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1 Introduction

Field theories with SL(2, R)× U(1) global symmetry are of great interest from many per-

spectives. One motivation comes from holography for a large class of geometries with

SL(2, R) × U(1) isometry, including the near horizon of extremal Kerr(NHEK) [2, 3] and

the warped AdS3 (WAdS) [4] spacetime. Such geometries are not asymptotically locally

AdS space, and thus the conjectured Kerr/CFT [5], WAdS/CFT [4], WAdS/WCFT [6],

AdS3/WCFT [7] correspondence explores properties of holographic dualilty beyond the

standard AdS/CFT correspondence. Both the asymptotic analysis [7–10] in the bulk

and the field theoretical analysis [11] indicates that the field theory with SL(2, R) × U(1)

global symmetry have infinite dimensional local symmetries. One minimal possibility is

the warped conformal field theory (WCFT) [6] featuring Virasoro-Kac-Moody symmetries,

and the other is to have both left and right Virasoro symmetries. Further discussions of

the two possibilities can be found in [10, 12–14], and in particular the recent developments

on JT̄ deformations of CFTs [15–18].
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In this paper, we focus on the WCFTs, which are two dimensional, nonrelativistic

quantum field theory characterized by a Virasoro algebra and one U(1) Kac-Moody al-

gebra [6, 11]. Specific models of WCFT include chiral Liouville gravity [19], free Weyl

fermions [20, 21], free scalars [22], and also the Sachdev-Ye-Kitaev models with complex

fermions [23] as a symmetry-broken phase [24]. Data of WCFTs are the spectrum of op-

erators and the three-point function coefficients or the structure constants. Using warped

conformal symmetry and Operator Product Expansion (OPE), an arbitrary correlation

function of a WCFT can be constructed in terms of these data. Similar to the conformal

bootstrap [25–27], a warped conformal bootstrap program has been initiated in [28] using

crossing symmetry.

In the holographic dual, the Virasoro-Kac-Moody algebra arises from the asymptotic

symmetry analysis under Dirichlet-Neumann boundary conditions. Examples include topo-

logically massive gravity on warped AdS3 [8, 9], IIB supergravity on a class of solutions

containing a AdS3 factor [10, 13, 29], and Einstein gravity on AdS3 [7]. All these examples

with a metric formulation feature a negative Kac-Moody level as well as a purely imagi-

nary vacuum charge [29].1 Evidence of the aforementioned AdS/WCFT and WAdS/WCFT

correspondence accumulates and one finds that the duality is compatible and sometimes

only compatible with the negative level. In particular, WCFTs are covariant under mod-

ular transformations [6, 30]. As a result, a Cardy-like asymptotic formula of density of

states [6] has been derived, which successfully matches the Bekenstein-Hawking entropy

of black holes in the bulk. Entanglement entropy for WCFTs was first calculated in [30].

To find the bulk dual, one needs to perform a more general Rindler transformation [31]

compatible to the non-vanishing vacuum charge [31–33]. The resulting geometric picture is

different from the Ryu-Takayanagi proposal. Besides a negative level k and a pure imagi-

nary vacuum charge [29], holographic WCFTs also feature vacuum block dominance [33, 34]

and maximal chaos [34] at a large central charge c.

In this paper, we study another universal property of holographic WCFTs, the asymp-

totic growth of three point coefficients, along the lines of [1]. In [1], asymptotic formula of

the average three-point coefficient in the heavy-heavy-light limit for scalar operators was

derived in CFT2. Using the AdS3/CFT2 dictionary, the aforementioned quantity can be

reproduced by a bulk tadpole diagram calculation on BTZ black hole background. In par-

ticular, the result can be approximated using the geodesic of massive point particles. The

goal of this paper is to understand if such a picture is still valid in the proposed holographic

duality between WCFT and Einstein gravity with the Compere-Song-Strominger [7](CSS)

boundary conditions.

It turns out that the geodesic approximation will not work directly, and the matching

in AdS3/WCFT requires massive spinning particles in the bulk. As a byproduct, we also

generalize the discussion of [1] to operators with arbitrary spin in AdS3/CFT2. Within this

generalization, the bulk picture in AdS3/CFT and AdS3/WCFT formally have the same

1In purely field theoretical analysis for unitary WCFTs have positive central charge and Kac-Moody

level. A holographic dual to unitary WCFTs has also been proposed in [20], where the bulk theory is a

Chern-Simons theory called the lower spin gravity, but it does not have a metric formulation. In this paper,

when we say “holographic WCFTs” we exclude this example.
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tadpole structure figure 1, namely it contains a three point vertex, a bulk to boundary

propagator 〈φOφO〉, and a propagator at the horizon 〈φχφχ〉. However, the holographic

duality works in different ways, and the general formula is valid for different values of the

mass and spin. In particular, the probe particle φO in AdS3/WCFT always has equal mass

and spin, which cannot be described in the semiclassical approximation in AdS3/CFT2.

This paper is organized as follows. In section 2 we compute a tadpole diagram in

BTZ black holes for probes with arbitrary masses and spins. In section 3 we calculate

the average three-point coefficient in CFT2, and match it with the bulk amplitude in the

context of AdS3/CFT2. This part generalizes the discussion of [1] which only considered

scalars to operators with arbitrary spins in AdS3/CFT2. In section 4 and 5, we carry out

a parallel analysis in AdS3/WCFT. Using modular transformation to one-point functions

on the torus, we derive an asymptotic formula of the average three-point coefficient for

WCFT. Furthermore we match the result to a bulk tadpole diagram discussed in section 2,

using the holographic dictionary of AdS3/WCFT.

2 A tadpole diagram on BTZ black holes

In the quest for quantum gravity, many lessons have been learned from the study of three

dimensional gravity. Under the Brown-Henneaux boundary conditions, Einstein gravity on

AdS3 with a negative cosmological constant is holographically dual to a two dimensional

CFT. Under the CSS boundary conditions [7], the holographic dual is conjectured to be a

WCFT, which is relevant for extremal black holes in higher dimensions. Recently a new

entry of holographic dictionary in AdS3/CFT2 has been found [1], that is, the asymptotic

growth of average three-point coefficient for scalar operators match a tadpole diagram in

BTZ black holes in some parameter regions. In the semiclassical limit, the bulk process

can be approximated by point massive particles and hence the amplitude can be obtained

from the geodesics. In this section we revisit the same bulk process for generic massive

spinning particles, generalizing the result of [1] for scalars. In the following two sections,

we will reproduce this bulk amplitude from either CFT or WCFT, respectively.

In the semiclassical limit, the bulk process2 is as depicted in figure 1: a massive spinning

particle φO propagates from infinity to horizon, where it splits into a pair of massive

spinning particles φχ and φ†χ which wrap the horizon. In the bulk theory, the two bulk

field φO and φχ have a cubic interaction φOφ
†
χφχ proportional to the three point coefficient

〈χ|O|χ〉 in the dual field theory. This amplitude Cbk is the product of the cubic-interaction

vertex, the propagator of φO from the boundary to the bulk, and the propagator of φχ
around the horizon. Schematically, we have Cbk ∼ 〈χ|O|χ〉〈φOφO〉〈φ†χφχ〉. In the following

we will calculate the two propagators.

2As was discussed in [35], to reproduce the contributions from all the descendent states of |χ〉, a more

careful geodesic Witten diagram [36] should be considered. In that case, φχ will be allowed to propagate in

the entire BTZ spacetime, and the interaction point will be determined by minimizing the total worldline

action. As a consequence, the one-point block in the bulk will be deformed. However, in this note, we will

only focus on the contribution from the primary field and check how the picture works in the context of

AdS3/WCFT, as well as for arbitrary spins in AdS/CFT.
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φO

φχ

Figure 1. A massive spinning particle φO propagates from infinity to horizon, where it splits into

a pair of particles φχ and φ†χ which wrap the horizon.

