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1 Introduction

Pasterski, Shao, and Strominger (PSS) have proposed a map between S-matrix elements in
four-dimensional Minkowski spacetime and correlation functions in two-dimensional con-
formal field theory (CFT) living on the celestial sphere [1, 2]. Celestial CFT is interesting
both for understanding the long elusive holographic description of flat spacetime [3-8] as
well as for exploring the mathematical structures of amplitudes. In recent years many
remarkable properties of amplitudes have been uncovered via twistor space, momentum
twistor space, scattering equations, etc.(see [9] for review), hence it is quite plausible that
exploring properties of celestial amplitudes may also lead to new insights.

A key idea behind the PSS proposal was to transform the plane wave basis to a
manifestly conformally covariant basis called the conformal primary wavefunction basis.
This basis was constructed explicitly by Pasterski and Shao [10] for particles of various
spins in diverse dimensions. The celestial sphere is the null infinity of four-dimensional
Minkowski spacetime. The double cover of the four-dimensional Lorentz group is identified
with the SL(2,C) conformal group of the celestial sphere. Two-dimensional correlators on
the celestial sphere will be referred to as celestial amplitudes from here on.

The celestial amplitudes of massless particles are given by Mellin transforms of the
corresponding four-dimensional amplitudes

An(zj, %) = /0 T dwrwi =" An(ka) (1.1)
=1

where A; = 1+i);, with \; € R [10], are conformal dimensions taking values in the principal
continuous series, in order to ensure the orthogonality and completeness of the conformal
primary wavefunction basis. Further details are given below.
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Figure 1. Four-Point Exchange Diagrams.

In the spirit of recent developments in understanding scattering amplitudes from the
on-shell perspective by studying symmetries, analytic properties, and unitarity, many re-
cent studies have delved into similar aspects of celestial amplitudes. The structure of
factorization of singularities of celestial amplitudes was investigated in [11]; three- and
four-point gluon amplitudes were computed in [2] and arbitrary tree-level ones in [12].
Celestial four-point string amplitudes have been discussed in [13]. Unitarity via the mani-
festation of the optical theorem on celestial amplitudes has been observed recently [14, 15]
and the generators of Poincaré and conformal groups in the celestial representation were
constructed in [16].

This paper is organized as follows. In section 2 we compute massless scalar four-point
celestial amplitudes and study its properties such as conformal partial wave decomposition,
crossing relations, and optical theorem. In section 3 we derive conformal partial wave
decomposition for four-point gluon celestial amplitude, and in section 4 single and double
soft limits for all gluon celestial amplitudes. The conformal partial wave decomposition
formalism is summarized in appendix A and details about inner product integrals, required
in the main text, are evaluated in appendix B.

Note added. During this work, we became aware of related work by Pate, Raclariu, and
Strominger [17] which has some overlap with section 4 of our paper.

2 Scalar four-point amplitude

In this section we study a tree level four-point amplitude of massless scalars mediated by
exchange of a massive scalar depicted on figure 1.1

The corresponding celestial amplitude (1.1) is

) 1 1 1
| I i—15(4) E
.,44(,2]7,2] / dw w 5 ( k) ( k:1-|-k12 +m2+(k1+k3)2+m2+(k1+k4)2+m2> ’
(2.1)

!The same amplitude in three dimensions was studied in [15].



where zj, Z; are coordinates on the celestial sphere and w; are the energies. Defining ¢; = —1
(+1) for incoming (outgoing) particles, we can parameterize the momenta k:;‘ as

kK = ejwi (1+ |25, 25 + 25,12 —izj, 1 — |2]) (2.2)

Under conformal transformations, by construction [10], the four-point celestial ampli-
tude behaves as a four-point CFT correlation function of operators with conformal weights
- 1

(hjs hy) = 5

INES/RNES NS (2.3)

where J; are spins. We can split the four-point celestial amplitude into a conformally
invariant function of only the cross-ratios A4(z,z) and a universal prefactor

hi2 h3a /_ hia /_ h34
o () ) ()"
Aylz,2) = ~2 o o B Az, 7), (2.4)

hi+hg h3+hy _hi+ho —h3+hy
12”34 212 %34

where we define h;; = h; — h;, l_zij = h; — h; and cross-ratios

Z12234  _ 212734 . _ _
z = , Z=——— with zj=2—2, Zj =% —%. (2.5)
213224 213724

Let’s fix the external points in (2.1) as 21 = 0,29 = 2,23 = 1,24 = 1/7 with 7 — 0,
and compute

