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1 Introduction

Superconformal field theories (SCFTs) exhibit interesting aspects and rich structures due
to their large symmetry group. A striking feature revealed in [1] is that any superconformal
field theory with an su(1,1|2) superconformal subalgebra which acts as anti-holomorphic
Mobius transformations on a two-dimensional plane possesses a protected sector isomorphic
to a two-dimensional vertex operator algebra (VOA).! The protected sector is formed as a
certain (Q + §)-cohomology, spanned by twisted-translations of Schur operators with their
operator product expansions (OPEs) in the cohomology.

For Lagrangian four-dimensional N' = 2 superconformal theories, the procedure of
obtaining this chiral algebra can be briefly described as follows. It can be shown that
chiral algebras produced by free hypermultiplet and free vector multiplet are those of
symplectic bosons (also known as (v system) and be ghosts, respectively. When they are
coupled to produce an interacting SCE'T, the prescription is first to take the naive tensor
product of those two-dimensional chiral algebras with the gauge-invariance constraint and
then to pass to the cohomology of the nilpotent BRST operator. Such a procedure led to
many conjectural relations in [1] between N = 2 superconformal QCDs and W-algebras,

"We use the terms vertex operator algebra and chiral algebra interchangeably.



which were checked at the level of the equivalence of the superconformal indices and the
vacuum characters. For related works, see also [11-14].

The protected chiral algebra is particularly interesting since it is a non-commutative
algebra of local operators in two dimensions, which is not easily expected for theories in
higher dimensions. It turns out that the non-commutative deformation parameter h, which
appears in the numerators of the OPEs of chiral algebra, is given by the relative coefficient
of the combination @ + . Even though this is a direct consequence of OPE computation,
it seems that an intuitive understanding of the appearance of the non-commutative defor-
mation parameter is still absent. Therefore, it could be useful to approach the mentioned
chiral algebra in an alternative framework where the origin of the non-commutative defor-
mation parameter is well understood. The main goal of the present work is to make such
an attempt.

The framework that we are referring to is the Q2-deformation of supersymmetric gauge
theories [5, 6, 9]. It was firstly introduced in [5] to regularize the partition function of N' = 2
gauge theories on the non-compact C2. Essentially, the Q-deformation is implemented by
modifying the theory as a cohomological field theory with respect to the supersymmetry
which squares to an isometry of the underlying manifold. It effectively turns on a potential
along the direction orthogonal to the isometry, and thus localizes the theory on the fixed
points of the isometry. A remarkable discovery made in [8] was that the two-dimensional
Q-deformation on N/ = 2 gauge theories can be used to quantize the classical integrable
system whose Hamiltonians are given by the N' = 2 chiral operators. One may regard this
quantization at the level of the representations of the non-commutative deformation of the
algebra of holomorphic functions on the phase space of the integrable system, where the
non-commutative deformation paramter is identified with the (2-deformation parameter
€ = h. A similar feature is also present in other contexts: in three-dimensional A/ = 4
theories, for example, the (2-deformation on the Rozansky-Witten theory leads to a non-
commutative deformation of the Higgs branch chiral ring [26, 32, 33].

For which theory should we implement the 2-deformation to recover the chiral algebra?
In [2], Kapustin discussed the holomorphic-topological twist of AV = 2 gauge theories
on a product manifold € x C*, in which the theory is topological along, say, C- and
holomorphic along € (see also [3, 4, 34] for earlier works on partially holomorphic and
partially topological theories). The cohomology of local operators, therefore, forms a chiral
algebra on €, albeit a commutative one since local operators can commute with each other
by escaping to the direction of €. Now we can imagine implementing the Q-deformation
with respect to the isometry on G, effectively creating a potential along the direction
of @L. As local operators are now trapped on € due to the potential, it is natural to
expect that we obtain a non-commutative deformation of the chiral algebra. The height
of the potential would be controlled by none other than the {2-deformation parameter,
and we expect the identification of the non-commutative deformation parameter with the
)-deformation parameter. We will see that this is indeed the case.

To obtain the two-dimensional chiral algebra, we have to perform supersymmetric lo-
calization of the Q2-deformed holomorphic-topological theory to produce a chiral CFT on C.
The algebra of local operators of this CF'T would provide our desired chiral algebra. It turns



out that the localization procedure can be conducted in a very similar manner with [10],
where the localization of the 2-deformed two-dimensional Landau-Ginzburg model was
discussed. In fact, our localization can be viewed as the gauge theory analogue of [10] on
@1, which was discussed in [28] in its application of recovering four-dimensional Chern-
Simons theory from six-dimensional supersymmetric gauge theory (see also [26, 27] for the
discussion of B-models on the compact disk where the localization locus was chosen to be
constant maps), occuring at each point of €. The localization locus is given by solutions to
certain gradient flow equations (emanating from the critical point of the superpotential as
we take G = R?). To obtain the action of the localized theory on €, we have to evaluate
the action on this localization locus. This can be accomplished with the help of the equiv-
ariant integration, in a similar manner that [7] applies an equivariant integration on C?
to yield the representations of N’ = 2 chiral operators on the instanton moduli space. For
the case at hand, it turns out that there is no non-trivial topological sector of gauge field
configurations in the localization locus, so that the further integration on the instanton
moduli space would not take place.

The paper is organized as follows. In section 2, we briefly review the Donaldson-
Witten twist and the holomorphic-topological twist of Kapustin for four-dimensional N' = 2
theories. In section 3, we perform the supersymmetric localization of the (2-deformed
holomorphic-topological theory to obtain the two-dimensional chiral CFT. In section 4, we
discuss the identification of S x S partition function of A” = 2 SCFT and torus partition
function of chiral CFT, which lead to the equivalence of the Schur index and the vaccum
character. We conclude in section 5 with discussions.

Note added. When this work has been completed, we became aware of [29] which over-
laps with the contents of our paper.