2.1 Massive spinning particles in BTZ black holes

In this subsection we describe the propagation of a massive spinning particles in BTZ

spacetime. The metric of the BTZ black hole can be written in a form with light-like

coordinates,

ds2 = `2
(
T 2
udu

2 + 2ρdudv + T 2
v dv

2 +
dρ2

4(ρ2 − T 2
uT

2
v )

)
, (2.1)

and identifications

u ∼ u+ 2π, v ∼ v + 2π . (2.2)

Tu and Tv are variable constants. The local isometry for the BTZ black hole is SL(2, R)×
SL(2, R), while only the U(1)×U(1) part is globally well defined due to the spatial circle.

It is useful to label the coordinates u = ϕ + t and v = ϕ − t where t is the time and ϕ is

the space.

In the semiclassical approximation, a bulk two-point function for a field with mass m

and spin s is given by e−S , where S is the on-shell worldline action of a spinning particle [37],

S =

∫
dτ

(
m

√
gµνẊµẊν + sñ · ∇n

)
+ Sconstraints . (2.3)

Here τ is the length parameter. Sconstraints contains Lagrange multipliers which require that

the two normalized vector fields n and ñ should be mutually orthogonal and perpendicular

to the worldline, namely

n2 = −1, ñ2 = 1, n · ñ = 0, n · Ẋ = ñ · Ẋ = 0 . (2.4)

The symbol ∇ with no subscript indicates a covariant derivative alone the worldline:

∇V µ :=
dXν

dτ
∇νV µ . (2.5)
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The equations of motion with respect to Xµ(τ) are known as the Mathisson-Papapetrou-

Dixon (MPD) equations,

∇[mẊµ + Ẋν∇sµν ] = −1

2
ẊνsρσRµνρσ , (2.6)

where sµν is the spin tensor,

sµν = s(nµñν − ñµnν) . (2.7)

As was noticed in [37], in locally AdS spacetimes, the contraction of the Riemann tensor

with sµνẊρ vanishes. The MPD equations reduce to

∇[mẊµ − sµν∇Ẋν ] = 0 . (2.8)

One obvious solution to the MPD equation above is a geodesic

∇Ẋµ = 0 . (2.9)

While other solutions to (2.8) also exist, we will focus on the geodesic solution in this paper.

2.2 A propagator from boundary to bulk

For the particle φO propagating from boundary to horizon along a radial geodesic, the

on-shell worldline action (2.3) has two parts. The first part is the length of the worldline

times its mass. By using the argument above, a radial geodesic from infinity to the horizon

can be viewed as the trajectory followed by φO, and its length with a cutoff Λ can be

evaluated through the metric (2.1),

LO = `

∫ Λ

TuTv

dρ

2
√
ρ2 − T 2

uT
2
v

≈ `

2
(log 2Λ− log TuTv) + · · · . (2.10)

The second part in (2.3) comes from the spin contribution, which we denote as Sspin.

As discussed in [37], it can be shown that this term only depends on the boundary data of

the normal vectors n(τ) or ñ(τ). Explicitly,

Sspin = sO log

(
q(τf ) · nf − q̃(τf ) · nf
q(τi) · ni − q̃(τi) · ni

)
, (2.11)

where two vectors qµ and q̃µ are mutually orthogonal, perpendicular to the geodesic, and

furthermore are parallel transported along and the geodesic, i.e.,

q2 = −1, q̃2 = 1, q · q̃ = 0, q · Ẋ = q̃ · Ẋ = 0, ∇q = ∇q̃ = 0. (2.12)

The two sets of vectors (n(τ), ñ(τ)) and (q(τ), q̃(τ)) can be related via a Lorentz boost. In

fact, we can expand n(τ) and ñ(τ) in terms of q(τ) and q̃(τ),

n(τ) = cosh(η(τ))q(τ) + sinh(η(τ))q̃(τ) , (2.13)

ñ(τ) = sinh(η(τ))q(τ) + cosh(η(τ))q̃(τ) , (2.14)
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where η(τ) is the rapidity of this Lorentz boost. Sspin measures the total change of this

boost and can also be expressed in terms of ñ, q, and q̃,

Sspin = sO log

(
q̃(τf ) · ñf − q(τf ) · ñf
q̃(τi) · ñi − q(τi) · ñi

)
. (2.15)

Using the metric (2.1), it is straightforward to find the tangent vector and a parallel

transport normal frame of the radial geodesic,

Ẋµ∂µ =
2

`

√
ρ2 − T 2

uT
2
v ∂ρ, (2.16)

q̃µ∂µ =
Tv

`
√

2TuTv(ρ+ TuTv)
∂u +

Tu

`
√

2TuTv(ρ+ TuTv)
∂v ,

qµ∂µ =
Tv

`
√

2TuTv(ρ− TuTv)
∂u −

Tu

`
√

2TuTv(ρ− TuTv)
∂v . (2.17)

Setting the initial point at infinity and final point at the horizon, it is easy to find,3

ñµi ∂µ = lim
ρ→∞

1

`
√

2ρ
(∂u + ∂v), ñµf∂µ = lim

ρ→TuTv

1

`(ρ+ TuTv)
(Tv∂u + Tu∂v) . (2.18)

Substituting the above formulas into (2.15), we find,

Sspin = sO log

√
Tv
Tu

. (2.19)

Putting the two parts together, we can explicitly write down the regularized radial bound-

ary to bulk propagator,

e−SO = T
`mO+sO

2
u T

`mO−sO
2

v . (2.20)

2.3 A propagator at the horizon

In this subsection, we consider the propagator of a massive spinning particle φχ going

around the horizon as shown in the figure 1. Similar to the discussion for the particle φO,

the amplitude for φχ wrapping the horizon can be evaluated as e−Sχ in the semi-classical

limit. Again we will take the geodesic solution to the MPD equation. Then the total

on-shell worldline action of φχ, analogous to (2.3), will become

Sχ = mχLχ + Sspin
χ

= 2π`mχ(Tu + Tv) + sχ

∫
dτñ · ∇n (2.21)

where the first part is the length of the trajectory at the horizon times the mass, and the

second part is the spin contribution, mχ and sχ are the mass and spin of φχ respectively,

3Here we choose the time-like co-vector field nµdx
µ to be proportional to dt along the worldline, and

the spatial normal co-vector ñµdx
µ which is perpendicular to n always takes a form,

ñµdx
µ ∝ dϕ+

T 2
u − T 2

v

2ρ+ T 2
u + T 2

v

dt .

The worldline action (2.3) is covariant, thus insensitive to the specific choices of n and ñ.

– 6 –
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nµ and ñµ are mutually orthogonal normal vectors as defined in (2.4). The trajectory of

φχ is the horizon at constant time t and is also a geodesic satisfying (2.9).

The horizon is a degenerate hypersurface, and direct solution for n and ñ will be

singular. Instead, we take the orbit of the particle φχ to be a circular orbit with constant

radius slightly greater than the horizon’s. It can be shown that the constant radius orbits

outside the horizon are no longer geodesics, but with accelerations. Then we evaluate the

action of φχ on that orbit, this is not on-shell since (2.8) is not satisfied. Finally, we take

the radius of that orbit tends to the horizon. On the horizon, the worldline action become

on-shell, and we will get the result. By using the metric (2.1), we can find out the tangent

and normal vectors of the horizon at constant time followed by φχ,

Ẋµ∂µ = lim
ρ→TuTv

1

`
√

2ρ+ T 2
u + T 2

v

∂u +
1

`
√

2ρ+ T 2
u + T 2

v

∂v, (2.22)

ñµ∂µ = lim
ρ→TuTv

2
√
ρ2 − T 2

uT
2
v

`
∂ρ , (2.23)

nµ∂µ = lim
ρ→TuTv

ρ+ T 2
v

`
√

(ρ2 − T 2
uT

2
v )(2ρ+ T 2

u + T 2
v )
∂u −

ρ+ T 2
u

`
√

(ρ2 − T 2
uT

2
v )(2ρ+ T 2

u + T 2
v )
∂v .

