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1 Introduction

The quantization of the gravitational field is one of the most prominent open problems in
modern theoretical physics. Within the Loop Quantum Gravity framework, one can study
the nonperturbative quantization of gravity, both canonically and covariantly, see [1-3] for
an overview and a comprehensive introduction. The covariant approach focuses on the
definition of the path integral for the gravitational field,

7 /Dg ¢iSlal (1.1)

by considering a triangulation of a spacetime manifold, and defining the path integral as
a discrete state sum of the gravitational field configurations living on the simplices in the
triangulation. This quantization technique is known as the spinfoam quantization method,
and roughly goes along the following lines:

1. first, one writes the classical action S[g] as a topological BF' action plus a simplicity

constraint,



2. then one uses the algebraic structure (a Lie group) underlying the topological sector
of the action to define a triangulation-independent state sum Z,

3. and finally, one imposes the simplicity constraints on the state sum, promoting it
into a path integral for a physical theory.

This quantization prescription has been implemented for various choices of the action, the
Lie group, and the spacetime dimension. For example, in 3 dimensions, the prototype
spinfoam model is known as the Ponzano-Regge model [4]. In 4 dimensions there are
multiple models, such as the Barrett-Crane model [5, 6], the Ooguri model [7], and the
most sophisticated EPRL/FK model [8, 9]. All these models aim to define a viable theory
of quantum gravity, with variable success. However, virtually all of them are focused on
pure gravity, without matter fields. The attempts to include matter fields have had limited
success [10], mainly because the mass terms could not be expressed in the theory due to
the absence of the tetrad fields from the BF sector of the theory.

In order to resolve this issue, a new approach has been developed, using the categorical
generalization of the BF' action, within the framework of higher gauge theory (see [11] for a
review). In particular, one uses the idea of a categorical ladder to promote the BF' action,
which is based on some Lie group, into a 2 BF action, which is based on the so-called 2-group
structure. If chosen in a suitable way, the 2-group structure should hopefully introduce
the tetrad fields into the action. This approach has been successfully implemented [12],
rewriting the action for general relativity as a constrained 2 B F' action, such that the tetrad
fields are present in the topological sector. This result opened up a possibility to couple
all matter fields to gravity in a straightforward way. Nevertheless, the matter fields could
not be naturally expressed using the underlying algebraic structure of a 2-group, rendering
the spinfoam quantization method only half-implementable, since the matter sector of the
classical action could not be expressed as a topological term plus a simplicity constraint,
which means that the steps 2 and 3 above could not be performed for the matter sector of
the action.

We address this problem in this paper. As we will show, it turns out that it is necessary
to perform one more step in the categorical ladder, generalizing the underlying algebraic
structure from a 2-group to a 3-group. This generalization then naturally gives rise to the
so-called 3BF action, which proves to be suitable for a unified description of both gravity
and matter fields. The steps of the categorical ladder can be conveniently summarized in
the following table:

categorical algebraic linear topological degrees of
structure structure structure action freedom
Lie group Lie group Lie algebra BF theory | gauge fields
) Lie crossed differential Lie
Lie 2-group 2BF theory | tetrad fields
module crossed module
) Lie 2-crossed | differential Lie scalar and
Lie 3-group 3BF theory
module 2-crossed module fermion fields




Once the suitable gauge 3-group has been specified and the corresponding 3 BF action
constructed, the most important thing that remains, in order to complete the step 1 of the
spinfoam quantization programme, is to impose appropriate simplicity constraints onto
the degrees of freedom present in the 3BF action, so that we obtain the desired classical
dynamics of the gravitational and matter fields. Then one can proceed with steps 2 and 3
of the spinfoam quantization, hopefully ending up with a viable model of quantum gravity
and matter.

In this paper, we restrict our attention to the first of the above steps: we will construct a
constrained 3BF action for the cases of Klein-Gordon, Dirac, Weyl and Majorana fields, as
well as Yang-Mills and Proca vector fields, all coupled to the Einstein-Cartan gravity in the
standard way. This construction will lead us to an unexpected novel result. As we shall see,
the scalar and fermion fields will be naturally associated to a new gauge group, generalizing
the notion of a gauge group in the Yang-Mills theory, which describes vector bosons. This
new group opens up a possibility to use it as an algebraic way of classifying matter fields,
describing the structures such as quark and lepton families, and so on. The insight into
the existence of this new gauge group is the consequence of the categorical ladder and
is one of the main results of the paper. However, given the complexity of the algebraic
properties of 3-groups, we will restrict ourselves only to the reconstruction of the already
known theories, such as the Standard Model (SM), in the new framework. In this sense, any
potential explanation of the spectrum of matter fields in the SM will be left for future work.

The layout of the paper is as follows. In subsection 2.1 we will give a short overview
of the constrained BF' actions, including the well-known example of the Plebanski action
for general relativity, and a completely new example of the Yang-Mills theory rewritten
as a constrained BF model. In the subsection 2.2 we also introduce the formalism of the
constrained 2B F actions, reviewing the example of general relativity as a constrained 2 BF
action, first introduced in [12]. In addition, we will demonstrate how to couple gravity in
a natural way within the formalism of 2-groups. Section 3 contains the main results of
the paper and is split into 4 subsections. The subsection 3.1 introduces the formalism of
3-groups, and the definition and properties of a 3BF' action, including the three types of
gauge transformations. The subsection 3.2 focuses on the construction of a constrained
3BF action which describes a single real scalar field coupled to gravity. It provides the
most elementary example of the insight that matter fields correspond to a gauge group.
Encouraged by these results, in the subsection 3.3 we construct the constrained 3B F' action
for the Dirac field coupled to gravity and specify its gauge group. Finally, the subsection 3.4
deals with the construction of the constrained 3 B F' action for the Weyl and Majorana fields
coupled to gravity, thereby covering all types of fields potentially relevant for the Standard
Model and beyond. After the construction of all building blocks, in section 4 we apply
the results of sections 2 and 3 to construct the constrained 3BF' action corresponding to
the full Standard Model coupled to Einstein-Cartan gravity. Finally, section 5 is devoted
to the discussion of the results and the possible future lines of research. The appendices
contain some mathematical reminders and technical details.

The notation and conventions are as follows. The local Lorentz indices are denoted
by the Latin letters a,b,c, ..., take values 0,1,2,3, and are raised and lowered using the



Minkowski metric 74, with signature (—,+,+,+). Spacetime indices are denoted by the
Greek letters yu,v, ..., and are raised and lowered by the spacetime metric g, = nabeaueb,,,
where e?,, are the tetrad fields. The inverse tetrad is denoted as e#,. All other indices that
appear in the paper are dependent on the context, and their usage is explicitly defined in
the text where they appear. A lot of additional notation is defined in appendix A. We work
in the natural system of units where c=h =1, and G = ZIQ), where [, is the Planck length.

2 BF and 2BF models, ordinary gauge fields and gravity

Let us begin by giving a short review of BF and 2BF theories in general. For additional
information on these topics, see for example [11, 13-18|.

2.1 BF theory

Given a Lie group G and its corresponding Lie algebra g, one can introduce the so-called
BF action as

SBFZ/M <B/\.7'—>g. (2.1)

Here, F = da+ a A« is the curvature 2-form for the algebra-valued connection 1-form « €
AY(My, g) on some 4-dimensional spacetime manifold M. In addition, B € A?(My,g)
is a Lagrange multiplier 2-form, while (_,_)y denotes the G-invariant bilinear symmetric
nondegenerate form.

From the structure of (2.1), one can see that the action is diffeomorphism invariant,
and it is usually understood to be gauge invariant with respect to G. In addition to these
properties, the BF' action is topological, in the following sense. Varying the action (2.1)
with respect to B and o, where the index § counts the generators of g (see appendix A
for notation and conventions), one obtains the equations of motion of the theory,

F=0, VB=dB+aAB=0. (2.2)

From the first equation of motion, one immediately sees that « is a flat connection, which
then together with the second equation of motion implies that B is constant. Therefore,
there are no local propagating degrees of freedom in the theory, and one then says that the
theory is topological.

Usually, in physics one is interested in theories which are nontopological, i.e., which
have local propagating degrees of freedom. In order to transform the BF action into
such a theory, one adds an additional term to the action, commonly called the simplicity
constraint. A very nice example is the Yang-Mills theory for the SU(NN) group, which can
be rewritten as a constrained BF theory in the following way:

12
S = /B]/\Fl—i—)\l/\ <B[—Mab15a/\5b> —I—Cabl (MabIECdef5CA5dA(56A5f—g]JFJ/\(Sa/\(Sb) .
g

(2.3)
Here F' = dA+ AA A is again the curvature 2-form for the connection A € A'(My,su(N)),
and B € A?(My,su(N)) is the Lagrange multiplier 2-form. The Killing form g;; =



(11, TJ>5u(N) x f[KLfJLK is used to raise and lower the indices I, J, ... which count the gen-
erators of SU(N), where f7,% are the structure constants for the su(N) algebra. In addition
to the topological B A F' term, we also have two simplicity constraint terms, featuring the
Lagrange multiplier 2-form A’ and the Lagrange multiplier 0-form ¢*!. The 0-form M_y;
is also a Lagrange multiplier, while ¢ is the coupling constant for the Yang-Mills theory.

