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1 Introduction

3-form gauge theories in four-dimensional (4D) spacetime have been studied extensively in
the past decades. They were first considered in the context of quantum chromodynamics
(QCD) to describe a long-range confinement force between quarks [1, 2]. Furthermore, a
3-form gauge field can be regarded to provide an effective description of a Chern-Simons
3-form in Yang-Mills theories [2, 3], in particular in the context of the U(1) problem [4,
5] and the strong CP problem [6-8]. In cosmology, a 3-form gauge field was used for
dynamical neutralization of the cosmological constant [9-16], quintessence [17], inflationary
models [18-23]. A relation between the 3-form gauge theories and condensed matter physics
was also discussed, see e.g. [24]. A supersymmetric (SUSY) extension of the 3-form gauge
fields was first formulated in ref. [25]. The SUSY 3-form gauge fields naturally appear
in superstring theory and M-theory, therefore they were studied extensively with various
applications: supergravity (SUGRA) [26-28] (see refs. [29, 30] as a review), Stiickelberg
coupling [31-34], topological coupling [33, 35, 36], coupling with a membrane [37-39],
alternative formulation of old-minimal SUGRA [37, 40-42], gaugino condensation in SUSY
Yang-Mills theories [43, 44], the cosmological constant problem [41], SUSY breaking [41,
45], string effective theories [42, 46-48], and inflationary models [35, 49]. Complex 3-form
gauge theories were also considered in refs. [38, 39, 42].

One of the characterizations of p-form gauge fields is their couplings to extended ob-
jects. As 1-form and 2-form gauge fields can be electrically coupled to a particle and string,
respectively in 4D spacetime, a 3-form gauge field can be electrically coupled to a mem-
brane [1]. Since membranes and 3-form gauge fields naturally arise in string theory and
M-theory as fundamental degrees of freedom, 3-form gauge fields in 4D spacetime appear
as 4D compactification of these theories. Another characteristic feature of the 3-form gauge
field is its coupling to scalar fields. Since a field strength of the 3-form gauge field is a 4-form,
the 3-form gauge field can be topologically coupled to a pseudo-scalar field [4, 6, 18, 50].
It was pointed out that the topological coupling generates a potential (e.g., mass term)
for the pseudo-scalar field while preserving a shift symmetry of the pseudo-scalar field in
an action [17, 18]. This mechanism was applied to inflationary models [20, 22, 23, 51],
quintessence [17], the strong CP problem [6-8] and so on.

Apart from many applications, the 3-form gauge field would have some theoretical and
fundamental subtleties which we have to discuss carefully, compared with other p-form
gauge theories. The 3-from gauge field with canonical (quadratic derivative) kinetic term
has no dynamical degrees of freedom, and hence it is classically dual to a constant term,
analogous to an electromagnetic field in 2D spacetime. Nevertheless, there are several
merits to consider a 3-form gauge field itself rather than merely a constant. In fact, it was
shown that a 3-form gauge field is inequivalent to a constant at a quantum level [52].

In contrast to other p-form gauge theories, Lagrangians of the 3-form gauge theories
generally should include boundary terms [11, 12]. If the boundary term were missing,
the functional variation of the 3-form gauge field at the boundary would not vanish, and
consequently the energy-momentum tensor of the 3-form gauge field would be inconsistent
with its equation of motion (EOM) [13, 14]. This situation is the same with the #-term



Bosonic SUSY

Instability - — (cf. chiralsuperfield [53])
2nd (bulk) [1] [25]
2nd (boundary) [11] [31, 42]

H.D. (bulk) Ghost /tachyon-free [6, 8] | Ghost/tachyon-free (4th order) [35]
Ghost/tachyon (all order, chiral) [54]
Ghost /tachyon-free (all order) —

H.D. (boundary) — -

Table 1. Higher derivative Lagrangians of 3-form gauge theories. “2nd” and “H.D.” imply second
order canonical term and higher derivative term, respectively. implies that it has not been
done and will be done in this paper. The reason why we list chiral superfield is that 3-form gauge
theories can be formulated in terms of a chiral superfield.

“_»

in 2D electromagnetism, where the #-term is needed if one considers a non-trivial field
strength in the bulk.

