 0 0 O

. 0 Un' 0 Upn i (Un' Uni
Upm™ = , Uy = ‘ , (2.27)
0 0 & 0 umium,

0o U™ o0 U™

where we defined a 2d-dimensional internal matrix Uy;! that has to be O(d,d) valued.
Then, the gaugings only have internal components

Frax — Frjx = 3Q5K)

2.28
Fr — Fy :2UM18M)\+QJJ[ where Qg = UMjaMUNJUNK, ( )
that satisfy their own Jacobi identities
3
OrF kR — EF[IJSFKR}S =0, ONFgrs+20yF;—FKFgr=0. (2.29)

In the effective action, all the information of the background is encoded exclusively in the
gaugings Frjix and Fj. Their explicit form will depend on the twist matrix U, which in
full generality is given by [40]

U bu~t 10 1b w 0
U = = b= _bt _ _ t. .
(5“ (1+ pb) ut> (5 1) (0 1) (0 ut) ’ ;B B (2.30)



The so called geometric and non-geometric fluxes [42] in this context are simply partic-
ular components of the gaugings, and can be expressed in terms of these background
fields [16, 17]

Fyx=Hy,, Fij*=f", F*=Q'F, FJ*=R*, (2.31)

A priori there is no obstruction in the formalism to reach all possible orbits of gaugings
(this was proved for O(3,3) in [20]) if the strong constraint is relaxed as in [19], although
a proof is still missing in general. It was shown in [20] that when the twists are strong
constrained, they additionally satisfy

1 1
orF! — §F1Ff + EF”KFUK =0, (2.32)

which is the condition that the gaugings admit an embedding into maximal supergrav-
ity [43, 44]. This is not a constraint of Gauged DFT. Only a subset of the allowed gaugings
satisfy this condition, and so a relaxation of the strong constraint is mandatory in order
to reach all duality orbits. We refer to [20] for discussions on this point.

Let us discuss the idea of how generalized dualities are treated in the context of Gauged
DFT. Consider a background coordinatized by Y and characterized by U(Y') and A(Y') with
gaugings

Frox = 30(YV)MouU(Y)" U (Y)nk)

Fr = QU(Y)MIaM)\(Y) . 8MU(Y)M[ ‘ (2.33)

Next consider a different (dual) background coordinatized by Y’ and characterized by
U'(Y') and N(Y”) with gaugings

Flyi = 30" (Y")M 00,0 (YN U (V') y (2.34)
F) =20 (YYM ), N(Y') — 04, U (Y)M, . '

When the gaugings fall into the same duality orbit, namely when there exists a constant
element h € O(d,d) such that

Flyg = hi"hyShx Fram,  Fj = hi"Fyp, (2.35)

then the equations of motion of Gauged DFT for the original background, and those of
the dual background are related by field redefinitions. These in fact are simply O(d,d)
rotations of the fields in the effective action by the same elements h

E'X) A =nEX) /A, d(X)=dX). (2.36)
The combined action of (2.35) and (2.36) leave the full generalized fluxes (2.24) invariant
Flpe = Fasc, Fly=Fy. (2.37)

Moreover, since these fluxes only depend on the external coordinates X, flat derivatives
acting on them are also invariant under this transformation (D4F) = D4F. As a result,
the full Gauged DFT action and it’s equations of motion remain invariant. The resulting



effective theory for both dual backgrounds is the same, and in this sense they are dual to
cach other. Moreover, if the external factors of the gSS ansatz E (X) and J(X ) satisfy the
equations of motion of Gauged DFT, then the generalized duality maps a solution to a
solution. It is then trivial from the point of view of Gauged DFT that generalized dualities
act as a solution generating technique at the classical level. This is nicely discussed in [26].

The twists and their duals belong to different spaces with different set of coordinates,
Y for the original and Y for the dual. We can think of going from one background to the
other through a transformation?

Y Y, 00, UY)-UY) =Y, YIYUY), NY)—=XNY')=ANY)+a(Y,Y'),

(2.38)
consisting in specific local O(d, d) rotations by the elements 1(Y,Y”) and local generalized
dilaton shifts by a/(Y,Y”)

PV, Y)=U YU YY) eO(d,d), oY,Y)=NY")=AY), (2.39)

that connect backgrounds whose gaugings fall into the same duality orbit. It is in this sense
that generalized dualities can be defined by promoting the global symmetries of DF'T into
local symmetries of Gauged DFT.

We can summarize how generalized dualities are captured by Gauged DFT as follows:

Although local O(d, d) transformations and R shifts of the generalized dilaton
are not symmetries of DFT, some specific elements of this group transform
Gauged DFT into another Gauged DFT in the same duality orbit.

Now suppose the following scenario. We have a local O(d,d) x Rt transformation
connecting two backgrounds (U, ) and (U’, X) that generate gaugings that fall into
distinct duality orbits. In this case, it might be possible to deform them (by modifying the
twists) and force them to coincide. If the deformation on its own generates a consistent
gauging, then the backgrounds can be interpreted as solutions to different Gauged DFTs
gauged by the deformations. We will see this effect explicitly when discussing particular
examples of generalized dualities.

The local O(d, d) x RT transformations that connect twists (U, A) and (U’, \)
that fall into distinct duality orbits, can sometimes be interpreted as a mapping
between solutions of deformed theories.

2.3 Higher derivatives in DFT

In this section we review how to incorporate higher-derivatives in DFT through corrections
to the double Lorentz transformations [29]. The infinitesimal first-order in o’ deformation
is given by the generalized Green-Schwarz transformation (antisymmetrization of projected
indices exchanges the index but not the projection [AB] = 1(AB — BA))

5AEMA — EMB ABA + A(l)BA] s A(l)BA = CLD[EAQQF(_)X]QQ — bD[EAéfF(—HA]fc y
(2.40)

4Abelian T-duality is a special case in which dual coordinates are related by these elements of o(d,d),
namely Y/ =Y.

~10 -



where a and b are both O(«’) and interpolate between different string effective theories.
The generalized dilaton remains a Lorentz scalar. This first-order correction implies that
the component fields parameterizing the generalized fields under a GL(n) x O(d, d) decom-
position cannot be the standard ones that transform covariantly under Lorentz transfor-
mations. Instead, they are related to those through first order Lorentz non-covariant field
redefinitions. Then, when written in terms of the Lorentz covariant fields, the generalized
frame is parameterized by higher derivative terms. For this reason, it is convenient to
parameterize the generalized frame as follows (for concreteness we take the case n = D)
Byt L <_ A € Qu 6(+)Va> L e Mo\ /Ge 2 N B (A(_)aﬁ o ) )
g(Fuc eHn, 0 A(+)a5
(2.41)
where the overline indicates that the components are duality covariant but not Lorentz
covariant. In other words, the duality covariant fields ¥ are related to the Lorentz covariant
ones ¥ though first order redefinitions AW, namely ¥ = ¥ + AW. Note that ¥ is duality

covariant but Lorentz non-covariant, and ¥ is the opposite. The parameterization of the
first-order deformation is

0
AW A =
e(_)yae("’_)ﬂﬁzyu 0

1
S = § (azHW + bz<+>,,#) , 2@, = 9,A@) ), g

(2.42)

Note that because this deformation is already first-order, it is the same to put bars or not
as the difference is of higher order. The corrected transformations of the D-dimensional
fields are given by

5ze ) = e HAH) —xtg=le) | ie0) = DA —maTle) | 5;Q0 = —2%, (2.43)

where we have written everything in matrix notation.

When it comes to reduce this setup to supergravity one has to perform a double
Lorentz transformation to a certain gauge in which the two vielbeins coincide. These
transformations are finite, so we now discuss how to extract the finite version of the double
Lorentz deformations from the infinitesimal ones considered above, following the strategy
in [45] closely. We aim at re-writing the transformations in terms of Q&) =1+ A®) 4
where the dots represent higher orders in A®)| such that &) g0 = ¢. Since the lowest
order is trivial, let us focus on the generalized Green-Schwarz transformation. To this end,

consider the finite and infinitesimal transformation of the spin connections (which follows

from L(e™)) = &)
L(w(i)mﬂ) — @(ﬂ:)—loﬂ@(i)(Sﬁw(ﬂ:)wcS + ©(i)_1a78#®(i)7'3 240
5Aw(i)ua — _A(i)avw(i)w,@ + A(i)yﬁw(i)mﬂ + (%A(i)aﬂ )

Using the above we take the following tour for the symmetric part of $() in (2.42)

1 1
5 () = A F P, 5% = 6, <2w(i)ua5 w(i)vﬁa> — L <2w(i)uaﬁ w(i)v6a> !
(2.45)

11 -



ending with

5@ () = w0 (,458,,0E) TOE) Lo _ % 9,051 89,00 4 (2.46)

What we did above is the following. We identified Z(i)(w
%tr(w(i)w(i)) to remain invariant, and the arrow indicates that we now replace E(i)(

) with the infinitesimal failure of
pv)
by the failure of %tr(w(i)w(i)) to be invariant under finite Lorentz transformations.

