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ABSTRACT: Conformal blocks are the fundamental, theory-independent building blocks in
any CFT, so it is important to understand their holographic representation in the context
of AdS/CFT. We describe how to systematically extract the holographic objects which
compute higher-point global (scalar) conformal blocks in arbitrary spacetime dimensions,
extending the result for the four-point block, known in the literature as a geodesic Witten
diagram, to five- and six-point blocks. The main new tools which allow us to obtain such
representations are various higher-point propagator identities, which can be interpreted
as generalizations of the well-known flat space star-triangle identity, and which compute
integrals over products of three bulk-to-bulk and/or bulk-to-boundary propagators in nega-
tively curved spacetime. Using the holographic representation of the higher-point conformal
blocks and higher-point propagator identities, we develop geodesic diagram techniques to
obtain the explicit direct-channel conformal block decomposition of a broad class of higher-
point AdS diagrams in a scalar effective bulk theory, with closed-form expressions for the
decomposition coefficients. These methods require only certain elementary manipulations
and no bulk integration, and furthermore provide quite trivially a simple algebraic origin
of the logarithmic singularities of higher-point tree-level AdS diagrams. We also provide a
more compact repackaging in terms of the spectral decomposition of the same diagrams, as
well as an independent discussion on the closely related but computationally simpler frame-
work over p-adics which admits comparable statements for all previously mentioned results.
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1 Introduction

The anti-de Sitter/conformal field theory (AdS/CFT) correspondence [1-3] provides a pow-
erful repackaging of CFTs in terms of gravitational theories in asymptotically AdS space-

times and vice versa. Particularly, conformal correlators in large N CFTs admit a pertur-

bative holographic expansion in 1/N in terms of bulk Feynman diagrams (also referred to

as Witten diagrams or AdS diagrams). From the CFT perspective, repeated application

of operator product expansion (OPE) in a correlator reduces any higher-point correlator



into a combination of two- and three-point functions, which are fixed entirely by confor-
mal invariance, up to an overall constant for the three-point function given by the OPE
coefficient. The resulting decomposition can be interpreted as a conformal block decom-
position (CBD) which provides an efficient organization of the kinematic and dynamical
information in the correlators, in terms of an expansion in the basis of appropriate confor-
mal blocks (the theory independent, non-perturbative, conformally invariant fundamental
building blocks of correlators) and the CFT data (the spectrum of operators in the theory
and the associated OPE coefficients).

In the case of four-point correlators, the associativity of taking the OPE provides a
powerful constraint, called the crossing equation, which via the conformal bootstrap pro-
gram [4-6] has provided one of the strongest numerical and analytical approaches towards
solving (higher-dimensional) CFTs (see e.g. refs. [7, 8]). Holographically, the AdS diagram
expansion of CF'T correlators organizes itself such that it solves the crossing equation or-
der by order in 1/N, as established at leading [9] and subleading orders [10] in 1/N in
simple cases. The four-point exchange AdS diagrams in Mellin space [11, 12] (up to cer-
tain contact interactions) are also known to be directly related to the four-point conformal
block [13].! Moreover, these diagrams appear directly as an expansion basis in a variant
of the bootstrap approach also in Mellin space [15-17] pioneered in ref. [5].

Given the central role and importance of AdS diagrams in AdS/CFT, they have been
the subject of much interest and considerable progress over the past decade. Arguably the
most powerful results so far have been obtained in Mellin space, where Mellin amplitudes
in effective scalar field theories on AdS can be written in closed-form series or contour
integral representations, for arbitrary tree-level AdS diagrams [12, 18-22], as well as for
certain classes of higher-loop diagrams [12, 23-27]. There are also recursive techniques
for computing tree-level AdS diagrams in momentum space in four [28, 29] and higher-
dimensional [30-33] bulk spacetime. To a limited extent, higher-loop results have also been
obtained directly in position space using bulk [34-36] as well as CF'T techniques [10, 37—-41].
However, most position space results have been limited to up to four-point AdS diagrams,?
and as such relatively little is known about the position space representation of higher-point
diagrams, even at tree-level.

AdS diagrams are by construction conformally covariant, thus like conformal corre-
lators they admit CBDs in any choice of conformal basis. The CBD is perhaps best
understood via harmonic analysis on the (Euclidean) conformal group SO(d+1,1) [43—46].
Particularly, the shadow formalism [47-50] provides a convenient framework for writing
down conformal blocks [51] as well as the decomposition of conformal correlators in po-
sition space. The main objects here are the so called conformal partial waves, which are
given in terms of linear combinations of conformal blocks and their “shadow blocks”. This
formalism allows a convenient rewriting of AdS diagrams as spectral integrals, from which
the CBD can in principle be obtained by evaluating all (contour) integrals. However such
integrals can get increasingly tedious to evaluate for higher-point diagrams, rendering the

!Subsequently an alternate attractive holographic interpretation for four-point blocks was provided [14],
which we will comment on shortly.
2See however, the recent paper [42].



path from the spectral decomposition to the explicit CBD somewhat unwieldy. Thus it
remains fruitful to search for methods which can yield the explicit CBD directly. Fur-
thermore, explicit closed-form expressions for conformal partial waves or global conformal
blocks are not known except in a relatively small number of cases, such as for low-point
blocks or in low spacetime dimensions. While closed-form expressions or series representa-
tions are known for the global scalar conformal blocks in general spacetime dimension d at
four [50, 52-56] and (only very recently) five points [57], at six points and higher, the only
global conformal blocks for which closed-form expressions are available so far are those in
the comb channel in d = 1 and d = 2 [57]. Knowledge of higher-point blocks in arbitrary
spacetime dimensions thus remains an important missing link in the study of higher-point
AdS diagrams.?

It is useful to study higher-point diagrams because their decomposition involves multi-
twist exchanges.? Multi-twist exchanges also appear in the conformal perturbation theory
of lower-point diagrams such as in the context of the lightcone bootstrap approach [60—69).
Thus understanding various analytic limits of higher-point AdS diagrams can be useful
in gaining further understanding of four-point crossing symmetry constraints in various
regimes. Such decompositions can further be quite useful in setting up an n-point analog
of the four-point crossing equations and conformal bootstrap with external scalar operators,
which collectively may possibly be sufficient and present analytical or numerical advantages
over the usual four-point program where one must also include all spinning operators in
the spectrum [57].

The present paper aims to partially fill the gap in the study of higher-point AdS dia-
grams, particularly in an effective scalar field theory on AdS;y1 by developing a systematic
study of higher-point global conformal blocks in arbitrary spacetime dimensions. Specifi-
cally, we will develop tools to obtain the holographic representation of higher-point blocks,
expressed in terms of geodesic diagrams. These tools include various integral AdS prop-
agator identities, one of which was used recently to obtain the holographic dual of the
five-point block [70]. In this paper, we will apply these tools to obtain the six-point block
in the so called OPE channel. Further, we will generalize the geodesic diagram techniques
of ref. [14] to obtain the explicit direct channel CBD of all tree-level scalar five-point dia-
grams with scalar exchanges and a significant subset of six-point diagrams (more precisely,
those which admit a direct channel decomposition in the so-called OPE channel). Like in
the case of four-point diagrams [14], such calculations will not involve any bulk or con-

3See, however, refs. [58, 59] for recent results on obtaining recursively higher-point conformal blocks and
conformal correlators via the embedding space formalism.

4A notational remark: the class of double-trace primaries of twist Ay +Ap+2M and spin £ is constructed
out of scalar operators O,, Op of dimensions A,, Ay respectively, written schematically as

[00Ob)are = O™ 8y, . .. 8y, O + traces . (1.1)

We will interchangeably refer to the operator in (1.1) as “double-twist” or double-trace. “Multi-twist”
operators appearing in this paper will usually arise as double-twists of double-twists and so on. Whenever
we refer to “higher-twist” operators, we will mean non-zero values of M in (1.1), and since we will only be
dealing with scalar external and exchanged operators, the terminology “lowest-twist” operators will refer
to the case M = 0.



tour integrations, but only algebraic steps. The analysis presented provides the road-map
for extensions to conformal blocks beyond six-points. Moreover, we will also present the
parallel story in the closely related framework of p-adic AdS/CFT [71, 72|, which affords
a useful toy model for studying conformal blocks and CBDs. Here, we will present the
corresponding propagator identities on the Bruhat-Tits tree, the holographic duals of the
five-point block as well as the six-point block in the OPE channel, and apply geodesic
diagram methods to obtain the CBD of five- and six-point diagrams in p-adic AdS/CFT.

In the remainder of this section, we expand lightly on the setup of this paper, before
ending with an outline.

Holographic conformal blocks and propagator identities. At four-points, the scalar
contact and exchange diagrams in an effective scalar field theory in AdS admit a direct
channel decomposition as a sum over infinitely many four-point conformal blocks, each
representing the exchange of an appropriate representation of the conformal group, corre-
sponding to higher-twist double-trace exchanges (more generally “double-twist” exchanges)
and additionally a single-trace exchange in the case of the exchange diagram, each weighted
essentially by factors of OPE coefficients squared [73]. Recent work has focused on alter-
nate efficient means of obtaining such decompositions, including the split representation of
bulk-to-bulk propagators [74, 75], the conformal Casimir equation [76], and the use of the
so-called geodesic Witten diagrams [14].°

The four-point geodesic diagram is a four-point exchange AdS diagram, except with
both AdS integrations replaced by geodesic integrals over boundary anchored geodesics
joining pairs of boundary insertion points. Such a holographic object computes precisely
the four-point global conformal block [14, 72, 83-90] (see also refs. [91, 92] for an alternate

6 The holographic conformal block representation, together with certain

point of view).
crucial two-propagator identities reduce the task of obtaining the decomposition of four-
point AdS diagrams in the direct channel to a number of elementary algebraic operations,
with no further need to evaluate bulk integrals [14]. With some work this approach can
be extended to a higher-point setting as is done in this paper; consequently one needs the
holographic duals of higher-point conformal blocks, as well as higher-point generalizations
of the two-propagator identities. In addition to being useful for obtaining the decomposition
of AdS diagrams, each of these generalizations is of interest in its own right, as we now
briefly describe.

Global conformal blocks are projections of conformal correlators onto the contribution
from individual conformal families, associated to representations of the d-dimensional global
conformal group. The representations are labeled by the conformal dimensions and spin. In
this paper we will focus only on scalar conformal blocks with scalar intermediate exchanges,

5Recently, progress has also been made in obtaining relations obeyed by the decomposition coefficients
of four-point exchange diagrams in the crossed channel [17, 27, 76-82] but in this paper we will restrict our
discussion to only direct channel decomposition.

5In AdS;/CFTa, various limits of Virasoro blocks, obtained by taking particular heavy/light limits
of dimensions of external operators, are also interpreted in terms of lengths of bulk geodesics and as
geodesic diagrams in defect geometries [62, 93-96]). In some cases, higher-point results (n > 5) are also
available [97-103].
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Figure 1. Graphical representation of the scalar five-point conformal block, WAA:;’A;A5 (z;) (LHS),

and the leading term in its holographic representation (RHS). All solid lines in the bulk diagram on
the RHS are bulk-to-bulk or bulk-to-boundary propagators, with the two bulk vertices integrated
over boundary anchored geodesics (red dashed curves) and the conformal dimensions associated
with some of the propagators explicitly displayed in blue (which makes use of the shorthand (1.5)).
The ellipsis represents contribution from the exchange of descendants in the conformal multiplet of
primaries O, and O,. The precise relation, obtained in ref. [70], can be found in (4.7).

so from here on we will suppress the spin label. We leave extensions to external and
exchanged spin operators along the lines of refs. [14, 83-90] for the future.

The five-point conformal block corresponding to the projection onto the conformal

multiplets labeled by weights A, and A, (and zero spin) can be written as’

(O1(21)Oa(x2) P, O3(23) Pa, O4(24) O5(25))

A1,---7A5(
Cai0008.Cn,050, 00,0405

Ag;Ap

T;) = , (1.2)

where Pa = Y, |PFOA)(P*Oa| is the projection operator projecting onto the conformal
family of the primary Oa. The OPE coefficients, given by Ca;a;a,, have been quotiented
out in the expression to obtain a purely kinematical quantity. Graphically, we will often
represent the five-point conformal block as shown in the LHS of figure 1. At six points
and higher, conformal blocks admit topologically distinct channels not simply related to
each other by permutations of operators and boundary insertions or conformal transforma-
tions. The two conformally distinct channels for the six-point block are the so-called comb
channel, given by

Bus () = (O1(21)O2(2) Pa,O3(x3) Pa, Oa(x4) Pa, O5(25) O (26))
AgsBeiAr 1T T Car000,00,050,CA 040, CAL A5 A

"Following the nomenclature in recent literature, we reserve the term conformal block to refer to objects
such as the one in (1.2), which include the entire position space dependence as opposed to dependence
merely on the conformal cross-ratios. This is in contrast with the notation used in ref. [70] where this
object was referred to as a “conformal partial wave”, a term that in this paper is instead reserved for the
object which is given by a linear combination of a conformal block and its shadow blocks, and which has
useful orthogonality and single-valuedness properties.
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Figure 2. The global scalar six-point block WAA;;K;’;AA?. (z;), in the comb channel. We will not

discuss its holographic representation in this paper.

Figure 3. The graphical representation of the global scalar six-point block in the OPE channel,
WAA;;’A';’;AA‘i (x;) (LHS), and the leading term in its holographic representation (RHS). To interpret

the RHS, see the caption of figure 1. The precise relation can be found in (4.17).

and the OPE channel, written as

1
WAL (2 O1(21)Oy(22)| PH O
AR ) = e A Ca s Carnn, Mzk< (1) Oa(22)| P On,)
X (P*Op,|O3(x3)Ou(24)) (P* Op | PO, P* Op,) (P* O, | O5(5) O (w6)) -
(1.4)

The graphical representations of these blocks, shown in figures 2-3 are perhaps more il-
luminating and in fact suggestive of the names for the channels. Later in this paper we
will provide an alternative definition of these blocks based on the Casimir equations and
appropriate boundary conditions they satisfy.®

For the five-point block, a series representation was obtained using the shadow for-
malism [57], while the recently obtained holographic dual of the five-point block provides
an alternate mixed integral and series representation [70]. The first term in the holo-
graphic representation is displayed in the RHS of figure 1. The alternate representation
makes the holographic origin of the five-point block more transparent, and in this paper
this transparency is leveraged to furnish the CBD of all tree-level scalar five-point AdS
diagrams. Moreover, in this paper we will obtain the general d-dimensional holographic
representation for the six-point block in the OPE channel (see the RHS of figure 3), for
which no other representation, either from the boundary or the bulk perspective, is known

8The four- and five-point blocks may be interpreted as examples of comb channel blocks, but the four-
point block also qualifies as an OPE channel block.
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Figure 4. A schematic representation of a three-propagator identity. The common point of
intersection of three bulk-to-bulk propagators, shown as a green disk on the LHS is to be integrated
over all of AdS. The overall factor of Ca,a,a, is the OPE coefficient associated with primaries
of conformal dimensions A,, Ay and A.. We have only shown one of a four-fold infinity of terms
which appear on the RHS. The precise identity can be found in (3.16). See section 3.2 for variants
of this identity involving factors of the bulk-to-boundary propagator.

at the moment, and apply it in decomposing a class of six-point tree-level AdS diagrams.
These new representations may also be useful in investigating analytically relatively less
understood physical properties of higher-point blocks, such as various non-OPE limits.

This paper also establishes higher-point propagator identities that equate products
of bulk-to-bulk and bulk-to-boundary propagators, incident at a common bulk point that
is integrated over all of bulk space, with unintegrated expressions involving linear com-
binations of these propagators. These identities provide examples of higher-point “bulk
scattering amplitudes”. For instance, we present a three-particle bulk scattering ampli-
tude in AdS (i.e. a product of three bulk-to-bulk propagators incident on a cubic contact
vertex to be integrated over all of AdS) as the AdS generalization of the well-known flat
space star-triangle identity [104]. See figure 4 for a schematic depiction of this identity.
Furthermore, the higher-point AdS propagator identities derived in this paper enable a
physical decomposition of various AdS integrals into terms each of which can be inter-
preted as corresponding to the contribution to an AdS diagram coming from a particular
(multi-twist) operator exchange. In the future, the identities may also prove useful in
evaluating or simplifying various loop-level AdS diagrams.

A p-adic toy model. Another computational tool we make use of in developing the
higher-point holographic functions program is the framework of p-adic AdS/CFT [71, 105].
In this discrete version of holography, boundary operators are real- or complex-valued
maps from the (projective line over) p-adic numbers or an algebraic extension thereof. As
a consequence, spinning operators and local derivatives are absent so that not only is the
CFT devoid of descendants, but it only contains the lowest-twist operators [72, 106]. For
instance, the class of double-trace primaries (1.1) exists only at M = 0,¢ = 0 in such p-adic
CF'Ts, and similarly for higher-trace operators. So the decomposition of AdS diagrams in
p-adic AdS/CFT is especially simple, with all conformal blocks reduced to scaling blocks
given by trivial power laws of conformal cross-ratios (due to the absence of descendants in
conformal families), and the presence of only the lowest-twist contributions in the decom-
position (due to the absence of local derivative operators); see ref. [72] for a demonstration
in the case of the four-point diagrams. Correspondingly, we will show that the holographic
duals of the five- and six-point blocks will be fully specified precisely by the single term



shown on the RHS in figures 1 and 3. This is a drastic simplification of the situation in
conventional AdS/CFT. Moreover, the general structure of the CBD and the decompo-
sition coefficients turns out to be strikingly reminiscent of the results from conventional
AdS/CFT, as will also be demonstrated for higher-point diagrams in this paper.

Indeed, despite the dramatic simplicity of the p-adic setup alluded to above, computa-
tions and results closely echo those encountered in the conventional AdS/CFT literature.
Some examples include the (adelically) identical functional forms of OPE coefficients when
expressed in terms of local zeta functions [72], the similar structure of conformal corre-
lators [71, 72, 107], the existence of geodesic bulk diagrams which serve as holographic
duals of conformal blocks [72], universal real/p-adic closed-form expressions for Mellin
amplitudes for arbitrary tree-level bulk diagrams [108, 109], and tensor network construc-
tions [105, 110, 111] to name a few (see refs. [112-119] for other developments). For this
reason, p-adic AdS/CFT serves as a convenient toy model, affording significant compu-
tational advantages while at the same time informing the more involved setup over reals.
Thus we will find it beneficial to make a brief detour to the p-adic setup before turning our
attention to conventional AdS;y1/CFT4 over the reals.

Outline. An outline for the rest of the paper is as follows:

e In section 2, in the context of p-adic AdS/CFT, we employ propagator identities to
obtain the holographic duals of five- and six-point conformal blocks on the Bruhat-
Tits tree. Further, CBD of five-point diagrams is presented. This section is restricted
to the p-adic setting, but the computations and results find very close analogs with
the conventional (real) AdS;.1/CFT, setting discussed in the subsequent sections.
The discussion is presented such that the rest of the paper can be read independently
of this section.

e From section 3 onward the paper essentially pans out in the conventional
AdSg4+1/CFT, setting over the reals. In section 3 we present new higher-point bulk-
to-bulk and bulk-to-boundary propagator identities which relate integrals over all of
bulk AdS of products of propagators to infinite sums over unintegrated combinations
of propagators.

e In section 4 we present new results on the holographic dual of the six-point global
scalar conformal block in the OPE channel, and show that it satisfies the correct
conformal Casimir equations with the right boundary conditions. Like in the five-
point case, the holographic representation of the six-point block is given in terms of
an infinite linear combination of six-point geodesic diagrams.

e In section 5 we provide a derivation of the CBD for all tree-level five-point diagrams
— the scalar contact diagram, various five-point exchange diagrams admitting scalar
exchanges, as well as a class of six-point diagrams which admits a direct channel de-
composition in the OPE channel (which includes the six-point contact diagram, and
several six-point exchange diagrams with one, two, or three exchanges). The compu-
tation involves a higher-point generalization of the geodesic diagram techniques; the



intermediate steps are essentially purely algebraic and no further bulk integration or
contour integrals are necessary, although some hypergeometric summation identities
will be needed. We end the section with comments on the algebraic origins of loga-
rithmic singularities (section 5.4) and the relation to the spectral decomposition of
AdS diagrams (section 5.5).

e Finally, in section 6, we end the paper with a discussion of the results and future
directions.

e In the appendices we provide the explicit derivation of the spectral decomposition of
a few simple diagrams (appendix A), and proofs of all new propagator and hyperge-
ometric summation identities (appendix B) utilized in the main text.

Notation. We introduce a convenient shorthand for conformal dimensions which will be
used frequently throughout the paper:

loy1

N | —

Q1. B0,i041 i

2 A p-adic étude

In this section we will be focusing on the computationally simpler setup of p-adic AdS/CFT.
This section can be read independently from the rest of the paper but serves as a warm-up
to the later sections over the reals, and the patient reader may benefit from the general
lessons and the less cluttered discussion afforded by the p-adic setup.

One of the practical benefits of the p-adic AdS/CFT setup of refs. [71, 105] is that sim-
ple bulk theories of massive scalar fields in a fixed negatively curved spacetime are modelled
as scalar lattice theories on a regular tree (called the Bruhat-Tits tree) with polynomial
contact interactions,”? which dramatically simplifies bulk computations of such objects as
the amplitudes associated with bulk Feynman diagrams. The putative dual conformal field
theory lives on the boundary of the Bruhat-Tits tree described by the projective line over
the p-adic numbers (or some appropriate extension of p-adic numbers). Here we will re-
strict ourselves to the field Q,4, which is the unique unramified extension of p-adic numbers
of degree d, which forms a d-dimensional vector space over the p-adic numbers Q, while
maintaining a field structure. (For a review on p-adic numbers and their extensions, see,
e.g. refs. [71, section 2] and [120].) The p-adic conformal field theory, with global conformal
group PGL(2,Q,q), does not admit local derivative operators; consequently there are no
descendants in the conformal family and all operators are the lowest-twist zero-spin single-
and multi-trace primary operators [72, 106]. Thus the global conformal blocks are trivial,
and the conformal block decomposition of CFT correlators is significantly uncomplicated,
as will become apparent below.

This section is organized as follows. We will begin in section 2.1 by presenting vari-
ous propagator identities, involving bulk integration on the Bruhat-Tits tree of a product

9More generally, higher-order derivative couplings are incorporated as (next)k-to-nearest neighbor inter-
actions in the discrete setting, with k£ > 0 [72].



of three bulk-to-bulk and/or bulk-to-boundary propagators over a common bulk vertex,
adapted from ref. [72]. These will then be used in section 2.2 to obtain the holographic du-
als of five- and six-point conformal blocks in terms of geodesic diagrams. In section 2.3 we
will present a few representative examples demonstrating the geodesic diagram approach
to obtaining the CBD of five-point bulk diagrams and interpret the simplicity of the pro-
cedure and the final result. More examples are reserved for later in section 5 where we
comment on the close connection between CBD in the p-adic and conventional AdS/CFT

formalisms.