(2.24)

Substituting the above expressions in to the action (2.21), we learn that the limit ρ→ TuTv
is finite and furthermore the integrand of Sspin

χ is independent of the affine parameter.

Therefore we can directly perform the integral at the horizon, and get Sspin
χ = sχ2π(Tu −

Tv). Alternatively, the same result can be obtained by the formula (2.15), similar to the

discussion for O. More details for the alternative derivation can be found in appendix A.

Putting the two contributions together, the total on-shell action of the massive spinning

particle φχ going round the horizon once is given by

Sχ = 2π(`mχ + sχ)Tu + 2π(`mχ − sχ)Tv . (2.25)

Note that (2.25) is independent of boundary conditions or the holographic dictionaries,

and will be used in the story of AdS3/CFT2 and AdS3/WCFT in next sections.

Backreactions. If the mass of the particle is comparable to 1
G , backreactions to the

background geometry will be important if we try to match the local mass and spin in the

bulk to quantum numbers in the dual field theory. Solving the Einstein equation with

a local source, the backreaction of a particle with mass mχ and sχ geometry will be a

rotational conical defect [38, 39],

ds2 = `2

[
− (1 + r2)

(
dt− sχ

`
4G

(
1− δϕ

2π

)dϕ)2

+
dr2

1 + r2
+ r2dϕ2

]
, (2.26)

ϕ ∼ ϕ+ 2π − δϕ . (2.27)

Here the deficit angle δϕ is related to the mass of the φχ through

mχ =
δϕ

8πG
. (2.28)

– 7 –
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More details of the solution can be found in appendix B, where we show that the mass and

spin of the local source can be obtained from the geometry by the quasi-local energy.

In order to match results in the boundary, we need to put the conical defect solu-

tion (2.26) into the form of (2.1) with standard identification (2.2), from which we can

read the asymptotic charges easily. One can verify that the coordinate transformation is

u =
ϕ

1− 4Gmχ
+

t

1− 4G(mχ + sχ/`)
, (2.29)

v =
ϕ

1− 4Gmχ
− t

1− 4G(mχ − sχ/`)
, (2.30)

ρ =
1

2

[
(1− 4Gmχ)2 − 16G2s2

χ/`
2
](1

2
+ r2

)
. (2.31)

The resulting metric has fixed boundary metric and identifications (2.2), and takes the

standard form,

ds2 = `2
[
T 2
χudu

2 + 2ρdudv + T 2
χvdv

2 +
dρ2

4(ρ2 − T 2
χuT

2
χv)

]
, (2.32)

(u, v) ∼ (u+ 2π, v + 2π)

where

T 2
χu = −(1− 4G(mχ + sχ/`))

2

4
, T 2

χv = −(1− 4G(mχ − sχ/`))2

4
. (2.33)

Note that (2.32) is in both the Brown-Henneaux phase space and the CSS phase space.

From (2.32), we can easily read off the asymptotic charges, and are related to quantum

numbers in the field theory according to the holographic dictionary.

2.4 A tadpole diagram in the bulk

Combing the two contributions from φO (2.20) and φχ(2.25), we get the total amplitude

for the process given by figure 1,

CbkO (EL, ER) = 〈χ|O|χ〉︸ ︷︷ ︸
vertex

T
`mO+sO

2
u T

`mO−sO
2

v︸ ︷︷ ︸
〈φOφO〉

e−`mχ2π(Tv+Tu)−sχ2π(Tu−Tv)︸ ︷︷ ︸
〈φ†χφχ〉

, (2.34)

which describes a massive spinning particle φO propagates from infinity, and decays into a

loop of φχ around the black hole horizon.

3 Structure constant in AdS3/CFT2 with spinning operators

In this section, we consider the mean value of three-point coefficients in the context of

AdS3/CFT2. Our results generalize those of [1] to operators with arbitrary spins. On the

CFT2 side, we derive the typical expectation value of an operator O with conformal weights

(hO, h̄O) on states with weights (EL+ c
24 , ER+ c

24). We follow the strategy of [1] where the

same quantity was calculated for scalar operator O. By changing the ensemble, the typical

value of three-point function can be calculated from the torus one-point function. Similar

– 8 –
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to the derivation of Cardy’s formula, modular invariance of two dimensional CFTs allows

an estimation of torus one-point function at high temperature, or equivalently at high

energy. On the gravity side, we consider Einstein gravity in asymptotic AdS3 spacetime

with the Brown-Henneaux boundary conditions. The gravity picture is then a tadpole

diagram on BTZ background as depicted in figure 1. Due to the spin, the propagator in

the bulk will be given by the worldline action of a spinning particle instead of a spinless

particle as discussed in [1]. In the following we will show the CFT2 calculation and bulk

calculation respectively.

3.1 Asymptotic structure constant in CFT2 with arbitrary spins

In this subsection, we derive the mean structure constant of an operator O with conformal

weights (hO, h̄O) and two operators with conformal weights (EL+ c
24 , ER + c

24) in the limit

of EL, ER � 1. In the following, we will carry out a detailed calculation in CFT2, for the

purpose of easy comparison with that of WCFT in the next section.

In a two dimensional CFT, the one-point function of a primary operator O of conformal

weights (hO, h̄O) on a torus with complex modular parameter τ = iτ1 + τ2 can be written

in terms of three-point coefficients as follows,

〈O〉τ,τ̄ = TrOe2πiτL0−2πiτ̄ L̄0 =

∫
dELdERTO(EL, ER)e2πiτEL−2πiτ̄ER , (3.1)

where

TO(EL, ER) =
∑
i

〈i|O|i〉δ(EL − ELi)δ(ER − ERi) . (3.2)

Up to normalizations, 〈i|O|i〉 is the OPE coefficient ciiO, and hence TO(EL, ER) is the

total three-point coefficient from all operators with (ELi, ERi). L0 and L̄0 are the zero

modes of the standard Virasoro algebra. EL and ER are the eigenvalues of L0 and L̄0

on the cylinder, respectively, with relative shifts EL(ER) = h(h̄) − c
24 to the conformal

weights (h, h̄) defined on the plane. The imaginary part of τ is proportional to the inverse

temperature and the real part is the angular potential. Here we keep them arbitrary, and

treat τ and τ̄ as independent complex variables.

We can invert the relation (3.1) between the torus one-point function and TO(EL, ER)

by an inverse Laplace transformation. From this perspective, the total three-point coeffi-

cient TO(EL, ER) is also the density of states weighted by the one-point function,

TO(EL, ER) =

∫
dτdτ̄e−2πiτELe2πiτ̄ER〈O〉τ,τ̄ . (3.3)

Two dimensional CFTs are invariant under the large conformal transformations on the

torus, which act on τ as modular transformations,

τ → γτ ≡ aτ + b

cτ + d
, (3.4)

where ad − cd = 1. The partition function of theory is invariant under such modular

transformation, and the primary operator O transforms with the modular weights (hO, h̄O),

〈O〉γτ,γτ̄ = (cτ + d)hO(cτ̄ + d)h̄O〈O〉τ,τ̄ . (3.5)
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In particular, under the S transformation τ → −1/τ , the one-point function transforms as

〈O〉τ,τ̄ = τ−hO τ̄−h̄O〈O〉−1/τ,−1/τ̄ . (3.6)

This formula is very useful as it relates the high temperature behaviour of the theory to

the behaviour at low temperature. Taking the limit τ → i0+, τ̄ → −i0+, and assuming

the eigenvalues of L0 and L̄0 are bounded from below, we can project the right hand side

of (3.6) onto a lightest state |χ〉 with non-vanishing three-point coefficient 〈χ|O|χ〉 6= 0,4