For the antisymmetric part of ©(¥) we proceed similarly. First we note that BW
recieves a first order Lorentz transformation from the generalized Green-Schwarz term,
given by 65 B, = —2%,,), which implies that H,,, = 30;,B
field strength as it is not Lorentz invariant

3a _ o« 3b o
5AH,u1/p = _?a[u (81/1\( )aﬁw( )p]ﬁ ) + ?a[u (61/A(+)aﬂw(+)pm ) . (247)

vp] cannot be the three-form

The failure coincides with the infinitesimal Lorentz transformation of two copies of Chern-
Simons three forms

OACS®) ) = 8y, (AAD ™ %) (2.48)

« 2 «
s +§w(i)[uaﬁw(i)uﬁvw(i)pb 7 (2.49)

Cs(i)wp = o® [Maﬁayw(
such that

30 5, CS(H)

_ 3a _
— 60,3, = 30,00By, = oaH,u), = ?5/\05( )Wp _ EéACSWp. (2.50)

As before, we now consider the finite Lorentz transformation of the Chern-Simons three-
forms

L (€SB, ) = CSF), + 8, (0,070,005 570 71 ) (2.51)
1 — 0 -1 e -
_ga[u()(i)aﬂ@(i) 1576,,@&)7 Q&)1 ap]@(i)eﬁ@(i) e,
and considering that the last term is closed and then locally exact, we readily arrive at

»(F) w® [Wﬁaﬂ@(i)ﬁ@(i)*lwa + E(i)WZWW

[w] = =

1 B B B (2.52)
3[#E(i)WZWW] — 53[#@&)&6@&) 15“’@@&)76@(*) 16€ap]@(i)€£@(i) e,

In conclusion, the finite version of the generalized Green-Schwarz transformation on
D-dimensional fields is as follows

LEH) = dMOH — sig-leHoH
LE)) = dO00) — 56-1e-)ol)
LG)=G—(Z+xh
L(B)=B—(x—% (2.53)
LQ)=Q—-2%
L(B) =@~ LG5,
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where

1 _
Y = 1 ax( )uv + bz(+)w)
1
E(i)/w — @u@(i)ﬁv@(i)—lvaw(i)mﬁ — 53#@&)—1&53”@&)60& + E(i)WZWW
1
amz(i)WZWW] = 53[#@&)aﬂ((])(i)_lg”’@,,@(i)f@(i)_15€8p](O)(i)f@(i)_lga. (2.54)

In section 4 we wil specify specific dependencies on these functions. Here we are using
X=X ((O)(*), @(*),w(i)(e(i))), but later the arguments will change. We have also included
the Lorentz transformation for the dilaton field which is obtained from L(d) = d and its
parameterization (2.41). This result uses the strong constraint in the supergravity frame,
but otherwise is completely general and holds for any choice of the parameters a and b.
On a different page, let us comment here how this setup can be used to compute higher
derivative corrections to generalized dualities. To address this question we must follow the
approach in [30], which is simply the gauged version of the o/ deformed DFT [29]. The
idea is to perform a gSS reduction of DFT to first order in o/, which interestingly proceeds
in exactly the same way as in the two-derivative case. When the gSS ansatz (2.21) is
adopted, the twists U(Y") and A(Y) end up forming the exact same fluxes that gauge the
action, equations of motion and gauge transformations in the two derivative action. This
is, nor the twists nor the gaugings receive higher-derivative corrections. However, because
the Gauged DFT now contains higher derivatives, the effective generalized fields Eandd
now obey higher derivative equations of motion and then
E(X,Y)=UY)E(X)=U(Y) (E<0> (X) + ED(X) + .. ) 255
d(X,Y) =d(X)+ AY) =dO(X) +dV(X) + -+ A(Y).
Following the logic of how generalized dualities are captured by Gauged DFT, we can
now perform the local O(d,d) transformations and shifts of the generalized dilaton (2.38)
and (2.39) to transform the background into its dual
E'(X,Y") = U/(Y)E(X) =U'(Y") (E(O)(X) FEOX) .. ) 256
d(X,Y)=dX)+ X)) =dX)+dV(X)+ -+ N(Y).
As before, when the dual background U’(Y’) and X (Y”) generates gaugings that fall into
the same duality orbit than those of the original background, then it is guaranteed to be
a solution of the o corrected Gauged DFT. If instead the orbits are different, the dual
background could be a solution of a deformed o corrected Gauged DFT.
There is a remarkable consequence of the fact that the twists receive no corrections
and that all the corrections are captured by the external part of the ¢SS ansatz:

The local O(d,d) x RT transformations that relate dual backgrounds remain
uncorrected with respect to higher derivatives. Then, we can read the elements
PV, Y =U (YU L(Y) and (Y, Y’) = N(Y’') — A(Y) from the backgrounds
to lowest order, and apply the transformation to higher-order corrected back-
grounds so as to obtain the corrections of the dual background.
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Then, in the context of Gauged DFT the generalized frame is simply acted on linearly
by the uncorrected local T = O(d,d) x R transformation that defines the generalized
duality. When it comes to make contact with supergravity, double Lorentz transformations
L and L/, must be performed in order to take the full frames F and E’ to a gauge in which
the two vielbeins coincide (2.20). This transformation is typically not allowed in Gauged
DFT, and then takes you away from it. We represent the situation in figure 1. If we want
to explore how to go from a supergravity configuration into its dual, we must first access
Gauged DFT though Lg in order to take the solution into a generalized Scherk-Schwarz
form, there act with T', and then double Lorentz transform back to the supergravity gauge
in the dual picture with L. Tt is through these double Lorentz transformations Ly and L’
that the generalized dualities acting on supergravity backgrounds receive higher derivative
corrections due to the generalized Green-Schwarz transformation.

There is a subset of double Lorentz transformations that keep you inside Gauge DFT
(i.e. that preserve the gSS form of the generalized fields). These transformations are those
generated by double Lorentz elements that depend only on external coordinates. These
specific transformations commute with T even when it is local. This is not the case of
Ls not L’ because these elements depend on the background which typically carries a
dependence on the internal coordinates. Figure 1 is useful to show that starting from
a corrected supergravity solution, its generalized dual is also a solution. The argument
is as follows. Plugging the solution into the generalized frame (the same story holds for
the dilaton) in the supergravity gauge gives you a solution Es to the DFT equations of
motion. These are covariant under generic double Lorentz transformations, and so also F
is a solution. Now E being a solution of DFT means that E is a solution to the Gauged
DFT generated by the twist U. The action of T' is to change U by U’, but this gives you
back the same Gauged DFT. So E' is also a solution of DFT. Finally transforming back to
the supergravity gauge with L (under which the DFT equations of motion are covariant)
gives E. from which the dual supergravity background can be read. So from the DFT
perspective, this is a solution generating technique even at first order in o/.

3 O(D, D) structure of generalized dualities

We have defined generalized dualities as the combined action of specific local O(d, d) trans-
formations and generalized dilaton shifts R™ that map solutions into solutions of Gauged
DFTs. In this section we present the explicit form of these elements for the cases of
Abelian, non-Abelian and PL T-dualities, and also Yang-Baxter deformations. In addition
we discuss the embedding of these dualities into the full O(D, D) x R*.

3.1 Decompositions of O(D, D)

We introduce here how to decompose the group O(D, D) into its subgroups GL(D) (useful
to deal with full D-dimensional solutions) and GL(n) x O(d, d) (more relevant in compact-
ification scenarios).
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Figure 1. The inner box represents Gauged DFT where the original and dual backgrounds take the
¢SS form. There T acts linearly and receives no corrections. The double Lorentz transformations L
and L required to take the generalized frames to a supergravity gauge pull you out of Gauged DFT,
and induce higher order corrections to generalized dualities from the perspective of supergravity.

3.1.1 GL(D) decomposition

We now review the aspects of O(D, D) that will be relevant to us, for more details see [46,
47]. The O(D, D) group can be spanned by the matrices

A B. 01
T,* = AB,C,DeRPD WUl =y e, = S I CRY)
C D. 1p 0O

where the bullets represent the index structure and the D x D matrices have to satisfy

A'C+CA=BD+D'B=0, AD+CB=1p (32)
AB' + BA' = CD' +DC! =0, AD'+BC'=1p. '

We will note the identity matrix in two different ways, depending on where the indices sit.
On the one hand we have 1p = 6,” = §”,, = diag{1,...,1}, and on the other we will also
consider the Kronecker deltas 6 = J,,, and 51 = §*. Identical notation will be used for
dimensions other than D.

As it is well known, any element of the group can be decomposed as successive products
of the following transformations:

e Change of basis A € GL(D,R)

VgL = (ﬁ AO_t) ; (3.3)

where A~t = (A%H)~L.

e B-shifts

where 2, = —E,,,.
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e Factorized dualities

1p—t, t
‘Ilt,u = a a ) (tﬂ)l/ﬂ = 5:“1’5#9 : (35)
tu 1p — t'u

Any ¥ € O(D, D) can be created through succesive products of these elements. The
following two transformations will be of special interest:

e Full factorized duality. This transformation is obtained by applying factorized

5
Uy = (5;1 5) . (3.6)

1p O 0 ép 1p 6pBdip 0 dp
Uy = - : 3.7
’ (51[)) (5;0)(0 1 )(%10) 7

where S* = —("#  and as can be seen is a product of a full factorized T-duality, a

dualities over all directions

e (3-shifts.

B-shift and another full factorized transformation. For this reason it is also named
TsT transformation.

As explained in (2.5), the O(D, D) group acts linearly on the generalized frame

1 Ot e(Fva Q e(Hv
oA L v € a) 3.8
M ( o(ua e (38)

We can then analyze how O(D, D) transformations act on D-dimensional fields

TNy = NV, o T, = M1 e,

-1 —t t t (3.9)
T(Q)W = (AQ + B)up(M )Py = (N )up(QA -B )pV»

where we defined
M=CQ+D, N=-CQ'+D. (3.10)

Using the O(D, D) identities (3.2) it can be shown that both expressions for 7'(Q) are
equivalent.

Let us now discuss how generalized T-dualities act on supergravity backgrounds to
lowest order, following the route in figure 1. We first plug the supergravity background
into the generalized frame in the supergravity gauge in which both vielbeins are equal (this
is the starting point in the upper-left corner of figure 1)

At =t 1yt
ES:\%(Qe I Qi). (3.11)

ety e
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We then do a double Lorentz transformation Ls to bring it to a gSS form in Gauged DFT.
There, the two vielbeins are given by

1 _Qt e—t g—l Q e—t @((37) 0
E:LS(ES):ESOSZE < 1 s 0 @(_,,_)

e tg™ e
(3.12)
1 <_Qt e(f)ftgfl Qe(+)t>

V2 etgml o)t

V2
so now e®) = e@ﬁi). We are now in the lower-left corner of figure 1, and next we move
to the right by applying the O(D, D) transformation (3.9) E' = T(E) = WE, which at the
level of components reads

(B T, @ =T(Q). (3.13)

Finally we implement the last arrow in figure 1, Lorentz transforming back with L to take
the dual generalized frame E’ in Gauged DFT to the dual supergravity gauge E’

El _ L/ (E/) _ E/O/ _ i _Qlt e(_)/_tg_l Q/ e(+)/_t @gi)/ O
s s o s V2 6(7)/—7&971 e(H)—t 0 ©g+)/

B L (_Q/t elft gfl Q/ e/t) (314)

\/§ 1—t —1 —t

e lg e
where we then have ¢’ = (&)’ (O)gi)’.

