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ABSTRACT: We present a detailed and self-contained analysis of the universal Schwinger-
Keldysh effective field theory which describes macroscopic thermal fluctuations of a rel-
ativistic field theory, elaborating on our earlier construction [1]. We write an effective
action for appropriate hydrodynamic Goldstone modes and fluctuation fields, and discuss
the symmetries to be imposed. The constraints imposed by fluctuation-dissipation the-
orem are manifest in our formalism. Consequently, the action reproduces hydrodynamic
constitutive relations consistent with the local second law at all orders in the derivative
expansion, and captures the essential elements of the eightfold classification of hydrody-
namic transport of [2]. We demonstrate how to recover the hydrodynamic entropy and give
predictions for the non-Gaussian hydrodynamic fluctuations.

The basic ingredients of our construction involve (i) doubling of degrees of freedom a la
Schwinger-Keldysh, (ii) an emergent gauge U(1)T symmetry associated with entropy which
is encapsulated in a Noether current a la Wald, and (iii) a BRST/topological supersym-
metry imposing the fluctuation-dissipation theorem a la Parisi-Sourlas. The overarching
mathematical framework for our construction is provided by the balanced equivariant co-
homology of thermal translations, which captures the basic constraints arising from the
Schwinger-Keldysh doubling, and the thermal Kubo-Martin-Schwinger relations. All these
features are conveniently implemented in a covariant superspace formalism. An added
benefit is that the second law can be understood as being due to entropy inflow from the
Grassmann-odd directions of superspace.
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Part 1
Introduction &background

1 Introduction

The dynamics of quantum field theories out-of-equilibrium encompasses many interesting
physical phenomena which are readily observable in nature. Often one is interested in the
macroscopic behaviour of the system after transient effects have settled down. In a wide
variety of examples we know empirically that the collective dynamics of the low energy
degrees of freedom leads to new dramatic effects including effective non-unitarity, entropy
production and dissipation. One would like to have a theoretical framework to address
these issues and isolate potential universal characteristics that are insensitive to the spe-
cific microscopic details. In the case of equilibrium (typically near ground state) dynamics,
the Wilsonian paradigm makes clear that one has to isolate the relevant macroscopic de-
grees of freedom and ascertain the generic dynamics for them subject to various symmetry
considerations. An analogous framework for non-equilibrium dynamics is the goal one
would like to aspire to.

Whilst the question for generic out-of-equilibrium dynamics remains as yet unclear, in
recent years progress has been made on understanding the situation in a near-equilibrium
regime where hydrodynamic effective field theories operate. Inspired by the structure of
the Schwinger-Keldysh functional integral there have been several works [1-10] dedicated
to constructing a framework to capture near thermal effective field theories in the hydrody-
namic regime.! Our aim is to elaborate on these constructions and set out a comprehensive
framework for studying such effective field theories. We build on recent work and provide
further details underlying the construction of topological sigma models capturing dissipa-
tive hydrodynamics as described in [1].

The central problem in this regard is to decide on the basic symmetry princi-
ples/symmetry breaking pattern behind the effective field theory in the hydrodynamic
regime. The core challenge for these symmetry principles is to automatically explain both
the emergence of a macroscopic arrow of time and the existence of a local entropy current,
along with the non-conservation of the latter. These requirements necessitate a novel form
of effective field theory very different from existing paradigms. In our previous work [1, 3],
we posited a three-fold symmetry structure whose interplay successfully reproduces the
hydrodynamic effective theory. Our proposal consists of:

1. A set of ‘twisted’ super-symmetries emerging from the Schwinger Keldysh doubling.

2. An emergent thermal or ‘entropic’ gauge symmetry (denoted as U(1)r) emerging
from the near thermal structure. Its gauge current is the entropy current.

3. A particular superspace component of U(1)7 field strength acts as an order parameter
for CPT breaking. Its expectation value then leads to the emergence of arrow of time.

LAn earlier attempt to construct dissipative hydrodynamic effective actions was made in [11] which
took its inspiration from the Martin-Siggia-Rose (MSR) construction [12]. We will give a more complete
discussion of some of the earlier attempts later in the introduction, section 1.3.



In this work, we will substantially add to the explicit computations which support the
above conjecture. In particular, we will show that a non-trivial statement required for the
self-consistency of our proposal does hold: for the entropy current to be a gauge current,
the apparent non-conservation of entropy in fluid dynamics should lift to an appropriate
conservation statement within our framework. We will see that this is indeed true; the
physical hydrodynamic entropy is only a part of larger conserved super-current. Our com-
panion paper [13] summarizes the salient features of our construction, especially the fact
that entropy production can be understood as a superspace inflow mechanism.

In the rest of this introduction, we will summarize various features of our proposal
and the resulting framework. While the entire discussion is framed in terms of hydrody-
namics, the reader should note that holography (more specifically fluid-gravity correspon-
dence [14, 15]) requires that these statements also be true in gravity. If the above set of
symmetries are indeed the correct framework for fluid dynamics, it follows that the same
symmetries should also underlie black hole physics including the emergence of arrow of time
via a superspace field strength as well as superspace inflow of entropy. The hydrodynamic
computations in this work when combined with fluid-gravity correspondence, force upon
us this somewhat radical conclusion.

1.1 Preview of the general framework

The basic philosophy behind our construction, first detailed in [1, 3], can be understood
as follows (see [5, 6] for detailed reviews). Hydrodynamics is supposed to capture the
causal, non-linear response of a physical system perturbed away from equilibrium, in a long-
wavelength, low-energy regime. In the microscopic presentation of the theory such response
functions are computed using the Schwinger-Keldysh formalism [16, 17] which involves a
complex time contour (or a doubled contour with forward (R) and backward (L) evolution)
in the functional integral. A key feature is that the response functions are the first non-
trivial observables; we insert a sequence of identical sources to disturb the system followed
by a mis-aligned source to facilitate a response/measurement, see figure 1 for an illustration.

The canonical way to view the Schwinger-Keldysh path integral is in terms of an action
on an extended Hilbert space Hr ® H; corresponding to the top and bottom legs of the con-
tour, respectively. One correspondingly doubles the operator algebra of the theory for we
can independently insert operators on either leg of the contour. The key insight of the recent
discussions was to interpret some of the well known identities for correlation functions which
are, for example, well reviewed in [18, 19], as consequences of topological BRST symmetries
inherent in the Schwinger-Keldysh construction (see [20] for a Hilbert space perspective).

The primary contention is that a Schwinger-Keldysh effective theory is characterized
by a doubling of fields and a degeneration to a topological theory when the sources of
two copies are appropriately aligned [3, 4]. As explained in [5] the BRST symmetries
may be understood as a consequence of the redundancy built into the Schwinger-Keldysh
doubling. This line of reasoning led us to argue that the natural language for Schwinger-
Keldysh is to work with a quartet of operators corresponding to the conventional doubled
operators Oy, Og, and their Grassmann odd counterparts O, Oa obtained by the action of
the BRST charges. One can succinctly capture this by working in a superspace with two



Figure 1. An illustration of the hydrodynamic observables in the Schwinger-Keldysh functional
integral phrased in the Keldysh average-difference basis. Response functions are correlators of a
sequence of difference operators (the external disturbances, denoted as blue dots) followed by an
average operator (the measurement, denoted by the black dots) in the future.

Grassmann odd scalar directions {6, 6} which take care of the doubling and the topological
limit aspects of a Schwinger-Keldysh construction. Altogether the most natural way to view
the Schwinger-Keldysh construction is to work with a super-operator algebra on which the
BRST charges dubbed Qg and Qg act as super-derivations Qg ~ d and Qg ~ Jp. The
topological invariance is then just the Grassmann translation invariance. A detailed account
of how this translational invariance can be used to give superspace rules for computing the
microscopic field theory correlation functions can be found in [5, 20].

It is important to emphasize that the Schwinger-Keldysh BRST symmetries essentially
capture the constraints imposed by unitary evolution of the microscopic degrees of freedom.
Furthermore, by virtue of being topological one expects these symmetries to be robust
under the renormalization group flow. Consequentially, they provide useful guideposts on
how to organize the low energy dynamics.

1.2 U(1)T gauge invariance and thermal equivariance

There is additional structure for near-thermal dynamics owing to the Gibbs structure of the
density matrix. Thermal field theory in its Euclidean avatar implements thermality by im-
posing periodicity in imaginary time. If we wanted to study real-time dynamics of thermal
systems, this Euclidean description should then be analytically continued into a Schwinger-
Keldysh path integral. The periodicity in the Euclidean description then translates to a set
of non-local conditions called Kubo-Martin-Schwinger (KMS) conditions [21, 22] satisfied
by the real time correlators. We expect that these conditions should deform appropriately
to describe real time correlators in a generic fluid dynamical state. A fundamental question
in any effective theory of thermal systems is how to implement a sensible deformation of
these (temporal) non-local conditions in a local effective theory.

Recently an answer to this question has emerged, mainly in the context of treating
fluid dynamics as an effective theory [2, 23]. It was conjectured the correct local principle
to enforce is to demand an emergent ‘entropic’ gauge symmetry dubbed U(1)t, which in
real time provides the correct analytic continuation of the Euclidean periodicity. Its gauge
current is the entropy current (this statement can be thought of as a generalization of
Wald’s idea that equilibrium entropy is a Noether charge [24]). This emergent KMS gauge
symmetry can be understood in terms of the topological structure of the Schwinger-Keldysh



construction. In particular, it was argued in [5] that the additional constraints coming from
KMS invariance lead to a quartet of operations that act on the Schwinger-Keldysh super-
operator algebra. Two of these are Grassmann odd, thermal counterparts of the BRST
charges, Q. s, Qxus and the two others are Grassmann even generators Q?(MS,LKMS.Q

One can intuitively understand the thermal generators in the following fashion. For a
thermal system one can view real time dynamics as occurring on a background spacetime
that admits a fibration by a thermal circle. Recall that we are used to analyzing equilibrium
dynamics in the Euclidean framework as a statistical field theory in a geometry which is a
thermal circle fibration over a spatial background. We argue that this perspective continues
to be useful in the dynamical context. Given a notion of local temperature and a local
choice of inertial frame measuring it (as is usual in hydrodynamics), our contention is that
the background spacetime geometry on which the quantum dynamics occurs, should be
viewed as living on a thermal bundle over a Lorentzian base. The local fibres being given
by the thermal vector B¥(t,x), whose norm gives a measure of the local temperature; it
picks out the inertial frame for local equilibrium.

The generator £,,,, implements translations along the thermal vector 8*. Owing to

the KMS conditions, we can equivalently say that £ implements gauge transformations

KMS
around the thermal circle. An operator O(t,z) when acted upon by this generator gets Lie
dragged along the local fibre, viz., O + O + £80. In general this is a non-local, discrete
operation since one compares an operator with its thermal counterpart. The latter is sepa-
rated by an imaginary amount set by the local temperature. We will eventually postulate a
continuum version, but before doing so let us intuit the rationale for the other KMS charges.

Owing to the underlying Schwinger-Keldysh BRST symmetries inherent in real time

dynamics, it follows that £ cannot act in isolation. Given that the symmetries act on

KMS
the operator superalgebra, it also follows that there ought to be quartet of KMS operations
that are interlinked by the Schwinger-Keldysh BRST charges. Said differently, it does not
suffice for there to be a single KMS operation £,,,, since the superspace structure demands
that it uplift to an appropriate superspace operation. The explicit action of these charges
on the super-operator algebra can then be constructed directly. We will review the resulting
SK-KMS algebra generated by the six charges { Qqy, Qsxs Quenss+ Qicnrs» Loy » Lrcars  Pelow.
As noted in the references cited above and explained in [6] this algebra exemplifies an
extended equivariant cohomology algebra.

The complete structure of this algebra and its implications for generic thermal systems
have not yet been fully understood. However, for the analysis of low energy dynamics
in near-thermal situations, as in the hydrodynamic context, we can make some useful
simplifications. Insofar as the low energy hydrodynamic regime is concerned, one can
effectively work in the high temperature limit, where the local thermal circle becomes
infinitesimal. This has the salubrious effect of allowing us to both make the thermal

translations local, and pass into the continuum limit. We then view the low energy theory

2More precisely, {QKMS,@KMS, Q?(MS} are interior contractions in the language of extended equivariant

cohomology, while £, is a Lie derivation. A closely related superalgebra was posited in [4] where the au-
thors convolve the KMS symmetry with a discrete CPT action. This latter algebra can be viewed in the sta-
tistical (high temperature) limit as a restriction of the equivariant algebra with the symmetry left ungauged.



as being equivariant with respect to the thermal gauge symmetry translating operators
around the thermal circle, which is nothing but the U(1)T KMS-gauge symmetry.

The basic framework for viewing such thermal equivariant cohomology algebras was
outlined in [6]. Our aim there was to explain the general structures and explicate the ori-
gins of the thermal U(1)t gauge symmetry. We also argued that this framework could be
used to understand the simplest Schwinger-Keldysh effective theory in the thermal regime.
The system under question is the worldline description of a thermal particle, often called
Brownian particle. The resultant macroscopic dynamics is the one given by the Langevin
equation. We kept the discussion there simple by focusing on the particle motion in one-
dimension, which amounts to studying a worldline sigma model with a one dimensional
target space constrained by the thermal equivariant cohomology algebra. The natural
generalization is to extend the discussion to Brownian branes [3] which can be viewed as
reparameterization invariant worldvolume sigma models. The target space is the spacetime
in which these branes lie embedded. The particular theory arising out of our considera-
tions is a natural generalization of twisted supersymmetric quantum mechanics studied by
Witten in the context of Morse theory [25]. Amongst the Brownian branes, the space-
filling one, captures, upon imposition of target space diffeomorphisms, the hydrodynamic
effective field theory [1].

The object of the current analysis is to examine deeply the underlying mathematical
structure of the thermal gauge theory and build up the necessary machinery to construct the
sigma models of interest. Whilst we view the current discussion as a necessary elaboration
of [1], it is the first step we need to take to check whether these sigma models with their
attendant KMS gauge symmetry match against expectations from thermal field theory. In
particular, we would want to show based on the formalism we are about to explicate that the
eightfold classification of hydrodynamic transport described in [2] is indeed comprehensive
and can be recovered from an effective action. A related objective is to develop necessary
mathematical machinery for near-equilibrium effective theory which will capture well the
thermal correlations.

In this work, we will focus on the topological or aligned limit, where one needs to
write down a theory with doubled topological invariance along with the above mentioned
U(1)T gauge invariance. This naturally brings us into the remit of equivariant cohomol-
ogy algebras and one effectively desires a superspace construction that encodes the relevant
constraints. We will work in the aforementioned superspace with two Grassmann odd direc-
tions and {0y, J5} providing the necessary topological charges. Thus, our problem involves
studying U(1)T gauge invariance associated with thermal translations in the context of a su-
perspace. This interplay between thermal translations and Schwinger-Keldysh superspace
results in a rich thermal supergeometry which forms the central subject of this work.

1.3 A brief history of hydrodynamic effective field theories

To put our construction in perspective, we give a brief history of hydrodynamic effective
actions. For the case of ideal fluids, efforts to construct an action principle date back
several decades with works by Taub [26] and Carter [27, 28].



Recent interest in understanding effective desciption of fluids was rejuvenated in an
interesting paper [29], where the authors proposed a useful strategy for identifying the low
energy dynamical degrees of freedom in terms of Goldstone modes for broken symmetries.
At the same time working with the local fluid element variables (the Lagrangian descrip-
tion), [30] gave a general framework to describe non-dissipative fluid dynamics, which was
employed to understand anomalous transport for Abelian flavour anomalies in 1 + 1 di-
mensions in [31]. Building on these works, [32] demonstrated how these could be used to
understand non-linear dissipative fluids, while [33-35] explored the specific features of Hall
viscosity in 2 4 1 dimensions.

In our first attempt to understand the generality of the formalism, we constructed
an action principle for anomalous transport in general in [36]. A curious feature of this
construction was that despite the anomalous transport being non-dissipative or adiabatic,
one nevertheless had to resort to a Schwinger-Keldysh type doubling of degrees of freedom
to construct an effective action.

While efforts were being expended to understand hydrodynamic effective actions,
progress was being made on understanding the constraints on transport from viewing hy-
drodynamics as a long-wavelength effective field theory, constrained by the requirement
that a local form of the second law is upheld on-shell in every fluid configuration (i.e.,
there exists an entropy current with locally non-negative divergence). This problem was
initially explored in [37] and a complete solution to neutral fluids at second order was
finally obtained by Sayantani Bhattacharyya in [38]. In the latter work it was shown that
there are non-trivial identities that transport coefficients need to satisfy in order to sat-
isfy the second law. Inspired by these developments, [39, 40] developed the equilibrium
partition function formalism from which all the constraints on transport can be obtained.
Application of this formalism to understand anomalous transport was explored in [41-43].
This analysis was further refined by Sayantani Bhattacharyya in [44, 45] who went on to
prove a remarkable theorem: apart from constraints coming from equilibrium, and the
positivity requirements on lowest order dissipative terms (viz., transport coefficients such
as shear viscosity, bulk viscosity, conductivity, etc., are non-negative definite), there are no
constraints on higher order dissipative terms.

Our first attempt to synthesize these results into a coherent picture culminated in the
eightfold classification of hydrodynamic transport as described in [2, 23]. This work involved
two distinct lines of development: firstly we took the axioms of fluid dynamics at face value,
and constructed an explicit parametrization of independent classes of transport consistent
with the second law at all orders in the derivative expansion. This classification, which
was named the Eightfold Way, indicated that apart from the obvious dissipative transport,
there are 7 independent adiabatic (i.e., non-dissipative) classes. Any transport coefficient
not in these classes is forbidden from appearing and belongs to the set of hydrostatic
forbidden terms, which can already be inferred from the equilibrium analysis. In a parallel
development we demonstrated that an action principle involving two essential ingredients,
(a) Schwinger-Keldysh like doubling, and (b) an emergent thermal U(1)t symmetry, could
capture all of the 7 adiabatic classes of transport. The former requirement was on the
one hand familiar from the issues encountered in the construction of anomalous transport



effective actions, but was on the other surprising since we were dealing with a conservative
system. The U(1)T symmetry, however, was imperative given the doubling, to forbid
terms that would be in tension with microscopic unitarity. Equivalently, this symmetry is
necessary to implement the constraints arising from the KMS condition in equilibrium and
ensures that all the Schwinger-Keldysh influence functionals are consistent.

The structure of this action of adiabatic transport, dubbed the Class Lt action, is
reminiscent of the MSR [12] construction. Roughly, the hydrodynamic terms arise from
an action of the form T §,,, where T is the energy-momentum tensor, and §gp is the
difference metric in the Schwinger-Keldysh doubled construction. It was independently
argued by [11] that such an MSR like construction should be the right framework for dissi-
pative fluid dynamics. Other attempts to construct actions for dissipative hydrodynamics
include [46-49].

Seeking to understand the origins of the Schwinger-Keldysh doubling and the U(1)t
symmetry led us to unearthing the general framework of thermal equivariance, which has
been explained in the sequence of papers [1, 3, 5, 6]. The key ingredients of this con-
struction, viz., the BRST symmetry were also independently argued for by [4]. Their
construction was further explored in [7, 9, 10]. There are some overarching similarities,
and some key differences between the two approaches. These have been spelled out in
some detail in [50] so we will refrain from providing further commentary here. The key
similarity is that other approaches seems to result in the same Lagrangian with the same
final symmetries in the hydrodynamic limit.

The key difference is that these works do not have an emergent U(1)7 gauge symmetry,
and their implementation of KMS invariance as a discrete Zs symmetry differs from our
viewpoint. Further, much of their work is also done within a non-covariant framework and
amplitude expansions, thus obscuring relations to previous literature as well as our work.
As explained in [50], their Z5 symmetry is however consistent with our proposal. Finally, [8]
provides a superspace description of this alternate construction and sketch some features
of hydrodynamic actions involving Lagrangians with mutually non-local terms. A related
approach with a focus on the path integral derivation of hydrodynamics was spelled out
in [51, 52]. While we have not tried to reassemble every non-covariant /non-local expressions
occurring in these works into a form that would facilitate more direct comparison to our
local covariant expressions, we anticipate agreement in the regime where the fluid dynamics
is correctly reproduced.

Note added. While this paper was nearing completion, [53] appeared on the arXiv,
which has some overlap with this work (especially elements of section 4).

1.4 Outline of the paper

In section 2 we briefly review the equivariant superspace construction that encodes the
Schwinger-Keldysh constraints in near thermal states.

The second part of this paper contains details on the application to hydrodynamic
effective field theories. In section 3 we review the sigma model degrees of freedom describ-
ing fluid dynamics, and the symmetries to be imposed on an effective action. We give



an abstract discussion of the structure of the resulting hydrodynamic effective action in
section 4. This leads to the realization that the second law can be naturally understood as
due to an entropy inflow from the Grassmann odd directions in superspace. To make the
abstract discussion more accessible and provide a concrete framework for calculations, we
develop the “MMO limit” (after Mallick-Moshe-Orland [54]) of our formalism in section 5.
This limit provides a truncation of our formalism to keep track of only the fields relevant
to extract certain information of interest, such as the currents and the entropy production.
We provide several examples at low orders in the derivative expansion in section 6. In sec-
tion 7 we demonstrate how the complete eightfold classification of hydrodynamic transport
can be reproduced from our effective action. We discuss some open questions in section 8.

The third and fourth parts of this paper, comprise of a number of appendices. Here we
give further details on the formalism and explicit expressions for the superspace represen-
tations of various relevant fields. The reader interested in the general formalism of thermal
supergeometry is invited to consult these. In part III, the appendices A—F captures the
details of the U(1)t gauge symmetry, in particular general aspects of the representation
theory. In part IV, the appendices G and H describe the matter multiplets entering into
the construction, while appendices I and J delve into details about various gauge fixing
conditions, and construction of appropriate covariant objects which enter the hydrody-
namic sigma models. Finally, appendix K collects various expressions that enter into the
explicit computations of section 5 and section 6. This split allows us to keep the main line
of development in the paper free of technical complications (to the extent possible).

2 Review of thermal equivariance

Given a unitary QFT in a thermal state, real time correlation functions are computed
using the Schwinger-Keldysh functional integral contour; figure 1. Some key features of
this construction are a doubling of degrees of freedom, and an attendant set of constraints
induced by the redundancy thus introduced. Furthermore, in thermal equilibrium, corre-
lation functions are required to satisfy suitable analyticity properties encoded in the KMS
condition. The latter owes its origin to the special nature of the thermal density matrix,
which involves Hamiltonian evolution in Euclidean time. We review some of the salient
facts relating to these features, and their encoding in terms of a thermal equivariance
algebra. A detailed exposition of these ideas can be found in our earlier papers [5, 6].

2.1 The SK-KMS superalgebra

The Schwinger-Keldysh generating functional starts with an initial state pinitial (w.l.0.g.
a mixed state) of a QFT, and implements a source-deformed forward (R)/backward (L)
evolution so as to be agnostic of the future state of the system, viz.,

Zex [T, Ji] = Tr{U[JR] Binitial (U[JL])T} . (2.1)

A key feature of this construction is the localization of the generating functional on to the
initial state when sources are aligned:

Zsk[Jr = =J] = Tr{ﬁinitial}- (2.2)



We take this statement as encoding unitarity in the microscopic formulation, and it implies
that correlation functions vanish if their future-most insertion is a ‘difference operator’ of
the form Og — Oy, (we refer to this as the largest time equation). In particular, correlators
of only difference operators generically vanish. We argued that this would naturally be en-
forced by a topological BRST symmetry and introduced a pair of supercharges { Qg , Oy }-
The two topological charges are CPT conjugates of each other,? and ensure that the largest
time equation is upheld. We refer the reader to [20] where the Hilbert description of this
construction is discussed in detail. ~

When the initial state is furthermore thermal, pinitial = p; = e PH the correlators
can be obtained (in equilibrium) by analytically continuing Euclidean thermal correla-
tors. Euclidean thermal periodicity translates then into a set of non-local KMS condi-
tions [21, 22, 55]. The schematic way to understand these conditions is by conjugating any
operator through the density matrix, noting that its Gibbsian nature results in shifting the
temporal argument of the operator ¢ +— t — i 3.4

These conditions encode the important fluctuation-dissipation relations; indeed for
two-point functions a simple rearrangement of the primitive KMS condition results in the
familiar relation between the commutator and the anti-commutator up to a statistical
factor:®

Tr (ﬁ(tA) B(t,) ,aT) =Tr (@(tB —iB)A(t,) ﬁT)

R R (2.3)
— {{8.8)) = —coth (3 5w, ) (B.B)

where the second line is written in momentum space. It is traditional in much of the
literature to view the KMS condition as a Z, involution, owing to the fact that the first
line of (2.3) involves a swap of operator order after conjugation; see [57] for a nice discussion.
Indeed [4] implement the KMS condition as a Zs symmetry, and argue for an emergent
second topological charge to encode the KMS condition.

However, inspired by our previous studies of transport in relativistic fluids that is
consistent with the second law, we argued for a different approach involving an emergent
KMS-U(1)7 gauge invariance [2, 3, 23]. This KMS symmetry acts on the fields by thermal
translations, as it must. The actual implementation of the KMS gauge invariance works
through the formalism of extended equivariant cohomological algebras. While the two
approaches appear to be superficially different, at the end of the day, we will end up with
a very similar superalgebra constraining low energy dynamics, modulo the following key
distinctions. Rather than repeat the technical exposition which can be found in [6] we shall
give a brief qualitative picture of our construction, pausing to note some key differences in
the two approaches:

3We note here that [4] also argue for a BRST symmetry, with the difference that they require only
one BRST charge to ensure the correct Schwinger-Keldysh functional integral localization upon source
alignment. See [50] for further comments.

4The direction of the shift and conjugation is dictated by convergence, so all motion is into the lower-half
complex time plane.

5For higher-point functions, a more elaborate analysis involving more switchbacks in time is neces-
sary [56].



e In our construction, there is an emergent U(1)T symmetry which acts via thermal
diffeomorphisms. This symmetry is gauged, and its conserved charge is the net free
energy. We do not however describe the topological gauge dynamics of this field;
see section 3.3.

o If we freeze out the gauge modes, and instead treat them as non-trivial background
gauge fields which enforce CPT breaking, we leave behind an algebra that agrees
with [4] in the high temperature limit.

e The advantage of having an explicit gauge symmetry is that it allows for CPT breaking
to emerge dynamically rather than being imposed a-priori in the formalism. Demon-
stration of this of course requires that the gauge dynamics admits such vacua, but thus
far we do not see any obstacle (as we describe in detail below) for this to be the case.

Usually, thermal equilibrium is viewed in terms of statistical mechanics (in the Eu-
clidean formulation of the QFT), owing to the fact that the thermal circle can be con-
sidered to be fibered non-trivially over the spatial geometry. The thermal equivariance
formalism, heuristically can be viewed as extending this fibration to the physical spacetime
(see figure 2). In this extended spacetime, we ask that the resulting physics be indepen-
dent of the choice of section of the thermal circle fibration, which amounts to imposing a
gauge invariance in the system corresponding to thermal translations in Euclidean time.
We expect this picture to make sense in the low energy limit, when frequencies and mo-
menta are low compared to the thermal scale w7, kT < 1, when we can approximate the
discrete thermal circle translations by a continuous (and thence infinitesimal) translation.
The reader will recognize that we are postulating an emergent low energy gauge symmetry;
the information encoded in the KMS conditions is captured by the KMS-U(1)t symmetry
of thermal translations.”

The full BRST superalgebra relevant for our considerations is an extended equivariant
cohomology algebra, which is a graded algebra with 4 Grassmann odd and 2 Grassmann
even generators. The generators are categorized into exterior derivations {Qg,, O }, inte-
rior contractions {Qy s Qyns» Doy 1> and a Lie derivation £,. The exterior derivations
and interior contractions are nilpotent, and the Lie derivation actually implements trans-

5We believe that their construction is also best understood in this limit. The high temperature limit of
the superalgebra is well known in the statistical mechanics literature and has been used to good effect to
derive the non-equilibrium form of the second law in [54]. We will have occasion to use it in our discussion
below in section 5, section 6 (we call it the MMO algebra).

It is an interesting question as to what this structure implies away from the low energy or higher
temperature limit. While we have computed features of the SK-KMS algebra away from this limit from
microscopic Ward identities, we have not been able to distill them into a useful principle (cf., [6]). It is
also unclear where one should impose a global KMS condition in the hydrodynamic state which is only in
local equilibrium — our discussion only requires a local KMS condition be imposed. It is worth mentioning
here that the analysis of [8] argues that this can be done. We are however unsure if this implementation,
which involves writing down actions involving mutually non-local degrees of freedom with no direct coupling
between them, is compatible with the influence functionals derived in simple models of quantum dissipation
like those discussed in [58, 59].
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Figure 2. Illustration of the spacetime picture associated with the proposed KMS gauge invariance,
with the figure taken from [6]. We upgrade the spacetime manifold (a Lorentzian geometry, depicted
in gray, with a typical Cauchy slice indicated in red), on which our quantum system resides to a
thermal fibre bundle. We further assume local thermal equilibrium (as in, e.g., hydrodynamics) at
each spacetime point which guarantees existence of a thermal vector B*. We draw this vector field
as a circle fibration with a thermal circle whose size is set by the local temperature. The KMS
transformations we seek implement equivariance with respect to thermal translations along this
local imaginary time circle. Restricting to a gauge slice corresponds to picking a Lorentzian section
of this fibration. Note that the size of the thermal circle is exaggerated; our arguments assume the
high temperature limit where the size of the thermal circle is much smaller than the fluctuation scale.

lations along the thermal circle; operators are Lie dragged along the thermal vector B*
consistent with their tensorial structure. The full algebra is presented in appendix A.

2.2 Superspace and the thermal gauge multiplet

We now describe how to implement our proposed symmetries, and give references to more
detailed discussions.

The practical way of implementing thermal equivariance in explicit constructions is to
pass onto a superspace description as described in [5, 6]. We introduce two Grassmann odd
coordinates {6, 0}, identifying {Qq,, Qu } ~ {95, }, and promote fields Y to superfields

wen

SK?

(denoted by a circle accent):

o _ _ . 1 _ _
y—>y=y+0y¢+9y¢+09yz5(32R+3/L)+6y¢+0y¢+99(yR—yL). (2.4)

The top (A6) components of the superfields represent the difference operators while the
Yy, Vi are the ghost super-partners carrying same spin but opposite Grassmann parity as
Y. Individual components are recovered by taking suitable 8, 6 derivatives and projecting
| 9—d—0" This structure is sufficient to
describe the Schwinger-Keldysh formalism in generic initial states (see [20] for an example).

onto ordinary space; we denote this projection as ‘ =

We refer to appendix A for a brief review of the algebraic construction.
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To describe our macroscopic gauge theory at a certain temperature we introduce a
background timelike vector superfield 37 (2).8 We will use some of the superdiffeomorphism
invariance to simplify the thermal super-vector:

B =B =0=0,3" = 9" (2.5)

We will consider below only that subset of superdiffeomorphisms which respect this gauge
choice for the background thermal super-vector él 9 Appendix I contains a detailed
discussion.