2 Holomorphic-topological twist of N/ = 2 theories

Let us consider a AN/ = 2 supersymmetric theory on a four-dimensional Euclidean manifold,
X = € x CL, where € and Gt are Riemann surfaces. A curved background on X would
generically break all the supersymmetries. To preserve some supersymmetries, we need to
twist the holonomy group with the R-symmetry group, for which the supercharges with
charge 0 under the twisted holonomy group would remain preserved.

The holonomy group of X is U(1)e x U(1)er and the R-symmetry group of a N’ = 2
supersymmetric theory is SU(2)g x U(1),. The N = 2 superalgebra contains the following
supercharges

o4 04 A=12a=+a=4, (2.1)

where A is the SU(2) g R-symmetry index and «, ¢ are un-dotted and dotted spinor indices.
We choose the conventions for the generators of the holonomy as

Me=M, T+ MV Mo =M, T =M. (2.2)

The table 1 shows the supercharges and their quantum numbers. Note that U(1)p C
SU(2) g is the maximal torus.
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Ule 5 —2 3 —2 3 —3 3z 3
Ude: 3 =5 3 ~2 —3 2z ~3 3
Ur 5 5 —3 3 3 3 3 3
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Table 1. N = 2 supercharges and quantum numbers.

2.1 Donaldson-Witten twist

Let us first review how the Donaldson-Witten twist comes about. For a curved metric on
@+, we twist the holonomy U(1)e. by taking the diagonal subgroup

U(1)pr <= U(1)e x U(1)g. (2.3)

Under the twist, we preserve the N' = (2,2) supersymmetry on € whose fermionic genera-
tors are

oL, @2, 9, 22 (2.4)

When € is also curved, we can make a further twist
U(l)e = U(l)e x U(1) R (2.5)

to preserve él , é2_ The Donaldson-Witten supercharge is precisely the linear combina-
tion of these supercharges,

Qpw = Q' + 02 (2.6)

Here, éi and @2_ are preserved independently but Qpw is the one which is preserved for
any curved background on X, not necessarily a product metric.

To describe the Q-deformation made upon the twist, let us suppose C+ = R? for a
moment. One may take a specific combination of supercharges

Q=0 + 0% +e(wQ} —w?), (2.7)

1

where w = z! 4+ iz? and w = z! — ix?

are the coordinates on Ct. This supercharge
squares to the isometry of @+ generated by V = wd,, — wdy. In general background on
@1 the deformed supercharge would not be preserved since the last two supercharges are
not preserved as we have seen above. However, one can still construct a deformation of
the theory which has a supercharge which squares to the isometry on C. In practice, we
can start from the theory on R*, write the variations of component fields with respect to
the naive supercharge (2.7), and then seek a way of re-writing them in metric-independent
fashion so that deformed supersymmetry variations are consistently defined on arbitrary
product manifold € x €. The action of the theory has to be modified correspondingly to
ensure the invariance under the deformed supersymmetry.
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U1y, o0 -1 1 0 0 -1 1 0

u)y,, 1 0 0 -1 0 1 -1 0

Table 2. Donaldson-Witten twist.

2.2 Holomorphic-topological twist

Now we apply a similar procedure to our main subject: the holomorphic-topological twist
of four-dimensional N' = 2 supersymmetry introduced in [2]. Let us first breifly review the
holomorphic-topological twist. For a curved metric on €+, we twist the holonomy U(1)e.
by taking the diagonal subgroup

U(1)pr <= U(1)er x U(1),. (2.8)

Under the twist, we preserve the N' = (0,4) supersymmetry on € whose fermionic genera-
tors are

04, 04, A=12 (2.9)
When € is also curved, we can make a further twist
U(1)e = U(l)e x U(1)g (2.10)

to preserve Q! | él_ The holomorphic-twist supercharge is the following linear combina-
tion of supercharges,
Q=0! +0Q!. (2.11)

Note that the translations along €' and the anti-holomorphic translation along € are
actually Q-exact:

{Q7 Qi} = _P+;7
{Q,Q2}=P_; (2.12)
{Qa QQ—} = _{Q’ QQ_} =-P_-,

hence it gets the name holomorphic-topological twist. Let us suppose - = R? for a

moment. Then we would preserve
0. = Q! + Q! +e(wQ? +wQ?), (2.13)
which squares to the isometry on Ct:
Q2 = e(w{Q}, Q% } + w{Q', Q% }) = —2e(wPy — WPy). (2.14)

In general background on G+, the deformed supercharge would not be preserved since
the last two supercharges are not preserved as we have seen. However, just as the case
of the Donaldson-Witten twist, it is still possible to implement the 2-deformation of the
holomorphic-topological theory by consistently deforming the supersymmetry variations
and the action. We will see in the following section how this is actually accomplished.
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Table 3. Holomorphic-topological twist.

ALl a2 a2 b b N N ¢ ¢ D2, DY, D2
Ue b b b -3 b -3 b 4 0 0 0 0 0
U 3 o<b 3 bbb b b 00 0 0o
Uba b b -b b b b b b 00 01
T T S S S S S S S U N RN
uty, 1 0 0 -1 1 0 0 -1 0 0 o 1 -1
U@, o -1 0 -1 0 1 0 1 -1 1 0 0 0

Table 4. N/ = 2 vector multiplet; gaugini, scalars, and auxiliary field.

It is crucial to note that, unlike the Donaldson-Witten case, we make use of the U(1),
R-symmetry to make a twist with the isometry on €. Recalling that the deformed su-
percharge squares to the isometry on G, we see that the localization with respect to this
supercharge would not work if the U(1), R-symmetry is anomalous. This is precisely the
case when the theory is not superconformal. Thus we restrict our attention to N = 2
superconformal theories in relating their (2-deformation on holomorphic-topological twist
with two-dimensional chiral algebras. It is interesting to see that the superconformality is
required in a slightly different manner compared to the (Q + S)-cohomology story in [1],
where the superconformal supercharge S explicitly appears in defining the cohomology of
local operators in the chiral algebra.