Finally, §% is a nondynamical 1-form, such that there exists a global coordinate frame
in which its components are equal to the Kronecker symbol 6%, (hence the notation §¢).
The 1-form ¢ plays the role of a background field, and defines the global spacetime metric,
via the equation

N = nabéauéby ; (24)

where 1y, = diag(—1,+1,41,+1) is the Minkowski metric. Since the coordinate system
is global, the spacetime manifold My is understood to be flat. The indices a,b,... are
local Lorentz indices, taking values 0,...,3. Note that the field §* has all the properties
of the tetrad 1-form e® in the flat Minkowski spacetime. Also note that the action (2.3) is
manifestly diffeomorphism invariant and gauge invariant with respect to SU(N), but not
background independent, due to the presence of §%.

The equations of motion are obtained by varying the action (2.3) with respect to the
variables ¢(*1, My,7, AT, By, and A, respectively (note that we do not take the variation
of the action with respect to the background field §¢):

Mapredef0S NOE NSNS — Fr NG, NS, =0, (2.5)
—i?VA5QA$+(“%wq¥A6dA$A6f—O, (2.6)

—dBr + fir" B A AT +A(CP180 A ) — Frr Kb NGy A AT =0, (2.7)
Fr+A =0, (2.8)

zﬁ-ffA@MMAabzo, (2.9)

From the algebraic equations (2.5), (2.6), (2.8) and (2.9) one obtains the multipliers as
functions of the dynamical field A”:

1
ed> AMab=Frab, Brab= %&zbchICd-
(2.10)
Here we used the notation Frq, = F7,,04" 0", where we used the fact that §¢, is invertible,

cobl 1 _abed pr

1
Mupr = —EabeaF 1, 1
g

48

and similarly for other variables. Using these equations and the differential equation (2.7)
one obtains the equation of motion for gauge field AZ,

Y, Flen =g, Flon 4 g d A FRen — g, (2.11)

This is precisely the classical equation of motion for the free Yang-Mills theory. Note that
in addition to the Yang-Mills theory, one can easily extend the action (2.3) in order to
describe the massive vector field and obtain the Proca equation of motion. This is done
by adding a mass term

1
—$mMmNmW%MWAWA$AW (2.12)



to the action (2.3). Of course, this term explicitly breaks the SU(N) gauge symmetry of
the action.

Another example of the constrained BF' theory is the Plebanski action for general
relativity [15], see also [13] for a recent review. Starting from a gauge group SO(3,1), one
constructs a constrained BF action as

S = Bap A R® + ¢ apeaB™® A B (2.13)
My

Here R™ is the curvature 2-form for the spin connection w®, By, is the usual Lagrange
multiplier 2-form, while ¢4pcq is the Lagrange multiplier 0-form corresponding to the sim-
plicity constraint term B® A B°®. It can be shown that the variation of this action with
respect to Bgp, w™® and ¢gapeq gives rise to equations of motion which are equivalent to
vacuum general relativity. However, the tetrad fields appear in the model as a solution
to the simplicity constraint equation of motion B® A B = 0. Thus, being intrinsically
on-shell objects, they are not present in the action and cannot be quantized. This renders
the Plebanski model unsuitable for coupling of matter fields to gravity [10, 12, 19]. Never-
theless, as a model for pure gravity, the Plebanski model has been successfully quantized
in the context of spinfoam models, see [1, 2, 8, 9] for details and references.

2.2 2BF theory

In order to circumvent the issue of coupling of matter fields, a recent promising approach
has been developed [12, 19-23] in the context of higher category theory [11]. In particular,
one employs the higher category theory construction to generalize the BF' action to the
so-called 2BF action, by passing from the notion of a gauge group to the notion of a gauge
2-group. In order to introduce it, let us first give a short review of the 2-group formalism.

In the framework of category theory, the group as an algebraic structure can be under-
stood as a specific type of category, namely a category with only one object and invertible
morphisms [11]. The notion of a category can be generalized to the so-called higher cat-
egories, which have not only objects and morphisms, but also 2-morphisms (morphisms
between morphisms), and so on. This process of generalization is called the categorical
ladder. Similarly to the notion of a group, one can introduce a 2-group as a 2-category
consisting of only one object, where all the morphisms and 2-morphisms are invertible. It
has been shown that every strict 2-group is equivalent to a crossed module (H % D>,
see appendix A for definition. Here G and H are groups, § is a homomorphism from H to
G, while > : G x H — H is an action of G on H.

An important example of this structure is a vector space V' equipped with an isometry
group O. Namely, V can be regarded as an Abelian Lie group with addition as a group
operation, so that a representation of O on V is an action > of O on the group V, giving
rise to the crossed module (V 20 ,>>), where the homomorphism 9 is chosen to be trivial,
i.e., it maps every element of V' into a unit of O. We will make use of this example below
to introduce the Poincaré 2-group.

Similarly to the case of an ordinary Lie group G which has a naturally associated
notion of a connection «, giving rise to a BF' theory, the 2-group structure has a naturally



associated notion of a 2-connection («, ), described by the usual g-valued 1-form a €
AY(My,g) and an h-valued 2-form B € A?(My,b), where b is a Lie algebra of the Lie
group H. The 2-connection gives rise to the so-called fake 2-curvature (F,G), given as

F=dat+aha—08, G=dB+an”p. (2.14)

Here o A® 8 means that o and 8 are multiplied as forms using A, and simultaneously
multiplied as algebra elements using >, see appendix A. The curvature pair (F, G) is called
fake because of the presence of the J5 term in the definition of F, see [11] for details.

Using these variables, one can introduce a new action as a generalization of the BF
action, such that it is gauge invariant with respect to both G and H groups. It is called
the 2BF action and is defined in the following way [16, 17]:

&BF:[;<BAfh+KCAg%, (2.15)

where the 2-form B € A%(My, g) and the 1-form C € A'(My, ) are Lagrange multipliers.
Also, (-, -)g and (_, _)y denote the G-invariant bilinear symmetric nondegenerate forms for
the algebras g and b, respectively. As a consequence of the axiomatic structure of a crossed
module (see appendix A), the bilinear form (_,_)y is H-invariant as well. See [16, 17] for
review and references.

Similarly to the BF action, the 2BF" action is also topological, which can be seen from
equations of motion. Varying with respect to B and C' one obtains

F=0, G=0, (2.16)

while varying with respect to a and 8 one obtains the equations for the multipliers,
dBy — gag By AP —>0,"Cy A B =0, (2.17)
dCy — 0,%Ba 4+ Bad’Cy A a® = 0. (2.18)

One can either show that these equations have only trivial solutions, or one can use the
Hamiltonian analysis to show that there are no local propagating degrees of freedom (see
for example [21, 22]), demostrating the topological nature of the theory.

An example of a 2-group relevant for physics is the Poincaré 2-group, which is con-
structed using the aforementioned example of a vector space equipped with an isometry
group. One constructs a crossed module by choosing

G =S50(3,1), H=R*, (2.19)

while 1> is a natural action of SO(3,1) on R*, and the map 0 is trivial. The 2-connection
(a, B) is given by the algebra-valued differential forms

a=w®M,, B =3P, (2.20)

where w® is the spin connection, while M, and P, are the generators of groups SO(3,1)
and R*, respectively. The corresponding 2-curvature in this case is given by

F = (dw® 4w Aw®) My, = R®My,, G = (dB%+wABY)P, = VAP, = G°P,, (2.21)



where we have evaluated A” using the equation My, > P. = Nipe - Note that, since 0 is
trivial, the fake curvature is the same as ordinary curvature. Using the bilinear forms

<Mab7 Mcd>g = na[cnbd] ; <Pa7 Pb)h = Nab » (2‘22)

one can show that 1-forms C* transform in the same way as the tetrad 1-forms e® under
the Lorentz transformations and diffeomorphisms, so the fields C* can be identified with
the tetrads. Then one can rewrite the 2BF action (2.15) for the Poincaré 2-group as

Sopr = / B A Ry +e, ANVSY. (2.23)
My

In order to obtain general relativity, the topological action (2.23) can be modified by
adding a convenient simplicity constraint, like it is done in the BF case:

1

S = B® A Rap + €a A VB = Aap A <B“b — ﬁsabc‘iec A ed> . (2.24)
My 167Tlp

Here A\, is a Lagrange multiplier 2-form associated to the simplicity constraint term, and

l, is the Planck length. Varying the action (2.24) with respect to Bgp, €q, wab, Sa and Agp,

one obtains the following equations of motion:

Ry — Ay =0, (2.25)
1
VBa+ ——5cabea\ Aed =0, (2.26)
82
VBgp — €la Bb] =0, (2.27)
Ve, =0, (2.28)
1
Bab . abced . =0. 2.9
167rl§8 ecNeg=0 (2.29)

The only dynamical fields are the tetrads e?, while all other fields can be algebraically
determined, as follows. From the equations (2.28) and (2.29) we obtain that VB = 0,
from which it follows, using the equation (2.27), that e, A B = 0. Assuming that the
tetrads are nondegenerate, e = det(e?,) # 0, it can be shown that this is equivalent to
the condition % = 0 (for the proof see appendix in [12]). Therefore, from the equa-
tions (2.25), (2.27), (2.28) and (2.29) we obtain

1
)\ablw = Rabyyy /Ba,ul/ = 07 Bab;w = Wgabcdecuedua w“b# = Aab# . (230)
p

Here the Ricci rotation coefficients are defined as

1
A abu — §(Cabc Ccab cbca)ecu , (231)
where

¢ = etpe’ . (Due®, — Dye,) (2.32)



Finally, the remaining equation (2.26) reduces to
cabed R N e =0, (2.33)

which is nothing but the vacuum Einstein field equation R, — %gWR = 0. Therefore, the
action (2.24) is classically equivalent to general relativity.