The composition of this sequence of transformations yields the following result for the
supergravity vielbein

¢ =Nte0D0o) = Mte0HOH)" . (3.15)

We then see on the one hand that the Lorentz transformations are related by the fact that
we are forcing the initial and dual backgrounds to be in the supergravity gauge. There is
an ambiguity in how to define the supergravity gauge, because it is preserved by diagonal
Lorentz transformations. We can use this freedom on both sides of the duality to set

e =e, e =¢, (3.16)

so that
o) =0+ =1. (3.17)

This choice leaves us with

07 =eteD), O =l = 000 = e 'N'M e = ge!N"'Me g !,
(3.18)
where the last rewriting follows by using the identity

M'GM™! = N~'GN?, (3.19)
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and then in this diagonal Lorentz gauge the vielbein transforms as
¢ =M"le. (3.20)
We could as well have chosen the gauge in which ¢’ = N~’e, or any other one related to

this by a Lorentz transformation. We will stick to the choice (3.16) in the remainder of the
paper.

From (3.14) we can extract G’ and B’ as the symmetric and anti-symmetric part of Q’.
Notably, using the O(D, D) identities, the transformations can be rewritten in a democratic
way by defining shifted fields G* and B*

G*=G, B*=B+D'B+Q'C'AQ + Q'C'B —B'CQ = —B*. (3.21)
The result for the O(D, D) transformations of the vielbein and two-form is:
¢ =Mle
G'=M'GM!'=NT'GN!
BI — MftB*Mfl
Q' =AQ+BM I =MITQ*M .

(3.22)

The two ways of writing G’ are equivalent due to (3.19). This is not surprising because
both transformations correspond to the two ways of selecting €’ discussed below (3.20)
which are related by a Lorentz transformation, under which the metric is invariant.

The diagram in figure 1 applied to the dilaton field is trivial because L(d) = d and
L(d") =d'. Apart from the rigid O(D, D) symmetry, the equations of motion of DFT are

invariant under constant shifts of the generalized dilaton
e g2 om0 e RT (3.23)

and in most cases this symmetry must also be gauged for consistency. Taking into account
the parameterization of the generalized dilaton (2.14) and that the transformation of the

determinant of the metric is given by Det(G’) = Dz it(g\%é , we readily arrive to the O(D, D) x
R™ transformation of the dilaton
1
P = — 3 In (Det (M)) 4+ «. (3.24)

Note from (3.22) and (3.24) that the linear action of ¥ over generalized tensors leads
to non-linear transformations of the D-dimensional fields G, B and .

In the next section we will study some particular generalized dualities. From all of
them, we will compute E in the lower-left corner of the diagram in figure 1. The most
general form of the generalized vielbein is given by (2.30)

. u bu—t L _@tg(—)—tg—l Qg(+)—t
Bu (1+ Bb)u~t V2 el-)—tg—1 elh)—t

(_Qt 6(—)—tg—l Q e(+)—t>

e(f)ftgfl e(H)—t

(3.25)

Sl
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from which one can read

et = [Bu@ +(1+ ﬁb)uﬂ T o) = [—m@t + (148 t] e
1 (3.26)

= [ué + bu—f} [5@@ Ty 6b)u‘t}

These e®) are exactly the ones needed to build @é" and @g_)’ (3.18), considering e = (1),
they are given by

00 = 87 [BuQ + (14 gb)u~!] [~ + (14 pp)u~] e
B (3.27)
0 = g1 [—ﬁu@f 1+ Bb)u_tr NtM [ﬁu@ 1+ Bb)u_t} o

where the latter can be also expressed in terms of the dual twist matrix U’ in terms of v/, b/
and 3. We mentioned before that within the Gauged DFT, the allowed transformations are
those that preserve the gSS form of the fields and parameters [19, 30]. These transforma-
tions are inherited from the parent DF'T, and act only on the external fields E and d. Their
internal coordinate dependence enters only through gaugings, and then they commute with
the local elements of T = O(D, D) x RT that generate the generalized dualities. These
transformations can be used to select an external double Lorentz gauge in which e(t) = &(-).
We would like to emphasize that at no point in this section we assumed that the
O(D, D) x R" transformations are rigid, they can (and will in most cases) depend locally
on the coordinates of the internal space. We also stress that after the transformation the
dual space is coordinatized by new coordinates X', so the effect of the transformation is
not only to rotate the fields, but also to change their coordinate dependence. In the case of
rigid transformations both set of coordinates are related by (2.5), but in more general cases
the relation is less clear. For concreteness, let us briefly discuss the coordinate dependence

of the fields
EX)=¥X,X)EX). (3.28)

The original background E(X) is rotated with ¥(X,X’) in such a way that the product
U(X,X")E(X) depends only on X’. On the r.h.s. it looks like there is some dependence on
the original set of coordinates, but in reality there is not, the entire r.h.s. is a function of
X’ only. For this reason, we are allowed replace on the r.h.s. X — X’ at no cost and avoid
keeping track on the distinction between coordinates. Still, for clarity we will keep the
distinction throughout the paper.

Let us point out that the generalized fluxes (2.12) are only invariant F'jz, =
F[T(E)|agc = F[E]apc in the double Lorentz gauge in which the generalized fields and
fluxes take the gSS form (2.24), namely in Gauged DFT. Then, in that particular gauge
one has the following 7" transformations for the components (2.18)

T(wh) =N"w®) | 7)) =M. (3.29)

This can also be obtained by direct computation from (3.22). Let us point out that these
are not the dual torsionfull spin connections in the dual supergravity frame, which are
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given by w®)’ = w(F)(¢/). Using ¢/ = el = N_te((])g*)@g*)’, the latter are obtained
as a combination of (3.29) and two Lorentz transformations (2.44)

WwH = Nty

SO = O (0016000 + 01900 o + ot )

To avoid confusion, what we are calculating are the torsionfull spin connections in the dual
supergravity gauge, in terms of those in the original supergravity gauge. So, while (3.29)
is a relation at the level of Gauged DFT, (3.30) is a relation at the level of supergravity.

3.1.2 GL(n) x O(d,d) decomposition

We now discuss the embedding of O(d,d) into O(D, D). To this end, the external com-
ponents remain unchanged under the action of the duality group which only affects the
internal space, namely

AB 1, 0 00 00 1, 0
CD 0 a 0b 0c 0 d
(3.31)
with a, b, ¢, d being d X d matrices. These internal matrices can be rewritten in terms of an

O(d, d) object
ab
= ) 3.32
() oo

which is the internal version of W. It will be always possible to get ¥ from ¢ using the
trivial embedding (3.31).
Introducing this into (3.22) and decomposing the D-dimensional fields

o= () e (). e

we can get a component version of the transformations

Qrnn = Qup(M )P, Qhn = (am? = Qgc™) Qpm (3.34b)
elma — ema o mecqp(Mft)qoeoa 6/ma — (Mft)mpepa’ (3'34(:)

where we defined the internal version of M
M= (cQq+d), (3.35)

where 4 is the matrix notation for the internal d x d components of ), namely Q.. To
complete the picture, we notice that Det(M) = Det(M) and so

@:¢_%m®amm+a. (3.36)

The equations (3.34) and (3.36) relate different backgrounds connected by local
O(d,d) x R* transformations.
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3.2 Generalized dualities

In this section we give a brief review of generalized T-dualities and their embedding into
O(D, D) xR*. Before moving to a case by case study, we first introduce a common starting
point to set the notation. Let us emphasize that the examples discussed here do not exhaust
the possibilities of generalized dualities that can be captured by Gauged DFT.

Consider a group G acting freely on a manifold M. This means that given g € Gand p €
M, if g-p = p then g = e is the identity element. This permits to take a set of adapted coor-
dinates on the target space (X, g) where g € G, and X™ are the spectator fields (or external
coordinates) that label the orbits of G. As we explained before, and will discuss largely in
this section, generalized dualities are represented by certain local O(D, D) x R transfor-
mations that act exclusively on the twists that contain the information of the internal back-
ground. These are independent of the external coordinates, which then play no role in iden-
tifying the O(D, D) x R elements associated to the generalized dualities. They do however
play a major role when it comes to computing higher derivative corrections (as discussed
around (2.55)—(2.56)), but we will concentrate on that in the next section. When the expec-
tator fields are frozen to a trivial value, the action of G on M becomes transitive, meaning
that any two points p1, p2 € M are always connected trough some g € G such that g-p; = ps.
In this case all the orbits become isomorphic to the manifold M itself and so we have a group
manifold M = G, such that g € G are the points in M parameterized with coordinates Y.

Given the Lie algebra g of G

it = fii" te, fij fur® =0, (3.37)

the free and transitive right-action of G on M is carried by left-invariant vector fields k; € g
that transform the coordinates as

Y™ S Y M =Y LY =Y 4 R (3.38)

The effect on the group element ¢’ = g+ dg can be obtained in two different but equivalent
ways: through the right action on ¢ = geGiti or by a change in the coordinates (3.38).
This gives the relations

8g = ge't; = Opmge'k;™ . (3.39)

We now define the following quantities
Adgat; =g g =at;, L' = (97'0mg9)" . Rm'= (Omgg™)". (3.40)

The first is the adjoint action of ¢ defined by matrices a;7, and the last two are the left
and right invariant one-forms, respectively. It is easy to see from (3.39) that the following
relations hold

k"L =67, k™Rp! = (@Y7, Rplaj' = Ly', (3.41)

which in turn imply that the left and right invariant one-forms satisfy the Maurer-Cartan
equations

, 1. A
dL' = —Sfu' I ALY, dR = S RIA R (3.42)
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The duals of the left and right invariant one-forms are respectively left L;”™ and right R;™
invariant vectors. From (3.41) we see that L;"* = k;". The Maurer-Cartan equations lead
to algebraic conditions on the vector fields

Lik; = [ki, kj] = fij¥ki, LrRj=—fi;"Ry, Lx,R;=0, (3.43)

where L is the Lie derivative and [, ] the Lie bracket. The last identity follows from noticing
that R; = aijk:j and Oma;? = —LpFa;" fr,?.
3.2.1 Abelian T-duality

This is the simplest case of a generalized duality that relates backgrounds with Abelian
isometries. When the original background posses d Abelian isometries, there is a set of
commuting killing vectors k;

kikj]=0, Y™ SY'™=Y"™4 k™. (3.44)

The Abelian algebra fijk = 0 allows to choose adapted coordinates for which all fields are
independent of Y and the compactified sigma model takes the form

5= / 420 [04 X™0_ X" Qmn + 0+ Y™ X™Qpn + 04 X™0_Y " Qmn + 0. Y ™O_Y " Q]

(3.45)
where () = G+ B contains the different components of the metric and B-field which depend
on X™ only. As explained before, for our purposes we could very well freeze the expectator
fields X™ and restrict attention to the internal sector, but we will keep track of them for
the moment. Here we are neglecting the dilaton coupling which is going to be treated
separately. The transformation (3.44) is a symmetry of the sigma-model as long as the
fields satisfy the isometry conditions

L£:Q=0. (3.46)

The way Abelian T-dualities emerge as symmetries was discussed by Buscher [9, 10].
Beginning with the Lagrangian (3.45) one follows a 3-step recipe:

(1) Gauge the global isometries, and then pick a gauge in which Y™ =0

OY™ = DLY™ = 9™ + AT — AT (3.47)

(2) Demand that the gauge fields behave like pure gauge by adding Lagrange multipliers
Ym
- Y, F" with F" =0,A™ —0_A"". (3.48)

(3) Integrate Ay out and end up with the dual theory in terms of the dual coordinates
Y, and the dual background Qg

Qran = Qumn — Qmm(Q7H)™" Qun QM = (QH)™

~ ~ 3.49
an = Qmm(QJl)mn an = _(le)annn . ( )
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It can also be shown that the transformation of the dilaton is given by [9, 10] (see
also [46, 47])

d=0— %m (Det(Qq)) (3.50)

where ()4 is the matrix notation for the internal components of Q).