Ay(z) = |z|M+5e lim 77284 4(0,2,1,1/7) . (2.6)

We will consider the case where particles 1 and 2 are incoming while 3 and 4 are
outgoing, so €; = €9 = —e3 = —e4 = —1 and denote it as 12 <+ 34. The s-channel diagram
on figure 1 is

1
A12H34( ) g ’z‘Al'i‘AQ hmT / Hdw W i—15(4) Zk

— dwiwslz|?
(2.7)
The momentum conservation delta functions can be rewritten as:
4
54 Z ki | = 75(1'5 —iz) [[ 6(wi — i), (2.8)
i=2
where
wh = zoill , Wa = zzc_ull , W=z, (2.9)

The delta function only has solutions when all the w; are positive, so z > 1.



Then (2.7) reduces to a single integral

00 4
) 1
A}l28<_>34(z) -~ 925(1-2 _ Y:Z)ZA1+A2 lim 7_2—2A4/ dwlwlAl_Q H(w;)Ai—lﬁ
) 7—0 0 . 2 - Zflw%
2 /- 2 2a0—2
= M/ s ) 22 (s — 1y (2.10)

sin(ma)

Adding the s-, t-, and u-channel contributions, we obtain our final result

Wa(iz —i2) 2% (z — 1)m2 e (em + (Zi1>a + zo‘) , (2.11)

Alzesdn) o g2
(2) ~9 sin(ma)

where

4
a=> hi—2. (2.12)
=1

Let us discuss some properties of this expression.

e First, it is straightforward to verify that the Poincaré generators on the celestial
sphere, constructed in [16],

Lii = (1—22)0,, — 2zihi, Lo; = (1+22)0,, +2z:hi,  Lsi = 2(20,, + hi),
Ly = (1—22)0s — 2zihi, Lo; = (1+22)0s +2z:hi,  Ls; = 2(%05 + hi),
Pog = (14 [2i)e @t Py = (2 4 2,)e Ot 0002,
Py = —i(z — gi)e(ahi‘f'aﬁi)/Q’ Py, =(1— ’Zi‘Q)e(ahi‘f'aEi)/Q

(2.13)
annihilate the celestial amplitude on the support of the delta function §(iz — iz).

e Second, we can show that A4 satisfies the crossing relations

5 1 — 2(h2+h3) B
APOH(1 —2) = ( . ) APz, 0<z<1, (2.14)
as well as
A}l3<—)24(z) — 2/2(h1+h4)121}12<_>34(1/2)
=(1- 2)2(h12—h34)A14H23 < ? > ’ 0<z<l. (2.15)
N 4 z—1

The relations (2.14) and (2.15) generalize similar relations in [15].

e Third, the conformal partial wave decomposition of s-channel celestial ampli-
tude (2.10)? is computed in the appendix A, B and takes the following form

g2(im/2)2a—2/dA I'(1-5—h12) T (§—h12) T (1-5—h3a) T (5 —hsa)
2sin(ma) 42 r(1-AT(A-1)

AP (z) ~ WA (2,7),

(2.16)

2The other two channels can be obtained in similar manner.



where \Ilﬁ (z,2) is given in (A.3) restricted to the internal scalar case with J = 0 and
the contour C runs from 1 — ioco to 1 4 ico.

The gamma functions in (2.16) unambiguously specify all pole sequences in
conformal dimensions. Closing the contour to the right or left of the complex axis in
A, we find simple poles at A and their shadows at A given by

%Zl—hm—l-n, %:1—h34+n , %
with n = 0,1,2,3, ... .

=his —n, =hgy —n, (2.17)

ro| P

e Finally, let’s explicitly check the celestial optical theorem derived by Shao and Lam
n [15], which relates the imaginary part of the four-point celestial amplitude to
the product of two three-point celestial amplitudes with the appropriate integration
measure. Taking imaginary part of (2.16) we obtain

Im [AHHM( )} ~ / dA i(A)C(h, ho; A)C(hg, has 2 — A)WR (2,2),  (2.18)
C

up to some overall constants independent of h;. Here C(h;, hj; A) is the coefficient
of the three-point function given by [15]

m?)h 2T (hij + 9) T (5 — hij)
ghith; r(A) ’

w(A) is the integration measure

_ T(A)N(2-A)
WA = A DT =AY

(2.20)

and \I!ﬁ(z, Z) is

T'(1—%5 —hi2) T (5 — haa)
TR (2. 2) = 2 2 U2 (2, 7). 2.21
hi(Z,Z) F(%—’-hlz)r(l—%—’—h&l) hl(Z,Z) ( )

3 Gluon four-point amplitude
In this section we study the massless four-point gluon celestial amplitude, which has been
computed in [2], and is given by

A3 (2) ~ §(i7 —i2) |21 — 2|z heaml s (3.1)
where the conformal ratios z, z are defined in (2.5).