The main advantage of the action (2.24) over the Plebanski model and similar ap-
proaches lies in the fact that the tetrad fields are explicitly present in the topological
sector of the theory. This allows one to couple matter fields in a straightforward way, as
demonstrated in [12]. However, one can do even better, and couple gauge fields to gravity
within a unified framework of 2-group formalism.

Let us demonstrate this on the example of the SU(N) Yang-Mills theory. Begin by
modifying the Poincaré 2-group structure to include the SU(N) gauge group, as follows.
We choose the two Lie groups as

G =8S0(3,1) x SU(N), H =R*, (2.34)

and we define the action > of the group G in the following way. As in the case of the
Poincaré 2-group, it acts on itself via conjugation. Next, it acts on H such that the
SO(3,1) subgroup acts on R* via the vector representation, while the action of SU(V)
subgroup is trivial. The map 0 also remains trivial, as before. The 2-connection («, f3)
now obtains the form which reflects the structure of the group G,

a=w®My+ Alry, B =3P, (2.35)

where A’ is the gauge connection 1-form, while 77 are the SU(N) generators. The curvature
for « is thus
F=R®My+Flrp,  Fl=dA' + fi747 A AKX (2.36)

The curvature for 3 remains the same as before, since the action > of SU(N) on R* is
trivial, i.e., 771 > P, = 0. Finally, the product structure of the group G implies that its
Killing form (-, ), reduces to the Killing forms for the SO(3,1) and SU(N), along with the
identity <Mab7 T[>g = 0.

Given a crossed module defined in this way, its corresponding topological 2BF' ac-
tion (2.15) becomes

SQBF:/ Bab/\Rab"FBI/\F[—i-ea/\VBa, (2.37)
My

where B! € A?(My,su(N)) is the new Lagrange multiplier. In order to transform this
topological action into action with nontrivial dynamics, we again introduce the appropriate
simplicity constraints. The constraint giving rise to gravity is the same as in (2.24), while
the constraint for the gauge fields is given as in the action (2.3) with the substitution
6% — e

1

S = B® ARy 4+ BIAFr+ea AVB® — Ay A | B® — ——
167rl%

gede, A ed> (2.38)
My

12
+ AA (B] — —Mgpre® A 6b> + Cab[ (Mablacdefec Aed A e A el — g[JFJ Neqg N eb> .
g



It is crucial to note that the action (2.38) is a combination of the pure gravity action (2.24)
and the Yang-Mills action (2.3), such that the nondynamical background field §* from (2.3)
gets promoted to a dynamical field e*. The relationship between these fields has already
been hinted at in the equation (2.4), which describes the connection between 0% and the
flat spacetime metric 7,,,. Once promoted to e?, this field becomes dynamical, while the
equation (2.4) becomes the usual relation between the tetrad and the metric,

G = nabeaueb,, , (2.39)

further confirming that the Lagrange multiplier C® should be identified with the tetrad.
Moreover, the total action (2.38) now becomes background independent, as expected in
general relativity. All this is a consequence of the fact that the tetrad field is explicitly
present in the topological sector of the action (2.24), establishing an improvement over the
Plebanski model.

By varying the action (2.38) with respect to the variables By, Wap, Bas Aab, C°1, Mapr,
By, M, Al and e®, we obtain the following equations of motion, respectively:

R® _ ) =0, (2.40)

VB® —elapptl =0, (2.41)

Ve =0, (2.42)

Bay — 1617rl12,€ab6dec Ned =0, (2.43)

Maprecdere” N e"NeC Nel —Frne, ey =0, (2.44)

—192/\1/\ea/\eb—i—Cablacdefec/\ed/\ee/\ef =0, (2.45)

Fi+\ =0, (2.46)

Br — 1;Mab[e“ ANeP =0, (2.47)

—dB; + B A g A7 +d(¢Peq Aey) — (Peq Ney A grEAT =0, (2.48)
V8. + &rllgsa,,cdx”c Ae? — Q;Mab N Ae

—|—4CefIM6f15abcdeb ANef Aet — 20 TFrneb =0. (2.49)

In the above system of equations, we have two dynamical equations for e® and A!, while
all other variables are algebraically determined from these. In particular, from equa-
tions (2.40)—(2.47), we have:

e

/\abw/ :Rab,uzu Baw/ =0, Wabp = Aab,ua Aab1 =Faprs B,uzz] = _%5,uupanUI> (2'50)
1 c d 1 uvpo I _a b abl 1 uvpo I _a b
Babuuzmsabcde u€ v, MabI:_EE F,uu € p€ o, ¢ :@5 Ful/ € p€ o
p

Then, substituting all these into (2.48) and (2.49) we obtain the differential equation of
motion for A’,

vaIpu = 8pFIp‘LL + Fp)\pFD\'LL + fJKIAJPFKp” = 0’ (2‘51)

~10 -



where F)‘W is the standard Levi-Civita connection, and a differential equation of motion
for e®,

1 1
RMY — Sg"R =8l T, TW = v (Fpo' FP7 1g" + 4FF [ F,VT) (2.52)
The system of equations (2.50)—(2.52) is equivalent to the system (2.40)—(2.49). Note that
we have again obtained that 8¢ = 0, as in the pure gravity case.
In this way, we see that both gravity and gauge fields can be represented within a
unified framework of higher gauge theory based on a 2-group structure.

3 3BF models, scalar and fermion matter fields

While the structure of a 2-group can successfully accommodate both gravitational and
gauge fields, unfortunately it cannot include other matter fields, such as scalars or fermions.
In order to construct a unified description of all matter fields within the framework of higher
gauge theory, we are led to make a further generalization, passing from the notion of a 2-
group to the notion of a 3-group. As it turns out, the 3-group structure is a perfect fit
for the description of all fields that are present in the Standard Model, coupled to gravity.
Moreover, this structure gives rise to a new gauge group, which corresponds to the choice
of the scalar and fermion fields present in the theory. This is a novel and unexpected result,
which has the potential to open up a new avenue of research with the aim of explaining
the structure of the matter sector of the Standard Model and beyond.

In order to demonstrate this in more detail, we first need to introduce the notion of
a 3-group, which we will afterward use to construct constrained 3BF' actions describing
scalar and fermion fields on an equal footing with gravity and gauge fields.

3.1 3-groups and topological 3BF action

Similarly to the concepts of a group and a 2-group, one can introduce the notion of a
3-group in the framework of higher category theory, as a 3-category with only one object
where all the morphisms, 2-morphisms and 3-morphisms are invertible. It has been proved
that a strict 3-group is equivalent to a 2-crossed module [24], in the same way as a 2-group
is equivalent to a crossed module.

A Lie 2-crossed module, denoted as (L LNy e ,>>,{-,-}), is a algebraic structure
specified by three Lie groups G, H and L, together with the homomorphisms § and 9, an
action > of the group G on all three groups, and a G-equivariant map

{.,.}:HxH—L.

called the Peiffer lifting. See appendix A for more details.

In complete analogy to the construction of BF and 2BF topological actions, one
can define a gauge invariant topological 3BF' action for the manifold My and 2-crossed
module (L N N G,>,{-,-}). Given g, h and I as Lie algebras corresponding to the
groups G, H and L, one can introduce a 3-connection («, 3,7) given by the algebra-valued
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differential forms a € A'(My,g), B € A*(My,h) and v € A3(My, ). The corresponding
fake 3-curvature (F,G,#H) is then defined as

F=da+aAha—-08, G=dB+aA” B -5y, H=dy+aA"y+{BAB}. (3.1)

see [24, 25] for details. Then, a 3BF action is defined as
Snr = [ (BAF)g+(CAG)y+ (DA, (3.2)
My

where B € A%(My,g), C € AY(My,h) and D € A°(My,1) are Lagrange multipliers. The
forms (-, )y, (- )y and (-, -); are G-invariant bilinear symmetric nondegenerate forms on
g, b and [, respectively. Under certain conditions, the forms (_,.), and (.,.); are also
H-invariant and L-invariant, see appendix B for details.

One can see that varying the action with respect to the variables B, C and D, one
obtains the equations of motion

F=0, §G=0, H=0, (3-3)
while varying with respect to «, 3, v one obtains
ABo — gag By A ? — 50aCy A B2 + >ap?Da AP =0, (3.4)

dCq — 0" Ba + Paa"Ch N a® +2X (3 " Da N B =0,
dDy — DaABDB ANa®+5,°C, =0.