The duality transformations (3.49) can be compared with the general way in which an
element ¢ € O(d,d) acts on the background fields (3.34). This requires matching internal
indices in both expressions by introducing § matrices to relate tildes with primes

Y™ =Y, Q= 0mpQP%y, B =D, (3.51)
and so
Q) =06Qad = 6Q; 6 =6 (57'Qa) " . (3.52)

Just to remind the reader, both coordinates and fields with tildes and primes refer to the
dual space. The former carry an unconventional index structure due to the way they are
obtained through the Buscher procedure. The latter are defined to coincide componentwise
to the former, in such a way that the standard index structure is restored through Kronecker
deltas.

After comparison with (3.34) and (3.36) we can read the local O(d,d) x Rt that
connects the original background with its dual

0 5mn
Yy = (5% ) , a=0. (3.53)

This result shows that after Buscher’s procedure, we end up with a dual theory obtained
by the application of a full factorized transformation (3.6) on the background. Had we
dualized along a fewer number of isometries, for instance only one, the resulting O(d, d)
element would have been a (product of) factorized T-duality (3.5). Let us also mention
that while global GL(d) transformations are manifest symmetries of the sigma model, it
is also possible to prove that invariance under B-shifts can be achieved by incorporating
a boundary term containing a closed 2-form. The combined action of these symmetries
spans the full rigid O(d, d) action on the background.

Because we chose adapted coordinates, the internal twists of the original background
Upn! and A, and those of the dual background U]’WI and X\ are constant and so generate
vanishing gaugings (2.33)—(2.34)

Fryk =Frj0 =0, Fr=F;=0. (3.54)

In this case it is obvious that both set of gaugings belong to the same duality orbit, and
then give rise to the same physics, namely that of an ungauged supergravity.

Since the twist matrix is constant it can be absorbed by E. Then, considering the exter-
)

nal Lorentz gauge in which ) = &(2), we see from (3.27) that Qg ' = 1 and consequently

the Lorentz transformation connecting the supergravity gauge with gauged DFT is trivial.
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3.2.2 Non-Abelian T-duality

The non-Abelian counterpart of T-duality [11] now relies on the target space possessing
d non-commuting isometries L@ = 0, generated by a non-Abelian group G with killing
vectors satisfying

(i, kj) = fig" k.
To facilitate contact with the discussion at the beginning of this section, this is the first
equation in (3.43). The sigma-model is

S = / d*o [0 X™0-X"Qmn + R1'0-X"Qin + 01 X™R_IQm; + R.'R_7Q;5] , (3.55)

where now the internal dependency is encoded in the right-invariant one-forms R,,’, which
act as vielbeins exchanging algebraic 4,5 = 1,...,d and curved m,n = 1,...,d indices

RyRUIQij =0 Y™ Rp'QijRyIO_Y" = 0, Y " Qurn0-Y™ . (3.56)

This way of writing the background shows that the whole dependence on the internal space
is encoded in the Maurer-Cartan forms R(Y),,’, while the components Q(X);; depend
only on the spectator fields (external coordinates). Equation (3.56) is useful to note the
difference with the Abelian case (3.45), where the Maurer-Cartan forms were trivial R, =
dm' and so using algebraic or curved indices was equivalent.

There is a Buscher-like procedure built by De la Ossa and Quevedo [11] that leads to
an equivalent dual background. The procedure closely follows the one performed before
with the difference that the auxiliary fields Ay and their strength-energy tensors F,_ are

now valued in a non-Abelian algebra. The result is given by

Quon = Qmn — Qmi [(Qa + 1Y) 7] 7Qjn Q7 =[(Qa+fY')~1]¥

~ . g (3.57)
Qmj = Qmi [(Qd + fYI) 71] K an = [(Qd + fY/) 71] ZJana
where
(fY")ij = fi" YL
Regarding the dilaton field, its transformation can be obtained from [48§]
~ 1 1
¢=2o- I (Det (Qq + fY')) + 3 Det(a), (3.58)

with a defined in (3.40), and this reduces to the standard form found by Quevedo and de
la Ossa [11] when the algebra is uni-modular f;;7 = 0. To cast this transformation in an
O(d,d) format, we first need to express everything in terms of curved indices and then
change from the tilde convention to the prime convention as we did in (3.51). To curve
the indices we use the Maurer-Cartan forms of each space. For the original background
we rotate with R,,’, which connects Qmn = RmiQinnj , and for brevity we will keep
noting this with matrix notation )4 even though now this is a curved object. The dual
background happens to carry an Abelian algebra and so algebraic and curved indices are
indistinguishable and related by §,,°. For instance in the internal sector we have

QM = 6™ [(RT1QqR™ + fY') ~1] g, (3.59)
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Finally, we lower the indices with 0,,, as we did in (3.51) and for brevity we introduce a
new mixed-index Kronecker’s delta ,,,6;" = 0, = 9. After this procedure, (3.57) leads to

Qinn = an - Qmp [(Qd + RfY/Rt) 71] quqn
Qo = Qmyp [(6T'R™'Qa+ 67" fY'R") 717,

) ) 3.60
Q;nn — _5miRpZ [(571R71Qd + 571fY/Rt) 71] pq(squijpn ( )
Q/rrm _ 5m1Rpl [(5—1R—1Qd + 5_1fY/Rt) —1] pn’
while for the dilaton we have
P =0 %m (Det (0'R'Qq+ 6 'fY'R")) + %m Det (L) . (3.61)

As discussed in (3.28), the r.h.s. of these equations look like there is a dependence on
the original set of coordinates through R(Y’), but after some work these equations can be
taken to the form

Q/mn = an - Qmi [(Qd + fY/) 71] iijn
Q= Qi [(Qa + fY) 7] djn
Qi = =0mi [(Qa+ fY") '] " Qjn (3.62)
Qo = Omi [(Qa + fY') 7155,
= %m (Det (Qa + fY)) ,

where Q4 = Q(X);; and we are considering a non-trivial background for the dilaton
O(X,Y) = (X) — 2InDet(a(Y)), which is isometric except in the non-unimodular case
Ly, ® = % fi. It is then clear that the dual fields depend only on the dual coordinates Y’
only.

The expressions (3.60) and (3.61) can now be compared directly with (3.34) and (3.36)
to recognize the O(d,d) x RT transformation that connects the dual backgrounds

oY) = %lnDet (L)) . (3.63)

R N

SIR(Y);™ 6™ fri"YIR(Y ),

T

We see immediately that (3.63) reduces to the Abelian case (3.53) when f;;* = 0 and
Ry’ = L' = 6.

Let us briefly discuss what happened above in the language of Gauged DFT. We started
with the original generalized background

UY)a! = (R(Y)mi 0 ) LAY = —%lnDet (L(Y)) | (3.64)

corresponding to a geometric background with vielbein R, dilaton background
—%ln Det(a) and vanishing 2-form flux. As such, the only components of the gaugings
Frji and Fr are given by metric fluxes (2.33)

Fyp=F*=Fi* =0, F;*=-f;* Fr=0. (3.65)
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These identities follow from the Lie bracket of R~! (3.43) and the Jacobi identity. After
the dualization, we ended with a different generalized background

Uy’ I _

> , N =o, (3.66)
that yields the exact same gaugings (2.34) except for the vectorial flux F; which picks up
a contribution from the trace of the structure constants

Fl=F*=Fik=0, FF=—fk F =f7, F'=0. (3.67)

1,

In can be checked that (3.65) and (3.67) satisfy the consistency conditions (2.29).

We now discuss two distinct cases. If the group were unimodular f,-jj = 0, then both
set of gaugings (3.65) and (3.67) would coincide exactly. As a consequence, the Gauged
DFT would remain invariant under the local O(d,d) x RT transformation (3.63) yielding
the physical equivalence of both backgrounds, at least at the classical level. It would have
been enough that both gaugings fell into the same orbit, but interestingly in this case they
happen to coincide. Instead, if the group is mot unimodular f;;7 # 0, then both set of
gaugings (3.65) and (3.67) fall into different duality orbits, and we loose guaranty that
if the original background is a solution to the DFT equations of motion, so is the dual
background. Note however that if the dual background (U’, X) in (3.66) is deformed into
(U, X+ X), with

N = —% fii MY (3.68)
the gaugings of this deformed background coincide with those of the original background
Le=FF=Fk =0, FF=—fk  F/=0. (3.69)

Then, this background is indeed a solution to the equations of motion of DFT. We can
interpret this fact as follows. The deformed background is a composition of two successive
reductions: one with twist (1, \') and another one with twist (U’, \'). The first twist (1,
N ) produces a first gauging of DFT with fluxes

Fi;x=0, F =-f;, F'=0. (3.70)

The second twist reduces this Gauged DFT into another one with gaugings (3.69), which
now happily fall into the same duality orbit than (3.65). Then, the local O(d,d) x R (3.63)
maps a solution (3.64) of ungauged DFT, to a solution (3.66) of a Gauged DFT with
gaugings (3.70). Interestingly, the gauging (3.70) leads to the deformations of the DFT
equation of motions, which on section happen to correspond to the so-called generalized
supergravity equations [21, 22], as discussed in [49-54].