3 Chiral CFT from 2-deformation and localization

The general analysis of the previous section can be applied to N/ = 2 gauge theories, on
which we focus from now on. We perform supersymmetric localization on the Q2-deformed
holomorphic-topological theory, to produce a two-dimensional chiral CFT. The desired
chiral algebra is obtained as the algebra of local operators of this two-dimensional CFT.

3.1 Holomorphic-topological twist of N/ = 2 gauge theory

Let us start from the N' = 2 vector multiplet. The vector multiplet contains a gauge
connection A, gaugini A4 and :\é, a complex scalar ¢, and an auxiliary field D 4p, where
A =1,2 is the SU(2)g R-symmetry index. Following the analysis of the previous section,
the holomorphic-topological twist changes the quantum numbers of these component fields
as in the table 4.



Correspondingly, we change the notation for the component fields by their representa-

tions under the Lorentz group after the twist,

M=, A=Xg A=A A=)y,
31y 1y 32y 32 Y
)\+ - >\z7 )\; - )\wa )\+ - )‘7 )‘; - )\Zw
¢:¢1D7 ¢:d)w7 D22:D7 D12:D27 D21:D2-
The N = 2 supersymmetry variations can be written as
6A, = iCo a —ilFua
8 = —iC Ny
66 =iC A a
1 5 ~ ) ~
0xa = 5Fwo" (o + 2Dug0"Ca + 60" DyCa + 2iCal, 6] + D ApCP

- 1 I - - . - ~
0Ma = 5P Ca + 2D,u5" Ca + 66" DyuCa = 2iCalé, ] + DanC”

8D ap = —iCa6"DyuAp + iCac" DA — 26, Carp] + 26, Cadp] + (A < B),

with the fermionic parameters ¢# and EA. In a general metric background, the supersym-

metry would be preserved only if ¢4 and EA are Killing spinors. Let us first place the

theory on the flat R%. Since the holomorphic-topological supercharge is Q = Q! + éi, it

is straightforward to write out the variations of the component fields with respect to the

holomorphic-topological supercharge, using the notation (3.1), as

QA, =X, — \,, QA: =0, QA, =Xy, QAz=—)\g,
Qb = idg, Qdw = idw,
O\, =D., Qg =0, Qlsy= —4Fsp + 4Dz,
O\ = 2F,; 4+ 2F 5 — 4iDydw + 2i[dw, du] + D,
O\, =D,, Q\y =0, Qlsp = —4Fsy, — 4iDzon,
O = 2F.z — 2F i 4 4iDgdw — 2i[dw, dw] + D,

QD, =0, QD; =4D;(A— X) +4DyAz — 4DgAsw + 4w, Asw] + 4dw, Az,

w
QD - 2D2(5\Z - )\Z) - 2Dw>\qj} —|— 2D@S\w - 2[@5@, S\w] - Q[ng, )\/lf):l
Now we turn to the action for the vector multiplet. It is given by

i
Stop = _82771'2 /TI“F/\F
1

2

1 1 - -
Syec = 7 / d*x Tr [2FWFW — ~DABDyp — 4D,dD" ¢ + 4[p, ¢

— 2N DA A — 2046, Aa] + 2046, Al |,

(3.4)

where ¢ is the gauge coupling. As we will see momentarily, the topological term does not

affect the theory and there would be no dependence on ¥. Thus we drop the topological



term from now on. Then a computation shows that the rest of the action turns out to be

Q-exact:

1 1
Svec =Q |:g /vd433 Tr |:2)\zw( 2w T ZDz¢w) - zw(sz + iDz¢’LD) + 5()‘z + )\Z)DZ
+ A+ (—Fzz + %D — iDgu + ti%)

()‘ )‘) ( ZDw¢w 1Dy Qg — i[¢ﬁn éw]) H
(3.5)
To ensure the positive-definiteness of the action, we impose the reality properties to the

bosonic fields,
A,=A, ¢=—-¢, Dap=-DB (3.6)

while requiring the symplectic-Majorana conditions to the gaugini,
(Maa) = P2, (Aaa) = P O‘ﬁ)\ (3.7)

As mentioned in the previous section, the holomorphic-topological supercharge Q =
ol + éi is in fact preserved in any product metric background as long as we make the
proper twist of the isometry with the R-symmetry group. Hence we would like to write
the supersymmetry variation rules to make sense in a general metric background. This
requires a bunch of re-definition of component fields,

b= udw — ppdw, A=A+id, A=A—ip, \=2\dw—2\gdw

ey = )\+)\d ANdw, D, = D,dw A dw, oz:ﬂ, V= 7)\ )\dw/\dw

2 2 4 (3.8)
A zwdw + \zgdi®

4
D =D +2F,; — 2iDy¢g + 2iDgdu.

- 1
92 :)\z—)\z, Pz = s Dgz TGngw/\d’U_)

For convenience, let us also denote the curvature of the complexified connection A, A by

F = 0pAg — Op Ay — i[ Ay, Ag),  F = 0pAp — 0p Ay — i[ Ay, Ag),
Fuwz = 0wAz — 0: A —i[Aw, Az|,  Fuz = 0pAz — 0:Ap — i[Aw, Az,
Fuz = 0wAz — A — i[Auw, Az, Foe = 00z — 0:Ap — i[Ap, Az,

Fz = Fuzdw + Fyzdw, F. = Fuzdw + Fg.dw.