The U(1)t super-gauge transformations can be parameterized by an adjoint superfield
gauge parameter A. They act on a superfield Y by Lie dragging it along A,@I and can be
represented by a thermal bracket,

(AY)g=A£gY, (2.6)

where £3 denotes the super-Lie derivative along ,él . The infinitesimal gauge transforma-
tion is thus given by

For scalar j/scalar this is just a thermal translation
(jL j}scalar)ﬂ - /DX BIan}scalar . (28)

The Jacobi identity then fixes the action of thermal bracket on adjoint superfields, so that
under successive U(1)7 transformation A’ — A’ + (A, A')g with

(A,N)g=A£ghN — N £gA. (2.9)
We introduce a U(1)T gauge superfield one-form as a triplet Ar(z)= {fla(z),flg(z), fl(;(z)}
Ar(2)dz! = Aq(2) do® + Ag(2) dO + Ag(z) dO (2.10)

whose gauge transformation is like an adjoint superfield except for an inhomogeneous
term, viz.,

jL['-).Z[[—F(/D\,ﬁ[)g—a[ID\, (2.11)
with the thermal bracket as in (2.9). One can further define as usual a covariant derivative'®

f)[ :aj—l-(j[[, '),3, (2.12)

8We work in conventions where z! = {c%,0, 5} is the collection of superspace coordinates with lower
case Latin alphabet indexing the ordinary spacetime coordinates, reserving uppercase Latin indices for
superspace. The notation is adapted for sigma models of interest in our discussion later. z! will coordinatize
the worldvolume directions, while physical spacetime coordinates will be denoted as X# = {X*, 6,6} and
indexed with lowercase Greek alphabet for ordinary indices with accented (breve) Greek lowercase reserved
for super-indices.

9We can also introduce a thermal twist Ag (o) which encodes the chemical potential for general ensembles
with additional conserved charges. The twist is the phase entering the thermal periodicity conditions in a
particular flavour symmetry gauge. For simplicity we will not elaborate further on this.

19The covariant derivative D introduced in (2.12) implements covariance under U(1)t transformations on

Rd—1,112

a flat superspace in Cartesian coordinates. Later on we will encounter a super-covariant derivative

® that will also involve additional contributions from the background geometric connection.

- 12 —



and an associated field strength
. 1 . . .
Fr7 = (1 -3 5[J> <81.AJ — (*)I‘] oy A+ (.A[,.AJ)B) , (2.13)

where (—)!7 is the mutual Grassmann parity of the two indices involved (see below). Given
the low-energy superfields 307, the theory of macroscopic fluctuations is given as the general
superspace action invariant under U(1)T gauge transformations. We explain some essential
features of the gauge algebra, the structure of the multiplets and the various fields involved,
and the attendant representation theory in the appendices C, D, E. Some of the background
material has already been detailed in [6], so we also refer the reader there for further details.

The final symmetry we implement is CPT. It is important that the implementation
of CPT not conjugate the initial hydrodynamic state (which is crucial for example when
chemical potentials are turned on). We also require that such a symmetry be present even
when we discuss non-relativistic systems with no microscopic CPT symmetry. As such
any anti-linear involution respecting these criteria will suffice for our purposes and can
justifiably called CPT.!! We want to encode the information that the SK path integral
be invariant under the combined CPT transformation of the initial state and the sources.
The anti-unitary nature of CPT allows us to translate these requirements into a reality
condition for the SK path integral, viz.,

Z§K[JL7 Jr| = Zsk|[Jr, JL] - (2.14)

Apart from the usual action on o® coordinates, CPT exchanges # «+ 6 and hence acts
as an R-parity on the superspace. This is necessitated by our requirement that the 06
component of the superfields be identified with difference operators (and the exchange of
R < L under CPT). In addition we have a conserved ghost number gh, which assigns
gh(0) = 1, gh(d) = —1. To understand these assignments, and our rationale for calling
the anti-linear involution as CPT, note that the fluid equations are not by themselves CPT
invariant. One can add an additional spurion field to make them so — this is the role ifr"6§|
will play in our formalism. We therefore want our anti-linear involution symmetry of the
SK functional integral be such that inggl is odd under it. As argued in section 8 of [5], the

aforementioned assignment will do the job.

2.3 Super-index contractions

We also are now at a point, where we should specify our super-index contraction conven-
tions. We follow the conventions described in the book by DeWitt [61], which says that
when adjacent super-indices are contracted from south-west to north-east 7, there is no
sign, but one picks up a Grassmann sign when indices are contracted from north-west to
south-east \,.

We will shortly introduce a metric superfield gr; which will be used to raise and lower
indices. The thermal super-vector and gauge supermultiplet of course do not rely on the

1 The manner we implement the anti-linear involution was inspired by Veltman’s diagrammatic rules for
the SK path integral for the vacuum initial state [60], which acts by exchanging incoming and outgoing
states in a scattering process.
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existence of a metric, but all of these will enter into our constructions below. The index
contraction convention is simplest to intuit from the orthogonality condition imposed on
metric and its inverse. We have:

grog’ =0, (=) &gk =0%. (2.15)

Note that the index placements are all important since any swap of indices ends up leading
to extra signs. In general, contraction of separated indices is carried out by checking what
the relative sign would be to bring the two indices being contracted next to each other:

Fh - In Ky K 43 Kit 35 L) frlaeeImd Ky Kn

Ly Ly My My, = (—)J( Ly Ly J My M, (2.16)

where the sign is such that the contraction of the tensor is still a tensor. We will however
leave this sign implicit in various formulae below, to keep them reasonably readable. The
reader should exercise care in contracting indices (we will give examples in section 5).
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Part 11
Hydrodynamic effective field theories

3 The hydrodynamic degrees of freedom

Hydrodynamics is the long-wavelength effective field theory for systems in local, but not
global thermal equilibrium. The natural variables in terms of which hydrodynamics is
presented are the fluid velocity u#(x) (normalized u*u, = —1 ), the local temperature
T(z), and other intensive parameters such as chemical potentials p;(x) when additional
conserved charges are present. It is useful to combine the basic data into a thermal vector
B* = u"/T and thermal twists A; = p;/T — utA, as explained in [2]. We allow our
fluid to be subject to arbitrary (though slowly varying) external fields g,,(x) and Aff) (x),
respectively. The thermal vector picks out the direction of the local inertial frame in which
the fluid is locally at rest, and its length sets the size of the thermal circle. The choice of
the thermal vector/twist was inspired by the thermal circle fibration which proved useful
for the analysis of equilibrium partition functions.

Before proceeding, it is also helpful to understand qualitatively how hydrodynamics
emerges from a microscopic perspective. As noted in the introduction section 1, the hydro-
dynamic observables are response functions as those described in figure 1. The response
functions, which schematically are observables of the form (’TSKfD}w(Dgif -0 f>, are the
leading non-vanishing observables in the Schwinger-Keldysh formalism. They in turn are
related by the KMS relations to fluctuation correlators involving multiple average opera-
avOau "+ Zz‘ f)'

tors, which are schematically combinations of correlators of the form (7sx0,,0z, -

The dynamics in hydrodynamics is simply conservation of charges, which are the slow
modes surviving once the transient effects die down in any system that has been perturbed
away from global equilibrium. This leads to conservation of energy-momentum (and charges
if any). The low energy theory which then involves conserved current operators should
capture the IR limit of both the response functions and the fluctuations. The former is what
classical hydrodynamic constitutive relations tries to encode, but the latter is necessary for
the system to be aware of its microscopic origins. This entails that an effective field theory
should have adequate degrees of freedom to go beyond the classical hydrodynamic limit,
and be able to predict the structure of fluctuations. Thus, once we identify the relevant IR
modes that can lead to the correct hydrodynamic equations, we then need to figure out how
to upgrade them to include degrees of freedom that capture fluctuations. Fortunately, the
hard work is already done in the preceding discussion: the Schwinger-Keldysh superspace
and thermal equivariance makes this a simple task.

3.1 The pion fields of hydrodynamics

Let us start by identifying the classical variables in the hydrodynamic effective field the-
ory. In general, conservation laws follow from a Noether construction while dynamics is
dictated by a variation principle. The latter usually implies the former, but it is not al-
ways true that conservation laws encapsulate the entirety of dynamics. This can happen
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only if there is an additional reparameterization symmetry, whence the reparameterization
invariance of the dynamical fields essentially implements diffeomorphisms (or flavour rota-
tions) which result in the conservation laws appearing. This is precisely the situation in
hydrodynamics.

The natural framework to implement such a reparameterization invariance is to view
the degrees of freedom in terms of a parameterized sigma model, much like how we describe
string or brane dynamics in string theory. We pick an auxiliary space, the worldvolume, with
coordinates 0%, and equipped with the reference thermal vector 3. The physical spacetime
coordinates X* are viewed as maps from the worldvolume to the target space, X* (o). The
rigid worldvolume reference thermal vector pushes forward to the physical thermal vector
B* = B9, X" in spacetime. The latter becomes dynamical through the push forward. At
the same time the spacetime metric g, (which we recall is non-dynamical) pulls back to
give a worldvolume metric g, = guv 0o X" 0,X". Spacetime diffeomorphisms operate as
translations of the sigma model fields X* — X# + £+,

Demanding worldvolume reparameterization invariance under such transformations
we end up with the correct variational principle to single out spacetime energy momentum
conservation as the dynamical equations of motion, as explained in [2] (extensions to flavour
charges can be found in the aforementioned reference).!?> A worldvolume effective action
for the sigma model degrees of freedom described above gives rise to a class of Landau-
Ginzburg sigma models which capture a fraction of adiabatic transport in any relativistic
fluid. Such sigma models capture 2 of the 8 admissible physical classes of transport (Classes
Hg and Hg in the classification of [2]). In order to obtain the remainder, including the
dissipative Class D, we need additional structures. This is where the thermal equivariance
enters the discussion.

Let us start by elaborating on the sigma model fields X* (o). These are the classical
variables encoding the information of how the fluid is behaving locally, since the physical
data contained in the thermal vector is entirely captured in them. To an extent, we may
simply view the reference vector 3% as a means to remove the local inhomogeneities (as
can be seen by the gauge fixing alluded to in footnote 12; see also [51]). This structure is
illustrated in figure 3.

As noted at the outset these classical fields should be subject to thermal/quantum
fluctuations from the dissipative effects inherent in the fluid. Invoking the microscopic
Schwinger-Keldysh construction, we intuit that the hydrodynamic degrees of freedom
are Goldstone modes for spontaneously broken off-diagonal diffeomorphism (and flavour)
present in the microscopic description [2]. This philosophy was first made clear in [29] and
has been used in other attempts to construct hydrodynamic actions [11].

12A5 noted in [2] the Lagrangian fluid variables utilized in [30] which are predominantly employed in
the analysis of [4, 10] can be recovered by gauge fixing the thermal vector. In our experience there are
some disadvantages of working with this set of variables. Not only is one sacrificing manifest covariance,
but also there are some accidental symmetries (such as the volume preserving diffeomorphisms of [30]).
Furthermore, these variables are ill-adapted to circumstances where the entropy current is non-trivial, and
hence we chose to move to a more covariant formalism that also adapts naturally to equilibrium analysis
in [2] and subsequent works (see also [50]).
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Figure 3. Illustration of the data for hydrodynamic sigma models as described in [2]. The physical
degrees of freedom are captured in the target space maps X*(o) which are the hydrodynamic pion
fields. The worldvolume geometry is equipped with a reference thermal vector field 3%, which
pushes forward to the physical thermal vector in spacetime, while the spacetime metric pulls back
to the worldvolume metric g,p.

As a useful intuition building exercise, consider a probe particle immersed in the fluid.
Such a particle, buffeted by the fluctuations in the fluid, will undergo stochastic Brownian
motion. In addition to its classical position we should also keep track of its fluctuations.
In the standard discussion of the Langevin effective action one therefore introduces the
classical position X and the quantum /stochastic/fluctuation field X. The dynamics of the
Brownian particle can then be described by a worldline BRST symmetric action [12, 62],
which as explained in [3, 6] is the simplest example of the thermal equivariant sigma
model. This led us to describe the dynamics of Brownian branes, which are brane like
objects of various codimension which, when immersed in the fluid, undergo generalized
Brownian motion. Hydrodynamics then is the theory of a space-filling Brownian brane
(while Langevin dynamics corresponds to BO-brane dynamics).

The proposal then is to invoke the underlying Schwinger-Keldysh intuition and view
the target space maps X#(o), the pion fields of the sigma model, as vector Goldstone
modes arising from broken difference diffeomorphisms of the doubled construction. It is
worth noting that such a description is necessary; the structural part of hydrodynamics is
‘universal’, since it is agnostic of the microscopic constituents of the quantum system. The
symmetry breaking pattern should reflect this fact. The details of the quantum system
matter in determining the actual values of the hydrodynamic transport data (the analog of
the pion coupling constants in the chiral Lagrangian). This perspective is also clear from
the fluid /gravity correspondence (see [14, 15]). The fluctuation fields will then arise from
the modes that couple to average diffeomorphisms in the doubled construction.

3.2 Symmetries of the hydrodynamic sigma models

Let us now take stock of the symmetries inherent in the thermal Schwinger-Keldysh con-
struction, encapsulated within the notion of thermal equivariance as described in sec-
tion 2, and upgrade the hydrodynamic Goldstone dynamics of section 3.1 to be cognizant
of them. We have seen that the symmetries arising from the microscopic picture, viz., U(1)1
gauge invariance, together with CPT and ghost number conservation are easily encoded in
superspace.

17 -



A = {09,0,6)
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g1J

Figure 4. Illustration of the data for hydrodynamic sigma models. The physical degrees of freedom
are captured in the target space maps X #(0,0,0), along with the gauge condition which aligns the
Grassmann coordinates in target space with their worldvolume counterparts © = 6 and © = 6. The
worldvolume geometry is equipped with a reference super-vector field EII , which pushes forward to
the physical thermal vector in spacetime, while the spacetime metric g, (with ggg = %) pulls back
to the worldvolume metric gr;. The pullbacks and pushfowards are U(1)t gauge covariant, since
the worldvolume dynamics is constrained by this symmetry.

This entails that we should first upgrade the worldvolume to superspace parameterized
by 2! = {6%,6,0}. The thermal vector will be uplifted to a thermal super-vector ,él . Since
we have worldvolume diffeomorphisms that upgrade themselves to superdiffeomorphisms,
we will exploit some of the freedom to gauge fix components of the reference super-thermal
vector as indicated in (2.5).13

Furthermore, we realize that the target space maps which are sigma model fields should
be upgraded to superfields following (2.4): X#(o) — X*(z), viz.,

X = XP g XE X[+ 00 (X7 - T, X2 X7) (3.1)

The contribution from target space connection to the top component of the superfield
(where the fluctuation field X* resides) can be understood from covariance of the pullback
map and is explained for completeness in appendix I.

However, not only do the bosonic hydrodynamic pions get upgraded to a superfield,
but we also should obtain the spacetime Grassmann odd partners, leading to a spacetime
triplet of superfields:'*

Xi(=) = { X7(2),6(2),6(2) } (3.2)
Note that this structure is enforced by the way we wish to implement the Schwinger-
Keldysh construction. Even in the physical spacetime we have to allow for the superspace
structure, since after all it is there that our quantum system resides (and it is the quantum
operators that get uplifted to super-operators). We illustrate the superspace upgrade of
the hydrodynamic pion fields, which we henceforth work with, in figure 4.

13We will examine worldvolume symmetries more precisely in appendix I, but note that the worldvolume
superdiffeomorphisms we allow are simply z' — 2’ + f7(c%).
M Notational conventions for indices is summarized in footnote 8.
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The physical spacetime is equipped with a background metric g7 which being a back-
ground source, we are free to pick at will. We will use this freedom to demand

9o =96 =0,  Jos = —960 =i (3-3)

We only turn on bottom components for the spacetime metric (thus enabling us to dispense
with superfield notational contrivances) which will suffice for the rest of the discussion. As
usual with sigma models we choose the target space data g (X ?) and its metric compatible
connection first and then upgrade the resulting expressions to functions on the worldvolume
with the z! dependence induced from the embedding X*(z).

The symmetries alluded to above, viz., superdiffeomorphisms, CPT, and ghost number
symmetries act as usual on these. In addition the action of U(1)t is given as in (2.6);
for instance

(A, X"g=ABlo X", (3.4)

and similarly for {@(z),(:)(z)} We will refer to this action as the action of U(1)T on
fundamental representation (or 0-adjoints).!?

On the worldvolume, the U(1)T gauge symmetry requires that we have in addition
to the reference super-vector (Vyhich mainly picks out the reference frame) the A [ super-
form superfield. Since {X O, O} carry non-trivial U(1)t charges, gauge invariance on the
worldvolume requires that we work with suitable gauge covariant objects. To this end, the
pullback map onto the worldvolume will be implemented in a U(1)t covariant manner. As
a result the worldvolume metric g, gets uplifted to a superfield g;;

é[](z) = guy()%(z))ﬁ])%“ ’ZODJ)O(V —|—g@@ <D[@DJ@ — 10)[(:)'10)] @) R (3.5)

where we have already incorporated our gauge condition (3.3) to simplify this expres-
sion, and have stuck to DeWitt conventions [61] for super-index contractions as noted in
section 2.3.

Our goal will be to construct a topological sigma model governing the dynamics of
the fields {X o Ci), ©}. With the symmetries at hand, such a theory has been engineered to
capture the constraints arising from the Schwinger-Keldysh construction in thermal states.
However, the physical fluid dynamical theory is not a topological field theory; fluids have
non-trivial dynamics. To get the physical hydrodynamic data we should deform away from
the topological limit. This can be easily achieved by de-aligning the sources for the left
and right fields. This implies turning on the difference metric to obtain the physical the
energy-momentum tensor.

We obtain the energy-momentum tensor on the world-volume and then push it for-
ward to the physical spacetime, and so will turn on a difference source h;; on the world-
volume, i.e.,

gri(z) — &15(2)+00 hry(0). (3.6)

15Representations of the U(1)7 thermal diffeomorphism symmetry are worked out in appendix F.
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Given the worldvolume Lagrangian, varying it with respect to the source deformation hy;
will give us the (worldvolume) fluid dynamical stress tensor T//. The dynamics for the
fields will be obtained by variation with respect to the fields X #, for the classical field X*,
the dynamics is obtained by varying the fluctuation field X* and will end up being the con-
servation equation for the stress-tensor pushed-forward to the physical target space, TH".

The reader may be wondering what about the spacetime Grassmann fields, which were
introduced to incorporate the Schwinger-Keldysh superspace structure directly in the phys-
ical spacetime. However, here target space symmetries come to our rescue. What used to
be ordinary diffeomorphisms in spacetime, now get upgraded to target space superdiffeo-
morphisms that act on {X ® é, ©}. Furthermore, a fluid dynamical effective field theory
is required to respect this spacetime symmetry; fluids cannot have potentials in physical
spacetime. Consequently, this superdiffeomorphism symmetry can be exploited to fix a
form of super-static gauge. We gauge fix:

o o

0=90, 0=40, (3.7)

to simplify our discussion. As a consequence, in many formulae we will be sloppy about
indicating the full target super-tensor structure, so often the reader will encounter isolated
target spacetime components (indexed by lowercase Greek).

Let us take stock, now that we have assembled all the ingredients. The data for the
hydrodynamic effective field theories is captured by the following:

o A space filling Brownian-brane with intrinsic coordinates z' = {5%,0,0} on the world-
volume.

o A U(1)T gauge super-multiplet captured by folj, and a reference super-vector ,é[, which
has been partially gauge fized to have only its B* component non-zero, cf., (2.5).

e Target space superfields Xh = {)2'“, é), O}, which are the dynamical degrees of freedom
in the theory and corresponding sources for conserved currents. For neutral fluids we
have a spacetime super-metric, which has been gauge fixed to satisfy (3.3).

o Target spacetime superdiffeomorphisms are exploited to set O =0 and (:) =0, leaving
only X" as the physical degrees of freedom. They transform as in (3.4) under the
worldvolume U(1)T gauge symmetry.

We have summarized this information after taking various gauge fixings into account
in a tabular form in table 1.

In what follows we will explain how to use this data, the target space and worldvolume
symmetries (including target space CPT) to construct hydrodynamic effective field theories
as we envisaged in [1]. We will carry out this exercise first somewhat abstractly, indulging in
superspace variational calculus, to extract some general lessons. We then will illustrate this
with examples at low order in the gradient expansion, deriving explicit actions involving
the classical and fluctuation fields. The last stage of our discussion will be to make contact
with the eightfold classification of [2].
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ghost | Faddeev-Popov | Vafa-Witten ghost Vector Position
charge ghost triplet of ghost quintet quartet multiplet
2 b0
1 G, un Aa X,
0 B, o A, F, XH o X
-1 G, T Ao X4
-2 ET

Table 1. The set of basic fields in the N7 = 2 superalgebra along with their respective ghost
number assignments, in terms of which the hydrodynamic effective action is written.

In order to keep the presentation reasonable, and to write down formulae in a succinct
manner, we have relegated some of the details on how the various multiplets appearing in
table 1 are constructed to appendices. The reader interested in details of how the multiplets
are organized is invited to consult the following:

Appendix D for the general structure of the adjoint multiplet.

Appendix E for the general structure of the gauge multiplet.

Appendix G for the multiplet containing the hydrodynamic pion fields.

Finally, appendix H provides details on the construction of the worldvolume metric
which plays an important role in the construction of the actions.

Readers analyzing these appendices are advised to note that we first develop the struc-
ture of the multiplet on a flat worldvolume; we do not endow the worldvolume with an
intrinsic metric. For this purpose it suffices to consider the U(1)t covariant derivative D
introduced in (2.12). Of course in the physical theory, we want to work with the pullback
metric g7; and its associated covariant derivative ©. This turns out to be a bit more in-
volved and we describe in appendix J how one might go about constructing a worldvolume
connection, after describing the symmetries and gauge fixing constraints we impose on our
construction in appendix I.

3.3 Comments on U(1)T gauge dynamics

Before proceeding however we should make one important disclaimer. A complete theory
would also involve us giving a prescription for U(1)t dynamics. While we believe this
is possible, and is captured by a topological BF-type theory, we have not yet managed
to construct all the machinery necessary to give a satisfactory presentation here. We
will therefore ignore the U(1)t dynamics, for the most part, and effectively treat A as a
background gauge field.

Furthermore, we will be so bold as to assume that it is consistent to give thermal
expectation values to all the fields of the U(1)T gauge multiplet such that

° °

(Aa) =0,  (Ag) =0,  (Ag)=0(-i). (3.8)
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after variations on the worldvolume theory. This amounts to having a non-zero flux for the
super-field strength,

(Fgo) = —i (3.9)

We refer to this limit as the MMO limit after Mallick-Moshe-Orland [54] and will carry
out explicit computations in this setting in section 5. We therefore define the background
gauge configuration:

MMO limit: A, =0, A;=0, Ay=0(—i). (3.10)

We have argued previously [1, 6] that the reason behind this component of the field
strength acquiring an imaginary vev has to do with spontaneous CPT symmetry breaking
in systems with dissipation. This spontaneous breaking of CPT underlies the origin of
the macroscopic arrow of time, codified into the second law. This picture is inspired by
the discussions of Mallick et al., [54] and especially Gaspard [63, 64], who derive the non-
equilibrium Jarzynski relation [65] and the associated work statistics of Crooks [66], using
this strategy. We leave it to future work to show that such a mechanism exists.

It is actually not hard to argue that an appropriate BF' theory exists, for our con-
struction closely hews to the logic of Af = 2 balanced topological field theories discussed
in [67-70]. The prototype example, which was the inspiration for much of our work was
the topologically twisted version of A" =4 SYM constructed in [71]. The gauge dynamics
we want to write down is the generalization of their analysis to thermal U(1)1 gauge sym-
metry (which is not complicated), and additionally extend it to arbitrary dimensions. The
latter is necessary for us, since we want to describe the nature of fluids in any number of
spacetime dimensions. While the BF theory does exist with the requisite A; symmetries
in arbitrary dimensions, the structure of the é-multiplet changes owing to the fact that
it has to capture a spacetime codimension-2 form. It should be possible to work this out
in detail (in fact using some of the existing technology, see e.g., [70]) and demonstrate the
aforementioned claim.

Due to this assumption, we will frequently drop terms in calculations, which will
eventually give rise to expressions proportional to one of the components of the U(1)t
gauge field that we set to zero at the end of the calculation. There is no obstruction to
computing all these terms, but they proliferate quickly and obscure some of the physical
aspects of the construction. We do keep track of those terms involving Grassmann-odd
tensor fields (or components thereof) which play a role in the physical interpretation.

Once we gauge fix the U(1)1 gauge field as in (3.10) the A; = 2 thermal equivariant
algebra simplifies drastically. One can show (see appendix B) that the topological symme-
tries can be captured by two supercharges (these are the Cartan charges in the equivariant
construction) Q, O which are nilpotent, but anti-commute to a thermal translation:

Q?=0"=0, {0 Q}=iLs (3.11)

Since the Lie derivative acts on scalars as £g = B3%0,, once we align 8% = BJ§ we see
that {Q, Q} ~ i 30,,. This gauge fixed algebra appears to be well known in the statistical
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mechanics literature, and is used for example in [54] in their derivation of the Jarzynski re-
lation. In this form, this algebra also is the one written down in [4] in the high-temperature
(or as they put it, classical) limit.! We will refer to the limit captured by (3.10), and the
resulting superalgebra (3.11), as the MMO limit henceforth. In this limit, we will recover
the constructions described in [1, 4] (see also [8, 10]).

Given this, the reader may ask, why do we even care if the U(1)t symmetry is gauged,
since after all we are effectively treating it as a global symmetry, and are picking a suitable
background field for our analysis in (3.10). There is an important physical distinction
which drives our considerations as we explained in [13], which we elaborate here.

If we stick to a background U(1)t gauge field Ay, restricted to ensure that the field
strength component (Fy5|) = —i as in (3.10), CPT is broken explicitly in the theory. We will
a-priori have biased the theory towards picking out an arrow of time which leads to entropy
production in the fluid. On physical grounds however, we expect CPT breaking to emerge
dynamically rather than being imposed by fiat from the beginning. This entails that we
allow for a framework where dynamics picks out saddle points where <fof"9(;|> # —i. This
clearly requires for Ar to be a dynamical field in the problem.!” As we shall see below,
the U(1)t super-Bianchi identity, which is independent of the particulars of the gauge
dynamics ensures that the corresponding current is conserved. Absent any fundamental
obstructions to gauging the thermal diffeomorphisms and making the superspace gauge
fields dynamical, it behooves us to consider the possibility for them to be so.

4 Dissipative effective action and entropy inflow mechanism

We are now in a position to make our central claim and write explicit hydrodynamic
effective actions. We posit the following:

All of hydrodynamic transport consistent with the second law is described by effective actions
of the form

Swv = /dda ﬁwvy 'va = / o dé T_g 'E [éLﬁ /Baa /}5]7 ﬁgl)a @yﬁ) ) (41)
provided the following symmetries are respected:

1. Invariance under U(1)1 thermal diffeomorphisms and No =2 BRST symmetry.

2. Physical spacetime superdiffeomorphisms X" — XF + f]ﬁ(X), with fl’i(X) being a
target super-vector.

181n interest of completeness, let us note that [4] posit that there is a single nilpotent supercharge 0
implementing the Schwinger-Keldysh alignment condition, another emergent nilpotent supercharge ¢ arising
from the KMS condition, satisfying altogether:

’=6=0, {6,6} = 2 tanh (%ﬁat) ~ 130,

where the last approximation holds in the high temperature limit.

'"In this discussion and for the rest of the paper we implicitly assume that the scale at which the U(1)t
gauge symmetry emerges is commensurate with the scale at which CPT is broken. We offer some further
thoughts on the relative hierarchy of scales between these two phenomena in section 8.
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3. Worldvolume diffeomorphisms 2! — zI + fl(0?), with f!(c%) being a worldvolume
super-vector.

4. Anti-linear CPT involution.

5. Ghost number conservation.

In addition we require that the imaginary part of this action is constrained to be positive
Im(Syv) > 0 (see appendix A of [7] for a clear discussion).

To rephrase this statement: any Lagrangian that is allowed by the N7 = 2 symmetry of
U(1)7 covariant Schwinger-Keldysh formalism is allowed and is consistent with the second
law, and these actions are complete vis a vis hydrodynamic transport at all orders in the
derivative expansion.!'®

Some comments and explanations are in order:

e In writing the action we introduced a derivative operator D 7 which upgrades the
U(1)7 covariant derivative introduced in (2.12) to allow for construction of superdif-
feomorphism covariant tensors. We will only require that this derivative operator be
such that: (i) we can integrate by parts, and (ii) D;¢ = D¢ (i.e., the action on
scalars agrees with the U(1)1 covariant derivative); we make no further assumption
about the connection that specifies it. Importantly, it will not be required to be
metric compatible, which upends some of the standard intuition. In appendix J we
discuss what classes of connections are compatible with this assumption, and con-
struct and explicit example that we work with for explicit computations in section 5
and section 6. Our choice of connection for explicit computations is summarized in

section 5.2.19
e The measure for superspace integration involves the field
z=1+ 08" A; (4.2)

which explicitly depends on the gauge field. Its origins can be traced back to the fact
that our pullback maps are implemented using the gauge covariant derivative (3.5).
Given the transformation of the hydrodynamic pions (3.4) it is easy to check that

35])%“ = 'ZQ)[)O('“ = 81)2'M + (j[[,)%'u)@ = (—)J <5IJ+A]BJ) (9])2“. (4.3)

Consequently, we end up with factors of z when taking traces, determinants, etc., as
noted in [1]:

_ - _ - det[@;)ofﬂ] = \/jé
dX dOdO /—§=dcdidi \/—§ ———— = d% dhdo ~—=. 4.4
& det[D; X7 Z 44

8This holds in the usual perturbation or effective field theory sense, i.e., we are not claiming to have a

non-perturbative theory.
19T actual implementation we also require that the commutators of the two derivatives on scalars agrees
and closed on U(1)t field strengths, which can be defined in the absence of a metric connection.
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e We have also introduced the fields

8 =Dogrs, 48V, =Dsbrs. (4.5)

These turn out to be covariant 2-tensors consistent with all our symmetries (as ex-
plained in appendix I.1).

e Finally, note that symmetries 1, 2, and 3 are manifest in our formulation, while 4
and 5 can be trivially implemented.

We now describe how the effective actions of the form (4.1) maintain consistency with
the second law, give rise to the correct dynamical equations of motion, and note some
additional salient features. Most of these are summarized in the companion paper [13],
and non-superspace versions of some statements have already been noted earlier in [1].

4.1 Super-adiabaticity from U(1)t Bianchi identity

Let us first see how the action maintains consistency with the second law. To this end
consider the Ward identity associated with a U(1)t gauge transformation by a parameter
A. Define the energy-momentum and free-energy Noether super-currents’

ri“”z\/%déé”(\/féﬁ%

. 55 “z .
N/ = — Zo 5 < - L).
vV—8 0Af z

The expression for the energy-momentum tensor should be familiar (modulo our upgrade

(4.6)

to a super-tensor). The Noether current N7 is related to the free-energy super-current GI
up to a factor of the temperature:

1
N =& : (4.7)
T

generalizing the construction of free-energy currents in hydrodynamic sigma models [2].
Consider a U(1)7 transformation by A. The worldvolume metric inherits the U(1)T

transformation from (3.4) while the gauge field A; transforms inhomogeneously as in (2.11).