Interestingly, since the original space is a geometric background (3.64) we see that,
understood as a particular case of (3.25), namely u = R, b = 8 = 0, the double Lorentz
transformation L, in figure 1 is trivial in the external gauge €*) = (=) which induces
e(t) = e(-). We then have (D)‘(;) = 1, which means that the supergravity gauge is already
in the gSS form.
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The question remains on how to interpret the dual background (3.66) in the context
of Gauged DFT. It is difficult to read a background from a generalized twist due to the
double Lorentz symmetry. To avoid this ambiguity, it is instructive to build the generalized
metric for the dual background

< S Spmp 37"

Hyn =U'n"61,U' N7 =
_/Bmp(spn 5mn _ /Bmp(quﬁqn

) where [ = —3"™(fY");;6",

(3.71)
where we set the scalar fluctuations to zero H;; = d;5. This form of the parameterization
in terms of a bi-vector is typical of globally non geometric backgrounds (see for exam-
ple [40, 55, 56]). It is clear from here that the background is locally geometric, but globally
it corresponds to the wired case of a non-geometric background with a generalized paralel-
lization that renders the gaugings purely geometric. Let us explain this a little further.
The background is usually simple to read from the background generalized metric, while
reading it from the twist matrix is cumbersome due to the redundancy produced by the
choice of the internal double Lorentz gauge. This choice fixes the generalized paralelliza-
tion [57, 58]. It doesn’t affect the background, but it does change the fluxes and then has a
crucial impact on the lower dimensional physics. The paradigmatic case is that of a torus
parallelized in a funny way that yields the fluxes of a sphere [20] (see also [59]).

3.2.3 Yang-Baxter deformations

Yang-Baxter deformations [60] relate backgrounds associated to integrable systems [61].
They are based on an R¥-matrix (not to be confused with the right-invariant one-form
R,,") satisfying the algebraic equation

[RX,RY] - R([RX,Y]+ [X,RY]) = 2 [X,Y], (3.72)

where ¢ € [-1,0,1], X, Y € g and [, ] is the Lie-bracket of the isometry algebra of
the background to be deformed. The case ¢ = 0 corresponds to classical YB equations
(CYBE) (also called homogeneous equations) and ¢ # 0 leads to so-called modified classi-
cal YB equations. The latter cases leads to in-homogeneous YB deformations, sometimes
called n-deformations, and they have been widely study in the context of AdS5x S5 back-
grounds [62]. Here we will concentrate on CYBE only, which lead to homogeneous YB
deformations, because its connection to NATD is simpler. These transformations preserve
conformal invariance if the R-matrix is unimodular [63]

RYfF=0. (3.73)

It was conjectured in [64] that the homogeneous Yang-Baxter model can be obtained by
applying NATD to the original background, with respect to an isometry group determined
by the R-matrix. This conjecture was proven in [65] and [66] for principal chiral models
where rules were established for connecting NATD and YB models.

Picturing YB deformations as NATDs requires a dressed R operator

Ry =Ad,1RAdy, (Ry)Y = ax'R"a? = R/l "R¥'k,"R,7 (3.74)
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and identifying

Y= TRy =0 Ry Yy, dY =07 (R R (3.75)

in the NATD background (3.57), where 7 is called the deformation parameter.

In [67] the NATD transformations for the Green-Schwarz (GS) superstring with a
generic isometry group were derived. Using the rules between NATD and YB, the authors
also deduced the form of homogeneous YB deformations for a generic GS sigma model
given by [68, 69]

Q= QunOQu+1), & =&~ In(Det(1OQq+ 1) | (3.76)

where

O™ = k™R7k;" = R,/""RY R;" (3.77)
is nothing but the curved version of the dressed R operator. Using the killing equations
and closure of the algebra, the CYBE (3.72) translates into

olmy,emrl = (. (3.78)

Comparing (3.76) with the general formulas (3.34) and (3.36) one can identify the YB
transformation with the following local O(d,d) x R* transformation [70]

N < g™ 0 )
YY)y = , a=0. (3.79)
neY)™m oMy,

The original and deformed backgrounds depend on the same set of coordinates Y. The
interpretation of YB as the non-Abelian extension of S-shifts [24, 71]-[74] (also known as
TsT transformations) can be easily seen from here. When R is defined in an Abelian sub-
algebra of the isometry algebra, the killing vectors and Maurer-Cartan forms are trivial
k=R =1 and so © and R are constant. As a consequence (3.79) reduces exactly to a

constant beta shift (3.7).

We can check if the fluxes generated by the original and dual background indeed fall
into the same duality orbit. Consider the original background described in Gauged DFT by
generic twists U(Y) ! and A(Y) depending only on the supergravity coordinates. The de-
formed background is defined over the same set of coordinates U'(Y) ! = (V) NU(Y)nN!
and N(Y) = A\Y) 4+ a = A(Y). It can be shown that the isometric condition for the back-
ground fields and the uni-modularity condition ensure that both F7;x and F7 remain
invariant [24, 45, 75]. This can be seen by splitting

om0

Uy =N +noy”, MY = MRYEN = ( -

) . kM= (k™,0), (3.80)

which gives
Fryx = Frox +3n (UP[IkiPRijUNKij UN g1+ n0MP9,,09N] UPIUQJUNK>
= Frji (3.81)
F; = Fr+2n (Up[kipRijEkj)\ + Rrsk‘rpapk’sMUM[) , (3.82)
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where Ekl is the generalized Lie derivative. If the twist U is generalized isometric with
respect to the generalized killing vector k;, then the first term in (3.81) vanishes, while the
second vanishes due to the YB equation (3.78). Then, the fluxes F7jx remain invariant.
Regarding the fluxes F7, the first term in (3.82) vanishes if the twist A is generalized
isometric, while the second term vanishes if the group is unimodular (3.73). If this is the
case, then the dual gaugings fall into the same duality orbit. If not, a procedure similar
to (3.68) is required in order to interpret the dual background as a solution to a deformed
theory. Note however that in this case, the dual vectorial fluxes would be non-constant,
and so it is unclear to us if they can be generated through a twist in Gauged DFT. A
similar discussion on this point will take place in PL T-duality.

Finally it is worth mentioning that, in analogy with the NATD case, if we consider the
original space as a geometric background the double Lorentz transformation Lg is again
trivial @e(;) =1.

3.2.4 Poisson-Lie T-duality

In [12], Klimcik and Severa brilliantly abandoned the requirement of isometries as the
guiding principle for duality, replacing it by a higher algebraic structure that relates dual
models, in which isometries only show up in special cases. We will review the procedure
restricting attention to the internal sector, so the expectator fields will be frozen. The
starting point is then the internal sector of a generic sigma-model

S = / Ao 0LY™O_Y " Qun » (3.83)

where the group G acts freely and transitively. It transforms the coordinates as in (3.38)
Y™ = €'(04)k;™, inducing the following change in the action

68 = / o€ [0LY ™ O_Y " Lk, Qumn) — / [€dJ; +d (€'J;)] , (3.84)
where we defined the Noether currents
Ji = k"™ (Qmn0-Y"do™ — Qum04+Y"do™) . (3.85)

Neglecting the global term in (3.84), the Abelian and non-Abelian T-duality scenarios
are recovered by considering G as the isometry group of the target space in which k are
the killing vectors. The interesting point is that the invariance of the action can still be
satisfied without isometries. The idea is to think of J; as the components of an element J
of a dual algebra g’

J=Jit"t [ ] = frU (3.86)

with an associated Maurer-Cartan equation
1 .
dJi = 5 FIRT A T (3.87)

The invariance of the action, namely the vanishing of (3.84), leads to a non-isometric
condition on the background

Elemn = _f/jkikjpkkququn 5 (388)
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and analyzing the closure of the algebra over it leads to a bi-algebraic condition [76-78]

Fiit fFrs = afg B sy (3.89)

which can be conceived as the mixed components of the Jacobi identities of an extended
algebra

[tistj] = fifte, [0 87] = U, [t t7] = fdt = Mt (3.90)
To enforce that both algebras appear on an equal footing in this framework, a dual
background @, is introduced

Ek/inmn — 7fjk‘ik,jpk/kqQ/melqn bl (391)

together with a dual version of the algebraic identities (3.40)—(3.43)

Adg/qt/i — g/—lt/ig/ — a/ijt/j 7 L/mi _ (g/—lalmg/) i R/mi _ (a/mg/g/—l) i
KL =05, KR = (7YY, Ry, jai = Ly, (3.92)

which defines dual left and right invariant Maurer-Cartan forms L/ .,
dual group G’ and 9',,, = aYL'm with Y™ the coordinates of the dual manifold. Everything
is now doubled, and starts to smell like DFT.

Combining the bi-algebraic condition (3.89) with the introduction of a non-degenerate,

R! .. Now we have a

ad-invariant bilinear form ( , ) satisfying

one can identify g and g’ with the maximally isotropic subalgebras of a Drinfeld double
D [76]. Tt was shown in [12] and [79] that the sigma-models associated to @ and Q' are
related by a canonical transformation, so both backgrounds satisfy the same equations of
motion.

Using the structure of Drinfeld doubles one can build solutions to the PL condi-
tions (3.88) and (3.91) given by [12]

an = Rmi[éj_l - W];lenj ’ Q/mn = R,ml[@\ - W,]_lin/nj ) (394)

where

7 = k(a7 = -t T = p(a/ N = —T (3.95)
and the matrices a(g), ¢(g), d/(¢’) and ¢/(¢') are defined by the adjoint action

Adg—l(ti) = aij t]’ 5 Adg—l(t,i) == Cijtj + (a_t)ijt’j y (396)
while for the dual matrices we have

Adg-1(t") = a";t7,  Ady-1(t;) = c;t7 + (')t . (3.97)

Regarding the field @, it is a constant matrix that would depend on external coordinates
if the spectator fields were taken into account. It comes from the construction of the
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explicit solutions (3.94) to the PL conditions (3.88) and (3.91), corresponding to the original
background evaluated at the identity of the Drinfeld double, i.e. @ =Q(e).