〈O〉τ,τ̄ = 〈χ|O|χ〉τ−hO τ̄−h̄Oe−2πi 1
τ
ELχe2πi 1

τ̄
ERχ , (3.7)

where (ELχ, ERχ) are the conformal dimensions of the state |χ〉. Substituting (3.7) back

into (3.3), we can write down the total three-point coefficient in terms of ELχ and ERχ,

TO(EL, ER) = 〈χ|O|χ〉
∫
dτdτ̄τ−hO τ̄−h̄Oe−2πiτELe2πiτ̄ERe−2πi 1

τ
ELχe2πi 1

τ̄
ERχ . (3.8)

At large EL and ER, the above integral is dominated by a saddle point with

τ = i

√
−
ELχ
EL

, τ̄ = −i

√
−
ERχ
ER

. (3.9)

Further assuming ELχ, ERχ < 0, the saddle points are pure imaginary. Under the saddle

point approximation, the integral in (3.8) can be performed and we get,

TO(EL, ER) = ih̄O−hO〈χ|O|χ〉
(
−
ELχ
EL

)−hO
2
(
−
ERχ
ER

)− h̄O
2

e4π
√
−ELELχ+4π

√
−ERERχ .

(3.10)

TO(EL, ER) characterizes the total contribution of different degenerate states to the three-

point function coefficient of the underling CFT at given large EL and ER. However, it is

useful to define the typical value of the three-point coefficient by dividing TO(EL, ER) by

the density of states. Choosing the operator O being the identity and setting the state |χ〉
to the vacuum in (3.10), we can write down the density of states ρ(EL, ER) at large EL
and ER,

ρ(EL, ER) = e4π
√
−ELELvac+4π

√
−ERERvac . (3.11)

Taking ELvac = ERvac = − c
24 , the above equation is nothing but the Cardy’s formula in

two dimensional CFT. The mean structure constant for the operator O and two operators

with same large conformal dimension EL and ER can be defined,

CO(EL, ER) ≡ TO(EL, ER)

ρ(EL, ER)
(3.12)

= ih̄O−hO〈χ|O|χ〉
(
−
ELχ
EL

)−hO
2
(
−
ERχ
ER

)− h̄O
2

×e4π
√
EL

(√
−ELχ−

√
−ELvac

)
+4π
√
ER

(√
−ERχ−

√
−ERvac

)
.

4Throughout this paper, we focus on the contribution from the primary field χ, without considering the

possible degeneracy. When χ has degeneracies, we need to replace 〈χ|O|χ〉 by a sum over all degenerate

states. Subtleties may appear when the sum is zero. Related discussions can be found in [1]. Here we

will only consider the most general theories where such coincidence doesn’t show up. See [35] for the

contributions from all the descendants.
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This is the asymptotic formula of the average value of three-point coefficient for a general

CFT2, assuming EL, ER � 1, and the existence of an operator χ with ELχ, ERχ < 0 and

〈χ|O|χ〉 6= 0. When O is a scalar operator with hO = h̄O, (3.12) reduces to the CFT results

of [1]. In the following subsection, we will match the bulk calculation (2.34) to the CFT

result (3.12).

3.2 Matching with AdS3/CFT2

Under Brown-Henneaux boundary conditions, asymptotically AdS3 spacetimes are dual

to CFT2s. In the context of AdS3/CFT2, [1] proposed a bulk dual for the asymptotic

formula of mean three-point coefficient for scalar operators in the heavy-heavy-light limit.

In this subsection, we check the picture for the generic spins by matching the bulk tad-

pole diagram with the CFT quantity CO(EL, ER) (3.12). In the following, we will first

use the AdS3/CFT2 dictionary to rewrite the result (3.12) in terms of BTZ parame-

ters, and then consider the contributions from φO and φχ, and finally match the bulk

result (2.34) to (3.12).

We consider the average value of the three-point coefficient CO(EL, ER) (3.12), in the

heavy-heavy-light limit with 1 � hO, h̄O � c
24 and EL, ER ≥ c

24 , c� 1. At large EL and

ER, a typical state |EL, ER〉 is well described by the black hole geometry in AdS3, which

emerges after coarse-graining over many states at fixed EL and ER. The difference from [1]

is that for EL 6= ER, we will need to consider rotating BTZ black holes. More explicitly,

the quantum numbers EL and ER in CFT2 are the conserved charges associate with the

Killing vectors ∂u and −∂v evaluated on the BTZ metric (2.1),

EL = Q[∂u] =
`T 2
u

4G
, ER = Q[−∂v] =

`T 2
v

4G
. (3.13)

The dual geometry for the CFT vacuum is the global AdS3, which corresponds to Tu,v =

− i
2 , with eigenvalues

ELvac = ERvac = − `

16G
. (3.14)

For a light operator O with 1 � hO, h̄O � c
24 , its dual field φO can be approximated

by a massive spinning particle, instead of a spinless particle when hO = h̄O as considered

in [1]. Under the massive particle approximation, the conformal weights for O are related

to the mass and spin by

hO =
1

2
(`mO + sO), h̄O =

1

2
(`mO − sO) . (3.15)

Therefore the propagator for φO (2.20) can be also written as

e−SO = T hOu T h̄Ov . (3.16)

We will further take the lightest state |χ〉 coupled to O to be a heavy operator in

the region 1 � hχ, h̄χ <
c

24 . Then the dual bulk field, denoted by φχ, will correspond to

a non-perturbative field which backreacts on the bulk AdS3 geometry but still below the

black hole threshold. This means that φχ will create a spinning conical defect for generic
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hχ − h̄χ. Now we need to relate the local bulk mass mχ and spin sχ to conformal weights

hχ, h̄χ in the dual CFT2. As described in section 2.3, the spinning conical defect (2.26)

can be brought into a standard form (2.32) in the Brown-Henneax phase space. Then the

conformal weights can be read from the asymptotic charges evaluated on (2.32) with the

parameters (2.33),

ELχ = Qχ[∂u] =
`T 2
χu

4G
, ERχ = Qχ[−∂v] =

`T 2
χv

4G
(3.17)

Using the above map and eqs. (2.33), one can rewrite the mass and spin of φχ in terms of

its conformal dimensions,

`mχ =
`

4G
−
√
−
`ELχ
4G

−
√
−
`ERχ
4G

, sχ = −
√
−
`ELχ
4G

+

√
−
`ERχ
4G

. (3.18)

Substituting the mass and spin formula above into (2.25), the amplitude for φχ wrapping

the horizon can be recast as

e−Sχ = e
4π

[
Tu

(√
−
`ELχ

4G
− `

8G

)
+Tv

(√
−
`ERχ

4G
− `

8G

)]
. (3.19)

Putting the two parts (3.16) and (3.19) together, the bulk amplitude (2.34) for the process

given by figure 1 under Brown-Henneaux boundary conditions can be written as

CbkO (EL, ER) = < χ|O|χ >︸ ︷︷ ︸
vertex

T hOu T h̄Ov︸ ︷︷ ︸
〈φOφO〉

e
4π

[
Tu

(√
−
`ELχ

4G
− `

8G

)
+Tv

(√
−
`ERχ

4G
− `

8G

)]
︸ ︷︷ ︸

〈φχφχ〉

(3.20)

Up to an overall normalization that does not depend on EL and ER, the above bulk am-

plitude agrees with the average value of three-point coefficient (3.12) rewritten in terms of

temperatures. Note that the bulk approximation (3.20) in the AdS3/CFT2 correspondence

is valid in the region 1 � hO, h̄O � c
24 , and 1 � hχ, h̄χ <

c
24 . In particular, (3.20) is not

valid for h̄O = 0 which corresponds to particles with equal mass and spin in the bulk. This

is in contrast with the WCFT result (5.20) in the next section which is only valid for φO
with equal mass and spin.