As mentioned above, 3-form gauge theories are often considered to describe infrared
(low-energy or long-range) effective theories, such as a Chern-Simons 3-form in QCD,
and compactifications of string theory and M-theory. Since effective theories inevitably
include nonrenormalizable interactions which depend on an ultraviolet cutoff parameter,
it is natural to consider higher derivative corrections to the 3-form gauge fields. Since the
Lagrangian should be gauge invariant, the nonrenormalizable interactions may be described
in terms of the field strength of the 3-form gauge field rather than the 3-form gauge field
itself. In particular, higher derivative corrections in 3-form gauge theories provide a pseudo-
scalar field with a non-trivial potential [6, 8, 23] such as a cosine-type potential [6]. This
is in contrast to the case of the quadratic derivative term (kinetic term) giving rise to only
a mass term for the pseudo-scalar field.

Construction of consistent higher derivative 3-form gauge theories consists of three
procedures for both bosonic and SUSY cases:

(1) identifying unstable modes such as ghosts and tachyons,
(2) constructing bulk Lagrangians free from unstable modes,
(3) determining boundary Lagrangian corresponding to the bulk.
Which have already been done and which have not been are summarized in table 1.

(1) In general, higher derivative interactions give rise to additional degrees of freedom,
which cause instabilities. For higher derivative theories of a scalar field ¢, such an
instability is known as the Ostrogradsky’s ghost [55, 56]. A sufficient condition for
the absence of such a ghost is that the Lagrangians should be written by a function
of the first order derivative (such as 9¢), but not by the higher order derivatives than
the first order (such as 00¢). However, in the case of the 3-form gauge theories, the
existence or absence of such unwanted degrees of freedom is not known in general.



(2) The examples of the higher derivative Lagrangians without unstable modes is known
in bosonic 3-form gauge theories. One of sufficient conditions free from unstable
modes is that the Lagrangian consists of arbitrary function of the field strength of
a 3-form gauge field [6, 8, 23]. However, this is not a necessary condition; even
when there exist derivative terms of the field strength of a 3-form gauge field [57—
59], there are no unstable modes, if the canonical kinetic term is absent or has the
wrong sign [60]. On the other hand, in contrast to the bosonic case, the only known
example of a higher derivative term free from unstable modes in the SUSY 3-form
gauge theories is a four derivative term [35].

One of the most characteristic features of the SUSY 3-form gauge fields, in contrast
to non-SUSY cases, is that there exist dynamical degrees of freedom of bosons and
fermions even at on-shell, which are superpartners of the 3-form gauge field. In higher
derivative theories, one should be careful with unstable modes originated from higher
derivative terms of the dynamical degrees of freedom.

When we construct higher derivative extensions of SUSY 3-form gauge theories, we
can use higher derivative Lagrangians for a chiral superfield because the field strength
of the 3-form gauge field can be expressed in terms of a chiral superfield. This is
because a 3-form gauge field can be embedded into a vector component of a real
superfield, and its field strength can be embedded into an auxiliary field component
of a chiral superfield which is defined by the real superfield [25]. These are analogous
to a vector superfield and a chiral superfield (gaugino superfield) for a SUSY electro-
magnetism, respectively. A quartic order term of the field strength was described in
ref. [35] as mentioned above. Although higher order terms of an auxiliary field were
considered in ref. [54], they contain the Ostrogradsky’s ghost instability in general.
The most general ghost-free higher derivative terms for SUSY 3-form fields are still
missing.

This is in contrast to the cases of chiral matter and vector superfields. For the chi-
ral superfields, ghost-free higher derivative Lagrangians were systematically given in
refs. [61-64], which were later generalized in ref. [65]. Before their constructions,
it has been known that higher derivative terms in SUSY theories often encounter
the so-called auxiliary field problem [66-70]: the action contains the terms with
spacetime derivatives on auxiliary fields. In this case, the auxiliary terms cannot be
eliminated by their EOM, which is the case for a Wess-Zumino term [71, 72| and
Skyrme-like models [73, 74]. This auxiliary field problem usually comes up together
with the higher derivative ghosts [53], although such the ghost can be removed by
introducing a non-dynamical gauge field (the ghostbuster mechanism) [75, 76]. The
higher derivative terms free from these problems given in refs. [61-65] were applied
to many topics such as low-energy effective theories [77-80], SUGRA [63, 81], SUSY
extension [62, 82] of Galileons [83], ghost condensation [61, 64], the Dirac-Born-Infeld
(DBI) inflation [84], flattening of the inflaton potential [85, 86], baby Skyrme mod-
els [65, 87-92], Skyrme-like models [93-95], solitons [65, 89, 96, 97], nonlinear realiza-
tions [98], SUSY breaking in modulated vacua [99, 100], and a formulation of a liber-