2.1 Propagator identities on the Bruhat-Tits tree

We collect here various propagator identities which will prove useful in extracting the
holographic objects that compute various higher-point global conformal blocks as well as
in obtaining the CBD of bulk diagrams in p-adic AdS/CFT. These identities were already
written down in ref. [72], but here we restate them in a slightly different but mathematically
equivalent form, which accommodates a direct analogy with the corresponding propagator
identities in real AdS, the subject of section 3. The identities described below are set
up on the Bruhat-Tits tree ’7;d, a (p? + 1)-regular graph with the associated boundary
OTpa = Pl((@pd).

We first briefly review the propagators of p-adic AdS/CFT; for more details refer to
ref. [71]. The normalizable and non-normalizable solutions of the Laplace equation on
the Bruhat-Tits tree will be denoted Ga and K A, and they represent the bulk-to-bulk
and bulk-to-boundary propagators on the Bruhat-Tits tree, respectively. The bulk-to-bulk
propagator is given by

@A(w,z) :p*Ad(w’z) (2.1)

where d(w, z) is the graph-distance on the Bruhat-Tits tree between bulk nodes w and z,
and we have chosen the normalization such that G is the Green’s function of the Bruhat-
Tits Laplace equation

L (@A)
(Betma)Calu2) = oolw2) Na=g om0

where [, is the graph Laplacian acting on the z bulk node. The p-adic mass-dimension

2up = pt — pt A, (2.2)

relation relates the bulk scalar field mass m2A to the conformal dimension of the dual
operator A via

-1
2
ma = ) 2.3
AT GAGG ) 23
where we have defined the “local zeta function” for every prime p,
1
Go(s) = 1 p—g (2.4)

The bulk-to-boundary propagator is obtained as a regularized limit of the bulk-to-bulk
propagator upon sending one of the bulk nodes to the boundary,

~ ‘Zo|§

Ka(z,2) = LA

= 2.5
|Z07 g ( )

~10 -



where z = (20, 2,) € p? x Q¢ is the bulk node parametrized by the radial coordinate 2o
and the boundary direction z,, and | - |, is the p-adic norm while |z, y|s = sup{|z|p, |y|p} is
the supremum norm.

The simplest of the propagator identities is the one involving a product of three bulk-to-
boundary propagators, which computes the leading contribution to CFT scalar three-point

correlator,
. . N Ca, A,
Z Ka, (131, Z)KAQ (x2’ Z)KA3 (."L‘g, Z) - 2 [A12,3) 2 : A223j 2 |Asz1,2 (2.6)
2€Ta [folp sl |5y lp
where the OPE coefficient of the putative dual CFT is
205 201 i) Co(2A g 5
CAiAjAk _ Cp(QAz‘jk, . d) Qp( zj,k)Cp( Jk,z)fp( km) (2'7)

(p(2Ai)Cp(2Aj)Cp(2Ak)

The following three identities involve replacing more and more factors of bulk-to-
boundary propagators K with factors of bulk-to-bulk propagators G, culminating in a
purely AdS (more precisely, Bruhat-Tits tree) three-point contact scattering process in-
volving three factors of bulk-to-bulk propagators:

. . . K, (20, wa) KA, ,(x3,w,)
Z Ga,(Wa, 2) Kny (22,2) Kag (3, 2) = Ca,n,0, B Agg a3‘2 —

2
2€T a |$23|p
1 1
2 2
Mopy, —MA, Na,

_l’_

IA{AQ (5132, wa)RAg (x37wa) ’
(2.8)

Z KAS (563, Z)G’Aa (wa, Z)éAb (wba Z) = CAsAaAb KASa,b (x?nwa)f{ﬁsb,a (m?n wb)éAab,?) (wa’ wb)
2€T 4
p

1 1 - N
t— Ga, (wmwb)KAg (w3,wp)

2
mZAag, - mAb NAb
1

2

é Weq, W K xr3,w
m%Ab&_mAa NA Ab( as b) A3( 3 a)7

_l’_

a

(2.9)

and

> Ga,(wa,2)Ga, (wh,2)Ga, (we, 2) = Ca,a,8,Ga,, (Wa, we) Gy, (e, wh) G, (wh,we)
2E€ET g
P

1 1 A

+ GAb (wb,wa)GAc(wmwa)

2 2
Mo, ~MA, Na

1 1 . A

+ Ga, (Wa,wp)GA, (we, wp)

b

1 1 . R
Ga, (Wa,we)Ga, (Wp, we) .

2 a2
MmN Ge, —MA

(2.10)
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The first term in each of these identities has been recast in a form slightly different from that
originally written in ref. [72], which made reference to the unique bulk point of intersection
of the bulk geodesics joining the three fixed (bulk and/or boundary) points. Such a bulk
point always exists on the Bruhat-Tits tree, but the corresponding construction does not
carry over to continuum AdS space. On the other hand, the “star-triangle” rewriting of the
first term in the identities above has a direct analog over the reals, as will become apparent
later in section 3.2. We will comment on the relevance and interpretation of both forms
of identities at the end of the next subsection, as they relate to the holographic duals of
conformal blocks.

2.2 Holographic duals of five- and six-point conformal blocks

Five-point block. The strategy to extract the holographic duals of conformal blocks
will be the same as the one detailed in ref. [70] where it was used to obtain the holographic
dual of the global five-point block in AdS. Namely, to obtain the holographic dual of
the five-point block on the Bruhat-Tits tree, we start with the following bulk Feynman
diagram,

O3

(’)2 04
(2.11)

Ao Ay
01 05

where the green-colored disk-shaped vertices correspond to bulk nodes to be integrated over
all nodes of the Bruhat-Tits tree, while the solid lines in the Poincaré disk represent bulk-
to-bulk or bulk-to-boundary propagators (2.1) or (2.5). We have suppressed boundary
coordinate labels in the diagram; unless otherwise noted, the operator O; of conformal
dimension A; will be inserted on the boundary at position z;. Further, we will assume that
the conformal cross ratios'”

2 .2
_ | T23%ys

2 .2
_ | T12%34

: (2.12)

2 2 2 .2
L13%24 |p L24%35 |y
satisfy u < 1,v < 1.

We can trade the two outside bulk integrations for a geodesic integration, using the

identity [72]

. X 1 . . .
KA1(x1aZ)KA2(x2vz> = m Z Ka, (xlaw)KAz(x2vw)GA1+Az<w7z)’ (2.13)
’ wWEY12
where
_ Gp(8)6(t)
Bp(s,t) = 7@2(5&) , (2.14)

1°0n the Bruhat-Tits tree, whose boundary is the projective line over an extension of the p-adic numbers,
the number of independent cross-ratios that can be formed from five boundary points is precisely two,
analogous to the situation in a (real) one-dimensional CFT.

- 12 —



and 712 is the boundary anchored bulk geodesic joining boundary points x; and x2, over
which the bulk point w is to be integrated over. Pictorially, this is depicted as

O3

02 04 1
© Bp(2A1,209) 8, (2A4,2A5)

Ao Ay
01 05

Carn,0, Casnsa,,
Bp(2801,2,2802,1) Bp(2D0/4,5, 2D0/5.4)

(2.15)

where the bulk vertices on the dotted red boundary anchored geodesics are to be integrated
over the respective geodesics rather than the entire Bruhat-Tits tree. The bulk-to-boundary
propagators incident, say on 72, the boundary anchored geodesic joining boundary points
x1 and xo have associated conformal dimensions A; and As corresponding to the oper-
ator insertions O; and Os. In the second equality of (2.15) we used the two-propagator
identity [72]

Z GAQ (a7 Z)GAI; (b7 2) -3 ! 2 (NlAb GAAa (CL, b) - ]VlAGAb (aa b)) (2.16)

m —m
Z€7;d Aa, Ab a

to write one of in total four terms; the other three are not relevant for the present purposes
and are absorbed into the ellipsis. At this point we employ the propagator identity (2.9)
on the first term to obtain

O3

Ca 0,00 Cagnsay, Casnsa,,
Bp(2801,2,2802,1) Bp(2A0:4,5, 2A075,4)

4. (2.17)

where the ellipsis inside the parentheses indicates the terms originating from the second
and third lines of (2.9), which again are unimportant for the purposes of extracting the
holographic dual of the five-point block. As indicated before, we have suppressed boundary
coordinate labels, except at x3 where we have explicitly indicated the dimensions of the
bulk-to-boundary propagators incident at the boundary point in blue.
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We are interested in the term in the expansion of the exchange diagram proportional
to the product of the three OPE coefficients as shown in (2.17), since in the CBD the
five-point conformal block representing the exchange of single-trace primaries of weights
Ag and Ay in the intermediate channels also appears with an overall factor of the same
OPE coefficients. The last observation follows from the holographic version of the CBD
for individual diagrams.

We note that this strategy to extract the putative holographic dual to the conformal
block is not guaranteed to work, since the inverse problem of solving for the conformal
blocks given the five-point function and the OPE coefficients is not well-posed. Neverthe-
less, it serves as a heuristic guide in guessing a natural candidate for the holographic dual,
which must then be confirmed by independent means.

Going back to (2.17), we expect from the heuristic argument above that the five-point
conformal block is given by

AL 1 Ap,A
L5 (0 WRL B (1) 218
Ag; Ay ( l) 6}7(2A01,272A02,1) 5p(2A0’4,572A0/5,4) Ag; Ay ( Z) ( )

where we have defined the five-point geodesic bulk diagram on the Bruhat-Tits tree, the
holographic dual to the conformal block as

Al A
Wagias, (i)

(2.19)

= > Ka, (w1, w)Ka, (w2, w)Ka, (x4, w) K, (x5, 0)
weY12
w’ Evas

X Ky o (23, w0)Gag , (w,w) Kay,  (w3,0).

Indeed, explicit evaluation of the geodesic bulk diagram on the Bruhat-Tits tree confirms
this expectation. We find

Wﬁ;;&(’)/A5 (xz) = ,Bp(2A0172, 2A02,1) ,Bp(2A0/475, 2A0/574)WO(5) (l‘l) UAO/2’UA0'/2 , (2.20)

where the conformal cross-ratios were defined in (2.12) and the “leg factor” accounts for
the remaining coordinate and external dimensions dependence,

2 (A2, 2 (A3/2) 2 |Aas
w) = 1 L23 L2 L35 (2.21)
0 7 2 Bz, 9 183/2) 9 Aas, |2 2 72 ‘
|z12lp |9534|p |$45|p 131p 231p 341p

Thus (2.18) with the geodesic bulk diagram given by (2.19)—(2.20) reproduces precisely
the leading scaling (i.e. descendant-free) contribution to the global five-point block in a
one-dimensional CFT. In a p-adic CFT defined on P! (de), which lacks descendants, the
scaling block is the full five-point conformal block. This provides the independent check of
our proposal.

— 14 —



Six-point block in the OPE channel. A very similar exercise leads to the holographic
dual of the six-point block in the OPE channel, shown in figure 3. This time, to obtain the
geometric representation, the three-bulk-to-bulk-propagators identity (2.10) will be em-
ployed. Detailed calculations are provided in section 4 for the real analog of this result.
The p-adic result is obtained by following closely the same steps — which incidentally ben-
efit from considerable calculational simplifications — leading in this case to a significantly
simpler, but related answer as compared with the reals. The upshot is that the holographic
dual of the six-point global conformal block in the OPE channel is given by the following
geodesic bulk diagram,

Ar A
WA;;AC;AGZ) (ml) =

= Z KA1 (1'1 ) w)KAz (:L'z, w)KA3 (1’3, w/)KA4 ($4, w/)f(A5 (m5vw//)f(ﬁe (x6a w//)
wEY12
w' €734
w" Ese

X GAac,b (w7 w/)éAbc,a (w//’ w/)éAab,c ('LU, w//) Y (222)

and an explicit evaluation of the geodesic integrals (i.e. geodesic summations on the Bruhat-
Tits tree) above reveals that the diagram is related to the six-point conformal block via a
simple relation,

WAL (1) = Bp(28a1,2: 28a2,1) Bp(283.4,2004,3) Bp(2045,6, 2806,5) WAL N (1)
= Bp(2841,2,20802,1) Bp(2Ac3,4,20c4.3) Bp(2805.6, 20p6.5)

(6) Aa/2 A2 Acj2
X Wy (@) up * “ug " ug (2.23)
where
2 .2 2 .2 2 .2
_ | T12735 _ | *13%56 _ | T15%34
=175 3 U2 = |5 uz3 = |55 (2.24)
Té.T T4 Té.T
13725 |p 15736 |p 13%45 1
and
AN Ag Ag
2 |15 2 |1F 2 2 2 2 1=
(6) _ | T3 [P T3 [P Ty T35 Tie Tis |2
Wy '(zi) = 222 2272 2272 22 22 2272 22 72
122713 Iy 12723 1y 23134 1p 34T45 |p 15756 | p 16756 | p
(2.25)

Above, we assumed u1, uo,u3 < 1 and used the fact that in a one-dimensional CFT lacking
any descendants, the six-point global conformal block in the OPE channel is given by a
trivial scaling block written in terms of the three independent conformally invariant cross-
ratios (2.24) constructed out of the six insertion points.
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The trivial scaling form of p-adic global conformal blocks permits an alternate holo-
graphic representation on the discrete Bruhat-Tits tree. Such an alternate, but equivalent
representation can be recovered by employing the original forms of the propagator identi-
ties [72] in the derivation of the holographic duals presented above, as was alluded at the
end of the previous subsection. This leads to the following dual representations:

Aq,.,A6
WAa;Ac;Ab -

which satisfy (2.18) and (2.23), respectively. In the alternate holographic representation
for the five-point block above, the unfilled disk-shaped bulk vertex represents the unique
Bruhat-Tits tree point of intersection of the bulk geodesics joining the two bulk points
being integrated over the boundary anchored (red dashed) geodesics, and the boundary
insertion point z3. This vertex remains fixed even as the bulk points are integrated over
the geodesics.!! Such a representation is equivalent to the one obtained in (2.19) as long as
the conformal cross-ratios (2.12) satisfy u,v < 1. The equivalence is easily established by
appealing to the tree-like geometry of the Bruhat-Tits tree. Likewise, the holographic dual
of the six-point block admits an alternate representation as shown above, for cross-ratios
as defined in (2.24) satisfying wuj,ue,us < 1. The unfilled disk-shaped bulk vertex in the
holographic representation is now the unique point of intersection on the Bruhat-Tits tree of
geodesics joining the three bulk points being integrated over respective boundary anchored
geodesics.'> As we will show later, the real analogs of the holographic representations
resemble closely the forms in (2.19) and (2.22), but it is not entirely clear what the real
analog of (2.26) should be, or whether such a representation even exists. It is intriguing
to note that the unfilled disk-shaped vertices in (2.26) can be interpreted as Fermant-
Torricelli points on the Bruhat-Tits tree. Curiously, such points play an important role in
the holographic interpretation of perturbative large-c¢ Virasoro conformal blocks [102]. Tt
would be interesting to explore whether Fermat-Torricelli points also appear in the context
of holographic representations of (real) global conformal blocks.

2.3 Conformal block decomposition of bulk diagrams

In this section, we work out the CBDs of scalar five-point bulk diagrams using the previ-
ously discussed propagator identities, and the holographic representation of the five-point
conformal block. With these tools in hand, no additional bulk integrations need be explic-
itly performed and all steps are purely algebraic. This approach is a generalization of the
geodesic diagram techniques [14, 72] to evaluate higher-point diagrams. We obtain explicit

"This vertex is precisely the same vertex on the Bruhat-Tits tree as the one at which geodesics from all
five boundary insertion points meet.

12 Alternatively, it is unique the vertex at which geodesics from all six boundary insertion points meet in
the bulk.
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closed-form expressions for the decomposition in the basis of five-point conformal blocks
involving the exchange of single- or multi-trace primaries in the intermediate channels, and
we find that the CBD coefficients themselves are given by very simple analytic expressions
in terms of the CFT data. Further, the CBD coefficients of various five-point exchange
diagrams share simple relations that repackage the pole structure of the diagrams into
simple algebraic relations.

We begin with the five-point contact diagram, '

03
Ds = . (2.27)

O Os

To obtain a CBD in the channel shown in figure 1, we apply the propagator identity (2.13)
to the boundary insertion points (x1,x2) and (x4, z5) to get

O3

1 Oz
By(2A1,2A9)B,(2A4, 2A5)

(on

Ds =

(2.28)
. 2A12Y 2A45’\
(91 05

The bulk integration over the green vertex is immediately carried out using identity (2.9),
to give a sum of three terms

1

Dr =
’ ﬁp(2A172A2)6p(2A4,2A5)

Conys, As2A45.

(2.29)

We remind the reader that our convention is that the operator O; is inserted at position x;,
but the position label is usually suppressed. In the first term in (2.29), we have indicated
explicitly the position coordinate x3 and the conformal dimensions of the bulk-to-boundary

BThroughout this section, without loss of generality, we will assume the cross-ratios defined in (2.12)
satisfy u,v < 1. Such a situation can always be arranged up to a relabelling of boundary coordinates.
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propagators incident at the boundary point in blue. Consistent with this notation, we have
also indicated the dimensions of the bulk-to-boundary propagators incident at x3 in the
second and third terms, although here the conformal dimension label Ag is redundant since
we have already specified the operator insertion O3. This notation will come handy when
we eventually discuss the analogous computation in standard AdS/CFT over the reals later
in this paper.

Using (2.18)—(2.19) we recognize each of the geodesic diagrams in (2.29) as a five-point
conformal block associated with the exchange of a particular set of (higher-trace) primary
operators in the intermediate channels. This leads to

O3
Oz Oy (@ Os Oy
_ p(12,45)
- Pcont >—k—<
0105 0405
O1 Os
O, Os (230)
0, Os 0, 0, Os O,
(12,123) (345,45)
+ Pcont >—k—< + Pcont >—k—< )
0102 010203 OSO/IOS 0405
01 05 (91 05

where we are using the graphical notation for the p-adic five-point block as defined in
figure 1, with the CBD coefficients given by

P§§§g45) = Canyy Ag2A4s5
Pc(§§£123) _ Bp(2812345,2812354) (Noa,; )
Bp(284,285)  mi . —mia,
= C2A125, Ay As (2.31)
(31545 Bp(2034512,2031501)  (Naa,, )"
T TUB,0AL28)  mis, —mia,

= CAl A2 2A345, -
In simplifying the coefficients above, we made use of the identity

Bp(2801,2,2002,1)
ﬁp(2A1, 2A2)N2A127 (m2AO — m%Am,

)= Caoanas (2.32)

which is easily verified by substituting for each function using their definitions.
Now let’s turn to a five-point diagram with a single scalar field exchange of mass mQAO,

o
O, ’

Di-exch — ™ Os . (2.33)

Os
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Applying (2.13) to the pairs (x1, z2) and (24, x5) like before, we recast the exchange diagram
as a diagram involving two geodesic integrals, and two full bulk integrals. One of the full
bulk integrals is of the form (2.16) while the other is of the form (2.9). Using (2.16) to
evaluate the former, we end up with

Dé_eXCh — Bp(2A17 2A2)_1/Bp(2A4, 2A5)_1

2 _ 2
m2A12, A,

(2.34)

Applying (2.9) to both the terms, we get

_ _ @)
Bp(2A172A2) lﬁp(2A4a2A5) ! C2A12,A3 2A45,
m%Am, _WQAO Na,

l-exch __
D5 =

(NA0N2A45, )_1 O

2 o2
m2A123, m2A45,

(N2A12, N2A45, )71 02

2 .2
MoNes, ~M2nys,

01

(Naa,, Nag)~+ ©2 Os
-— 12, -~ 02 (2.35)
2A345, Ao

Using (2.18)—(2.19), we recognize five independent conformal blocks above (with the third
and sixth terms above proportional to the same block). Indeed, with simple substitutions,
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the exchange diagram CBD can be re-expressed as

o O
2 03
02 (94
oo —rl S L_¢
Ao 0105 0405
O, 01 Os
Os
0, 9 04 Os Os Os
(0,45) (12,123)
OU 0405 0102 010203
01 05 Ol 05
0, 9 04 05 Os 04
ISl I B B 'l [ " R g R
Oop 0003 030405 0405
(91 05 01 05
wherel?
(12,45) C2A12,A3 2045,
l-exch —
e Nag (mgﬁm, - mQAO)
p(12123) _ Bp(2A1234,5, 2A1235.4) Bp(2A4, 2A5) 1
1-exch

NAO (mgﬁlz, B mzﬁo)N2A45a (mgﬁlzs, B mgﬁm,)

02A123, Ay As

_ 2.38
NAO (m§A127 - m2AO) ( )
p15.85) _ Op(2A13452,280315,1) Bp(2A1, 282)
1-exch NAO (m%A345, — mZO)N2A12’ <m%A345’ - m%Alz)
. CA1 A2 2A345,
NAO (/rn%A3457 - mZAO) ’
and
p(0.45) _ Bp(2801,2,2R02,1) Ca 8328045,
l-exch ﬂp(2A15 2A2) N2A12, (mZAO - m%AIQ,)
= Cnoains Cngag2nus, (2.39)

pl0.03) _ Bp(2B012, 2802,1) 65(28034,5, 28035.4) B (281, 282) 7 5 (244, 285)
1-exch N2A12’ (m2AO - m%Am’ )N2A45’ (mngg, - m%A457)

= CA0A1A2 CQAos, Ay As -

Three of the five conformal blocks which appear in the direct channel CBD of the ex-
change diagram in (2.36) also appeared in the CBD of the contact diagram, and are related

11 simplifying the CBD coefficients, we used the identity (2.32), and

1 1 1 1
m2 —m2 m2 —m2 T2 —m2 = m2 —m2 (2.37)
2A12, Ag 2A345, 2412, 2A345, Ao, 2A345, Ap



to exchanges of double- and higher-trace primaries in the two intermediate channels. Inter-
estingly, the associated CBD coefficients in the decomposition are also very simply related:

(12,45)
Pl—exch — 1
Pc(gr?tAB) Na, (mgﬁm, o mQAo)
(12,123)
Pl-exch — 1 (240)
P Nl )
(345,45)
Pl—exch _ 1
- 2 2 :
Pc(gét&%) Nao (m2A345, o on)

Such relations were noted in the case of the four-point contact and exchange diagrams
earlier [14, 72]. We will comment on this observation further in the next subsection.