4 The AdS3/WCFT correspondence

4.1 Warped CFT and modular invariance

In this subsection, we briefly review some basic features of WCFT. A warped conformal

field theory is characterized by the warped conformal symmetry. The global symmetry

is SL(2, R) × U(1) , while the local symmetry algebra is a Virasoro algebra plus a U(1)

Kac-Moody algebra [6, 11]. In position space, a general warped conformal symmetry

transformation can be written as

x′ = f(x), y′ = y + g(x) , (4.1)
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where x and y are SL(2, R) and U(1) local coordinates, and f(x) and g(x) are two arbitrary

functions. Denote T (x) and P (x) as the Noether currents associated with the translation

along x and y axis, respectively. The commutation relations for the Noether charges form

a canonical warped conformal algebra consists of one Virasoro algebra and a Kac-Moody

algebra,

[Ln, Lm] = (n−m)Ln+m +
c

12
n(n2 − 1)δn,−m,

[Ln, Pm] = −mPn+m, (4.2)

[Pn, Pm] = n
k

2
δn,−m ,

where c is the central charge and k is the Kac-Moody level. One can also construct the

spectral flow invariant Virasoro generators,

Linv
n = Ln −

1

k

( ∑
m≤−1

PmPn−m +
∑
m≥0

Pn−mPm

)
. (4.3)

One can check that Linv
n commutate with the Kac-Moody generators, and form a Virasoro

algebra with central charge c− 1.

Now consider a WCFT with coordinates (x, y) on a torus with two circles

spatial circle: (x, y) ∼ (x+ 2π, y) , (4.4)

thermal circle: (x, y) ∼ (x+ iβ, y − iβ̄) , (4.5)

where β and β̄ are the inverse temperatures along x and y, respectively. The torus partition

function can be written as

Z(β, β̄) = Tr(e−βL0+β̄P0) , (4.6)

where L0 and P0 are the zero modes of the generators, which are the conserved charges

associated with the coordinates x and y respectively,

L0 = Q[∂x], P0 = Q[∂y] , (4.7)

The partition function (4.6) transforms covariantly under modular transformation, as first

obtained in [6], and further explained in [30]. First note that the partition function is

invariant under swapping the circles to

spatial circle: (x, y) ∼ (x+ iβ, y − iβ̄) , (4.8)

thermal circle: (x, y) ∼ (x− 2π, y) . (4.9)

Then the following warped conformal transformation

x′ = −i2π
β
x, y′ = y +

β̄

β
x , (4.10)

leads to a torus with new circles,

spatial circle: (x′, y′) ∼ (x′ + 2π, y′) , (4.11)

thermal circle: (x′, y′) ∼ (x′ + iβ′, y′ − iβ̄′) , (4.12)
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where

β′ =
4π2

β
, β̄′ = −2πiβ̄

β
. (4.13)

The partition function transforms according to the following equation with anomaly [6, 30],

Z(β, β̄) = e
k β̄

2

4β Z

(
4π2

β
,−2πiβ̄

β

)
. (4.14)

4.2 The AdS3/WCFT correspondence

The AdS3/WCFT setup— version I. Under CSS boundary conditions [7], asymp-

totically AdS3 spacetimes are conjectured to be dual to WCFTs. To be more precise,

there are two different versions of the boundary conditions, demonstrated in the text and

appendix of [7], respectively. Let us first setup the holographic dictionary for WCFT in

AdS3 using the version in the text. In the light-like coordinate system, the BTZ black hole

metric (2.1) with identification (2.2) satisfies the CSS boundary conditions,

g(0)
uv = 1, g(0)

vv = 0, ∂vg
(0)
uu = 0, g(2)

vv = T 2
v , (4.15)

with Tv fixed. The asymptotic Killing vectors obeying the boundary condition (4.15) are,

ξn = einu
(
∂u −

1

2
in∂ρ

)
, ηn = −einu∂v , (4.16)

The asymptotic symmetry algebra under above boundary conditions is the Virasoro-Kac-

Moody algebra, which can be written as

[L̃n, L̃m] = (n−m)L̃n+m +
c

12
(n3 − n)δn,−m,

[L̃n, P̃m] = −mP̃n+m +mP̃0δn,−m, (4.17)

[P̃n, P̃m] =
k̃

2
nδn,−m ,

where

c =
3`

2G
, k̃ = −`T

2
v

G
. (4.18)

L̃0 and P̃0 are the conserved charges associate with left and right moving Killing vectors

∂u and ∂v respectively, and are related to the bulk mass and energy momentum by L̃0 =
1
2(E + J), P̃0 = −1

2(E − J). The asymptotic charges L̃n, P̃n are both finite and integrable

with fixed Tv. The above algebra (4.17) is not the canonical WCFT algebra (4.2). One

way to relate them is through the following charge redefinition [6],5

L̃n = Ln −
2P0Pn
k

+
P 2

0 δn,0
k

, P̃n =
2P0Pn
k
− P 2

0 δn,0
k

. (4.19)

5Alternatively, we can choose the field dependent asymptotic Killing vectors following appendix A of [41],

which is a modification of the appendix B of [7]. Then the bulk charges will automatically match the

Virasoro-Kac-Moody generators in WCFT. In particular, for states with 〈Pn〉 = 0, ∀n 6= 0, it will be

obvious that 〈L0〉 is the angular momentum.
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In this paper, we are interested in states with 〈Pn〉 = 0, ∀n 6= 0, and this amounts to a

nonlocal reparameterization of the theory,

u = x, v =
ky

2P0
+ x . (4.20)

On such states we further have the expectation values

EL ≡ 〈L0〉 = 〈L̃0〉+ 〈P̃0〉 = J,
Q2

k
= 〈P̃0〉 =

1

2
(J − E) (4.21)

Einv
L ≡ 〈Linv

0 〉 = L̃0 =
1

2
(E + J),

Note that the WCFT weight EL corresponds to angular momentum in the bulk, while the

spectral flow invariant generator Linv
0 plays the same role of the left moving energy LCFT0

in a CFT2. In particular, if a state has a vanishing charge, the bulk energy equals to its

angular momentum which is furthermore given by the eigenvalue of L0,

E = J = EL, if Q = 0 (4.22)

For the BTZ black holes (2.1), the expectation values of the zero modes of the canonical

WCFT algebra (4.2) can now be read from the background geometry,

Einv
L = 〈Linv

0 〉 =
`

4G
T 2
u , Q = 〈P0〉 = −Tv

2

√
−`k
G
. (4.23)

The WCFT vacuum corresponds to the global AdS3 with Tu = Tv = − i
2 , and thus the

vacuum has the following quantum numbers

Einv
L vac = − `

16G
, Qvac =

i

4

√
−`k
G
. (4.24)

Here we would like to comment on a few features of the AdS3/WCFT correspondence:

• From (4.23), the phase space of fixed Tv is mapped to a sector with fixed charge

Q. On the other hand, WCFT contains sectors with different charges, as is required

by modular covariance [6]. This suggests that the phase space of WCFT consists

of the union of the bulk phase spaces with different Tv. This interpretation was

proposed by [31], and is necessary for reproducing the Bekenstein-Hawking entropy

using the DHH formula. The calculations of holographic entanglement entropy [31]

and one-loop partition function [40] both support this interpretation.

• It is convenient to choose a negative level k, which makes the charge of black holes

real whereas the charge of global AdS3 pure imaginary, as can be seen in eq (4.23).

Alternatively, one could choose a positive k. Then global AdS3 will has positive

charge, and the vacuum sector will remain unitary.

• Relatedly, a modular bootstrap with k < 0 can be performed assuming that all the

Virasoro-Kac-Moody primary states have positive norms [41]. The negative level k
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leads to descendent states with negative norms, whose contribution to the partition

function can be estimated and is much smaller than the primaries. Furthermore,

modular covariance requires that states with pure imaginary charges have to exist [41],

consistent with the fact that global AdS3 has a pure imaginary charge.