(3.9)

Then the supersymmetry variations are significantly simplified in terms of these new fields,

QA =0, QA = ),
QX =0, Qv =F,
Qa =D, ab =0,
(3.10)
QA; = 0, QAz = ‘9,27
sz = Fz, Q0. =0,

9Dz = De1pz + Dzv, Qu, =D, QD,=0,



qi1 412 g21  q22
U(1)e 0 0 0 0
UDer O 0 0 0
UDr -3 -3 3 3
U(l), 0 0 0 0
UWr 3 -3 5 —3
U(1)e 0o -1 1 0
U(l)’el 0 0 0 0

Table 5. A/ = 2 hypermultiplet, scalars.

where we have used the new covariant derivative Der = der — A (we also denote De. =
der —iA). The action (3.5) for the vector multiplet can be also written in these fields as

1 _
Svec =Q {‘92 / dQZ/ Tr [—F*@L V—Q (*GLD — 27:DGL *eL (b — 4*@L Fzg)
e el
(3.11)
+4ﬁz A *eLpg + 4/,[,2 *GL Dg] }

To make a N/ = 2 gauge theory superconformal, we in general need to couple hy-
permultiplets to the vector multiplet. Let us consider r hypermultiplets which consist of
scalars gay, fermions vy, v, and auxiliary fields Fj;, where I = 1,---,2r is the Sp(r)
flavor index. The auxiliary SU(2) A = 1,2 is introduced to achieve an off-shell description
of the hypermultiplet. We will only use Sp(1)” C Sp(r) subgroup of the flavor symmetry,
so let us restrict a single free hypermultiplet (r = 1) for a moment.

Recall that U(1)e is twisted with the maximal torus of the SU(2)r R-symmetry group,
U(1)r € SU(2)g. For the hypermultiplet, we will take a further twist with the maximal

torus of the flavor symmetry:
U()e = U()e x U(1)r x U(L) p g, (3.12)

where U(1)y ;» is the maximal torus of the SU(2) flavor group or the SU(2) auxiliary

group. This is not really necessary but it will fix the spins of the resulting two-dimenisonal

symplectic bosons to be integers. One can always undo this further twist. The tables 5 and 6

show the quantum numbers of the component fields in the hypermultiplet under the twist.
We define correspondingly

4z = qo1, qz = —q12, q = q22, i =qu,

zijw = ¢+1, 77/122 = 1/}_1, 7752'5) = ";4}17 szz = 1;;1
¢w = QzZ)JrQa @bz = ’(/),2, 111@ = 1/}4—27 Y: = 1/);27
F.=Fn, F:=Fo, F=Fyp, F'=-F;.

(3.13)

Let us take the hypermultiplet to be valued in a unitary representation R of the gauge
group (R denotes the complex conjugate representation which is isomorphic to the dual
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Vi1 Y1 Pio Yoo Pig Pog Py Yo,

1 1 1 1 1 1 1 1

Ulle 3 -3 2 —3 3 ~—3 3 ~—3
1 1 1 1 1 1 1 1
Ul)er 5 -3 5 —3 —3 35 ~3 3
Ul)py: 0 0 0O 0O 0 0 0 0

1 1 1 1 1 1 1 1

v, 5 3 3 3 3 3 —3 3

1 1 1 1 1 1 1 1

Ur 5 53 =3 =5 5 3 ~3 =3

uy, 1 0o 0 -1 1 0 0 -1
Uu),, 10 1 0 1 0 -1 0

Table 6. A = 2 hypermultiplet, fermions.

representation). We take the convention such that the component fields q., G, ¥.w, V.3,
Vowy Yoz, Fl, FT are valued in R while qz, G, Y, Yz, Vg, Vs, F3, F are valued in R. The
N = 2 supersymmetry variations are given by

8qar = —iCaths +iCathr
dtpr = =20"CA Dpgar +4iCH (6 qa)r — oDyl Pqar — 204 Fy,
Sy = —26M¢CAD,qar + 4iCMN ¢ - qa); — MDA qar — 200F (3.14)
6F 3, = iCi0" Dy — i35 Dby — 2(6 - (a1 — 2(Cahm - 4P)1 + 26 Cad)s
+2(Chs - 471,

where the fermionic parameters g4, 5 4 should satisfy the constraints
(alp—Calp =0, ¢+ =0, (Ca+Ci=0, ¢Po*Ca+(0"(; =0, (3.15)

to ensure the off-shell invariance of the supersymmetry. Since the holomorphic-topological
supercharge is Q = Q' + Q' , we have to find the solutions for {4 and 4 for ¢; =1and

ff = 1. Tt is not hard to find that {;” = 1 and {,- = —1 satisfy the equations (3.15). Now
it is straightforward to write out all the variations of component fields under the action of
the holomorphic-topological supercharge:

Q. =0, Q4=0, 9 =itz +ivhs, Q' = —2g" (¥uz +iz)
Qo = 4iDq, Qihoz = —4iDzq, + 2F1

Qpy = 4iDy§, Qipz = —4iDsG — 2F;
Qo = —4iDyqs, oz = 4iDsq. — 2F7 (3.16)
Qpy = —4iDyq, Qs = 4iDsG + 2F;

QF; =0, QFf=0

QF, = 2Dgtz0 + 2wtz — 2D: (Vs +122) — 200 — ) @ +2(A— M) - ¢z

QF = 2Dgthyy + 2Dy — 2D, (5 + ¥z) +2(A, — A2) - ¢z +2(A = A) - 4.