ated SUGRA [101]. For the vector superfield case, ghost-free higher derivative actions
were considered in the context of a correction to a scalar potential in SUGRA [102],
SUSY Euler-Heisenberg model [53, 81, 103], nonlinearly self-dual actions [104, 105],
and the DBI action [106, 107]. The most general ghost-free action of an arbitrary
order of the field strength was achieved in ref. [108]. Later, higher derivative theories
were applied to the Fayet-Iliopoulos term without gauged R-symmetry [109-111], and
inflationary models [112, 113].

(3) The boundary terms are also needed corresponding to higher derivative terms for the
consistency between EOM and the energy-momentum tensor. However, in both the
bosonic and SUSY cases, they have not been explicitly presented.

In this paper, we give all constructions of 3-form gauge theories missing in table 1.
First, in the bosonic case, we show that higher derivative terms given by derivatives on
the field strength may cause a tachyon as far as the canonical kinetic term exists. If such
higher derivative terms are absent, there are no additional degrees of freedom. We further
argue that there are no additional degrees of freedom if the higher derivative terms are
given by functions of the field strength but not of derivatives of the field strength. All the
previously known examples in refs. [6, 8, 19, 22, 23] fall into this class.

Second, we give the most general higher derivative Lagrangian including an arbitrary
order of the field strength without tachyons as well as ghosts in the SUSY case. Since the
field strength of the 3-form gauge field can be embedded into the auxiliary field of a chiral
superfield, we can construct a ghost-free higher derivative system of 3-form gauge fields by
a Lagrangian with an arbitrary function of the auxiliary field. This Lagrangian is obtained
by choosing ghost-free sector of the Lagrangian in ref. [54]. We show that this Lagrangian
is ghost-free and tachyon-free in the bosonic sector.

Third, we determine the boundary terms for the higher derivative Lagrangians given
by arbitrary functions of the field strength in both the bosonic and SUSY cases. These
boundary terms are determined by requiring the condition that a functional variation of
the Lagrangian vanishes at the boundary.

This paper is organized as follows. In section 2, we first review a 3-form gauge theory
with a quadratic kinetic term and the role of the boundary term. We then argue that
a Lagrangian with derivatives on the field strength gives rise to a tachyon by using an
example. We then discuss a tachyon-free higher derivative Lagrangian, and its the boundary
term. We further confirm that our boundary term gives us an energy-momentum tensor
consistent with EOM. In section 3, we discuss SUSY extension of ghost /tachyon-free higher
derivative 3-form gauge theories. First, we review 3-form gauge theories with 4D N =1
global SUSY with a quadratic kinetic term and the corresponding boundary term. Second,
we propose the ghost/tachyon-free Lagrangian for SUSY 3-form gauge theories. We then
determine the boundary term for the ghost/tachyon-free Lagrangian by requiring that a
superspace functional variation at a boundary should vanish. Section 4 is devoted to a
summary and discussion. In appendix A, we summarize our notation. In appendix B, we
review a dual formulation of a 3-form gauge theory. In appendix C, we also review a dual



formulation of a 3-form gauge theory in SUSY field theories. In appendix D, we discuss an
auxiliary field method for the ghost/tachyon-free Lagrangian proposed in section 3.3.
We use the notation of the textbook [114].

2 3-form gauge theories

In this section, we consider 3-form gauge theories in 4D. First, we review a 3-form gauge
theory with a canonical kinetic term with a corresponding boundary term. Second, we
argue that a higher derivative term given by a derivative of the field strength of the 3-form
gauge field gives rise to a tachyon in the presence of the canonical kinetic term. We also
show that higher derivative Lagrangians are tachyon-free if the higher derivative terms are
given by a function of the field strength but not of a function of the derivatives of the field
strength. Finally, we consider the necessity of the boundary term for the higher derivative
term, and we specify a higher derivative extension of the boundary term.