The reference thermal super-vector 3! does not transform. All told, we find that the U(1)t

gauge transformation acts as follows on the action:?!

5. Swv_/dd dodg Y8 { T! (A, gu)gH?z(/o\)l{TI}

_ /dda d9dg Y= i {2 T Loy — @INI} .
Z
20Note that variation of with respect to gr inbide {g%), 95 J) } is well defined since integration by parts of

the Grassmann odd derivatives in {g%) = Dggu, g” = Dggu} is allowed in this case. See appendix I.1.

2n (4.8) the first term inside the braces has a sign (=)' T7/*!/ from super-index contractions, which we
have suppressed, while the second term is free of any signs. We will suppress signs from index contractions
in all of the present section.
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In writing the second line, we invoked the U(1)t transformation of the pullback metric,
inherited from (3.4), and performed an integration by parts in superspace.??
The quantity inside the curly braces must vanish due to the U(1)t symmetry. We shall

refer to this Ward identity as the super-adiabaticity equation:
o o 1o
DN/ — 5 T £5817=0. (4.9)

This equation turns out to embody the physics of entropy production, and allows for a clean
parameterization of dissipative contributions. The connection is made through the off-shell
adiabaticity equation introduced in [2]. We review the basics of that analysis and explain
how entropy production arises in terms of a superspace inflow. One can equivalently view
this directly as a non-equilibrium detailed balance condition analogous to the Jarzynski
relation (as partly explained in [1]). Before doing so however it will be helpful to also
understand the dynamical content of the superspace action (4.1).

4.2 Fluid dynamical equations of motion

In superspace, we simply derive the equations of motion by varying (4.1) with respect to the
superfield X*. Since g1 is the dynamical worldvolume field (through its X H-dependence),
this means that the variation will depend on the stress tensor. We thus find the following
equation of motion:

D (T“ @p"(”) ~0. (4.10)
At face value this seems not quite what we need, since the equation above involves all
the super-components of the energy-momentum tensor. In particular, expanding out in

components and distributing derivatives, we infer that??

0= éa <Tab bb)"(,u) + (ég'iwe + @g'i‘(w_) éa)%‘u — T@é (égég — 59—359) XH

-~
classical + fluctuations

DX - B, (T D) 4 TP DD, - D, (T5%0)

ghost bilinears

+ @9’]0:‘9@ @9)2“ - ég'i‘aé ég)ofu

ghost bilinears

The second and third line are indicated as being ghost bilinears since each term is made of
tensors carrying non-vanishing ghost number. These we are free to ignore, so the physical
equation of motion that arises from (4.1) simply can be expressed as the projection of the
first line onto ordinary space:

{@a (TD4.50) + (DT +9,57) 0, 50— (9,9,~D0, X} | =0+ ghosts.
(4.12)

22We reiterate that we have not explicitly specified the worldvolume connection. Importantly, it is not
the Christoffel connection of g;ssince pullback is performed respecting U(1)t covariance. We prove the
existence of a measure compatible connection in appendix J, which along with the fact that the connection
does not contribute to derivatives of worldvolume scalars, is all we need for (4.8).

ZNote there is overall (—)7 sign coming from the contraction of indices.

— 96 —



Setting the ghost bilinears implicit in (4.12) to zero, we will end up with equations that
involve both the classical field X* as well the fluctuations X*. The latter are ignored in
the classical hydrodynamic equations, but the advantage of having a full effective action,
is that the deformation to the equations of motion owing to the statistical (and quantum)
fluctuations is made explicit.

The astute reader might wonder why such fluctuation terms are not encountered in
the MSR construction for Langevin dynamics [12] (see the textbook discussion in [72]). In
that case there is a stochastic noise term, which is assumed to be Gaussian. Consequently,
the fluctuations enter simply as a Lagrange multiplier enforcing the physical dynamical
equation, which can also be seen from the explicit superspace construction described in [6].
The novelty in hydrodynamics is the non-Gaussianity of the noise. There can be (and in
general are) non-trivial noise kernels in the system. As a result the fluctuation variable
will no longer enter simply as a Lagrange multiplier.

The formalism we have outlined here has the power to completely encompass such
behaviour. This is somewhat hard to see at the abstract level we are describing, so we
will indeed exemplify some of these statements with explicit calculations for dissipative
hydrodynamics up to second order in gradients in section 6.

While ignoring the ghost bilinears allows us to drop the second two lines of (4.11),
we still have to understand the contribution from the super-components of the energy-
momentum tensor. We will now argue that they do not contribute to the leading classical
dynamics, and in fact should simply provide the fluctuation terms in the equation of motion.
Rewriting the commutator of Grassmann odd derivatives, we claim:

{(D0T? +95T7) D, X7 — T (2DyDpX" — (Fy, X")p) } | = O(X*).  (413)

This turns out to be pretty non-trivial to prove, but is explicitly borne out in examples
that we have computed (see section 5.3). With this understanding, we can then see that
the classical hydrodynamic equations are contained entirely in the first term of (4.12), viz.,

Do (i‘ab ébiﬁ) |=0. (4.14)

To derive the first equation above we used the pullbacks and the fact that 0=29 Iéﬁl ziogaéfj]
which follows from our choice of the worldvolume connection be measure compatible,
cf., (J.21).

Equations (4.13) and (4.14) should be understood as follows: there is no superspace
inflow of energy-momentum modifying the classical hydrodynamic equations of motion.
At best there are additional fluctuation contributions arising from the Grassmann-odd
directions. We view this as a non-trivial consistency check of our formalism’s ability to
incorporate the correct dynamics.

This separation makes explicit the idea that we can capture the classical part of the
equations of motion by focusing on the ordinary space components alone. The role of the
superspace is to bring in the fluctuations (and associated Grassmann odd terms). Given
that the superspace directions control the entropy production, it makes sense for them to
capture the fluctuation deformations of the dynamical equations as well.
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Let us also convince ourselves that the worldvolume equation of motion (4.14) indeed
gives the correct dynamical equations for the hydrodynamic fields after pushing forward
e 24 mIJ _ s T2 J T . . . .o .
the data to the target space. Writing™ T* = ¢ é,” T (contraction signs left implicit)
we have

D, (TP D,X1) | = 0.X7 v, (e 7))
=V, T" 4 D% TH| + ghost bilinears + fluctuations (4.15)
= V,T"" 4 ghost bilinears + fluctuations

where the last equality is ensured by the measure compatibility of the worldvolume connec-
tion as can be seen directly from (J.21). The issues arising from the U(1)t covariant pull-
backs are taken care of by the fact that (4.10) is a target space vector, and the contracted
indices transform homogeneously in both the worldvolume and target space. We will have
use for this statement when we try to understand the super-adiabaticity equation below.
The equations of motion we have written down only involve the variations of the
superfield Xk In target space we also have supercoordinates © and é, which we have
previously gauged fixed to © =6 and © = 6. We could of course vary with respect to
these fields (prior to gauge fixing) and get corresponding equations — these will be related
by the underlying BRST supersymmetry to (4.10). What is a-priori clear is that these
equations will be Grassmann odd and thus proportional to the ghost fields. Since for the
most part we will ignore the ghost partners below, we will not have occasion to analyze
these equations of motion in detail here. We should however note that a corresponding
analysis for Langevin dynamics has been explicitly carried out earlier in section 7 of [6].

4.3 Adiabaticity equation, entropy inflow, and the second law

We recall that the conventional axiomatic formulation of hydrodynamics not only demands
that the dynamics be governed by conservation equations, but requires that the local form
of the second law be upheld on-shell in every fluid configuration. Usually this is taken to
mean that there exists an entropy current J g with non-negative divergence. It is however
efficacious to take the statement of entropy production off-shell, by introducing a Lagrange
multiplier field. Exploiting the field-redefinition freedom in hydrodynamics, this can be
recast as the statement [2]:

VuJE + BV, T =A >0, (4.16)
where V,, is the usual target space metric compatible covariant derivative. Note that A is
the total (off-shell) entropy production. Legendre transforming the entropy current to free
energy Noether current via

NH = Jg+ B, TH (4.17)

we arrive at the grand canonical form for the off-shell statement of the second law, which
demands that 1
VN — §TW°€69MV =A>0, (4.18)

where £gg,, =2V (,8,).

*4¢;! span the dual basis with (=) é; D,X7 = 6, and (—)* DX éi =6, , written as usual in DeWitt

conventions [61].
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The special case where transport produces no entropy was given the name adiabatic
fluids. In this case an ordinary-space adiabaticity equation holds:

1

5 T(l;dlabatlc) "Eﬁgm/ = V NH

(adiabatic) - (4 19)

The adiabaticity relation (4.18) was initially discussed in the target space as reviewed
above, but we can readily pull-back the relation to the worldvolume. Firstly, we note that

@CLN“‘ = V,N" + ghost bilinears + fluctuations (4.20)
T £ 5§ab‘ = TH" £39,,, + ghost bilinears + fluctuations .

Modulo some extra terms that we will interpret below, we can indeed view (4.9) as the
worldvolume version of the adiabaticity equation (uplifted to superspace). It is interesting
that the intricacies involved with the U(1)t covariant pull-backs essentially cancel out
completely after push-forward. We will now try to extract the some basic lessons by
decomposing the super-adiabaticity equation in more familiar terms by separating out the
super-tensor components.

Super-adiabaticity equation as entropy inflow from superspace. In the mani-
festly N = 2 supersymmetric formalism, the adiabaticity equation is implied by (4.9).
Writing out the latter and separating the contributions from the ordinary and superspace
directions, we end up with:

o o 1. . o o R ) o & oz
<©aNa—2Tab £ggab> ‘:—(©9N9+”D§N9+T“9 £8a0 +TY £58,5 + T .f@geg)‘

classical 4+ fluctuations entropy inflow

(4.21)
Firstly, noting that {’i‘ab, ’i‘%, Na} are the only Grassmann-even tensors (i.e., their bottom
components are Grassmann even fields) we project (4.21) down to # = = 0, isolating

the part that contains these tensors.?®

It is worth reiterating here that when we project
Grassmann even quantities to their bottom component, we will end up with expressions
involving the classical fields X*, the fluctuations X*, the zero ghost number element of the
Vafa-Witten quintet f;f(;e| = d)?, or ghost bilinears (either of the form XgX;Z, or involving
the gauge sector).

Therefore, upto contributions from the fluctuation fields (and ghost bilinears), the
terms we have isolated on the Lh.s. of (4.21) are precisely the combination appearing on
the Lh.s. of (4.18). This naturally suggests interpreting the second set of terms indicated

as ‘entropy inflow’ as the part that contributes to A. Hence,
A=— (égﬁg + @gﬁé + T £68a0 + T £38.5+ T £g §99‘> ‘ . (4.22)

We interpret this equation as saying that the entropy production is controlled by the
Grassmann-odd descendants of the free energy and energy-momentum super-tensors.

Z5This can be inferred by looking at the ghost charges or equlvalently noting that g.¢ and g,z are clearly
Grassmann-odd owing to them being proportional to Dy X* and @ X“ respectively.
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The total entropy produced manifests itself in the physical spacetime, although it orig-
inates from the superspace components. This is highly reminiscent of the anomaly inflow
mechanism, where one realizes a theory with an anomalous symmetry as the boundary
dynamics at the edge of a topological (bulk) field theory. The connection is not coinciden-
tal — the entropy current for charged fluids with mixed flavor-gravitational anomalies is
naturally captured by introducing a thermal gauge field whose chemical potential is the
temperature [43]. This construction provided the rationale behind the introduction of the
U(1)7 gauge field in [2, 23], but as we see here the full justification is for this is provided
by working within the aegis of the thermal equivariance formalism.

To compare with conventional hydrodynamics, we only need to match the classical
part, since this is all that is captured in the familiar presentation of the system in terms of
constitutive relations. Dropping the ghost bilinears and setting X* = 0 in the other terms,
we see that we can easily match the first set of terms in (4.22) with the entropy production
equation, provided we identify the ghost (Grassmann-odd) components of the free energy
current, N? and 1<I§, as encoding the total dissipation:

A=— <©9N0 + @gNé) + ghost bilinears. (4.23)

We have dropped the contribution involving T% since it vanishes with our super-static

gauge choice which sets the bottom component gg5 = .26

Positivity of entropy production. We are now left with understanding why A > 0,
i.e., the second law. Let us first note that an abstract argument for entropy production
may be given by noting that the super-adiabaticity equation is equivalent to the Jarzynski
relation [65, 73] which provides the general non-equilibrium second law. We have previously
argued in [1] that U(1)t invariance and breaking of CPT symmetry imply Jarzynski’s
equation by employing the strategy described for Langevin dynamics in [54]. We won’t
undertake the upgrade of this statement to superspace directly. Instead we will follow
an alternate route and make direct connection between the analysis here and the eightfold
classification of hydrodynamic transport given in [2]. We can then invoke our earlier results
to constrain the contributions to A and show that it is indeed non-negative definite.

Let us first attempt to gain some intuition for the terms in the r.h.s. of (4.23). We will
ignore the contribution from T% and T?% for we have seen that they contribute only ghost
bilinear terms. The physical entropy production will be a functional of the macroscopic
degrees of freedom X*, though we will often keep track of the fluctuation contribution as
well (given by terms involving X #). The free energy Noether current appears in the action
(to linear order) as

Syv D — / dlododd Y- E NI A, = — / d?o 9y 0 <Vfg N/ fu) ‘
Z Z

) (4.24)
= / d’o (—©@N9 O Ao + DN’ OpAg + - )

2We note that £s&5 = (—)' 870185 — 938" gor + (=)' 963" &;5. The last two terms vanish because of
our gauge choice on the thermal super-vector (2.5). The first term does not obviously vanish (recall that
we are working with a connection that is not metric compatible, so have to exercise care in using usual
intuition). However, we have a flat metric in the superspace directions (g45| = ) leading to a simple result:

fﬁéeeﬂ =0
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where the ellipses (---) denote the ghost bilinear terms that we are dropping. We are also
not writing non-linear terms, which are necessary to ensure full covariance, but will not
contribute to A. Given (4.24) it is clear that A can be extracted by switching on suitable
sources for the superfields dzAp and OypAg; to wit,

o 0
5= (55 = 00 ) S (4.25)

An easy way to extract the contribution to A is to turn on sources for the gauge superfield,
Ag =60BA and .A@ = —0BAx. By construction the source Ba for A has ghost number zero;
in fact it appears in the gauge potential in the same place as the bare ghost number zero
element of the Faddeev-Popov triplet B, — compare the above with (E.5b) and (E.5c),
respectively.?” In explicit computations we will encounter non-linear terms in Ba, which
will be necessary to ensure that the action transforms correctly under U(1)y and CPT. The
easiest way to infer the contribution of BAo will turn out to be by means of performing a
Faddeev-Popov rotation of the fields with a gauge parameter AF p = 00BA and work with
the non-covariant versions of X* and F, as explained in footnote 27.

In summary, we start with the action (4.1) and pick out the contributions linear in Ba:

A= __L 95w (4.26)

V=g 0Ba

With this interpretation we are now in a position to constrain A > 0. Since we are in-

terested in contributions to the action proportional to 89%19 and 89./2[5, we conclude that
Ba will occur in covariant derivatives of the worldvolume metric g7z, the thermal vector
,60'1 , the field strengths F 7K, and their derivatives. We can further isolate contributions by
examining the discrete CPT symmetry that acts as a Z, anti-linear involution (recall that
we implement CPT as R-parity on the worldvolume).

Firstly, unlike charge currents, N is even under CPT, while A is CPT odd. Therefore,
the only terms that can contribute to A are those that transform with an additional pair of
super-covariant derivatives in the Grassmann odd directions (ZOD@ and lc)g), with an overall
factor of ¢ to account for the anti-linearity of the CPT transformation. Secondly, while a-
priori these Grassmann-odd derivatives can appear inside various other derivatives, we can
adapt a trick introduced in [2] to simplify the analysis. One can capture extra derivatives
acting on the fluid dynamical fields through the action of a differential operator valued
tensor. Utilizing these two simple facts, we are lead to the observation that the only sets of

terms that contribute non-trivially to A are those where we have a contribution from g(w)

2TTo be clear, we turn on the source Ba only in the two aforementioned components, so as to aid in
extracting A directly from the action. In particular, we do not perform a full Faddeev-Popov rotation
discussed in appendices E and G. The difference amounts to the following: a full FP-rotation by B;
will shift the top component of the vector multiplet 7o — F. + DoB;, as well as the fluctuation field,
XH s X" — (B, X")g, as is clear from (E.5a) and (G.12), respectively. These combinations are U(1)t
covariant. However, extracting A requires us to break the U(1)t covariance since we want to isolate a part
of the full adiabaticity equation. A full Faddeev-Popov rotation to introduce B; will, the reader can check,
give back the super-adiabaticity equation (more precisely: its bottom component).
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Zo)gél 7 and g%) = Zo)géKL. The free indices have to be contracted against a differential
operator valued super-tensor n//5%[g;;, 31, D;]. That is, the action takes the form:

V=8 [ i\ . - (D)
Loy, aiss = [ 00 = (=) 7"/<* g (4.27)
The dissipative tensor /%L is graded symmetric in both its first and second pair of in-

dices. In addition it is required to also be graded symmetric under the exchange of the
first and second pair of indices, viz.,

RUNKL) — (1T g(ID(KL) _ (—)KE 7T (LK)

(KL)(1J) (4.28)

o(IJ)(KL) _ (_)(I+J)(K+L) ,,9,( ) )
D

Moy

See also section 7.2 for more details.

With this ansatz for the dissipative terms it is easy to isolate the contributions to A.

To this end we need the leading ghost free contributions, g%) =60 (Ba — ¢(T],gjj)5 + -

and EQI%) = —0(Ba,grs)g + -, which leads us to:

1 48 1
= WV _ pabed g B8ab £38ca + fluctuations 4 ghost-bilinears , (4.29)

_w/—g 0Ba 4

where we have employed the expectation value <¢$> = —¢ owing to spontaneous CPT

breaking which signifies the origin of dissipation as argued for in [1].

We are now in a position to infer that as long as 1@<

is a positive definite (derivative
operator valued) map from the space of symmetric two-tensors to symmetric two-tensors,
the amount of entropy produced is non-negative definite, viz., A > 0. This is precisely the
condition inferred in [2], which generalizes the theorem proven by Sayantani Bhattacharyya
in [44, 45]. In the present context, this condition simply follows from demanding conver-

gence of the path integral — if necd

had negative eigenvalues, it would lead to divergent
terms in the path integral. We elaborate further in section 7.2.

We will now proceed to give explicit examples of various classes of transport for illus-
tration. In section 7 we will return to a general discussion of all classes of hydrodynamic
transport and how they are realized as specific forms of the Lagrangian (4.1). This will

then prove evidence for our central claim delineated at the beginning of this section.

5 The MMO limit: a truncation for explicit calculations

The previous discussion, whilst comprehensive, was quite abstract. To see how the fluid
dynamical effective actions work, and to verify the statements made above, it is helpful to
consider some explicit examples of terms that contribute to the action. This can, of course,
be done explicitly, since we only have to construct suitable U(1)T invariant actions build
from the hydrodynamic fields. The one complicating factor is that in terms of explicit
fields we have many components — there are four fields in the target space maps XH
and the U(1)t super-gauge field A1 has 12 component fields (3 of which are non-covariant
potentials). The full set of variables, organized by ghost number, is given in table 1. In
addition we turn on sources for various currents (see below).
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In this section we motivate a truncated sector of the theory which suffices to capture the
essential physics, and allows us to make contact with the familiar form of the hydrodynamic
constitutive relations. The basic idea is to set all the fields carrying non-vanishing ghost
number to zero, and furthermore effectively treat the U(1)T symmetry as a global symmetry
by ignoring the contributions from the gauge potentials. The rationale for the latter comes
from our discussion in section 3.3, where we have argued for the MMO limit (after Mallick-
Moshe-Orland [54]) where the gauge dynamics is frozen. This reduces the dynamical field
content to three fields: the hydrodynamic pions X*, the fluctuation fields X#, and the
U(1)7 field strength for"eg\ = ¢, which will eventually be set to (¢!) = —i according to (3.10)
and (3.9). In addition we will allow for some sources which will prove useful for extracting
currents: {hap, hyg} as sources for the bosonic components of the energy-momentum tensor,
F, for the entropy current, as well as a source Ba for the total entropy production. We will
indicate sources in a slightly different colour to distinguish them from the dynamical field
content. We illustrate how the hydrodynamic effective actions work with this truncation
rather explicitly up to second order in derivatives.

5.1 Field content

We define the MMO limit to be the limit where all the ghost fields are set to zero a-priori.
In this limit, we truncate to the middle row of table 1 and furthermore ignore the gauge
potential A,. In this limit, the superfields simplify drastically and we can write them
succinctly as:

Ag=00F,, Fos = 0°, Fgo =0T,
flngBA, Déézoa COF(%L:_é(*7:0"'8‘1‘1)2)’ (5.1)
Jie:é(ﬁb? —Ba), Fog =0, Fap = 00 (8T — OFu) '

XH = X" 400 X"
The fields we have retained in this limit, should be understood by the following rationale:

e The gauge field component F, has been retained as a source for the Noether free
energy current N The super free energy current is defined in (4.6) and its bottom
component is isolated by varying with respect to the top component of fola, viz., Fq.
Once we obtain the free energy current, we immediately obtain the entropy current
via (4.17).28

e The source BA which couples to the net entropy produced A. The general idea for
isolating entropy production has been described around (4.25). We will indeed verify
in examples below that variation with respect to this field gives the total entropy
production (including fluctuation terms).

28This statement relies on varying with respect to the gauge potential whilst keeping the pullback metric
fixed which is natural from the standpoint of (4.6). If we also vary with respect to the gauge potentials
contributing to the pullback metric itself, see (5.3), we will end up directly with the entropy current.
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e The top component of the sigma-model map, X*. This field describes fluid fluc-
tuations and variation with respect to it will give the hydrodynamic equations of
motion.

e In (5.1) we have also kept gb?, which we will evetually set to —i. This field plays the
role of an order parameter for dissipation.

From (5.1) we can also immediately get the following expressions for the derivatives of
the position superfield:

Do XF = 0, X" + 66 (aaf(ﬂ + (Fu, Xﬂ)g)
Zo)g)%“ =40 <X“+ (BA,XM)5>
X — g (A0 % 5.2
DyXH =0 <(¢>T — Ba, XM — X“) (5.2)
'Zo)g'zo)g)%'“ = X* + (BA,X“)g + é@(qﬁg — BA,X“ + (BA,X“)ﬁ)ﬂ
DgDp X" = (40 — Ba, X")g — X" — 00 (Ba, (0 — Ba, X*")g — X”)@
It is instructive to note that the contribution of BA can be easily inferred by the map
X" s XM + (Ba, X*)g which follows from U(1)7 covariance, for reasons described in
footnote 27.

Let us now take stock of various other derived superfields which enter into the hydro-
dynamic effective action.

The world-volume metric. The pullback computation (3.5) leads to the following ex-
pression for the worldvolume metric with the ghosts set to zero:

&b = G 0a X0 XV +00 [h,ab+2 G O X" (ab)XV—k(fb),X”)g) +XP 0,0, 0 X" 0, X"
= gab+00 (hat+8ab)
890 =09 (X +(Ba, X)) 0,X"
g0 =09 (69— Ba, X")g—X) 0, X"
805 = —Bgo = 1 +00 {’H)()"‘guu <(¢$—BA7X“)B—X“) (XV+(BA7XU)B)]
=i+00 (hyy+8ep) (5.3)
where we used ggg = —gge = ¢ in target space and we introduced the following shortcuts:
8ab = Juv 0 X" Op X",
Bab = 20 0 X" (0 X" + (Fip, X)) + X7 Opg 0,X7 X",
897 = g (6 = Ba, XP)g = X¥) (X7 + (B, X")p) (5.4)
= g (" = (Ba, X¥)g) (X + (Ba, X")5) .
I = (49, X")g — X
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Under a CPT transformation X* gets exchanged with J*. Furthermore, in (5.3) we intro-
duced sources {hgp, hyz}. These help taking variations of the actions more explicitly and
also aid in departing from the topological limit. For instance, the stress tensor will be
obtained by varying the action with respect to h,, (and then setting the sources to zero
as usual).

The inverse metric. One can work out the inverse of the metric in the MMO limit by
the requirement that

() &7 gk ="k . (5.5)
Note that the sign in this equation corresponds to the standard contraction convention for

superspace indices that are contracted as “\, i.e., “NW to SE” as described in [61] and
explained in (2.15). One then finds:

g =g — 09 g g™ (hchrécd—?i (3*—(Ba,X")g) (Xer(BA,X”)ﬁ) 3ch8pr> :

g0 =i0g" (3,—(Ba, X,)p) BX",

§“9:—z‘0g“b (Xu+(BA;XM)ﬂ> 8(,X‘u, (5.6)
g = —g" = —i+00 (hyg+&og— (3"~ (B, X")g) (X, +(Ba, X,)g))

This completes our discussion of the basic field content. For convenience, we will now
record some composite and derived fields in addition.

The super-determinant. We view the metric superfield and its inverse as super-
matrices. The super-determinant is then given by the Berezinian of the metric, i.e.,

VB = et det (8 — o £ 8,)
_ 1 -
— \/—detga [1 + 06 <2 g (hea + gcd>>] :

The z factor. The U(1)t covariant pullback measure in the action involves the field z

(5.7)

introduced in (4.2), which evaluates to
z=1+8"A; =1+00B"F,. (5.8)
One can explicitly check in the MMO limit the useful identity Dz = F T JBJ 29

The temperature superfield. The local temperature superfield of the worldvolume
description of the fluid is defined as

T= = (g8 — 0038 (hay + )

\/ —&1J Bl B/

=T+60T (5.9)

1 .
where T = —-—— T T3 Baﬂb (hab + Bab)

Vg8t

29Tn order to check this, note that z is U(1)7 1-adjoint, which implies, e.g., (iQTU, Z)g = Frs £pz2—12 £5§"U.

[NIES

DN | =
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Any function of T (such as the pressure superfield p(T)) can then be expanded similarly:

f(T) = §{(T) + 607 (T)T. (5.10)
The velocity superfield. The fluid velocity is lifted to the following superfield:

ol = TBI
. ) , (5.11)
in components: 1% = (T—i— 00 T) 8%, uw =0, uw =0

The spatial projector. The tensor that projects onto the space transverse to 4% has
the following components in the MMO limit:

.FO)[J = é[.] + (_) KQA+L+D)+L(1+1+J) ¢ ’LL U gIK gJL (512)

In components:
Py = Py + 00 PSP (heg + Beq)
Pag = 0Py el (3" — (Ba, X")g)
Py =0Puel (X“+ (Ba, X")g )

a

(5.13)
Pé'é =17+ 00 (h'é)é + Py ez eg (3“ _ (BA,X“),@) (X'V + (BA,XV)B>)

The spatial projector with upper indices, Pl = gl +ala’, reads as follows:

Pt — P go{ 2w 8"~ [n 48" ~2i (3, ~ (Ba, X,)a) (Kt (Ba, X, )p ) 0 X 6" X*| |

= P06 P

P ——i0g™ (X,+(Ba, X,)a) 0pX"

P =ifg" (3,—(Ba,X,)5) OpX"

PP = —i+00hy; (5.14)
where P% = gt 4 172 323b,

5.2 The worldvolume connection

We will later also need derivatives of superfields. To define these, we need to discuss the
covariant derivative, or the connection, in worldvolume superspace. This is a non-trivial
task because of the way in which the U(1)T symmetry intertwines with diffeomorphisms.

In particular, one can easily see that consistency of our formalism requires the connec-
tion in the worldvolume theory (though not the one in physical space!) to be not metric
compatible. The two essential features that the worldvolume covariant derivative ) 7 has
to satisfy are the commutator condition

[@I,ivj] X0 = (F1y, XM)g, (5.15)
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and the requirement of measure compatibility (needed in order to be able to integrate by

ol <J?> =0. (5.16)

A detailed analysis of these requirements is given in appendix J. There we argue that

parts as usual):

these conditions fix the connection (up to some ambiguity, which we set to zero since it is
irrelevant for the following discussion). The resulting connection is

o

el =zg" {(*)L(IH) Dygri + (—)LOHHOYK D5, () EDrgsx

DO | =

1/ . ) ) (5.17)
ts (fFIJ:BK +(—)7F rJrIKﬁJ)

In other words the connection we choose is the Christoffel connection built from ﬁ; =
or + (A I, - )@ supplemented with thermal equivariance field strength data to ensure that
we have correctly accounted for the U(1)t covariance of the pullback. Note that the
connection has no (super-)torsion. The fully covariant derivative then acts as follows on a
generic super-tensor 77

55[70“][( = 10)[70"][( + (—)IJéJIL 70‘LK — (—)IJ%JL éL[K (5.18)

and similarly for tensors with more indices. In appendix K we write the superspace expan-
sion of the connection C! sk explicitly in the MMO limit.

This data is sufficient to go ahead with explicit computations (some more objects are
computed in the MMO limit in appendix K). In what follows we will describe the hydrody-
namic effective actions at the lowest three orders in the derivative expansion, demonstrating
explicitly the familiar structure expected from earlier analyses in [1, 2].

5.3 (General observations

Before exploring examples, let us make some general observations which are now clear from
the MMO expansion of the fields.

Equations of motion. We can discern from the way that X* appears in the metric
superfield (5.4) that the equations of motion will be target space covariant. To see this,
consider the way that the energy momentum tensor will generically couple to g, in the
action (after performing the integration over Grassmann odd directions):

S5 [V (5T8) 5 [ VT 0LXY ()7 g+ 00X F0y0 )
(5.19)
where T contains both classical and fluctuation terms. This coupling is generic, as can be
seen from the fact that every occurance of the source /i, (which by definition sources T?)
is accompanied by a g.. Push-forward to the physical spacetime and integration yields
the following:

/ V=g X, V,T" (5.20)

where V, is the usual Christoffel connection built from the target space metric g,,, and
T = T% 9, X" 9y X".
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Superspace equation of motion. The projected version of the full superspace equation
of motion (4.10) led us to the statement that the energy-momentum inflow contains only
fluctuation terms, i.e., (4.13). There is a nice version of this statement in the MMO limit.
In the superspace action, the couplings relevant to (4.13) take the form:
SWV:/ddadeevog {—T“"éae—faééae——feéggﬁ...}
Z

— / dlo/—g {89'i‘“9 0 X3, — 05T 9, X" X, — T (3, X")+...+ghost bihnears} ‘
(5.21)

where we took the MMO limit in the second line and dropped all terms that are not
relevant to the present discussion (such as sources). From this expression we can see what
the contribution of the indicated currents to the equations of motion will be: variation
with respect to X* precisely gives (minus) the combination (4.13).

Let us interpret this statement: when we vary the action with respect to XH while
holding g, fixed (where X* enters differentiated) then we end up with the above com-
bination entering the equations of motion. From our explicit analysis below, we will see
that this combination will always lead to fluctuation terms and not modify the dynamical
equations of motion for the classical field X* as noted in section 4.