The expression for the dilatons were originally given in [80] and latter improved in [48]
in the context of PL-plurality (see also [25])

- 1 9 ~ 1 1
<I>:<I>—21nDet<Q>, <I>’:<I>—2lnDet< ) (3.98)

Rledetaft lelQ&letalft

where, ® can be taken to be a constant, that on general grounds would depend only on
the expectator fields.?
Elimination of @ and @ in (3.94) and (3.98) leads to

Q)= (R7R'Qu+RR) [(R'R—R~'x'7R ') Qu— R ~'x'R'] " (3.99)
P =d— % InDet [(R'R™ =R 'a'nR™ ') Qq— R''n'R'] + % InDet(L) — % InDet(L').

Notice once again that although here it looks like the r.h.s. depends on the original set

of coordinates Y through L(Y), R(Y) and #(Y), in reality they only depend on Y’ as is

clear from (3.94) and (3.98). These expressions (3.99) can now be compared with (3.34)

and (3.36) to recognize the O(d, d) x R transformation that connects the dual backgrounds
R R—l R/Rt

’(/J(Y, Y/)MN — < ™ >

R'R-' - R—t7/zR-! —R 7R (3.100)

1 1
a(Y,Y') = §1nDet(L) — §lnDet(L’),

where the unprimed components depend on Y, and the primed ones on Y.

From the point of view of Gauged DFT, the solutions (3.94) and (3.98) can be inter-
preted in terms of a gSS ansatz (2.21) in which @ and ® are the external coordinate depen-
dent fields encoded in E(X) and J(X ), the twists of the original background are given by

U = < R(Y) 0 ) LAY = —%lnDet(L(Y)), (3.101)

and those of the dual background by

/ /
Uy = ( 0 R ) LN = —ImDet(m(v).  (3.102)
R/(y/)—t _R/(Y/)—tﬂl(yl) 2

Both backgrounds are connected by the local O(d,d) x RT transformation (3.100) as
UY) = oY, Y)U(Y) and N (Y') = ANY) + a(Y,Y’). It is then clear from (2.55)
and (2.56) that higher derivatives enter the solutions only though @ and .

Before we compute the gaugings, let us show how the previously introduced expressions
can be cast into a double language (see for example [49, 50]). Grouping the generators into

SPL-duality works even if d depends on the internal coordinates [48].

~ 31—



a double generator T = (t;,t'") permits to cast the maximal isotropic condition (3.93) in
terms of the O(d, d) invariant matrix

0 47
T, Ty)=ns=| , (3.103)
55 0

and also regroup the algebra (3.90) in an O(d, d) covariant fashion
(11, T)) = —Fr," Tk, F*=—fi",  Fo=—f". (3.104)
The ad-invariant condition over ( , ) can then be written as

([T1,T5), Tx) = Ty, [Tx, T7)),  (T1,Ts) = (gT19~", 9Tsg™"). (3.105)

Of course we will see that these generalized structure constants Fy ;% are exactly the gaug-
ings generated by both backgrounds. We finally point out that the adjoint actions (3.96)
and (3.97) can be also combined into an O(d, d) form

(Adg)r” = (f;?f ( ?)i ) , (Adg)” = <(a/;)ij ( ,C_/%)Z > : (3.106)
& a 7 a j

where we read Ad,-1 and Ady -1 from (3.96) and (3.97) and then inverted the matrices.
These matrices can be contracted with double left-invariant 1-forms

; (L' 0 , L. 0
Ly’ = , Lyr= ., (3.107)
0o L™ 0 L'

in order to obtain the twist matrices (3.101) and (3.102)
Un' =Ly’ (Ady) 5, Uy =147 (Ady) s (3.108)

Having written everything in double language, it is now obvious that we can rotate
every object carrying indices I, J, K, ... with rigid elements h € O(d, d), which is simply
a renaming that does not change the results. In the language of Gauged DFT this simply
amounts to translations withing a fixed duality orbit, as discussed around (2.35). In the
context of generalized dualities, these rotations are known as PL T-pluralities [48]. This is
a generalization of PL T-duality which considers that a Drinfeld double D, can be decom-
posed in several maximally isotropic subalgebras g and g’. Together with the Lie algebra
of the Drinfeld 9, every such decomposition (9, g, g’) is known as a Manin triple M (D). An
important remark is that for any D at least we have two Manin triples (9, g,g’) and (0, ¢/, g),
connected by a full factorized O(d, d) rotation, which from the point of view of the bialgebra
are distinct objects. Any such decomposition will give rise to a different background but all
of them will be dual to each other. In this scenario, all models are connected by rigid O(d, d)
rotations preserving the bi-algebra (3.90) and the maximally isotropic condition (3.103)

Ty =h'Ty, (T}, T5) =n1;. (3.109)
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We can finally compute the gaugings in the context of Gauged DFT defined by the
twists (3.101) and (3.102), yielding®

Fijrp =0
F, =0 Fjk = —f*
Fr— i =1\ itk ] Frix — ij . rlij
F' = (a )" f™; F =—f"
Fik =0
. ; (3.112)
ijk =
o E = (a7 fry? oo Fligh = —fi*
I Fio—0 ’ IJEK Frii, = i
k k
F/ijk =0

where the structure constants of the bi-algebra (3.90) turn out to be the non-vanishing
components of the generalized fluxes, as expected. Keeping track of the origin of the
fluxes, it can be seen that in the unprimed background the geometric-type fluxes come
from R-vielbein metric fluxes, while 7 introduces the non-geometric Q-type flux given by
the structure constants f’ of the dual algebra. Curiously, in the primed background the
Q-type fluxes are generated by R’, and the geometric ones come from the bi-vector 7’ (this
a generalization of the NATD case where we saw that the dual background consisted of
a globally non-geometric space (3.71) with a generalized parallelization that rendered the
fluxes geometric).

As in the NATD case, we have two different situations. If the groups are unimod-
ular fijj = Z-’jj = 0, then the original and dual gaugings fall into the same orbit, both
backgrounds are solutions to ungauged DFT, and we are done. If not, the original and
dual gaugings (3.112) happen to fall into different orbits due to the discrepancy between
the vectorial components. Moreover, these gaugings are not constant, as they carry a de-
pendency on the internal coordinates through the adjoint matrices. Interestingly, they still
happen to satisfy the consistency constraints (2.29). The action and equations of motion of
DFT depend on the gaugings through the generalized fluxes (2.24). Then, the discrepancy
between gaugings (3.112) can be cured by deforming the original and dual DFT through
shifts in F4 intended to annihilate F; and Fj] respectively. While in the case of NATD
these shifts were produced through a gauging procedure (3.68), it is unclear to us if similar

To facilitate the computation of the fluxes, we list some useful identities (see also the appendix of [79]).
The ad-invariance condition of the bilinear form (3.105) implies

o ] . _ S . e .
a’jraké(a’ 1)tzf7'5t = fjkL ) (a’ 1)TJ (a’ l)skaitflrsi - f/] i = 2f’i7‘[J7Tk]r

(afl)rj (afl)skflrstcit _ f’rsiﬂjjﬂﬁk _ 2f/i[jr7rk]r’ fl[ijrﬂ_k]r 7 ﬂ—r[ifrsjﬂ—k]s —=0. (3110)

Analogous identities can be obtained for the dual objects by just adding/removing primes and exchanging
the position of all indices. We finally point out that the derivatives of m and 7’

amﬂ_ij _ _Lmk(a—l)si(afl)tjf/stk a;nﬂ';j _ _Lfmk(a/—l)si(a/—l)tjfstk (3‘111)

can be obtained by deriving the adjoint actions (3.96) and (3.97). Also (3.43) must be used.
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steps can be taken in this case. The required deformations again fall into the category of
the so-called generalized supergravities [21, 22], as shown in [25, 81]. So again, as in the
NATD case with non-unimodular gaugings, the local O(d, d) x RT transformation connects
solutions of deformed DFTs.

Let us point out that as opposed to the dualities considered before, here we start from
a non-geometric background (3.101) which leads to a non-trivial ol
uw=R,B=—R 'mR!and b = 0. This non-geometric behaviour demands that the original

background in Gauged DFT is described by a generalized frame in which e(t) £ (=),

given by (3.27) where

As mentioned above, Poisson-Lie T-duality is as a generalization of Abelian and non-
Abelian T-dualities and so these results must contain both of them as particular cases. Lets
see how this works. To do this, we need the explicit infinitesimal expressions for 7 and 7’
which can be obtained using the exponential maps for g = exp(Y't;) and ¢’ = exp(Y’;t'?)
in the definition of the adjoint actions

m = — YR Yy s R I — L wl = = f Y Y T R — L (3.113)

For the other objects, namely L, R and a and their duals, it will be enough to know that
they are trivial for Abelian algebras

Lp' =Ry =0n", a’ =67, L;=Rp;=>0mn, d';=20. (3.114)
Then, for Abelian T-duality we have f = f/ = 0 and so
7=7"=0, L=R=a=d =1, L'=R=6. (3.115)

Inserting this into (3.99) we obtain

Qo = 0mi(Q )05, @ =0 — %m Det(Qq), (3.116)

which are exactly the Abelian transformations (3.50) and (3.52).
Likewise, for non-Abelian T-duality (3.57) we have f' =0 but f # 0 so

/ k~x-t
=0, miy=—fi;7Y %,

Also, since the dual algebra is Abelian R’ = L' = §, o’ = 1. Inserting this particular case
in (3.99), we get
Qrin = omilRy' [(07'R7'Qq+ 0 fY'R) 7] Py,

mn

r_ 1 —1p-1 —1 gy ot 1 (3.117)
¢ =@ —Sln(Det (6 'R Qa+ 0" fY'R')) + 5InDet (L) ,

which are the non-Abelian T-dual transformations (3.60) and (3.61), restricted to the

internal sector.
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4 Generalized dualities and higher derivatives

In this section we arrive at the main result of this paper: a general formula for first order
higher derivative corrections to generalized dualities.

To do so, we implement the procedure described in section 3 to the next order in «’.
The path to follow is again the one depicted in figure 1 in which the corrections will enter
trough the double Lorentz transformations. As explained in section 2.3, higher derivatives
deform the double Lorentz transformations of generalized fields, and consequently of their
components. For this reason, the components are not the usual fields in supergravity, but
instead are related to them through field redefinitions. In order to distinguish them we use
the notation that the components of generalized fields carry an overline é®, B and .

Our starting point is again the generalized frame in terms of the supergravity back-
ground but now the fields therein are o/-corrected, i.e.