2.1 3-form gauge theory with canonical kinetic term

Here, we review a 3-form gauge field, its field strength, and gauge invariant Lagrangian
with a canonical kinetic term with a boundary term. This review part is mainly based on
refs. [11-13].

2.1.1 3-form gauge field

A 3-form gauge field is a third-rank antisymmetric tensor field which is transformed by a
2-form antisymmetric tensor local parameter &, as follows:

630mnp = mgnp + 8'ngpm + ap§mn (21)

Here, 03 denotes an infinitesimal gauge transformation of the 3-form gauge field. The field
strength of the 3-form gauge field is introduced as follows:

Frnpg = OmChpg — OnCrmpg + 0pCrmng — 0gCrmnp- (2.2)
The field strength is invariant under the gauge transformation of the 3-form:
03 Fmnpg = 0. (2.3)

Note that the field strength can be written by using totally anti-symmetric tensor €,pq:

1
anpq = _IemnpqerLgtuFrstu (24)

because Fypq is totally antisymmetric tensor in 4D. It is convenient to define the Hodge
dual of the field strength F' as follows:

1
F = Iem"qumnpq. (2.5)

We can write F,uypg in terms of F' as

Fonpg = —Emmpq F. (2.6)



2.1.2 Lagrangian with canonical kinetic term: bulk part

In the following, we give a Lagrangian with a quadratic derivative term. As we will explain
below, the Lagrangian gives us a constant term. As a merit, we can describe the cosmolog-
ical constant in terms of a gauge symmetry [11-13, 15]. A quadratic derivative Lagrangian
of the 3-form gauge field is given by

1

Ekin. = - ﬁ

mn, 1 m mn,
F™"P9 Epg + 570" (C™ Frnpg). (2.7)

The first term is a quadratic derivative term, which we call the canonical kinetic term. The
second term is a boundary term corresponding to the kinetic term, which is necessary for
the consistency as described below. We impose the gauge invariant boundary condition for
the 3-form gauge field:

F‘bound. = —C (28)

where ¢ is a real constant, and the minus sign is just a convention. The symbol |pound.
denotes the value at the boundary. We further impose that the functional variation of the
field strength at the boundary is zero:

IF|bound. = 0, (2.9)

which we will use to discuss the boundary term. Note that the Lagrangian in eq. (2.7) can
be rewritten by using F' as

1
50" (O™ e F). (2.10)

1
Lkin. = +§F2 -
The Lagrangian written in term of F' will be useful when we consider higher derivative
extensions.
The variation of the Lagrangian in eq. (2.7) by the 3-form gauge field gives us the

EOM of the 3-form gauge field:
0" Frnpg =0, or equivalently 0™F = 0. (2.11)
This can be solved as
Frnpg = €mnpqCs (2.12)
where the constant c¢ is determined by the boundary condition in eq. (2.8). We will use
them below.

2.1.3 Lagrangian with canonical kinetic term: boundary part

Now, we review a role of the boundary term. The boundary term is necessary in order that
the variation of the kinetic term at the boundary vanishes: the variation of the Lagrangian
by the 3-form gauge field is

1 1 n 1 m n
§Liin. = —g(a SC™1) Frnpy + 5a (6C™4 F g _
1 Y n 1 YL n ]' n 7 .
— _ga (6C™4 Frnpg) + ga (8C™UF nng) + 550 PIO™ Frnpg-



Here, we used that the variation of the field strength at the boundary is zero by the
condition in eq. (2.9). The right hand side of the second line shows that the variation of
the kinetic term at the boundary —%8m(5C”qumnpq) is canceled by that of the boundary
term +3:0™(8C™4 Fppppq). If the boundary term were not introduced, the variation of the
Lagrangian would not vanish at the boundary.