Evaluating the integral in appendix B, we find the conformal partial wave expansion
is given by the following simple result?

2 1—-2h)(2h—1-2J) ['(h—h12)T(14-J—h3s—h)
A3 (2) ~ 2i / o ™ ( +(haz 4 ha) )
Z ishi h34 hlg) bln( (h127h34)) F(h+h12)F(1+J+h34fh) ( 12 34)

(3.2)

where >’ means that the J = 0 term contributes with weight 1/2.

3When considering J < 0, take h <+ h in the expansion coefficient.



There is no truncation of the spins J in this case, so primary operators of all integer
spins contribute to the OPE expansion of the external gluon operators, in contrast with
the previously considered scalar case.

Poles A and shadow poles A are located at

A—J A—J A+4+J A+J
=1l—-hi2+n, ——=1—hs+n, i:hlz—m s = h3q —n,
2 2 2 2
(3.3)
with n = 0,1,2,3,.... These poles are integer spaced as expected.

4 Soft limits

Single soft limits. In this section we study the analog of soft limits for celestial am-
plitudes. The universal soft behavior of color-ordered gluon scattering amplitudes, corre-
sponding to wy — 0, is well-known [18] and takes the form

, _ k—1k+1)

1 ékf-&-l: < .

i A (k—lkﬂkk+1YA L 1)
, _ kE—1k+1] '
1 = 1 _ [ —

S A o= TRk 1

where ¢, is the helicity of particle k.
The spinor-helicity variables are related to the celestial sphere variables via [2]

[Z]] = 21/w¢wj21~j , (’L]> = —2€Z-ej1/w¢wjzij . (4.2)

Conformal primary wavefunctions become soft (pure gauge) when Ap — 1 (or Ay —
0) [10, 19]. In this limit we can utilize the delta function representation®

1

IR PRNPE TN W |
d(z) = 5 )1\13% iA|z| , (4.3)
such that (1.1) becomes
_ 1 n oo Y oo -
I vz = ] e 2 sz Z). (44
)\klgloAn(z],zJ) W /0 dw; w /0 dwy, 2 §(wk) wi, An(wys; 25, Z5) (4.4)

j=1,j#k

We see that the Ay — 0 limit localizes the integral at w; = 0 and we obtain

Ny I zp1k+1

lim A;{L’“_H = ——Ay 1, (4.5)
Ak—0 IAE Zk—1kZk k+1

S I Zk1k41 5

lim A#— T= ~———Ap1. (4-6)
Ak—0 INE Zk—1kZk k+1

An alternative derivation of these relations was given in [20].

4See http://mathworld.wolfram.com/DeltaFunction.html.
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Double soft limits. For consecutive soft limits, one can apply (4.5) or (4.6) multiple
times and the consecutive soft factors are simply products of single soft factors.

For simultaneous double soft limits, energies of particles are simultaneously scaled by
J, S0 wi, — dwy and w; — dw; with & — 0, which for example yields [21, 22]

1 ([13]3<n3> N (n2)3[n3)
[

<7’l|1 + 2’3] 12] [23]8123 <n1><12>5n12> 'An_Q(wj; 2L Ej) )

(4.7)

lim An(éwl, dwa, Wi 2k, Ek) =
d—0

for {4 = 41,0 = =1, j=3,...,n,and k = 1,...,n. Here s;5; = (k; + k; + k)%, More
generally we will write

%ir% A (8w, dwp, wys 2iy Zi) = DS(E 1) A, —a(wj; 25, %) (4.8)
H

where DS(k,1%) is the simultaneous double soft factor.