Finally, for the tree-level five-point diagram built from three cubic bulk interaction ver-
tices, the procedure to obtain its direct-channel CBD is identical to the one demonstrated
for the contact and exchange diagrams above. We omit the details of the straightforward
computation, but present the final result:

0. 9 o Os Os 04
. 0") P(12 45)
= 2 h >—|—< 92-exch >—‘—<
Ao Ao xe Oop Oy e 0102 0405

01 (95 01 05
04 o, @ O,
0,45) (0,03)
+ P +P > <
2-exch 2-exch
e Oo 04& e O 003
Os (@ Os
0, O o, 0, O o,
(12,0') (0'3,0')
P 2-exch >—L< + P2 exch >—L<
0105 Oy Oo O3 O
O1 Os O Os
0, Os O, 0, Os O,
(12,123) (345,45)
P2 exch >—k—< P2 exch >—k—< ’ (241)
0102 010203 030,05 0405
01 05 01 05
with the coefficients
(12,45)
0,0") (12, 45) Pl exch
P = Ca 0000 Cagasa, Casnsn, P
2-exch 182480 0838 48581 2-exch NAOI (m2A45 _ m2AO/)
(0,45) (0,03)
P(0745) _ Pl—exch P(O’OS) _ Pl—exch (2 42)
2-exch — 2 2 2-exch — 2 2 :
exe NAOI (m2A457 - on/) e NAO/ (m2A03’ - mAO/)
(12,123) (345,45)
p(121238) _ l-exch p(345.45) _ P exeh
2-exch 2-exch 7

2 2 2 2 .
NAOI (m2A123’ - on/) NAO/ (ﬂ’LQA457 - mA()/)
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The remaining two coefficients are obtained by symmetry:

(12,0') (03,07
P(12,0/) _ Pl-exch P(O/S’Ol) = Pl'eXCh (2.43)

2-exch — 2 2 2-exch 2 2 0
exe Na, (m2A127 - mAO) exe NA(,/ (mQAofg - mAO)

where, analogous to (2.39) we have defined

(12,0') (0'3,0))
Pl = Casng 20, Cagnsa,, Plen’ = Cnyns28y, Casnsay - (2.44)

The coefficients corresponding to exchanges of solely higher-trace primaries further admit
an expression in terms of the contact diagram coefficients:

P(_12’45) _ P (:%3{45)
2-exch NAO (m%Au, — sz)NAOI (m%A%, o 77/LQAO’)
(12,123) _ Pt (2.45)
2-exch NAO (m%Au, — mQAO)NAO/ (mgAug, - mQAO,) .
p345.45) _ Pt
2-exch

- 2 2 2 2 :
NAo(mzAm, —mix,)Na, (m2A45, - mAO,)

A similar procedure also leads to the CBD of six-point diagrams, but we refrain from
presenting the details here. Instead, the six-point case is discussed in more detail for
the usual real AdS/CFT (with a few remarks on their p-adic analogs) in section 5.3. In
section 5.5 we will comment on the form of the decompositions obtained and match against
the expectations from the shadow formalism.

The simplicity of the CBD in the p-adic setting essentially stems from the lack of
spinning and descendant operators, so that there are no infinite series (corresponding to
higher-twist contributions) to be summed in the decomposition. Mathematically, this dras-
tic simplicity arises because the poles of the spectral density function in the spectral repre-
sentation of the bulk diagrams are governed by poles of the local zeta function (2.4), which
only has a single simple pole on the real axis, as opposed to the case in the conventional
(real) AdS/CFT where the pole structure is governed by arguments of the Euler Gamma
function, which has a semi-infinite sequence of poles along the real axis. Such a simplifica-
tion is manifest in the logarithmic singularity structure of the CBDs, which we now discuss.

2.3.1 Logarithmic singularities

Relations similar to (2.40) and (2.42)—(2.45) between the CBD coefficients of five-point bulk
diagrams also exist for four-point contact and exchange diagrams [72] (see also ref. [14] for
four-point diagrams in real AdS/CFT). These, together with the form of the contact
diagram CBD coefficients provide an algebraic origin [14] of the integrality conditions for
non-generic conformal dimensions, which signal the appearance of logarithmic singularities
in bulk Feynman diagrams [73] (arising when anomalous dimensions of exchanged operators
contribute at tree-level). Due to the lack of higher-twist primaries in the CBD, such
“integrality” conditions are in fact more restrictive in p-adic AdS/CFT [72].
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In this subsection we show that this continues to hold true for the five-point diagrams
discussed above. In the case of the five-point contact diagram decomposed in the channel
depicted in figure 1, using (2.31)—(2.32) to isolate poles coming from the factor of mia —mQAb
in the denominator for various pairs of conformal dimensions A,, A;, we find that the

following poles of the CBD coefficients at non-generic values of external dimensions,
M3AL,, — MiAgys, =0 M3A L — Maag = 0, (2.46)
correspond to the appearance of logarithmic terms. Equivalently '
AL +Ay— A3 —Ay—A5=0 AL +Ay+ A3 — Ay —A5=0. (2.47)

These are the p-adic “integrality” conditions for the five-point contact diagram. For the
exchange diagram (2.36), in addition to the conditions above, some more conditions are
possible. These are easily obtained from (2.39)—(2.40), to be

m2AO - mgAm =0 mQAO - m%A345, =0 m%A%‘ - m%A%’ =0. (248
These give rise to the integrality conditions,
Ag— A1 — Ay =0 Ag—A3— Ay —A5=0 Ag+ A3 — Ay — A5 =0. (249)

Finally, for the five-point diagram (2.41) involving the exchange of two scalar fields, in
addition to (2.46), (2.48), we also have

2 2 _ 2 2 _ 2 2 —
mAO/ - m2A45 - O mAO/ - m2A123 - O mQAO/g - m2A12 - 0
’ ’ ’ ’ (2.50)

2 2 _ 2 2
mAO/ - Tn?Ao:’,7 =0 mAO - m?AO/& -

which translate straightforwardly to five obvious integrality conditions, which we do not
write down. For any such choice of conformal dimensions, the contributions from the
anomalous dimensions of double- or higher-trace operators will be visible at tree-level.

This concludes our discussion of the toy model of p-adic AdS/CFT. From the next
section onward, we begin the analysis in the usual Euclidean signature AdS,;1/CFT4 over
real numbers.

3 Propagator identities in AdS

This section is devoted to various crucial propagator identities in continuum AdS4,1 space
which allow the extraction of holographic duals of conformal blocks in real CFTy, as well
as the CBD of individual bulk diagrams, which will be the subject of the next section. The
new identities, collected in section 3.2 are proven in appendix B.1.

5The algebraic condition mQAa - mQAb has in general two solutions, A, — A, = 0 or A, + Ay = d in
p-adic AdS/CFT. This follows directly from the mass-dimension relation (2.3) and the fact that the local
zeta function (, has a single simple pole on the real axis. However, the latter solution in conjunction with
unitarity (and some convergence conditions) reduces to the former solution [72].
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We first recall the basic building blocks of perturbative bulk dynamics in EAdSg4y1,
i.e. the propagators used to construct the AdS Feynman diagram expansion perturbatively
in 1/N. The normalizable solution to the bulk Klein-Gordon equation is the scalar bulk-
to-bulk propagator G, which we normalize according to

) 1 (o (2A
(Vs + mA)Ga(w, 2) = L5 (w,z)  Np = ——x28)

= 2ua = 2A —d
Na 2Aloo(2A — d) A ’

(3.1)

where we have defined the “local zeta function”,

Cools) = 75/%T(s/2), (3.2)

and the classic mass-dimension relation relating the bulk scalar field mass mQA to the
conformal dimension of the dual operator A is m% = A(A — d). The expression for the
propagator in Poincaré coordinates takes the form

A
. w, 2 A A+1 d
Ga(w,z) = (5( 5 )> o F1 [Q,Q;A— 5t 1;€(w, 2)?
2w0z0
w4 22 + (w' — 27)2”’

(3.3)

f(w, Z) =

where z = (20,2') € R x R? is the bulk point in Poincaré coordinates, parametrized
by the radial coordinate zy and the boundary direction z¢ (and similarly for w). We will
sometimes abuse terminology to refer to the factor of &(w, z)/2 as the chordal distance.'%
The bulk-to-boundary propagator is obtained as a regularized limit of the bulk-to-bulk
propagator upon sending one of the bulk points to the boundary:
~ . ZA
Rl = G

We will drop the spatial index on z* and it should be clear from the context whether the

(3.4)

variable refers to the boundary direction or a bulk coordinate.

The simplest of the propagator identities is the well-known one involving a product of
three bulk-to-boundary propagators, which computes the leading contribution to the scalar
three-point conformal correlator,

. . . Ca,n.
Kna, (21,2)Ka, (22, 2) KA, (23,2) = 123 , 3.5
LEAdS 1( ) 2( ) 3( ) (1’%2)A12*3((E%3)A23’1(.Z'?J’l)ASLQ ( )

where the AdS integral fze Ags Tepresents the integration of bulk point z over all of AdS,
such that in Poincaré coordinates the measure takes the form [ d+1z/24 with the OPE
coefficient of the putative dual CFT given by
Cain,ag = = Coo(2855, — d S - =
2ityt = 5 ot = oA )G 08, ) 20)
_™r (Aijk, N d) D(A4k) T (A1) T (Aki )

2 2) " T(AJT(A,)I(AY)

(3.6)

163trictly speaking, &(w, z) ™" = cosh o(w, z) = 1 +u(w, ) where o(w, z) is the geodesic distance between
the bulk points w and z and u(w, z) is the true chordal distance-squared between them.
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We invite the reader to notice the strong functional similarity between the OPE coefficients
in the real and p-adic (equation (2.7)) setups.
3.1 Propagator identities involving two propagators

In this subsection, we recall two propagator identities which we will employ in the subse-
quent sections. First, we have the identity [14]

o0
Ka, (71, 2) K, (22,2) = 2 Z af/[“M/ KA, (21, w) Kpy (22, 0) Gonyy 120 (w, 2)
M=0 weY12
(3.7)
where
D 1 DY (A)m(A)w (3.8)
M B(A1+ M, A+ M) M! (Ai+Ax+ M —h)y

Here, it will be convenient to give the following combination a compact name:

a8 = B(AL + M, Ay + M) a3 ™. (3.9)

Second, we will utilize the identity [14]

/ GAa (wCH Z)éAb (wbj Z) - b 2 2a s (310)
z€AdS —

where Na was defined in (3.1).
Graphically, we express (3.7) as

@
(o]
=2 ) , (3.11)
M =0
O1 O

where the red-dashed arc denotes a boundary anchored geodesic 712 joining boundary
points x1, x2, along which the trivalent bulk point situated on it must be integrated over,
and

Ap =A14+ Ay +2My, . (3.12)

In (3.11) and below, we will often suppress position space labels; unless otherwise indicated,
the operator insertion O; will be understood to be at boundary point z;.
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Identity (3.11) is to an extent reminiscent of taking an OPE of the operators O; and
Os on the boundary [14, 121-124], thus we will often refer to it as the “holographic OPE”
identity. In a similar vein (3.10) is expressed graphically as

W, Wy 1 1 [wg Wy 1 [ we Wp
——O0—o = 0 —_ O
2 2 )
A, Ay myx, —ma, | Na, A, Na, Ay

(3.13)

where the green bulk vertex denotes a bulk point to be integrated over the entire AdS
space, while the filled black discs are fixed bulk points. The bulk-to-bulk propagators
are represented as solid lines starting and ending inside the Poincaré disk while bulk-to-
boundary propagators are represented as solid lines starting on the boundary and ending in
the bulk. For future reference, we also point out that factors of powers of chordal distance
(£/2)2 (see equation (3.3)) will be represented by dotted-black lines joining bulk points.

3.2 Bulk/boundary three-point scattering

In this subsection we collect new propagator identities involving a bulk integration over
three AdS propagators. The graphical representation will be based on the conventions
explained in the previous subsection, with one additional piece of notation explained below.
We encourage the reader to notice the close similarities between the following identities
and their p-adic analogs written in section 2.1.

3.21 [KKG

The simplest of the mixed bulk/boundary three-point scattering process, represented by
a bulk integration over a product of two factors of the bulk-to-boundary propagator and
one factor of bulk-to-bulk propagator, can be re-expressed, using a version of an AdS
star-triangle-like identity, as follows:

) T3 pp) T3
Xo Ag oo Ao;Ag;As
- C cka ¢ Aa2,3 A ka Ag3z)e + ka
Ag = UA,AA3 Z W
Wq kqa=0 23 Wa
(3.14)
i) xrs3
0o gA2;Aq;A3
+ 1 1 Z dka A A kaVAs + ka
2 _ 2 2 \—kq )
m2A23, M, Na, ka=0 (1:23) o,
where explicit expressions for the coefficients ckAf;A?’;A“ and dkAaQ;A?’;Aa are provided in ap-

pendix B.1.1 in equations (B.9)—(B.10). In the same appendix this identity is written
explicitly in terms of bulk-to-bulk and bulk-to-boundary propagators, and an equivalent
contour integral form is also presented, along with proofs for each of these using the em-
bedding space formalism.
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3.22 [KGG

The tree-level three-point bulk/boundary scattering amplitude with precisely two bulk legs
can be evaluated as follows

xs3 T3
Asap Asp g
As = tha —/k ko + K
AQ;A ;A a —/Rb —HRa b
Aa Ab - CAgAaAb Z cka;kb R
Waq Wp ka,k,=0 Wa An.b,S W
+ka + kb
(3.15)
x3
o0
A3 + ka 7ka
Ag;Asz; A
D A, fé\ tlaeb)f,
ka,kp=0 Wa A, W

where the expansion coefficients are written in terms of Lauricella functions and are given
in (B.35)-(B.36). The dotted-black lines denote factors of chordal distance rather than
the full bulk-to-bulk propagator; for instance in the first term on the RHS, the dotted
line stands for a factor of (£(a,b)/2)Rab3Fkatke  Here and below, the moniker “(a < b)”
represents switching all instances of a and b, including all labels where a and b appear
as subscripts or superscripts. This identity, rewritten explicitly in (B.34), is proven in
appendix B.1.2.

3.2.3 [GGG

Finally, the purely AdS three-particle scattering provides the following variant of the flat
space star-triangle-identity [104]:

W We
3 L)
A ) Aca,b Acb,a,
o\ _ Aa;ApiAc
A(L Ab - CAaAbAc Z Cka§kb;kc +kca,b PRS +Ifcb,a
Waq Wy ka,kb,kC:O Wa Aab,c Wy
+kab,c
(3.16)
We
A *
o~ AwdAe 42k bk F L0
a;Rp;RAc c a - -
+ Z dkmkb?kc o -.® + (a A b) + (a’ < C) ’
kazklnkC:O Wa Ab )
+2kb + ka

where the expansion coefficients are given in (B.57)—(B.58) and the identity is proven in
appendix B.1.3. Here we are using the shorthand

ki1...i[,i@+1...ij = k;’il + -+ ki[ - kingl - kZ (317)

J

for the integral parameters k,, where we stress the factor of two difference compared with
the corresponding shorthand for conformal dimensions defined in (1.5).
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We end this section with some remarks.

e The inverse relation [70]

§(w, z A & (—1)F A A
<<2 >> :kzo( m : — d};’; b Casai(n.2). (3.18)

can be used to re-express the dotted-black lines denoting chordal distance factors on
the right-hand-side of the various propagator identities in terms of the bulk-to-bulk
propagator, at the cost of introducing an additional sum for each such factor.

e As will become clear later, when we use the identities above to obtain the CBD of bulk
diagrams, the terms in the second lines of (3.14), (3.15) and (3.16) will correspond
physically to the exchange of various combinations of higher-trace operators in the
intermediate channels.

4 Holographic dual of the six-point block in the OPE channel

Before presenting new results for the six-point conformal block, let us briefly review what
is known in the literature. The holographic dual for the global four-point conformal block
with external scalar insertions and an arbitrary operator in the intermediate channel was
worked out in ref. [14]. As mentioned in section 1, the geometric representation is given
in terms of a four-point exchange diagram, except with both bulk integrals replaced by
geodesic integrals over boundary anchored geodesics. Using the pictorial conventions of
sections 3.1-3.2, the geodesic diagram given by

Wﬁ;’A%AS’AAL(xl,3?271'3,56'4) — (4.1)
computes the scalar four-point block, via
4 A1,A2,A5,A
WA1,A2,A3,A4 ) = WRDE2EH2 (1), 4.2
Aa (=) B(Aa12,A2,1) B(Aaza, Dasz) 2 ) (+2)

where B(-,-) is the Euler Beta function.!” Further generalizations to spinning external
and exchanged operators were considered in refs. [72, 83-90]. It is helpful to consider an
alternate representation of (4.1), which makes the comparison with the higher-point blocks

'"The four-point block is normalized such that for (z3,2%4)/(233234) < 1 and (234233)/(x33234) ~ 1, it
has the leading order behavior

A A Aa/2
WAL A4(m-) ~ 1 (33%4) e (33%4) 4 (x%giﬁgax) o/ (4.3)
A i)~ - —5 —== . .
“ (235)212 (23,) %34 \ 23, 33 x33x3,
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discussed below more transparent. Essentially, we replace the bulk-to-bulk propagator
in (4.1) with its series representation in terms of the chordal distance function (see (3.3)),

to yield
02 03
[o¢] ~ ’
At,.,A A \ /
W 15824 €T:) = ce b { , 44
A, () 2 ANV A (44)
01 04
where
1 (Aq)
A a)2kq
= . 4.5
“ha T ol (Bg — d/2+ 1)y, (4.5)
The five-point case. More recently, in ref. [70] it was shown that the object
, (4.6)

with ckAa‘fﬁS;Ab given by (B.35), computes the global five-point conformal block in arbitrary

spacetime dimensions, according to

4
B WAL (4 e
Baidy (@) B(Au12,A02.1) B(Apas, Apsg) Dl (i) (47)

where WAA:,’A';As (x;) is the five-point conformal block (1.2) corresponding to external scalar

insertions Ay, ..., As, representing the contribution coming from the conformal families
of operators with highest-weight spin-0 representations labelled by dimensions A, and
Ayp. The only bulk-integrations in (4.6) are geodesic integrations over boundary anchored
geodesics 12 and 45 joining boundary points x1 to z9 and x4 to x5 respectively. Graphi-
cally, we will represent the five-point conformal block (4.7) itself by the diagram shown in
figure 1. The five-point block was also recently computed purely within the CFT framework
using the shadow formalism [57].
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It is instructive to compare the p-adic result (2.19)—(2.20) with its real analog above.
The holographic dual over the reals takes essentially the same form as the p-adics, the dif-
ference being it is written as a sum over a two-parameter semi-infinite families of diagrams
parametrized by two integers, which account for the descendant contribution originating
from the conformal families of the two single-trace primaries being exchanged in the inter-
mediate channels. The similarities are even more apparent when one notes that the Euler
Beta function B(s,t) in (4.7), which is to be compared with (2.18), can be rewritten as

Coo(28) o0 (2t)

B(s,t) = Bo(2s,2t) Coo(2s + 20)

(4.8)
in terms of the local zeta function (., defined in (3.2).

Six-point block in the OPE channel. We now turn our attention to the six-point
conformal block in the so-called OPE channel, depicted on the LHS of figure 3, where one
first takes pairwise OPEs between operator insertions at (xi1,x2), (3,24) and (x5, xg)
to isolate the contribution from the conformal families associated with highest weight
representations labelled by A,, Ap and A, in the intermediate channels. The procedure
leading to its holographic representation, as discussed below, follows closely the strategy
discussed in ref. [70] in the context of the five-point block.

The starting point is the six-point exchange diagram in the star configuration, with
three internal scalar field exchanges, to which we apply the holographic OPE identity (3.11)
at insertion-point pairs (x1,z2), (z3,z4) and (x5, x6):

A8 As;Ag  Asz;Ay
8ay, U Opf

(4.9)

where
Ap =2A19 +2M7, Ac =2A34, +2Mc Apr = 2As56, + 2Mp . (4.10)
From here on, the upper and lower limits of sums over the variables M, M, Mp, ... etc

will be suppressed and implicitly assumed to be oo and 0, respectively, unless otherwise
stated. Now use (3.13) to evaluate the three “outside” bulk integrations, but focus solely
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on one of the resulting eight terms:

A0 As;A6  Az;Ay
8(IML appy Apg,

- 2 2 2 2 2 2
My Mp,Mc Na, (mAO _mAL)NAR (mAO, _mAR)NAc (mAc_mAc) o

2 05

+(7 other terms). (4.11)

In fact, the three sums in the first term of (4.11) can be performed analytically, using

JASWAD)
App

o
) 1 = Cooma (4.12)
= Navtagvam mA, = MA, ya,ron B(Bor2, Aoz,i1)

see appendix B.2.1 for a derivation.'® This leads to

Os (on

A B 8Cnoa1a: Cacnga, Carasag
O A/ N80 |05 B(Ag1,2,M021) B(Acsa, Acaz) B(Ags, Aoes)

02

+ (7 other terms) .

At this point the three-particle scattering identity (3.16) is employed on the first term
to obtain

< 8Cnpa10, Cacnzn, CA6A5A6 CAOACA/O Aq,...,A\g (z:)
= Ag:Ag; Ay \ i
B(Ao1,2, Ao2,1) B(Acz 4, Aca3z) B(Agse, Aggs) S0

(@ Os

+ (3 more terms)> + (7 other terms), (4.14)

18 A special case of this identity, for d = 2, was noted in ref. [72]. The equation (4.12) itself is a special
case of the identity (5.19) that we use below to carry out the CBD of 5-point diagrams. And (5.19) is a
special case of the identity (5.39) that we use to perform the CBD of 6-point diagrams. We can think of
these equations as analogs of the simpler equation (2.32) that we used in the parallel p-adic computations.
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where only one of the four terms arising from applying (3.16) are explicitly shown, and
we have defined the siz-point geodesic bulk diagram in the OPE channel (more precisely, a

weighted sum over six-point geodesic bulk diagrams)!®
O3 (o
= Aokt bond 5 A
Aty A _ Aa:Ap:Ac AN
A;;AC;AGE,( ) = Z Ckaykbf;fc acib aCb be,a bea (4.15)
ka,kp,ke=0 o E.
! +kab,c )
O, Osg
where, explicitly
O Oy
\\._.'-.‘/l ///’UIE"/IQ KAl 1, w )KAQ(IQaw)KAg(x?}yw/)
w 6734
’LU 6706
HALyACHARE AL AR = XKA4 ($4, )KAs ($57 A -736, )
S L AR
N, 2 w, w
o o () () ey
01 Og

(4.16)

and c,i“}}i’};?c is given in (B.57).
Following the strategy of ref. [70], we are now in a position to make an educated guess
for the holographic representation of the six-point global conformal block. We conjecture
that the coefficient of the product of OPE coefficients is the holographic object which

computes the six-point block, that is

A, A 8 At A
W 1,--)226 ) — W 15--45836 T , 4.17
Buiiiy (1) B(Aa1,2,Aa21) B(Acsa; Aca3) B(Aps 6, Mg 5) BB (1), (417)

where I/VAAl’A ’AA? (z;) is the six-point block in the OPE channel, given in (1.4) and depicted
graphically in figure 3.

In the rest of this section, we prove this conjecture by establishing that the geodesic
bulk diagram satisfies the correct differential equations with the right boundary conditions.
More precisely, we will show that (4.17) is an eigenfunction of the appropriate multi-point
Casimirs of the global conformal group SO(d + 1,1) with the right eigenvalues and has
the right limiting behavior in the OPE limit. These checks are sufficient to establish the
conjecture [51].

9Note the slight change in the names for internal scaling dimensions moving forward.
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Before proceeding, we make some additional remarks.

e Using (3.18), one can easily re-express the holographic representation (4.15)
(and (4.6)) in terms of bulk-to-bulk propagators rather than chordal distances.

However, for computational convenience we prefer to use the representation given
in (4.15).

e [t is reassuring to observe that the correspondence between the real and p-adic holo-
graphic representations of four- and five-point blocks continues to hold at six-points;
at six-points the comparison is between (4.15)—(4.17) and (2.22)—(2.23), with (4.8)
in mind.

e Equipped with the knowledge of the holographic representation of the six-point block,
a full analysis of all the terms in (4.14) leads to the full CBD of the six-point star-
shaped bulk diagram in the OPE channel; look forward to section 5.3 for more details.