Total entropy production. In computing A by variation of the action with respect to
the source Ba, note that Ba always appears only in three qualitatively different ways:

(i). Every fluctuation field of the position occurs in the combination X*+(Ba, X*)g (see
footnote 27). It is clear that variation of the action with respect to these occurrences
of Ba gives a contribution proportional to equations of motion.

(ii). Every metric source appears in the combination h., + (Ba,gap)g; variation with
respect to these Ba gives a term of the form %T“b £38ab-

(iii). Finally, the source for the free energy current occurs in the combination F. — 9.Ba,
which leads to the contribution V,N% in A.

We can thus anticipate on general grounds that the entropy production takes the expected

form:

B 1 08wy
V=g dBa

1
=V N — 3 T £ 3gap +equations of motion, (5.22)

=A

where V, is the standard Christoffel connection in the worldvolume after doing all super-
space integrals and setting sources to zero.

— 38 —



In order for the above statements to be true, it is useful to observe the following.
For any superspace Lagrangian £ the effective action after integration over Grassmann
directions generically takes the form

S = [ oy | (380w + k) - 78 ) £+ @00 . 623)

This can always be covariantized in the sense described above by adding a total derivative
term of the form

0= /dda\/fgvc (B°BA £) = /dda\/?g B g% (B, gu)p + B°0Ba £ + (BA>L)B] ,
(5.24)

such that adding (5.23) and (5.24) gives an action that only involves the combinations
described above.

6 The MMO limit: examples

Having defined the MMO limit, we now work out a few examples at low orders in the
derivative expansion to illustrate the formalism.

6.1 Zeroth order: ideal fluid

The simplest example is the ideal fluid. The effective superspace action has the form (4.1)
with the Lagrangian being simply the pressure superfield. We parameterize the action by
a scalar superfield f(7') and explicitly evaluate it in the MMO limit to be

o, (ideal) . vV —é °

6.1
— 0, 1 c ~ a f/(T) T
VD) (140 |5 Gt g - 07 7+ B 7] )

f(T") will turn out to be the standard pressure function, cf., (6.4). Here we have kept all clas-
sical and fluctuation fields, but have discarded ghost contributions. After the superspace
integration we will end up with:

E(ideal) _ / d&de_ i(ideal) — 8989 Z‘J(ideal)

0=0=0

wv

(6.2)

_ 1 c ~ a f/(T) T
- \/jgf(T) <2g d (h’(:d +gcd) - /B Fa+ f(T) T>

We could add a total derivative term to covariantize the expression as described in sec-
tion 5.3, but this would not affect the subsequent calculations. From the coefficients of the
sources hy, and F, we can easily read off the energy-momentum tensor and free energy
current, respectively:

(ideal)

9 oL f(T)
Tab __2 Wv — T ab T3 a b
(ideal) ™ /=g §hgy i) <g " f(T) 7o) (6.3)
a _ 1 555}&%1) a |
N(idcal) f— —\/7_? 5fa == f(T) /6 .
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The entropy current is related to the free energy current via (4.17) and can be obtained
directly from the action by varying also the F, inside . (see (5.4)). The tensor T

(ideal)
encodes both pressure p(T') and energy density (7"), which are obtained from the function

f. We identify
p(T)=§T),  &T)=TF(T)—f(T). (6.4)

Note that there is no source term /45 in the action, so we conclude T?fieal) =0.

To obtain the equations of motion (i.e., conservation equations), we vary the action
with respect to the fluctuation field X#. The only occurrence of X* in (6.2) is inside g.4.
Carrying out this variation simply yields the expected conservation:

Vo T® =0. (6.5)

(ideal)

Finally, there is no explicit dependence on B in the Lagrangian (6.2). Variation with
respect to Ba gives the free energy divergence, VGN‘édeal). We therefore get for the total
entropy production:
ideal)

1 scoe
A(ideal) = 7\/7_? SBA =0. (6'6)

6.2 First order: viscosities and dissipation

Let us now turn to the next order in the gradient expansion. We already know from
earlier analysis (see eg., [2]) that there is no non-dissipative contribution at this order.
So we should now focus on the dissipative terms, which gives us an opportunity to get
some intuition for the general arguments described in section 4.1. As noted in [1] and
explained around (4.27) the structure of dissipative terms is encapsulated in super-tensors
ﬁ((]()I)J)‘(KL))(éU,,B?I,”}ODI). Since this tensor will be contracted against terms that contain
explicit super-derivatives of the metric, to first order in gradients it suffices to consider it to
be built out of zero derivative objects. The natural structure then is simply combinations
of the projection super-tensor P!/ respecting the conditions (4.28). All other tensors can
be argued to be equivalent once field redefinition ambiguities are accounted for (this is a
superspace version of the arguments given in section 5 of [2]).

These requirements then single out two possible independent tensor structures for first
order dissipative transport. These are parameterized by scalar superfields ¢(T") and 7(T),
respectively:

° V=g i . 2 (D) o
L= - gt (7)(I+J)(K+L)+IJ+KL+K+L n((](DI)J)\(KL)) g%) g% 67

4
HITKE = YT P PRE 4 23(F) () KO0 PRU e

where the subscript “visc.” denotes the first order in gradients viscous transport con-

tributions. We have explicitly written the index contraction signs following from (2.16).

The transverse traceless index projection in the shear viscosity term will be defined below

in (6.16). The bottom components of the scalar superfields ¢(7") and n(7") will end up

being the usual bulk and shear viscosity transport coefficients.

40 —



We can expand the superspace structure (6.7) more explicitly to guide the eye. Using
the fact that in the absence of sources carrying non-zero fermion number we can set @gg) —0

< (¥)

and g — 0, we find after evaluating the signs and symmetry factors:

E\(R/]?/) _ —189(‘3@ (vi—g (— )(I+J)(K+L)+IJ+KL+K+L 77<([()€J)|( L)) g%) 9?{@) ‘

1 i o] o)
o (a0 [ L] 099 )

+239ﬁ<([(;;b)|(9d))a§§((;£) ﬁéd) 48y ,,7(([()0)0)|(9d))a g(w) Géd)

+28,ﬁ<((§b)\(cd)) 2W) 5 ﬁ(w) 49 n((eb)|(ee))g(w) 9 g(w) (6.8)

+[ 25 ((0DI(c) (a g(w 906+ 0550 0 gw))

14 ((]g) )1(0d)) (a aﬁgéb)géd)_’_géb) B aeg(¢)>

+y((eDID) gy 5 9y +4n(0D0 D Oy aeg<w>m+ghost bilinears.

More explicitly, one can plug in the following expressions:

60 = (X7 + (Ba, X1)g) 0,X*
i)l = (3 ~ (Ba, X")g) OpX"
990565 | = (6% — Ba, (X, + (Ba, X,)g >abXﬂ)B

()|

085, | = — (Ba, (3 — (Ba, X,)p) 9 X") 4 (6.9)

8@@,%1)| = —hap — 8ap + (¢ Ba, gab)ﬁ

39@%“ = hap + &ap + (B, 8av)3
39@%” = —%éé}?)l = hgg + 8gg -

We will now compute (6.8) for bulk and shear viscosity separately.

Bulk viscosity term. By explicit expansion of (6.8) using the MMO truncation of the
superfields as defined in section 5.1 and (6.9), we find:

E(WSC ,€) /dad@ L(VISC ,€)

i . a -
=-v-gy T¢(T) [ — i P (hap + Eab — (67 — Ba, gav)g) + Qh(m} (6.10)
X |: - iPab (ha,b + gab + (BA’ gab)ﬁ) + 2h09:|

This expression captures the full contribution of the bulk viscosity in the effective ac-
tion, including its associated dissipation and fluctuations. The latter are buried inside the
gup, and we also see for the first time a contribution involving the metric source in the
Grassmann-odd directions.

— 41 —



It remains to convince ourselves that the Lagrangian encodes viscous hydrodynamics
in the correct way. The constitutive relations are
(vise.,¢)
ab 2 oL

T(vise,{) = \/jg 5“},:(1[) = _Z(bg C(T) ﬁpab + ZTC(T) Pab PCd gcd

1 seire”

LS p— =0,

(visc.,¢) \/jg (5~FG

where we set the sources to zero after variation, as usual. We also introduced the fluid

classical fluctuations (6 1 1)

expansion ¥ = V,u®. The classical part of the currents is as expected for bulk viscosity,
after we set <¢$) = —i. We can then write the energy-momentum tensor including the
fluctuation contribution somewhat suggestively as:

1 .o~
T?vbisc-,o - _§T€(T) P™ P (£pgea — 21 &ea) - (6.12)

The conservation equations for T[(lfisc.,g) follow as before by varying the action associated
with (6.10) with respect to X#. One can verify readily that this will indeed give the
expected result. We also recall that there are no contributions to the entropy current (and
likewise for the free energy current) at first order.
Furthermore, as noted above, there is also a contribution to the energy-momentum
tensor in the mixed Grassmann directions,
o 9 5£(visc.,§)

4 %Wy 90 _ ab ~

classical fluctuations

The full entropy production is also encoded in the superspace action. Namely, variation
with respect to the source Ba gives

_ 1 6£\(z:\i/sc"g) a 1 ab
A(viscA,C) = _\/jg 5BA = aN(ViSCqC) - 5 (visc.,¢) £ﬁgab
0y S g2 0 b ped . (6.14)
= (i¢-) fﬂ - §TCPQ P £384p 8ca
classical fluctuations
which can be verified by explicit calculation. Let us now set <<;5$> = —i. Then the classical

part of entropy production is precisely what is expected for dissipative fluids on general
grounds [2]. The second law requires A (vise.) = 0, which holds for arbitrary fluid configu-
rations if and only if ¢ > 0.

A first-principles way to argue for the positivity of ( is by extracting the imaginary
part of the effective action as a functional of the physical source (after turning off the

fluctuation terms and setting (¢?) = —i):
(vise.,¢) 1 a
II’n([’wv ‘ ) =v—8 Z TC(T) (P b ha,b)z . (615)

In the path integral, the effective action occurs in an exponential e**vv. Thus, for conver-
gence we require Im(Syy) > 0. In the present case, this clearly translates to ¢ > 0.
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The shear viscosity term. We now wish to simplify the shear viscosity contribution
0 (6.8). To explain the constellation of indices there, let us write the shear part of the
viscosity tensor more explicitly:

1 plJ pKL

\K(I+J) pE(I pJ)L
(-) pEYP T
(6.16)

<(_)JK[3[K pIL 4 (_)I(J-i-K)]"gJK ]51L> _

N | =

By expanding (6.8) we get®’

(v1sc ) ac C Da 2 al C 5
.t 0 g TT]{ (P pbd_y pbep d_ip bp d> (}Lab+gab—(¢$—BA,gab)ﬂ)

d—
X (hea+8ed+(Ba,ged) )+ d 1 2 pab (2hab+280b— (62 —2B A, 8ab)8) hgg
+2i {Pc(a (3"~ (Ba, X")g )(Xu+(BA,Xp,))5) 3CX“} (hab+8ab+(Ba,gab)s)

+2i {Pc(aeb)<~u+(BA,XV) )(% (Ba, X)) 0c X”] (hab+gab+(¢ —BA,gab)B)

+2iP*9, X" X”[ ~Ba, Xu+(Ba, Xu)p ) (3M_(BA7XM)ﬁ)}
2P0, X"9,X" | (Ba,Ju—(Bas Xu)a)g (Xt (Ba X)) |

—2[d+1h%+P ( +(Bas Xu)p) (31/—(BA7XM)/G)] hee}

V] TUD) (G (et Bt (B o))~ (70,8 ) P

+(Ty) (T+(BA,T)3)P“I’+T77 [2 (T+(BA,T)5) T,Baﬂb—h“b—g"’b—(BA,gab)ﬁ]}

X0 X10,X" (Xt (Ba, Xu)g ) (30— (B, X,)a)
(6.17)

The first line describes (among other things) the classical part and will give rise to the
standard energy-momentum tensor for shear viscosity and its associated dissipation. All
the remaining terms describe fluctuations. If desired, (6.17) can be simplified a little further
by using the identity

Py, = P (—ieh B — Xy ) = — P X, (6.18)

exploiting the fact that the spatial projector is transverse to the velocity (and hence the
thermal vector).

39As a consistency check, note that all terms in this expression are either CPT odd, or occur in CPT
conjugate pairs with a relative sign. Furthermore, note that the expression is manifestly U(1)7 invariant
since every difference field (dressed with a tilde) occurs with the correct covariant dressing involving Ba
(see also below). We have added the total derivative term described in section 5.3.
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We can now read off the following currents:

(visc.,n)
W2 6L

WV

T =

(vise.n) /=g Jhgp
=—2i¢? n(T) o™ +2i Ty P P 5oy
—

classical fluctuations

B {T” <2P(acpb)d+PabPCd) +T%0 u® ubpcd} DX 9 XV X XV)

fluctuations
(v1sc ,n)
; 2 oL 477( )

T = = 0 2Tn(T) [ — P® P™ X, X,

(visc.,m) \/7 6h09 (?b ( )+ 77( ) d 1 gab—i_l

classical fluctuations
1 5£(visc.,'r]) ~ ~

a = _ wv _ uv a

N(viscA,n) - \/jg 5-Fa - Tn(T) (P XM XV)IQ (619)
fluctuations

where we have used (6.18) to replace J* —X". The classical parts give the dissipative
constitutive relations for standard hydrodynamics, with ¢® being the shear tensor (the
symmetrized, trace free derivative of the velocity field). The fluctuation terms propor-
tional to g, are precisely as anticipated in [1] and can be written in terms of a Hubbard-
Stratonovich noise field as explained there.

Finally, the entropy production is

(vmc ,n)
1
A _ oL,
(v1sc4,17) \/7 5BA
1 2

= aaN?ch,n) —3 T?Vbiscm) £38qp + €.0.m. (6.20)
=7 o (£ﬁgab — 21 gab) + 29 PC(an)d Vaup XCXd - (UV) <PabXaXb) R

where we set (gbg) = —i¢ as before. The classical part of the entropy production is

no®£ B8ab = %naQ, which manifestly satisfies the second law as long as n > 0. On
top of this, our derivation predicts the fluctuation terms in AMSCW. In order to estab-
lish positivity of 1, we can again compute the imaginary part of the effective action as a
functional of the physical source and demand its non-negativity for the path integral to be
well-defined. We find:

2

2
Pabpcd> hcd] . (6.21)

Im <£(V15C 77)) /7 T77 |: <Pac Pbd Pbc Pad _ yo—

which is positive semi-definite provided that n > 0.

6.3 Second order: some examples

Second order hydrodynamics is rich and we will not record all possible terms here. They
have been classified in [2] and have been obtained for conformal fluids from a superspace
effective action in [1]. They are, of course, also encompassed by the general discussion of
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all order hydrodynamics in section 7. Here we discuss some examples in the MMO limit
to illustrate the formalism. The dedicated reader will see from these examples that the
formalism extends to all derivative orders (i.e., Class L of [2] is reproduced entirely from
our superspace formalism).

To write an action for second order fluids, we will need derivatives of the velocity
superfield. First we have to decide how to take derivatives since we do not have a metric
compatible connection. We will conventionally treat ﬁDI as a vector and correspondingly @/
is also defined with an upstairs index. We differentiate these objects and then lower indices
whenever necessary. The reader can convince themselves that a different convention would
not change any of the currents that we compute (in the MMO limit).

Derivatives of BI and @!. The simplest set of derivatives to compute are those of the
thermal vector 3! on the worldvolume. Given our gauge fixing condition, we simply find

D;87 = 8467 0,8°. (6.22)

The velocity superfield is given in (5.11) and we can take derivatives directly to obtain the
acceleration superfield af = () 4/® ja!:

. T T )T ~
a“:aa+09{2a“+ub8b <> ua+(ﬁ ) (u.]:)u“+€abcubuc}

T T T
a’ = —29{—2v(a [0 X" (X+(Ba, Xu)g) | +ha,b+gab+(BA,gab)ﬁ—mm}u !
_ Z _ N
:29{—2V(a[3b)X“(du—(BmXu)g)]—hab av+ (02 —Ba,gav) g +4(Fa +3a¢0)5} g

(6.23)

where a® = ubdyu® as usual. Likewise the expansion follows from:

19+ ubd, <T> (BT (u.F) + (=) ey, uC] (6.24)

V=D =9+ 00 0

where we defined the ordinary space expansion as ¥ = d,u® and the trace (—)’ €. can be
found in (K.3).

From the exhaustive classification of hydrodynamic transport in [2] we know that the
Lagrangian Class L of transport (i.e., adiabatic transport which can already be captured
using a single-copy Lagrangian) is quite rich. At second order in derivatives, neutral parity-
even fluids exhibit 5 types of transport that falls in Class L. We will not discuss all of these,
but give some examples for illustration.

6.3.1 Acceleration and expansion squared

We start with a Lagrangian consisting of the square of acceleration, a2, and the square
of expansion, ¥? (in the classification of [2], these belong to the hydrostatic Class Hg and
non-hydrostatic Class Hg, respectively):

£ =20 1 e = [ dedo Y5 (Ko (T) g1y 87 &l + Ko(T) 9> (6.25)
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Explicit evaluation of the superspace integral is straightforward and yields
(a) T 7 1 2 ab a b =~ 2
Low=V—E ZKLQLEKCl 2w +2K a + K, 0% | (hap+8ap) — Kqa” (B.F)

) - N
+5Ka {—2uaubv(a [81,))(“ (XH—&—(BA,X,L)g)] Futub (/z,ab+gab+(BA,gab)ﬁ)+4(g.f)}
X [*2ucudv(c [ad)XM (J/L* (BAaX/L)B)] —uu? (h(:rl+g6d7 (¢$ - BAagcd)B) *4/66(}—04’6&252)]
+Kqu*u’a? [QV(a(hb)d-ng)d)+2(]:(a,gb)d) —Va(ha,+8ap) — (fd’gab),e} }

(9)

1 1
Lo =+/—¢ { [2(K19+TK1’9)192 g Ky 0’ Pab+2Kﬁz9a(aub>} (hab+&ab)

+ K90 (w.V) (hap+8ap) uub + Ky 9 (2(8.0)T —09) (B.F)—2i K90 (u.0)hy;

+Kydu® g™ {2v(a(hh)d+gb)d) +2(Fa,80)a)3 — Va(hap+8ab) — (Fa, gab)ﬂ} } (6.26)

Note that the presence of fluctuation terms is only superficial: expanding out g, as in (5.4)
shows that all dependence on X* actually cancels. We can then read off the energy-
momentum tensor and the free energy current:

(a, 19)

b 2 5L

T
="
= (4K + TK,) el + Koa? g™ + 2 Ko aa’ + 2V, | Kq (u'ea® — 2uu®a? ) |

+ Ky g + (TKY9? — 2K} 9 (w.0)T — 2Ky (u.0)9) u'u® — 2V, (Kﬁ D ul ab)

(‘1 9)
P T 0L,
o =g 6%,
= K,a’3* + K, (aa uCut — 2y% ad)> £38cd — Ky 9?3, (6.27)
where we have set <b$ = —i. The above currents then precisely match the ones derived in

appendix F of [2], which provides a non-trivial consistency check on our formalism. Note
that there are no fluctuation terms in the above currents (as expected in Class L). Finally,
we find

. 2 L
00 __ a
= =4iV,(Kyvdu),
@9 = /=g Shys
) 5£9<6“” (6.28)
A = — = e.0.11.

(a,9) r 6BA

where “e.0.m.” denotes a term proportional to the equations of motion.

6.3.2 Shear squared

Let us now consider another, slightly more complicated, Class L term: the square of the
shear tensor,

wv

£ — [ apap Y8 F [ (T )a} (6.29)
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where

(A+K+J+L)+K(1+L)+J(1+L)+L gIK g JL
Y A+EAT+L+K LD+ (U L)+L gIKgIL 5 5

(—
. E% ) | (6.30)

o 2
(-) M(1+J+N)+N p MPJ <©MUN + (- )MN@NuM _ ﬁgMN'ﬁ

That is, o7 is the superspace version of the usual (symmetric, transverse, traceless) shear
tensor. The superspace expansion of 77 is computed in appendix K (see eq. (K.12)).

Transport associated with an ordinary space Lagrangian of the form o2

was studied in [2].
The anti-symmetric combination Q77 = D ity — (—)!7D jéi; (which is closely related to the
vorticity tensor) could be treated similarly as in our analysis below.

For 62 we find after a straightforward calculation (using (K.12)):

6% = 878" Gy Goq — 48708 6o G0 — 488" Gap gy — 4808 a1 G4,
—4gPg% Opg Oab — 2 §%9% 5 T95 Oag
2 2 2 n ~ ac _b o
=0 — ———5 0"+ 004 —2(hap + 8ap) 0% 07c + 2 (09 0goap]) o
d—1) (6.31)

+ 4i (Ja 04— QCd(aé&ed\)> <5(b Ohe — (305éc\)>

44 . S 1
—71 [(8989099|) + X3t Oab + -1 19}7,99:| 19} .

The second line of the r.h.s. does not contribute to the currents. The other two lines yield:

9
T, =K, 0 g +T K, o*u"u’ —4 K, 00" —4 Ky 0" +4 K, Ve ul@g¥e
K, 0,000 +2 K, 02 utub —2V, (K ua™)
4 T ! 2. a,b 1 2 _ab ab, ¢
a _ 2 aa 2 qa
N(o2)_ K,o0°3 +(d—1)2 K,9° 3%,
5 4i(d+1)
00 __ a
2) _7(d—1)2 Vao(KsY9u®).

To intuit these constitutive relations, first note that there are no fluctuation terms involving
X*. This is consistent with the expectation that Class L transport is adiabatic and does not
involve fluctuations. For a more detailed understanding, we can decompose the relations
as follows:
e The first two lines of ng), and the first term in NZ’Q) correspond to the constitutive
relations associated with the shear-tensor-squared Class L transport, worked out in
detail in appendix F of [2].3!

31Note a typo in eq. (F.9) of [2]: the first term in the third line has the wrong sign.

47 —



e The last line of T?bQ) together with the second term in N? 2 correspond to Class L

transport of type ¥2. Indeed, one can easily check that these terms take the same
form as {T?fQ) , N‘éﬂ)} in (6.27) up to normalization. This is true up to a single term
in the energy-momentum tensor proportional to u(®a?) | which is, however, adiabatic

by itself.

In conclusion, the Lagrangian (6.29) describes a particular type of second order Class L
transport in a consistent fashion. In order to match to the classification of second order
Class L transport in [2], one has to form some linear combinations of the constitutive
relations worked out there. We speculate that this is because superspace prefers a slightly
different natural basis of constitutive relations than does the Landau-Ginzburg construction
of [2]. It would be interesting to work this out in detail by conducting an exhaustive analysis
of second order Class L transport using the superspace formalism.

7 The Eightfold Way from superspace

Having understood the formalism behind the superspace construction of hydrodynamic
effective actions, we now turn to the question of completeness, which inspired us to un-
dertake this analysis. This will provide the proof for the theorem stated at the beginning
of section 4. As described earlier, in [2, 23] we examined the axioms of hydrodynamics
as the low energy, near-equilibrium dynamics of conserved currents, subject to the local
form of the second law being upheld. We argued there that a complete set of solutions to
these axioms results in 8 distinct classes of allowed hydrodynamic transport, in addition
to a class of forbidden terms whose presence would be deleterious to the second law. This
classification provided an explicit construction of all consistent hydrodynamic constitutive
relations at any order in derivatives. In this section we outline how to reproduce this
structure from effective actions in superspace.

Our classification scheme, dubbed the Fightfold Way, for obvious reasons, can be sum-
marized as follows:

e Class A: anomalous transport originating from both flavor and Lorentz anomalies in
conserved currents.

e Class B: Berry-like transport such as Hall viscosity in parity odd fluids, shear-vorticity

transport in parity-even systems, TH” ~ \o(T) ap(“wpy), etc.

e (Class C: identically conserved entropy with no physical transport, as occurring in
systems with macroscopic ground state degeneracy.

e Class D: dissipative (entropy producing) transport, including familiar quantities such
as shear and bulk viscosities, conductivities, etc.

e Class Hg: hydrostatic scalar transport which can be inferred from thermal equilib-
rium on curved spacetime with a global timelike Killing vector. It is described by
the simplest of effective actions, viz., an equilibrium partition function. Examples
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include ideal fluids, curvature couplings T"" ~ k(T') R**"Pu, u,, vorticity-squared

transport TH” ~ A\3(T) wp(“wpu), acceleration squared considered in section 6.3, etc.

e Class Hg: hydrodynamic (non-dissipative) scalar transport with a free energy current
that is generated from a scalar functional. These include terms that vanish in equi-
librium but can nevertheless be inferred from a Landau-Ginzburg effective action.
An example is shear-squared transport TH” ~ A\ (T) ap(“apy) which we considered in
section 6.3, cf., (6.29).

e Class Hy: hydrostatic transport, with the novelty that the free energy current is
transverse to the fluid flow. This class of terms arises in the context of anomalous
fluids.

e Class Hy: hydrodynamic transport involving a transverse free energy current. This is
perhaps the least well-understood class with the simplest examples involving charged

fluids at second order in derivative expansion.

In addition we also defined a Class Hp of hydrostatic forbidden terms, which follow
from the equilibrium partition function analysis of [39, 40]; these terms are forbidden from
appearing in any physical fluid as they violate the second law. In practice, since one tends
to present fluid dynamical constitutive relations in a particular fluid frame, one usually ends
up interpreting these Hp terms as relations between transport coefficients. See section 14
of [2] for a concise summary of the classification and explicit examples.

It is important to note that of the 8 classes described above, only Class D terms lead
to entropy production. The remaining 7 classes are adiabatic and should be viewed as
non-dissipative transport. They were also argued to be captured by an effective action,
dubbed Class Ly action, in [2, 23], which as we shall see bears a large degree of structural
similarity to the superspace construction described here.

In what follows, we will describe in the superspace formalism the effective action for
6 of these 8 classes, eschewing for the present, a discussion of Classes A and Hy which
are associated with anomalies and require additional formalism that would obscure the
presentation but should be straightforward to implement (see section 8). This will prove the
theorem of section 4 upto anomalous transport, which we leave for a future investigation.
Elements of the following discussion will be an elaboration of concepts explained in [1].
More specifically, for Classes Hg, Hg combined into Class L the effective action is given
in (7.1), the Class D Lagrangian is given in (7.5), while he effective actions of the other
non-anomalous Classes B, C, and Hy are given in (7.15), (7.20), and (7.24), respectively.
To the best of our understanding this demonstrates that all of allowed non-anomalous
hydrodynamic transport can be embedded into our formalism.

7.1 Class L (= Class Hg U Class Hg)

The scalar classes Hg and Hg are ones where the free energy is aligned with the fluid
velocity. Moreover, the free energy can be generated from a single scalar Landau-Ginzburg
functional (a generalized pressure term). It is therefore simplest to discuss them at the
same time.
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As in [2] we define therefore Class L = Class Hg U Class Hg and seek a scalar generating
functional for all the currents. This case is easy to understand without the need for
superspace; all we needed was a scalar Landau-Ginzburg function of the hydrodynamic
fields (see §6 and §7 of [2]). For neutral fluids under discussion we would construct a
Lagrangian functional which depends on 3% and g,;. The upgrade to superspace simply
lifts this functional to a superfield.

For Class L, we consider a general superspace Lagrangian as in (4.1) without usage of

< (¥) (¥).

gU andg

wv

ck >_/d9d9‘ﬁ LM g5, 80,9, (7.1)

The superspace integral can be performed by variation with respect to the various fields,
and subsequent application of appropriate (covariant) derivatives. Keeping track for sim-
plicity only of the variation with respect to the sources {haup, hyg, Fu, Ba} that we turned
on in the MMO limit, we find in general

L) = 9,05 (\/; LWgr;, 8, @1]> ‘

a a 1
=./— { Tb (hab+(BA,gab)ﬁ)—N(L) (Fo — 0aBa) + = TfL>l199}+... (7.2)

_Wﬁ{ T hap = NG Fa+ 5 Tff)h99+BAA}+

“

where the ellipses “...” denote ghost bilinears and terms at higher orders in sources, and

we defined
qor _ 28 6 [V-gLM ’ _ 2 MSW)
@) V _é 5§ab z vV —8 /ab
2 orl)

T = 7.3
™ /—g 089y z (73)

N o B 0 [VERLW |1 LW
© V=g iA, 2 N '

In Class L, the Grassmann-odd components of the currents vanish. The adiabaticity equa-

g _ z 0 {\/—éi(m}’_

tion in this class is therefore simply the ordinary-space adiabaticity equation, up to ghost
bilinears as usual:

VoNi =2 T?f) £a8ap+ ... . (7.4)

Therefore, A = 0 as expected. All of this is consistent with the basic intuition that the
Class L terms are captured by an ordinary Landau-Ginzburg sigma model for the dynamical
part of the hydrodynamic pion X*.

7.2 Class D

This is the class of hydrodynamic constitutive relations containing the physical dissipative
transport. We have already seen in section 4 how the origin of entropy production is en-
coded in a (differential operator valued) super-tensor with certain symmetries. We will now
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add a few more details to this abstract discussion; the explicit examples of bulk and shear
viscosities in section 6.2 should provide the reader with intuition for these manipulations.

The Class D action is parameterized by a rank 4 super-tensor 1!/7/5L:

LP) = / d df =5 &)

) - (7.5)
with 23(1)) __t (_)(I+J)(K+L)+IJ+KL+K+L ﬁ((]gI)J)\(KL)) @%) ﬁ%’i.
where we remind the reader of the definitions g%) = Dygrs and g%) = Zo)gél 7. The
dissipation tensor has the following symmetry properties:
o (UINI(KL)) I s ((JOIKL)) — (KL g((IN)|(LK))
o ((INI(KL)) = (- )(I+J)(K+L) 2 (KL)[(1J)) '
o) o)

HITKL must have the correct graded sym-

The first line is obvious since the super-tensor M
metric index pairs to be contracted against the derlvatives of the metric tensor. The second
line is what distinguishes Class D from Class B. The latter will be discussed in the next
subsection and will have the same structure but with a graded anti-symmetric 1 tensor.

Furthermore, the dissipative tensor satisfies an Onsager relation under CPT transfor-
mations:

n((}()[)J)|(KL)) (—)I+IEFD) [ﬁ((](ji(L)KIJ))]CPT. (7.7)

To understand this requirement, let us consider the CPT transformation of the Lagrangian
density (7.5):

E(D) CPT, %(_)([+J)(K+L)+IJ+KL+K+L [77((](3]>J)|(KL))]CPT g( ) g%%

1 .
_ Z(_)(]+J)(K+L)+IJ+KL+K+L+(I+J+1)(K+L+1) [,r’((]()I)J)KKL))}CPTg( ) g%) (7.8)

1 .
_ _Z(_)1J+KL+K+L [,',’((](Di(L)KIJ))]CPT ggj) g?fz

#(D) is CPT invariant. Note that
CPT invariance of ESV]?,) is consistent with the Lorentzian path integral: in the action Sy

from which we see (7.6) naturally follows such that Lyv

introduced in (4.1), which appears in the functional integral, the anti-linear action of CPT
(sending i — —i) cancels the sign coming from the R-parity action on the super-integration
measure (sending df df — —df df).