Regarding the gauge transformations, the 3BF action is invariant with respect to
three different types of transformations, generated by the groups G, H and L, respectively.
Under the G-gauge transformations, the 3-connection transforms as

1

o =glag+gldg, B =g"'>8, Y =g'>7, (3.7)

where g : M4 — G is an element of the G-principal bundle over My. Next, under the
H-gauge transformations, generated by n € A'(My, ), the 3-connection transforms as

o =a+0dn, P =F+dnp+d AN"n—nAn, A =y—{8 Ant—{nAPB}. (38)

Finally, under the L-gauge transformations, generated by 6 € A%(My,[), the 3-connection
transforms as

o =a, B=pB-480, Y =y—dd—and. (3.9)

As a consequence of the definition (3.1) and the above transformation rules, the curvatures
transform under the G-gauge transformations as

F—g'Fg, G—g'>G, Hog ' '>H, (3.10)
under the H-gauge transformations as

F = F, G—=G+FnN"n, H—H—-{G Ant+{nAG}, (3.11)
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and under the L-gauge transformations as
F—=F, G—g, H—H—FA 6. (3.12)

For more details, the reader is referred to [25].
In order to make the action (3.2) gauge invariant with respect to the transforma-
tions (3.7), (3.8) and (3.9), the Lagrange multipliers B, C' and D must transform under

the G-gauge transformations as
B — ¢ 'Bg, C—gl>C, D—gl>D, (3.13)
under the H-gauge transformations as
B — B+C'ANTn—nAPyAP D, C — C+DAN"y+DAYy, D — D, (3.14)
while under the L-gauge transformations they transform as
B—B-DASH, C—C, D - D. (3.15)

See appendix B for details, for the definition of the maps 7, D, X}, AX>, S, and for the
notation of the A7, AP, A%, A%2 and A® products.

3.2 Constrained 3BF action for a real Klein-Gordon field

Once the topological 3BF' action is specified, we can proceed with the construction of the
constrained 3BF action, describing a realistic case of a scalar field coupled to gravity. In
order to perform this construction, we have to define a specific 2-crossed module which
gives rise to the topological sector of the action, and then we have to impose convenient
simplicity constraints.
We begin by defining a 2-crossed module (L 5SHS G, {_,_}), as follows. The
groups are given as
G=50(3,1), H=R'  L=R. (3.16)

The group G acts on itself via conjugation, on H via the vector representation, and on L
via the trivial representation. This specifies the definition of the action >. The map 0 is
chosen to be trivial, as before. The map 9§ is also trivial, that is, every element of L is
mapped to the identity element of H. Finally, the Peiffer lifting is trivial as well, mapping
every ordered pair of elements in H to an identity element in L. This specifies one concrete
2-crossed module.

Given this choice of a 2-crossed module, the 3-connection (a, 3 ,7) takes the form

a=wMy,  B=pP, y=A1I, (3.17)

where I is the sole generator of the Lie group R. From (3.1), the fake 3-curvature (F,G,H)
reduces to the ordinary 3-curvature,

F=R®M,, G=VpB'P,, H=dy, (3.18)
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where we used the fact that G acts trivially on L, that is, M, > I = 0. The topological
3BF action (3.2) now becomes

S3pr = / B A Ry +eq ANVBY + $dy, (3.19)
My

where the bilinear form for L is (I,I), = 1.

It is important to note that the Lagrange multiplier D in (3.2) is a O-form and trans-
forms trivially with respect to G, H and L gauge transformations for our choice of the
2-crossed module, as can be seen from (3.13), (3.14) and (3.15). Thus, D has all the hall-
mark properties of a real scalar field, allowing us to make identification between them, and
conveniently relabel D into ¢ in (3.19). This is a crucial property of the 3-group structure
in a 4-dimensional spacetime and is one of the main results of the paper. It follows the
line of reasoning used in recognizing the Lagrange multiplier C'* in the 2BF action for the
Poincaré 2-group as a tetrad field e®. It is also important to stress that the choice of the
third gauge group, L, dictates the number and the structure of the matter fields present in
the action. In this case, L = R implies that we have only one real scalar field, correspond-
ing to a single generator I of R. The trivial nature of the action > of SO(3,1) on R also
implies that ¢ transforms as a scalar field. Finally, the scalar field appears as a degree of
freedom in the topological sector of the action, making the quantization procedure feasible.

As in the case of BF and 2BF theories, in order to obtain nontrivial dynamics, we need
to impose convenient simplicity constraints on the variables in the action (3.19). Since we
are interested in obtaining the scalar field ¢ of mass m coupled to gravity in the standard
way, we choose the action in the form:

S = B® A Rgp + eq AVB + ¢ dy

My
— A A <Bab €adeec AN ed>

B 167rl§

1
+AA (,Y — iHabce“ Ael A ec> + A% A (Habc€Cdefed NeeNep—doAeq A 6b>

— ﬁmzﬁeabcde“ AeP Aef Ael. (3.20)
Note that the first row is the topological sector (3.19), the second row is the familiar
simplicity constraint for gravity from the action (2.24), the third row contains the new
simplicity constraints corresponding to the Lagrange multiplier 1-forms A and A% and
featuring the Lagrange multiplier 0-form H ., while the fourth row is the mass term for
the scalar field.
Varying the total action (3.20) with respect to the variables Bay, Wap, Ba, Aabs Aaby Vs
A, Hype, ¢ and e® one obtains the equations of motion:

R® )t =0, (321
VB® —elepnptl =0,  (3.22)
Ve =0,  (3.23)
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Buy, — ——=¢cabedeS N e = =0, (3.24)

1
16712
Haypee % eg A e A ef—dpANe,Ney =0, (3.25)
dp—A=0,  (3.26)

1
v — §Habce“ Aeb Ne =0, (3.27)
1
—5)\/\ea/\eb/\ec—kaCdeanb/\ed/\ee/\ef:O, (3.28)
1
dy — d(Aab Neg Aep) ——m 20eapeae® NP AeC Ae? =0, (3.29)

4!

3
VB4 + —=aped\¢ A e + Habc)\ Aeb A e + 3H? feabchef Aeb A el

812

—2Agp AdpAeb —2 'm2q§€abcdeb ANefned=0.  (3.30)

41

The dynamical degrees of freedom are e® and ¢, while the remaining variables are alge-
braically determined in terms of them. Specifically, the equations (3.21)—(3.28) give

(&
)\ab;w = Rab,ulu Wab,u = Aabuy Yuvp = _iguupaaa¢a
1 i 1
Aabu 12¢ gukekup 8u¢6 peboa B uy = 0, Bab;w = W@zbcdecueduv (331)
p
Habc _ i prpo g a b ¢ P
_668 upet e’ ey, w=0u0.

Note that from the equations (3.22), (3.23) and (3.24) it follows that % = 0, as in the
pure gravity case. The equation of motion (3.29) reduces to the covariant Klein-Gordon

equation for the scalar field,

(V. VF —m?) ¢ =0. (3.32)

Finally, the equation of motion (3.30) for e becomes:

1
R™ — ~g"R=8xl2T",  TM =d'¢d"¢— —g"

5 5 Y (0,000 + m*¢?) . (3.33)

The system of equations (3.21)—(3.30) is equivalent to the system of equations (3.31)—(3.33).
Note that in addition to the correct covariant form of the Klein-Gordon equation, we have
also obtained the correct form of the stress-energy tensor for the scalar field.

3.3 Constrained 3BF action for the Dirac field

Now we pass to the more complicated case of the Dirac field. We first define a 2-crossed
module (L Sgl G,>,{-,-}) as follows. The groups are:

G=850(3,1), H=R'  L=R%G), (3.34)

where G is the algebra of complex Grassmann numbers. The maps 0, § and the Peiffer
lifting are trivial. The action of the group G on itself is given via conjugation, on H
via vector representation, and on L via spinor representation, as follows. Denoting the
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8 generators of the Lie group R3(G) as P, and P®, where the index o takes the values
1,...,4, the action of G on L is thus given explicitly as

1 1
My > P,y = 5(aab)ﬁapﬂ, My, > PY = —5(%)&5135, (3.35)

where o4 = i[%, ], and 7y, are the usual Dirac matrices, satisfying the anticommutation
rule {Va, W} = —214p-

As in the case of the scalar field, the choice of the group L dictates the matter content
of the theory, while the action > of G on L specifies its transformation properties. To see
this explicitly, let us construct the corresponding 3 BF' action. The 3-connection (a, 3 ,7)
now takes the form

a=w®My, B=pBP, v=7"Py+75.P", (3.36)
while the 3-curvature (F,G,H), defined in (3.1), is given as
F = R"Mqy,,G = V3P, (3.37)
1 1 = &
H= (" 4 5ol ) Pt (00 = a0 ) PO = (V) P ()P,
where we have used (3.35). The bilinear form (_, ), is defined as
(Pa,P3) =0, (P*PP) =0, (P,P’)=-60, (P Pg) =05. (3.38)
Note that, for general A, B € [, we can write
(A,B), = A'B’g;,, (B,A)y,=B’Alg,;. (3.39)

Since we require the bilinear form to be symmetric, the two expressions must be equal.
However, since the coefficients in [ are Grassmann numbers, we have A/B/ = —B7 Al so
it follows that g;; = —gsr. Hence the antisymmetry of (3.38).

Now we use the properties of the group L and the action > of G on L to recognize
the physical nature of the Lagrange multiplier D in (3.2). Indeed, the choice of the group
L dictates that D contains 8 independent complex Grassmannian matter fields as its com-
ponents. Moreover, due to the fact that D is a 0-form and that it transforms according
to the spinorial representation of SO(3, 1), we can identify its components with the Dirac
bispinor fields, and write

D = ¢*P, + 9o P%, (3.40)

where it is assumed that ¢ and @ are independent fields, as usual. This is again an
illustration of the fact that information about the structure of the matter sector in the
theory is specified by the choice of the group L in the 2-crossed module, and another main
result of the paper.