For celestial amplitudes, the analog of the simultaneous double soft limit is to take two
A’s, scale them by €, A\ — e\ and \; — €}, and take the ¢ — 0 limit. To implement this
practically in (1.1), we change variables for the associated w’s

wr =rcos(f), wy=rsin(f), 0<r<oo, 0<6< (4.9)

T
5

The mapping (1.1) becomes

~ n o] N 0o w/2 ) ‘
An(Zj, 5]‘) = H / dwj M;AJ / dr / do T(z)\k+z)\l)efl
j=1,5#k1 "0 0 0 (4.10)

X (cos(@))“"“e(sin(&))i)"€r2An (wj; 25, Z5) -

We can use (4.3) to obtain a delta function in 7, which enforces the simultaneous double
soft limit for the scattering amplitude as in (4.7). The result is

lim An(Are, \e) = DS(k7+ 17 A, o, (4.11)
e—
where ﬁS(ka, 17t) is the simultaneous double soft factor on the celestial sphere,

1

DS = G e

/2 i . A€ k]t
[2/0 9 (cos(6))+“(sin(8)) ™ [+2DS(k"", 1 >Lo] »

(4.12)

As an example, consider the simultaneous double soft factor in (4.7). We can use (4.2) to
translate it into celestial sphere coordinates and plug into (4.12) to obtain

DS(17, 271 ~

1 1 <1Zn322n +1Z3n531> ‘ (4.13)

2(iA1 +iX2)€? zp1Z23 \iA1 212220, A2 Z12231



Explicitly let us check (4.11) by considering the six-point NMHV split helicity ampli-
tude [23]

6
1
A =0 (Z k) FTRR—
=1

1 .. WG
wiw?(wsz34Z13—w2224%12) w3w2 (waz46Z34+ws256735)°
(W3W4234Z34—WawW1 224724 —WaW3 223223 ) (w3w4234234+W3W5 235235 +WaWs 245245 )

293234256261 (W4224254—W3223235) 212216234245 (W3223235+W4224245)

(4.14)

3

X

and map it via (1.1). Taking the simultaneous double soft limit of particles 3 and 4, as
prescribed in (4.11), we find

1 1 1 Zos2 1 z50Z ~
( 25 41+752 53)A+,

lim A,y (Aze, Age) = — , . .
en0” T ( 36 24 ) 2(1)\3 + 2)\4)62 2937245 \ IA3 234Z492 1\4 234753

(4.15)

where the four-point correlator is given by mapping the appropriate MHV amplitude
via (1.1)

i , 23 6(i2'—i2)) (215261 \ 2L [ 219716 \ 0T [ 21s 200 \ 0T
Apg = 4i6(A+do+ A5+ Ag) —2 ( ) ( 15 61) ( 12 16) < 15 12> ,

212235236 Z25%61 \ 725726 225256 256226
(4.16)
where 2/ = 212256 and 7’ = 212256 The conformal soft factor found in (4.15) matches our
25261 225261
general result by taking the double soft factor [21, 22]
1 35]3(25 24)3[25
(fben , oty )
(23 +4[5] \ [34][45]s345 ~ (23)(34) 5234

and mapping it via (4.12). The simultaneous double soft limit can similarly be checked for
non-adjacent legs, leading to a soft factor that is a product of two single soft factors.

It is straightforward to generalize (4.11) to m particles taken simultaneously soft, by
introducing m-dimensional spherical coordinates as in (4.9) and scale m \’s by e.
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A Conformal partial wave decomposition

In the CFT four-point function defined as (2.4), we can expand the conformally invariant

part A4(z, Z) on the basis of conformal partial waves ol (z,Z). As can be shown along

hz,h
the lines of [24-26], the expansion takes the following form

IR (1—=2R)2h—=1),~ , = wh , _
(2,2) = zz / dAWy" (2, 2) @n)? (Ag(2,2), 0,7 (2,2), (A.1)
where h —h = J, h+h = A =14 i\. The contour C runs from 1 — ico to 1 4 ico. The
integration and summation is over all dimensions and spins of exchanged primary operators
in the theory. > means that the J = 0 summand contributes with a weight of 1/2. The
inner product is defined by

dzdz —_—
(G(=2).F(2) = [ Z5GEOFED. (A.2)
The conformal partial waves ¥” h’ i (z, Z) have been computed in [27-29] and are given by
h,h
L3 (2,2) = | Fi(2,2) + hF_(2,2), (A.3)
with
N 1 1—h+h3zs, h+h3q 1 1—77,4-7134, il+7l34. 1
P¥(%2)—‘2hug%42 1( 14+-hio+hay z) ( I4+hia+hss ’z>’ (A-4)