4.1 OPE limit

In the OPE limit x5 — x1, the leading contribution to the conformal block defined in (4.17)
comes from the term with k, = 0, and takes the form

ArA
. S WA, ()
z2—11 B(Ag1,2, Aa2,1)B(Acs 4, Aca3) B(Aps 6, Ape5)

+ky < k.
OG(‘TG) 03(1:3)
o
_ 4(x%2)Aa,12 Z AuAuA.
B(Acsa, Aca,3) B(Avs 6, Ave,5) o Oskske
05(5135) (/)4(1:4)
As,A4,Ag,A5,A
= (22,)Re12 WASAY 556 (13, 4, 1, T5, T6) 5 (4.18)
where in the last equality we used the fact that C(%Z;-A/;?Ac - ckﬁblj}ﬁa;Ac (using the defini-

tions (B.35) and (B.57)), as well as the relation between the linear combination of five-point
geodesic diagrams and the five-point conformal block (4.6)—(4.7). The subleading terms
above scale with an overall factor of (x%z)AﬂJ?Jrka for positive integral k,, thus are sup-
pressed in the limit under consideration.

By symmetry, an identical analysis is possible in the other OPE limits, x4 — x3 and
x¢ — x5. Thus in each case, we establish that the six-point conformal block in the OPE
channel, as defined in (4.17), obeys the correct boundary conditions:

lim WA17A2,A3,A47A5,A6

2 \Aqg12 WA37A47A(17A57A6
wa WA AN, )

(I1,$2,$3,$4,5€5,$6) = (x12 Ac;Ay ($3,$47$1,$5,I’6),

(4.19)
with the other limits obtained from permuting the labels appropriately.
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This provides a check that the right boundary conditions are obeyed by our conjecture.
Next we prove that the conformal block as defined by the right hand side of (4.17) obeys
the correct differential equations as well.

4.2 Eigenfunction of conformal Casimirs

In this section we will prove that the six-point block given by (4.17) is an eigenfunction of
the appropriate multi-point Casimirs with the right eigenvalues. Particularly, in the OPE
channel of figure 3, we will show that the geodesic diagram (4.15) satisfies

(CD 4 £D)2 WRAS (1) = CalAa) WAL (1)
(L® 4+ L WRR, (@) = Ca(Ae) WRLR, (@0) (4.20)
(£ + LOP WRIAS (1) = Ca(Ay) ALK, (1)

where
Cy(A) =mA = A(A —n). (4.21)

Here L’S}B are the differential generators of the global conformal algebra constructed out of
the spacetime coordinate and conformal dimension associated with the operator insertion
at x1. The Casimir is constructed as £2 = %E A BEAB, while the Casimirs considered above
are analogously defined multi-point Casimirs.

In fact we simply need to prove the first equation in (4.20); the remaining two follow
trivially from symmetry arguments. The proof is most convenient in embedding space.
To keep the discussion short, we refer the reader to refs. [14, 70] for more details on the
embedding space formalism as it relates to the proof by conformal Casimir. Indeed, the
proof presented here follows closely the procedure used in ref. [70] in the context of the
five-point block.

In embedding space, define

; : W)\ 28 (W, ")\ 2
Fapac(Pr, Py, W W) = / K, (P, W)Kp, (P2, W) (6( 5 )) <£( 5 )> ;
Weve

(4.22)

where P? = 0 denote the null coordinates and W? = W' = W"? = —1 define the AdS
hypersurface. The bulk-to-boundary propagator and chordal distance factors take simple
power law forms in embedding space, while the conformal generators act linearly making
computations especially easier. In fact, using the fact that Fa, a. is conformally invariant
under simultaneous rotations of Py, Py, W', W”, one can trade the action of the multi-point

Casimir constructed out of Py, P, for one constructed out of W/, W [14, 70]:

(ﬁ(l) + £(2))2 FAL,AC(P17P2, W’, W//) _ (L‘(W/) + ﬁ(Wu))g FAL,AC(P17P27 W’, W”).
(4.23)

Using the definition of Fa, A, and the explicit forms for K and ¢ in embedding space
(see appendix B.1), this can easily be computed to give (suppressing the arguments of
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Fac.ag) [70],

é—(lewl/) -1
— Fap1,80041

_4AL(AL+1)FAL+2,AC _4AC(AC+1)FAL,AC+2- (4.24)

(‘C(W/)+£(W//))2FAL,AC :mQAL+AcFAL,AC_4ALAC (

Using this we immediately obtain

(’C(l) + 5(2))2 Hapnoap = m2AL+AC Hapacag — 4ALAc HAp+1,8041,85-1
—4AAL(AL 4+ 1) Ha 420005 —4Ac(Ac + 1) HAp Ap+2,AR »
(4.25)

where Ha,; Ao A, Was defined in (4.16). Due to (4.25), we conclude that the geodesic bulk
diagram in (4.15) satisfies

O3 Oy
(E(l)—f—,C(Q))ZWﬁ;;A';;AAGb (P)= (£(1)+£(2))2 Z ckAaa,}f?,};ﬁ?ycAc A kac,li:; '._‘.:Abc,a + kbeq
ka Kt ke=0 I K.
02 \l‘:Aabc:'l/ 05
! +kab.,c )
01 6
03 04
= Z Eka;kb;kc Aac’b + kac"b,:':. “."._Abc’a * kbc’a , (4‘26)
k’avkmkc:O - - P
02 \l‘lAabC,'l/ 05
! +kab,c )
01 06

where (suppressing in the symbols cﬁaakﬁ’}efc the superscripts, which remain fixed) we have

defined
Eka;kb;kc = mQAaJera Chyskyike — 4(Aac,b + kac,b - 1)(Aab,c + kab,c - 1) Clo—1;kp;ke
- 4(Aac,b + kac,b - 2)(Aac,b + kac,b - 1) Cko—1;kp;ke—1 (427)
- 4<Aab,c + kab,c - 2)(Aab,c + kab,c - 1) Chko—1;kp—15ke -

In the last step in (4.26), we integer-shifted the dummy variables kq, kp, k. to bring the
diagram on the RHS to the same form as the one on the LHS, leading to the coefficient
in (4.27).

All we need to do now is to show that

Chashyske — TA, Chaskyike = 0V ks K e (4.28)
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This can be checked numerically to arbitrary precision for any given choice of conformal
dimensions and all non-negative integer values of kg, ky, and k.. To show this analytically,
first recall from (B.57) that the c, .,k coefficients involve Lauricella functions of three
variables. We use the series representation of the Lauricella function given in (B.12) to
rewrite the LHS of (4.28) as a triple sum over dummy integral variables n,,n, and nc,
where we have paired k, with n, and so on. Next, we evaluate the sums over n, and ny,
to obtain a summand for the n. sum, which can be simplified using a basic hypergeometric
3 identity [125] to give that ¢k, .k,.k, — mzacka;kb;kc is equal to

(—=1)" —sinmk.cscm(ke.—ne)
ne! T (ke—ne)

4(_ 1)ka+kb+k6+1 (Aabyc)kab,c (Aacyb)kac,b (Abcya)kbc,a i
Epl (ko= (Ag—5+1)k,—1

ne=0

(Aabc,_%)nc(Aa,bC_nc)kag 2|:—kb, Abc,a+nc; Aabc,_g+n6.1:|
(Abc,a+nc)(Ac_%+1)nc Ab_%+17 Abc,ofi_nc_ka ’

(4.29)

The formal analytic manipulation described above led to an indeterminate summand, since
Ne, k. are non-negative integers (with n. < k.). To obtain a sensible expression, we impart
a small real part to k. by shifting k. — k.+ € in the summand, where € is some non-integral
real number, and at the end we take the limit € — 0. Then it’s clear the summand vanishes
exactly, since it is proportional to

sin (ke + €)

(=1)" —sinm (ke + €) cscm(ke + € — ne) = (—1)" — (—1)ne sin 7 (ke + €)

—0  (4.30)

and the remainder of the summand is well-behaved in the limit € — 0.
This proves (4.28), thus establishing (4.20) and in turn the fact that the geometric
RHS of (4.17) indeed computes the six-point conformal block.

5 Conformal block decomposition via geodesic diagrams

In this section we work out the CBD of several tree-level AdS diagrams in the direct chan-
nel. We will use the propagator identities of section 3, where each individual term in
identities such as (3.14), (3.15) and (3.16) will be physically reinterpreted as the contribu-
tion to a given bulk diagram from the conformal families of a specific set of intermediate
(single-trace and/or multi-twist) primary exchanges. This computation will also rely on
the knowledge of the holographic representations for five- and six-point conformal blocks
in the decomposition channel of interest, as discussed in the previous section. At the end
of this section we will provide a repackaging of the CBDs in terms of spectral integrals,
which reaffirms the agreement with the expected results from the shadow formalism.

We begin by recalling the CBD of four-point contact and exchange diagrams, rederived
in ref. [14] with the help of two-propagator identities (3.11) and (3.13). Like in the rest
of the paper, we will restrict ourselves to external scalar operators with scalar exchanges.
Generalizations to spinning four-point bulk diagrams with spin exchanges can be found in
refs. [83-86, 88—-90].
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The CBD of the four-point contact diagram is given by

Dy = / KAl(xl,Z)KAQ(l'Q,Z)KA4(:L'4,Z)KA5(CC5,Z)
z€AdS

(5.1)
- AR R )+ 3 R0 WS ),
M4
where we have defined
Apg=A1+ Ay +2My Ap = A4+ A5 +2Mp, (52)

and like before I/VAA“AQ’A“’As is the four-point conformal block [54] for external scalar
operators Ay, Ag, Ay and As with the exchanged scalar primary labelled by the dimension

A, and the decomposition coefficients are?’
1 aA4,Ar
12 Ap;A M
Pc(ong(MA) =g B(AA4,5,AA5,4)Z N E—

(5.3)
aA17A2
45 AsA M
Pc(ont)(MB) = a7 | B(Ap12,Ap21) Z A ,
NAA mAB — My,

where af\;[t was defined in (3.9). We remind the reader that the upper and lower limits
on the M; sums are understood to be co and 0 respectively. In fact, we can analytically
perform the sums in (5.3) using (4.12) to obtain the compact expressions

PUD (M) = a4}/ Caynsan

cont

P(45)(MB) = O‘]\A/[47A5 CAlAZAB )

cont

(5.4)

where the OPE coefficient C;;, was written down in (3.6). The primary operators being
exchanged in the CBD (5.1) are interpreted as double-trace primaries, written schemati-
cally as

[OZOJ]M ~ OiQZMOj s (5.5)

with conformal dimensions (the same as twists since the external operators are scalars and
we have set £ =0 in (1.1))

AU (M) = A; + Aj +2M + ) (M), (5.6)
where () is the anomalous dimension. For generic external conformal dimensions, these

anomalous dimensions do not contribute to the CBD at this order in 1/N, a characteristic
of large N CFTs [73].

20We thank E. Perlmutter for pointing out a normalization convention typo in eq. (4.8) of ref. [14]. Fixing
the typo leads to an extra normalization factor in (5.3), as compared to eq. (4.12) of ref. [14].
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Graphically, we write (5.1) as

Oq O4
(2 Oy (@ O4

P(12) } < P(45) >] <
Z cont 0, OQ]MA Z cont 0405]1\45 ’
Os o

O Mp | N
O1 Os
(5.7)
where the green disc-shaped bulk point is a quartic contact interaction vertex to be inte-
grated over all of AdS, and the diagrams in parentheses denote the four-point conformal
blocks in a chosen channel with double-trace primaries exchanged in the intermediate
channels.

We now turn to the four-point exchange diagram, defined as

D§Feh = >>—<:< // K, (21, 2) KA, (22, 2)Gay (2, w) KA, (24, w) KA, (25, 0)
z,w€AdS

(5.8)
which admits the CBD,
Oy (on Oy Oy (@ O4
o— o« _ p(&o) > < P(12 H
Ao exch 0o Z exch 01023
0, Os 01 Os 01 Os
02 04
45)
P >—< 5.9
Z exch 010510 ) ( )
(91 5
with?!
1 aA1;A2 1 CLA4’A5
A M M
Pe(xc?l) = B(AOL%AO?J)Z N 2 . 2 B(A04:57A0574)Z N 2 5 2
My Ay mAO _mAA Mg Ap mAO _mAB

1 AVRAY! aA4,Ar
Pe(if})l(MA):(B(AAI,%AAZJ) gMA 5 ) B(Aaas,A45.4) ZN oz Ms 5

NAO mAA_mAO mAB

15 N vae aﬂAj,Az
P (Mp) = (B(AB4,57AB5,4) e ) B(Ap12,AB2,1 Z NA -
A

Na, mAB—mAO mAB ma

(5.10)

*'For the same reason as the one mentioned in footnote 20, the expressions for the OPE coefficients (5.10)
differ from those quoted in eq. (4.17) of ref. [14] by particular normalization factors.
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Like in the case of the contact diagram, we can in fact evaluate the infinite sums above
using the identity (4.12) to obtain more compact expressions,
A
Pe(xcg) = Cai0:00 Cagasng
Ar;Az

(12) (1 Qpp
Pexch(MA) - <NA0 mQAA j mQAO> CA4A5AA

(5.11)
JAVEVAY:

45 1 Qpy
Pe(xc})l(MB) = < > 2 ) Caynsng -

2 _
Na, M, — My,

Note that the four-point contact and exchange diagram OPE coefficients squared are related

via
PhaMs) _ 11 PlaMp) 1 1 5.12)
Pc(;it)(MA) Na mQAA o mQAo Pc(ér?t) (MB) Nao m2AB o m2Ao

The normalization factor Na, above can be absorbed into the definition of the four-point
exchange diagram (5.8) by using a different normalization for the bulk-to-bulk propagator
in (3.1).

In the remainder of this section, we extend the methods of ref. [14] to provide a
geodesic diagram derivation of the CBD of higher-point bulk diagrams (specifically, five-
and six-point tree-level diagrams) without performing any further bulk or contour integra-
tions. We end the section with a discussion of the CBD of individual diagrams repackaged
into a spectral decomposition, which clarifies relations of the form (5.12) also obeyed by
decomposition coefficients of higher-point AdS diagrams.

5.1 Five-point contact diagram

In this subsection we will perform the CBD of the five-point contact diagram,
O3
Oy 5
Ds = = / [ %ai (i, 2). (5.13)
Z€AdS iy
(@ Os

Like for the decomposition of four-point exchange diagrams [14], we begin by applying the
holographic OPE (3.11) at the legs (x1,x2) and (x4, x5), to obtain

_ AN HVACSWAVEVAY:
Ds =4 Z YV

Ma,Mp

: (5.14)

where Ay, Ap were defined in (5.2). We can now make use of the three-propagator iden-
tity (3.15) to perform this bulk integration. The three terms on the RHS of (3.15) admit
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a physical interpretation, corresponding individually to the contributions coming from the
exchange of a pair of a specific combination of multi-trace primaries and their higher-twist
cousins (often referred to as multi-twist operators). Indeed, we will show below that

O3
O
0o Oy 0Oy |3 o,
12,45
- Z Pc(ont )(MA,MB)
Ma,Mp [0102]a1,  [O4O05]mp
O O
O1 Os
0o Os O
+ Z Pc(;ztm?)) M M) \LO1(92]MA
Ma,M [[0105]a1, Os]b\
O O
0, Os o,
+ 30 PO (M, Mp) |[0405]MB  615)
MM [[04 OS]J\IB O;«;} M
01 o

where the coeflicients P(fontt), to be determined below, are related to the OPE coefficients

of the dual CFT, via

(12,45) A0 AgA5
P (M MB)—OéMA CAgAAAB

cont aMB
(345,45) _ As;Ap  AgAs
Pcont (M Mp ) = Qpy Xprp CAl;A2;2A3B,+2M (5'16)
(12,123) — qAuh2 [AsiAg
Pcont (M M) O[M Qpr CA4;A5§2A3A,+2M .

The diagrams in parentheses above represent five-point conformal blocks reviewed in sec-
tion 4, with multi-twist primaries (more accurately double-twist, or even double-twist of
double-twist primaries), color-coded for visual aid, exchanged in the intermediate channels.
We are using the notation (5.5) to denote schematically the multi-twist operators.

We now present the computational details. Explicitly, employing (3.15) to evaluate
the bulk integration in (5.14), we find

3

A:sA,B Asp,a
+ka kB —ka+ ks
Oy Oy
oo
A17A2 Ag;A5 Aa;AsAp
D5 =4 Z ap,ap, " | Caganng Z Chake | e
Ma, Mg kakp=0 E
0, +ka + kB Os
oo
Aa;AszAB
1 Dl difie ’ (5.17)
ka,kp=0
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where ckAA}gAB”AB and dkAAA}ﬁA"’AB are defined in (B.35)—(B.36). The last term written as
“(A <> B)” is interpreted in the sense explained below (3.15).

The first term in (5.17) is already in its desired form. Making use of (4.6)—(4.7) we
recognize it to be the first term in the CBD (5.15), with the CBD coefficient given by

12,45 ALAs  AgA
Pc(ont )(MAﬂMB) = aMlA : a]\fB ° CA3AAAB s (518)
where aﬁ’A/ was defined in (3.9).
To bring the second term in (5.17) to a form which makes the contribution from the
appropriate conformal block manifest, we make use of the following non-trivial identity
proven in appendix B.2.2,22

0 AS:

AOC

Al AQ 2A03 +2M QAOS +2M AS,AO
Chnp —M:k

A0312+M Ag3a,1+M) 4B, B

oo
Al,A2d2A12 +2M 4323080 Z
Apry kaskp B
Ma=0 —0

(5.19)

Recognizing 2A19 4+ 2M4 = Ay and setting Ay = Ap = 2Ay5, + 2Mp, we can re-express
the sum over M4 in the second term of (5.17) to obtain the following equivalent form:

Ayg;As5  As;Ap 00
4 Z aMB Qg CA1A22ASB +2M Z 2A33 +2M;A3;AB

B(Aspi2+M,A3p21+M) Ckap,~M:kp

ka,kp=0

(5.20)
The final manipulation we need is to send the variable k4 — k4 — kg + M, which also
changes the lower limit of the k4 summation to kg — M. However, it is clear from the
explicit form of cZiJZ;’HM;AS;AB (refer to the definition (B.35)) that it vanishes for negative
integer values of k4, as well as for values of k4 from the set {0,1,..., kg — M} for kg > M.
Hence we can change the lower limit of the sum over the transformed variable k4 back to

0 without affecting the sum. Then (5.20) becomes

Ag;As5  AziAp 00
1 Z aMB P Cay Ay 2055, +2M > 20sp +2M;A5iA g

Cho:
B(Aspro+ M, Agpay +M) | 4= kasks

(5.21)

22This equation may be thought of as the real analog of the simpler identity (2.32) that was used in the
parallel p-adic computation.
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The inner sum over k4, kp is immediately recognized, with the help of (4.6)—(4.7) as the
conformal block W2AA1’B ’ffM A, (@i) up to an overall factor. This is precisely the third term
of (5.15), with the CBD coefficient taking the form

345,45 Az:A Ay A
Pc(ont )(Ma M ) = aMS B OZMZ, > CAl A2 2A3p +2M - (522)

An analogous analysis for the third term in (5.17) reproduces the second term of the
CBD (5.15) with the coefficient

12,123
Pc(ont )(MA’ M> - a]%J17A2 CV]\A/[?”AA CA4 A5 2A34,+2M - (523)

This completes the CBD of the five-point contact diagram. The reader may note the
similarity with the CBD coefficients of the four-point contact diagram.

Moreover, this five-point decomposition is very similar to the one computed in the
p-adic setup for the corresponding contact diagram in section 2.3. At the same time, the
functional form of the coefficients is preserved. Essentially for any tree-level diagram, the
p-adic CBDs will turn out to be identical to the real decompositions, except that there will
be no descendant contributions (corresponding to triviality of p-adic conformal blocks), and
only the lowest-twist states will contribute; thus all infinite sums such as those in (5.7), (5.9)
and (5.15) will collapse to the leading terms in the sums.

5.2 Five-point exchange diagrams

We now turn to five-point exchange diagrams. Up to a relabelling of external operators,
the most general five-point tree-level bulk exchange diagram involving the exchange of a
single bulk scalar of conformal dimension Ay is

O:
O, 3

Di-exch — " O . (5.24)

@)
1 05

Here, we show that in the basis of the conformal block of figure 1 it admits the CBD,

0
l-exch __ (12,45) Ah ,AS 045 Ah 7A5
D5 - § : Plexch (MA’MB) + § : Plexch W
MA,MB—O Mp=0
(12,123) At1,...,As 003 Al, A5
+ Z Pl exch (Ma, M) WAA 2034, +2M + Z Pl exch A0,2A03 +2M
MMA 0
(345,45) At As
- Z Py exch M7 Mp) W2A33,+2M;AB ’ (5.25)
M,Mp=0
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where the CBD coefficients are given by

(12,45)
12,45 P (My, Mp
Pl( exch)(MA’ MB) - N, E 2< 2 )
AO mA mAO)

0,45 Ay;
Pl( exd)l(MB) - aM A CASAOAB CAlAon
P(12 123) M M
PU2I2) (0, 0y = Leont(Ma. M) (5.26)

NAO(m2AA - mio)

Pl(—o(;)(()gl’)l(M) = O‘]\A/Io;AS Cayng 2003,+2M (OINVNYN
(345,45)
345,45 P (M, Mp)
PO (0 M) = cont :

Na, (mzAgB +2M mAO)

with the contact diagram coefficients Py given in (5.16). Like in the case of the contact

cont
diagram, the CBD in (5.25) is interpreted in terms of the exchange of multi-twist primaries

in the intermediate channels, so that we may rewrite it as

Dé-exeh
0, Os o 0, Os o
. (12,45) | (0,45) > <
- Z Pl-exch + Z Pl exch
Ma,Mp [0102]01, [04O05]n Mg Qo [0405]mp
01 05 01 05
10) @)
2 ’ Os O, : Os
(12,123) 0102] 1, (0,03)
+ Z Pl exch \L - Z Pl CXCh
Ma,M (01021, 051N Qo [000s]u
01 05 01 05
02 s Os
(345,45) | 0405]nm
-3 P 0l |, (520
M.Mp [[0405) 01 O3]
O1 Os

To show the decomposition, we begin with an application of the holographic OPE
identity (3.11) on the pairs of legs (z1,x2) and (z4,5), followed by an application of the
propagator identity (3.13) to evaluate one of the two full AdS integrations, to obtain

Os

(5.28)
At this point we can use the propagator identity (3.15) to trade the remaining cubic AdS
integration for an expression involving sums over specific products of bulk-to-bulk and
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bulk-to-boundary propagators:

aA17A2 aA47A5 0o C
Dé—exch 4 2 : MA MB Z A ABAg CAA;AB;AB

N kaskp
Mot M3, kA kp=0 Ao

PICHNTVIG JAAAGAR
kaskp kakp
+ L2
Na, Nao

CapapA, CAO ;A3;AB
- kask
Na, Aikp

(5.29)

The first and fourth terms in this equation are already written directly as a sum over
conformal blocks WAAI’ A 25 and WA“ ® and their higher-twist analogs, so we can directly
read off the CBD coeflicients in (5.25) using (4.6)—(4.7):

« (0%
P(12’45)(MA7 MB) _ My Mp CA ACA
1-exch NAO (m2A _ 2AO) ARABA3
x B(Aor2, Aoz )ay i (5.30)
0,45 AgA )2 ) M .
Pl( exc})l(MB) = O[MA; 5C'AOABAS Z 4

2 2
M4=0 NAA (mAO - mAA)

Ag;A
= Qg ° Caoapns Cagaia,
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where we made use of (4.12) in the last equation. This reproduces the first two terms
of (5.25). As for the third and fourth terms of (5.25), these are equal to the second and
fifth terms in (5.29), respectively. This can be seen by changing the order of summation
n (5.29), applying equation (5.19), and performing a change of summation variables like
the one used in going from (5.20) to (5.21), to explicitly rewrite the second and fifth terms
as sums over conformal blocks VVAI’2 A’?j Lopy and I/VAAO1 5 A703 4oas Tespectively, with CBD
coeflicients

O‘]\A/IZAQ ]\AJA§A3
NAO (m2AA - mZAO

P(12’123)(MA, M) =

1-exch ) C’A4 A5 20 43, +2M

A
. B(Ao1,2, Aoz 1)(1M1’ ? (5.31)
P(O 03) M) = AoyA;aC A
1- exch( ) Qg Ay As 2003, +2M % Na, (on — m2AA)

Ag;A
= aMO 3 CA4 As 2A037+2M CAUAlAQ .
The remaining two terms in (5.29) combine since they are proportional to the same geodesic

bulk diagram. Together, they can be recast as a weighted sum over conformal blocks. To
do that, we need to use a variant of identity (5.19), proven in appendix B.2.3, namely?3

) Ap;A dA1+A2+2MA;A3;AB dAo;Ag;AB
2 : Anry kaskp _ kaskp
2 2
Ma—0 mA1+A2+2MA - on NAO NA1+A2+2MA
(5.32)
0o C Ag;AB
1 A1 Az 2A3p +2M 2A33 +2M; A3,AB

Chap,— Mk
s ONA0m2A33+2M mi, (A3321+M Aspi2 + M) "B, B

Changing the order of summation between M4 and k4, kp, applying (5.32) to the sum

of third and sixth terms in (5.29), and performing a change of variables like the one be-
tween (5.20) and (5.21) turns these terms into a sum over conformal blocks W%’ ’fQE’M Ap

with coefficients given by

(345,45) M. Me) — 24385 1 Ca Ag2A3p +2M  A3ApR
Pl—exch ( ) B) =Qy 2 2 M : (533)
B Na, m -m
Ao Monzp +2M Ao

Thus the third and sixth terms in (5.29) together reproduce the last term in (5.25).