We have already seen some examples of n(l ]iKL built using the projector P in sec-
tion 6.2. To second order in the gradient expansion, it suffices to consider super-tensors
parameterized by two non-negative definite scalar functions and an arbitrary (i.e., uncon-
strained) super-tensor involving a derivative operator [2]:

AIIKL = {(T) T PY PRE 4 2(1) T (=) KU+ pRU pIL

n % ( NUDED ] 4 (=)IHDUEHL) Kr(KL)(L) [35])

(7.9)

where the symmetrized traceless projection in superspace is defined in (6.16).

~ 51 —



There are a couple of important features to note about the effective action (7.5). Firstly
there is the explicit ¢ in front of the Lagrangian, which signals dissipative contributions.
This is required to ensure that the full action iSV(VI\),) is CPT invariant. It is instructive
to compare this with the Martin-Siggia-Rose construction [12] for the Langevin dynamics
of a Brownian particle. A discussion in the framework of thermal equivariance can be
found in [6] (see also [3]). Secondly, this is the sector that leads to non-trivial entropy
production. As we have argued in section 4 all we need for the second law to hold is that
n((gg’)("’d) = ﬁggl;)(cm be a non-negative definite quadratic form, when interpreted as a map
from Symg — Sym,. This ensures positivity of entropy production (see (7.13) below). We
will demonstrate positivity below.

Let us analyze the dissipative Lagrangian more explicitly by doing the superspace

integral. For simplicity, we assume that n(I J)KL)

is simply a super-tensor (as opposed to
a derivative operator valued super- tensor) We can then compute directly from (7.5) the
action in ordinary space by taking super-derivatives. The result was already given in (6.8),

which we reproduce here:

7; 1 ~ a C
L =—;vV-¢ { <(993 (000 [ng(hmgab) fﬂ]nfﬁ))(ed)>9§c)géd)

+207){(010D) ) 50— 4097 (V1O g 5D

(D Bab (D 06 96d
120, n(((eb)|(cd)) gbﬁ) D ( ) _49- n((eb)|(99))ggbp) 8eﬁé§)
W) 5 (@) (7.10)
[ 277( ( 399 +6999§ 6§gcd)
+477(( b)(6d)) (303 Géb)9§d)+9§b)303 g(w))

_'_n((](;;b)|(cd))8 g(w) 3eg(w)+4n((m)( )3995)9) 899(“’)} }‘Jrghosts

We can now isolate the terms which describe classical hydrodynamics and fluctuations.
The classical parts of the currents only get a contribution from the first term in the last
line of (7.10):

]
a0 (@b)i(ea)
T(D,ClassA) - 2 n(D) "EB Eed » (711)
N¢ =0.
(D,class.)

These classical terms (not involving X ) are consistent with the general analysis of Class D
transport in classical hydrodynamics. This structure was already anticipated in [1].32

The fluctuation currents can a-priori get contributions from each term in (7.10) which
involves a source. While we will not write this in generality (the answer is obvious
from (7.10)), we note that it can be straightforwardly extracted for any given choice of

o

7!7EL The resulting fluctuation currents provide a prediction by our formalism.

oI JKL

32Note in particular that a vanishing current N¢ is consistent with our assumption that 7 is

(D,class.)
a tensor (not a tensor valued derivative operator).
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The second law. Setting (i gb?) = 1, we can easily verify the standard adiabaticity
equation from (7.11):

1
Vv,N¢ — — T £89ap = A, (7.12)

a (D,class.) 2 (D,class.)

where the total entropy production is

A=) Log,, £agea. (7.13)

1
4
Let us finally demonstrate how the second law follows, i.e., A > 0. From (7.13) it is already
clear that A is a quadratic form. Therefore, all that needs to be shown is that n((]()‘;b)‘(c‘i))
is a semi-positive definite map from symmetric two-tensors to symmetric two-tensors. We
will now argue that this follows simply from convergence of the path integral.

In the path integral the effective action appears in the form e*“wvdiss.. Consequently,
a well defined path integral requires Im(Syy diss.) > 0. From (7.10) we can extract the
imaginary part of the action. For this purpose, we turn off the fluctuations and set the
auxiliary sources {hyg, F1,Ba} to zero. This leaves us with an effective action in terms of
the physical source h,;, whose imaginary part is given by

1
In’1(Swv,diss. [hub]) = Z /dda\/ —g n((]()(;,b)\(cd)) hub }Lcd (714)

which is a quadratic form as desired and originates from the last two lines of (7.10). Positiv-
ity of the above expression then requires that n((l()‘;b”(c‘i)) is a semi-positive definite map on
symmetric two-tensors. Note that the derivative expansion implies that once we have estab-
lished the general form of entropy production (7.13) with (7.9), it is sufficient to constrain
the leading viscous coefficients (n,{ > 0). This is a compact version of Bhattacharyya’s
theorem [44, 45].

Let us note that demanding Im(Syy diss.) > 0 within the hydrodynamic limit is tan-
tamount to asking for the path integral to converge within the hydrodynamic expansion.
A-priori one could have allowed for the possibility that Im(Syy diss.) has any sign within the
hydrodynamic regime, but receives non-hydrodynamic corrections that render the full path
integral convergent. If this were to be the case, we would find we are missing important
information within the effective field theory, and cannot use the effective actions to derive
any useful statements per se. Our analysis assumes that the hydrodynamic effective ac-
tions are complete in and of themselves, and do not require any additional non-perturbative
(from the viewpoint of the gradient expansion) information to complete them. On a related
note, one would also argue that these effective actions should not lead to non-perturbative
constraints that violate the rules of the gradient expansion.

To summarize our discussion, we have provided a complete derivation of the two state-
ments that constitute the second law in hydrodynamics: (7) the most general form of the
dissipative constitutive relations, and (i) the positivity of total entropy production, A > 0.
We thus have an effective action description of the entire class of dissipative transport un-
covered in [2, 23].
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7.3 Class B

The Class B action is also parameterized by a rank 4 super-tensor n([](;) DIEL)] which is
graded symmetric in the first two and second two pairs of indices, but is graded anti-
symmetric under swapping the two pairs. This is a straightforward generalization of the
discussion in [2]. However, now we have to ensure that the Lagrangian density is CPT even,
which means unlike in the case of the Class D terms we are not going to include explicit
factors of ¢. The only other choice we have is to use the ghost number zero field strength
component .’?7'“99 which leads to the following action for Class B:

P = / a9dg Y8

wvV

(7.15)
. o 1 . (V) o (¥
with £ gy = 1 (_)(I+J)(K+L)+IJ+KL+K+L Fap UL(BI)J)KKL)] ggJ) GEK%
The Class B tensor has the following symmetry properties:
SlINIKL)] _ (_\IJ p(JDKL)] _ (_\KL p[(IJ)|(LK)]
s = ()" g, = (77 g, (7.16)
p[(IN)(KL)] _ _(_)(I+J)(K+L) (K L)|(1.7)] '
) N '

where the second line distinguishes this type of transport from Class D. CPT transforma-
tions act as

ﬁ([}(g[)J)\(KL)] — (=)I+DE+D) [ﬁ([](f)“)|(””]°’”. (7.17)

Note that despite this CPT transformation, the Lagrangian (7.15) gives a CPT invariant
action due to the non-minimal coupling to gy (which is by itself CPT invariant, but will
later on acquire a CPT breaking expectation value (Fgyl) = (¢9) = —i).

An abstract analysis completely analogous to the one we did for Class D in the previous

subsection can be performed. In particular, an equation of the same form as (7.10) holds
and leads to the following classical currents:

- 102
= )by
T(B,Class.) - 2 n(B) £B ng ’ (718)
N¢ =0.
(B,class.)

The adiabaticity equation is satisfied for the classical currents with vanishing entropy
production:

1
v, N¢ — — £agap =A =0, (7.19)

a (B,class.) 2 (B,class.)

(@ab)|(cd)] — _pl(cd)l(ab)],

B) (B)

due to the antisymmetry 17([
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7.4 Class Hy

t33

We call as Class Hy the non-dissipative transport3® which is described by the following

Lagrangian:
rHy) _ dgdgﬂ L —
; (Hv)

WV 7

with ﬁ(ﬁ )= % (_)M(I+J+K+L)+I(J+K+L)+J(K+L)+K+L+KL FMIJ)(KL)
X [(E’Mﬁ%) +(§9Maéw)ﬂ> ) — o @M@%Jr(érémém)ﬁ”

(7.20)

(DKL) — (—)(I+J)(K+L) ¢M(KL)1T) Note that the relative minus

with the symmetry eM
sign in the bracket of (7.20) is essential for distinguishing this action from a Class D
action with derivative-valued dissipative tensor 7). Note further that we have written
a combination of, on the one hand, terms involving derivatives of {g(w Y)Y, and, on
the other hand, terms involving U(1)t field strengths. Each set of terms would also be
individually allowed, but lead to a somewhat unconventional structure of the currents. In
order to match with [2] we choose the parameterization (7.20).34

It is tedious (though easy) to keep track of even the fluctuation contributions in this
expression. For illustration, we only write the classical terms. These take the form

T 1
£\(Vlf,") =+v-g { T hay — Fo N© + fluctuations + ghosts} (7.21)
2 (Hy/ ,class.) (Hy/ class.)
with
1
T!(lﬁbv . 5 (i ¢0) {quzf(ab)(cd) £a8e d+2€f(ab)(cd) Vi L£ag. d} 4= Q:f(ab)(cd (3f¢0)£ﬁgab,
1
f - 0 ab)(cd)
N(ﬁV,CIass ) 4 (Z ¢ ) £Bgab £’3ng (722)

These currents precisely reproduce the discussion of [2].3> We can again explicitly verify
that the super-adiabaticity equation is upheld:

L hab
Va N?Hv class.) - 5 T?ﬁv,class) "E,Bgab . (723)
Note that this equation holds even before setting (¢$) — —¢. This is, of course, required

since super-adiabaticity is a statement of U(1)y invariance of the theory independent of
spontaneous symmetry breaking.

33The reader should keep in mind that even the classical terms in Class Hy transport are still very
much unexplored. The simplest known examples involve charged fluids at second order in the derivative
expansion [2]. We include a discussion of the expected structures here merely for completeness.

34For instance, dropping the terms in involving field strengths would still give us Class Hy energy-
momentum tensors, but would shift the free energy entirely into ghost components of the free energy
super-current. This would also be a consistent presentation of this class of transport in superspace.

35As usual, after setting (qzﬁ?) = —i.
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7.5 Class C

Let us finish with the most trivial class of transport, Class C, where there is no energy-
momentum transport at all; only the free energy current is non-zero (but identically con-
served). The action describing such transport is just:

r©) — _/ do dé@ﬁl 1{1(10) for any @11%(1(» =0. (7.24)

wv VA

This exact conservation guarantees that the action (7.24) is invariant under the symmetries
(in particular under U(1)T).
Evaluating the superspace integral, we find

£ = 0,0, {— 2 A N{C)}

= =g {~ (00pds) N2 — (0p40) 0N’ + (00) OGN, Y|+ (7:29)
= Vg { NG~ (90— Ba) N, +BAGNS b+

where we are again employing the MMO limit and dropping ghost bilinears. The resulting
adiabatic constitutive relations simply yield an identically conserved Noether current and
a vanishing energy-momentum tensor.

8 Discussion

In this paper, we have endeavored to provide a comprehensive (and largely self-contained)
discussion of hydrodynamic effective field theories. The primary aim was to fill in some of
the details in our earlier discussion [1], and work in a fully superspace covariant formalism.
We have shown how to write down the effective action eq. (4.1) constrained by thermal
equivariance which captures not only the classical hydrodynamic transport, but also the
fluctuations about the hydrodynamic state.

Explicit computations backing these statements have been carried out in part in a par-
ticular limit, the MMO limit inspired from [54], where the emergent thermal U(1)T gauge
field is treated as a background gauge field. In this limit, we demonstrated how to construct
actions up to second order in the gradient expansion for neutral fluids. Furthermore, we
have extracted predictions for the hydrodynamic fluctuations that go hand-in-hand with
dissipative transport, for the shear and bulk viscosity. Clearly, it would be interesting to
verify these statements from a direct computation of the associated correlation functions
in a long-wavelength limit.

One of the important highlights of the construction relates to results that can be ob-
tained abstractly at a structural level. We have argued that entropy production can be
viewed as arising from an inflow mechanism operating in superspace. To appreciate this
statement better, we remind the reader that in the standard picture of classical hydrody-
namics, a local form of the second law is input as an axiom, with its origins left unexplained.
While one can readily understand that the dynamics in the near-equilibrium limit should
refer to conserved charges, the presence of an entropy current, or its Legendre transform,
the free energy current, is quite mysterious.
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The origins of entropy and how it gets produced in the low energy effective field theory
is a challenge from the microscopic perspective. In part, this has to do with the observation
that there is no obvious analog of entropy in the fine-grained microscopic sense, but such
a quantity has to emerge in the infra-red. This is well illustrated by the fluid/gravity
correspondence [14], where the conserved currents are well-defined (composite) operators
in the boundary field theory, but the entropy current is obtained from the pullback of the
area form on the black hole event horizon onto the boundary [74]. Despite the locality
inherent in the fluid/gravity map (see [15] for a review). There is still is a need to explain
the rationale behind the existence of a local entropy current. In [3] we argued that the
thermal equivariance provides us with a mechanism for understanding this emergence.

There was however an important question that was not satisfactorily answered at
that point: how could it be that the physical system leads to entropy production in the
macroscopic limit, and at the same time the entropy current be the conserved Noether
current of a gauge symmetry? The earlier arguments that this had to work had to do with
indirect arguments relating to the Jarzynski relation, etc. However, the cleanest answer to
this question is elegantly captured by the entropy inflow mechanism that we have described
here. As argued the thermal equivariance symmetry leads to a conservation law, the
super-adiabaticity equation which operates at the level of full superspace. Decomposing
this equation into the physical spacetime directions and the super-directions leads to a
presentation where one can explicitly see the origins of entropy production — it is sourced
in superspace.

We have referred to this picture as an inflow mechanism for entropy in analogy with
the manner inflow operates in the context of anomalies [75]. Starting with an anoma-
lous theory, one constructs an anomaly-free theory, by viewing the physical theory as the
boundary dynamics of a topological field theory (eg., the chiral edge states at the bound-
ary of a quantum Hall insulator). In the hydrodynamic effective field theories, the upgrade
to superspace with thermal equivariance, introduces a topological sector and associated
Grassmann-odd partners of the entropy current, which end up in effect sourcing physical
entropy production, when a field strength background is turned on. This suggests that
the Class D terms are analogous to Wess-Zumino-Witten terms in superspace. It would be
interesting to try to make this analogy more precise. Entropy inflow serves as an important
consistency check of our formalism. Importantly, it guarantees that there is no in-principle
obstacle to gauging the thermal U(1)1 symmetry, which was one of our primary hypotheses.

Somewhat curiously there is no corresponding inflow of energy-momentum from super-
space at the classical level. This is of course necessary for the formalism to reproduce the
correct dynamics. We find that the non-fluctuation contributions cancel amongst them-
selves when we sum over all the Grassmann-odd directions in the equations of motion.
These components of the energy-momentum tensor however do end up contributing fluc-
tuation terms. This supports the hypothesis that the thermal U(1)T dynamics controls
primarily entropy production and associated fluctuations. It would be good to understand
this at an abstract level more generally.

There are several questions that we have not addressed in our formalism so far. One
obvious extension is to consider the presence of other conserved charges. For flavour sym-
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metry with source A, in the physical spacetime, the Goldstone modes include a flavour
group element c¢(o), which maps points on the flavour bundle of the worldvolume onto
the physical target flavour bundle. The chemical potential is defined by pushing-forward
the worldvolume thermal twist Ag. Incorporating the desired super-transformations one
upgrades c(o) to a superfield ¢(z). This gives a worldvolume pull-back flavour gauge field
A 1 defined by the map {X # ¢} which may further be deformed by unaligning sources. The
crucial item to note is the U(1)t transformation on the flavour superfield, which is given
by (A, ¢)g = Aé (Aﬁ + ﬁ]AI) Coupled with target space flavour symmetry acting on ¢,
we should be able to include this into our effective actions along the lines of the sigma
models constructed in [2].

The extension to flavour charges is necessary to address two of the classes of transport
that we have not tackled in our discussion: those relating to anomalies (Classes A and
Hy ). We note here that the construction of anomalous effective actions provided us with
the first hints of the existence of the doubling of degrees of freedom [36]. A shadow of the
U(1)T symmetry was also seen in the construction of hydrostatic partition functions for
mixed anomalies in [43]. The close similarity between the constructions of the topological
sigma models for hydrodynamics, and the empirical analysis of Class L Lagrangians in [2]
leads us to believe that the extension to recover the two classes should be straightforward;
it would however be useful to undertake the exercise explicitly.

The other missing element in our discussion is the precise nature of the gauge dynamics
for the U(1)t gauge field. We have given arguments in favour of this being described by
a topological BF' system, which would be interesting to verify in detail. From a physical
perspective, the dynamical nature of the U(1)T gauge field allows us to probe phases of
the theory where the CPT symmetry is not spontaneously broken. Understanding the
dynamics is of course necessary to also argue that the physical hydrodynamic system with
dissipation is picked out by the vacuum that dynamically leads to the thermal gauge field
strength Fy5| acquiring a non-trivial expectation value, (i Fy5]) = 1.

As mentioned in the introduction, the formalism we have described in this work raises
many interesting and intriguing questions in holography and black hole physics. What is
the AdS counterpart of the emergent gauge super fields in CFT fluid dynamics? What
would be the gravity description of the fact that CPT is spontaneously broken by the ex-
pectation value of a super field strength which then in turn drives the entropy inflow? It
is tantalizing to speculate that the super field strength is in fact the order parameter char-
acterizing the presence of black hole horizons (with the opposite expectation saddle points
describing the white hole saddle points of gravity Schwinger-Keldysh path integral). It
would then follow that the superspace directions are the counterpart of black-hole interior
and the entropy inflow is the in-falling of lowest quasinormal mode. It would be nice to
make these ideas precise.

As mentioned in footnote 17 we have implicitly conflated the scale at which the U(1)t
symmetry emerges in the low energy theory with the scale at which CPT symmetry is
broken and dissipation ensues. It is however, more reasonable to anticipate that the U(1)t
symmetry arises at a higher energy scale. Once it does the notion of a local entropy current
becomes sensible (even if it is conserved). Dissipation then will arise at a lower scale
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and at this point we have entropy production and CPT symmetry breaking. The relative
separation between the scales is most likely given by the leading order dissipative coefficients
like viscosity (made suitably dimensionless, say 1/s) This picture is suggested by the fact
that the adiabaticity equation with A = 0 already holds in equilibrium, while dissipation
is a higher order effect involving superspace inflow. Further support also can be gleaned
from the fluid/gravity correspondence [15] — the U(1)T symmetry is naturally associated
with the emergence of a horizon, while CPT symmetry breaking relates to a choice of causal
boundary condition on the horizon, cf., [3]. A detailed verification of this picture is highly
desirable, and it should be possible once we understand U(1)1 gauge dynamics.

Our discussion was primarily focused on the high temperature or stochastic limit,
which is sufficient for hydrodynamics. It would be interesting to ask how to understand the
thermal equivariance structure at finite temperatures. Likewise, one can imagine a parallel
discussion involving modular Hamiltonians for density matrices which are not necessarily
of the Gibbs form. In both cases one is forced to confront a symmetry structure that
has some intrinsic non-locality, which makes it an interesting challenge. The fluid/gravity
correspondence and recent discussions between entanglement and geometry also suggests
that there ought to be a similar structure hidden in the semi-classical gravitation theory
for real-time observables, as speculated in [3].

Finally, we note that the class of fluctuations that we have understood about hydro-
dynamics are those that are computed by the Schwinger-Keldysh contour, which are thus
only a subset of the full fluctuation relations. The response functions studied in hydro-
dynamics are related by the thermal KMS relations to other Wightman functions, which
are not computed on the Schwinger-Keldysh path integral contour, but rather on a multi-
timefolded, k-OTO contour (the Schwinger-Keldysh contour is the 1-OTO contour) [56].
How the hydrodynamic effective field theory incorporates this information, and whether
by a suitable upgrade one can construct effective field theories that capture more than the
post local-thermalization behaviour (eg., by having effective descriptions for higher OTO
correlators), remain fascinating open questions that are worth exploring.
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Part 111

Thermal supergeometry: mathematical
details

A The thermal SK-KMS superalgebra

The SK-KMS superalgebra described in section 2 is generated by the SK supercharges
{Qqx» Ouc } and the thermal supermultiplet of KMS operators { Qi qs Qxars s Lrcnss s Qo

KMS}

which satisfy the following algebra:

O = T = Fs = 2

KMS s = 0
[Qsks Qimsl = @sw@KMsh = [ésw QSK]i = [QKMS7@KMS]i =0,
[stv@mﬂs]i = @sw QKMsLE = Lyus 1 (A1)
[Qienss Qs )y = [Drensss Qo). = 0,
[st Q?(MS] - Qrus > @sw Q?(Ms]j: = Qs -

This is a graded superalgebra with a conserved ghost number charge, and can be understood
in terms of an equivariant cohomology algebra as described in earlier works [6].

The canonical way to interpret this structure is to extend the operator algebra of the
quantum system of interest to an operator superalgebra which lives in a two dimensional
superspace (locally R 1112). The quadruplet of operators {Oy,, Og» 04, Ogip} associated

with a single-copy operator 0 is encapsulated into a single SK-superfield
0 =04 +00, + 00, + 000y . (A.2)

Here 6,0 are the Grassmann coordinates in superspace with gh() = 1 and gh(d) = —1,
respectively.

In superspace, the operators {Qy, , Qg }, which are intrinsic to the Schwinger-Keldysh
formalism, are realized as derivations along the Grassmann-odd directions:

QSK — 0@, @SK — 0p. (A.3)

These derivations induce the action of {Qg,, O} component-wise on superfields; for ex-
ample, we have [QSK, (D] = 85(103 = O + 0 0g;y. We refer to [5, 6] for more details. The
KMS operators can be biest understood in terms of a quadruplet of thermal translation
operators. Let,

lo-(l)(MS = Q?(Ms + g QKMS - HQKMS + 00 LKMS )

fKMS = QKMS + GLKMS )
ZKMS — —

7 = QKMS + HLKMS )
L"KMS L

(A.4)

KMS »
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such that

ZKMS

TEMS Q= TN =7 0 = 0. (A.5)

The connection between the SK-KMS algebra and the equivariant cohomology algebras
(see appendix B) can be made manifest by noting that the thermal operators transform
under the super-derivations into each other via,

1°-6<Ms
89’ %
i‘KMS _%KMS (A-G)
& 8
Z:KMS

One can equivalently express this directly in terms of the super-commutation relations as:

—~KMS

2 _ 62 — (j-KMS)2 (I )2 0,

|:QSK7IKMS_ . _ [@s;{vTKMS]i — @syw QSK]i |:IKMS _,Z-KMs:| . _ 0,
{ SK?—KMS: . _ [@SK7ZO:KMS] X _ EKMS 7 (A?)
[Z KMS IKMS | _ %KMS’ié(MS} -0,
I+ +
|:QSK’ZO'6{MS 1 _ THMS : [@SK’j'(I)(MS} _ _TKMS .
I+ +

B Review of equivariant cohomology

We briefly review here (the superspace formulation of) M; = 2 extended equivariant coho-
mology mainly to set-up some of the background structure and notation. Our discussion
will completely general and simply exemplifies the algebraic structures, which will be rele-
vant for the thermal Schwinger-Keldysh theories. These concepts were originally developed
in [67-71] and have been reviewed in our earlier paper [6] where the reader can find more
background and references.

B.1 Weil model

The essential idea in equivariant cohomology is to develop an algebraic formalism to tackle
cohomology on spaces with a group action (so that one is often interested in non-trivial
gauge invariant data). The first step is to construct appropriate cohomological charges and
representations for the gauge sector, which can be done by working in the universal covering
space of the group (parameterized algebraically by the space of gauge connections). Exploit-
ing the isomorphism between differential forms and fermions, one can package the relevant
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fields of the gauge sector (the Weil complex) into a super gauge field with components:

A, = A, + e_{Aa + DaG} + 0{5\& + Daé}

400 {Fut DB+ [ ] — [GA] + 5 [€,DG) — 5 [G,DuG]} (B1a)
f%zG+ﬂ¢—;aq}+QB—1Wﬁﬂ

~ 88{n+[G.¢] - G, B+ 5 6,6, 6]} (B.1b)
ho=G+o{o- 16,0} +0{¢" - B~ [G.G])

+ 0{7+ [, - [G.6"~ B + 5 [, [@. €]} (B.1¢c)

All components of these gauge fields are valued in the Lie algebra of the equivariant gauge
group. For example, G = G't; with {t;};—1.., the generators of the Lie algebra.

The algebra is generated by two Weil charges, which are represented on superspace as
generators of translations in the Grassmann odd directions:

dy = 05(.. ), dy =(...). (B.2)

Further, we have interior contractions {Ik,I,g,fk}, which project in the gauge directions.
The defining equations for these operators are the following non-vanishing actions:

_ . _ . 1 . _

IvG' = =6, IyB = -3 f,G", (B.3)
_ . . ) 1 .

LG =8, LB = fi, G*, (B.4)

0B = —5]. (B.5)

These equations should be interpreted as follows: the ‘Faddeev-Popov ghosts’ {G!, B, G*}
are generators of the gauge directions with different ghost numbers ({1,0,—1}, respec-
tively); the interior contractions project along them. A Lie derivative operation (which
generates gauge transformations) can now be defined in terms of the interior contractions
and the Weil charges:

L;= [dwjj]i = [aw,zj]i . (B.6)

The generators introduced above generate a graded algebra:

o :aiv = [y, 0y ], =0
[dw,Z;], = [dw. Zj], = Lj, [dw,Zjl, = [dy,Zs], =0
42, =7, 30T, =7, .
[dw, L5], = [dy, L5], =0
23], = 15Tk
[£1.T5), = —F5Tk, LTl =—fTe, [L0T], =150

— 62 —



This algebra can immediately be lifted to superspace by defining the following super-
interior contractions and super-Lie derivative:

ZO'OEIIS—FéIk—ij—l—éQﬁk,

fk =T, +60L;,
e (B.)
Iy =1L+ 0L,
,Cok = ,Ck .
The graded algebra in superspace can be written as:
2] —adt=F.  [a.10] —odl-1.
+ +
[dw,jk] = &Jk = [Hw,fk] = 6910.k = Ek s (B.Q)
+ +

6w Ze| = [ewZ| =[20.20] =0,

+ + +

This is simply an explicit way of writing the simple statement that the Weil charges
{dy,dy } act as super derivations {95, 9y} on the super operations (B.8).

B.2 Cartan model

A slightly different model of equivariant cohomology is the Cartan model, where one trades
{dy,dy } for the covariant Cartan charges {d,d.}. In superspace, one would phrase this
as the statement that {J;,0p} are being traded for super-covariant derivatives {Zo)(;,f)g},

which generate the action of Cartan charges via
de =Dy(..)|,  do=Dy(...)]|. (B.10)
The super-covariant derivatives are defined with respect to the gauge superfield as usual:
251:8[+[ﬁ1, ] (B.ll)

After passing to the Cartan model, it is consistent to fix a gauge where G* = G* = B? = 0.
We will refer to this as Wess-Zumino gauge. In this gauge, one can then check that the

Cartan charges can be written as:

do =dy +¢" Tp + (0")' T + 1" I,
_ _ k (B.12)
dC = dw + (b Ik .

From this representation one can easily check the property that they square to gauge
transformations along the covariant field strength components:

2 ik -2 Tk
dc =¢" Ly, dc =¢ L. (B.13)
In superspace, the full Cartan algebra can be stated succinctly as follows:
oo 3 o 3 2 By
D2 =Ly . D3 =L, . D5 Do) =L,

(B.14)

o o

Poti], =Lon [Pola], = Lo [anfil, = Laiy
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C U(1)r connection and representation theory

We now turn to the structure of the U(1)T symmetry and the machinery associated with
thermal equivariance. As in the main text we take z/ = {0%,0,0} as the coordinates on
the superspace. Here {o®} denotes Grassmann-even co-ordinates of the ordinary spacetime
whereas {6, 0} are Grassmann odd. The essential structure that adapts such a superspace
to the purposes of thermal field theory is a background super-vector BI (z), which we will
call as the thermal super-vector.

The notation and nomenclature are supposed to be suggestive — it will later turn out
that, in fluid dynamics the thermal vector roughly points along the local fluid velocity and
its norm is the inverse of local temperature (viz., the length of local thermal circle after
a local Wick rotation in the fluid rest frame). We take ﬁDI to have the same Grassmann
parity as z!. Thus, é“ is Grassmann-even whereas [3'9 and ,éé are Grassmann odd.

Let us also note that in the presence of flavor, we will need a Grassmann even thermal
tunst Ag(z) which is the flavor twist imposed as we go around the local thermal circle after
Wick rotation. Under a local flavor rotation U(z), it transforms as j\g — U1 /o\ﬁ U —
U-1 BI O;U. Tn a flavor basis where the rest frame temporal component of the gauge
field is zero, Ag(z) can be thought of as the local flavor chemical potential divided by
local temperature. For details on how these structures play a role in conventional fluid
dynamics, please see [2].

C.1 Thermal commutator

Say we have a tensor superfield T 7... which transforms in the flavor representation.
This means under an infinitesimal super-diffeomorphism £/ and flavor transformation A,

TI-; transforms as®®

Tl oy e, {féﬁrz...‘]m _ j\(F)vf"rL--J._.]} (C.1)

where £ is the left super-Lie derivative (see [61] for details).
We can then introduce a thermal bracket which acts via infinitesimal thermal transla-
tions and flavor twist, viz.,

(/O\, %I..'Jm)ﬂ = 10\{55370-['"‘]_._ — [j\ﬁ, ’70—IJ1| } (C,Q)

where the superfield A = A(z) is the infinitesimal parameter which parameterizes the
thermal translation.

The result of a thermal bracket (A, 7T “7...)a is another tensor superfield which trans-
forms in the same tensor/flavor representation as T J.... For example, under flavor
transformations if we have TIJ —> 10]*1’70'1""]“_10], then it follows that (10\,70'1"'(],“)5 —
[?71(10\,70'1'”(] )5[7

36We will use anti-hermitian basis for flavors and use [, ] to denote flavor adjoint action.
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The set of such infinitesimal thermal translations form a super Lie algebra, viz.,
R 2 MRS (R R A —((ik. & ...
(A Ra. 5 ) | = (M (o (A1 T )g) = (A Ao)p THr ) | (C8)
where o
(Al, AQ)B = AlfﬂAg — (—)A1A2 A2£/3A1 . (C4)

Further, we can show that a super-Jacobi identity holds, viz.,
(jxla (jx27j\3),3>ﬁ - (_)A1A2 (jx2> (jxlaj\ii)B)ﬁ = ((‘/O\bAQ)ﬁvj\:i)ﬁ ’ (05)
which can be rewritten in a cyclic form:

(—)A3A1 (A/Dh, (10\2,10&3)ﬁ>5 + (—)A1A2 (10&2, (.&3,]\1)[3)5 + (—)A2A3 <1DX3, (10\1,10\2)5>5 =0.
(C.6)
We will denote this group of infinitesimal thermal translations as U(1)T.