1-hi1a—h3s 1—hia—hgs ' Z

1=h+h12) T (h+hss) T (h+hi2) T (1—h+hgs)

o \h—Rthia—hiy L (Fhia—hss)
(-1
1—h—h12) T (h—hsa) T (h—h12) T (1—=h—hs4) ’

r (1+7L12+Bs4)

/
€1

. I—h—hyg, h—hys 1 1—h—hyg, h—hyy 1
F_(z,z):zh122h122F1< h—hi2, h—h12 Z) 2F1( h=hia, h h12._>7
L (
(

(_l)h—ﬁ+h34—fL34 I (h12+ha4)

/
= I (1-hio—hsa)

Here we made use of hypergeometric identities discussed in [28] to rewrite the result in a
form which is suited for the region z,z > 1.
Conformal partial waves are orthogonal with respect to the inner product (A.2)

(2m)?
(1 —2h)(2h — 1)

(2 2), U (2,2)) =

hi hi 000N = X). (A.5)

The basis functions (A.3) span a complete basis for bosonic fields on each of the ranges
(JEZ, NeRY | JeZ", NeR|JEZ, NeR | JEZ , AER). (A.6)

We can perform the A integration in (A.1) by collecting residues of poles located to
the left or to the right of the complex axis. One can use e.g. the integral representation of
the conformal partial wave (A.3) (given by eq. (7) in [29]) to make sure that the half-circle
integration at infinity vanishes.



B Inner product integral

In this appendix we evaluate the inner product

7 3 dzdz
(Aulz,2), 01 (2,2)) = / =

for o =0 and o = 1, where \I’ZE—M(Z, Z) is given by (A.3).°

5(iz —iz) |27 |2 — 12 P gl o2y (Bl

First we change integration variables to z = x + i1y, Z = x — iy and localize the delta
function on y = 0. Subsequently, we write the hypergeometric functions from (A.3) in the
following Mellin-Barnes representation:

oFi(a,b;c;z) = F(a)I‘(b)Fi(cC—)a)F(c—b) /C2d7§i(1—z)sF(—s)F(c—a—b—s)F(a+s)F(b+3),

(B.2)

where (1 — z) € C\R_ and the contour C' goes from minus to plus complex infinity while
separating pole sequences in I'(—s)I'(¢ — a — b — s) from pole sequences in I'(a + s)T'(b+ s).

The x > 1 integral then gives a beta function which we express in terms of gamma
functions. At this point, similarly to section 3.4 in [30], the gamma function arguments in
the integrand arrange themselves exactly such that one of the Mellin-Barnes integrals (B.2)
can be evaluated by second Barnes lemma.® The final inverse Mellin transform integral
is then done by closing the integration contour to the left, or to the right of the complex
axis. Performing the sum over all residues of poles wrapped by the contour in this process
we obtain

(Aa(z,2), U3l (2,2)) =

72 (=1)" " csc (m (haa — haa)) csc (m (haz + haa)) T(1 — o) (B.3)
D= ot s = ha) By (7 e e s 1) s o
— = - 12 34
F(h12 —h34+1)F(1—h+h34)F(h+h34)F(2—h—a+h12)F(h—a+h12+1)

F(l_ﬁ_hlz)r(ﬁ_hm)F(l_”_h12+h’34) 1—0,1—h—hi2,h—h12,1—0c—h12+h34
(F(1—hlz+h34>r(2—h—o—h12)r(h—a—h12+1> B (5 e haa 1A hasthasi L) = (12 € hsa)

Jr

F'(l—h+hi2)T(h+hi2)T (1 —h+ hsa) T (h+ hsa) ’

where we used identities such as sin(z+7h) sin(y+7h) = sin(x+7h) sin(y +mh) for integer
J, and sin(rz) = /(I (x)I'(1 — z)) to write (B.3) in a shorter form.

Evaluation for 0 = 0. When o = 0, one upper and one lower parameter in the 4F3
hypergeometric functions become equal and cancel, so that the functions reduce to 3F5.
Interestingly, an even greater simplification occurs as

I'(a—b+2)T"(a+b+1
l,a—c+1l,a+c ) . %‘a(a—c—i—)l)%a(a—&-c)) o (a_b+1)(a+b) (B 4)
2 \a—b+2,a+b+1" ) (b—c)(b+c—1) '
®Note that in both of our examples we have hi;; = h;;, and the complex conjugation prescription

h—)l—ﬁ,il—)l—h, hij—>—hij and 2z < Z.
5We assume the integrals to be regulated appropriately such that these formal manipulations hold.