Like in the case of the contact diagram, the coefficients (5.26) share strong structural
similarities with the four-point exchange coefficients (5.11); importantly the five-point ex-
change coefficients corresponding to the exchange of multi-twist primaries admit very sim-
ple relations with the five-point contact coefficients. Indeed in (5.26), we have written some
of the CBD coefficients directly in terms of the five-point contact diagram CBD coefficients
to highlight the simple algebraic relation between the two. These relations take the same
form as the ones for four-point coefficients in (5.12).

2 This equation is a special case of the identity (5.43) that we use below to work out the CBD of six-point
exchange diagrams. These two equations can be thought of as analogs of the simpler identity (2.37) used
in the parallel p-adic computations.
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Finally, turning to the five-point exchange diagram involving three cubic contact in-
teraction vertices, its CBD can be obtained using the same method, tools and techniques
described above; in particular, the manipulations (5.19) and (5.32) are used again, and no
further identities are necessary. Thus we omit the long but un-illuminating computational
details, and only show the final result for the direct channel decomposition:

O3
Oq Oy
AO AO’
O1 Os
@)
O, Os Oy 02 : (on
(0,0 (12,45) |
=P 2-exch >J_< + Z F. 2- exch
O O e (0.0, [0:05]m)
O1 Os O, Os
(@) (@)
0» ’ O4 02 : O4
(0,45) (0,03)
+Zp2exch +Zp2exch >J—<
Mp Qo [0405) Oo  [00Os3]m
01 05 01 (95
(@) @)
O» ? O4 O ’ O4
12,07 (0'3,0")
Z P >_L< Z P
2- exch 2-exch
[0103]m, O [0y O3]y O
(91 (95 01 05
o Os o o Os o
2 4 2 4
ZP2(12 1}33) \LOl(Oz}MA + ZP2(345 Izlls) |[(’)4(95]MB
€eXC. €eXC.
Ma,M [[0102]m4 (93}}?\ M, Mp [[0105]pmp O3] M
01 05 01 05
(5.34)
with the coefficients (whose arguments we suppressed above) given by
(12,45)
0,0/ (12,45 P (MA Mp)
P2—exc)h = 012200 Ca0as0, Crsnsay P2-exch) (MA’ MB) Ni ex(crn2 —;712 )
o/ Ap AO’
(0,45) (0,03)
(0,45) P (Mp) (0.03) (1 1y Prxen(M)
P2—exch ( MB) — 1-exch PQ—exch ( M) — 1-exch

Na,, (mi 5 mQA ) Nay (m2A03,+2M - mQAU/ )

(12,123) (345,45)
P, (Ma, M) (345,45) P (M, Mp)
P(127123) Mai. M) = 1-exch P s M. M — 1-exch )
2-exch ( As ) 2-exch ( ’ B) NAO/ (mQAB _m2AO,)

2 )
Na,, (mm% +2M A, )

(5.35)

and the remaining two coefficients are obtained by symmetry (or equivalently in terms of
the CBD coefficients of an asymmetric scalar exchange diagram obtained from (5.24) with
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a simple relabelling):

(12,0")
P(1270,) (MA) — Pl—exch (MA)
Zrexch Na, (mQAA - m2AO )
(0'3,0) PO (M) (5:30)
PQ-exZ:h (M ) = —exE )

= 2 2
Nay (m2A0/37+2M —my,)

where, analogous to Pl(oeigﬁ and Pl(oei)f})l in (5.26) for the exchange diagram (5.24), we have
defined

12,0 A1;A
PUY) (Ma) = a5 Cagag s Cassay

l-exch
P(0’3,0’) Apr;Az

(5.37)
1-exch (M) = Qyy CAl A9 240413 +2M CA4A5AO/

for the corresponding exchange diagram obtained from (5.24) after relabelling. Finally, we
note that the coefficients corresponding to exchanges of solely multi-twist primaries further
admit an expression in terms of the contact diagram coefficients:

p(12,45) My M
M = PO
Na, (mAA - on)NAo/ (mAB — on/)
p2.123) 30 a0
P2(-162>;i§3) (MAa M) = cont ( A, ) (538)

2 2 2 2
Nay(ma, —ma,)Na, (m2A3A,+2M - mAO,)

p(345.45) (M, Mp)

345,45 n
P2(-exch )(M’ MB) = cont

2 2 2 2 -
Na, (m2A3By+2M - mAO)NAO/ (mAB - mAO,)

5.3 Six-point diagrams

In this section we present the CBD of various tree-level six-point bulk diagrams obtained
using geodesic diagram techniques. Figures 5-6 catalogue exhaustively all inequivalent (up
to relabelling of conformal dimensions and insertion points) tree-level six-point diagrams.
In this section we focus on the diagrams shown in figure 5 since their direct channel CBD
can be done in the basis of the OPE channel conformal block discussed in section 4. The
direct channel decomposition of the six-point diagrams of figure 6 is expressed in terms of
the six-point conformal block in the comb channel, for which an explicit form is currently
only known in one and two spacetime dimensions [57]; the holographic representation is
also currently unknown. Thus we will not discuss these diagrams further.?*

The procedure to obtain the CBD for the diagrams in figure 5 is identical to the
one explained in the previous subsection (and the first few steps were already alluded to in
section 4), except we will require variants of hypergeometric identities (5.19) and (5.32), this
time involving the expansion coefficients which appear in the propagator identity (3.16).
Since the computations are fairly straightforward and have been explained in detail before,
we refrain from presenting the intermediate steps, but list the new ingredients, in the form

24These diagrams are expected to admit a crossed-channel decomposition in the OPE channel discussed
previously, but we will not discuss this point further in this paper.

47 —
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O,
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(’)2 05
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O O ' Og ! 6 o o
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Figure 5. Inequivalent (up to relabelling) six-point tree-level diagrams which admit a direct
channel CBD in the conformal basis of the OPE channel six-point block of section 4.

03 (/)4 OS 03 04
0, Os
O O
2 Ao 5 Os
Ao Ay
01 06 Ol 06

Figure 6. Inequivalent six-point tree-level diagrams which do not admit a direct channel CBD in
the conformal basis of the OPE channel six-point block (instead, they do so in the comb channel).

of the hypergeometric identities mentioned above. The key identity required for the CBD

of the six-point contact diagram is:

o0 o0 Abv c
Z 1A 2002, F2M; A Ac _ A T COny Ay 2ny. +2M 2Abc F2M; Ay A (5.39)
M= st = B(Bbera + M, Apeay + M) “ave, =M kes ke

which is proven in appendix B.2.4. This leads to the CBD of the six-point contact diagram
in the OPE channel:

O3 O4
O Os (5.40)
01 Os
O3 O4
0o Os
(12,34,56) (12,34,1234)
= Z Pcont Oc + Z Pcont
Mp,Mc,Mg O Ogr My, ,Mc,M
O1 O

(3456,34,56)
+ § : Pcont
M,Mc, Mg

(12,1256,56)
+ § : Pcont
My, M,Mp

48 —



where for brevity we have defined the following double-trace higher-twist (i.e. double-twist)
primaries
OL = [01(’)2]ML OC = [0304]]\/10 OR = [0506]MR ; (5.41)

with the CBD coefficients
P(12’34’56)(M Mo, Mp) =

cont

ApAr AziAy  AsiAg
- aML aMc aMR C'ALACAR

12,34,1234 ANy Agifg  ALA
P( )(ML’M07 ) - aMl 2 O[M?’C 4 L © CA5 A6 QALC’+2M

cont

5.42)
(12,1256,56) AiAs ALAR A5,A6 (
Pcont (M M, Mg) = Qpr, Qpr aMR CAS A4 2ALR,+2M

(3456,34,56) Ac;A A3;As  As;Ag
Pcont (M7 Me, MR) = Qyy f Xnro O[MBR Cain, 2AcR,+2M

where A, Ac and Ag were defined in (4.10). To guide the eye, we have color-coded the
internal lines and the primaries being exchanged in the intermediate channels in (5.40). It
is worth pointing out that the CBD of the six-point diagram continues to show strong
structural similarities with its four- and five-point contact diagram cousins presented
n (5.4), (5.7) and (5.15)—(5.16).

For decomposing the remaining exchange diagrams in figure 5, we need the following
hypergeometric identity, proven in appendix B.2.5:

Al,AQ A1+Ax+2M;Ap;A dA0§Ab§Ac
Z kasiky;ke _kajkpske
M= 2A12 +2M on Na, NA2A12,+2M (5.43)
oAl :
B Z 1 CAI As 20pe +2M 74 2AbC T2M; Ay A,

—M;
i Nagm 2Ab vons — M4, B(Qpe21 + M Ape12 + M) Kabe, ~ M kp; ke

Then the exchange diagram built from a cubic and a quintic bulk contact interaction
vertex is found to decompose as

o Os
2
Os p(034,56) 5 44
A - Z l-exch ( . )
0 Os Mg
(@
Os

(@
(0,34,034) (0,056,56)
+ Z Pl exch + Z Pl exch
Mc,M M,Mg
O
O3 (on
02 05
(12,34,56) (12,34,1234)
+ Z Pl exch Oc + Z Pl exch
Mp,Mc,Mgr O Ogr My ,Mc,M
(91 OG

l-exch
MvMovMR

(12,1256,56)
+ 2 : Pl exch
Myp,M,Mpg

" Z p(3456,34,56)
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where

(0,34,56) A3;Ay  As;Ag

Pl e (Mc, Mg) = X Ypg Cainsn, Cagacag
(0,34,034) Azida [ ApiA

Pl en (Mo, M) = aM3 P ap) T Cayngng Cas Ag 20800, +2M (5.45)
(0,056,56) Ag;AR A5,As

Plien (M, Mg) = oy~ a0 Cansn0 Cag Ag 2805, +2M 5

and

p23456) 0 r arar
P (1, M, M) — Dot (MM, M)

p12:34, 1234)(ML Mo, M) = Pégft’3471234)(ML,MC,M)
1-exch NAO (mQAL _ mZAO)

P(12 1256, 56)(ML M, Mp) = Pc(gr?£1256,56)(ML’ M, Mg)
Ny, —mi3,)

4
(3456,34,56) _ P§§n§6’34’56)(M, Mc, MR)
Pl-exch (M7 Me, MR) - N 2 5 -
Ag (mzARcwa - mAO)

(5.46)

Moreover, the six-point exchange diagram in figure 5 with three bulk interaction ver-

tices is decomposed as

Os Oq4
Oq Os
Ao AO’
O O¢
O3 Oy
02 OZ
O ,34,0") (0,007,0”)
- 2 exch Oc +ZP 2- exch
Oo Oy
O, Os O
O3 Oy
Oy Os
(0,34,56) (12,34,0")
+ Z P2 exch Z P2 exch Oc
Mc,Mg My, Mc O Oy
O1 O

Oz
(0,34,034) (0,056,56)

+ 2 : P2 exch + 2 : P2 exch

Mc M M,Mg

Oq (P
(0734,34,0") (12,012,0")
+ E:PQexch +§:P2exch
M,Mj,

Mc,M
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O3

O3 Os
Oy Os O
(12,34,56) (12,34,1234)
+ Z P, 2-exch Oc + Z P, 2-exch
Mp,Mc,Mpr 0L Ogr Myp,Mc,M
01 06

O
O3 Oy

02 05
12,1256,56 3456,34,56
+ Z P2(—exch ) [OLPr]y + Z P2(—exch )
My,,M,Mpg 0L Ogr M,Mc,Mg
O Os O1

02

with
(0,34,0") Az
P2—exch (MC> - OéMBC ‘ Cx’A1A2AO CAOAQAO/ CAO/AsAG
0,00’,0’ Ao; Ay
P2(—exch )(M> - O5]\40 0 CAlAgAO CAg Ay 2A0017+2M CAO/A5A6 )
(0,34,56)
PO (o oy - Do (Mc, Mg)
2-exch C» R) = N ( 2 2 )
AO’ mAR mAO/
(0,34,034)
P(07347034) M~ M) = Pl-exch (MC’M)
2-exch ( Cs >7 N (m2 _m2 )
A()’ 2Aocﬂ+2M AO/
(0,056,56)
pl0.056:56) () - N P een (M, Mg)
2-exch ( ) R) - N (m2 — m2 ) )
Ay AL Ay
and
12,34,56
pU23456) (e ae s P23 (M M, M)
2-exch (M, Mc, Mg) = N 2 2 \N 2 2
Ap (mAL - on) A()/ (mAR - mADI)
12,34,1234
p12341234) (0 g Pc(ont )(ML,MC,M)
2-exch (M, Mc, M) = N (mz —m2 )N (mz —m2 )
Ao\TA NV AAAALO VN oS} V) Ay
12,1256,56
P(12,1256,56)(M M, Mp) = Pc(ont )(ML,M, ME)
2-exch L”R_N 2 _ 2 \N 2 _ 2
AO (mAL on) AOI (mAR mAO/ )

(3456,34,56)
(3456,34,56) P,

(M Me MR) _ cont (M7 Mc, MR)
2-exch ’ ’ -

2 2 2 2 :
Na, (mzARc,+2M - on)N Ay (mAR - mAO/)

(5.48)

(5.49)

(5.50)

The remaining three CBD coefficients are obtained from (5.49) by permuting the labels,
as demonstrated earlier in a five-point example for the CBD coefficients (5.36)—(5.37).
Finally, the six-point diagram in figure 5 with four cubic interaction vertices admits a
direct channel decomposition in a basis of twenty six-point conformal blocks in the OPE
channel. Twelve of the blocks are the ones which already appeared in the CBD shown
in (5.47), while the remaining eight are the ones in (5.47) where the double-trace operator
Oc¢ appearing in any of the intermediate channels is replaced with the single-trace primary
O.. Displaying only the terms not related to each other by a simple relabelling of indices,
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the CBD can be expressed as

O3 O4
Ac
02 A(] AO/ OS (551)
O Os
03 04 OS 04
(92 (95 02 05
_ p(0,c0) (12,34,56)
=P, 3-exch Oc + Z P, 3-exch Oc
Oy Oy Mp,Mc,Mg O Ogr
(o O O Os
O3 (on
O, Os
+ Z P(_Oe’ifhﬁ) O, + (2 terms obtained by permuting indices)
Mg Oo Or
01 06
(0’¢,c,0") 02 . . .-
+ Z Py + (2 terms obtained by permuting indices)
M

Oz

(0,34,56)

+ 2 : P3—exch
Mc,Mg

+ (2 terms obtained by permuting indices)

O1

@
+ Z P?E_cjféﬁ’%) + (5 terms obtained by permuting indices)
M,Mp
@
O3 O4
02 05
+ Z P?E_?’eiii’sll’%) + (2 terms obtained by permuting indices) ,
M,Mc,Mg OrOc|m
01 06

where by a permutation of indices we mean an element of the permutation group S3 acting
on the three ordered sets (1,2,0), (3,4,¢), and (5,6,0'),%> and the CBD coefficients are

P(o,c,o’)

(12,34,56)
3-exch F.

s-oneh - But for example,

Z5Under any such permutation, gets mapped to itself, and so does

(0'¢,c,0”) (0,00",0") (0,¢,c0) . . (¢56,¢,56) (12,¢,c12)
Py .7 can be mapped tc/) P3/_exch anfi PS—e:/cch . Likewise P;" can be mapped to P; /=7,
(0,34,034) 1(0,056,56) 1(12,0'12,0) (0"34,34,0")
P3-exch ’ PS—exch ’ PS—exch ’ and P3-exch .
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given by

(0,c,0") _
P3—exch - CAlAon CA3A4AC CAO/A5A6 CAOACAO/
As;A6
P03y _ “Mp Cainsng Cngasa, Cagacag
3-exch ( R) - N (mQ _m2 )
A0’ AR AO’
AgriAe
p0ec) M T OA as 20y, +2M Cagaga, Oy nsag (5.52)
3-exch ( - N (mQ _ m2 )
Ap 2A0/0’+2M Ao
Ac;A As; A
O[A]wc " OZMSR ¢ CA1 Ao QARC’+2M CA3A4AC

P(c56,c,56) (M MR) =
3-exch ) NAO (m%ARCﬁFZM — mQAO)NAO/ (m2AR — mQAO/) )

and
0,34,56
pO3456) gy Pl(—exch )(MC,MR)
3-exch (Mc, MR) = 2 2 2 2
NAO/(mAR_mAO,)NAc(mAC_mAC)
12,34,56
P(12,34,56)(M Mo, My) = Pc(ont )(MLaMCaMR)
3-exch L, MC,MR) = 2 2 2 _ 2 2 _ 2
NAo(mAL mAO)NAO/(mAR mAO,)NAc(mAC ma,)
3456,34,56
PEISILIO) r pypy Pc(ont (M, Mg, M)
3-exch 7C’RN2 _m2 \N 2 _ 2 \N 2 _ 2 \°
Ao(mzARc,+2M mAO) Ao/(mAR mAO,) Ac(mAc mAc)

(5.53)

It is worth remarking that the CBD coefficients in (5.52) may also be rewritten in terms
of the CBD coefficients of diagrams with fewer exchanged bulk scalars.

The CBDs for the corresponding six-point diagrams in p-adic AdS/CFT are easily
obtained from the ones worked out in this section using the mapping between real and
p-adic results described at the end of section 5.1 — all infinite sums should be collapsed to
their leading terms, and the real conformal blocks should be replaced with the scaling p-adic
conformal blocks. The CBD coeflicients take the same form, except explicit expressions
are obtained by using the p-adic versions of the OPE coefficients, mass-dimension relation
and normalization factors given in section 2.2

5.4 Algebraic origin of logarithmic singularities

The decomposition of AdS diagrams discussed above had generic external and internal
conformal dimensions. For certain combinations of non-generic dimensions, the diagrams
are expected to develop logarithmic singularities, corresponding to the contributions from
anomalous dimensions of multi-twist operators at tree-level [73, 126, 127]. These are the
so-called integrality conditions. For instance, for the four-point contact diagram (5.1), the
condition on external dimensions is A1 +As—Ay4—As € Z. These conditions were originally
obtained from analyzing directly the divergence of the associated integrals, and are repack-
aged in Mellin space as double poles of the Mellin amplitude. In ref. [14] the appearance

26Upon setting all integral summation parameters to zero, the oz‘;'\;f functions appearing in the real CBD
coefficients reduce identically to unity and thus their p-adic analogs are simply constant factors of unity.
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of logarithms is associated trivially with certain algebraic conditions. As can be seen from
the explicit form of the decomposition (5.1) and the associated coefficients in (5.3), loga-
rithms appear in the CBD when mQAA = mQAB, explicitly, m2Al+A2+2MA = m2A4+A5+2MB for
My, Mp € 77927 These are equivalent to the integrality conditions mentioned above [14].
In the case of the four-point exchange diagram, the decomposition (5.9) and the associ-
ated coefficients (5.10) immediately yield the condition for logarithmic terms; they appear
whenever any of mZAA, mQAB,mQAO coincide [14].

This continues to hold for higher-point diagrams as well. For example, for the five-point
contact diagram (5.15), one can use the identity (4.12) to re-express the structure constants
appearing in the decomposition coefficients (5.16) in their series representation, to make
the algebraic origin of the logarithms transparent. While there are several non-unique
choices for the series representation due to the totally symmetric nature of the structure
constants, given the CBD (5.15) only particular choices of the series representation for each
CBD coefficient will make manifest the algebraic conditions; these choices are dictated by
the precise operators being exchanged in the intermediate channels in the corresponding
conformal block. This immediately leads to the result that logarithmic singularities appear
whenever

2 _ 2 2 _ 2
MA +A+2Ma = M A+ A +As+2M+2Mp O At As+2Mp = A+ A0+ A3 +2M 4 +2M >
(5.54)

for M, M4, Mp € Z=°. The associated integrality conditions are A1 +Ag—Az3—Ay,—A5 € Z
or Aj 4+ Ag + Az — Ay — A5 € Z. Likewise, for the five-point exchange diagram (5.25),
the form of the decomposition coefficients (5.26) dictates the algebraic conditions for loga-
rithmic singularities. In addition to the conditions (5.54), logarithms will appear whenever
any of the following holds:

2 _ 2 2 _ 2 2 _ 2
MAy = MA A +2Ma > TMAG = MA A+ As+2M+2Mp » TVAG+Az+2M = A 4+ As4+2Mp
(5.55)

The algebraic conditions for the five-point diagram in (5.34) also follow trivially from a
similar analysis. In addition to the conditions (5.54) and (5.55), there are a few more
possibilities for non-generic conformal dimensions which admit logarithmic terms at tree-
level. They are

2 _ .2 2 2 2 _ .2

MAL, = MA+As4+2Mp s A, = MA 4 A+ Az+2Ma+2M 5 VA +Az+2M = VA + A0 +2M 4
2 _ .2 2 2

MA, = A, +As+2M 5 VA, = TAG+As+2M - (5.56)

We invite the reader to note the agreement between these conditions and those obtained
in the p-adic framework in section 2.3.1.