,10,



Finally the action for the hypermultiplet is given by

1 1 7
Shyp :gz/d4x |:2DquDqu - qA{¢) QS}QA +

i 7~ 1 _4
50 Dapq” — S0 Dyt — SFAF,
2 2 2
1 1~~~ 4 ~x 4
—SU + S0P — ¢ Aav + PAag? |
(3.17)
To ensure the positive-definiteness of the action, we impose the following reality properties
for the scalars,

qar) = U eABgp, (Fi) = —QABR, 3.18
AT BJ
while requiring the fermions to be 2-symplectic Majorana
(Yar) = P25, (Yar) = Eé‘BQU%J, (3.19)
where Q/7 is the real antisymmetric Sp(r)-invariant tensor satisfying
QY = —qp;, QY x =6k (3.20)

Repeating the argument made for the vector multiplet, the holomorphic-topological
supercharge is preserved for any product manifold after the twist. Hence we would like
to write the supersymmetry variations in metric-independent fashion. This is achieved by
making a bunch of re-definition of fields,

1 _— 1 > _ _ o RV
o= E(’(ﬁwdw —¢u’;dw); £ = E(szwdw ¢zwdw)v V= 29 (wzz +¢ZZ)’
=) gy, =" g e, =i ),

b= %(FZ+2iquT)dw/\dw, h= é(ﬁ'—igzzqug)dw/\dw, (3.21)

Bt = _27;(F~‘T —ig”* Dsq,)dwAdw, hz=—2i(Fs+2iDzq)dw Adw.

In terms of these new fields, the holomorphic-topological supercharge is represented in a
simple manner,

Qq, =0, Qf =Derq., Qh,=Der, +iv-q,
Qg =0, Qo =De.1q, Qh =Dero +1iv-q,
Qy =h!, QnT =0, Onz = hs, Qhz =0,
Qf' =v,  2y=0, Qqz = ¢z Q¢: = 0.

(3.22)

Also in terms of the re-defined fields, the hypermultiplet action can be written as a linear
combination of Q-closed part and a Q-exact part,

Sh}’p = Shyp,Cl + Shyp,ext; (323)

where the Q-exact part is given by

1 i i L/
Shyp,ext =9 {2 /dzz/ UE (*@lhz_quT> +x <*eLh+DzQE> -5 (q*a-quqza-qz)
g e eL 2 2 2

_ _ 1 N
—DeLqT/\*@LU—DGqu/\*@Léz—2qz,uz-qT}, (3.24)

— 11 —



whereas the Q-closed part is given by
8i N . o .
Shyp,cl = 2 / d*z ) & NDzo+h.Dzq—hDzq. —iq.Dz -G —iG€. N pz —iq.pz No. (3.25)
(¢ (¢

Combining the vector multiplet action (3.11) and the hypermultiplet action (3.24), (3.25),
we obtain the full action of the holomorphic-topological theory

S = Svec + Shyp,cl + Shyp,ext- (326)

It should be reminded that, as firstly discovered in [2], the dependence on the metric on et
and the Kéhler form on € enters only through the Q-exact terms, ensuring that the theory
is topological along €+ and holomorphic along €. Also note that we can absorb the gauge
coupling in the Q-closed part into the fields, so that the dependence on the gauge coupling
also becomes absent. We also absorb the irrelevant numerical prefactors in some terms in
Svec by rescaling the metric on €. Now we may take the theory on a general product metric
background of €x Gt while its component fields take values of appropriate differential forms.

For later use, it is convenient to define the following specific combinations of component
fields:
Q.=q.+& +h,
Q=G+o+h (3.27)
Az = Az + pz + D5,

on which our localizing supercharge will act as the equivariant differential on C+. Note
that we can re-write the Q-closed part of the action (3.25) using these combinations as

Shyp,cl = 8 / Pz | Q. (05 —iAz)Q. (3.28)
e et

where - denotes the action according to the representation under the gauge group. This
expression will turn out to be useful in finding the action of the localized theory on C.

3.2 Q-deformation

Suppose there is a vector field V' = Vect(€1) which generates an isometry on C+. The
()-deformation can be defined at the level of supersymmetry variations of component fields,
so that the deformed supercharge squares to this isometry plus possibly a gauge transfor-
mation, in a similar manner with [10, 28] for two-dimensional theories. For the case at
hand, the holomorphic-topological theory on € x €+, we can deform the supersymmetry
variations in (3.10) and (3.22) as

Q. A = ey, Q.A=\—cuyv,

QX =2eyF —2ieDerygp, Qv =F,

Q.a =D, 9.D =cyDera, (3.29)
Q. Az = eLypz, Q.A, =0,

Qepz = Fz + ety Dg, Q.0, = ey F,
Q.Dz =De1pz + Dz, Qcpy = Dy, Q.D, =eDertyity,
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for the vector multiplet and

Q.q, = ELV§Z7 Qafz = DQqu +ewh,, Qh, = Deifz +iv-q,

Q.4 =ceLyo, Q.0 =Der G+ eLyh, Q:h =Dero+iv-q, (3.30)
Q.x = A, Q.h' = eDeriyy, Qenz = hs, Qchz = €Deriynsz,
Q.4 =1, Qv = ey Der ', Qeqz = (5 Q.¢; = ety De s

for each hypermultiplet. Note that
Q? = e(Derty + tyDer) = eLy + Gaugelety A, (3.31)

where the first term is the Lie derivative with respect to the vector field V' and the second
term is the infinitesimal gauge transformation generated by ety A. Hence the deformed
supercharge squares to an isometry generated by V plus a gauge transformation. Also it
is immediate that Q. reduces to the original holomorphic-topological supercharge Q when
¢ = 0. Hence Q. indeed implements the 2-deformation of the holomorphic-topological
theory on € x G with respect to the isometry V.

We should correspondingly deform the action so that it is annihilated by the deformed
supercharge. The action for the vector multiplet can be taken as the variation under the
deformed supercharge of the same expression:

Svqu = QE /dQZ/ Tr [—ﬁ *GL V—« (*QLD — QiDeL *GL QZ) — *CLFZE)
C el

+]?Z /\*ej_pg + Mz *eL Dg} .

(3.32)

Similarly the Q-exact part of the hypermultiplet action can be modified to:

i ; 1,
Shypext.c = Qe /dQZ/ n (*ei h,— quT> +x (*eih‘f‘ DzQz) - (qa'qT +QZQ‘QZ>
e ei 2 2 2

—ﬁeLQNTA*eiU—@QLQEA*Gsz—%q;ﬂz'dT. (3.33)
Since V generates an isometry on €, Ly leaves the metric invariant and commutes with
*e1. Hence (3.31) guarantees that these actions are Q.-invariant.