Note that from (C.4) we see that the U(1)7 parameter superfield A does not quite
transform like a scalar superfield under thermal translations. In fact, it transforms like
a U(1)T thermal twist analogous to how Ag transforms as a flavor thermal twist with
Ag — U 'AgU — U1 £5U under a flavor transformation U. We will call a field which
transforms as (C.4) under U(1)t as a U(1)T adjoint superfield.

C.2 U(1)t connection

The first item in our agenda is to understand such U(1)t adjoint superfields and formulate
a U(1)7 connection, curvature etc. We begin by introducing a superspace one-form gauge
field A associated with U(1)t:

A=Ardz = Aydo® + Agdd + Ay df . (C.7)
We will also define the corresponding two-form super-field strengths Fry via
Frr=(1- %&J){alﬁJ —()MasAr+ (ﬁlajLJ)B} :
Here, the thermal bracket is taken by treating A 7 as a U(1)1 adjoint superfield, i.e.,
(A ANs=Ar£ghs — (=) Astph;. (C.8)

The extra factor of half in (C.8) is introduced relative to the usual definition to save us
various factors of half later on. Note that the factor of half is relevant only when both the
superspace indices are Grassmann odd and equal. Often it is useful to write this definition
in the form

(1 + 5]J)§t[J = 61jiJ — (—)Ijajjlj + (A],ﬁj)ﬁ .

Finally, we define a non-covariant combination, which will sometimes be useful:

. A
Bog = 0o Ag + 5 (As, Ag)s - (C.9)

— 65 —



Let us pause for a moment to count the number of independent (real space) fields that
we have introduced. Clearly, the total number of fields in the super gauge connection (C.7)
is 12. Let us hence give 12 names to these independent fields so we can refer to them more
easily. We organize these 12 fields as follows:

e Faddeev-Popov triplet. Out of the 12 fields, there are 3 combinations which are
not U(1)t covariant. We identify them as

Agl=G,, Agl=G,, Byl=B,. (C.10)

e Vafa-Witten quintet. A further 5 fields are given by

Fool =0, Fool =0, Fo5) = ¢°,
DgFpgl =mry  DoFppl =7, (C.11)

where we defined the U(1)1 covariant derivative (on a flat superspace R*~1112)
’Zo)[f,EJFJK E@[f;tJK—i- (ﬁ[[,é{][{)ﬁ. (0.12)

This covariant derivative has a number of useful properties which we will discuss later
in great detail.

e Vector quartet. Finally, we have 4 covariant vectors:

A=A, TFil =Xy TFoal =Xy DTy, = Fa. (C.13)

This provides a brief and abstract discussion of the components of the gauge superfield
that we use. We will return to it in more details in appendix E.

However, before turning to this discussion, it is useful to understand features of the
U(1)T representations and adjoint fields a bit better. We will for the most part be interested
only in objects transforming as in (C.2) which we refer to as 0-adjoints, and the gauge
multiplet, which will transform as 1-adjoints or simply adjoints (see below). However,
other representations labeled by an integer appear to be admissible, and are detailed in
appendix F.

D Superspace representations: adjoint superfield

In this appendix we work out the detailed superspace expansions of adjoint superfields and
their derivatives, elaborating in part on the material described in [6].
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D.1 Basic definitions and component fields

Given a U(1)1 adjoint superfield §, we can define a covariant derivative on it via
Di§ =05+ (A1,%)s. (D.1)

The superfield DS is a U(1)t adjoint valued super-one-form. The thermal bracket for
adjoint superfields is defined via

(5.8)8 =5 £55 — (£5%) T . (D.2)

for arbitrary U(1)t adjoint fields §.§’. The bracket appearing in (D.1) acts in the same way.

We can use this to define the covariant components of F via
F=51, S;=DSl, Fu=DsSl, §=DyDsJl. (D.3)

We will often focus just on these covariant components of superfields and write them in a
vectorial form:

S
Sy
i

S

The action of various covariant derivative operators can then simply be written as a map

(D.4)

between such column vectors of covariant superfield components. The conversion of such
a vector into an explicit superspace expression is given by

§=5+0{5,—(Gr.8)s } +0 {5, (G 9)s}

(- — 1, 1 —
+60 {3_ (BT7g)ﬁ+(GTagE),@_ (GT78:¢)B+§(GT7 (G1,8)8)— §(GT7 (Gw%)ﬂ)ﬂ} .
(D.5)
The two representations of the superfield ,3" given above, are equivalent.

Given two U(1)t adjoint superfields § and §’, their thermal bracket (§,§’)g is also a
U(1)T adjoint superfield with components

/ ($.5)p /
LR I e ©0
(388 + @ 88+ 5 8y)s — v, §)s
The covariant derivative D; then distributes over this thermal bracket, viz.,
Di(§,§)s = (D15, §)s + (-)5(5, Di¥)s. (D.7)
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D.2 Gauge transformation and WZ gauge

Next, we are interested in how this superfield transforms under U(1)1 super gauge trans-
formations. Given a gauge parameter superfield A we will define the transformation of the
U(1)7 adjoint superfield to be

§rexp (A, )g| §

=5+ A%+ % (fx, (i\,%)g)ﬁ + % <f\, (f\, (fx,{?)g)ﬁ)ﬂ F...

(D.8)

The gauge transformation parameter A is again an adjoint superfield whose superspace
expansion is built atop its covariant components {A, Ay, AJ, A}, analogously to (D.5).

Let us, for simplicity, consider first the subset of gauge transformation with the bottom
component of A vanishing, i.e., A = 0. Then, the super-gauge transformation of the adjoint
superfield truncates to

§o s+ (A8t 5 (A ADs) . (D.9)

) = 0 when A = 0. This is easily worked out to give

B
§
GTHGT—Aw, %”
§3% G, G, - Ay, with | °7 | fixed.  (D.10)
. _ 3
By By —A+3(Ay,Gr)p—3(Ay, G ) ;

Thus the super-gauge transformed superfield can be obtained by absorbing the gauge
transformation into shifts of Faddeev-Popov (FP) fields {G,,G,, B;} appearing in the
superfield expansion of S keeping the basic quartet fields fixed.

For this reason, we will henceforth refer this subset of transformations as FP boosts.
We will call the complementary subset of gauge transformations which leave invariant
{G;,G;,B;} as the FP rotations. This is akin to how the Poincaré group action on
massive spinning particle states can be constructed by thinking of it as composed of a
little group of rest-frame rotations dressed with translations/boosts. Analogously, the
group of U(1)T super-gauge transformations can be thought of as a FP rotations having
A # 0 dressed with FP boosts that shift {G,,G,, B;}. More precisely, we think of the
transformations of super-fields using the method of induced representations whereby FP
rotations that leave {G,, G, B;} invariant can be used to induce the whole group of U(1)T
gauge transformations.

The first step in doing this is to use the FP boosts to set the fields {G,, G, B;} = 0.
This amounts to a partial gauge fixing and we will call a gauge with {G,, G, B} =0 as
a Wess-Zumino gauge. This step is analogous to using the boosts to go to the rest frame
in the Poincaré group example. Given a {G,, G-, B;}, the simplest FP boost which takes
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us to Wess-Zumino gauge has {A = 0,Ay = G, Ay = G, A = B,} which gives
AFPEQéT+§GT+§9 BT (D.ll)

This is the analogue of the boost which takes a given momentum to its rest frame. In
Poincaré case, such a boost is obviously not unique: one can always add in a rest frame
rotation from the little group and the new boost is as good as the old. By a similar logic,
App can be composed with any little U(1)T gauge transformation which leaves {G., G, B;}
invariant and it would still give a Wess-Zumino gauge. In the Wess-Zumino gauge obtained
using Arp, the adjoint superfield has a simple superspace expansion:

Swz=3+0Fs+03;+003 (D.12)

This shows that basic quartet fields are analogous to components of a tensor measured
after going to the rest frame using a standard set of boosts.

The next step in the method of induced representations is to construct the ‘little group’,
viz., the set of all FP rotations which preserve {G, G, B;} = 0. This is easily seen to be
the transformations with {A # 0,Ay =0, AE =0,A= 0}. A more super-covariant way of

characterizing FP rotations is to define them as the set of A with
DyA| = DyA| = DgDsA| = 0.

Note however that DyDgA| = ( 9,A)g # 0 as we shall explicitly see below. Thus, If
« represents one of the basic quartet fields {§, &ﬁvg% &}, its transformation under FP
rotations is given by the infinite series

1 1
@ at (M)t o (A (A a)g)y+ o7 (A (A (A )p)g) .. (D.13)
We show in appendix F.1 that the algebra of gauge transformations closes and work out
the composition rule for U(1)t transformations.

D.3 Covariant derivatives and Bianchi identities

Having understood gauge transformations and the WZ gauge G, = G, = B, = 0, we can
now without loss of generality work in this gauge. This has the salubrious feature that the
non-covariant gauge potentials appearing in the FP-triplet are no longer floating around
in the computations.

Superspace covariant derivatives acting on a covariant adjoint superfield give a covari-
ant superfield of the same U(1)7 adjoint type with a similar superspace expansion built
out of a new quartet of fields. It is thus convenient to represent the action of superspace
covariant derivatives by how they change the basic quartets rather than to repeat the full
superspace expansion again and again. We let
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The action of any super-covariant derivative maps a superfield into a new superfield with

covariant components as follows:

§ D.§
| Sy DyFy + (Xa,8)s
Da : q@ ~ ~ Da%@ +7(5\a78')ﬁ
5 Da5+(faug)ﬁ+(>‘aagw)ﬂ
S Sy
S S@l} ((bTLg)ﬁ
Dg 3‘:@ — 3 )
S (¢T7 g@)ﬁ - (n'rﬂ 3)5
3 55
2 g@l} ( O)S)ﬁ - g
Dy : T~
S I (0r-3)s
<3 (2, 55)8 — (07, Fu)p + (7, 3)p

- (Aa’ S@)B

(D.14a)

(D.14b)

(D.14c)

These maps can be used to evaluate graded commutators of U(1)t super-covariant

derivatives to give

DiD;§ — (=) DyDr§ =

or more explicitly

[,Doaa,Dob]é - (éraln%)ﬂ ) [ﬁ@,f)a]é ==
{2597 ,Dé}g = (iog:&év §)/3 ) ﬁg% =

To verify this, it is useful to directly compose the above maps, which gives:

5 5
- S’w (¢07$’¢1)ﬁ - (¢T7 Sa)ﬁ +
DDy : T a
U I ) (6,,50)a
5 ( ?73) — (¢ T7( T ) )ﬁ+(ﬁ-r7s¢)ﬁ
¥ (¢9.8)8 —
N2 Sw (¢Tag¢)
DyDy - —
TS | T 00508 6,508 + (7, B)s
§ (¢r, (¢Ta ) )ﬁ - (nTaSE)ﬂ
5 (0,98
29 3@[} (QsTvS@ﬁ - (ﬁT73)ﬁ
Pls Tl G
3 (42, 0,)8:8)p + (61, 8)p + (71, 55)8
§ (¢T’S):3
~ S' (qb ag )
D2 . ¥ VY8
O N R R A PR U P
5 (¢T’S)ﬁ - (nTaS¢)ﬁ

(Foo0, )

(1+61)(F1s, §)p-

(Foas §)g, (D Dal§ =

(D.15)

(D.16)

(D.17)

and similarly for double derivatives involving D,. The essential identities are summarized

in table 2.
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D.4 SK-KMS superalgebra

Finally, it is useful to define an abstract set of operations that illustrate explicitly the
structure of the A; = 2 superalgebera we are working with. This can be done by writing
down a set of operators that map adjoint-superfields as follows:

5 5 5 5
§¢ 0 - &p _13:
dare @ ~ dare @ . D.18
SK gj} = 8{ ’ SK q@ = O ( a‘)
S 0 5 0
S 0 5 0
KMS S —£ S KMS S 0
S0 B N B PR Bl 18 O
§ ~es 8 ‘3 (D.18b)
S 0 S £
KMS &ﬁ 0 KMS 3@0 £ [5%’7/1
: ¢ :
B M R E
S £338y 5 £38

The notation is meant to suggest the origins of these map: SK standing for Schwinger-
Keldysh and KMS for the corresponding thermal periodicity conditions.

These maps generate an extended equivariant algebra, called the SK-KMS superalgebra,
which takes the following form:

dgK = ‘ng = [dsw‘asr(h =0

[dSK,ZKMS]i — [aSK7 LKMS] . — _EKMS , [dSK’ LI{l\/IS:Ii — [aSszKI\/IS] . — 0

[ oK LgMS :Ii KI\{S [aSK’ LIO(IVTS :| N — ZKI\AS (D'lg)
d SK’EKMS]i [ SK?EKMS]i =0
[(KMS, KMS] — [gKMS gKMS] _ [gKMS KMS) _ [fKMS KMS] _

The U(1)T covariant derivative maps can be written as the following linear combinations
of (D.18a) and (D.18b):

_ d _ ¢ ZKIVIS 7,] Lgl\ds ,
D pt S—KMS ! KMS | = ,KMS (D'QO)
Dy =dgx — P51 —gf)TL + 17, Lo
From this representation it is also straightforward to check the following:
_ KMS KMS *2 _ 7 gKMS _ — JKMS 0 1 KMS
_(b'rg — Tt ) _¢ 14 n:t +( T7¢T)ﬁLO ) (D21)

[DSK7D ] — qbg EKMS + 77-[- ZKMS +ﬁ KMS (¢T7 ¢ ) KMS .
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E Superspace representations: gauge multiplet

We now turn to a detailed analysis of the superspace U(1)t gauge field with components
{fla, /olg,folg}. This analysis will involve understanding the covariant field strength derived
from the gauge field. Since the field strengths transform as adjoint superfields, the results
of appendix D will be useful.

E.1 Component fields

We now want to define the component fields by projecting the superfields and their Grass-
mann odd derivatives (projecting Grassmann even derivatives just gives the derivatives of
the component fields and does not yield new component fields). Following earlier analysis
of the SK-KMS superalgebra [6] (also see above) we can associate a supercharge with every
Grassmann odd derivative as we will explain shortly. As explained in appendix B, the
Weil charges {Qg, O} are associated with ordinary derivatives {0, 0y}, while {Q, O}
associated with covariant derivatives {Zo)g, 259} are the Cartan supercharges.

We will define the action of these supercharges on a particular component field as
follows. First, we lift the component field to superspace, i.e., construct a superspace ex-
pression that when projected down to {6 = 0, 0 = 0} subspace gives the component field
of interest. Next, we apply the appropriate Grassmann odd derivative on the superspace
expression and project back to the {§# = 0,0 = 0} subspace. Thus, by this procedure
we construct the Weil supercharges that are nilpotent but not covariant, whereas Cartan
supercharges are covariant but not nilpotent. As is common with covariant derivatives,
Cartan charges square to U(1)t transformations along projected super-field strengths. If
one thinks of topological invariance as a twisted supersymmetry a la Parisi-Sourlas, then
the Cartan supercharges can alternately be interpreted as twisted supercharges.

It is convenient to choose a complete set of component fields by projecting down co-
variant expressions in superspace. Once such a set is chosen the action of supercharges can
directly be read off using the superspace identities derived in appendix D. We summarize
the results of this exercise in table 3.

Let us explain how this table is constructed with an example. Say we would like to
figure out how the Weil supercharge Q,, acts on the field Ma. As described above, the
Weil supercharge Q, is associated with 0; and using the second row of table 3, A, is
defined by the projection \, = fr”ga|. Thus, we conclude Qg acting on \, gives 8g§rrga|.
In order to write this in terms of component fields, we have to rewrite Ggffr"ga| in terms of
defining combinations appearing in the second row of table 3 (with possible Grassmann
even derivatives acting on the defining combinations):

Quxra = F0a| = DgFoa — (Ag, Fou) sl
= —DoF g5 — DoFg, — (Ag: Foa) (E.1)
— _Da¢$ - -/—_'a - (GT, S‘a)ﬂ .

In the first line we have used the definition of the covariant derivative and in the second
line we have invoked the Bianchi identity. The final line then follows from definitions in
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the second row of table 3. Every entry in that table can be derived similarly by using
superspace definitions and identities from appendix D.

There is a more direct but tedious method of evaluating 8@§9a| using superspace Taylor
expansion. For this we will have to first compute the superspace Taylor expansion of the
gauge fields in terms of the defining combinations. Let us show how this is done by working
out the superspace Taylor expansion of A,. We need

Aa| = Aq
8gjla| = fgtga + aaﬂg + (j[a,ﬂg)m =AM + DaGT
Al = Foa + Oahg + (Ao, Ag) gl = Ao + DuG
0005Aal = 00 [T + 00ty + (Aur A3 | -
= DpFy, — (Ao, F5u)p + 0aOpAg + (Aa, 09Ag)s + (Ag, Do Aa)g]

— 1 — - —
=Fa— (GT’AU«) + Da |:BT - Q(GT7GT)B:| + (GT7)\a + DaGT)ﬂ

- — 1 — 1~
=Ja+ DaB; + (Gr,Aa)g — (Grs Aa) + §(GT’DGGT),3 - i(GTVDaGT)B‘

Similar computation can be repeated for superfields Ay and Ag. Only the 0 component
computations are slightly involved. They evaluate to

. 1 . .
0p0gA5| = Op [%a - 2(A0>A9)B] | = DoFg5 — (Ao, Fga)p + (Ag, OpAg)gal
= —DpFo5 — (Ao, Tgp)p + (Ag, Do Ag) sl

_ 1 _
= _{nT + (GT7¢T)B - (GT>BT),3 + §(GT7 (GT7 GT)B)B} )
DpDgAe| = Op [ffreé - (ﬂe,ﬂe’)ﬁ} | (E.3)

. . . . 1
= DT yg — (A9, Tpg)p + (Ao, 00 Ag)p + <Aea Foo — Q(AH:AG)[B> |
= DT 5+ (Ag. Fon)s — (Ag, Fpg — OpAg — (Ag, Ag)g)gl

Tt (GT’aT)B - (GT7¢$ - B; — ;(GT7GT)B>

I
]

B
_ _ 1
++ (GT7¢T)B - (GT7¢$ - BT)B + i(Gw (G, GT)B)B'

I
=

We can now put it all together to get the superspace Taylor expansion. For any superfield
f, we have

P = fl + 0 (96fl) + 0 (57]) + 06 (Df]) - (E4)
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Thus, we can use the above calculations to deduce the expressions for the U(1)T gauge
superfield:

Aa= Aat0 Mo+ DaGr}+0{ Mt DGy }

+00 {fa+DaBT+(GT,5\a)ﬁ—(GT,/\

\Q_/
+
2L
P!
—
)
S)
—
~—
@
\)
2
)
IS
Q
—
@
——
—~
o
ot
£

‘ﬁléEGT—FG{qu_;(GT’GT)ﬂ}—'_e{BT_;(GT’GT),@}
)

-

—00 {nT+(GT7¢T)B_(GT7B

Ag=C,+0 {¢T—;(GT,GT)g}—i—é{(/Jg—BT—;(GT,GT)g}
#8071, (G50 (G Byt (G (GG | (E50)

We can then compute aé§9a| by feeding this Taylor expansion into the definition of 5379(1
and getting its superspace Taylor expansion. While this is straightforward but tedious to
do by hand, we have checked that it can be easily coded in Mathematica and checked that
the data reported in table 3 is reproduced.

Clearly, the component maps defined in appendix D for adjoint superfields, provide a
much more efficient way of writing down and manipulating superspace Taylor expansions.
Let us therefore now introduce component map notation for the field strengths associated
with the gauge field.

E.2 Gauge transformation and WZ gauge

We now consider a super-connection A 1 whose gauge transformation is given by the series
o o o o o ° 1 /7o o o °
Arvr Ay = Ap+ (R Ang — ok + 57 (A (A Ans —ark)

s (A (R R Aa - a,ﬁ)ﬂ)ﬂ

1 o ° o o o °

B

(E.6)

Here, we defined the thermal brackets on A 7 as if they were U(1)t adjoint superfields, since
the inhomogeneous transformation of the potential is already accounted for.

We will again begin by focusing on the FP boosts with a gauge parameter (D.11) (i.e.,
setting A = 0). Then the above series truncates to

A Ar+ (A A — oA + 5 (A, (A, A)g — 81A>B

1

T ([’\, (A (A Ar)s - aﬂ)ﬂ)

B
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since <A, (A, (A, oY) 'B>B> =0 when A = 0. We apply this to the superspace expansions
B

given in (E.5) and learn that the transformation amounts to the shifts:

o QST
S Gr = Gr =y, Jj“ Ty
Ar—Ag ~GT — G, _AE’ with j\a & gbg fixed.
BT’_>BT_A+%(AE7GT)5_%(A1/MGT)5 fa ET
a ¢T
(E.8)

As before, the super-gauge transformed A 7 can be obtained by absorbing the gauge trans-
formation into shifts of {G,, G,, B;} appearing in the superfield expansion of A;. Note that
these shifts match with the shifts found in the adjoint superfield discussion (appendix D),
thus ensuring the consistency of our framework. The basic vector quartet and Vafa-Witten
quintet fields do not transform under these FP boosts.

As in the case of adjoint superfield, one can pass to Wess-Zumino gauge via

. . . 1 .
Apnwz =Ar + (App, Ar)g — OrArp + 2 (AFP, (Arp,Ar)g — 3IAFP>ﬂ
' (E.9)

1 .
+ 30 <AFP, (AFP7 (Arp,Ar)g — 31AFP)ﬂ>ﬁ

with App given in (D.11) such that we get {G.,G,,B,}wz = 0. In such a gauge, the
superspace expansion again simplifies and we obtain
(A)wz = Aa+0 Ao +0 Ao + 00 F,
(-A§>WZ = é ¢T - 90 Ny (ElO)
(Ao)wz =06 +0 ¢)+007, .

In the Wess-Zumino gauge, FP rotations act on fla as

o o . 1 o 1 o
Ao Aat(A Aa)s =0+ (A, <A,Aa>;ﬁ9aA)ﬁ+a <A, (A, <A,Aa>ﬁaaA)ﬁ)ﬁ+. y

(E.11)

The fields {\a, \a, 7o} and the Vafa-Witten quintet are U(1)t adjoint superfields which

transform via the series we encountered before, viz.,

a—a+ (A a)g+ % (A, (A, a)g)g + % (A, (A, (A,a)lg)[_})B +... (E.12)

The fields {G,, G, By }wz do not transform under FP rotations and remain zero.

E.3 Super field strengths

For the rest of this section, we will conveniently work in WZ gauge. Also, we will focus on
component vectors of covariant superfields, such that transformations are simple.
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We repeat for convenience the definitions of the covariant field strengths and of the
non-covariant combination that defines By:

(1+0r7) F1g = 01y — () o541 + (A1, A)g,
. 1 (E.13)
Byg = 0pAg + 5 (Ao, Ag)p

and remind the reader that indices I, J take values in {a, #,0}. Note that under an exchange
of 6 and 0, we have Bz — Fy5 — Bg-
The individual components of the above superfields can be simply summarized as

column vectors:

Ci)Fab
. Da)\b - Db)\a
F, - - E.14
b DaXs — Dy (E-14a)
Do F, — DyFo + (Aas Av)g — (Aas Mb)
Aa j\a
o — o _ 0 _
?H_a : Da¢T v Foa Da(ﬁT* a (E14b)
Fa ) . —Dad)T B
DaTIT + (¢Ta )\a),B (d)-ra Aa)ﬁ - DaﬁT - (¢Ta Aa)ﬁ
b & .
o 0 o n o —ﬁ
Fa7 - . T T . Foo - T (E.14c¢)
90 . 00 i 0
0 (d)T’ qu)ﬂ ( -?—? ¢T)B

These expressions can be worked out in a similar fashion as described for the gauge field
components in the last subsection. See also table 3 for a summary of the same.

E.4 Covariant derivatives and Bianchi identities

We now turn to the derivatives of A 7 which give the super field strengths. The super field
strengths and their super-covariant derivatives transform as U(1)t adjoint superfields and
the discussion of appendix D applies to them without any changes. Thus, we will just
quote the basic components that make up the relevant superfields and refer the reader
to the previous subsection for details about superspace expansion, gauge transformation,
going to the Wess-Zumino gauge etc.

We then define covariant derivatives of these field strengths in the same way as we did
for adjoint superfields:

7.07]\'-}(]}( 58[§JK+(A[,§:JK)B. (E.15)

These covariant derivatives are not all independent as they must satisfy Bianchi identities
which take the form

(1 4+ 656)D1F sk + (=) (1 + 65 )DyFxr + (=) K1+ 6;.))DFry =0.  (E.16)

— 78 —



We can also write these identities component-wise:
DeFap + DaFpe + DyFea = 0 = DpFj, + DyFoa + DaFpg
Dy — (DuTs, — Dig,) = 0 = P — (B — Dias)
Byan + DaFag = 0 = DyFon + DaFn, (E17)
ﬁgfofgg + Zo)gé“gg =0= lc)gé“gg + Zo?ggrgg ,
D;F55 = 0 = DyFgg .

If the non-covariant field %99’ is involved, we find that there are also identities of the form

o 1 o 1 1 o
OpByg + 5(%[9, Bog + §(A97-A§)B)B + §(ﬂ§, Fo0)g =0,

o o 1 ° ° 1 1 . (E]_S)
95(Foo — Bog) + 5 (Ag, Tog — Bog + 5 (Ao, Ag)s)s + 5 (Ao Fa)s = 0,
satisfied by derivatives of %95. The second identity can equivalently be written as
o o o 1 o o 1 1 °
D00 = 05Bog + 5 (A, Top + Bog — 5 (Ao, Ag)p)s — 5 (Ao Taa)s- (E.19)

It will be convenient to write simple component maps for these operations. Using the
fact that field strengths transform as adjoint superfields, their derivative components follow
immediately from egs. (D.14a), (D.14b), (D.14c):

Fa
Dy, (Y, \a) zgéia;\?:); (61, a)B ’ (E.20a)
(2, Fa)p + (¢1, Dapr)p + (75 Aa)
Ty
D;F 5 = —DoFyy - Ez:jgz (E.20b)
(6r,7;)8 — (17, 00)p
My
DyFp5 = —DsFop _(;)qiT¢?;;B (E.20¢)
—(é;,m)8
~Dad? — Fa
DiFpa (69, 3)s E‘z’ga;‘i)‘i Goe | (E.20d)

_(¢T7 DaaT)ﬁ - (77T> )‘a)ﬂ

These derivatives satisfy the super Bianchi identities enumerated in (E.17). Further U(1)t
super-covariant derivatives and identities can all be read off as such from our discussion
for a general U(1)T adjoint superfield.
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E.5 Double covariant derivatives of super field strengths

We can proceed further and define additional covariant derivatives of the covariant field
strengths via DD Ik, = 0r(DyFkr) + (A1, DjFkr)s. The double covariant derivatives
in Grassmann directions can be worked out explicitly by using

DiDsT k1 — () DyDiFrr = (1 +61)(Frs, Trr)s - (B.21)
Let us evaluate these relations again explicitly for future reference. First, consider the
derivatives on Fpg, Fpp and Fyp:
7.53.(%99 =0= 'Zo)%f;tae - (§§§7§09)ﬁ
75@'159.%99 =0= '159759{%99 — (.{;rgg, f;rgg)ﬁ

D;F 55 — (Foo, Fog)s = 0 = D3 Fp5 (E.22)
DgDoF g5 — (Fog, Fag)p = 0 = Dy DyFgg
D Fo5 — (Foo, Fog)p = 0 = DgF o5 — (555, Fog)
DgDoFo5 — (Fo0, Fg)p = 0 = DoDyFog — (F55. Foo)
Similarly, the double derivative acting on .';rga and f;"ga result in
D3F o0 — (Fo0, Foa)p = 0 = D2F 40 — (T35, Fa) 3
75@70)950979(1 = ﬁaﬁg\;fgg + (érgg, f;rga)g = —f)gf)gfofga + (fofreg, f?fga),@ (E 23)
D55, — (Fo0: F50)p = 0 = D35, — (F55: F5a)8
—DgDoF g, + (F45: Fga)p = DoD§Fg0 = DaDgF g + (Fg5, F0a) s
and the double derivative acting on fgfab evaluates to
DiFap — (Foo, Far)g = 0 = DiFap, — (Fgg, Fab) 3 (5.24)

—'Zo)glo)gé‘“ab + (égg, érab),@ = ﬁgﬁgéab = ﬁalo)ggofgb + (fofga, ﬁjgb)g .—(a+Db)

To get the corresponding component vectors, we can again use the adjoint maps (D.14a),
(D.14b), (D.14c). This yields for example:

B ($T7)\a>ﬂ
N2 - D(l T —-n 7Aa
Dggréa : (¢T’ (z ); ) (77T )/3 ) (E25)

((¢275T)ﬂ7 )‘a)ﬁ + (¢ anT (¢T7 ) )ﬁ + (ﬁ'r?fa):@
F Properties of the U(1)y KMS gauge group

In this appendix we collect results of various investigations undertaken to understand the
structure of the U(1)y gauge group. Since U(1)t describes thermal diffeomorphisms, we
expect a very close relation to the representation theory of Diff(S?).

The discussion below is in two distinct parts. In section F.1 we argue that despite
the intricate structure of the U(1)t algebra and the connection to diffeomorphisms, one
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can follow the usual logic behind the Baker-Campbell-Hausdorff formula, which eventually
allows us to compose U(1)1 transformations. In section F.2 we then describe our attempts
to understand the general representations of the U(1)t algebra and demonstrate some
connections to usual ideas in deformation quantization. As we will see, there are various
suggestive connections, though we should add that we have not fully appreciated all the
details here. We include this as part of our discussion mainly for completeness (and hope
that it may prove useful for others undertaking related investigations).

F.1 Composing U(1)7 transformations

The aim of this section is to give a Baker-Campbell-Hausdorff formula for U(1)t trans-
formations acting on adjoint superfields. We begin with the U(1)t transformation on the
adjoint superfield:

o o o o 1 /70 o o 1 o o o o
Food e (8t g (M AD), ¢ 5 (A (A A )+ .

= exp (ad;\) -SQ",

where we have defined ad ; as an operator which acts via thermal bracket: ad ; F= (A, 3) 8-
Jacobi identity then gives the commutation relation

adA . ad;x, — ad;\, . ad;\ = ad(A’;\,)ﬁ = adadAJ\’ . (F?)

We have taken both A and A’ to be Grassmann even in the above expression.

Say we perform a U(1)1 transformation with a parameter A followed by a U(1)T
transformation with a parameter AWM. The question we want to address is the following:
can the result be written as a U(1)7 transformation along a parameter A02)? That is,

162)

we want a Al satisfying

exp (adj) - exp (adj(2) ) - § = exp (adj1e2)) 5. (F.3)

We will answer this question in affirmative and derive a Baker-Campbell-Hausdorff
(BCH) formula for A2 which takes the form

2082 _ J0) L 4@ %([’\(1)7&(2)% n % (Am ©) (Au)’;g@))ﬁ)

1
24

(F.4)
A@ (AW (AW AG) ) +...
(A AD,( )8)s),
We have checked this form explicitly in Mathematica to the order shown.