2TThe four-point contact diagram admits direct channel decompositions in other channels as well, as long
as the boundary insertions satisfy the relevant OPE convergence conditions. In such cases there will be
corresponding algebraic conditions in the other channels. The same will be true for higher-point diagrams
to be discussed shortly, but this point will be not be explicitly discussed.
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One can similarly obtain the algebraic conditions for the six-point diagrams presented
in this paper leading to logarithmic singularities. For example, for the six-point contact
diagram decomposed in the OPE channel as in (5.40), logarithms appear at tree-level
whenever any of the following conditions are met:

m2Al+A2+2ML = m2Ag+A4+A5+A6+2MC+2MR ) m2Ag+A4+2MC = m2Al+A2+A5+A6+2ML+2MR )
m2A5+A6+2MR = m2Al+A2+A;;+A4+2ML+2MC ) (5.57)
where M, Mc, Mg € Z=°. Likewise similar algebraic conditions can be read off of the
explicit CBD and the associated CBD coefficients of the other exchange six-point diagrams
presented in section 5.3. As another example, the exchange diagram in (5.44) admits, in
addition to (5.57), the following conditions:

2 2 2 2
MAg =MA+Az+2M > MAy =MAz+A4+05+06+2Mc+2Mp 0

2 2 2 2
mA0+A3+A4+2M+2Mc - mA5+A6+2MR 9 mA0+A5+A6+2M+2MR - mA3+A4+2MC . (558)

It is a trivial exercise to determine similar conditions for the remaining six-point diagrams;
we omit stating the somewhat lengthy list of the conditions here.?®

5.5 Spectral decomposition of AdS diagrams

The conformal block decomposition of tree-level diagrams can also be obtained in the
framework of the shadow formalism. Using the split representation [12] one can recast
all bulk integrations in the diagram into three-point contact integrals which can be read-
ily evaluated. The ensuing boundary integrals are recognized as conformal partial waves,
corresponding to the exchange of states in the principal series representation of the confor-
mal group. This gives the spectral decomposition of AdS diagrams, with the poles of the
spectral density function under the contour integral dictating the explicit conformal block
decomposition. Two detailed examples are provided in appendix A for illustrative purposes.

Conformal partial waves themselves are linear combinations of conformal blocks and
their shadow blocks, so one can trade conformal partial waves in the integrand for conformal
blocks in the shadow formalism, to make the connection with CBD manifest. For example,
in the case of the four-point diagrams, this computation leads to the following spectral
decomposition (see appendix A)

(@ Oy
. @ (@)
_/”" de Go(d+2) . ’ ’
T i 2mi Coo(20)  ArBageTgrednls >;+c<
(91 05
@) @
' ’ (5.59)
Oz 04 . O (9
1 /mdcCoo(d+2c)CA1Azg+cCg+cA4A5 ’ )
< Nag Joise 27 Co(20) w3 —m}, e
Ol 05 2+C Ol 05
(5.60)

28The p-adic analogs of the six-point conditions mentioned in this section can be obtained simply by
setting all integral parameters M; to zero, and using the p-adic analog of the mass-dimension relation (2.3).
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where the local zeta function (» was defined in (3.2), and the OPE coefficients and nor-
malization factor Na can be found in (3.6) and (3.1) respectively. Evaluating the contour
integral using the residue theorem reproduces the CBDs in (5.7) and (5.9) with the right
decomposition coefficients. We note that we have written the spectral density in the de-
compositions above in a form which makes the pole structure manifest and admits a direct
generalization to higher-point diagrams.

Likewise higher-point diagrams considered in this section also admit similar spectral
decompositions. For example, the five-point diagrams decompose as

O3
O3
0, Ou ) O- O4
—i00 \ j=A,B 27 Coo(2¢5) : S+ca §4 CB:
01 (95
01 Os
XCAlAQ %‘FCA C%-‘:-CAA?, %+CB C%+CBA4A5 ) (5'61)
0 s o
’ A 0, ’ O
4 — L s ——
Ao NAO —ico J=A.B 27TZ COO(QCJ) g +eca g +ecB
01 (@ Os
Os
CA1 As %+cA Cg-i-CA As %"FCB C%"FCB IAVIAV]
X (5.62)
m3 —mA ’
Liea B0
O3
o Os o
) 2 4
Oz O4 B 1 /zoo H de; Coo(d+2¢5)
Ao Ay NaoNag J-iss j=A,B 2mi - Goo(265) dtca +cs
O1 Os 01 Os
CA1 Ao g-i-CA Cg-i-CA As %+CB C%"FCB Ag A5 563
(mQ _mQ )(mQ _m2 ) ( . )
%+CA Ao g+cB Ay

In the integrands above, the object in parantheses is the global scalar five-point conformal
block [57, 70] discussed briefly in section 4. Similarly, the six-point diagrams which admit
an OPE channel direct channel decomposition can be written as

s O O o
3 4
o R 11 dej Goo(d+2¢) | | © ©s
’ T i\ 21 Coo(2¢5)
J=LOR $4cL $4cr
Ol 06
01 Osg
X CAl Ao §+cL C%"FCL %-i—cc g-i—CR Cg-ﬁ-cc Az Ay C%+CR A5 Ag? (5'64)
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(@ Os O4
o =7 /ioo [ oéldize) ) | © Os
Ao Os  NaoJoico \ 76 R2T Goo(265) ’ -
J=05 5tecL 5+cr
O1 o O1 Os
6
CAl Ag %JrCL C%+CL ngCc %JrCR C%Jrcc Az Ay C%JFCR As Ag
X 5 5 , (5.65)
m d + - mAO
2TCL
O3 Oy
O3 Oy
O Os ;
2 e / - 11 dej Goo(d+2¢;) | | ©2 Os
" Na,Na, J_; 2mi 2¢;
Ao Ay Bo A ¢ \G=LOR COO( J) g +crL % +cr
O Og O1 Os
CAl Ag ey C%"FCL dtco d+er Cg-ﬁ-cc Az Ay C%+CR As Ag (5.66)
2 2 2 2 ’ :
(m%+CL on)(ngrcR mAO/)
O3 Oy
_ 1 o0 dej Goo(d+2¢5) | | ©2 s
"~ Na,NaANa, Joio | 21 (oo(2¢5)
’ ’ NI=LOR g +cr g +cr
O Os
CAl Ag %JrCL C%+CL ngCc %JrCR C%Jrcc Az Ay C%JrCR As Ag (5 67)

2 2 2 2 2 2
(m%+CL_mAO)(mg+CC_mAC)(m%J’_CR_mAO/)

In the integrands above, the object inside parentheses is the global scalar six-point confor-
mal block in the OPE channel, whose holographic representation was obtained in section 4.
Evaluating the contour integrals yields explicitly the CBDs obtained earlier using geodesic
diagram techniques. Moreover, the form of the spectral density function explains the al-
gebraic relations between the decomposition coefficients of contact and exchange diagrams
involving more and more interaction vertices highlighted earlier in this section. Finally,
the generalization to arbitrary scalar tree-level AdS diagrams should be clear from the
examples considered here.

Before closing this section, we point out the closely related results in the p-adic
AdS/CFT framework of section 2. The same diagrams evaluated on the Bruhat-Tits tree
admit identical spectral decompositions as the ones shown above, except we must essen-
tially replace all (o, local zeta functions in the formulas with the (, local zeta function
defined in (2.4). More precisely, in the spectral decomposition one should simply use the
formulas for the OPE coefficient (2.7), the overall normalization factor (2.2) and bulk scalar
mass (2.3) as encountered in the p-adic framework, as well as the simpler p-adic confor-
mal block. The lack of higher-twist contributions in the p-adic CBD seen in section 2.3
is repackaged into the drastically simpler pole structure of the ¢, local zeta function, as
compared to its real analog, the (s function defined in (3.2).%

29 Also, owing to the periodicity of ¢, in the imaginary direction, in the p-adic case the complex variables
¢; are not integrated over a line in the complex plane but along a contour that wraps around a cylindrical
manifold with circumference 7/ log p; see ref. [108] where the necessary p-adic split representation was first
worked out.
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6 Discussion

In this paper we presented new results establishing the holographic duals of global scalar
conformal blocks for the five-point block (equations (2.18)—(2.19)), and the six-point block
in the OPE channel (equations (2.22)—(2.23)) in p-adic AdS/CFT, and the six-point block in
the OPE channel in conventional (real) AdS;41/CFTy (equations (4.15)—(4.17)), following
the techniques introduced in ref. [70] where the dual of the global five-point block in
conventional AdSg;1/CFTy was obtained. Similar to the holographic representation of
the global four-point block [14], the holographic duals of the higher-point blocks have
an integral representation in terms of geodesic diagrams, wviz. variants of bulk Feynman
diagrams involving solely bulk integrals over boundary anchored geodesics. In the case of
the six-point global conformal block in the OPE channel, to our knowledge the holographic
dual provides the only known explicit representation of the associated block.

However, in contrast with the four-point block, whose holographic dual is a single
tree-level four-point AdS exchange diagram except with all AdS integrations replaced with
geodesic integrals, the precise holographic representations for higher-point blocks turn out
to be more complicated for a number of reasons.

First, the holographic representation of the six-point block in the OPE channel ad-
mits an interpretation as the six-point one-loop AdS diagram built out of three quartic
interactions vertices with bulk-to-bulk propagators assigned special linear combinations of
conformal dimensions, but with all AdS integrations replaced by geodesic integrals.

Second, one must perform a weighted sum over an infinite number of diagrams of this
class; conceptually this sums up the contributions from the full conformal families asso-
ciated with the conformal representations being exchanged in the intermediate channels.
Reassuringly, such infinite sums are missing in the holographic duals of the p-adic versions
of the same conformal blocks and they are represented as single geodesic bulk diagrams,
since the putative dual p-adic CFT lacks descendants [106]. However, the contrast with
the holographic dual of the real four-point block [14] is only superficial. The four-point
holographic dual does indeed admit a representation as an infinite sum over geodesic bulk
diagrams [70]; this representation (described in section 4) is easily summed up analytically
leading to the compact closed-form holographic representation of ref. [14]. For both prac-
tical and conceptual purposes, it would be useful to determine whether the simplification
in the case of the four-point block was accidental or if holographic duals of higher-point
blocks should also admit further simplifications that allow them to be written as single
geodesic bulk diagrams.

Third, the holographic representation of the global five-point comb channel block in real
AdS;41/CFTy [70] does not lend itself to a direct interpretation in terms of a conventional
(tree- or loop-level) AdS diagram, albeit with all AdS integrations replaced with geodesic
integrals, as can be seen in (4.6). This suggests that a more fundamental interpretation of
the holographic representations of global conformal blocks which applies more generally to
arbitrary n-point blocks in any spacetime dimension in any channel is perhaps more subtle.
At first glance, such seems to be the case also for the five- and six-point blocks in p-adic
AdS/CFT presented in this paper. However, the p-adic blocks, owing to their drastically
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simpler scaling forms, do admit a simpler, alternative holographic interpretation on the
Bruhat-Tits tree in terms of geodesic diagrams involving cubic bulk interaction vertices and
no full bulk integrations, as discussed at the end of section 2.2. This interpretation relies
on the existence of special bulk points, which may either be interpreted as unique points of
intersections of geodesics joining boundary insertion points, or as Fermat-Torricelli points
solving a geodesic length minimization problem. Other interpretations may also be possible
on the Bruhat-Tits tree, and it is not obvious which one, if any, might carry over to the
real setup (although there may conceivably be a connection with Fermat-Torricelli points
and Steiner trees in hyperbolic space; such constructs recently appeared in the context of
holographic representations of large-c Virasoro conformal blocks [102]).

In any case, since in some aspects the formulation of p-adic AdS/CFT [71, 105] is
similar to d = 1 dimensional (real) AdS/CFT, perhaps there is a possibility that at least
low-dimensional AdS/CFT may allow simpler interpretations of the holographic duals for
(real) conformal blocks. Further in d = 2, following the work of ref. [87] for the four-
point global conformal blocks, it would be interesting to extend the higher-point results of
this paper to holographic duals of higher-point global blocks in finite temperature CFTs.
Moreover in d = 2 it would be interesting to explore the connections between the higher-
point geodesic diagrams of this paper and higher-point Virasoro blocks along the lines of
refs. [95, 100] (see also refs. [62, 93, 94, 96-99, 101, 102]). In arbitrary spacetime dimensions,
it is also natural to consider the generalizations of the holographic duals of the higher-point
scalar blocks of this paper to those involving external and exchanged spinning operators,
along the lines of the four-point case [83-86, 88-90].

One of the direct applications of the holographic duals of higher-point global confor-
mal blocks was an alternate, direct derivation of the conformal block decomposition of
higher-point AdS diagrams. One of the main technical tools developed in this paper for
this purpose was a class of AdS propagator identities involving bulk integration over a
common point of intersection of three bulk-to-bulk and/or bulk-to-boundary propagators
(see sections 2.1 and 3). These identities provide a generalization of the three-point con-
tact diagram, with a subset of boundary points pushed into the bulk. Indeed, with the
knowledge of the holographic duals and various propagator identities which re-express bulk
integrations in terms of unintegrated combinations of bulk-to-bulk and bulk-to-boundary
propagators, we were able to obtain the explicit direct channel CBD of a number of higher-
point tree-level scalar AdS diagrams involving scalar contact interactions. With various
AdS propagator and hypergeometric identities in hand, the procedure to obtain the CBD
involved only simple algebraic operations, and no bulk integrations. Notably, in section 5
we presented the explicit decomposition of all five-point scalar diagrams and the class of all
six-point diagrams which admit a direct-channel CBD in the basis of OPE channel six-point
blocks.? This procedure provides a higher-point generalization of the direct-channel CBD
of four-point AdS diagrams using geodesic diagram techniques. As described in section 5.4
(as well as section 2.3.1), the conditions for the presence of logarithmic singularities in

30The resulting decompositions are presented in (5.15)—(5.16), (5.26)—(5.27), and (5.34)—(5.38) for the five-
point diagrams, and (5.40)—(5.42), (5.44)—(5.46), (5.47)—(5.50) and (5.51)—(5.53) for the six-point diagrams.
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tree-level AdS diagrams also fall out trivially as simple algebraic relations. It would be
useful to find generalizations of the higher-point method that incorporate spinning AdS
diagrams, derivative and spin exchanges. Progress along this direction may also aid the
technically challenging task of the holographic reconstruction of the classical bulk action
for higher spin gravity theories beyond quartic interaction vertices [128-130]. The rewrit-
ing of spectral decomposition of AdS diagrams in terms of conformal blocks as presented
in section 5.5 may also turn out to be useful in this regard.

A class of four-point loop diagrams (such as the bubble diagram), which admit a
rewriting as a sum over infinitely many tree-level exchange diagrams [12], can in principle
be decomposed in the direct channel using the techniques of ref. [14] (see also ref. [131]).
However, a detailed analysis of the structure and properties of the resulting decomposition
coeflicients remains insufficiently addressed. The new propagator identities of this paper
provide yet another method to obtain the CBD of such diagrams using only elementary
operations. It would be interesting to investigate if these new tools provide new insights
into the decomposition of such loop amplitudes, and more ambitiously into the decompo-
sition of arbitrary loop amplitudes. The evaluation of certain loop diagrams may involve
generalizations of AdS propagator identities derived in this paper to products of four or
more bulk-to-bulk and/or bulk-to-boundary propagators. These would also be helpful in
obtaining the decomposition of seven- and higher-point AdS diagrams via geodesic diagram
techniques. We are also hopeful methods presented in this paper may help inform the dis-
cussion on the CBD of AdS diagrams and conformal partial waves in the crossed channel,
which has been the subject of much recent interest — see e.g. refs. [17, 27, 76, 78-82] —
especially because the p-adic analog of these methods yields, promisingly, a closed-form
expression for the crossed channel decomposition of the four-point exchange diagram on
the Bruhat-Tits tree [72].

We hope to see progress in these directions in the near future.
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A Spectral decomposition: four-point examples

In this appendix, we will derive (5.59)—(5.60).
Our starting point is the integral representation of the four-point conformal partial
wave associated with the conformal multiplet of weight (A, .J), given by [47-51]

W () = / ((O1(21)O2(22) OR 5™ (Y)Y (O g pn..a; (¥) O3(3) Oa()))
y€IAdS
(A.1)
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where ((-)) is the purely kinematic part of the three-point function, i.e. devoid of the OPE
coefficient, and Oa ..., is the shadow operator of Oa s u..u;,

~ 1
O(x) = /yeaAdS —(x EECEy O(x) . (A.2)

Conformal partial waves are single-valued functions of coordinates and, for integer spins
and unphysical complex dimensions A = d/2 + iv (v € R) corresponding to the principal
series representation of the conformal group, form a complete set of functions obeying
orthogonality relations [45].31 The four-point partial wave transforms like the four-point
conformal correlator and in fact is an eigenfunction of the multi-point Casimir constructed
out of positions x1 and x2, with the same eigenvalue as the one associated with the four-
point conformal block. However, the integral (A.1) is not the conformal block. Instead, the
precise relation between the four-point conformal partial wave and the global conformal
block is [45, 54]

\Ijﬁi}...,A4($i) _ Kﬁi}AAlWAA:]P”’ALI( ) + KA17A2WEA;...,A4 (xz)7 (A?))

Lo84 g the four-point conformal block which is the contribution to the four-

where VVA
point correlator coming from the exchange of an operator of dimension A and spin J and

all its descendants in the (12, 34)-channel, we have defined A=d— A, and

(A.4)

_( 1)J7rgF(A—S)F(A+J—1)F<M5A2+J)F<5+A2;A1+J>

3 T(A — 1) T(A + ) T (AHAAetT) P (Akde— At

The second term in (A.3) represents the four-point shadow block. Since we are focusing on
external and exchanged scalars in this paper, we specialize to J = 0 and drop the spin label
altogether; see refs. [74, 75] for a generalization to higher derivative contact interactions,
exchange of spinning operators, and spinning external operators for four-point diagrams.

Consider the four-point contact and exchange diagrams (5.1) and (5.8). Using the split
representations [12, 74, 130] of respectively, the delta function on the contact vertex, and
the bulk-to-bulk propagator in the exchange diagram,

5d+1 100 dc R—
Z w yEIAdS 27TZ c(y7z) %_C(y,w)

oo g, ) (A.5)
Z w /yeaAdS/ % pA K%+C(y7 Z)K%—c(ya ’(U),
where

_ Goo(d +2¢) (oo (d — 2¢)

ple) = 200(20)  2(oo(—20)
1 o(c) (A.6)

palc) = NA mA m2
Lic

3In odd d one must also include a discrete series representation; see e.g. ref. [132].
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and the normalization Na is defined in (3.1), one can recast all bulk integrations in the
diagrams into (unphysical) three-point contact diagrams which can be readily evaluated,
to give

m:fw*ﬁmwngya@wmw%wa@%@mwwmw>
ye

ico 2T
D?m::/j:5;pxﬁwyégmﬁ«ouxnoxmﬁo$ww»x&§+gw04mooa%»m
(A7)
where
pcont (C)

pRE(0)

(€) Ca, a, a1 Opyng d e

p
(A.8)
P

Ao (C) CAl Ao g+CCA4 As %76 ?

and Ca,;a;n, are the OPE coefficients (3.6). Identifying the integral representation of the
(spin 0) four-point conformal partial wave, one obtains a spectral integral over the principal

series
de on Ap A
Di= [ e wg N )
o g (A.9)
Az, A - A, A
— 2K 3,24 CO W 15834 ),
[ g oW
and
 de Ap A
Dyt = [ R )
e (A.10)

- d d
271 5—¢ 0 gtc

0 de A3,A4  _exch At Ay
= [ b e W),

—100

where in the second lines of (A.9)—(A.10) we have used (A.3) to re-express the spec-
tral decomposition in terms of the four-point conformal blocks (see e.g. ref. [76]). As

noted previously, we are suppressing all spin J subscripts, so for example we have defined

Kﬁa,Ab KAayAb

= Ka\5" Closing the contour on the right and picking up the poles one obtains
the well-known direct channel conformal block decomposition of the four-point contact and
exchange diagrams.

As currently written, the pole structure of the spectral density function for the con-
formal block decompositions is not obvious. However, the spectral density simplifies to a
more accessible form,

Az, A vy _ Goold +20)
2Kgic ! pcon (C) - 2Coo(2c) CA1 Ao %—O—C CAs Ay %—i—c
A1)
A3,A1 ex —1 Coo(d+2¢) Cayng dveCnga, dye (
hB o) = L : fre.

0 ~ Na, 2Ce0(2¢) mi, — m%ﬂ
2
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which makes the pole structure, and thus the spectrum of operators being exchanged in
the intermediate channels in the conformal block decomposition, manifest. For example,
the CBD of the contact diagram will be a linear combination of two conformal blocks, one
associated with the exchange of multi-twist primaries of dimensions %—Fc = A1+Aqy+2M for
M € 72 and their entire conformal families, and the other associated with the exchange of
multi-twist primaries with conformal dimensions %l—l—c = A3+A4+2M and the contribution
from their conformal families. These poles arise from the OPE coefficients in (A.11). For
the exachange diagram, in addition to the poles above, there is a pole at % +c = Ay
coming from the zero of the mass-squared expression in the denominator, corresponding
to the exchange of the single-trace operator with dimension Ay and its conformal family.