,10,



Then, making use of various sine- and gamma function identities as mentioned above, it
turns out that the result is proportional to

sin(2rJ)  [1;J=0 . (B.5)
2mJ 0;J#0

Therefore, the only non-vanishing inner product in this case comes from the scalar confor-

h,h

hi,hi

, which simplifies to

mal partial wave \Ifﬁ, =v
v J=0

(18— m) (3~ ho) T (1- 3~ h) (5~ has)
T(2 — A)T(A) '

(A4(2,2), Ty (2,2)) = (B.6)
Evaluation for o = 1. As we take 0 — 1 the overall factor I'(1 — o) diverges. However,
the rest of the terms conspire to cancel this pole, so that the limit ¢ — 1 is finite. The
simplification of the result in all generality is quite tedious, here we instead discuss a less
rigorous but quick way to arrive at the end result.

The cases for the first few values of J = 0,1, ... can be simplified directly e.g. in Mathe-
matica. We recognize that the result is always proportional to csc(m(hi2—hs4))/(h12—haa).
To quickly arrive at the full result, start with (B.3) and divide out the overall factor
csc(m(hig — hsg))/(hi2 — hsa). By the previous observation we see that the rest is finite in
hio — hgy — 0. Sending h3q4 — his under a small 1 — o deformation, the hypergeometric
functions become equal to 1 for ¢ — 1 and the remaining terms simplify. To recover the
full hys, h3s dependence it then suffices to match these terms e.g. to the specific example
in the case J = 1, which then for all J > 0 leads to

7TCSC(7T(h12 — h34)) (F(h — hlg)r(l — h34 — B)

(h34 — h12) I‘(h + hlz)r(l I h34 — B) + (h12 <~ h34)> .
(B.7)

(Ai(2,2), 0" (2,2)) =

To obtain the result for J < 0 substitute h <> h.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References
[1] S. Pasterski, S.-H. Shao and A. Strominger, Flat Space Amplitudes and Conformal Symmetry
of the Celestial Sphere, Phys. Rev. D 96 (2017) 065026 [arXiv:1701.00049] InSPIRE].

[2] S. Pasterski, S.-H. Shao and A. Strominger, Gluon Amplitudes as 2d Conformal Correlators,
Phys. Rev. D 96 (2017) 085006 [arXiv:1706.03917| InSPIRE].

[3] J. de Boer and S.N. Solodukhin, A Holographic reduction of Minkowski space-time,
Nucl. Phys. B 665 (2003) 545 [hep-th/0303006] [INSPIRE].

[4] G. Barnich and C. Troessaert, Symmetries of asymptotically flat 4 dimensional spacetimes at
null infinity revisited, Phys. Rev. Lett. 105 (2010) 111103 [arXiv:0909.2617] [INSPIRE].

[5] T. Banks, The Super BMS Algebra, Scattering and Holography, arXiv:1403.3420 [INSPIRE].

— 11 —


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1103/PhysRevD.96.065026
https://arxiv.org/abs/1701.00049
https://inspirehep.net/search?p=find+EPRINT+arXiv:1701.00049
https://doi.org/10.1103/PhysRevD.96.085006
https://arxiv.org/abs/1706.03917
https://inspirehep.net/search?p=find+EPRINT+arXiv:1706.03917
https://doi.org/10.1016/S0550-3213(03)00494-2
https://arxiv.org/abs/hep-th/0303006
https://inspirehep.net/search?p=find+EPRINT+hep-th/0303006
https://doi.org/10.1103/PhysRevLett.105.111103
https://arxiv.org/abs/0909.2617
https://inspirehep.net/search?p=find+EPRINT+arXiv:0909.2617
https://arxiv.org/abs/1403.3420
https://inspirehep.net/search?p=find+EPRINT+arXiv:1403.3420

[6] A. Ashtekar, Asymptotic Quantization: Based On 1984 Naples Lectures, Bibliopolis, Naples
Italy (1987) [INSPIRE].

[7] A. Strominger, Lectures on the Infrared Structure of Gravity and Gauge Theory,
arXiv:1703.05448 [INSPIRE].

[8] C. Cheung, A. de la Fuente and R. Sundrum, 4D scattering amplitudes and asymptotic
symmetries from 2D CFT, JHEP 01 (2017) 112 [arXiv:1609.00732] [INSPIRE].