Finally, it is not difficult to check that the Q.-variation of the Q.-closed part of the
action (3.28) is now non-zero but a total derivative on €. Thus it can be written as a
contribution from the boundary 0. We can simply add a boundary term to the action
to cancel this [10], yielding

~ 1
Shyp,cle = 81 (/ d*z QN (0z —iAz)Q + — / d*z VY qZszj) , (3.34)
e el € Je

oet

where V'V is the one-form satisfying vy VY = 1 and LyVY = 0 on C+. Hence the Q.-
invariance of the action is now established.
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3.3 (Gauge-fixing

Gauge-fixing is needed to properly evaluate the path integral. We implement the gauge-
fixing by the standard BRST procedure. We introduce a ghost ¢, an antighost ¢, and
an auxiliary field p which are in adjoint representation of the gauge group. The BRST
transformations of these fields are

7
Qpc = ——{¢,c}, Qpec=p, 9Qpp =0,
B 2{ } B p BP (3.35)
QpX = Gauge[c] X,

where X denotes all other component fields introduced in previous section. We also pos-
tulate the Q.-variations for these fields as

Qec=—cy A, Q.=0, Qp=cyde.c. (3.36)

Now we define a new supercharge Q as the combination of the Q-deformed supercharge and
the BRST supercharge, Q = Q. + Qp. Then we observe that

Q2 = €(deL Ly + LvdeL) =eLly (3.37)

for all fields. Note that the supercharge now squares to the isometry generated by V' without
any gauge transformation. We use this supercharge Q to construct our cohomological field
theory.

Since (3.32) and (3.33) are defined as Q.-variations of gauge invariant expressions, they
are also automatically Q-exact:

Svec,g = Q /d22/ Tr [—ﬁ*eL V—Q (*GLD —2’IJDGL *GL ¢_*(‘3in2)
¢ et

+J_?z /\*GJ_,[)5+/.LZ*GJ_ Dg]

. T i 1.
Shyp,ext,a =9 /dQZ/ Nz <*€L h;— quT> +X <*€ih+ DZQZ) -5 (q@ 'q]L +qza Qz>
e Jou 2 2 2

o i 1
—Der ! Axgro—Dergs Axerés— JdzHz q', (3.38)

It is also clear that (3.34) is O-closed since it is gauge-invariant. To gauge-fix we introduce

another O-exact term to the action
Six = Q / Tr & Gy, (3.39)

where Gy is a properly chosen gauge-fixing function. We will take the standard Lorentz
gauge-fixing function

Ghx = VA, =w,w 3.40
13 2 »

where V the Levi-Civita connection on €1, while keeping the gauge redundancy on C
intact. We will fix the residual gauge redundancy after localizing the theory onto C.2

2The zero mode of the ghost ¢ would have been constant, but we absorb it to the ghost for the gauge
fixing on € which will be introduced later. Hence we take the zero mode of ¢ here to be zero.
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3.4 Localization

For the purpose of recovering the chiral CFT on €, we will take €~ = R? from now on.
Let us analyze the localization locus of the path integral. The auxiliary fields D,, hz, and
h! only enters in the action in linear terms. Hence we can integrate them out to find

1 -
D: = B *el QEQT
h, = %*@L D.qt (3.41)

h = —% *eLl quZ'

By completing the square for the terms involving D, we also find

1 1 .
D=3 <*CL Des *er 6+ 5 (—z'Fzg +§qt+ qzqz)> . (3.42)

The localization locus is given by the fixed point set of the supersymmetry variations.
Hence we set the right hand sides of (3.29) and (3.30) to zero. Thus we have, among other
equations,

F = 0, LvF — iDeLLV(b = 0, D= 0,

~ (3.43)
Fz+ewyDz=0, Deiq,+etyh, =0, Derqg+etyh=0.

From the equations in the first row we get F' = 0, and since €+ = R? is simply-connected
we can choose a gauge to set A = 0. Applying this to the equations in the second row
yields, among other equations, Dz = ¢-q, = ¢- ¢ = 0, implying the gauge transformation
generated by ¢ is zero. By making a genericity assumption for Az, q., and ¢, we are led to
¢ = 0. Then we arrive at

A=0. (3.44)
With (3.41) and (3.44) the rest of the equations in the second row of (3.43) yield
1 -t
der Az = —5EW *et 424
derq, = _%5“/ *el Dz(fr (3'45)

1
dej_q = §€LV *el qu2~

Let us introduce the polar coordinate on G+ = R?, where the flat metric on €1 is simply
written as ds% . = dr? + r2dp?. Then our generator of the isometry is V = Op. The
equations (3.45) can be written in the polar coordinates as

0,A: =0, 0pq. = 0, 0,9 = 0,
1 i . o (3.46)
Op Az = —§€rqqu, orq. = —§6rquT, 0rq = 567“qu5.

By re-defining the radial coordinate by t = 65%, the equations in the second line become

1 i g
D A; = —%QEqT, g = _%quT’ 0 = 5-D-gs (3.47)
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Solutions to these equations are precisely the gradient trajectories on which two-
dimensional B-model on R? localizes, as discussed in [10] with its full detail, generated
by the function Re (g) where W is the holomorphic superpotential. For the case at
hand, one could view the four-dimensional holomorphic-topological theory on € x G as
a two-dimensional B-twisted gauge theory on G, as done in [28] for the six-dimensional
holomorphic-topological theory to obtain the four-dimensional Chern-Simons theory. The
superpotential has to be chosen as W = fe d?zq.D=§ to reproduce the four-dimensional
holomorphic-topological theory in the ¢ — 0 limit. As we approch to infinity ¢ — oo, Az,
¢z, and ¢ should end on the critical points {dW = 0} of the superpotential to guarantee
that the action (3.28) does not diverge [10].3

We have to regard these flow equations as defined on the fields with complexified gauge
group. Note that from (3.42) and (3.43) we get

p=—iF.:+qq +qsq. = 0. (3.48)

This equation is invariant under real gauge transformations, but not under the non-compact
part of the complex gauge transformations. Also, generic complexified fields can be trans-
formed into the fields lying in ~1(0) by making a complex gauge transformation.* In other
words, the restriction of the fields to the level set u=1(0) can be viewed as gauge-fixing
the non-compact part of the complexified gauge symmetry. In turn, we may just omit this
equation and compensate it with complexifying the gauge group for the fields appearing in
the flow equations (3.47). This is precisely analoguous to the complexification of the gauge
group for the analytically continued Chern-Simons theory [23-25].