We will now give a derivation of this expression. The derivation here adopts the
standard derivation of BCH formula for Lie algebra commutators for the thermal brackets,
sidestepping some of the manipulations in the standard Lie algebra proof that have no
analogues in thermal brackets. We will begin with the following theorem.
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Theorem 1. The following identities hold:

exp (ad;\) - exp (—adA) F=3,
exp (ady) - ady, - exp (—ady) = adexp(adj\)‘;\, -3,
(F.5)

ad/»\(t>

d 2 °
dt

In the last identity, A(t) denotes a parameterized set of adjoint superfields.

Proof. The main elements of the proofs will be to use the definition of the adjoint action,
commutation relations and certain simple identities.

1. A direct expansion of Lh.s. in the first identity gives

exp (ad) -exp (—ady) - §= ) (:q)! (ady)""" - (F.6)

Here we have used identity Zp =0 7592?+q = 1. It is straightforward to generalize this to
exp (rady) -exp (mady) - § =exp (m +m)ady) - §. O (F.7)

2. Next we turn to the second identity. We have

-)? g
' (ady)? - ady, - (ady)?. (F.8)

exp (ad;\) ady, - exp( ad 3 Z

pquq

Using the commutation relation for ad operators, adj - ad;, = adj, - ad; +ad_ . 4 (re-
A
peatedly, we can show that

P
(ad;\)p : adj\/ = Z <z> ad(ad;\)k-f\’ : (ad;x)pik (Fg)
0
so that
exp (adj) - a d;\, - exp (—ad°) 5

Z k'p k d( ) ¥ (ad )P k+q 8,

,q=0
o < (F.10)
= — ad ks Z — (ado)erq';%
| adj; ) A/ 1g! A
okl (ady) A 2 plg!
= adexp(ad;\)-/o\’ 5. U
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3. To prove the third identity, we begin by examining
1 o
/0 dr exp ((1 - T)ad;\(t)> : adiix(t) - exp (TadA(t)) -5

—/ Z 1—p;pﬂ<d;\(t)> addA(t) <d/"\(t)>q~§

p,q=0
;o(wlﬂ) (adin)" 2d gz - (i) 5 (F.11)
oo k—
kZZ ( dip) ~adg s (adA(w)k g
=1p=
S (o) 5= (o)

Applying on both sides exp < ad; A t)> - and then using the second identity, we get

1
: d
/0 dr adexp<77 adA(t>>~%A(t) -F =exp (—ad]\(t)> L XP (ad (t)) 5. (F.12)
Performing the 7 integral then gives the required identity. O

Using the above derived identities we will now show by an explicit construction that
there is a A192) (1) satisfying

exp (t1 adj)) - exp (2 adj()) F=exp <ad;\(1@2)(t)) 5. (F.13)

Setting t; = to = 1 would then give us the required BCH formula. We have

0 o .
e —ad; e ad ; =ad -5
Xp ( A(1®2)(t)> at, P ( A(1@2)(t)> § {lexpgaqu@z)(t))} PP 5
adi(182) () i
(F.14)
A direct evaluation gives
% ATED (1) = 2ausi AD
1 [exp (adjosn ) 1 (F.15)
0 - adj\(leBQ)t o
S A () = *) CA@)
2 _1 — exp (_adi\ﬂ@?)(t))

These are the basic generating differential equations for BCH series. For example, setting
either ¢; or t9 to unity and integrating, we can write down an integral version of the BCH
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formula as

R0e2) Z {4 / s log{exp (adjo) -exp (t2 adje) } AO)
0 1 —exp (—t2 adj)) - exp (—adjq))
- (F.16)
_ Ao / L, log{exp (tadjo) - exp (adj) | AW
0 exp (t1 adj)) - exp (adj(e)) — 1

We can find more useful expressions for example by working in the limit when the initial
transformations are along infinitesimal parameters. For example if a linear approximation
in either A or A@ is required, we can directly use the differential equations in (F.15)

to write
A2 _ 4@ o adj e AL Lo (jx(l))Q
exp (ad;\@)) -1 (F.17)
. ad; o . 2 '
_ A AW A® 10 ( A<2>>
1 —exp (—adj\(l))

For our purposes, it is desirable to seek a quadratic approximation that would be exact
if either of A®)’s turn to be a FP boost. This can be achieved by feeding the above linear
approximation back into (F.15). We get

1 o
AQ@2) — (1) +/ dr adi) Lin(r) A® 10 (1"\(2))3
0 1—exp (—ad/"x(l),Lm(T)) (F.18)
with Ay = A0 4o | 20 | 4
1 —exp (—ad;\(l))
and
o o 1 ad;\(Q),Lin(T) o . 3
A0e2) _ {@ Jr/ dr AW Lo (A(1)>
’ <P <adﬂ<2>*““<f>) -1 (F.19)

ad;\@)
exp (ad;\@)) -1

with A@Ln(7) = A@) 4 7 A

We turn now to the case where both A) and A are small and we want to organize
BCH formula in terms of the number of A®) or A®) that occurs in every term. This can
be done by setting ¢; = to = 7 such that

d . 0 0 ¢
G jae2) oy = [A(1@2) £+ — A182) (¢ ]
A0 = g A0+ A
F.20
_ ad;\@@g)(_r) ‘ j\(l) + adj\(l@m(.r) ' j\(2) ( )
exp (adA(l@g)(T)> -1 1 —exp <—adj\(1ea2)(f))
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Invoke now the expansions

z Z  x~ Ba o
. _q_Z
exp(z) — 1 5t ; 2r)! o
z z > BQk 2k ‘
14z
—ep(—2) 27 ; 20! 7
where By, are the (2k)'™ Bernoulli numbers.?” This then gives
d . . 1 . .
EA(l@z) (1) = A + A® iadj\(leaz)(ﬂ . (A(l) — A(2)> )

3 () (104 49)
k=1

The BCH formula is just the solution of this equation with the initial condition

AU®2) (7 = 0) = 0. Setting A1) (1) = P TJAEK?) in the above expression and com-

paring the factors of 77 on either side, we get a recursion relation

. 1@2 o o o o
(] + 1) AES)Jl—l = (A(l) + A(2)> (Sj 0— adA(1@2) (A(l) — A(2))

(8),4
E= Bk ¢ (F.23)
(A L AG)
DY 21 %552 (Had glse>>2> (A +A )
k=1 Di GZ+
which, when solved recursively, gives
(1®2) 1) (2)
Ay =40 +4
(1®2) s (1 s 1os) s
A(5)2 - _Zad[\(lhrj\(z) : (A( ) — Al )) = 5(A( ),A( ))B
(o) _ 1 NOEC By 2 ey 52
1 /¢ . . .
— — (A _A@ (A A@)
i3 (A - A8, A0, 4 >ﬁ>ﬂ
(1e2) _ 1 C i
A(S),4 ad L(AW_A@) (A0, A(g))B) (A( ) Al ))
(F.24)

B . o
+ mad]\(1)+;\(2) N ad%(;\(m,;&@)),@ . (A(l) + A(2)>

11/, e
_ L LR ke (A0 A@ (RO 4@
><4<A A ,(A A® (AW & )ﬂ)ﬁ>

B
1 1 .
= w2 (A 2) (1) 2 (AW A®@)

24><4<A +A (A +A® (AW A )B)ﬁ>ﬁ
1 1 .

— —— (A@) (A@) (A1) A(2) = (AW (A@ (AW A®)
15 (AP A0 A AP g)5) - — 10 AV, A, AV, 4P)5)5)
1 .

— _— (A@ (AD (A1) A®)
31 (AP (A0, (A0, A®)5)5)

Thus, we obtain the first few terms of BCH formula quoted in the beginning of this section.

37The first few Bernoulli numbers are By = é, By = 30, Bg = 42,B8 30, and Big = =
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F.2 U(1)t representation theory

The basic action of U(1)T was explained at the level of the Lie algebra in appendix C. We
briefly comment now on some representations of this symmetry algebra.

We start by defining a tower of U(1)T representations which we call as k-adjoint rep-
resentations. A generic k-adjoint superfield J)(k) transforms as

(/D\,(z(k))ﬁ = /o\fﬁ gz%(k) — kq;(k)fg./o\ (F25)

We will refer to k as the adjoint weight. We will refer to fields transforming in the k-adjoint
representation as thermal primaries of level k.

Let us briefly mention some examples. Comparison with eq. (C.4) reveals that the
U(1)T gauge parameters are l-adjoint as one would expect. Similarly, field strengths are
1-adjoint. The generic tensor superfields studied in (C.2) were 0-adjoint. Another 1-adjoint
field which plays an important role in the discussion is z defined as

z=1+814;. (F.26)

We remind the reader that this field enters into our measure owing to the U(1)T covariant
pullbacks employed. One can easily check that z transforms covariantly in the 1-adjoint
representation.

The adjoint weight is additive in the sense that q;(k)qg(g) transforms in the (k-+¢)-adjoint
and U(1)T gauge transformations act distributively on such products:

(A, b)) = (A, b)) gde) + (A, b)) gdn)

e L (F.27)
=825 (dwyden) = (k+ 0dwdeo £a 4.

We have written these expressions assuming that qz(k) and Qg(g) are Grassmann-even super-
fields and thus refrained from writing various Grassmann parity induced signs in the above

expressions.

Properties of thermal bracket. We define the thermal bracket between k-adjoint and
{-adjoint fields as

(D) P(0))8 = k by Lo by — Loy Lp du - (F.28)

One can easily verify that (goﬁ(k), (;05(5)) g transforms as a (k+¢—1)-adjoint. This definition of
the thermal bracket satisfies the following three properties (which are the defining axioms

of a Poisson bracket):

(i) (D), D)3 = — (D0, (1)) -

(i) (91> (D02 0m))8)8 + (9(0)s (Dm)s D(1)8)8 + (Pomy: (D) P(0)p)8 =0
(i) (D) 909 (m) = Dk D(0)) D) + (D) ()3 D10

It is natural to define an operator tor, which gives the adjoint weight of any thermal
primary, i.e.,
oy =k Oy - (F.29)
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In terms of this operator, the formal similarity between thermal bracket and a Poisson
bracket can be made more manifest:

(k) P(0))g = (mﬂz(k)> (fﬁég(e)) - (fﬂqoﬁ(k)) (mquﬁ(e)> : (F.30)

Let us now consider covariant derivatives on k-adjoint fields. We define the U(1)t
covariant derivative in the k-adjoint representation as

D1y = 01da) + (A1, dr))s (F.31)

where foL] can be viewed as a l-adjoint for the purpose of defining the bracket on the
right hand side according to the general definition (F.28). The U(1)t covariant derivative
respects the adjoint weight, for ﬁ[@g(k) is again a k-adjoint, and it furthermore distributes
over both the thermal bracket and usual products:

D1y, (0))s = (Drdys o)) + (dery Yo?zcz%(e))ﬁ

(F.32)
Di(d)00)) = b0y Drdg) + oy Did

Thermal descendants. Given a k-adjoint field gzcg(k), we would like to understand the
properties of £,8<Z>(k)- Let us try to figure out the induced action of o on £5gzc5(k) by
computing the following object in two ways:

(D), bio)a = o1 kb La b~ L) Lo b |
= K> O(r) £5 (0= () £ 91+ (k) 01£.3 b0y — L () W £5 D)

o

wr (D), b)) = (k+L—1)(d(k), d0))8

= k2 huy £8P () — ey £8 S0+ (U= 1)y £ b0y — Lk —1)d(0) £ D1y
(F.33)

By comparison of these two expressions, we conclude that the following should hold:
wrLg oy = (k— 1)Lz op + akdyy, (F.34)

where « is some undetermined object (which must be independent of k). It appears tempt-
ing to fix & = 0, but we have not managed to convince ourselves that this is the only
possibility (eg., adjoint weight counting would also allow for the possibility of a = z71).
We leave this a curious observation that should be better understood.

Deformation quantization. For amusement, let us try to quantize the thermal bracket.
We first write the thermal bracket in suggestive notation as follows:

o o o = =
(Dr): P0))B = D) (mT Lg—4Lp mT) b(0) - (F.35)
Next, we introduce a star product:
. o o ih — = .
k) * Do) = (k) €XP [2 <1<D_T £g—Lg ﬁ)] b (F.36)
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This allows us to define the following deformation of the thermal bracket:

S 1. . .
(Gw), 90 = 7 <¢(k) * Qo) — Py * ¢(k)>
2 . . hfe— & °
= 7 (k) sin [2 (mT Lp—Lp mT)} (o) (F.37)

. 2, 3.
= (P(k), P(0)) B — % <Z> ) <t<U—T f—[; - fﬁ’_g rﬁ) b + O(R°).
By associativity of the star product, this deformed bracket continues to satisfy the Jacobi
identity.

It is interesting to speculate that this deformed thermal bracket plays a role in the
thermal equivariant algebra at finite temperatures § ~ h (recall from section 2 that we
primarily focus on the high temperature limit). This idea has been previously considered
in the deformation quantization literature, see for eg., [76] and subsequent developments

in [77, 78).
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Part IV
Hydrodynamic sigma models:
mathematical details

G Superspace representations: position multiplet

As we saw before, the U(1)1 gauge theory naturally comes with a U(1)t gauge field quartet,
a Faddeev-Popov ghost triplet, and a gauge parameter quintet. We will now formulate the
gauged sigma-model of a Brownian brane. This requires introducing a position multiplet
consisting of an embedding coordinate of the brane in the target space and its completion
into a superfield.

G.1 Basic definitions

As indicated in the main text we should upgrade physical spacetime to a super-geometry
with Grassmann odd coordinates ©, 0. We collect these together with the position super-
field into

XA ={X" ©,0}.

We will take the spacetime to be endowed with a (non-dynamical) metric g;(X?) and
a Christoffel connection I'#;5(X) with a curvature Rﬂl’iﬂ (X). We will furthermore fix a-
priori some metric components. Our choice is described in the main text (3.3) which we
reproduce here for convenience:

90 =96=0, Jdoo=-9s0 =1,  Gu = gu(X’). (G.1)

This is a canonical choice in the literature on supermanifolds [61]. The target space
super-connection Vj is simply derived from the usual Christoffel symbol (upgraded to
superspace).

In hydrodynamics, we think of the physical spacetime as the target space of the Brow-
nian brane parameterized by a worldvolume spacetime with coordinates ¢®. The thermal
supergeometry structure discussed earlier implies that we should upgrade the Brownian
particle worldvolume to a superspace with super-coordinates z! = {0%,0,0} such that
X = XFP(z). Note that the Brownian brane preserves the full twisted supersymmetry
of the target space. This is in contrast to usual supersymmetry where at least half the
supersymmetries are broken by the worldline. This is also related to the fact that there
are no additional goldstino-like Grassmann odd modes living on the Brownian brane.

Let us work in RNS formalism where we ignore the target space twisted supersymmetry
along with {©, ©} and focus only on worldvolume supersymmetry and superspace. Equiva-
lently, we can make the super-static gauge choice (3.7), viz., {©(c% 6,0)=0,0(c%0,0) =0},
thus aligning the target space Grassmann odd directions to the Grassmann odd directions
in the world-volume. We will work out the implications of this super-static gauge choice
in appendix I. With this assumption, pullbacks along ©’s are trivial. We can then develop
an RNS formalism involving just the worldvolume twisted superspace.
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For readers familiar with string theory, some clarifying comments are in order. In usual
perturbative string theory in RNS formalism, target space supersymmetry is eventually
restored by a series of tricks on the worldsheet: doing a GSO projection, constructing spin-
fields, picture-changing, summing over spin structures etc. The corresponding procedure
in D-branes (or for that matter, any RR background) is however unknown. D-branes are
usually dealt with by taking target space supersymmetry seriously from the beginning and
shifting to Green-Schwarz (GS) formalism instead. For strings, GS formalism brings its
own problems: it obscures worldsheet supersymmetry (or more precisely, it buries it into
k-symmetry) and in turn, target space Lorentz invariance which then needs to be dealt
with by either passing to light-cone or pure-spinor gauge. It is unclear, as of now, how these
issues translate to the twisted sigma-models we are interested in. We will just plough ahead
and work with Brownian branes in RNS formalism hoping that the usual obstructions are
alleviated when considering twisted supersymmetry.

Target space tensors can viewed as worldvolume superfields once we have the super-
embedding XuA. The bottom components of these tensors when are projected to {6 = 0,
6 = 0} subspace will be the basic target tensor superfield. To simplify notation we will
routinely drop their arguments, for example we write, g,, = g(X)| = g (X]) and
similarly for any other target super-tensor field.

In general, we define the Lie derivative along the thermal super-vector, B as

£t = @y (17, (G2)

for T s being any partially pulled back tensor superfield which is not in U(1)T adjoint.
The superspace Lie derivative is the standard one defined in [61]. We define the U(1)t
super-covariant derivative of the sigma-model position superfield X# via

ﬁ;)%ﬁzaf)%ﬂ—i—(ﬁj,)%ﬁ)@:8I)2ﬂ+ﬁ1,éJ8J)Q(ﬁ. (G3)

An advantage of the super-static gauge choice (3.7) together with the gauge-fixing of the
thermal super-vector (2.5) is that DO = f)gC:) = 1 and all other derivatives of the target
space Grassmann coordinates vanish. As a result for the most part we can simplify the
discussion to focus only target space tensors with only ordinary space components.

On a general partially pulled back target space tensor superfield T ’v‘"'ﬁ..‘ the fully
covariant derivative will be defined as®

o

'Dojj)"ﬁmﬁ... = 81Tﬁ"'ﬁ... + Fppj\(X) 'ZD)[X)‘ ’_ZDW
— TV 5(X) Dy XA T
= ﬁ;i’ﬁ'”ﬁ.., + (jlj, fﬁ"'ﬁ...)ﬁ,

N
(AL TR ) (G.4)

e

NS

where target space connection terms are absorbed into the partial pullback derivative:

q?l;f“’i“'ﬁ... E@[fﬁmﬁ...—i—rﬁﬁ;\(j() 8[)2:\ T”'”ﬁ...+...—1“”ﬁ§()°() 8[)0(5‘ T'a,)—l- (G.5)

38There are various signs to keep track of in actual computations since we have now Grassmann indices
in both target spacetime and the worldvolume. We will refrain from writing these down explicitly unless
absolutely necessary.
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Furthermore, the thermal bracket (-,-)g is defined on any tensors other than X by
(A, 775 Vg = A a7 (G.6)

for A in the adjoint of U(1)T the tensor fﬁ"'ﬁ... (X) is partially pulled back tensor superfield
which is not in the adjoint of U(1)y.

Note that the bracket (-, -)g defined with covariant derivatives as in (G.5) still satisfies
a Jacobi identity, despite involving a covariant derivative. That is, for super tensor fields
A, B, C all in the adjoint of U(1)T we have the thermal bracket (leaving Grassmann index
and contraction signs implicit):

(A, BYp = AL (B BLT) = ()48 BL (B7asALT) | (G.7)
which implies:
(=) (AL (BoL, COg)p + ()8 (GO, (AR, BY)g)s ©5)
BA / DU o1 Sl o :
+ (=) PABRL (CO, AR g)g = 0.

It is useful to note that adding the Fﬁ,;ﬁ()% ) terms in the definition of D; makes Dy
target-space metric compatible, viz.,

Drgw(X) = 0rgw(X) + Ar 870,9:5(X)
= gip(X) TP 5 (X) DrX* — g (X) TP 5 (X) Dy X (G.9)
- ﬁ,)%k{vxgm(i’()} ~0

where we used target space metric-compatibility of Vy in the last step. In fact, on any tar-
get space tensor we observe that Dy acts via (D; X v )V, where V is the conventional, metric
compatible, covariant derivative on the target space. By similar reasoning we also find:

0;119;21?()%) = d;X* <V;\gpp()2)) =0. (G.10)
G.2 Component fields the WZ gauge

We now turn to the component fields of XH, Working in super-static gauge has the advan-
tage that the Grassmann coordinates have simple expansions given in (3.7). So one only
needs to worry about the superspace expansion of X#. They are covariantly defined via

X“EX“‘, XgEﬁg)%“’, X{ZE'DO@)O(M’, X”E'D()gﬁg)%u‘. (G.ll)
The superspace expansion of these identities reads
X = x4 ofxt - G poxt} +of xt -G pox"}
+ ée{fcﬂ T XEX) + GLB.O(XE — G B.OXY) - G.BI(X) - G, B.OX")

~B, B.OX" — GTGTﬁ.a(B.aX“)} (G.12)
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We note that these expressions are written for simplicity after imposing the gauge condi-
tion (2.5) on the thermal super-vector B! and hence, 8.0 = 3%9, here and below.
The super-gauge transformation on the position superfield is given by

. . o 1 . 1 o
XHHX”+£ABXM+§£;\5£;\L9X#+§£;\B £/°\ﬂ”£/°\ﬂX#+"' (G.13)

where the Lie-derivative acts via £ j\,@)o( r= B“@a)of #. This series truncates when A is a FP
boost:

X“l—))%“—l-fj\ﬁ)o(“—F%fj\ﬁfABX”. (G.14)
This works out to
XH
o Gr= Gr =Dy, X"
Xty XH G, — G —Ay, with Xﬁ fixed. (G.15)
P

BTHBT_‘/N\—F%(AE)GT)ﬁ_%(ATZMéT)B X”

Thus, FP boosts shift only the FP triplets as expected. In particular, in WZ gauge, we have
(X)wz = XV +0 Xl +0 X2 400 (X — T, X2X)) (G.16)

When we discuss the target space symmetries we will see that the Christoffel connection
piece is induced in the top-component for reasons of spacetime covariance under the partial
pullback; see the end of appendix I.

G.3 Covariant derivatives and Bianchi identities

The superfields D X* and its further derivatives transform as target space vector and our
previous discussion of such fields can directly be used to give their superspace expansion,
gauge transformation etc. The only required data is the basic quartet of components which
make up the target space vector superfield under question. We give below the building
components for DX

Do X"
AN 7
DoX" + (Fu, XM)p + (A Xf))g — (Aay X5 + Ryao X2(Da X)X
(G.17a)
Xy
DyX" (‘ﬁT;ﬁ“)ﬁ : (G.17b)
(61, X3)p — (17, X")g
b
. ( Q,XH)E—XH
Dy X" : (o X" (G.17c)

(¢$a Xg)ﬂ + RMVO&UX%X;ZXEV - (gTa XZ)[‘} + (ﬁTa Xu)ﬂ
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Further super-covariant derivatives of target space vector superfields DIX # give vector
superfields. Using (G.4), we thus define the double covariant derivative on the position
superfield via

DDy X" = 9p(DyX") + (A1, Dy X" g+ TH 0 (X) (9 X*)(DsXY). (G.18)

These derivatives can then be computed directly, and we have for example

XH
(6%, X3)p+ R vao XS X I XY — (60, XD)p+ (0, X1)
ﬁeﬁg)ofﬂz (‘25 XH)BJF RV Yoo X X"X"

(69, X)p+ R oo XEXT XY = (0, (¢, X*)p)a IRNWXQX” (&7, X")a+ (7, X i)
| (X VR a0) XEX — R X§ (B X7 )+ R g X2 ( 0, x%)-X°)] X
(G.19a)
(60, X1)g— X"
((;ST,X%)ﬁwL%R“m,,XngZXi
DyDy Xt (60, XD g+ Rl oo XS XTXE— (6, X)) g+ (7, X¥)p (G.19Db)
(61 (61, X)p)p+ 5 R vao X X7 (6, XV) g — (0, X5)
(X0 VR ) XEXG — Ry X267, X7) gt Ry X3 X7 | X2

These double super-covariant derivatives obey the commutation relations
DDy X* — (=)D DX = (14 615)(F17, XM (G.20)
or more explicitly
DIXH" — (Fgp, XH)g =0 = 252 (1 — (F55, X3
DQD(;X“ + DQDGX“ = (&” )

DyDu X" — DyDyX* = (55, X"
DyDaX* — DyDpX* = (Fpa, X*)

(G.21)

Also the triple covariant derivative on the position superfield is defined via (G.4). This
immediately yields the identity

DD DXt — (=)D BBy X

(G.22)
= (1+610)(F1s, D X")g + R'vap(X) (DrX)(DsX")(Dr XY).
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Explicitly, we find, for example,”

[Da, Dy D X" = (Fap, D X™) g + R*,ap(X) (DaX ) (DpXP) (D XYY,
[Da, D] Dic X" = (Fag, D X™)g + R*ap(X) (DX ) (DpXP) (D X"),
[Das Dyl D X* = (.5, D X*)g + Ryap(X) (DaX ) (DgX7) (D X)),
{Do, Dgy D X" = (F45, D X*)p + R”vaﬁ()of) (Do X*)(DgX")(Dr X"),
G.24
DD X" = (Fpg, Dk X5 + = Rﬂmﬁ( () (DX ) (DyX) (D X", (G-24)

DDKX” (%9’ D X" Bt 5 Ruvaﬂ( () (DgX*)(DgX?) (DK X"),

DyDyD X" = (F g, DQX )8 —(3"99—, Dy X*) g — DyF5 B.0X"
+ RFap(X) (Do X®)(DgX7)(DgX")

Let us now turn to the case of four covariant derivatives acting on X*. The basic
commutator identity in this case is

DDy DRDLXH — (=)D DD DX

(G.25)
= (14 617)(F17, Dk DLX")5 + R ,0p(X) (D1 X*)(DsX")(DxDLX).

In particular,

1 o o 6 o o
Dj(DyDgX") = (Foo, DoDgX") + 5B vap(X X)(Dp X*) (Do X ?)(DyD5X") |
o 6 o o 1
DHDIDyX") = (Fgg, DoDgX")g + 5 R vas(X) (DgX)(DgX?)(Dy Dy X ") , (6-20)
{Do, Dg}(DeDyX") = (Fo5, DoDgX")g + RV yap(X) (DgX*)(DpX?)(DyDpX") .

These identities can be used to simplify various expressions in the effective action as we
compute higher derivative terms.

H Superspace representations: metric and curvature

The target space metric and curvature tensor can be viewed as superfields by means of
expanding their dependence on Xr. We pull them back to the worldvolume to obtain
corresponding data which enters explicitly into the hydrodynamic effective actions. We give
the corresponding superspace expansions for the pullback metric superfield and curvature,
which were used in the explicit analysis of section 5.

39When dealing with curvatures, we often use the Bianchi identity in the form
1 a vy B yvv a v B yvv
§RMVC¥BX1’[)X’¢)XE = —RuuaﬁX¢XaX¢ (G23)

and similarly for other Grassmann-odd contractions of the same schematic form.
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H.1 Metric superfield

The worldvolume metric superfield, we recall, is covariantly pulled back as in (3
will give the components in the super-static gauge where ©(z) = 6 and O(z) =

also the symmetry properties are those of a super-tensor:

Working

éab :

é@a :

89p -

grJ = (—)U 811 = 895 = —Epp

.5). We
6. Note

(H.1)

out the components using the superfield expansion of D XH we end up with:

guv(DaXH)(Da X)

guv (Da X ) (Dp X +(X6, X") 3)+9ur (Do X ) (Da X [ +(Aa, X))

g (Da XH) (D X757 +(X6, XY) )+ (Dy X ) (Do X5" +(Xa, X V) g)
b+ Guw (Do XH) (Dbf(wr(ﬁ,,XV)3+(Z\b,X;;)5—(,\b,XL)B+RVmUX%(

+ Guv (DbXM) <DaXV+(Fa,XV)ﬁ+(S\a7XZ)ﬁ (>\a7 ),6+Rumaa w(

DbXU)X;Z)
DaX")X”)

+guu(DaXa“-F(;\a7X“)B)(DbX{;-F()\mX”)B)-FgW(Dwa“+(>\b7X”)5)(DaX¢+()\a,X”)ﬁ)

Guv X! (Do X*)
G XA (Da X5+ (M, X)) g (6. X ) Da X7
~ 90 X} (Da X55" +(Xa, X)) +guv X# Da X ¥

Mot oun X (Daxv (FaX¥)p+(Ra XY)a— (M. XE) g+ R ka0 XS(Da X)Xy )
+guu((¢>TJ%)B*(TIT:X“)ﬁ)DaX”*gqu“(DaXZJr()\a:X )B)
+9uv (67, X*)p(Da Xz +(Xa, X") )

9w XLADaX¥)

—g;wX%(DaX;;-‘r()\a,Xy)ﬁ)‘FQ;w ((¢$,X“),e—5f“)DaX”

~ 9w X(Da X" +(Aa, X)) 40y (61, X#)g Da X

hoat gWJXﬁ<DaX” (]:a,X”)B+(5\G,X1’2)Bf()\a,Xi)g+R”m(,X%(DaX”)X$)
0 (00, X2+ R o XX X (6, X10) o (1, X)) Da XV

—9uv (¢, X*)p(Da X +(Na, X))
o (04 X1)5 =K1 ) (Da X +(Ra. X "))

i+ gwxgxg

0 XA X V) 9w (6505~ X0 ) X

—9ur XEXV g (61, X)X,

hog+ 9 XG((67,X5) 8= (07, X "))
g (89 Xﬁ>ﬁ+R%aanXgXJ—<$ XUa+ (XM p) X,

—guv (97, ),6(¢-|—7XV),6+QHV((¢T7X”)B X“>X”

(H.2a)

(H.2b)

(H.2¢)

(H.2d)

In the above expressions we have indicated the source deformations explicitly, since will

end up varying with respect to these to obtain the physical components of the energy-

momentum tensor. Ignoring all the terms with non-zero ghost number, we end up with the

expressions used in section 5.
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H.2 Curvature superfield

We define the partially pulled back curvature superfield as:
(14 677)R* iy (X) = R*0p(X) (D1 X)(DsXP). (H.3)

It admits a superfield expansion which can be inferred from the component maps (we
only write out the superspace components):

SR a0 XEXG

7R'u1/a0'Xa(¢ :XU)
R g v ; (H.4a)
- [(Xd,.VR“VM)X%ngLR“,,MXgX”]

7(XE‘VR‘U‘V>\U) Xl/?(QbTvXU)B*R#V)\o’ [XA(QST7XU),B+X1/)‘;(T)T7XU)57(¢T:X%)5X$:|

1

L Rfyan XOXZ

- [(XE.VR“WU)X%Xg—f—R“maX%((qﬁg ,XU)B—Xff)]
Rfygy: | —RrvaoX2(6,.X7)p

0 1 = 1 7 x € Y xé
(603 R 1ar XEX2) g (b Rl vao XEXT)a+E RV o Ry e (XOXTXIXE-X2XIXTIXE)

~(X5 VR Ae) XY@ X)) g=Ripre [XN (@, X)a= X0, X)) (6. X2) X7

(H.4b)
Riyag XOX
(Xy VR 00) XEXG RV oo X8 (67, X %) g =R vao X ((qsg ,X")B—f(”>
R* o5 (XJ.VR*‘MU)X%X;ZfR“mngj($T,X")ﬁfR“,,aUX%X"
(613 R 1a0 XEXD) (6 3 R vao XGX3)p+E R vao R v (X;;X;X%ngxg)(%xlxi)
_(XEVRHV)\O')XJ;(Q&-O'— 7XU)B_RHV)\O' [XA ((prr :XU),B"_X%(WT 7XU)L3_X$ (ﬁT 7XU)B_(¢$— 7X$)BX'Z]
(H.4c)

I Gauge fixing and super-diffeomorphisms

We now turn to the worldvolume and target space symmetries which we have used in
our construction. We will begin with a discussion of the worldvolume and then examine
the target space issues. In both cases we will explain the rationale behind some of the
choices we made in the main text, and how they serve to determine the structure of our
hydrodynamic effective actions.