[9] H. Elvang and Y.-t. Huang, Scattering Amplitudes, arXiv:1308.1697 [INSPIRE].

[10] S. Pasterski and S.-H. Shao, Conformal basis for flat space amplitudes,
Phys. Rev. D 96 (2017) 065022 [arXiv:1705.01027] [INSPIRE].

[11] C. Cardona and Y.-t. Huang, S-matriz singularities and CEFT correlation functions,
JHEP 08 (2017) 133 [arXiv:1702.03283] INSPIRE].

[12] A. Schreiber, A. Volovich and M. Zlotnikov, Tree-level gluon amplitudes on the celestial
sphere, Phys. Lett. B 781 (2018) 349 [arXiv:1711.08435] [INSPIRE].

[13] S. Stieberger and T.R. Taylor, Strings on Celestial Sphere, Nucl. Phys. B 935 (2018) 388
[arXiv:1806.05688] INSPIRE].

[14] N. Banerjee, S. Banerjee, S. Atul Bhatkar and S. Jain, Conformal Structure of Massless
Scalar Amplitudes Beyond Tree level, JHEP 04 (2018) 039 [arXiv:1711.06690] [INSPIRE].

[15] H.T. Lam and S.-H. Shao, Conformal Basis, Optical Theorem, and the Bulk Point
Singularity, Phys. Rev. D 98 (2018) 025020 [arXiv:1711.06138] InSPIRE].

[16] S. Stieberger and T.R. Taylor, Symmetries of Celestial Amplitudes,
Phys. Lett. B 793 (2019) 141 [arXiv:1812.01080] [INSPIRE].

[17] M. Pate, A.-M. Raclariu and A. Strominger, Conformally Soft Theorem in Gauge Theory,
arXiv:1904.10831 [INSPIRE].

[18] S. Weinberg, Infrared photons and gravitons, Phys. Rev. 140 (1965) B516 [INSPIRE].

[19] L. Donnay, A. Puhm and A. Strominger, Conformally Soft Photons and Gravitons,
JHEP 01 (2019) 184 [arXiv:1810.05219] [INSPIRE].

[20] W. Fan, A. Fotopoulos and T.R. Taylor, Soft Limits of Yang-Mills Amplitudes and
Conformal Correlators, JHEP 05 (2019) 121 [arXiv:1903.01676] INSPIRE].

[21] A. Volovich, C. Wen and M. Zlotnikov, Double Soft Theorems in Gauge and String Theories,
JHEP 07 (2015) 095 [arXiv:1504.05559] INSPIRE].

[22] T. Klose, T. McLoughlin, D. Nandan, J. Plefka and G. Travaglini, Double-Soft Limits of
Gluons and Gravitons, JHEP 07 (2015) 135 [arXiv:1504.05558] [INSPIRE].

[23] R. Britto, B. Feng, R. Roiban, M. Spradlin and A. Volovich, All split helicity tree-level gluon
amplitudes, Phys. Rev. D 71 (2005) 105017 [hep-th/0503198] [iINSPIRE].

[24] S. Caron-Huot, Analyticity in Spin in Conformal Theories, JHEP 09 (2017) 078
[arXiv:1703.00278] [NSPIRE].

[25] D. Simmons-Duffin, D. Stanford and E. Witten, A spacetime derivation of the Lorentzian
OPE inversion formula, JHEP 07 (2018) 085 [arXiv:1711.03816] [INSPIRE].

[26] J. Murugan, D. Stanford and E. Witten, More on Supersymmetric and 2d Analogs of the
SYK Model, JHEP 08 (2017) 146 [arXiv:1706.05362] [INSPIRE].