B Proofs of important identities

B.1 Propagator identities

In this appendix we provide derivations of the three real propagator identities (3.14), (3.15),
and (3.16).32 For ease of computation, we will use the embedding space formalism. Here,
boundary points 2' € R¢ are described in terms of the space of light rays in R11 that
pass through the origin,

—(P°)? + (PY)? ...+ (P2 =0, (B.1)
according to
Po _ 1 + .7)2
2
Pl =gt (B.2)

p+l _ 1—x
2

Bulk points z = (20, ') € RT x R? are described in terms of the hyperboloid in Rt x R4*!,

—(Z"2 4+ (ZM2 + ..+ (2T = 1, (B.3)
according to
g0 _ 1+z+2
220
7
Zi= 2 (B.4)
20

2 2
girl_1-2 =2

220

32The three p-adic propagator identities (2.8), (2.9), and (2.10), originally given in ref. [72] and found by
direct computation on the Bruhat-Tits tree, can also be derived in a manner parallel to the computations
over the reals shown in this appendix using the p-adic Schwinger-parametrization and Mellin representation
developed in ref. [108] (though various infinite series encountered in the following calculations get collapsed
to just the leading term of the series).
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In embedding space coordinates, the quantity closely related to chordal distance in (3.3) is

written as
§W,2) 1
= B.
> (aw-z) (B-5)
the bulk-to-bulk propagator in (3.3) is given by
A W, Z A A+1 d
GA(W,Z) = <§(2)> o F1 [,2 P A — 5 + 1;6(W, Z)? (B.6)
and the bulk-to-boundary propagator (3.4) takes the form
. 1
KA(PZ)= ————— )
B.1.1 [KKG
In this subsection we derive (3.14), explicitly,
[ Rasles o)y (a2, 2)Gas, (w0, 2)
z€AdS
AQ,AG,A5 Ag2,3+ka ($27wa)KAa3,2+ka (:L'?nwa)
- CA A2A3 k;zoc (l’% )A23,a*ka (BS)
+ 1 Z dAQ,Aa,Ag KA2+I€@ (x27wa)KA3+ka (w?nwa)
m%A 23, mA Aq ka=0 ([E%?)) ka
where
Ag;Ag;As (_1)ka

(Aa2,3), (Das2)y, (D2sa)_y. Fﬁf) |:Aa23,_h;{_ka};{Aa_h‘i‘l};l}

ko = ka'
1 (Au2,3)k, (Aa32)k
= =R B.
]ﬁa. (Aa h+1)ka ’ ( 9)
and
A A2, (A3
JA2Baids _ (B2)1, (A3)k, , B.10
ka (Aozq + 1), (Agas, —h + 1)k, ( )
with
d
h=—. B.11
5 ( )

In writing the c-coefficient we have defined the Lauricella function Fﬁf) of £ variables

£) g;{ah,..,ag};{bl,...,bg};l’l,..., } [HZ

i—=1n;=0

14

MMH | i . (B.12)

n
1:1 v

Note that the notation (a), = I'(a + n)/I'(a) stands for the Pochhammer symbol.
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We therefore need to evaluate the following integral:

J= / Ry (2, 2) Ky (23, 2)Ca, (14, 2)
z€AdS

(5, (B55), L L

1 (B.13)
— yrd E' (Aa - h + ].)e /AAdS (—2P2 . Z)AQ (_2P3 . Z)Ad (_2Wa ] Z)Aa+2£ y

where in the second line above we have employed the embedding space formalism. Applying
the Schwinger parametrization

1 . 1 Oods A —9sx
xA_F(A)/O S5 (B.14)

to the three power law factors and using the AdS integral identity [12]

e¢] d 2
dZ e?2@ = 7Th/ 92 hemat , (B.15)
0

AdS z

one obtains the equation

_h i 4€ ) (A“H) /°° dsadszds, 52A253A3SQA”+2E
f' —h+ 1) 82838 F(Ag)r(Ag)F(Aa + 25)

(B.16)

o
/ dz e—z—i—; (25283P2-P3+2825aP2~Wa+2538aP3~Wa—sg)
1+h :

z

Interchanging the order of integrals and changing from variables s, s3, and s, to t, = #232,
to = 2% and t3 = 2¢%2, one rewrites
z z

0 {(Aq Ag+1 9
J = m Z 4 (T)E( h )e / %Z%+6672 I, (B.17)
QF(Al I'(As (A, —h+ 1)€ F(Aa + 2@ z

where we have introduced the definition

dtodtsdty Asg2+0,M00 540, M03.0—C Py 42t5 Py- W, _t2ts
It — / - at2 3a,2F t3 2q,3+ t5 23,a thaPz P3+2t3 Py-Wo+2to P3-W, ol (B.18)
0 203

Carrying out the z integral using (B.14) and using the fact that

A A+1 1
(2),(557), v -
one arrives at
a23, — h + 5)
=S AT ZHA Sy, (B.20)

Now let’s turn to evaluating ;. Using the Mellin representation,

et = /E+m de T(o) (B.21)

. c )
Liso 2T
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for exp(—tats/t,), where € is a small positive number, followed by changing the order of
integration, and subsequently carrying out the t; integrals (i = a,2,3) leads to

I _/e—i—ioo dc F( ) F(Aggﬂ*£+C)F(A2a,3+€*C)F(A3a,2+€*C)
. = _

¢ (—2P; - PS)A23,a*€+C<_2P2 . Wa)A2a,3+€70(_2P3 . Wa>A3a,2+f*C )
(B.22)

ico 2Tl

The remaining c contour integral is straightforward to evaluate. Closing the contour to the
left and summing up the residues at the enclosed poles, at c = —m and c =0 — A3, —m
where m € Ny (i.e. the set of natural numbers including zero), we obtain

J=J1+ Jo (B.23)

where we have split J into two parts,

T (Agsq, — h+4) =
Ji1 = 2 Res I,
1= (Ag) Z 0Dy —h+1), i Z P
I (Agse — bt O - (B.24)
+
Jo = 2, i Res I.
2= (Ag) Z (A, —h+1), ™ szo c:e—A(fQS,a—m !
For the first part of J, we note that
, (=™ T (Agzq =L —=m)T (Agq3 + L+ m)T (Aza2 + £+ m)
21t Res I = A ~ ~ .
c=—m m!  (=2P; - P5)R2.a ¢ m(—2Py - W,) 2&,3+Z+m(_2p3 - Wa) 3a,2+Hl+m
(B.25)

Now change the summation variable in the expression for J; from m to S = m + ¢ and
then change the order of s and ¢ summations. Accordingly, one must change the limits of
the individual sums, so that now the S sum runs from zero to infinity and the £ sum runs
from zero to S. But the terms with ¢ > S each vanish due to the factor of (S — ¢)! in the
denominator. Thus we can freely extend the upper limit of the S sum to infinity, to write

g h i (—1)°T (Ag34 — S) T (Aga3 + S)T (Aze2 + 5)
T ar(ay)rn(a ) (Da) £ (—2Py - Py)Ba3a=5(=2Py - W) B2 TS (—2Py - W) Rse2tS
> I'(Ag23, —h+ 5)
XE% S - e'el (De—h+1),
(B.26)
Using
L'(A)
1) T(A-8)= ——2 B.27
(C1T(A =) = R (B.27)
as well as the result
i (—1)T(Ag2s, — h+0) _ I'(Ag23, — h) i (—S5)e(Agas, — h)e
S—IN0(A,—h+1 S A, —h+1
= (5Ot +1)e ( +1e (B.28)
_ [(Ag2s, —h) (14+Ag23)s
S| (Aw— N+ 1)g
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one simplifies J; to

CA, 0005

Ji =
1 (—2P2 . P3)A23,a(_2p2 . Wa)Aza,g(_ng . WG)A;?,Q’Q

Agag A3a2) (—2P; - P3) S (B.QQ)
X Z a—h+1)gs [(=2P Wo)(—=2P; - W,) | ~

where the OPE coefficient Cj;, was written in (3.6).
For the second part of J, Jo, we note that

21 Res It = (_1) F(Aav23 + l— m)F (AQ + m) r (Ag + m)

. B.
c=l—A12,4—m m! (—2P2 : P3)7m(—2P2 . WQ)AQJFm(—QPg . Wa)A3+m ( 30)

Changing the order of summation in Jy and carrying out the sum over £ first, one finds
that

5= ™ DAz = MU (Aa03)T(Ag —h +1) 1
2T 2 T(AND(Ags + DI (Aggs, — b+ 1) (2P, - Wo)A2(—2P5 - W,)As
- o (B.31)
9 Z Ag),, (A3z),, (=21 - P3)
(1-— a23) (Ag23, —h+ 1), [(—2P- Wy)(—2P3 - W,)

0

Part of the prefactor in (B.31) may be reexpressed in terms of the mass of the bulk scalar

7" T(Aazs, = T (Aa23)T (A —h+1) 1
2 F(Aa)r(Aagg + 1)F(Aa237 —h+ 1) NAa (mQAQ+A3 — mQAG) .

(B.32)

Further, the position dependent power law factors in (B.29) and (B.31) can be written in
terms of the bulk-to-boundary propagator using (B.7). With these replacements, adding
up (B.29) and (B.31) and substituting Poincaré coordinates one recovers (B.8), completing
the proof.

Finally, we note that in contour integral form, this identity takes the form

/ G’Aa(wa,Z)KA2($2,Z)KA3($3,Z)
z€AdS

(Aa23 - h)k etioo de
=C ’ - -— [(c
AaAQAS ~ ka' (Aa _ h + 1)ka l_ioo 27_‘_1 ( )
R—AaQ,S‘i’k’a*C(q}Z? wa)R—Aas,erkafc(x& W)
X (Aaz,z)ka_c (Aa3,2)ka_c (A23,a)_ka+c (x%?))Agg,fkaJrc )

(B.33)
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B.L2 [KGG

In this subsection we derive (3.15), reproduced below,

/ IA{Ag(x?n )GA (wav )éAb(wb72)
z€AdS

e Aab 3+ka+k‘b
Az Ay 1 . W, W ,
= Casaan, Z CkAaa%}C?B’AbKASG,b"‘ka—kb (23, wa)KA?,b,a—ka-i-kb (I?n wp) (5(26)>
ka,ky=0
e Ap+2ky+ka
W, W
YD dei N K gk, (w3, wa) K g, (23, wp) <§(2b)> +(aed) |,
ka,kp=0
(B.34)
where??
ka+kyp
Ag;AziAp L A A A
Ck:a;k:b - ka!kb! ( 3ll7b)ka_kb( ab,3)ka+kb( 3b,a)_k,a+k.b (B35)
% FD [Ag, = i { = ko=l {A = h+ 1,8 = h+ 1} 1,1]
and
h ko+k
Aaitgits, _ T (Agap, — h) (—1)% T
dka;kb - QF(AG) Kootk (A3)ka (Ab)kaJrka F(Aa,bi’» — Ky — ka)

X F,(42) [Agab7 —h; {Aa,b?) — kp — ka, _kb} ) {Aa —h+1,4p = h+ 1} i1 1] ’
(B.36)

The Lauricella function FXZ) was defined in (B.12). Name the left hand side of the identity
to be proven (B.34) 7,

J = K, (23,2)GA, (Wa, 2)Ga, (W, 2) . (B.37)
z€AdS

The same intermediate steps that lead us from (B.13) to (B.20) allow us to recast (B.37) as

Agss, — h+ Lo + 0y)
J = Ay Z AT I, (B.38)

(A3) P - h + 1) Op! (Ab —h+ 1)%

where we have introduced the definition

I — / dtzdt,dty, yBab s Hatl N o —Latly s pba—Ly 20 Py Wat2ta Py Wit 2t Wa- Wy~ Bt
t = — a b
0 tataty
(B.39)
33The coefficient ckAa‘l,}cA“Ab was originally written in ref. [70] in terms of a hypergeometric 3F> function

(see equation (2.14) of ref. [70]), but using [19, equation 4.29] we have re-expressed it in terms of the
Lauricella function Fa of two variables in (B.35), since this has natural analogs in the case of [ KK G and
J GGQ identities in terms of Lauricella functions of one and three variables, respectively.
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Applying the Mellin representation (B.21) for the factors exp(—tsty/t,) and exp(—tsty/tp),
and carrying out the ¢; integrals (for ¢ = 3, a,b) we obtain

e+i00 de e+i00 dCb
I = m— —7T
! /6 5 (Ca)/E -T'(cp)

—100 —100 2mi
F(Aazp+Lle—Ly—cotcp) T (Apz g —Lla+Lp+ca—cp) T (Agp3+la+lp—ca—cp)
(—2P3-Wy)Rasptta=lo=caten( 2 Py 1)} ) Avs.a—Latlotca=co (21, . T}, ) Rab s Flatly—ca=ch
e+100 d €+100 der ~
= / Ca 7, (B.40)
€

—ico 2T Je_ijoo 2mi

Focusing on the ¢, integral first, we close the contour to the left and pick up the residues

of the poles at ¢, = —mq and cq = Agp3 + ly — £y + ¢y — Mg With m, € Np:
etioo dcb —1)Ma
= e
€E—100 a

P(Aazptla—Llotmatcp) I'(Apg o —La+ly—ma—cp) I'(Agp3+lat+1p+ma—cp)
(—2P3-W,)Rasptla—lotmates (9 Py Wy ) Abs.a—latlo=ma=co (2, . TV, ) Rabstlatlotma—cy

['(Asz+my) F(Aa’bg +Llo—Lly—mg+cp) [ (Ap+20,+mg —2cp)
(—2P3-W,)Astma(—2P3- W) ~Ma(—=2W, - W) Ao t2btma—2c,

(B.41)

We can carry out the ¢ integral by once again closing the contour to the left. In that case
we must sum over the series of residues at ¢, = —my and ¢ = Ay a3 — by + b — Mg — My
in the first term in (B.41) for my, € Ny. In the second term, besides the pole at ¢, = —my,
there are also poles at ¢, = Ay3 4 — £o + € + mgq — My, coming from the second gamma
function in the second term, with residues
Mae+m,
Res Z = (zyymetm

ca=0Aq,p3Hla—Lly+cp—ma, mglmy!
cb=08p3,a—La+Llp+ma—my

I(Apsq—Lla+Lo+mq—my) T (Ag+mg) T'(Ag 3420 —mg+2my)
(—2P5- W, )Astma (—2P5- W) ~ma(—2W,- Wb)2Aa,3+2€a—ma+2mb )
(B.42)

But in the first term there is a semi-infinite sequence of poles precisely at

cy = Apzg — Ly + €y — mgq + my, which can lie on the left-half plane for appropriate

values of m,, my and thus be enclosed inside the contour, with residues

Res ft — _M
Ca=—Ma, me!mp!

cb=Ap3,a—La+lp—ma+mp
F(Ab&a_€a+£b_ma+mb)F(A3+mb)F(Aa,3+2£a+2ma_mb)
(—2P5-W,)Astms (=2 Py Wy )~ (—2W, - W) 2B a,3+2bat2ma—my, *

(B.43)

We notice that the above two types of residues occur at the same values of ¢, and are

equal to minus one another, except with m, and m; interchanged. Hence, on summing
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over all values of m, and m; the contributions to J from these two types of residues
cancel. With this observation, we decompose J into three parts,

JT=N"h+T+T3 (B.44)
where J; is defined to be

7 —h+ Ly + b) >
_ ab3 a b )
j Ab § g E Rz(maamb)a

(A3) bt - h + ) I (Ab —h+ l)éb S
(B.45)
and we have further introduced the definitions
Rl (maa mb) B_eb It
=y,

R = R T

2(ma’ mb) Ca:Aa,b3+€ae—S€b+Cb—ma, t (B46)

cp=—mmy

Rs(mg, mp) = Res 7.

Cq=—"Ma,
cb=Ap a3—la+lp—ma—mp
Together, this accounts for the total contribution from the residues at all poles picked up
upon closing the two contours. Evaluating R, we get
—1)matmyp
Ri(ma,mp) = ) ki
meglmy!
% F(AaS,bJrSa*Sb)F(AbS,a7Sa+Sb)F(Aab,3+Sa+Sb)
(—2P3-W,)Ra3b+5a=5 (2 Py .Wb)AbB,a_Sa+Sb (—2W, .Wb)Aab,:s-i-Sa-i-Sb ’
(B.47)

where we have defined S, = my+£, and Sy = myp+¥¢,. Changing summation variables from
mgq and my to S, and S, and changing the order of /; and S; summations, one finds that

h
J =
(A3) (A )L(Ap)
" Z —1)%+ 3T (Auzp + Sa — Sp) T(Apz.a — Sa + Sp) T(Aups + Sa + Sp)
Pl 2P3 Aas,b+3a—5b(_2P3 . Wb)AbS,a_Sa+Sb(_2Wa . Wb)Aab,3+5a+Sb
asPb—
" Z (—1)fath U (Aaps, = h+ Lo+ 0) (B.4S)
Mol (S —La)!(Sy — ) U (Ag — h+ 1), bl (Ap —h+1), ’
Twice applying the trivial identity
_1)\¢ _
(-1 _ (=5) 519

S—ol S

the sum over ¢, and ¢} is seen to be precisely in the series representation of the Lauricella

function FE) ,

Mo (bt (d et 1] = S~ @ere (B)ele)e
{b.chi{d,e}i1,1] 2 @i (B.50)
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Consequently, we can write

e (_1)Sa+Sb

. 7Th F(Aab& — h)
S S T AT (AT(By) 2 SalSy!

Sa,Sp=0

% F | Bang, = hi {50, =Sp}i {8 —h+ 1,8 — h+1}; 1,1 (B:51)
I'(Agzp +Sa — Sp) T'(Aps g — Sa + Sp) I'(Agp3 + Sa + Sp)

" (22Py - W) Pasat a5 (2 Py - W) Bvsa—Sat56 (2, - Wy)Babs+Sa+Ss

For the second part of 7, we note that

(—=1)matms T(Ag + mp)L(Agps — Sp — ma + La)T(Ap + 25, + my)

(—2P5 - W,)Rstma(—2P5 . W) ~ma (—2W, - W) Aet2Sp+ma *
(B.52)

RZ (m(l7 mb) = m 'mb'
a- .

Therefore, changing summation variable from mj; to Sp and changing the order of

summation like we did for J;, we have that

ﬂ.h
Jo =
(A T (AT (Ay)
y i (—1)mat5 [(Asz + mg)T(Ap + 25, + my,)
e Sh=0 me!Sy!  (—2P5 - Wa)A3+m“(—2P3 - Wy)—ma(=2W, - Wb)Ab+25b+m“
0 (=Sp)e, T(Agps — Sy — b)) T (Agps, —h+Lg+ 4
« Z (—=Sp)e, T'( ' ,b? b — Ma +La) T (Aups, + Lo + lp) . (B.53)
toteo LMl (Ag —h+ 1), (Ap—h+1),
We can recast this expression for J» into the following:
"T(Aups, — h
Ty = 7T (Agps, )
2T(A)
x i (_1)ma+5b (AS)ma (Ab)25b+ma F(Aa,b?) - Sb - ma)
S0 Mg ! Sp! (—2P3 . WQ)A3+ma(—2P3 . Wb)fma(—2Wa : Wb)AbJrQSbera
Ma,Dp=—

X FIE}2) [Aab?:, - h; {Aa,bl - Sb — Mg, _Sb} ; {Aa —h+ 17 Ab —h+ 1} ; 1a 1. (B'54)
As for the third term in (B.44), J3, it differs from J only by a simple relabeling:

Tz =T, (B.55)

Consequently, using (B.51) and (B.54) and adding together [J1, 72, and J3, we obtain (B.34).
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B.1.3 [GGG

In this section we derive (3.16), reproduced below,
/ GAG (waaz)éAb(wb7z)éAc(wC7Z)
z€AdS

A(IC k{lc A(l c k(l c A C,a k c,a
_c ZOO Aw Ay, [(€(Wa, we) otbact £ € (wq, wp) | Tt (€ (wy, we) | Foee T
- AaApAc cka;kb;k‘c

2 2 2
Ka ki k=0
e (§waywe) \ AR (€ (g, w,)\ SR (g, we) | T
Z kaikp; kc 2 2 2
Ka ki ke=0
+(a b))+ (a < c)), (B.56)
where
Aa;A ;Ac (_1>ka+kb+kc
Cka;kbﬁcc = ka'kb‘kc' (Aac’b)kac,b (Aab’c)kab,c (Abc’a)kbc,a
X FS) | Aae, =i { = kas —kp, —hic}s { Ba=h+1, 8= h+1, A= h+1}1,1,1],
(B.57)
and
AwidyA,  (—1)Fave 7 T (Agpe, —h)
iy —W(Ab)%b+ka(Ac)2k6+kaF(Aa,bc—kabc,)gm
X F) | Aabe, =i { Dape—Kabe, —hps—ke}i { Ba—h+1,8p=h+1,A,—h+1}:1,1,1).
(B.58)
Here in writing kg . etc., we are using the shorthand (3.17) — note the factor of two
difference with the corresponding notation for conformal dimensions (1.5).
We therefore turn our attention to the integral
3= / Ga,(Wa, Z)Ca, (Wi, 2)Ga, (W, Z) (B.59)
ZeAdS

in embedding space coordinates. Using the same steps which led us from (B.13) to (B.20),
we arrive this time at

5 P f: L(Agpe, — h+ Lo+ Cp + £c) 5
D(ADT(ANT(A) | A Lal (Ba =Rt 1)y, 1Ay =R+ 1)y, Ll (Ac =B+ 1), b
(B.60)
where we have defined
~ [P dtadtydte Ay a—ta+ly+Hle Aoy tla—Ly+Hle , Agy oo+l —Le
3, = %, ‘t, “te
0o tatpte (B.61)
e2taWb~Wc+2tha~Wc+2tha~Wb—%—%—t‘zctb
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Applying the Mellin representation three times, and carrying out the ¢; integrals for i =
a, b, c, we get

—ico 2T

+ioo ¢ €+ ey +ioo de T(Agpetlotly—~L.—co—cptc
= [ g | M) [ goere) Lot bttt
e—ico 2T € —ico 2Tl (_2Wa'Wb) ab,ctlatly—Llc—ca—cCptce

I‘(Aac,b +€a _€b+gc_ca+cb _cc)
(_2Wa . WC)Aac,b""za_eb‘i‘gc_ca‘f'cb_cc

F(Abqa —lg+Ly+Letcqg—cp— Cc)
(_2Wb . Wc)Abcﬂ—Za—i-fb—&-ﬁc—&-ca—cb—cc

e+i00 €+100 e+i00 "
= / deq dey decs, . (B.62)

21 21 21

—100 €—100 €—1300
Performing the ¢, integral by closing the contour on the left and summing over the semi-
infinite sequence of residues at ¢, = —m, and ¢, = Agpe + o — by — Lo + cp + cc — My
(for m, € Np), and then subsequently carrying out the ¢ integral by closing the contour
on the left and summing over the sequence of residues in the c¢p-plane at ¢, = —my and

ey = Dpeg — o+ Uy + e + mgq — my, (for my, € Np), one finds that

e+ioco d -1 Ma+myp
T _/ Ce [(ec) -
€

ico 2mi mg!lmeg!