Given all of the above, now we can finally write the 3BF action (3.2) corresponding
to this choice of the 2-crossed module as

— =
Sapr = / B® A Ry + ea A VB + (FV)ath® + a(V7) (3.41)
My
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In order to promote this action into a full theory of gravity coupled to Dirac fermions, we
add the convenient constraint terms to the action, as follows:

— _ =
S = B® A Rgy 4 €q AVBE+ (FV)ath® + 1o (V)
My
—Aab A B — Ls“bc‘ie N eq
a 167ng ¢

7 - - 7
—AYA <7a — gaabcdea Ael A ec(w’yd)a> + Ao A <’ya + geabcdea Ael A ec(’ydw)a>

1
— Em D) Eqpeqe® N e® Aef ne + 2ml2 Y5y Eapea€’ N e A B (3.42)

Here the first row is the topological sector, the second row is the gravitational simplicity
constraint term from (2.24), while the third row contains the new simplicity constraints for
the Dirac field corresponding to the Lagrange multiplier 1-forms A® and \,. The fourth row
contains the mass term for the Dirac field, and a term which ensures the correct coupling
between the torsion and the spin of the Dirac field, as specified by the Einstein-Cartan
theory. Namely, we want to ensure that the torsion has the form

T, = Veq =27lsq, (3.43)

where
Sa = i€apea€’ N e%!wm‘%b (3.44)

is the spin 2-form. Of course, other couplings should also be straightforward to imple-
ment, but we choose this particular coupling because we are interested in reproducing the
standard Einstein-Cartan gravity coupled to the Dirac field.

Varying the action (3.42) with respect to Bay, A%, Fa, 7% A%, Aay Yoy ¥, €2, B and

w® one obtains the equations of motion:

R® —\% =0, (3.45)

By — ——=¢cabeac’ A el =0, (3.46)

1
16712
(Vi) — \* =0, (3.47)
(@Z%)a —da =0, (3.48)
Vo — éeabcde“ Aeb A ec(@fyd)a =0, (3.49)
v ésabcde“ Aeb A e (v)® =0, (3.50)

) 1
dy* +wg A fyﬁ + %)\’B A Egpeae® A € A ecfydo‘ﬁ + ﬁmsabcde A el A el A edh®
+i2m2eabeac® N e’ A B (y57Mp)* =0, (3.51)
_ - B d,@ 1 d
dya =Yg AW’y —|—6)\5/\5abcde A el A ey —ﬁmaabcde Aeb A el A el

—i2m e abeac® A €” A B(hy57")a = 0, (3.52)
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7 _ 7 _
VB, + 28 abea \¢ A e — §€abcd)\a Ael A ec(w’yd)a + isabcd/\a Ael A ec(ydw)a

1 _ _
—§€abcd€b Ae€ A edmap — 47rl12,i€abcdeb A BYysyip =0, (3.53)
Veq — i2ml2eabcac’ A e“hysyhp =0, (3.54)

1 -1
VBay = efo A By + Vg 1va, WY + U2 e, mly = 0. (3.55)

The dynamical degrees of freedom are e®, ¥ and 1),, while the remaining variables are
determined in terms of the dynamical variables, and are given as:

By = — e X, = (V)" Rap = (@Y
abpuy = wfabcde u€ v, uw = ( ;ﬂ’b) ) ap = <w ,u)cw
p
Yauvp = ieabcdeauebuecp("zfyd)a s 'Ya,uz/p = _igabcdeapebuecp(de)a ) (3-56)
)\abuu = Rab/w ) wabu = Aabu + Kabu.

Here K u is the contorsion tensor, constructed in the standard way from the torsion tensor,
whereas from (3.54) we have
T, =Veq = 27lsq, (3.57)

which is precisely the desired equation (3.43). Further, from the equation (3.46) one obtains

1
VB® = — % (¢ A\ Vey) . (3.58)

87Tl§

Substituting this expression in the equation (3.55) it follows that

2 abede® A [ —
Eabed® A( 16712 8

1
Vel + sd> —eu A By =0. (3.59)

The expression in the parentheses is equal to zero, according to the equation (3.54). From
the remaining term e, A By = 0 it again follows that

B=0. (3.60)

Using this result, the equation of motion (3.51) for fermions becomes

, L
%sabcde“ Aeb A (26C AV + %ec Aed — 3(Vec)7d> P =0. (3.61)

Using equation (3.54), the last term in the parentheses vanishes, and the equation reduces
to the covariant Dirac equation,

H
(vt eV —m)p =0, (3.62)

where e/, is the inverse tetrad. Similarly, the equation (3.52) gives the conjugated Dirac
equation:

=
Y(IV ety +m) =0. (3.63)
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Finally, the equation of motion (3.53) for tetrad field reduces to

R* — %g“”R = 87le2) ™, T = %&V”%“e“aw — %g‘“’iﬁ (i'y“%pepa — 2m)1/), (3.64)
e S

Here, we used the notation V = V —V. The system of equations (3.45)—(3.55) is equivalent

to the system of equations (3.56), (3.60), (3.62)—(3.64). As we expected, the equations

of motion (3.57), (3.62), (3.63) and (3.64) are precisely the equations of motion of the

Einstein-Cartan theory coupled to a Dirac field.

3.4 Constrained 3BF action for the Weyl and Majorana fields

A general solution of the Dirac equation is not an irreducible representation of the Lorentz
group, and one can rewrite Dirac fermions as left-chiral and right-chiral fermion fields that
both retain their chirality under Lorentz transformations, implying their irreducibility.
Hence, it is useful to rewrite the action for left and right Weyl spinors as a constrained
3BF action. For simplicity, we will discuss only left-chiral spinor field, while the right-
chiral field can be treated analogously. Both Weyl and Majorana fermions can be treated
in the same way, the only difference being the presence of an additional mass term in the
Majorana action.
We being by defining a 2-crossed module (L SHS G, {_,_}), as follows. The
groups are:
G=S50(3,1), H=R'  L=RYG). (3.65)

The maps 0, 6 and the Peiffer lifting are trivial. The action > of the group G on G, H
and L is given in the same way as for the Dirac case, whereas the spinorial representation

reduces to 1 1 .
Mab > PY = §(Uab)agpﬁ, Mab > P, = 5(5’ab)6dPga (366)
where 0% = —5% = 1(59%6° — 0%5%), for 0 = (1,&) and 6* = (1, —&), in which & denotes

the set of three Pauli matrices. The four generators of the group L are denoted as P* and
P, where the Weyl indices «, & take values 1, 2.
The 3-connection (a,f,7v) now takes the form corresponding to this choice of Lie
groups,
a=w My, B=p"P.,  v=7P*+7Ps, (3.67)

while the fake 3-curvature (F,G,H) defined in (3.1) is

F=R"My, G=VBP, (3.68)

1 ab/ __ab\p « " 1 —ab\a 3 = « g &
H = d’ya+§w (O’ )a’}/g PY + d"}/ +§wab(a )B’y PdE(V’y)aP +(’YV) P, .

Introducing the spinor fields v, and ¥* via the Lagrange multiplier D as
D = P* + 4Py, (3.69)
and using the bilinear form (_, ), for the group L,

(P, PP) =& (P, Py) =eng, (PP =0, (Pa,P’) =0, (3.70)
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where €% and ¢ ap are the usual two-dimensional antisymmetric Levi-Civita symbols, the
topological 3BF action (3.2) for spinors coupled to gravity becomes
H

— _ .
S3pr = / B A Rgp + ea ANVB  + ¥ A (V)a + Pa A (FV)Y. (3.71)
My

In order to obtain the suitable equations of motion for the Weyl spinors, we again introduce
appropriate simplicity constraints, so that the action becomes:

— _ — .
S = B A Rap 4 €a A VB + 9% A (V) + s A (FV)®
My

— Aap N (Bab - €ab0dec A ed)

1677[%

—AYA <'ya + %eabcdea Neb Ae‘a? BW) — i A (70'“ + %eabcdea Aeb A 605@5%)

— 47Tl§€abcdea A el A B"’(@Zd6d‘j‘5¢5) . (3.72)

The new simplicity constraints are in the third row, featuring the Lagrange multiplier
1-forms A, and A%. Also, using the coupling between the Dirac field and torsion from
Einstein-Cartan theory as a model, the term in the fourth row is chosen to ensure that the
coupling between the Weyl spin tensor

Sa = i€apeq€’ N €° @DaadaB@Z_JB , (3.73)
and torsion is given as:
T, = 4nl>s, . (3.74)

The case of the Majorana field is introduced in exactly the same way, albeit with an
additional mass term in the action, of the form:
1 .
— ﬁmsabcde“ Aeb A e A ed(wo‘wa + e ®). (3.75)
Varying the action (3.72) with respect to the variables Bay, A%, o, 7%, Aas AY, Y,
%, €%, B% and w™ one again obtains the complete set of equations of motion, displayed

in the appendix C. The only dynamical degrees of freedom are %, 9% and e?, while the
remaining variables are algebraically determined in terms of these as:

a a 1 c N & KXo’
A =RY,,  Bapuw = o3 Cabed® 2% Aap =V, A, =V,0% (3.76)
p

: b d .7p : ; b ~dd
Yauvp = 'Leabcdeaue Vecpa a5¢ﬁ ) 'Ya,uzlp = Zsabcdeaue Vecpg aﬂwﬁ y  Waby = Aabu + Kabu .