• One interesting question is whether the CSS boundary conditions and AdS3/WCFT

correspondence is consistent at the quantum level. In [40], it was shown that the

one-loop determinant on BTZ background can indeed be written as a Virasoro-Kac-

Moody character, as opposed to a Virasoro-Virasoro character in the AdS3/CFT2.

Combining the result of [40] and the Schottky uniformazition, it was further shown

in [33] that the order c(0) part of the Rényi mutual information in WCFT for two

interval at large distance can be obtained from a one-loop calculation in the bulk.

These results provide nontrivial checks of AdS3/WCFT at the quantum level.

Version II. There is an alternatively version of CSS boundary conditions as in appendix

A of [41], which is a modification of appendix B of [7]. The boundary conditions agree

with (4.15), with g
(2)
vv still coordinate independent but allowed to vary. The resulting

asymptotic Killing vectors are state-dependent,

ξ′n = ξn + ηn, η′n =
ηn
Tv

, (4.25)

from which the corresponding charges Ln and Pn automatically satisfy the canonical WCFT

algebra (4.2) with central charge c = 3`/2G and a negative level k. Both Ln and Pn
charges are integrable for arbitrary variations of Tv. These charges are related to the bulk

charges (4.17) in version I by the non-local map eq (4.19). Then it is straightforward to

show that the zero mode of the Virasoro-Kac-Moody is just the angular momentum

EL ≡ 〈L0〉 = J,
Q2

k
=
〈P0〉2

k
=

1

2
(J − E) (4.26)

In particular, the BTZ black holes has the charges are L0 = `
4G(T 2

u −T 2
v ), P0 = −Tv

2

√
− `k
G .

In this version of the boundary conditions, Tv remains constant, but is allowed to vary.

The map between the bulk and boundary is straightforward, though at the cost of field-

dependent asymptotic Killing vectors. Black hole entropy, entanglement entropy, modular

bootstrap can be discussed in this version, and the results remain the same.

5 Structure constant in AdS3/WCFT

In this section, we will first derive the mean structure constant in WCFT by using the

modular properties of warped conformal symmetry, and then provide a bulk calculation

on the background of BTZ black holes. We found that the gravity picture of the mean

structure constant in WCFT will still be given by figure 1. However, a crucial difference

from the previous discussion is that we will use the holographic dictionary of AdS3/WCFT,

instead of AdS3/CFT.
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5.1 Torus one-point functions

Due to the warped conformal algebra (4.2), the operator spectrum in WCFT can be labelled

by conformal weights and charges, i.e. the eigenvalues of L0 and charge under P0. Due to

charge conservation, only chargeless operators will have non-vanishing one-point function.

For a primary operator O with conformal weight hO and zero charge, the one-point function

on a torus (4.4) (4.5) is defined by

〈O〉β,β̄ = Tr(Oe−βL0+β̄P0) . (5.1)

Similar to the story in CFT, the warped conformal transformation (4.10) which swap the

spatial and thermal circle on the torus plays the role as modular transformation in WCFT.

Under the warped conformal transformation the one-point function transforms as [28]

〈O〉β,β̄ = e
k β̄

2

4β

(
∂x′

∂x

)hO
〈O〉 4π2

β
,− 2πiβ̄

β

. (5.2)

Here the form of the finite transformation of O is determined by the chiral scaling symmetry

of the theory. It behaves like an hO-form under x-direction diffeomorphism and like a scalar

under U(1) transformation.

Now take limit β → 0+, suppose the eigenvalues of L0 are bounded from below, we have

〈O〉β,β̄ = 〈χ|O|χ〉
(
−i2π

β

)hO
e
− 4π2

β
ELχ−

2πiβ̄
β

Qχ+k β̄
2

4β (5.3)

where |χ〉 is the lightest state with non-vanishing three-point coefficient 〈χ|O|χ〉 6= 0. The

charge conservation for the three-point function requires O to be chargeless [28]. Here we

use ELχ for the eigenvalue of L0 on the cylinder acting on |χ〉 and Qχ is the eigenvalue of

P0 acting on |χ〉 which is known as the charge of |χ〉.
On the other hand, the one-point function of the primary operator O can be rewrit-

ten as

〈O〉β,β̄ =

∫ ∫
dELdQTO(EL, Q)e−βEL+β̄Q , (5.4)

where

TO(EL, Q) =
∑
i

〈i|O|i〉δ(Q−Qi)δ(EL − ELi) , (5.5)

is the density of states weighted by the one-point function. The integral above can be

inverted to find TO(EL, Q),

TO(EL, Q) =

∫
dβ

2π

dβ̄

2π
〈O〉β,β̄eβEL−β̄Q

=

∫
dβ

2π

dβ̄

2π
〈χ|O|χ〉

(
−i2π

β

)hO
e
− 4π2

β
ELχ−

2πiβ̄
β

Qχ+k β̄
2

4β
+βEL−β̄Q (5.6)

At large EL and −Q, this integral is dominated by a saddle point with

β = 2π

√
−
Einv
L χ

Einv
L

, β̄ =
4π

k

iQχ +Q

√
−
Einv
L χ

Einv
L

 . (5.7)
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where Einv
L = EL − Q2

k , Einv
L χ = ELχ −

Q2
χ

k . When k is negative, the condition for the

validity of the saddle point method is Einv
L � 1. It will become clear that negative k is

responsible for the U(1) charge for excited states to be real when considering its gravity

dual. It is easy to check that these shifted conformal dimensions Einv
L and Einv

L χ are the

eigenvalues of the zero modes of spectral flow invariant generators defined in (4.3). To

have the real saddle points, it is assumed that Einv
L χ < 0 and Qχ is pure imaginary. Under

saddle point approximation, the expression of the TO(EL, Q) can be written as

TO(EL, Q) =
(−i)hO〈χ|O|χ〉√
−kEinv

L χ

√−Einv
L χ

Einv
L

2−hO

e
4π
√
−Einv

L χ
Einv
L −

4πi
k
QχQ

. (5.8)

We can also carry out the density of states at large EL and −Q by choosing the operator

O being the identity and setting Einv
L χ → Einv

L vac in TO(EL, Q),

ρ(EL, Q) =
1√

−kEinv
L vac

(√
−
Einv
L vac

Einv
L

)2

eS , (5.9)

where S is the entropy formula derived in [6],

S = 4π
√
−Einv

L vacE
inv
L −

4πi

k
QvacQ . (5.10)

As discussed in CFT, one can define the typical value of the three-point coefficient

CO(EL, Q) by

CO(EL, Q) ≡ TO(EL, Q)

ρ(EL, Q)
. (5.11)

At large Einv
L , CO(EL, Q) can be approximated by

CO(EL, Q) ∼ (5.12)

(−i)hO〈χ|O|χ〉

√
Einv
L χ

Einv
L vac

√
−
Einv
L

Einv
L χ

hO

e
4π

√ −Einv
L χ

−Einv
L vac

−1

√−Einv
L vac

Einv
L −

4πi
k

(
Qχ
Qvac

−1
)
QvacQ

.

The above formula (5.12) characterizes the asymptotic growth of the mean three point

coefficient in WCFT. This is similar to the result of [42] in the context of CFTs with an

additional U(1) symmetry. Although the expression (5.12) looks complicated, we will see

that it can also be interpreted as the tadpole diagram (2.34) in the bulk gravity.

5.2 Matching in AdS3/WCFT

Now we consider the bulk interpretation of the average three-point coefficient

CO(EL, Q) (5.12) in the context of AdS3/WCFT. Under CSS boundary conditions [7],

Einstein gravity on asymptotically AdS3 spacetimes are dual to WCFTs. Similar to the

previous section, in this section we also consider the large c limit of the heavy-heavy-

light type correlators with O light and |EL, Q〉 heavy. For the light operator O with

– 18 –



J
H
E
P
1
0
(
2
0
1
9
)
2
1
1

1 � hO � c
24 , its dual field can be viewed as perturbative bulk field lives in AdS3. The

heavy state with Einv
L ,−Q2

k ≥
c

24 is well described by the BTZ geometry (2.1) with the

identification (2.2).