— 12 —


https://inspirehep.net/search?p=find+IRN+1997220
https://arxiv.org/abs/1703.05448
https://inspirehep.net/search?p=find+EPRINT+arXiv:1703.05448
https://doi.org/10.1007/JHEP01(2017)112
https://arxiv.org/abs/1609.00732
https://inspirehep.net/search?p=find+EPRINT+arXiv:1609.00732
https://arxiv.org/abs/1308.1697
https://inspirehep.net/search?p=find+EPRINT+arXiv:1308.1697
https://doi.org/10.1103/PhysRevD.96.065022
https://arxiv.org/abs/1705.01027
https://inspirehep.net/search?p=find+EPRINT+arXiv:1705.01027
https://doi.org/10.1007/JHEP08(2017)133
https://arxiv.org/abs/1702.03283
https://inspirehep.net/search?p=find+EPRINT+arXiv:1702.03283
https://doi.org/10.1016/j.physletb.2018.04.010
https://arxiv.org/abs/1711.08435
https://inspirehep.net/search?p=find+EPRINT+arXiv:1711.08435
https://doi.org/10.1016/j.nuclphysb.2018.08.019
https://arxiv.org/abs/1806.05688
https://inspirehep.net/search?p=find+EPRINT+arXiv:1806.05688
https://doi.org/10.1007/JHEP04(2018)039
https://arxiv.org/abs/1711.06690
https://inspirehep.net/search?p=find+EPRINT+arXiv:1711.06690
https://doi.org/10.1103/PhysRevD.98.025020
https://arxiv.org/abs/1711.06138
https://inspirehep.net/search?p=find+EPRINT+arXiv:1711.06138
https://doi.org/10.1016/j.physletb.2019.03.063
https://arxiv.org/abs/1812.01080
https://inspirehep.net/search?p=find+EPRINT+arXiv:1812.01080
https://arxiv.org/abs/1904.10831
https://inspirehep.net/search?p=find+EPRINT+arXiv:1904.10831
https://doi.org/10.1103/PhysRev.140.B516
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,140,B516%22
https://doi.org/10.1007/JHEP01(2019)184
https://arxiv.org/abs/1810.05219
https://inspirehep.net/search?p=find+EPRINT+arXiv:1810.05219
https://doi.org/10.1007/JHEP05(2019)121
https://arxiv.org/abs/1903.01676
https://inspirehep.net/search?p=find+EPRINT+arXiv:1903.01676
https://doi.org/10.1007/JHEP07(2015)095
https://arxiv.org/abs/1504.05559
https://inspirehep.net/search?p=find+EPRINT+arXiv:1504.05559
https://doi.org/10.1007/JHEP07(2015)135
https://arxiv.org/abs/1504.05558
https://inspirehep.net/search?p=find+EPRINT+arXiv:1504.05558
https://doi.org/10.1103/PhysRevD.71.105017
https://arxiv.org/abs/hep-th/0503198
https://inspirehep.net/search?p=find+EPRINT+hep-th/0503198
https://doi.org/10.1007/JHEP09(2017)078
https://arxiv.org/abs/1703.00278
https://inspirehep.net/search?p=find+EPRINT+arXiv:1703.00278
https://doi.org/10.1007/JHEP07(2018)085
https://arxiv.org/abs/1711.03816
https://inspirehep.net/search?p=find+EPRINT+arXiv:1711.03816
https://doi.org/10.1007/JHEP08(2017)146
https://arxiv.org/abs/1706.05362
https://inspirehep.net/search?p=find+EPRINT+arXiv:1706.05362

[27] F.A. Dolan and H. Osborn, Conformal partial waves and the operator product expansion,
Nucl. Phys. B 678 (2004) 491 [hep-th/0309180] [INSPIRE].

[28] F.A. Dolan and H. Osborn, Conformal Partial Waves: Further Mathematical Results,
arXiv:1108.6194 [INSPIRE).

[29] H. Osborn, Conformal Blocks for Arbitrary Spins in Two Dimensions,
Phys. Lett. B 718 (2012) 169 [arXiv:1205.1941] [INSPIRE].

[30] M. Hogervorst and B.C. van Rees, Crossing symmetry in alpha space, JHEP 11 (2017) 193
[arXiv:1702.08471] [INSPIRE].

,13,


https://doi.org/10.1016/j.nuclphysb.2003.11.016
https://arxiv.org/abs/hep-th/0309180
https://inspirehep.net/search?p=find+EPRINT+hep-th/0309180
https://arxiv.org/abs/1108.6194
https://inspirehep.net/search?p=find+EPRINT+arXiv:1108.6194
https://doi.org/10.1016/j.physletb.2012.09.045
https://arxiv.org/abs/1205.1941
https://inspirehep.net/search?p=find+EPRINT+arXiv:1205.1941
https://doi.org/10.1007/JHEP11(2017)193
https://arxiv.org/abs/1702.08471
https://inspirehep.net/search?p=find+EPRINT+arXiv:1702.08471

	Introduction
	Scalar four-point amplitude
	Gluon four-point amplitude
	Soft limits
	Conformal partial wave decomposition
	Inner product integral