In addition, one also maintains the result § = 0 as before. Finally, the equations of motion
for the dynamical fields are

590t Vb =0, 0% st Vb =0, (3.77)
and

1
R = 2" R = 8ml2 T (3.78)
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where
. . 7 L )
T = %Wbevbvw + %wbevbww - 93 (waaekavw +ipoted v w) . (3.79)

Here we have suppressed the spinor indices. In the case of the Majorana field, the equations
of motion (3.76) remain the same, while the equations of motion for 1, and ¥* take the

form .
ia“aBe”aVM/;B —mie =0, i&“dﬁe“avuwﬁ — mq[;‘j‘ =0, (3.80)
whereas the stress-energy tensor takes the form
T = S5, V! + St ey VH
(3.81)

1. 1 ™
_ gW§ Wa?e Vb + i Vb — om (Y + ) |

4 The Standard Model
The Standard Model 3-group can be defined as:

G =S0(3,1)xSU(3)xSU(2)xU(1), H=R* L=RYC)xR*G)xR*G)xR*G),
(4.1)
where C denotes the field of complex numbers. The motivation for this choice of the group

L is given in the table below.

1. lepton generation

red color
1. quark generation

green color
1. quark generation

blue color
1. quark generation

),

(),

(o)

(Ve)R

(UT)R

(ug)r

(up)r

(e7)r

(dr)R

(dy)R

(dy)r

We see that in order to introduce one generation of matter one needs to provide 16
spinors, or equivalently the group L has to be chosen as L = R5(G). As there are three
generations of matter, the part of the group L that corresponds to the fermion fields in

the theory is chosen to be L = R%(G) x R*(G) x R%(G). To define the Higgs sector one
+

needs two complex scalar fields ( ), or equivalently the scalar sector of the group L is

0
given as L = R*(C).

The maps 0, 6 and the Peiffer lifting are trivial. The action of the group G on itself
is given via conjugation. The action of the SO(3,1) subgroup of G on H is via vector
representation and the action of SU(3) x SU(2) x U(1) subgroup on H is via trivial repre-
sentation. The action of the SO(3,1) on L is via trivial representation for the generators
corresponding to the scalar fields, i.e. the R*(C) subgroup of L, and via spinor represen-
tation for the every quadruple of generators corresponding to the fermion fields, given as
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in the section 3. The information how spinors transform under the SU(3) x SU(2) x U(1)
group is encoded in the action of that subgroup of G on L, as specified in the table above.
For simplicity, in the following, only one family of the lepton sector and only electroweak
part of the gauge sector of the Standard model is considered.

The groups are chosen as:
G =950(3,1) x SU(2) x U(1), H=R* Llertens — RI6(G) x RY(C). (4.2)

The 3-connection then takes the form

o =w®My + WIT; + AY B =p"P,, (43)
v = fyaLPai + ’dede + WQRPQR + ’YdRPdR + ’YaPa .

Here the indices I, J,... take the values 1,2,3 and counts the Pauli matrices, generators
of the group SU(2), the indices L,I,... take the values 1,2 and count the components of
left doublet, R denotes the right singlet (e~)g and right singlet (v.)g, and indices @, b, . . .
take values 1,2 and count the components of the scalar doublet. It is also useful to define
i = (L, R) which takes values 1, ..., 4.

The action of the group G on L is defined as:

1 1 ;

M, > P%; — i(o’ab)aﬁpﬁia My > Pyi = §(5(11))BQPB¢, Myp>FP; =0,
1 it 1 L'

TIDPaizi(UI)L P TIDPai=§(01)L pragr

1
T[DPQRZO, T[DP@RZO, T[DP*Zi(U])baPB,

YDPO‘L:fPai’ }/DPO‘eR:—Qf)C“eR7 Y'[>f)0‘VR:,2POtVR7 Y>> P=PF;,
Y > Pdi = _Pdi , Y > PdceR = _2PdceR s Y > PduR = _2P<5WR . (44)

The 3-curvatures are given as:

F=R®M,,+ F'T; + FY, G =VpeP,,

H=(V1)aP + (V)" Pa™ + (VY")aP g + (75V) Pa™ + dy Py .
The topological 3BF action is defined as:
b I — o~ I — . ~
= / BapR® + BiF! + BF + ¢,V + 0°:(V4 ) + %4 (7:V)% + ¢idya.  (4.6)

At this point, it is useful to simplify the notation and denote all indices of the group G by
&, of the group H by a and L by A. In order to promote this action to a full theory of
first lepton family coupled to electroweak gauge fields, Higgs field, and gravity, we again
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introduce the appropriate simplicity constraint, as follows
S:/Bd/\]:&—i-ea/\gd—l-DA/\HA
+< — C4 M e/\e)/\)\é‘—<A—e Aeb AefC; BMach> )\A
+ %, A (M pXe el e Neg A e Nef— F& /\ec/\ed)
+ C“bA A (MabcAECdefed NecNep— FAN €a N eb)
— capeae® A" et Nel (VypaDADPDC + MDD + L5, DADPDCDP)

— 4mi 12 eqpeqe® A€ A BD ;T DB (4.7)

Bd::Bab By B}, F&:[Rab Fy F}T, A—[wa Yap VR Var ¢a},
HA=[(Vipde G29)* (Viga (V) dwa | =07 %z 75 Tan )
AG — :_Xzb A\ )\} T eed {0 ced, Ccd] o= [Cab 0 0} ,

M= _ML AL Aar AR Xi] T Mega = |:5abcd Meqr Mcd} ;

Mape 4= 5abcd0dag'1z}'8L Eabead P g1 5abcd0da51/;BR Eabead P Par Mapea } .

The matrices C’a C’A Mg, Yiges Lipep and TdAB are constant matrices, and
carry the information about gauge coupling constants, mass of the Higgs field, Yukawa
couplings and mixing angles, Higgs self-coupling constant and torsion coupling, respectively.

5 Conclusions

Let us summarize the results of the paper. In section 2 we have given a short reminder
of the BF theory and described how one can use it to construct the action for general
relativity (the well known Plebanski model), and the action for the Yang-Mills theory
in flat spacetime, in a novel way. Passing on to higher gauge theory, we have reviewed
the formalism of 2-groups and the corresponding 2BF' theory, using it again to construct
the action for general relativity (a model first described in [12]), and the unified action
of general relativity and Yang-Mills theory, both naturally described using the 2-group
formalism. With this background material in hand, in section 3 we have used the idea
of a categorical ladder yet again, generalizing the 2BF theory to 3BF theory, with the
underlying structure of a 3-group instead of a 2-group. This has led us to the main insight
that the scalar and fermion fields can be specified using a gauge group, namely the third
gauge group, denoted L, present in the 2-crossed module corresponding to a given 3-group.
This has allowed us to single out specific gauge groups corresponding to the Klein-Gordon,
Dirac, Weyl and Majorana fields, and to construct the relevant constrained 3BF actions
that describe all these fields coupled to gravity in the standard way.
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The obtained results represent the fundamental building blocks for the construction of
the complete Standard Model of elementary particles coupled to Einstein-Cartan gravity
as a 3BF action with suitable simplicity constraints, as demonstrated in section 4. In
this way, we can complete the first step of the spinfoam quantization programme for the
complete theory of gravity and all matter fields, as specified in the Introduction. This is
a clear improvement over the ordinary spinfoam models based on an ordinary constrained
BF theory.

In addition to this, the gauge group which determines the matter spectrum of the
theory is a completely novel structure, not present in the Standard Model. This new
gauge group stems from the 3-group structure of the theory, so it is not surprising that
it is invisible in the ordinary formulation of the Standard Model, since the latter does
not use any 3-group structure in an explicit way. In this paper, we have discussed the
choices of this group which give rise to all relevant matter fields, and these can simply be
directly multiplied to give the group corresponding to the full Standard Model, encoding
the quark and lepton families and all other structure of the matter spectrum. However,
the true potential of the matter gauge group lies in a possibility of nontrivial unification
of matter fields, by choosing it to be something other than the ordinary product of its
component groups. For example, instead of choosing R8(G) for the Dirac field, one can try a
noncommutative SU(3) group, which also contains 8 generators, but its noncommutativity
requires that the maps § and {_, _} be nontrivial, in order to satisfy the axioms of a
2-crossed module. This, in turn, leads to a distinction between 3-curvature and fake 3-
curvature, which can have consequences for the dynamics of the theory. In this way, by
studying nontrivial choices of a 3-group, one can construct various different 3-group-unified
models of gravity and matter fields, within the context of higher gauge theory. This idea
resembles the ordinary grand unification programme within the framework of the standard
gauge theory, where one constructs various different models of vector fields by making
various choices for the Yang-Mills gauge group. The detailed discussion of these 3-group
unified models is left for future work.

As far as the spinfoam quantization programme is concerned, having completed the
step 1 (as outlined in the Introduction), there is a clear possibility to complete the steps 2
and 3 as well. First, the fact that the full action is written completely in terms of differential
forms of various degrees, allows us to adapt it to a triangulated spacetime manifold, in the
sense of Regge calculus. In particular, all fields and their field strengths present in the
3BF action can be naturally associated to the appropriate d-dimensional simplices of a
4-dimensional triangulation, by matching 0-forms to vertices, 1-forms to edges, etc. This
leads us to the following table:

d triangulation dual triangulation form fields field strengths
0 vertex 4-polytope 0-form b, Vg, VO

1 edge 3-polyhedron 1-form wab Al eo

2 triangle face 2-form [e, B R pI o
3 tetrahedron edge 3-form v, Ya, & Gg®

4 4-simplex vertex 4-form H, Ha, HE
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Once the classical Regge-discretized topological 3BF' action is constructed, one can
attempt to construct a state sum Z which defines the path integral for the theory. The
topological nature of the pure 3BF action, together with the underlying structure of the 3-
group, should ensure that such a state sum Z is a topological invariant, in the sense that it is
triangulation independent. Unfortunately, in order to perform this step precisely, one needs
a generalization of the Peter-Weyl and Plancharel theorems to 2-groups and 3-groups, a
mathematical result that is presently still missing. The purpose of the Peter-Weyl theorem
is to provide a decomposition of a function on a group into a sum over the corresponding
irreducible representations, which ultimately specifies the appropriate spectrum of labels
for the d-simplices in the triangulation, fixing the domain of values for the fields living on
those d-simplices. In the case of 2-groups and especially 3-groups, the representation theory
has not been developed well enough to allow for such a construction, with a consequence of
the missing Peter-Weyl theorem for 2-groups and 3-groups. However, until the theorem is
proved, we can still try to guess the appropriate structure of the irreducible representations
of the 2- and 3-groups, as was done for example in [12], leading to the so-called spincube
model of quantum gravity.