1.1 Worldvolume symmetries

We would naively anticipate that the theory we write down should have worldvolume su-
perdiffeomorphisms as a symmetry. This would imply that the worldvolume coordinates
2I = (0%,0,0) transform as 2! — 2! + §(2”) for some arbitrary superfield §. We how-
ever find that this is too constraining, and relax the symmetries slightly to allow only

worldvolume reparameterizations of the form:

2l (o). (I.1)
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This turns out to be sufficient to allow for a clean representation of the Ay = 2 thermal
equivariance structures. While it would be interesting to explore why the full set of super-
diffeomorphisms need to be truncated thus, we will not do so here. We will now see,
however, that our gauge choices almost enforce this constraint.

As explained in the text we are going to use some of this reparameterization freedom to
gauge fix the thermal super-vector BQI as in (2.5) which we reproduce here for convenience:

B =B =0=0,B" = ", (12)

that is, 87 = (3%,0,0). We therefore can only allow f!(c) that leave this choice invariant.
Since we have a distinguished timelike vector in ordinary space, we expect the full set of
usual diffeomorphisms to reduce to those that preserve the foliation induced by the vector
field, along with additional constraints in superspace.

Let us see this explicitly. Note that under (I.1) the thermal super-vector transforms
via a Lie drag which reads

Bl Bl (o) (fJaJBI _ B0, ff) . (1.3)

The first two equations of (I1.2) which refer to the superspace components of BI imply that

B0, 10 = B0, =0 = f'=f0"), fF=f0ch) (L4)

L coordinatize the space perpendicular to the thermal vector 3%. In fact, had we

where o
further gauge fixed 8% = 4§, then we would conclude that ot =o' and (1.4) would imply
that f7 = f(o"), f7 = f(o").

We now turn to the second set of constraints in (I.2). These imply

Op(£p[") = 05(£pf") = 0. (1.5)
In fact, demanding invariance of the full superfield éa gives the slightly stronger constraint
féfa = .féfa =0. (1.6)

This is enforced since we want to have this background vector unchanged under coordinate
transformations. All told we simply require that the super-vector field f ?(o) commute with
B, ie., [B7, f°] = 0.

Let us now use this information to see what the covariant data in the worldvolume
connection is. As noted in the text the connection is a-priori a new piece of data owing to
the fact that the U(1)T covariant pullback of the target spacetime metric does not uniquely
determine a worldvolume connection. We should thus determine which components trans-
form covariantly so that we may employ them in the construction of our actions. A general
connection on the worldvolume transforms under (I.1) as

Ly @+ (*)](‘]J“K)@J@Kfl + covariant pieces . (L.7)

Given our restrictions on the super-diffeomorphism function f/(c) we learn that the fol-
lowing components transform covariantly:

0?: 09 00_ OI OI
OJ7GOJvGOJv GGJvee_J' (1'8)
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We will have use for the fact that the last two terms identified above are covariant in our
construction. In fact, in the bulk of the discussion we use this to allow the introduction

of the fields g(w) and g(w) whose covariance follows from the simple identities (see eq. (J.7)
below):
8\ = Dogrs = Dogrs + (=) €% by + ()
875 = Dytrs = Dagrs + () € ks + ()T g

K(I+J)+1J GK o
JBIK
(1.9)

We note that integration by parts of the Grassmann odd derivatives in the definition
of {g%), g%)} is allowed. In particular, we have DpS = DS for any scalar superfield S,
such that the boundary term occurring when integrating by parts is zero. For example,
one has:

/ dlodods Y8 W) 7IT / d'odddd =5 D; (g1, T7) —(-)"+ / dodods Y—

gIJ Dy (TJI)

(1.10)
for any tensor superfield T

1.2 Target space symmetries

Let us now turn to the target space symmetries. The target space super-coordinates
XA = (X # ©,0) transform under spacetime super-diffeomorphisms along with the trans-
formation induced by the worldvolume super-diffeomorphisms (I.1). One has

Xty XP 4 HE, HRE=H 4 (-) flo x” (1.11)

where the index i € {u,0,0}. Under this transformation the target space super-metric
transforms as usual via

G = Gy + (=)0 HP + (=) g0, HP — g105HP . (L12)

As discussed in the text we wish to use this freedom to impose the super-static gauge

where we pick: . )
X =0E) =0, X°EH=06@G")=4. (1.13)

This can always be done by suitably constraining H/ in terms of the worldvolume diffeo-
morphism parameter f!, and poses no real constraint for our considerations for it demands

H® = H° =0. (1.14)
Our gauge condition (G.1) only constrains H* and we find:
By (ﬁﬂ n ffal)"(ﬂ) =9, (ﬁzﬂ n ffalj’(ﬂ) —0. (1.15)

These arise from the first set of gauge fixing conditions for the super-metric in (G.1). The
second choice ggg = ¢ in addition to the above implies

8, H" =0. (1.16)
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The fact that the ordinary space metric only has a bottom component is also solved by
demanding that H* be independent of Ci), ©. All told we find that

H® =H® =0, H'=H"(X"), 9,H"=0, H'=H"+ flo; X" (1.17)
It is instructive to ask how the top component of X* transforms under (1.11). We have

Xt = 0y0; X"

X”’ — X’L + aeagﬁ“|
= X¥ + 8,0, H" 99 X° 9;X"| + 0, H" 090 X" |
= X'+ 0,H" X" + 0,0,H" X X}]

(L18)

Now we note that the ghost bilinear term has a non-covariant piece analogous to the one in
the transformation of the connection on the target spacetime (compare with (1.7)). While
H* has no dependence on the target space Grassmann coordinates, worldvolume Grass-
mann dependence is induced through X#. All this then implies is that the combination
appearing in the top component of (3.1), viz.,

X# T}, X0 X], (1.19)

is covariant under (I.11). One can similarly check that g, transforms covariantly as a
worldvolume tensor.

J Fixing the worldvolume connection

We start with a set of axioms for the U(1)t covariant worldvolume theory and ask how
does one fix the connection ¢/ sk on the worldvolume. Our aim is to define a worldvolume
covariant derivative ®; which agrees with D; when acting on scalar superfields, and fur-
thermore allows for covariant integration by parts. The key reason why there is no obvious
canonical connection owes the fact that we pullback the spacetime metric in a U(1)t co-
variant fashion and the target space superfield X# transforms non-trivially under U(1)T.
Recall that we define®”

g1 = gy D1 X'D X7, (31)

é[XﬁZﬁ[Xp:a]Xﬁﬁ-(ﬁ[,Xﬁ)g. '
We have made explicit that insofar as X7 is concerned we have no issue as it transforms as
a scalar under worldvolume superdiffeomorphisms. Without further ado, let us then record
our basic assumptions for the worldvolume superspace.

40We suppress all signs associated with super-index contractions in this appendix. That is, we only give
Grassmann signs explicitly for uncontracted indices.
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Axioms.

A1. There is a superspace on the worldvolume with intrinsic coordinates z! and the
pullback superfield X7 exists.

A2. Using target space superdiffeomorphisms we can fix the gauge © = 6, © = 4.

A3. 4 ,él and using worldvolume superdiffeomorphisms we can fix a gauge such that

8% = 3% =0 and 98" = 9;8' = 0.

A4. 3 A; on the worldvolume and a spacetime metric gy = gﬁ;()of ). We furthermore
gauge fix the spacetime metric to obey (3.3).

A5. Commutator condition:

o

01.9,] X = (F1, X (J.2)

A6. Measure compatibility:

o <J?> =0. (J.3)

Given this, our task is to ascertain whether there is a connection on the worldvolume which
retains U(1)t covariance. The first four axioms are reasonably innocuous and don’t pose
any constraints. The discussion in appendix I makes clear that the gauge fixing constraints
can be imposed immediately.

We would like to ensure the existence of a connection satisfying A5 and A6. A5
simply encodes compatibility with U(1)t covariance. Note that we are not demanding
that the worldvolume connection is compatible with the pullback metric. Clearly, measure
and metric compatibility cannot simultaneously hold with U(1)t covariant pullback as is
clear from (J.3). Measure compatibility A6 is all we need in order to be able to perform
standard integration by parts inside superspace integrals, as we will show.

Let us record some useful intermediate lemmas that focus our attention on the salient
features of the worldvolume connection.

L1. Determining Q = ) 15 JX P is equivalent to prescribing a worldvolume connection.

L2. Our axioms A1-A6 only require us to fix the (graded) antisymmetric part of the
connection and its trace, but leave the (graded) symmetric part undetermined.

L3. Given the pullback metric we can evaluate its derivatives and check that
Dag1s = g (QAI’2 D X7 4 (—)A D XHF QAJD>
[30314, ’;33] N 817 = Giw (FOIABIII D X7+ () T st ’DIX") (J.4)

where YAB['FL EC‘DDAQB[ﬁ— (—)ABC‘ODBQA[[L
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L4. If we demand that gr; transforms as a 0-adjoint and the commutator condition A5
holds, then we learn that

9w (fABIﬂ DX7 + () T gt 55150(&> = Fap £p8&1s (J.5)

Let us now unpack and explain these statements one by one and present a prescription
to fix the derivative ®. On occasion we will also use the basic non-covariant derivative D
on the worldvolume. One can consider the restriction of © as acting on scalars to define the
derivative operator Zo), which acts on arbitrary worldvolume tensors or partially pulled back
target space tensors as a covariant derivative where the all connection terms discarded:

DJE@J|FZﬁ:é5K:0. (JG)
Indeed, this definition provides a natural generalization of 9y in the U(1)t covariant theory.
It is simply given by the covariant derivative restricted to spacetime with flat connection
(which is how one could recover 9, from V, in usual geometry without equivariant gauge
group). For instance, on arbitrary tensors with worldvolume indices we would write D; =

or + (AI .+ )@, i.e., it acts like 3031, but without the connection terms:
DTk = DiT k + ()7, Thie = ()T L€k, (J.7)
where T K 1s a generic super-tensor.
Consider now the derivative of the pull-back metric (J.1):*!
D18k = g (X) (éleXﬁ DX + (=)D, XH 3031’}03;()0(‘7) ) (J.9)
The result (J.9) can be equivalently phrased in terms of the behaviour of the derivative

I

acting on the dual tetrad basis é#

which satisfy
N it o I _ s 1 s IR U _ s ¥
DyXter =465, € DrX" =065". (J.10)

Taking a worldvolume covariant derivative of the tetrad and calculating in two different
ways we infer the following:

Dyép!l = ()P K DD XY 65!
Dyél =Dyépl — (=)TPT7,5(X) DyXP ey 4+ (=)0 @ e 65K (J.11)
= Osé" + (A ") = (2)FT75(X) DX &7 4 (=)0 €T e e
where we have indicated for clarity the various derivative operators at our disposal. We
can then solve for the worldvolume connection:

Cl e = éu! TR (X)) DX D XP — (—)Dyép! D XF + () D e D XF

= éﬁl FM,)/;()%) é(])%ﬁ @K)%ﬁ + éﬁl ﬁjé]{)%ﬁ — éﬂl é]éK}%ﬁ (J.12)

41Tn this calculation, the part where the derivative hits gﬁ,;()% ) evaluates to zero since the target space
metric can be chosen to have a metric compatible connection:

3519;15()0() = 35[)%5 Vpg[m()o() =0. (J‘S)
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We can thus see a relation between C! JK and D J@ . determining the worldvolume
connection C! JK 1s equivalent to fixing the tetrad condition D J ) kX", as anticipated in
lemma L1. In the following, we will have to impose certain consistency conditions to fix
either of these two objects. Often, we will also use (J.12) in the form:

DO XA =DyDp XF — €1, Dy XF + D X7 D XPTH5(X) . (J.13)
Let us first assume that we have a tetrad condition encoded in a new superfield (02, viz.,
DX = Qp (J.14)

We shall now constrain the form of by imposing the axioms A5 and AG6.

The commutator condition. Imposing that (J.2) holds will constrain our choice of €.
It is easy to check that

@Uﬂ—<_yJﬁﬂﬂE§1]5u%Xﬂ::%#UéKéKkﬂ (7.15)
where we use (4.2) to infer the identities:
D2=5F,8", plO Xt =z8"0,X". (J.16)
Measure compatibility. The axiom (J.3) can be rewritten as
0 ()
= \/Z_ig B Yjiv (éfé.])o(ﬁ gD X7 + D, X g'K éféKXD> - %éru ﬁj} (J.17)
= \/? [Qyﬁ én’ — %fofu 5‘]] ;
where we used (J.16). From this, we infer

. 1.
Qe = 591 B’ (J.18)

A general solution for €277 satisfying (J.15) and (J.18) may now be parameterized in
the following form:

Q' = 2% (:31 Fons + (=) By Frag + ()M By 91J) g ONX + ot (1.19)

for some @y #. The rationale for splitting off the pieces involving the field strength is that
these are determined by the U(1)T gauge structure alone, and in fact suffice to ensure that
our axioms A5 and A6 are met. A short computation reveals that all we need is for the
tensor wr ;" to be graded symmetric and super-traceless in it worldvolume indices:

A5 = o= () o, (J.20)
A6 — @[Jﬁéﬁ‘]:(). ‘
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With this parameterization one can furthermore check that:
Drépl =—esMaonn’éxN =0
(J.21)

We thus see that the general connection satisfying measure compatibility and the
commutator condition is parametrized by @r;” satisfying (J.20). While we could work
with a general connection of this type, it is helpful to make a particular choice for explicit
computations. We will make the canonical choice W = 0 which implies that

DD X! = 23 (ﬁl Frr + ()Y By Frar + (—)MUIHD gy, ?IJ) gMN DN XA (1.22)

which, using (J.13), fixes el sr - Since the difference of two connections is covariant we can
easily incorporate non-zero wys* if necessary. The choice of setting wy# = 0 is inspired by
the observation that then the connection is determined solely in terms of the U(1)t data
and the reference thermal super-vector on the worldvolume. This appears most natural
since the failure of the standard tetrad condition is due to our covariant pullback of target
spacetime data.

In the main text we will work with (J.22) or equivalently with:

Clix = éu TRy 5(X) 0, X7 D XP + &' DD X7

i
1 o o N oo (J23)
~ 5z én’ (,BJ Frenr + (=)7K Bre Fyar + (—)MIHE) gy, 9JK) gV DN X

It turns out that there is an alternate way to motivate (J.23) which is closely inspired
by the manner in which the Christoffel connection is determined. Consider the following
worldvolume derivative:

° o 1 o 1 °
D;ﬁt)T‘]K = D[TJK + ; (_)JM ff[MﬁJTMK - ; (_)L(1+J)+JK ?IK,@LTJL- (J-24)

and similarly for tensors with more indices. This strange derivative supplements the flat
worldvolume derivative with a connection set in terms of the U(1)t field strength and
thermal vector. One can check that our choice for G- in (J.23) is equivalent to the choice:

. o (F) . o (F) . o (F) .
GIJK =-g'* [DJ g + ()" Dy gy — Dy gJK}

(J.25)

N — DN -

gt [DJgLK + (=)' 5 Dygyr, — DLgJK] +z (3"{] B + (=) F BJ)

That is, we choose the connection which looks like the superspace Christoffel connection
supplemented with thermal equivariance data to ensure that we have correctly accounted
for the U(1)T covariance of the pullback. Reinstating Grassmann signs for index contrac-
tions yields (5.17).
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Integration by parts. For illustration, we now show how the properties of the world-
volume connection that we imposed above, allow for integration by parts. For a generic
0-adjoint vector VI = V/ ¢ é;!, observe that (J.21) implies

[ = [ 5
/F

D,V = @ﬂ/#) &’

DIX7 VP + D X7 Dy VP ! (J.26)

/ gQIX” v, V“) é —/\/—gvuf/”:()

using the partially pulled back derivative defined in (G.5). In the last step we used the trans-
formation of the measure as one passes from the worldvolume to the target space theory:

X —
d*X dOdO \/—§ = dlocdhdf \/—g M = dlodgdg Y& (J.27)
det [D[X ] zZ
Eq. (J.26) is, of course, just a way of stating the ability to integrate by parts in the world-
volume theory.

K Superspace expansion of further fields in the MMO limit

We collect here some more involved superspace expansions of superfields in the MMO limit.
This is relevant for the calculations in section 5.

Non-covariant derivatives of the metric. To ::onstruct the worldvolume connec-
tjon (J.25), we need the non-covariant derivatives Digry of the metric, recalling that
Dr =01+ (Ar, - )g is in some sense a U(1)1 covariant partial derivative:
Dogar = —0 (hap + &ab — (¢° — Ba, gav)g)
Dggab =0 (hav + Bav + (B2, 8ab)8)
Dois, = <X +(Ba, X,)p ) Da X" + 00 <¢° Ba, (X, + (Ba, X,)s aaXﬂ)ﬁ
Djkg. = Dogoa =0 (K.1)
Dggoa = (Jv — (Ba, X)g) 9aX” = 00 (Ba, 3y — (Ba, Xu)p)0uX")s
Dokgg = —0 (hgg + &0o)
Dykog = 0 (hog + Eop)
The worldvolume connection. Using the above expansions, we can now write the

connection (J.25) in the MMO limit. In components, the non-zero parts of the connection
read as follows:

o _ (1 N ~
C‘2Cab = Fcab"'ee{ 7ng I:QV(a(hb)d +gb)d) +2(-F((ngb)d)ﬁ _vd(hab‘Fgab) - (‘de gab)ﬁ:|

_iey (XV (BAaXV)ﬁ> (2V((L [ab)XM (3;L_(BA7X;L)B)] +hub+gab_(¢-|0—_BAagab)ﬁ)

—561, (3" —=(Ba, X")p) (ZV(a [@)Xﬂ (XM‘F(BAvXM)B)} _hab_éab“"(BA7gab)ﬁ)

+2 |:/LXC (f(a +a(a¢$) _i:’c]_—(a} ﬂb) +ng (/G(avd]:b) _B(avb)]:d) }
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. (1 . . N
Co = 9{ _ing (haa+8aa— (02 —Ba,8da)g) +8“0 [09 X" (3.—(Ba,X,)p)]

7

5 (3= (B, X)g) 0, X" (X, +3,)+ [F +0°¢0 —i3°6")] ﬁa}

1

€45 =09 38 (hia+Baa+ (B Baa)p) +&° 00 |00 X" (X + (B, X)) |

-3 #(X“JF(BA,X“) )8aXV(XV+JV)+[—P+iX0¢$} Ba}

éeab;9{ 2V(a [@;)X”( +(Ba, X)) )}JrhubJrgabJr(BA,gab)g

—2 [‘Fa/gb "’“ﬂ)ﬁa] } (K2a)

|
.

{2910 00 X4 (0= B X,09)] s~ (6B )
+2[(Fu0,0) Bt (Pt 4s?) ] |

05 = ;Z(X“ 34+2(Ba, X")g )+§9{8bX" (Xf:;#w(BA,X#)B)x
x [ ~ig™ (hog +0s) (lL“b+g“b ie(iel) (3~ (Ba, X)g) (X7 +(B2, X)) ) |
458 (00-Ba, (B +(BA X)) X") +(Bas(B,—(Ba X,)a)OWX"),
— 0y (hgg+Eog) | — [ 70 (@ X =000 K4+ig) (3% X“d)}ﬁd}

0= 5030, +80{ XV o [04X" (3, (B2, X, o)
1 (e Hac (69— Ba Bac)p) €5 (X4 (Ba, X))

, ) ) o
— 50, (hoé"‘goé)‘i‘iheéaaXy (Xu"‘du'f'?(BA,Xu)ﬁ)

MNI\D@

+ (B0 XY (3 (Ba, X)p))p— 2 (608, 0uX" (Kt (Ba Xu)s ) g

—2Ba (hog+iB Fu) +iX* (Fut040?) Ba—i3"BaFu+id? (h ab+gab)ﬁb+i¢$£ﬁa}
5= —¢0ﬁa—99{—z30v[ [a X+ (X +(Ba, X, )ﬁ)}

—f(hu«+€ac+(BA7gac) Je, (3" —(Ba, X")g)

+- 8(h99+g90)+ h@gaX ( »+J3,+2(Ba, Xy )g)

2 (BaL0X" (:cy—(BA,XV)m)ﬁ—%(asE—BA,aaX” (%o +(Ba.X0)5))a

— 82 Ba (hog+iB Fu) +i3"Fu Ba—i X Ba (Fu+0udy) +i? (/zab+gab)ﬁb+i¢$f;ﬁa}

, i - . . -
@999——9{ (X“+(BA,X“)3> (X#—J,L+2(BA,X;L);;)+2(h@(,+g99)—2¢$Xdﬁd}

éee—;é{ (3" —(Ba, X")p) (Xu—auw(BA,XH)ﬂ)+2<h69+g99>—2¢23%d} (K.2b)
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Note the following simple identity for the supertrace of the connection:
(=) el =60 () ey,
~ 1, ~ ~
(_)I GIIC = 5 g b 2v(a(hc)b + gc)b) + 2("?((17 gc)b)ﬂ - vb(hac + gac) - (er7 gac)ﬂ] (K3)
+ BV F o +10chys -

Derivatives of field strengths. For the discussion of dissipative transport (such as
section 6.2) we need covariant derivatives of field strengths. In the MMO limit, these take

the following form:
éa\%@b:9{_va(ﬁ)+ab¢$)_z¢$(ﬁl+8a¢-0|—)/6b_;¢26a(ﬁl+ab¢$)
+f¢° (2V (0 [0 X" (3= (Ba, X,)8)] +hav+Eap— (82— B )8)
5 Pt (a |Ob) m AsAp)B ab T 8ab T As8ab)B
éaéreb:e{va}—b_i(bg faﬁb_%qbg/@a]:b
Ly (2V @ [0 X" (Rt (B X)) | = Pt — B+ (Bs )
5 Pt (a |Ob) o AyAp)B Lab — Bab A5 8ab)B
éaéeé :éaéée = 3«1(1524'99{(}—(:»(252),64'1'@1)2 0a(hys+8og)
+ 7| e (@ = (Ba, X¥)p) DuX" (X430

~(Frrono?) [ el (X (B, X)) 0,7 (%, +30)
(]:(—Z¢0XC) a[ac]X“(ﬁu_(BA’X )ﬁ)]
A

+ |:—2]-—C+;¢$e,cj (X”+(BA,XV)B>:| (ha,(;‘i‘gac_(ﬁb-or_BAvgaC),B)
|G )~ 6 ('~ (B X)9) | b+ (B )
+60 (13982 Fu=i X"Ba(Fut0a))) | }

D5F0a = —(Fat0a0") — = () ﬁa+99{(BA,}—u+aa¢$)B(XHJ”JFQ(BAvXM)ﬂ)eZa[a}—b]

1
2

(Fat0a0?) [(X“Jr(BA,X")ﬁ) (Xu _3u+2(BA’Xu)ﬁ) +2(hgs+Egg) — 207 Xdﬂd}
(

—(Fe +3C¢0){ g (hda+8da+(Ba,8da)s) +8° Opa [%}X” (Xu‘i‘(BA,Xu)B)}
e (X1 (Ba, X¥)g) X (R 43,) -~ [F—i X0 ﬁa} +9? @%a}
359§"9a=fa+;(¢$)2ﬁa+69{(¢$—BA,fa)ng(X“—3“+2(BA,X“)5)eZ€)[a]—'b]

i ~ o~ - ~
2 Fu [~ (= (Ba, X*)p) (K= 3u+2(Bas X)) +2 (hy +80s) ~2673%Bd]
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_%(ﬂ*aa(b?) [(X“JF(BA,X“)EJ) (XH_3M+2(BAaXu)ﬁ)+2(h@§+g0§)_2¢$)~(dﬂd}
—Fe {—;g (haa+Eda— (0" —Ba,8da)g) +8° 00 [0 X" (3. —(Ba, X,)p)]
+2e#( —(Ba, X)) 0a X" (Xy+30)+ [F+0°¢)—i 3 ¢7) ,Ba]qsﬁé%a} (K.4)

o o 1 - N
D595 =01 (Ba,6D)a—5 Fuch (X =3 +2(Ba, X)s)

+
<
©

el
Il
Dy
NI et N VIR et

0 KX”HBA,X“M) (XM_3M+2(BA,XM)5) +2(h,9§+§9§)—2¢$f(d5d} } (K.5)

. 1 -
DoiFg =01 (#0-Ba 00— 5 (Fu+Dud)) e (X" =3 +2(Ba, X))

<
“+o

[~ @+ (Ba X)) (X =30 2(Ba, X)) +2 (o +8ag) ~2 6738 }

Shear tensor. Now, we wish to compute the shear tensor and its square as it appears
n (6.29). We start by computing the components of

Driy = (-)K (QIUK) iy (K.6)
We find:

C‘GDaﬁb = Vaub—I-t%’{Va’ﬁb +8be (Fu,u) g+ (hoe+8oe) Vous+ (ﬂ(avbfc) —,G(avc)]:b) U

1 - -
+§uc [2V(a(h(:)b+gc)b)+2(]:((1,7gc)b)ﬁ_vb(}lac+gac)_(]:bagac)ﬁ] }

Do =0 { (= (B, X,)0) 04 V4 V0o [0 (B X,)) 0 X
1
+§ud (}1(](1,+gda_(¢$_BAagda) ) (]: +60¢0)/6a (ﬁ)"‘ﬁad)o)}
@aagza{(x +(Ba,X,)p )8X”Vau +V( [( X,+(Ba, X,)s )ac)xﬂ e

1 i . 1
_iud (}Lda+gda+(BA>gda)ﬁ)+u ]:C/Ba_T]:a}

L o1 i
@aua=9 {_Tﬂa+gac (¢2_BA,U )ﬁ_iud (}Ldzz+gda_(¢10-_BA;gda)ﬁ)
+%aaxu (3u—(Ba, X)) u¢ 0. X" (X, 4+3,) +u° 0 [0 X* (34— (Ba, X,))]

[f+ac¢° ¢0( —(Ba, X, ))&X“H

C o1 )
:Déuaza {Tﬂa+gac(BAvu )ﬂ+§ud (h/(i(1+gda+(BA7gda)B)

—%8aX“ (Rt (Bas Xo)p) e 0.X7 (R +-3,) +u 0 [0 X7 (Kt (B, X,)a )|

1 0 /-
+ {fa—“’; (X,ﬁ-(BA,XM)ﬁ) 9, X" } (K.7a)
&

272

59ﬁ9=£+99{ Beel (Xt (Ba Xu)p) T— o T+ (60— Ba, (Kt (Ba, Xu)p ) X" )

B
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—;ua{(w Ba, (Xt (Ba, X,)8)0uX"))_+(Ba, (3= (Ba, X,)g)0u X")) ]
0
45 00) s+ og)~ BTV + (BT (3, (B2, X)) |
0 0
Sgitg = T +00] Bl (3, (B X,)p) T 5 T (B, (3~ (B X,)p) 0.7 u)
e | (6980 (Bt (B X,00)0,X1) 4B 0y (B X, 0010, X)) |
1 ¢0 c 0Y,,a (Vv
— 5 (w0) (hyy+8og) — - (BF)+B°(Fert 0t u" (Xu+<BA,XM>ﬁ)}
Dty =Dyiig =0 (K.7b)

This implies for » 1J defined as
20:]]:35[&]—{—(—)[‘]35]&[ (K8)
one finds the explicit expressions

5, = gv(aub)+99{2v(aab)+2g(ac (F),u)g+2 (hact8&(ac) Voyu'+ (BaVpFo +Bp Vo Fe) u
+u [Ve(hap+8ab) +(Fes 8ab) ) }

iae_g_{_fﬁa+( —(Ba, X,)8) 0 X" V0t +1° Ve [0 X" (35— (B, X,1)g)]
—u® (Fert-0c8)) Bat8ac (7 — BA»UC)B}

S5 =0 {T,@a-l-(XH—F(BAaXu)B) 0 X" Vo4 Ve [0 X4 (X, (B, X)) |
+Ucfcﬁa+gac(BA7uc)ﬁ}

20309:0_0{(u.a)(lL99+§99)+(,3.]-") u el (3= (Ba Xu)p) =B (Fe+ e u” el (X4 (B, X,)g)
+3%H (3#_Xp+2(BAaXH)ﬁ) T

+ ((b? - BAvuc)ﬁ (XH_'_(BA’XM)ﬁ) aCX#"i'(BA’uC)ﬁ (3M_(BA’XM)L3) 8CX#} (Kg)

Note that the projected trace of 3y 7 is the same as the usual (metric) trace in superspace:

(_)P+Q+PQ ﬁPQ iPQ = 2’[94‘@0 {(U V) |:Pab( ab+gab)

92 .
o (THusFo) 0+2i (u.@)hee}

_ (_)P+Q+PQ gPQ iPQ
=294 =20. (K.10)

- 108 —



Let us also write down the projector with indices up and down:

Py =g PR
P> = P+ 00 PCul(heg + §eq) u”
" =0 (3" — (Ba, X")g )e up u®
. K.11
Pgaza(X“+(BA XM g )e wup 9 (K-11)
PA=PE7=0
Bl =P =1
Note that the Grassmann-odd directions count in the super-trace, for example: the metric
trace g/ = d — 2, whereas P;/ = d — 3, as one can readily verify (d denotes the number

of spacetime dimensions of the physical fluid). This finally let’s us compute the superfield
version of the graded symmetric, transverse shear tensor:

N

org

0 5 2
(_)M(1+J+N)+N P[MPJN (ZMN_d:lgMN’ﬂ)

- 1 -
Gap = Oap+00 P(a b){ (h/c(e—l—gc(e) Vf)uc—i—§umu"(iL,,L,,,+gmn)Veuf
1
5 (V) (hey+8ep)+ud (hrg+Erg)u Vaue+g (e (Fp),u)p

. 9 ) 1 -
+§u (-Fﬂagef)ﬁd_l(heergef)d_lpefﬁ}

Oah =

9P§{(u.v>[<3u—<BA,XM>ﬁ>abX”1 (B (B X,)8) DeX ™ (Vo 41 o)

N

29

- 20X (0, (Ba X, )a) |

:;GPS{(U.V)[(X#%—(BA,XM)[;)@;)X“}%—(X +(Ba, X)) )ax#( el ay)
—ﬂabX (Xu+(BAaXu)B>}
&99*: _‘0796 = —é 19+§9% {(UV) [hw—i—@%—i—(’d.X)(u.ﬁ)]

RS 1 - 20 (hog+&oa-+ (u-X)(u-3)) +2i 7 } (K.12)

where 20 can be read off as the top component of (K.10). Note that this definition of shear
tensor is not super-traceless. However, its bottom component 4| reduces to the usual
shear tensor, which is traceless in ordinary spacetime.
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