Now that we identified the localization locus, let us evaluate the effective action of
the localized path integral. Recall that our theory is holomorphic along €, so that the
localized path integral should define a two-dimensional chiral CFT on €. Also note that
the localization locus does not contain any non-trivial topological sector of gauge field
configurations, so that all we have to do is to evaluate the O-closed part of the action on
the localization locus properly. This can be accomplished by performing an equivariant
integration on €+ = R? for the action integral (3.28) as follows.

To facilitate the equivariant integration, it is crucial to note that 0 acts on the combi-
nations (3.27) as the equivariant differential der + ety on €+ = R? plus a gauge covariant

contribution: )
QQ; = (der + ety —iC-)Q;
AQ = (der + ey —iC)Q (3.49)
QA: = (der + ety —iC)Az — 9:C,
where

C=c+A+v (3.50)

3Generally, when the critical points are non-isolated we can choose a Lagrangian submanifold of the
critical points to have a constant one-loop determinant [28], so we make such a choice here.

AThere is an issue of stability here. When the closure of the orbit of complexified gauge transformations
intersects with p~*(0), such a locus is called semistable. We are restricting to the semistable locus.
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acts as if it is a gauge connection for those complexes. Note that the last term in the third
equality ensures that 0; —iAz can be treated as a covariant derivative as far as Q-variation
is concerned, namely it preserves the gauge charge:

9 ((ag - mg-)c}) = (des + evy —iC") ((ag - iﬂg-)(g) : (3.51)

This would have failed without the last term of the third equality of (3.49). Therefore, Q
acts as the equivariant differential on the gauge-invariant combination,

9 (Qz A s — m,)@) — (do: + ety (Qz A0 — mg.)(g) . (3.52)

In other words, Q. A (0z —iAz-)@ is equivariantly closed when it is viewed as an element in
the Q—cohomology. Hence we apply the Atiyah-Bott equivariant localization formula for the
bulk term in the action integral (3.34). Since we have included the infinity 9C+ = {t = oo}
in our consideration, we have to regard €+ U 0C' as the one-point compactification S2
whose fixed points with respect to V' = 9, are precisely the origin and the infinity, £ = 0
and ¢t = co. The contribution from ¢ = co cancels the contribution from the second term
in (3.34) (VY = dyp), leaving only the contribution from the origin ¢ = 0 (while absorbing
irrelevant numerical constant in front into ¢, and §):

1 N
Shyp,ele = - / d*z 4. Dz, (3.53)
e

where ¢ = ¢.dz is a (1,0)-form in the representation R and ¢ is a O-form in the representa-
tion R of the gauge group, respectively. As mentioned above, ¢., ¢, and A are understood
here as solutions to the gradient trajectory equations (3.47) evaluated at the origin of C*,
w=w =0 (i.e. t = 0). Therefore, the result of the localization is the two-dimensional path
integral on € defined by the action (3.53), and the integration cycle is the field configura-
tions that can be reached by the gradient flow (3.47) emanating from the critical points.
Note that this integration cycle ensures the convergence of the path integral even though the
action is now complex-valued, and it is again precisely analoguous to how the convergence
of the path integral is guaranteed for the analytically continued Chern-Simons theory with
complexified gauge group [23-25]. Also, note that the 2-deformation parameter £ appears
in the denominator of the action since @ = R? has the unit weight under the isometry of
V = 0,. Consequently € plays the role of the Planck constant of the localized theory on €,
which therefore appears in the numerator of the OPEs. Hence we confirm the identification
of the non-commutative deformation parameter and the 2-deformation parameter.

Now we choose to fix the residual gauge by the gauge-fixing function Az = 0, yielding
the gauge fixing term in the action

1
- / d?2 Tr (—p,As +b.Dsc). (3.54)
¢

Hence when the auxiliary field p, is integrated out, we are left with

1 5 P8~
5/@ (Tr boc + Z q'0q > : (3.55)
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where 7 enumerates all the hypermultiplets that we coupled to the vector multiplet to make
the original N/ = 2 theory superconformal. The algebra generated by the local operators
of this theory are nothing but the chiral algebra of the standard bc-f5v system with the

BRST charge
1 dz i
@BRST = z 7{ i (Tr bee — ZZ: qcq > . (3.56)

Hence we arrive at the result expected from [1].

4 Superconformal indices and vacuum characters

As a consequence of the SCFT/VOA correspondence in [1], the Schur index of the N' = 2
SCFT and the vacuum character of the chiral algebra are identified by directly comparing
their state-counting formulas. Here we discuss how the -deformation approach provides
a path integral point of view on the identification.

4.1 Schur index of N = 2 SCFT

The Schur index is defined by the Schur limit of the N' = 2 superconformal index [15]. It
is given as
Is = Tr%s (_1)FqE_R7 (41)

where FE is the scaling dimension and R is the Cartan of the SU(2)zr R-symmetry as before.
The trace is over the i—BPS states satisfying

Hs : E*(j1+j2)*2R:0, J1—Jge+r=0. (42)

The operators corresponding to these states are called Schur operators. It is straightforward
to compute the single-letter indices for the vector multiplet and the hypermultiplet by
finding those operators in the component fields. The full index is simply given by the
plethystic exponential of the sum of all the single-letter indices, integrated over the gauge
group. We will not reproduce the exact forms of those expressions here.