Finally, if we remember that for the purpose of physics we are not really interested in a
topological theory, but instead in one which contains local propagating degrees of freedom,
we are therefore not really engaged in constructing a topological invariant Z, but rather
a state sum which describes nontrivial dynamics. In particular, we need to impose the
simplicity constraints onto the state sum Z, which is the step 3 of the spinfoam quantization
programme. In light of that, one of the main motivations and also main results of our paper
was to rewrite the action for gravity and matter in a way that explicitly distinguishes the
topological sector from the simplicity constraints. Imposing the constraints is therefore
straightforward in the context of a 3-group gauge theory, and completing this step would
ultimately lead us to a state sum corresponding to a tentative theory of quantum gravity
with matter. This is also a topic for future work.

In the end, let us also mention that aside from the unification and quantization pro-
grammes, there is also a plethora of additional studies one can perform with the constrained
3BF action, such as the analysis of the Hamiltonian structure of the theory (suitable for
a potential canonical quantization programme), the idea of imposing the simplicity con-
straints using a spontaneous symmetry breaking mechanism, and finally a detailed study
of the mathematical structure and properties of the simplicity constraints. This list is of
course not conclusive, and there may be many more interesting related topics to study in
both physics and mathematics.
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A Category theory, 2-groups and 3-groups

Definition 1 (Pre-crossed module and crossed module) A pre-crossed module

(H LA G ,r>) of groups G and H, is given by a group map 0 : H — G, together with a
left action > of G on H, by automorphisms, such that for each hy,ho € H and g € G the
following identity hold:

gdhg L =9(g>h).
In a pre-crossed module the Peiffer commutator is defined as:
(h1,h2)p = hihah'0(hy) > byt

A pre-crossed module is said to be a crossed module if all of its Peiffer commutators are
trivial, which is to say that
(Oh) > h' = hh/A™1,

i.e. the Peiffer identity is satisfied.

Definition 2 (2-crossed module) A 2-crossed module (L SHgl G, >, {—, —}) is
given by three groups G, H and L, together with maps O and & such that:

ANy - el

where 00 = 1, an action > of the group G on all three groups, and an G-equivariant map
called the Peiffer lifting:
{-,-}:HxH— L.

The following identities are satisfied:

1. The maps 0 and § are G-equivariant, i.e. for each g € G and h € H:
g>9(h) =0(g>h), g>6(l) =d(ge>1),

the action of the group G on the groups H and L is a smooth left action by automor-
phisms, i.e. for each g,g1,92 € G, hi,ho € H, li,lo € L ande € H, L:

91> (g20>e) = (q1g2)>e,  g>(hiha) = (g>h1)(g>ha), g>(ll2) = (g>11)(g>12),

and the Peiffer lifting is G-equivariant, i.e. for each hy, ho € H and g € G:
g‘>{h17h2}:{g[>hl7g‘>h2}a
2. the action of the group G on itself is via conjugation, i.e. for each g,g0 € G:

9>g0=999 *;
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3. In a 2-crossed module the structure (L LA H, ') is a crossed module, with action of
the group H on the group L is defined for each h € H andl € L as:

hs'1=1{6(1)7", h},

but (H LA G ,>) may not be one, and the Peiffer identity does not necessary hold.

However, when 0 is chosen to be trivial and group H Abelian, the Peiffer identity is
satisfied, i.e. for each h, h' € H:

S(hy>h' =hh'nt

4. 6({h1,h2}) = (h1, ha2)p, Vhi,he € H,

5. [, la] ={0(lh),0(l2)}, Viy,ly € L. Here, the notation [I,k] = IkI~'k™1 is used;
6. {hiha, h3} = {h1, hahshy*}O(h1) > {ha, h3}, Vhi, ho,hs € H;

7. {h1,hohs} = {h1, ho}{h1, hs}{(h1, h3); ', O(h1) > ho}, Vhi,ho,hs € H;

8. {6(), R} {h,6()} = 1@(h) = 17Y),  VheH, Vel

Definition 3 (Differential pre-crossed module, differential crossed module)

A differential pre-crossed module (h A g,>>) of algebras g and b is given by a Lie algebra
map 0 : b — g together with an action > of g on b such that for each h € b and g € g:

d(g > h) = [g,0(h)].
The action > of g on b is on left by derivations, i.e. for each hy,hs € b and each g € g:
g by, ho] = [g> hy, byl + [hy, g > By .

In a differential pre-crossed module, the Peiffer commutators are defined for each hi,ho € b
as:

(h1, ha)p = [h1, ho] — O(h1) > ho .

The map (h1, ha) € h x b — (h1, ho)p € b is bilinear g-equivariant map called the Peiffer
paring, i.e. all hy,hs € b and g € g satisfy the following identity:

g > (h1,ho)p = (g> hi,ho) +(h1,g> ha)p.

A differential pre-crossed module is said to be a differential crossed module if all of its
Peiffer commutators vanish, which is to say that for each hi,he € b:

O0(h1) > ho = [h1, ho].

Definition 4 (Differential 2-crossed module) A differential 2-crossed module is given
by a complex of Lie algebras:

[—=b—g,
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together with left action > of g on b, I, by derivations, and on itself via adjoint represen-
tation, and a g-equivariant bilinear map called the Peiffer lifting:

{=, —}t:bxb—I
Fizing the basis in algebra Ty € [, t, € h and 7, € g:
(T4, Tg] = fas° Tc, [tasts] = far“te, [T 8] = fap” Ty s
one defines the maps 9 and 6 as:
Ita) = 00" Ta s 6(Ta) = 04" ta,
and action of g on the generators of I, b and g is, respectively:
Tal> Ty =>as®Th, Ta B ta = Daa’ th Ta D> T8 = Do’ Ty.

Note that when 1 is g-valued differential form and w is [, b or g valued differential form
the previous action is defined as:

n>w=n"ANw>os BT5, N>w=n"Aw" e th, nbw:na/\wﬂfagvrw.
The coefficients XabA are introduced as:

{ta, to} = Xap" T .
The following identities are satisfied:

1. In the differential crossed module (L 2, H ,>') the action >’ of b on | is defined for
each h € bh andl €l as:
h>'l=—{6(), h},

or written in the basis where to >' Ta = ', AP Tg the previous identity becomes:

> 0a” = —04"Xpo P ;
2. The action of g on itself is via adjoint representation:
>ag” = fap”;
3. The action of g on b and [ is equivariant, i.e. the following identities are satisfied:
00" fop? = >ad"0” 04 Daa” = >aaPoB";
4. The Peiffer lifting is g-equivariant, i.e. for each hy,hy € b and g € g:
9> {hy,ho} = {g > hy, by} +{hy, g > hy},

or written in the basis:

A

B A A
Xap >aB :[>o¢aCch +|>achac ;
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5. 0({hy, ho}) = (g, ho) p, Vhy, hy €, i.e.

A
Xab 5Ac = fabc - aaa|>abc;

6. [ly, L] = {d(Ly), 0(1n)} Vi, Iy €l ie.

fap® = 04708 X0 ;

7. {[hy, hsl, by} = O(hy) > {hgy, hs}+{hy, [he, h3]} —O(hy) > {hy, hs} —{hs, [hy, hs]},
Vhy, hy, hy € b, i.c.

{[hy, ho], by} = {0(hy)>hy, by} —{0(hy) > Dy, hy} —{hy, 6{hy, s} }+{hy, 6{hy,q, h3}},
Fan?Xae? = 0.2 Xy > 0?4+ Xad? o — 9> 0n P Xoe® — Xpa fac?;
8. {ﬁh [&27 h?)]} = {6 {ﬁl’ h2} )ﬁi’)} - {5 {ﬁh h3}7 EQ} ’ vﬁl’ b27 ﬁ?) € h7 i.e.
Xod foe? = Xy P05 X e — XacPo5 X ap™
9. {6(1), h} +{h, 6(D)} = —0(h) > L, Viel, VYheb,ie.

6AaXabB + 6AaXbaB = _8ba>aAB .

Note that the property 6. implies that either trivial map § or the trivial Peiffer lifting imply
that L is an Abelian group. Conversely, if L is Abelian, property 6. implies that either the
map ¢ or the Peiffer lifting is trivial, or both.

In the case of an Abelian group H and trivial map 0, among the aforementioned
properties the only non-trivial remaining are:

L. 6{hy, hy} =0, Vhy,hy €b;

2. [l L] ={0(l1), 6(Lx) }+ Vil €1
3. {6(), b} = —{n, 6()}, Vheh, Viel.

A reader intrested in more details about 3-groups is referred to [25].