We propose that the bulk dual of the expectation value for the torus one-point function

is still given by the tadpole diagram as depicted in figure 1. Denote the bulk duals of O
by φO, and χ by φχ. Both φO and φχ carry mass and spin. The amplitude contains a

propagator of φO emanating from infinity, a propagator of φχ wrapping the black hole, and

a cubic coupling 〈χ|O|χ〉. In the semiclassical limit, the propagator can be approximated

by the on-shell action of massive spinning particles

CbkO (EL, Q) = 〈χ|O|χ〉e−SOe−Sχ (5.13)

e−SO = T
`mO+sO

2
u T

`mO−sO
2

v , e−Sχ = e−`mχ2π(Tv+Tu)−sχ2π(Tu−Tv)

where in the second line we have used the results (2.20) and (2.25). Note that the bulk

result written in terms of the bulk variables is the same as the story of AdS3/CFT2 proposed

in [1] and generalized in the previous section. In the following we will use the holographic

dictionary of AdS3/WCFT to show that the bulk amplitude (5.13) will match the average

three-point coefficient in WCFT (5.12) up to some normalization factors. This indicates

that holographic dualities for WCFT has another universal property, that is, the agreement

between the tadpole diagram in the bulk and the mean three-point coefficient on the

boundary.

The bulk dual of O. As discussed in the story of AdS3/CFT2, we expect to reproduce

the contribution from the operator O by the boundary to bulk propagator of a bulk field φO
from infinity to the horizon. Under the WKB approximation, the propagator of a massive

particle from infinity to the horizon of the BTZ metric (2.1) is given by (2.20). Now we

need to use the AdS3/WCFT dictionary to match the quantum numbers.

The bulk-boundary map of AdS3/WCFT (4.21) relates the conformal dimension and

charge to the dimensionless energy and angular momentum. For a perturbative field under

the WKB approximation, it increases the dimensionless energy and angular momentum

by its mass and spin, δE = `m, δJ = s. From (4.22), we learn that the bulk dual of the

chargeless operator O will have equal mass and spin, which is further given by its conformal

weight,

`mO = sO = ELO +
c

24
= hO . (5.14)

where the shift c
24 comes from the background. The dual particle φO is thus a massive

spinning particle with equal mass and spin. Its regularized amplitude propagating from

infinity to the horizon is given by (2.20). Plugging the above relation into the general

formula (2.20) for massive spinning particles, the radial boundary to bulk propagator can

be written as

e−SO = T hOu . (5.15)

The bulk dual of χ. For the lightest state |χ〉 coupled to O, we consider the region

1 � Einv
L χ + c

24 < c
24 , 1 � −Q2

χ

k + c
24 < c

24 . The bulk dual is again a massive spinning
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particle going around the horizon, whose on-shell action in terms of mass and spin was

given in (2.25). In the following, we use the AdS3/WCFT dictionary to further relate mass

and spin to quantum numbers in WCFT.

When φχ is in the perturbative region, the discussion is similar to the operator O,

but with arbitrary charge Qχ turned on. One can relate the mass and spin of φχ to the

conformal dimension and charge of |χ〉 through (4.21). Comparing to CFTs, Linv
0 and −P 2

0
k

play the role as left and right moving energies, respectively. So we have the following

relation,

Einv
L χ +

c

24
=
`mχ + sχ

2
, −

Q2
χ

k
+

c

24
=
`mχ − sχ

2
. (5.16)

In the non-perturbative region, the relation between the mass and spin in the bulk and

conformal dimension and charge in WCFT can be determined through the backreacted

geometry, similar to the discussion in section 2.3. For a spinning particle with mass mχ

and spin sχ, the backreacted geometry is still given by (2.26), which can be rewritten in the

standard form (2.32) with the standard spatial identification (2.2), and the “temperatures”

Tχu, Tχv determined by the mass and spin (2.33). However, the crucial difference now is

that we should use the AdS3/WCFT dictionary (4.21) to further relate the bulk quantities

Tχu, Tχv to WCFT quantum numbers. To be more explicit, we have

Einv
L χ =

`

4G
T 2
χu, Qχ = −Tχv

2

√
−`k
G

(5.17)

Plugging the above relation to (2.33) and using (4.24), one can rewrite the mass and spin

of φχ in terms of its spectral flow invariant dimension and charge,

mχ =
1

4G
− 1

8G

√ −Einv
L χ

−Einv
L vac

+
Qχ
Qvac

 , sχ = − `

8G

√ −Einv
L χ

−Einv
L vac

− Qχ
Qvac

 . (5.18)

Note that the relation in the perturbative region (5.16) can be obtained as the leading

order expansion in the limit `mχ, sχ � c. We will henceforth focus on the relation (5.18).

Substituting the mass and spin formula above into (2.25), we find the contribution to

amplitude from φχ can be recast as

e−Sχ = e

π`
2G

√ −Einv
L χ

−Einv
L vac

−1

Tu+ π`
2G

(
Qχ
Qvac

−1
)
Tv

. (5.19)

The bulk dual for the structure constant. Putting the two parts (5.15) and (5.19)

together, we can rewrite the total amplitude (5.13) for the process given by figure 1 under

CSS boundary conditions,

CbkO (EL, Q) = 〈χ|O|χ〉︸ ︷︷ ︸
vertex

T hOu︸︷︷︸
〈φOφO〉

e

π`
2G

√ −Einv
L χ

−Einv
L vac

−1

Tu+ π`
2G

(
Qχ
Qvac

−1
)
Tv︸ ︷︷ ︸

〈φ†χφχ〉

, (5.20)

Up to an overall normalization that does not depend on the EL and Q, this amplitude

recover the WCFT result (5.12) rewritten in terms of temperatures.
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For both AdS3/CFT2 and AdS3/WCFT, the bulk dual of the asymptotic growth of

three point coefficient can be written as a tadpole diagram (2.34), consisting of the vertex,

the propagator 〈φOφO〉 from boundary to the horizon, and the propagator 〈φχφχ〉 around

the horizon. However, the general formula (2.34) needs to take different parameters in the

two cases. In WCFT, all states in the highest weight representation of Virasora-Kac-Moody

algebra are eigenstates of the U(1) generator P0. Charge eigenstate together with charge

conservation impose strong constraints in the bulk [28]. For instance, charge conservation

requires that the operator O to be chargeless. In the semiclassical bulk picture, this means

that the massive particle has equal mass and spin (5.14), which were not discussed in the

original AdS3/CFT2 calculation for scalar operators. In the generalized version, namely

section 3 of this paper, particles with equal mass and spin in AdS3 map to operators with

h̄ = 0 in CFT2, which is not in the semiclassical region 1� hO, h̄O � c
24 . More explicitly,

there is no Tv dependence for 〈φOφO〉 in WCFT, as opposed to the CFT result (3.20)

which is only valid for non-vanishing h̄O. Another interesting feature in the AdS3/WCFT

formula (5.20) is in the contribution from φχ. The |χ〉 state in the dual WCFT is a state

with pure imaginary charge which is predicted by the modular bootstrap of WCFT [41].

Qχ and Qvac are both pure imaginary numbers and the amplitude is real.

To summarize, we derived a universal formula for the asymptotic growth of the average

three-point coefficient, and performed a bulk calculation in the context of AdS/WCFT

correspondence in the semiclassical region. In addition to the fact that the thermal entropy

of a BTZ black hole is captured by the DHH formula in WCFT [6], the matching of (2.34)

and (5.12) gives further evidence of the black hole geometries in asymptotically AdS3

spacetimes can emerge upon coarse-graining over microstates in WCFTs. In this paper, we

only considered the semiclassical region and the contribution from the primary operators.