1 [=Otetg !t Oet
Es_ﬂ< K Q_:). (a1

é_tg_ e
In order to bring it to a gSS form, we apply a corrected double Lorentz transformation L.
The components of the vielbein E = Ls(FEs) are reached by (2.53)

(4.2)

where X, = X @gﬂ,@g_),w(i)(e) can be read in (2.54). We are now in the lower-left
corner of figure 1, so we included a sublabel “GDFT” to distinguish the fields from those
in the supergravity gauge.

We now move to the right of the diagram in figure 1 by applying the O(D, D) trans-
formation (3.9) E' = T(F) = VE together with d’ = T'(d) = d. The results have the same
structure as the leading order (3.9) and (3.24)

eH' =1, Quprr =T(Qcprr), ®eprr =T(®cprr), (4.3)
but now the matrices M and N depend on the overlined fields in Gauged DFT
M(Qaprr) = CQaprr + D, N(Qeprr) = —CQeprr +D. (4.4)

The matrices A, B, C and D in the O(D, D) element in (3.1) receive no corrections, and so
remain unbarred. The same happens with the generalized dilaton shift « (3.23). We now

work a little on (4.4)
M(Qcprr) =M(Q) —2C%; = M(Qeprr)” =M "+ 2M 'S C'M™
N

N=t — oaN7!®,CIN~?,

(4.5)

(Qeprr) =N(Q) +2CZ, = N(Qgprr)™
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where we used the identity (4 + ¢)~' =~ A~! — A=leA~! for small perturbations, and
truncated the result to first order in o/. Then, the matrices M and N appearing now
depend on the background @ in the supergravity double Lorentz gauge. Introducing these

expressions into &®)’ together with the explicit form of &) in terms of € in (4.2) we get
e = M~*e0(P — M~ (1 — 2C'M~'G) G~eO()

7 ’ ’ 4.6
e’ =N"e0(”) - N7'x%, (1+ 2C'N7'G) G 'eQ{ 7). (49

These expressions can be improved by using the following O(D, D) identities
C'= -M"!CN!, M=N+2CG, N 'M=1-2CM~!G, M !N=14+2C'N!G. (4.7)
Using these identities we arrive at
et = M~'e0{") - M~'SINTIMG e
e = N"e0() — N~'S,M'NGeQ(”)

wprpr = MTIGM™! — M™SINT! - N~Ip M!
Bppr =W B'H" + MU'SINT! - NT'mMC! (4.8)
Quprr = MT'Q*M™! — 2N~ M1

= - 1 _ 1
®appr = ® = 5 mDet(M) + o — STr (NGTIZ,M 1) .

These equations express the fields in the lower-right corner of figure 1 in terms of those in
the upper-left corner.

Next we implement the last arrow in figure 1 with a corrected double Lorentz L to
arrive at the dual supergravity gauge F/,

0P — [M~'2IN"! + 21 ¢ 'M O PO

M~

N7e0{)0{) — [N~'s,M~! + /] G'"'N~fe0{) O
G=M"'GM "' - M'EINT'+ 5] — [NT'S,M ™ 4 5]

M~

M~

)

B = B! + [ —tng—l + E;t] B [N_tst_l + Els] (4.9)
Q/ tQ*M— [N_tst_l + ZIS]
= 1
== ln Det(M) + o — o Tr (G [NT'S,M ™ + 3]
where ¥/, = & (@2”/, @g—»,ww(e&)/)),
Finally, we choose the same gauge we took for the leading order
e =e, eM=¢, (4.10)
so that
o) =0 =1, (4.11)
and

00\ =& 'N'M e + e !N [(NT'E,M ™ + %) — (NT'S,M™' + )] G'"'M e,
(4.12)
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which can be shown to be a Lorentz element as a consequence of the antisymmetric appear-
ance of (N'S,M~! + X/). In this gauge, where ot = oM = 1, we have that ©(+) =0
both in ¥, and ¥ as it should be clear from (2.54). This leaves ¥(~) as the only contri-
bution and so the dependency on the parameter b is completely removed. Starting with a
different diagonal Lorentz gauge in the supergravity gauge would lead to other dependence
on the parameters a and b. In particular if we started in the gauge in which e = (=), that
would induce corrections with only the parameter b.
We have then finally arrived at the first order in o generalized T-duality transforma-
tions in the DFT scheme:
¢ =M"'te— [M'SIN"! + 2] MG e

M'GM ™' — [MT'SINT! + 2% — [NT'S,M " + %]

M™'B*M ' + [M'EINTT 4+ 2] — [NT'S,MT + 5]
Q =M"'Q*M —2[N'S,M~ + %], (4.13)

G+ B*, B*=B+D'B+Q'C'AQ + Q'C'B — B'CQ

)

D — %m Det(M) + o — %Tr (' NTTEMT 4+ 2

where ¥y = % (1,@2_),0‘)(*)(6)) and X = % (1,@2_)’,w(*)(e(*)’)> with O and O
defined in (3.27). The dependency on w(~)(e(=)’) can be improved using (=) = N~te(-) =
N—te0{” and the Lorentz and O(D, D) transformations of w(~) in (2.44) and (3.29) re-
spectively

w (D)) = Mt (@g—>—1w<—><e>@g—> + @g—>—1a@g—>) . (4.14)

These are the first order corrections to the equations (3.22) and (3.24). They capture
any generalized duality, encoded here in generic local O(D, D) x RT transformations, for
any choice of the parameters a and b that control the first-order corrections in the deformed
DFT. These expressions are valid in the DFT scheme, namely for the components of the
duality covariant fields after the gauge fixing. These are not the fields that appear in
supergravity, but are related to them through field redefinitions, as we discuss in the
following section. Note that the right hand side in equation (4.13) contains the original
background in the DFT scheme &, B, ®. All the other elements that appear (A, B, C, D, «,
(O)t(;), (O)g(;)’) can be read from the generalized duality to the lowest order. So knowing how
the duality works to lowest order, and having a corrected supergravity solution permits to
compute its dual from this expression.

In the following section we will need the generic Lorentz transformation of e. From
the DFT point of view the double Lorentz transformations acts differently on &*) and
e(), so in order for this transformation to keep us in the supergravity gauge we need
L)) = L(el)) = L(&) in (2.53). This forces a relation between O*+) and O(-)

0 =0 47! (2 - e7tglO), (4.15)
that is solved as follows
07 = (1++4¢7H0, A=e ' (Z-3) e

0 =1+ (-1)4¢9H0. (4.16)
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It is clear that these are elements of the Lorentz group for any value of the parameter
because the matrix A is antisymmetric. Note that while to lowest order the two elements
are forced to coincide (this is the usual case in which the double Lorentz symmetry breaks
to its diagonal subgroup), higher orders make the two transformations differ. Since v can be
chosen at will, we set its value to v = 1. This implies the following Lorentz transformations
for the gauge fixed fields

LEe)=e0 -G eO

LG)=G— (S+3H

L(B)=B-(x-xY (4.17)
L(Q)=Q —2%

L(®) = %G‘“’EW :

where ¥ = (0, 0, w™®)(e)) is given in (2.54). Other choices of v simply ammount to redefi-
nitions of @. These expressions are important, because as opposed to this DFT supergravity
scheme, in all other supergravity schemes the metric and dilaton are Lorentz invariant, and
then field redefinitions will be required to remove this anomalous transformation.

We explained at the end of section 2.3 why, even at higher orders, the local O(D, D) x
R* transformations map solutions into solutions of DFT. In the context of Gauged DFT
this is realized rather trivially: the transformation keeps the gaugings into the same orbit
and then works as a symmetry of the Gauged DFT. Even if the orbits are different one
can make sense of the transformation as a solution generating technique between deformed
theories, as we discussed for instance when gaugings are non-unimodular. It is then natural
to ask why this extreme simplicity is no longer reflected in the results of this section. The
reason is that the gauge choice necessary to make contact with supergravity (in the DFT
scheme) requires double Lorentz transformations which are deformed by higher derivatives.

4.1 Supergravity schemes

The overline on fields in the previous section indicates that they are components of the
generalized fields in DFT, and so we call this set of fields the DFT scheme. In this scheme
the frame field receives a first order Lorentz transformation inherited from the generalized
Green-Schwarz transformation (4.17), and so it is not the standard frame field in supergrav-
ity. However, it is related to it through a first order Lorentz non-covariant field redefinition.
The same is true for the dilaton and two-form (although in some cases the Lorentz trans-
formation of the two-form cannot be redefined away). So the fields in the DFT scheme
(with an overline) and the fields in supergravity (without an overline) are related by

e=e+Ae, B =B+AB, ®=3+A9. (4.18)

The correction A depends on the supergravity scheme to be considered, and is defined up
to covariant Lorentz redefinitions. The non-covariant part is fixed by

Lie)=e0, L(G)=G, L(®)=5a. (4.19)
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The only case in which the two-form can be taken to be a Lorentz invariant field L(B) = B

is when a = b, which corresponds to the bosonic string [29]. Otherwise it carries a

Green-Schwarz transformation. Different supergravity schemes [82-86] correspond to

different choices of (Ae, AB, A®) related by Lorentz covariant field redefinitions.
Applying a generalized duality to & leads to

é=ec+(Ae) = €=¢—(Ae), (4.20)

where (Ae)’ = Ae(e’). We know from (4.13) what € is in terms of €, and from (4.18) what
€ is in terms of e, so we can readily compute e’ expanding M~ = M~ — M—{(AQ)!C'M~*
in the same way we did in (4.5), we then have

¢ =M e +M"Ae — M (AQ)'C'M e — [M'SINT! + 2 MG e — (Ae) . (4.21)
For the metric the above results imply
G'=G0 + g0
GO =mfam! (4.22)
o) — %N—tAQM—l _ [N—tZSM_l + 3] - %(AG)’ + Transpose ,
where we used the identities (4.7). For the two-form we follow the same procedure and

after introducing B* as in (3.21) and using exhaustively the O(D, D) identities, we can get
a similar result as for the metric

B' = BY 4+ pW
BO =M~'BM! (4.23)
1 1
B — §N*tAQM*1 — [NT's,M' + %] - §(AB)’ — Transpose .
Both results (4.22) and (4.23) can then be merged into a single expression in terms of
Q' = QY+ QM. The final result for first order corrections to generalized dualities is given
by:
e® =M e,
eV = M"Ae — MH(AQ)'C'M e — [MT'SINT! + S MG e — (Ae)’
QY =MQ"M™,
QW =NTHAQ - 28, )M — (AQ) — 2%, (4.24)
1
o0 = — 5 InDet(M) + a
1 /
o) — —5r (MfchQ +G7V [NTTE,M T+ E’SD + Ad — (AD) .