B The construction of gauge-invariant actions for 3BF' theory

Symmetric bilinear invariant nondegenerate forms are defined as:
(Ta,Tg)r=gaB,  (ta:t)y=9gab,  (Ta 78)g = Yap -

They satisfy the following properties:

e (_,_)g is G-invariant:

(9709 9789 Vg = (Ta, T8)g, Vg € G;
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e (_,_)y is G-invariant:
(9> ta,g>th)y = (ta,to)y, V9EG,
and, when (H LYl ,I>) is a crossed module, consequently H-invariant:

<htah_1 , htbh_1>b = <8(h) > tq, 8(h) > tb>h = <ta atb>h , VheH,;

e (_, ) is G-invariant:
(9>Ta,g>Tg) = (Ta,Te)r, VgeG,

and in the case when the Peiffer lifting or the map ¢ is trivial consequently H-

invariant:
<h l>, TA,h l>/ TB>[ = <TA — {(S(TA), h} ,TB — {(S(TB), h})[ = <TA ,TB>[, Vh e H.

From the H-invariance of (_,_); and properties of a crossed module (L 5H ,>)

follows L-invariance:

(ATl 1Tl = (5(1) ' T, 6(1) >’ Tg) = (Ta, Tg), VI€ L.

From the invariance of the bilinear forms follows the existence of gauge-invariant topological
3BF action of the form:

S3BF:/M (BAF)g+(CANG)y+ (DAH), (B.1)

where B € A%(My,g), C € AY(My,bh) and D € A%(My, 1) are Lagrange multipliers, and
F € A2(My,g9), G € A3(My,bh) and H € A*(My, 1) are curvatures defined as in (3.1).
Written in the basis:

1 1

F = ifa,uzﬂ—adxu Adz”, g= ggayyptadxu Adx” Ada?,
1 !

H= IHAW,pUTAd:B“ Adz? Ada? Ada?,

the coefficients are:
T = 0ua®y — 0,a®, + f3,%0" 107y — B%,0a%
G wp = 0uBp + 0uB% oy + 0,8
+ a8 ab” + @B b + B > ab” = ¥ upda®,
H wvpe = 07 vpo = 0y pop + 07 o — 0oV o
+ 288 o X(any ™ — 28% 108" vo X fany ™ + 28% 4 B20p X (ary ™

A

B B A B A B A
+aa;f}/ I/pO'[>O£B —Otau’Y pou‘>o¢B +aap'7 O’;M/DOéB _aaa"y MVpI>OLB

Note that the wedge product A A B when A is a O-form and B is a p-form is defined
as ANB = JABy, ,dat Ao A,
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Given G-invariant symmetric non-degenerate bilinear forms in g and b, one can define
a bilinear antisymmetric map 7 : h x h — g by the rule:

(T (h, hs) s g)g = —(hy, g > Do)y, Vhy, hy €h, Vgeg.

See [17] for more properties and the construction of 2BF invariant topological action using
this map. To define 3BF invariant topological action one has to first define a bilinear
antisymmetric map S : [ X [ = g by the rule:

(Sl 1), g)g = —(l, g by, Vi Vi el, Vgeg.
Note that (-, _)4 is non-degenerate and
(L g L)i=—(g> L, L= —(ly, 9> L), Vgeg, Vil el
Morever, given g € G and [, [, € [ one has:
Slg> b, g 1y) =98, L) g™t

since for each g € g and [y, [, € I:

(9. 97'S(g> 11, g>1y)g)g = (999", S(g> 11, 9> Iy))g
=—((ggg ") >grl, g L)
= —<Q> Ly, ) = <g,5(£1, [))a>

where the following mixed relation has been used:
g (g>1) = (999 ) >g> 1. (B.2)
We thus have the following identity:
Sg> 1, ) + Sy, g> ) =g, S )]
As far as the bilinear antisymmetric map S : [ x [ — ¢, one can write it in the basis:
S(Ta,Tp) = Sap“Ta,
so that the defining relation for & becomes the relation:
SAB“9op = — Do|B CQA]C-
Given two [-valued forms n and w, one can define a g-valued form:
w/\sn = wA/\nBSABO‘Ta.

Now one can define the transformations of the Lagrange multipliers under L-gauge trans-
formations (3.15).
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Further, to define the transformations of the Lagrange multipliers under H-gauge
transformations one needs to define the bilinear map X; : [ x h — b by the rule:

((l ), ho)y = = (L {hy, ho}t)t,  Vhy, by €h, Viel,
and bilinear map X5 : [ X h — b by the rule:
(X2(l, ho), hy)y = — (L, {hy, ho})i, Vhy, hy €b, Viel.
As far as the bilinear maps X; and X5 one can define the coefficients in the basis as:
X1 (Tata) = Xiad"to,  Xe(Tata) = Xoad"ty.
When written in the basis the defining relations for the maps X; and &5 become:
X146 Gac = —Xoa"gan , X 46 Gac = —Xab"gaB -

Given [-valued differential form w and h-valued differential form 7, one defines a h-valued
form as:
w AT = A A 4 wA2 =0t AN X4

Given any g € G,l € l and h € b one has:
Xi(g>l g ' >h) =g X h), Xo(g>1, g>h) =g~ > Xo(l, h),

since for each hy,ho € hand [ € :

(hy, g > X1(g> L, g hy))y = (g hg, X1(g> 1, g>hy))y = (g1, {g> hy, 9> hy})
<g I>L g {hl’ hQ})[ - @7 {bla ﬁ2}>[ = <ﬁ27 Xl(lv ﬁl»h ’

and similarly for X5. Finaly, one needs to define a trilinear map D : h x h x [ — g by the
rule:

<D(ﬁ17ﬁ2) D,Q>g:_<L {QDEDQQ})[) vﬁl?bZ S ha \ﬂE [7 \v/geg7
One can define the coefficients of the trilinear map as:
D(taa tp, TA) = DabAaTa7

and the defining relation for the map D expressed in terms of coefficients becomes:

DabAﬁgaB = —Duaa CchB.gAB .

Given two h-valued forms w and 7, and [-valued form &, the g-valued form is given by the
formula:
w AP n /\Df =w*A nb A fADabAﬁTﬂ.

The following compatibility relation between the maps X} and D hold:

<D(h17 hQ; l)y g>g = <X1(L Q > hl)v h2>h’ vﬁl? hQ € hu vé € [7 VQ € g) (Bg)
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which one can prove valid from the defining relations in terms of the coefficients. One can
demonstrate that for each h;, hy € h, [ €l and g € G-

D(g Dhlv g DQ% g I>D = gD(hlv ﬁ27 D 9_1,

since for each hy, hy € h, [ €, g€ gand g € G:

(97" D(g> by, g> hy, g>1)g, g)g = (D(g> hy, g1> hz, g>1), 999 ")
= (Xi(g> 1 9997 > g>hy), 9> hy)y
= (Xi(g> 1, g>g>hy), g> ho)y
= (9> X1, g> hy), g Do)y
= (X1(l, g > Ny), hy)y

= (D(hy, hy, 1), 9)g -

where the relation (B.2) and the compatibility relation (B.3) were used. We thus have for
each hy, hy € h, L € l and g € g the following identity:

D(g>ﬁ17 hQ’ l) + D(ﬁ17 g‘> hQu £) + D(ﬁl) hQa gl>£) - [97 D(hla ﬁ27 l)] .

Now one can define the transformations of the Lagrange multipliers under H-gauge trans-
formations as in (3.14).

C The equations of motion for the Weyl and Majorana fields

The action for the Weyl spinor field coupled to gravity is given by (3.72). The variation of
this action with respect to the variables Bgay, A%, Yoy 7%, Aay A%, Y, ¥4, €%, 4% and w?®
one obtains the complete set of equations of motion, as follows:

Rab . )\ab — 07
1
By — 167 lzsabcde /\6 =0,
v¢a+>\a =
V* + X% =0,
—Ya + %aabcdea A e A efo? B@B =0,
*’7 + éeabcde Ael Ae O'daﬁ’(Zw =0,
‘ N5
Vqa — 6€abcde Ae? /\ea /\ =0,
V’? — %awcde ANeb Ae O'daﬁ)\ﬁ =0,

1
Vﬁa . l2€abchb /\6 -+ 2€abcd€ A e€ /\()\aadaﬁwﬁ‘i‘)\a d WB)

—8mil2e apeae” B (6% (0%) ,0°) =
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Vea - 47Tl§5abcdeb A (@dﬁddﬁwﬁ) = 07
1 L e 74
VBg, — €la N ﬁb} - 5’70'(1170457/),8 - §7d0abaﬁ_w5 =0.

In the case of the Majorana field, one adds the mass term (3.75) to the action (3.72). Then,
the variation of the action with respect to Bay, ¥, v, Yas Aay A%, Va, _?‘, e, 5% and wg
gives the equations of motion for the Majorana case, as follows:

Rab _ Aab — 07
1
Bap — 167 l2 5abcd6 A 6 =0,
—V@Z)a + )\ = 07
—Vwa + AOL - 07
7
"Ya 6£abcde A 6 A €C¢ﬁ< )Ba = 07
B i
Vo — gCabede” A e N e (0%)pa = 0,
. . 1
VA% + %sabcd/\ﬁ Ae® Aed A ec(ad)aﬁ' 3 Meabeae® A e” A e A el

*4i7rl1276abcd6a Aeb A ,BCQ,Z_)B(ﬁd)Ba =0,
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