The boundary term is also needed for the consistency between the energy-momentum
tensor and the EOM. If boundary term were absent, the energy-momentum tensor and the
EOM would not be compatible with each other [13, 14]. This can be seen as follows. If the
boundary term were absent, the Lagrangian would be written as

1
Ekin.,bulk = _ﬁanqumnpq- (214)
The energy-momentum tensor of this Lagrangian is
1 1 1 1
MmN — gFmpqr‘anqr o 5 4'77mnFqurstqTS — _nmnFZ + nmn§F2 — _inman' (2.15)

Note that the energy-momentum tensor is a local quantity, and is the same whether bound-
ary term is included or not before substituting the solution of EOM of the 3-form gauge
field.

The variation of the Lagrangian leads to the same EOM and its solution which is
also independent of whether the boundary term is included or not. Let us substitute the
solution into the energy-momentum tensor and the Lagrangian. The energy-momentum
tensor is proportional to a constant:

1 1 9

T = oM = o™ (2.16)

The on-shell Lagrangian is also merely a constant:

£kin.,bulk = 6mnqumnpqc2 =+ (217)

T2l 2
We can also derive the energy-momentum tensor of the on-shell Lagrangian in eq. (2.17).
However, the Lagrangian gives the energy-momentum tensor which is not equal to the one
in eq. (2.16):

1
T = +§nm”c2. (2.18)

Therefore, if the boundary term were absent, the EOM is not consistent with energy-
momentum tensor unless the constant c is equal to zero.!

The boundary term resolves this problem [13, 14]. We again consider the Lagrangian
Lyin. in eq. (2.7). In the presence of the boundary term, the Lagrangian after substituting

the solution of the EOM is changed as follows:

1
Lyin. = —5¢". (2.19)

'Historically, the 3-form gauge field was used to consider the cosmological constant problem in ref. [10].

However, it was pointed out that the discussion led to wrong sign for the cosmological constant since the
boundary term for the 3-form was not included [14, 16].



Then the energy-momentum tensor is given by

1
T = —inmc? (2.20)

Therefore, the solution of the equation of motion is consistent with the energy-
momentum tensor.

2.2 Higher derivative term causing tachyon and/or ghost in 3-form gauge
theories

Here, we show that higher derivative terms in the form of derivatives on the field strength
in 3-form gauge theories may cause a tachyon as far as the canonical kinetic term exists.
We show that the tachyon can also be a ghost depending on parameters.

We see that the field strength can become dynamical and tachyonic if higher derivative
terms in the form of derivatives of the field strength of a 3-form gauge field are present, and
if the canonical kinetic term exists. As an example, we consider the following Lagrangian
with a term 0™ F9,,F":

1 a0 1 mmn,
Lor = +§F2 + 58 Fo,F — gam(f PICpeF), (2.21)

where « is an arbitrary parameter with mass dimension —2. The first term is the canonical
kinetic term, and the second term is a higher derivative term which includes a derivative on
the field strength 0, F". The third term is the corresponding boundary term. Note that the
boundary term for the second term is not needed because derivatives on the field strength
at the boundary are zero by the boundary condition in eq. (2.9).

To see that there is a tachyonic mode, we rewrite the Lagrangian by introducing new
fields F’ and ¢:

Lhp = +%F’2 + %8mF’8mF’ — %am(em"mcnqu’) +q <F’ — ;em"mamcnpq> . (2.22)
Here, F’ is a pseudo-scalar field independent of the 3-form gauge field. We assume that the
boundary condition for F” is the same as F: F'|pounq. = —¢. ¢ is a Lagrange’s multiplier
field whose EOM gives us the original Lagrangian in eq. (2.21). Vanishing of the variation
of Crnp at the boundary requires the boundary condition for ¢: ¢lhound. = —F|bound. = ¢
The EOM of (i, implies that ¢ is a local constant, which is equal to ¢ by the boundary
condition. By substituting the solution into eq. (2.22), and redefining F’ as F”" = F' + ¢,
we obtain

1 1
L %amF”amF” -3¢ (2.23)

The first term +%F "2 becomes a tachyon mass term. The origin of the tachyon mass term
is the canonical kinetic term with the correct sign. Furthermore, the second term is the
kinetic term for F”. Thus, the Lagrangian in eq. (2.22) contains a dynamical tachyon. If
the sign of « is positive, the field F” is a ghost as well.