4.2 Schur index and vacuum character

In [30, 31], the Schur index was derived by supersymmetric localization of N’ = 2 SCFT
partition function on S x S, up to a multiplicative factor of the Casimir energy. We start
from the following metric background:

ds? =1%cos> 0 (dip— (B1+ B2)dt)* +1%sin0 (dp— (81 — Ba)dy)? +12d0% — 12 (1 + (81 + B2)) 2 dy?,
(4.3)
where v, ¢, and y are periodic coordinates with period 27 and 6 € [0, 5]. [ is the radius of
the three-sphere which was written as a torus fibration over the -interval. It was shown
in [30] that the variations of 8; and 2 do not affect the partition function. Then 1 and o
were chosen to be real and ReT = —(f; + f2) so that above metric restricts to the Kéhler

metric on the torus at 6 = 0,
dst = 1?dzdz, (4.4)
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where z = ¢ + 7y and z = ¢ — Ty. To find the supercharge preserved under the non-
trivial background, we need to solve the generalized Killing spinor equation. It was shown
that there are four solutions to the generalized Killing spinor equation which generate an
su(1|1) @ su(1]1) superalgebra. Then we can choose a localizing supercharge Q in this
superalgebra satisfying

Q? = %L’ayj + R, (—}) + Gauge transformation, (4.5)
where R, is the U(1), rotation. The path integral localizes onto the torus § = 0 as a result
of the localization with respect to Q, yielding the expression of the Schur indices as torus
partition functions of two-dimensional CF'T, or the characters of vertex operator algebra.

It was discussed further in [31] that we can take a decompactification limit of the
above setting, which zooms in the region around 6 = 0, to find a direct connection to the
)-deformation picture which we have described throughout the present work. Let us set
b1 = B2 = 0 for convenience. We re-define the coordinates as

gy=ly, v=kp, r=10, (4.6)
and take the [ = S — 00 limit. Then the metric becomes
ds? = |dp + 7dj|? + dr?® + r?de?. (4.7)

This is precisely the product metric € x €+ with € now being another R? = (1;, 7). More-
oever, we recognize the supercharge Q used here implements the Q-deformation on €+, in
the sense of the relation (4.5).

Hence we can make a direct connection between the partition functions in four-
dimension and two-dimension. First we localize the 2-deformed holomorphic-topological
theory along G, leaving the chiral CFT of the gauged symplectic bosons on the torus C.
The above argument shows that we actually recover the S% x S partition function of the
four-dimensional theory, and thus leading to the identification of the S x S! partition func-
tion of the four-dimensinoal SCFT with the torus partition function of the two-dimensional
chiral CFT.

As just mentioned, in the localizing supercharge Q, the S3 x S' partition function of
four-dimensinoal SCFT computes the Schur index [30, 31] (in [31], the multiplicative factor
of Casimir energy is also matched). Also the torus partition functions of two-dimensional
chiral CFT compute the characters of the chiral algebra. Hence we re-discover one of
the consequences of the SCFT/VOA correspondence found in [1], the identification of the
Schur index and the vaccum character, at the level of their path integral representations.
For further discussions on the path integral representations of the Schur index and its
identification with the VOA character, see [30, 31].

5 Discussion

In the (Q + S)-cohomology construction of the chiral algebra [1], the be-system is obtained
by the cohomology of the Schur operators in the vector multiplets: the gaugini. In our
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notation, the relevant gaugini fields are precisely p, and 6, in (3.8). However, it is still not
very clear how these fields are related to the be-system in our construction which arises in
the two-dimensional gauge fixing. The main problem is that neither p. nor 8, is Q-closed,
so that it is not immediate to see how they come into play in the Q-cohomological field
theory. It would be nice if we can understand this issue more clearly.

An interesting observation was made in [17] for the SCFT/VOA correspondence at the
level of N' = 2 superconformal indices. It discovered a relation between the Macdonald
index, a refinement of the Schur index, of N' = 2 SCFTs and the refined character of
VOAs. A conjectural construction of a filtration of the vacuum module was suggested,
from which the refined character was defined by its associated graded vector space. In [16],
the construction of such filtrations was analyzed in great detail. It would be nice if we
can understand this relation through the Q-deformation formulation of the chiral algebra.
A path integral representation of the Macdonald index or the suggested refined character
would be helpful for this study.

Finally, the 2-deformation approach to the chiral algebra discussed so far only applies
to Lagrangian SCFTs. It was observed that in some cases there are N’ = 1 preserving
deformations of N' = 2 SQCDs such that the renormalization group flows from the deformed
SQCDs to non-Lagrangian N' = 2 SCFTs such as Argyres-Douglas theories and Minahan-
Nemeschansky theories [18-22]. It would be nice if we could find a way to apply the
Q-deformation procedure to obtain the VOAs for non-Lagrangian SCFTs [35], perhaps by
using such deformations.
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A Conventions

The spinor indices in 1, and 1;6“ are raised and lowered by

P = ePpg, e = EQBZZB

_ S (A1)

g = =1 %ap, P = —1hae?,
where €2 = —¢19 = €2 — —€j5 = 1. We use the convention for the spinor index contraction
X = VX X = PaX® (A.2)
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The symplectic-Majorana spinors ¥4 and 14 are defined by
(Vo) = ePePpp,  (dan)l = APy, (A.3)

where the SU(2) indices are raised and lowered as XA =eABXp and X4 = esp X B with
€2 = —¢p=1.
The o-matrices are defined by
0y = (iT, D)ag, 6% = (—i7, 1)%, (A.4)

[e7e3

where 7 are the Pauli matrices.
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