We have then extended the result of the previous subsection to be applicable to generic
schemes related by field redefinitions from the DFT scheme. This reduces to (4.13) when
Ae=AB=Ad=0.
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The fields without an overline must transform covariantly under Lorentz transforma-
tions (4.19). We can then separate A into a non-covariant part, and a covariant part.
The former is unambiguously defined, and the scheme in which A contains only the non-
covariant part was named the Bergshoeff-de Roo (BdR) scheme in [29], after [85, 86]

1 1
BdR 2 +)2 BdR v BdR
AGLV ) = 1 (awfw) + bwl(w) ) , APBIR) — 4G“ AG,,, AB[(I,Z/ ) = 0, (4.25)

with wﬁﬂ = wﬁ)ﬁw%)a. As explained, it is not always possible to make the two-form
Lorentz invariant, and interestingly in the BdR scheme the two-form coincides with the

two-form in the DFT scheme.

4.2 Examples
4.2.1 Abelian T-duality

The o/-corrected T-duality transformations must contain the corrections to Abelian T-
duality as a particular case. In order to check this statement, we consider the decomposition
of O(D, D) into GL(D) transformations, B-shifts and factorized T-dualities. In the three
cases the matrices A, B, C,D are constant, and we take the generalized dilaton shifts to
vanish o = 0. Moreover, we remember that in this case @2‘) =1.

For GL(D) transformations, we have B=C =0 and D = A~ so

M=N=A" = o) =1. (4.26)
For B-shifts A =D =1, B = constant and C = 0 so

M=N=1 = o) =1. (4.27)

S

For a single factorized T-duality in a particular direction z, we need the reduced form of
the matrices (3.31). In this case a =d =0 and b = ¢ = 1 with

M= —-N =Gy = o) =—1. (4.28)

S

Then, in the three cases @ﬁ‘) and @2‘)’ are constant, and consequently ¥g = 3. = 0. This
reduces the general formulas (4.24) to

QY =MT'QM ™, QW =NTAQM ™ — (AQ)
o0 = ¢ — %m Det(M), &1 = —%Tr (MT'CAQ) + A® — (AD) (4.29)
W) = Nt | WO = O Mt

where the transformations w(®) are obtained from (3.30) with 0{”) =1 and O\ =
Constant.

To move forward, we need to specify a particular scheme. In this case we will consider
the Bergshoeff-de Roo scheme with the field redefinitions given in (4.25). The transformed

version of those field redefinitions can be easily obtained from w®)

W2 = N (2N (92 =y, (2L (4.30)
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Introducing these objects together with (4.25) in our general formula, and after some work
using O(D, D) identities, we arrive at

QW = %N*t [aGNflcwHQ —~ bw(HQCtM*tG] M,

1
1 1 M vp 2 2
o) = -(M™H)»,C (aw(j ) —i—bw() ) ) .

(4.31)

For GL(D) transformations and B-shifts we have C = 0 and so Q) = &) = 0, so
interestingly GL(D) and B-shifts receive no corrections. For factorized T-dualities instead
we expect higher derivative corrections. Consider the heterotic string in particular, for
which a =0 and b = —1

o = %N—tw(+)2CtM—tGM—l’ ) _ 7%(M—l)pycupwg—;)2’ W = NP

We consider the simple case of a single internal isometric direction, and then perform a
splitting as we did in section 3.1.2 for the zeroth order. In this case the results are

2 2 _mx _ocn ~ 1 = _m:c = _a:m
Q;nn:an_&, Q. ==, Q’MZQ 7 Qm:_Q_
Ja_ - a_ Qum_ e "
;na:ema_ v ema, e;a:_
wa Q:ca:
) - (+)
oD s Qme s gy g Paa”
me Q:m:
Ginn =Gmn — i (Gmman + bmmBnm)
Gmaz
1
+ GT (szQ$(mBn)Jf - QIZGw(mBn)x - waBmxan)
R (4.32)
r  _ Pmzx - _
1 Q
G/ _ _ Nz
1 1
Bllmn = an - @(Gmxan +Bmexn) + GT (GMEQx[mBn]a: - waGm[mBn}x)
Gmz 1
B = + (Ga::chx - QxxGmx)

M G 2G2,
1 19

'=0—-InGyp— =
2 TGy

where we defined 2 = §w(+)2. These results are the same as the ones obtained in [87] for

I(]El;re) _ _Blgtlgere)

the heterotic string after identifying B and setting the o parameter in

that paper to % (see eqs. (39,42,70,74,75,76)).

4.2.2 Yang-Baxter

We now move to a different generalized duality for backgrounds with non-Abelian isome-
tries. In [88] it was shown that after applying unimodular homogeneous YB transformations
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over bosonic string solutions at order o, the resulting background could be corrected to
satisfy the equations of motion. This was done for backgrounds with vanishing NSNS fluxes
and up to second order in the deformation parameter 7. Soon after, in [45] it was realized
that the same result could be obtained by considering these particular generalized dualities
in the context of DFT to order «’. In this case the deformed background was obtained at
all orders in 7 and the original background was allowed to have NSNS-fluxes. As expected,
the result reduced to the previous one after setting the particular conditions of [88].

Our general formula for higher-derivative corrections to generalized dualities includes
this scenario as a particular case. We will show here that the results of [45] are recovered, a
task that will turn out easy because we are using a notation similar to the one used there.
To see this, we first notice that (3.76) can be trivially extended to D-dimensions by

Q" — @M = k'R kY, (4.33)

where k;# are extended by introducing the identity map on the external directions. The
same can be done for the Maurer-Cartan form and so the expression (3.76) can be brought

to
1
Q'=QneQ+1), ' =30- 3 In (Det(n©Q + 1)) . (4.34)
Then, we specify our results (4.24) to the bosonic case a = b = —1 and consider the scheme
used in [88]
1 - 1 1 .0
AQHV = §WLZ)6W£IB)Q y AD = —@H2 + ZGM AG,U,Z/) (435)

where H?> = H,,,H"?. Remembering that we come from a geometric background in
which e(*) = (=) and consequently @g_) = 1 and Eg_) = 0, the corrected unimodular
homogeneous YB transformation is then obtained

1
QW = ) B (W(+)/uﬁa — o)~V 573ﬂ@g—)/7a>

1 1
+Zau@§_)_1'aﬂ3u@§_)'g°‘ + 5szw(@g_)/)w
1
w® = Nw®) | w0 = 0" VM w0 + 0 o0, 00 = e 'NFM e,

S

where the transformation for w™) follows from (3.30) with o{) =1.

From here, we can see after the change ©® — —0O, @2‘)’ — @g_)_l’ these are the same

results obtained in eqs. (3.6), (4.15), (4.25) and (4.25) of [45]. Finally, for the dilaton
field instead of using our general formula, the more straightforward way to match results
is noticing that in the scheme (4.35) one has

R 1
= G =G (14 L) (437)

so using that for YB the generalized dilaton shift vanishes (3.79) d’ = d we get the trans-
formation for the dilaton

1 1 1
=0~ M+ 1G<0>WG§}3 + 15 (H? - H?), (4.38)

which is exactly the expression given there in eq. (4.16).
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5 Outlook

A number of questions arise:

e Explicit solutions. It would be interesting to apply our result to specific exam-
ples. Higher-derivative corrections to Abelian T-duality have been applied in dif-
ferent contexts, such as corrections to entropy and black-hole solutions [89-93] and
cosmological backgrounds [94-96]. Higher-derivative corrections to Yang-Baxter de-
formations were recently considered in [45]. There have also been some analysis on
higher-derivative corrections to non-Abelian and PL dualities [97-99].

e Classification of generalized dualities. An interesting observation is that the
framework of Gauged DFT allows to envision further extensions of generalized duali-
ties, beyond those discussed here. In particular it might offer a classification through
classifications of duality orbits on the one hand, and on the other through the char-
acterization of the degeneracy in the space of duality twists that fall into the same
orbit. Steps in this direction were given in [20] and [100]. Also the formalism of
DFTwzw [101] can be useful in this respect because the frame algebra is simpler,
and gives a prescription to compute generalized twists in Gauged DFT. There are a
priori no obstructions in finding examples of generalized dualities in Gauged DF'T that
go beyond PL T-plurality. An interesting case of study is the so called £-models [102]
recently discussed in the context of DFT in [49, 50].

¢ Extensions to higher orders. The whole construction in the paper was based on
the first order generalized Green-Schwarz transformation (2.40) introduced in [29]. In
order to proceed to even higher orders, we need further corrections to the generalized
Green-Schwarz transformation. Interestingly, for the heterotic string these correc-
tions are known non-perturbatively (through the so-called generalized Bergshoeff-de
Roo identification), and perturbatively to second order in ' [103]. Soon, an all-order
proposal to corrections in the general bi-parametric case will appear [104], where the
second-order corrections will be worked out explicitly. The strategy applied here, to-
gether with these results will permit to extend our computations to second order in /.

e Exceptional Drinfeld Doubles and maximal supergravity. The results in this
paper are at most compatible with half-maximal supergravity. Generalized dualities
in the context of maximal supergravities gained renewed interest after the proposal for
non-Abelian dualities of RR fields [105-107]. Type II and M-theory give rise to rigid
U-duality transformations upon compactifications on tori. Interestingly, the idea of
generalized U-dualities was recently introduced in [108, 109] and further discussed
in [110-115]. Looking for higher order corrections to generalized U-dualities is out of
reach at the moment, because these corrections are not even known in the Abelian
case. There are promising steps in this direction [116-118], systematics in the writ-
ing and counting of interactions is crucial [119] because higher derivatives appear in
maximal supergravity at order o/, and so even the simplest corrections are hard to
handle. Still, there is at the moment no higher derivative formulation of Exceptional
Field Theory [120] nor Type II DFT [121, 122] (for a review see [123]), but generalized
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Scherk-Schwarz reductions have been extensively investigated [124-127] and surely
constitute the proper framework to deal with generalized U-duality, in the same sense
that Gauged DFT is the proper framework to deal with generalized T-duality.

We hope to make progress in these and other directions in the future.

Note. Upon completion of this work we became aware of [128] and [129] which overlap
significantly with our results.
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