It is interesting to further perform a geodesic Witten type calculation in AdS/WCFT,

parallel to the calculation of [35] in AdS3/CFT. Such a calculation will further check the

consistency of CSS boundary conditions and the proposed AdS3/WCFT duality at the

quantum level apart from [33, 40].
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A An alternative derivation of the on-shell action at the horizon

In this appendix, we will use the non-rotating frame to the calculate the on-shell action for

particle φχ.

Since the horizon is a degenerate hypersurface, here we use the trick to calculate the

on-shell action. We take the orbit of the particle φχ to be a circular orbit with constant

radius greater than the horizon’s. It can be shown that the constant radius orbits outside

the horizon are no longer geodesics, but with accelerations. Then we evaluate the action of

φχ on that orbit, this is not on-shell since (2.8) is not satisfied. Finally, we take the radius

of that orbit tends to horizon. On the horizon, the worldline action become on-shell, and

we will get the desired result.

By using the metric (2.1), we can find out the tangent and two normal vectors of the

constant radius obit outside the horizon at constant time,

Ẋµ∂µ =
1

`
√

2ρ+ T 2
u + T 2

v

∂u +
1

`
√

2ρ+ T 2
u + T 2

v

∂v, (A.1)

ñµ∂µ =
2
√
ρ2 − T 2

uT
2
v

`
∂ρ , (A.2)

nµ∂µ =
ρ+ T 2

v

`
√

(ρ2 − T 2
uT

2
v )(2ρ+ T 2

u + T 2
v )
∂u −

ρ+ T 2
u

`
√

(ρ2 − T 2
uT

2
v )(2ρ+ T 2

u + T 2
v )
∂v . (A.3)

Similar to the discussion of particle φO, the spin contribution can be written as

Sspin
χ = sχ log

(
q̃(τf ) · ñf − q(τf ) · ñf
q̃(τi) · ñi − q(τi) · ñi

)
, (A.4)

Before taking the limit, the orbit has acceleration, the notion of parallel transport should

be replaced by Fermi-Walker transport. Here the vectors qµ and q̃µ satisfying

q2 = −1, q̃2 = 1, q · q̃ = 0, q · Ẋ = q̃ · Ẋ = 0,

∇qµ = −Ẋµ(q ·A), ∇q̃µ = −Ẋµ(q̃ ·A) , (A.5)

where Aµ = ∇Ẋ is the acceleration corresponds to the tangent vector Ẋ. The Fermi-

Walker transport was imposed to ensure that the frame (q(τ), q̃(τ)) is non-rotated along

the orbit, and compare to another frame (n(τ), ñ(τ)), we can obtain the relative change

of the Lorentz boost. The explicit expressions of q and q̃ for constant radius orbit outside

the horizon can be written down by solving (A.5),

qµ∂µ =

(ρ+ T 2
v ) cosh

(
(T 2
u−T 2

v )ϕ√
2ρ+T 2

u+T 2
v

)
`
√

(ρ2 − T 2
uT

2
v )(2ρ+ T 2

u + T 2
v )
∂u −

(ρ+ T 2
u ) cosh

(
(T 2
u−T 2

v )ϕ√
2ρ+T 2

u+T 2
v

)
`
√

(ρ2 − T 2
uT

2
v )(2ρ+ T 2

u + T 2
v )
∂v

−
2
√
ρ2 − T 2

uT
2
v sinh

(
(T 2
u−T 2

v )ϕ√
2ρ+T 2

u+T 2
v

)
`

∂ρ , (A.6)
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q̃µ∂µ = −
(ρ+ T 2

v ) sinh

(
(T 2
u−T 2

v )ϕ√
2ρ+T 2

u+T 2
v

)
`
√

(ρ2 − T 2
uT

2
v )(2ρ+ T 2

u + T 2
v )
∂u +

(ρ+ T 2
u ) sinh

(
(T 2
u−T 2

v )ϕ√
2ρ+T 2

u+T 2
v

)
`
√

(ρ2 − T 2
uT

2
v )(2ρ+ T 2

u + T 2
v )
∂v

+

2
√
ρ2 − T 2

uT
2
v cosh

(
(T 2
u−T 2

v )ϕ√
2ρ+T 2

u+T 2
v

)
`

∂ρ . (A.7)

The metric (2.1) has identification as (2.2), so let us set the initial point with ϕ = 0 and

final point with ϕ = 2π, the difference in q and q̃ between initial and final point are the

spin effects. Substituting the formulas (A.6), (A.7), and (A.2) into (A.4), we can get,

Sspin = sχ
2π(T 2

u − T 2
v )√

2ρ+ T 2
u + T 2

v

. (A.8)

Now we can take limit ρ→ TuTv to get the spin contribution on-shelly and combine with

the first part of (2.21), we can write down the on-shell action of particle φχ.

Sχ = `mχ2π(Tv + Tu) + sχ2π(Tu − Tv) . (A.9)

B Conical defects with spin

In this appendix, we will check that (2.26) is indeed a solution in three dimensional space-

time with negative cosmological constant, sourced by a point particle with mass m and

spin s at the origin,

Gµν = 8πGTµν , (B.1)

T 00 = mδ2(x), xiT 0j − xjT 0i = sεijδ2(x) , (B.2)

where Gµν ≡ Rµν − 1
2Rgµν −

1
`2
gµν . The indices (0, i, j) labels the local Cartesian coordi-

nates (x0, x1, x2). One can directly check that (2.26) indeed satisfies the above Einstein

equation (B.1) following the lines of arguments of [38, 39]. Alternatively, by integrating

both sides of (B.1) over a Cauchy surface, (B.2) indicates that the mass and spin can be

calculated from the quasi-local gravitational charges. In the covariant formalism, charges

associated to exact Killing vectors can be calculated anywhere, and the difference between

the usual ADM charges and quasi-local charges comes from the choice of Killing vec-

tors [43]. In general charge integrability imposes strong constraints on the normalizations.

More explicitly, the parameters of the local source can be calculated from the covariant

charges

m = Q[∂0], sC = Q[∂θ], (B.3)

where x1 = r cosCθ, x2 = r sinCθ, x0 = t − Aθ with θ ∼ θ + 2π are the locally polar

coordinates. Explicit expression of the charges can be found in [43].

Now let us check the local source of the conical solution (2.26) using the prescription

above. Consider the a conical defect solution in global AdS with “jump”

ds2

`2
=

dr2

1 + r2
+ r2dϕ2 − (1 + r2)

(
dt− A

C
dϕ

)2

. (B.4)

ϕ ∼ ϕ+ 2πC, C = 1− δϕ

2π
, (B.5)
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which can be brought to the standard form (2.32) where we can read the asymptotic

charges by,

u =
ϕ

C
+

t

C −A
, v =

ϕ

C
− t

C +A
. (B.6)

The total gravitational energy and angular momentum are measured using the asymptotic

Killing vectors EL=Q[∂u] = − `
16G(C−A)2, ER = Q[−∂v] = − `

16G(C +A)2. On the other

hand, the local source can be measured by the Killing vectors normalized properly near the

origin, using the locally Cartesian coordinates x0 = `
(
t− A

Cϕ
)
, x1 = r cosϕ, x2 = r sinϕ.

Therefore the particle mass can be calculated by considering the infinitesimal charge

`δm = δQ[∂t]

=
1

C −A
δQ[∂u] +

1

C +A
δQ[∂v]

= −`δC
4G

. (B.7)

By requiring that smoothness when m = 0, we can integrate the above charge and get the

particle mass

m =
1− C

4G
=

δϕ

8πG
. (B.8)

Similarly, we can get the spin of the particle by

s =
1

C
Q[C∂ϕ] =

1

C
(Q[∂u] +Q[∂v]) =

A`

4G
. (B.9)
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