Note that there is no tachyon, if the canonical kinetic term in the original Lagrangian
has a wrong sign —%F2. Furthermore, if the parameter « is negative in addition to the
kinetic term with the wrong sign, there is neither a ghost nor a tachyon [60].



Let us make a comment on a relation to SUSY Lagrangian. The Lagrangian in
eq. (2.21) is obtained from the SUSY Lagrangian in eq. (3.44) given in ref. [53] by re-
garding the imaginary part of the auxiliary field as the field strength of the 3-form gauge
field and truncating all fields other than the field strength.

2.3 Ghost/tachyon-free higher derivative 3-form gauge theories

Here, we consider a ghost/tachyon-free higher derivative extension of the 3-form gauge
theory. In the previous subsection, we have seen that the derivatives on the field strength
can cause a tachyon. Thus, we only consider a higher derivative Lagrangian with a function
of the field strength but not of derivatives on the field strength. Such higher derivative
Lagrangians were previously considered in refs. [6, 8, 23]. In this subsection, we confirm
that there are no tachyons as well as ghosts in this higher derivative Lagrangian in contrast
to the previous subsection. We determine the boundary term for the ghost/tachyon-free
higher derivative term. We show that the boundary terms are also needed for the higher
derivative interactions of the 3-form gauge field. We determine it by requiring that the
variation of the Lagrangian at the boundary should vanish.

2.3.1 Ghost/tachyon-free higher derivative Lagrangian: bulk part

First of all, we confirm that a higher derivative term given by a function of the field strength
is ghost/tachyon-free. We consider the following Lagrangian whose bulk part was discussed
in refs. [6, 8]:

Lyup = G(F) 4+ LD bound. (2.24)

where G(F) is an arbitrary real function of F', and Lyp bound. is the boundary term which
we will determine below. One can assume that G(F') includes the canonical kinetic term:
G(F) = +1F?+.... We impose the same boundary condition on F as egs. (2.8) and (2.9):

F|b0und. =c, (225)

and
IF|bound. = 0. (2.26)

In this Lagrangian in eq. (2.24), we can see that there are no additional dynamical degrees
of freedom. The EOM of the 3-form gauge field is
0=G"(F)0" Frnpq- (2.27)

The solutions of the EOM are 0™ Fynpg = 0 or G”(F) = 0. For 0™ Fpppg = 0, F is a
constant, which is determined by the boundary condition. For G”(F') = 0, the value of F
depends on G(F), and this value does not always satisfy the boundary condition. Thus,
we focus on the former solution 0™ F,p,py = 0. The EOM can be solved as

Frinpg = Cemnpg, (2.28)

where c is a constant determined by the boundary condition in eq. (2.25). For this solution,
there are no additional degrees of freedom in the higher derivative Lagrangian since the
EOM is not changed from the case of the canonical kinetic term. Thus, there are no
tachyons as well as ghosts in eq. (2.24).

~10 -



2.3.2 Ghost/tachyon-free higher derivative Lagrangian: boundary part

Next, we see that the boundary term is needed for the vanishing of the variation of the La-
grangian at the boundary and for the consistency between EOM and the energy-momentum
tensor. We show that the ghost/tachyon-free Lagrangian of the 3-form gauge field without
the corresponding boundary term also gives rise to an inconsistency between the EOM and
the energy-momentum tensor.

We see the inconsistency between the energy-momentum tensor and the EOM of the
Lagrangian in eq. (2.24). On one hand, the energy-momentum tensor of the Lagrangian in
eq. (2.24) can be calculated as

T =™ (—FG'(F) + G(F)). (2.29)

On the other hand, substituting the solution in eq. (2.28) into the energy-momentum tensor
in eq. (2.29), we obtain
T = "™ (cG'(—c) + G(—c)). (2.30)

If the boundary term Lup bound. Were absent in the Lagrangian in eq. (2.24), the Lagrangian
would be
Lyp pulk := G(F), (2.31)

and the on-shell Lagrangian would be
Lp buik = G(—c¢). (2.32)

We can see that the energy-momentum tensor which is calculated by the on-shell La-
grangian in eq. (2.32), T™" = n™"G(—c), is inconsistent with the one in eq. (2.30).