F(Aac,b+sa - Sb'i_gc_cc)F(Abc,a - Sa'i_Sb'f’gc_Cc)F(Aab,c'f'Sa+Sb _€c+cc)
(_2WC .Wa)Aac,b+Sa_Sb+€c_Cc (_QWC Wb)Abc,a_Sa""Sb"!‘Kc_cc (_2Wa . Wb)Aab,c+Sa+Sb_£C+cc
L(Ac+20c—2cc+ma) T (Agpe—Sp—ma+Lg—letco)T(Ap+2S,+my,)
(—2W,- W, )Aet2le=2cctma( W, . W) ~Ma (—2W, - W) Ao t25s+ma
[(Ac+20—2c.+mp)T(Ap e —Sa—mp+ly—Letco ) T (Ag+2S5,+my,)
(—2W,.- Wb)Ac+2éc—2cc+mb (—2We-W,)~me (—2W, - W) Rat2Satme

(B.63)

Here like before, we are using the definitions S, = mq+¢, and S, = mp+¥£,. The last contour
integral can be carried out by closing the contour on the left as well. In the first term, we
sum over the semi-infinite sequence of residues at ¢, = —m. and ¢, = Ag gy —Sa—Sp+Le—me
with m. € Ng. We will return to the spurious poles in the first term shortly. The second
term has poles at ¢, = —m. and ¢, = Apcq + Sy + Mg — £y + L. — M, with the residue in
the latter case given by

~ (—1)Matmptme
Res Jp=—
Ca:Aa,bc'f'Za_Zb_gc'i‘cb"!‘cc_ma, ma'mb'mc'
Cp=—""myp,
CC:Abc,a+Sb+ma_£a+£c_mc
L2040 — 28y — mg + 20, + 2me)T(Apea + Sp + ma — Lo + €))L (Ap + 25, + my)
(_2Wc . Wa)QAayb—QSb—ma+2€a+2mc(_2Wc . Wb)*ma(_QWa . Wb)Ab+25b+ma

(B.64)

But there are also residues at ¢, = Ay q —Sq + Sp + £ +m. on account of the second factor

- 73 —



of gamma function in the first term in (B.63):

(_1)ma+mb+mc

Res Ji=—
Cq=—"Maq, ma‘mb'mcl
cp=—"m

Cc:Abc,afsa+Sl;+ec+mc
(280 4250 — 28 —1e)T(Apera — Sa+ Sy +Lotme)T(Ap+25) +me)
X (—2Wc ] Wa)QAa,b+2Sa—QSb—mc (—ZWC . Wb)fmc (—2Wa . Wb)Aab,c+Sa+Sb—€c+cc .
(B.65)

The above two types of residues occur at the same values of ¢, and are equal to minus one
another, except with m, and m, interchanged. Hence, on summing over m, and m., these
residues cancel. Similarly, the residues at c. = Ayep + Sq + my — £y + L. — m. due to the
second gamma function in the third term on the RHS of (B.63) cancel with the residues
at cc = Agep + So — Sp + £e + m, due to the first gamma function in the first term. Thus
accounting for the cancellations of residues from spurious poles, we decompose J as follows:

J=3J1+J2+J3+ 4, (B.66)

where the four parts J; are given by

5 " i [(Aape, = b+ Lo + & + L)
" T (AT (AT (AL) ool (Ba = h 1) B ( Ay = h+-1),, Ll (Ao — h + 1),

[e.9]
X Z R; (Mg, my, me)

Ma,Mp,Mc=0

(B.67)
and we have introduced the definitions
R1(mg, mp,me) = Res Ty
Cqa=—"Maq,
cp=—my,
Ce=—Me
Ro (Mg, mp, me) = Res 5,5
’ ’ Ca:Aa,bc"F[a_eb_zc“l‘cb"‘cc_mav
Co=—""p,
Co=—MMe
¢ ‘ ~ (B.68)
Rs(mg, mp, me) = Res f
Cq=—"Ma,
Cb:Ab,ac_ea‘i‘gb_ec“l‘Cc_ma_mbz
Ce=—Me¢
Ry (Mg, mp,me) = Res T
Cq=—"Ma,
Cp=—"my,

ce=Ac qp—La—LpF+Lle—mag—mp—mmc

Defining S, = £, + m., we have

—1)Matmptme
o~ 1)
melmplme!
F(Aac,b+sa_sb+SC)F(Abc,a_Sa+Sb+Sc)F(Aab,c+Sa+Sb_Sc)
(_QWC.Wa)Aac,b+Sa_Sb+Sc(_2WC.Wb)Abc,a_Sa+Sb+Sc(_ZWa.Wb)Aab,c+Sa+Sb_Sc ’
(B.69)
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Changing summation variables from mg, my, and m. to Sy, Sp, and S¢, changing order of
summation of S; and ¢; sums, and recognizing that the sum over £, £, and ¢, constitutes
the Lauricella function Flgg), we obtain

e T(Agpe,—h) i (_1)Sa+Sb+Sc

N
I S T (AT (AT (A 515,15,

SaySp,Sc=0
X F,Exg) Aabe,—h;{=5a, =S, =Sc};{Aa—h+1,Ap—h+1,Ac—h+1};1,1,1
11(Abc,a _Sa+sb+SC)F(Aac,b+Sa _Sb+Sc)F(Aab,c+Sa+Sb_Sc)

X (_2WC Wb)Abc,a_Sa+Sb+Sc (_2WC Wa)Aac,b+Sa_Sb+Sc (_QWa . Wb)Aab,c+Sa+Sb_Sc ’
(B.70)

For the second part of J, we start with the observation that

(—1)m"+mb+m6 F(AC + 25, + ma)F(Aa,bc — Sy —mg + 4L, — SC)F(Ab + 25, + ma)
mg!mplm,! (—2W, - Wb)AC+2SC+m“(—2Wc - Wy)—ma(=2W,, - Wb)AbJFQSbJFma
(B.71)

RNy =

Changing summation variable from my and m. to Sp and S., changing order of summation,
and re-casting the sum over £, ¢y, £. as a Lauricella function, one finds that the second
part of J is given by

7T (Aase, — ) i (—1)matSitSe

J2 = 16,151
2I'(A,) - me!Sp!Se!
% (AC)2SC+T)’L{L (Ab)ZSb-i-ma F(Aa,bc - Sb - SC - ma)
(—2W, - Wp)~™a(—2W, - W,)Act2Sctma (=2, - W, )26 +25s+ma (B.72)

X Ff) [Aabc, - h; {Aa,bc - Sb - Sc — Mg, _Sb7 _Sc};

{Aa—h+1,Ab—g+1,Ac—h+1};1,1,1}.
The remaining two terms in (B.66) are obtained by a mere relabeling of indices:

I3 = 2|, Ji=J2|,., (B.73)

Finally, using (B.70) and (B.72) to add up Ji, J2, J3, and Jg, it is straightforward to
reproduce (B.56).

B.2 Hypergeometric identities

B.2.1 Proof of equation (4.12)

In this appendix we provide a derivation of equation (4.12),

A1;A2
Apr

oo
M=0 Nay+a,+2M m2AO - m2Al+A2+2M B(Ao1,2, Ao2,1)

— 75 —



Using the definitions (4.21), (3.1), and (3.8) for m%, Na, and ay; 82 we can explicitly
write out the LHS of (B.74) as

LHS — 97 hZ T(2A10 +2M —h+1) (=1)M T(2A12, +2M) T(2A12 +M —h)
B ['(2A19,+2M) M! T(A)D(Ag) T(2A19+2M —h)

B.75
) . (B.75)
AO(A0—2h)—4(A12,+M)(A12,+M—h) .
The sum above may be recast in terms of the hypergeometric 4F3 function:
LHS — th(2A127 — h) (A12 g + 1) (Am — 7) (Am —h+ AO)
P(ADT(A2) T(Arp, - §)T(Ar, — 52 + DI(Ary, —h+ 52 +1)
Ao A h
><4F3[{2A12—h Ag, —h+ — 5 , Aqa, —70, A12,—2+1}; (B.76)

{Am 7&+1, JAND) *th@Jrl, JAND: h};1:|.

’ 2 ’ 2 2

The arguments of the above 4F3 hypergeometric functions are not all independent. In
fact, hypergeometric functions whose arguments exhibit the precise linear dependence of
the arguments of the 4F3 function in (B.76) are known in the mathematics literature as
“very-well poised hypergeometric functions” and in the present case simplify to a ratio of
gamma functions according to the identity [133]:

a a Fa—b+1)I'(a—c+1)
F: —4+1¢;9=,a— 1,a — 1¢;—-1| = . (B.
4 3[{“’b’c’2+ bi{ga-brta-crifs ] Tlat Dla—b—ct1) 270

Applying (B.77) to (B.76), cancelling factors in numerator and denominator, and recalling
the definition (3.6), we recover (B.74):

LHS _ " T(A10)l(Aorz, — 1) Cagaga,

2 I'(ANT(A2) ~ B(Aoi2, Do)
B.2.2 Proof of equation (5.19)

(B.78)

In this appendix, we provide a derivation of equation (5.19). That is, we show that

fo%) oo
Al,AgdZaAjj) +2M;Az A0 =Y f(m 2303_]&2% Asillo (B.79)
M=0 M=0
where the function f(M) is given by
A )
() = o OCAl A2 2o +2M
/300(2A013,2+2M, 2A023,1"‘2]\4) (B 80)

_ Lh (—1)M (Ao)ar(As)ar F<2A037—i—M—h)F(AOlQ&—i—M—h)F(Alzog—M)
2 M! T(A)T(Ag) (2803 +2M —h) :

and the ¢ and d symbols were defined in (B.35)-(B.36). We first recall that the FQ(A)
Lauricella function, which appears in expressions for both ¢ and d symbols, is defined via
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a double-sum, one of which can be carried out to yield a ratio of gamma functions:

2 (€),(D)e, ~= (e+€p)e, (a)s,
4) [e, {a,b},{A,B};Ll] =, (gb)f(é))f Z( za!@i)i :
£,=0 b =0 ‘

- i (e)eb(b)eb FAT(A—a—e—{)
0,=0 0! (B)g, T(A—a)T(A—e—1f)°

(B.81)

Applying this identity to the Lauricella functions appearing in the symbols d2A12+2M Asilo

and cifff’}f% 43380 we can recast the left- and right-hand sides of (B.79) as sums over /£

as follows:

T(As + k)T (Ao + 2k + ko) i (—ky)e, T (kap, — £y + 1)

LHS =
kolkp! &!(AQ —h+ 1)51;

Ly, (B.82)
£,=0

T(Ag + k)T (A + 2k + ko) ’“Z (=ko)e, D (kap, — £ + 1)

HS =
RHS kalks! fb!(Ao —h+ 1)41)

be ’ (B83)
£,=0

where Ly,, Ry, in the summands are given by

ah (_1)kab7 o0 aﬁl?A2
L, = T(A M-k,
b= TAGI(Ay) 2 T(2As, 1 20) (A1200+ M~ h) (B.54)
F(A()lzg’ + M —h+ Zb)F(2A12, +2M — h + 1)
I'(Aoi23, + M — h+ kgp, + 1)I'(A1203 + M — £, + 1)
M!
Ry, = f(M)
kap. — M) (A + M)T(Ag + M

F(?Aog7 + M —h+ E(,)F(QAQ;},7 +2M —h+1)
F(2A03, + M — h)l—‘(ong7 +M—-h+1+ kab)F(M +1—4) '

Now, the identity (B.79) follows from the fact that the summands above are identical, that
is (B.84) and (B.85) are equal, which can be seen by first noting that the sums over M
may be expressed in terms of 4F3 hypergeometric functions:

h (—1)kab, ['(2A12, — h + 1)['(A12,03 — kap, ) T'(Ao123, — h + 4p)

T

Ly =

T Y T(A)T(ANT (AT (As)  T'(Agras, — h+ L+ kap )T (Araos — & + 1)

h
4F3 {2A12 h, A1203 — kap, , Do123, —h+ 4y, Arg — 5 + 1} ;
{Au, ; Ao12s, —h+ 1+ ke, , A1203 — €+ 1} 1} (B.86)

R, — L (—1)&’ F(QA()g7 —h+ 2&7 + I)F(A0123, + Eb — h)F(Am,og — ﬁb)

" 9 D (Ag)T(ADT (A (As) T(2803, + €y — h + 1+ kap )T (kap, — £y + 1)

h
4F3 {2A03,—h+2€b, by — kap, , Do123, + Ly —h Aog,—2+€b+1};

h
{2A037 —h+ b+ kg, + 1, A03,12 + 4y + 1, Aog7 -3 —l—gb} ; —1:|. (B.87)
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The 4 F3 hypergeometric functions in (B.86)—(B.87) are well-poised as well. Applying (B.77)
to these, we find that Ly, and Ry, can be simplified to the same expression,

mh (—1)kas, I'(A12,03 — kap )T (Ao123, — h + 4p)

Ly, = — R, (B.8S8
2 T(Ag)T(A1)T(A2)T(As) [(kap, — €+ 1) b ( )
which establishes (B.79).
B.2.3 Proof of equation (5.32)
In this appendix we prove the identity

oo Al,Ag 2412, +2M;A3;A dAmAs;Ab 00

Z ka by Dk, ] B Z (M 2Ab3 F2M;A5A,

= Kap,— Mk ’
M=0 2A12 +2M mO N, NA2A127+2A{ 0 > b
(B.89)

where the function g(M) is given by

A JA
1 Cayng28p5+2M Y

Na, mzAbg +2M mA B(Apo3,1 + M Apizo+ M)

_ (w’l)z M(Ao—h+1) (-)M (80)ar(A3) (B.90)
2 ) T(Ag)I'(A)T(A2) MU (Apos, + M — h)(Aops — M)
[(Api2s, + M — h)I'(A1gp3 — M)T'(2Ay3, + M — h)
T(203, +2M — h) ’

g(M) =

and the ¢, d symbols can be found in (B.35)—(B.36). Using the series expansion (B.81) of

2A M;Az;A .
Lauricella functions in ¢; - bs_x; . ¥7 we may rewrite the RHS of (B.89) as

RHS =

T(Az + ko) D(Ay + 2Ky + ko) ﬁ”: (=), T (kap, — 0y + 1)

ka!kb! eb'<Ab —h+ l)fb Reb ) (Bgl)

£,=0
where Ry, is given by

o

M
- M
Ray = o >(kab,—M)!r(A3+M)r(Ab+M)
(2003, +M —h+0,)T (203, +2M — h+1)
F(QAb&+M—h)r(2Ab37+M—h+1+kab7)F(M+1—fb)
72 (—1)% 1T (Ag— At DD(A g5 — )T (2045, —h+20,+ DT (Apizg, —h+6y)

4 T(A)T(A)T (AT (A2)T(A3)T (kap, —y+1)T (283 — h+1+ Ly +kap,)

X 1 (B.92)
(Apo3, —h=+Ly) (Apz,0+Lp)

X6l [{QAb3,—h+2€b, Cy—Fkap, , Dpi23,—h+0y , Apoz, —h+Lly , Dp3o+0p ,

h
Aps, —+€b+1} {QAbg —h+Lly+kap, +1, Apz2+lp+1,

h
Abg’o—i-gb—f—l , Abog’—h-l-ﬁb—i-l , Abs,_2+€b}§_1] .
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The ¢F5 hypergeometric function is very well-poised as well and can be reduced to a 3F5
hypergeometric function with the help of [134, Theorem 3.4.6] to give

Ry — 2 (—1) T (Ag — b+ DT (Argps — )T (Dbizs, — h + 4)
b4 (AT (A) T (AT (A2)T(A3) (ap, — €5 + 1)
['(Apza2 + 0+ 1) 1
I'(Apz12 + kap, + 1) (Apoz, — b+ £y) (Apz 0 + )

X 3Fy | {1, by — kap, , Apioz, —h 4} i {Ap30+ 0+ 1, Apos, —h+ 0 +1};1

(B.93)

Turning to the LHS in (B.89), we can use the identity (4.12) to directly evaluate the sum

over M in the second term inside the square brackets. Then, applying (B.81) to the symbols
dA1TA2+2M A58, o 4 dAo;As;Ab

oty . we get
Al,AQ 2A12 +2M;A3;A, C
kask NoA1A Ao:As:A
LHS = Z a bN + A 0 1A2 dkao-kbg b
MiA L, vonr — M Ao B(Aog1,2, Ag2,1) "o

(B.94)

_ T(As + ka)T(Ay + 2k + Ka) i (=kn)e, T (kap, — £y + 1)

(1) (2)
Ka!kyp! G Ay — h+ 1)& (Egb + Efb )5

£,=0

where the terms EZ) and 52) are given by

£@ _ Capaga, Lh( 1)kav. T (Aosp, — h) T'(Dobs — kab,)(Doss, — B)g, T (Ao — h + 1)
b T B(Aoi2s A1) 2 T(A0)T(A3)T(A,)  T(Aops — o+ DI(Apos, — b+ kap, +1)
(B.95)
and
£ 1 (=1 = aqt o

[ (Apr23,+M —h)T(A12p3+M —kqp, ) (Ap123,+M —h)y,
F(2A127+2M)F(A12753+M—€b+1)(2A127+2M—h+1)kab7+Ab3712,M
_ " D(Ag—h+1) (—1)kao. T (A 12,3 —kap )T(2A12, — R+ 1)T(Ap123, —h+0p)
4 App(Aoiz,—h) T(AT(A0)T (A1) (A2)L(A3)L(Apros, —htkap, +1)T (A2 p3— Ly +1)

h
X6l H?Aw—h, Avgp3—kap, , Dp123,—h+Lly , D120, Agi2,—h, A12,—2+1};

h
{Ab123,—h+kab,+1 y Ao ps—ly+1, Ao o+1, Agig, —h+1, Alz,—2} ;—1]-

(B.96)

Once again, the ¢F5 hypergeometric function above is very well-poised, so it can be reduced
to a 3F5 function with the help of [134, Theorem 3.4.6], to give

£V — m _ T(Ag=h+1) (—1)haett L' (A12,3—Kap, )T (Api23, —h+0)
A 4 Aj20(Ag12,—h)T(Ag) T(Ap)T (A1) (A (A3) T (kqp,—Lp+1)
x3Fy | {1, Aiop3—Fkab, » Dur23, —h+L0p}; {12041, Dorg, —h+1};1]. (B.97)
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Finally, using the identity [135, Case 28],
sFa[{1,—k,a+b}; {b+c+1,b—c+1};1]  3F[{l,a—b—k,a+b};{a+c+1,a—c+1};1]

(b+c)(b—c) (a—c)(a+c)

Fk+1D)I'(a—c)T'(a+c)T'(b—c)T'(b+c)

=(—1)* B.98
(=1) T(a—b—k)T(a+b)T(b—c+k+1)T(b+c+k+1)’ ( )
where k € Ny, it can be checked that
1 2
£+l =Ry, (B.99)
which establishes (B.89).
B.2.4 Proof of equation (5.39)
In this appendix we provide a derivation of equation (5.39):
= 2019 +2M;Ap; A (20, F2M3 A A
art g, = Z T, (B.100)
M=0
where the function f (M) is given by
Fr) = aff;ACCAl Ay 2A4e +2M
B(Aper2+M , Apea 1+ M)
1)M 7h I'(A2pe—M)T(Apero. —h+M) T'(2Ap.. —h+M
:( ) 7F(A—|—M) (AC—{—M) ( 12,b ) ( becl2, ) ( be, )7
M! F(A)T(AJT(ANT(Ay)  T(2Ay, +2M —h)
(B.101)

and the ¢, d symbols can be found in (B.57)—(B.58). The F?EA) Lauricella function which
appears in the ¢, d symbols is defined via a triple-sum (see (B.12)), one of which can be
performed to yield a double-sum over a ratio of gamma functions:

)tne (D)0, (e o~ (e+lbe)e, (@),
e {a.b,c},{A,B.C}H1,1] &; AT )eb( )ec ZO La!(A)e,

oo (D), (€)e, T(AT(A—a—e—{ye)
Z gbug v( )6, (C)e, T(A—a)T(A—e—1Ly.)’

(B.102)

vagc

where we have defined (., = /¢, + {.. Applying this to the Fj (A Lauricella functions
2012 +2Mg;Ap;Ac 2Abc +2M;Ap;Ac

appearing in the expressions for the symbols d; - ook and c;, oo —Mikosk, > We can
recast the left- and right-hand sides of (B.100) as follows:
— T(Ac+ 2k + ko) T(Ap 4+ 2ky + ko) <= (=kb)e,(—ke)e.T (Kave, — loe, +1) ~
LHS = Z L
kolkplke! &,'E Ay —h+1)(Ac—h+1),

‘ebv <=0

(B.103)

F(Ac + ch + ]{,‘a)r(Ab + 2k:b + k? Z kb Zb )Ecr(kabc, - gbc, + 1) R
ka'kb'kc' Eblf ! Ab —h + 1)&) (AC —h + 1)(c LpLle s

(B.104)

RIS =
£,£e=0

— 80 —



where Ly, ¢., Ry, ¢. in the summands are given by

- ah (_1)kabc, ©© a]\A/Il A2
Ltvte = 5 PR (A 2. [(2A19, + 2M)F(A12’bc M = Kae,) 105
T'(Apera, + M — b+ £y )T (2015, + 2M — b+ 1) (B.105)
L(Aperz, + M — h+ kgpe, + )T (Avgpe + M — by, + 1)
and
- . M!
Fuote = 2 1O G SR, + ST(A, + 30) 106

T(20pe, 4+ 2M — h 4 1)
e T (280, + M — I+ kape, + DI(M + 1 — )

Now, by comparing (B.101) with (B.80), (B.105) with (B.84), and (B.106) with (B.85), we
observe that

X (QAZ,C7 + M —h)

LZ(,,ZC = Léb A()-)Ab Réb,éc = sz A()—)Ab .
Az—A, Az—A, (B.107)
ébg)fbc) f[,*)@bc’
kab,*)kabc, kab,ﬁkabc,

Hence (B.88) implies Zgb,gc = E@MC, from which (B.100) follows.

B.2.5 Proof of equation (5.43)

In this appendix we derive equation (5.43):

S ayht? diAllf’ZQM;Ab;AC dip OB > 2Ape +2M; A A
aiRbiRe a;Rp;Re _ ~ be, yRbRAc
Z - = Z 9(M)cy, bo.—Mikyike
m NA NA abce, b Re
M=0 2A12 +2M 0 0 20819 +2M M=0
(B.108)
where the function g(M) is given by
Ap; A
_ 1 Cayny2n, +2M ay e
g(M) = e A (B.109)

Na, mgAbc,+2M — m2A0 B(Abcg,l + M, AbCLQ + M) ’

and the ¢, d symbols are given in (B.57)—(B.58). By applying the F( ) identity (B.102) to
the Lauricella function appearing in the symbol ki“j@%ﬁi’Ac, we may rewrite the RHS

of (B.108) as

RHS =

F(Ac + 2kc + k ) (Ab + 2kb + k Z k}b eb )fcr(kabc, — Ebc, _|_ 1) ~
kolkplk,! Eb Ab —h+ 1)[275 I(AC —h+ 1)& Ly, Le

(B.110)

where Ry, ¢. in the summand is given by

> M)

Reyee = > §(M)
ote kape. — M)'T(Ap + M)T(Ap + M
v (Kabe, N (A )L (A ) (B.111)
(204, + M — h)g, T'(20pc, +2M — h + 1)

D284, + M — h+ kpe, + DT(M — lye, + 1)
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Turning to the left-hand side of (B.108), applying (4.12) and using (B.102) we are led to

Al,Az d2A12,+2M;Ab;Ac
kaikoske CaoAiny  AgiApA.
CHS Z 2 N + B A A dka§kb§kc
2A12+2M —mg Ao (Ao1,2, Aoz,1)

_ DAt 2ke +ka)T(RoF 2k, + ko) kb )o, (= ecf(kabc fbc,+1) £, 42

kolkylke!
(B.112)
where the [,gi) ¢, functions in the summand are given by
LA G ay
wle 2 T(A)T(AL) = Na, (m%AmHM—m%) (B.113)

F(AbdZ,+M_h+€bc,>F<A12,bc+M_kabc,)r(2A12,+2M_h+ 1)
L(2A12,4+2M)T (A2 pe+ M —lye, +1)T (Apero, + M —h+kgpe, +1)

and

2 Cagaa, 7 (=1)Pere T(Apey, —h) D(Aope—Kabe,) (Avco, = 1), I(Ao—h+1)
fole ™ B(Ag12, Ao21) 2 D(A)L(ADT(Ao)  T(Aope—Lloe, + 1T (Apeo, — h+Kape, +1)
(B.114)
By comparing (B.109) with (B.90), (B.111) with (B.92), (B.113) with (B.96), and (B.114)
with (B.95), we see that

A p) A2 _ p@2) >3 _
Egb,gc - Egb Az—Ac Egb,gc - ﬁgb Az—Ac sz,ec = R&, Az—Ac - (B 115)
ebﬁfbcy ebﬁbe Ebeébcy .
kab,%kabc, kab,—ﬂfabc, kab,_)kabc,

Consequently, (B.99) implies Zéi)gc + Eg)fc = 'ﬁ,gb,gc , which proves (B.108).
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