Therefore, we need the boundary term which gives us the consistent energy-momentum
tensor. We can find the boundary term by the variational principle. The variation of the
Lagrangian by the 3-form gauge field is

5L = 5 G (F)™ P00 Copg + 5L o (2.33)

By the partial integration, we obtain the variation at the boundary:
S = 5 O ("PIG (F)6Chpg) + D10 bouna + (2:34)
where the ellipsis - -- denotes the variation in the bulk. To cancel the variation at the

boundary, we propose the boundary term corresponding to the higher derivative term:

1
3!

Note that boundary term given in eq. (2.7) is naturally included into the boundary term in

EHD,bound. = 8m(€mnqu/(F)Cnpq)- (235)

eq. (2.35) by choosing G(F) = —i—%F 2. To confirm whether the boundary term is consistent
or not, we consider the EOM and the energy-momentum tensor. We start with the following
Lagrangian:

1
Lup = Lup, bulk + LHD, bound. = G(F) — gam(Gmnqu/(F)Cnpq)- (2.36)
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The EOM is the same as eq. (2.27), but the on-shell Lagrangian is modified as
Lup = G(—c) + c¢G'(—c), (2.37)
which leads to the energy-momentum tensor which is consistent with eq. (2.29):
" =" (cG'(—c) + G(—¢)). (2.38)

Therefore, the Lagrangian which includes the boundary term in eq. (2.36) gives us the
consistent energy-momentum tensor.

3 SUSY 3-form gauge theories

In this section, we give the most general ghost/tachyon-free SUSY Lagrangian of a 3-from
gauge field of an arbitrary order of the field strength. In section 3.1, we review a formulation
of a Lagrangian with the quadratic kinetic term in SUSY 3-form gauge theories. We also
review a boundary term for the quadratic kinetic term. In section 3.2 we give an example
of SUSY higher derivative Lagrangian of 3-form gauge field containing a ghost as well as
tachyon. In section 3.3, we give the most general ghost/tachyon-free Lagrangian and its
boundary term.

In this section, we use superspace to formulate manifestly SUSY theories. Superspace
is spanned by spacetime coordinate (") and fermionic coordinate given by Grassmann
variables (0, 0s). Here, undotted and dotted Greek letters a, 3, ... and d, B, ... denote
undotted and dotted spinors, respectively.

3.1 SUSY 3-form gauge theory with canonical kinetic term

In this subsection, we review formulations of Lagrangians with quadratic kinetic terms in
SUSY 3-form gauge theories. This subsection is essentially based on refs. [25, 31, 42].

3.1.1 3-form prepotential

Here we explain how to embed a 3-form gauge field into a superfield. In superspace, fields
are embedded into superfields. A 3-form gauge field Cy,,, is embedded into a real superfield
X (Xt =X) [25]:

V2 . _

Connp = ~=€mnpa (3)°*[Dat, Da ] X|. (3.1)

Here, the vertical bar “|” denotes # = # = 0 projection in superspace. The derivatives
D,, and Dy are SUSY covariant spinor derivatives. Following ref. [29], we call X “3-form
prepotential” in this paper. An infinitesimal superfield gauge transformation of the 3-form
prepotential is given by

1 .
I3 susy X = Z(DaTa — DY), (3.2)

where Y, is a chiral superfield D4Yo = 0. Here, 03 susy denotes the infinitesimal gauge
transformation of the 3-form prepotential. Since L := :(D*Y, — D5 Y?) is a real linear
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superfield satisfying D*D,L = DsD*L = 0, the gauge transformation can be simply
rewritten by the real linear superfield as

03, susyX = L. (3.3)
The gauge transformation of the bosonic gauge field is included in this superfield gauge
transformation:
V2 o _
53,SUSYCmnp = ?emnpq(aq)aa [Daa Dd]53,SUSYX|
V2 o _ 1 _ 3.4
= Y2 ra(8) [ D Dl - (DVT, — DT (34
= 8m)\np + an)\pm + ap)\mn’
where the gauge parameter A\, is embedded into the chiral superfield T, as
V2 - o
Nn = 5= (@) DYy = (@n)? 5D T7) | (3.5)

Note that a prepotential for a 1-form (vector superfield) is also a real superfield, but the
gauge transformation law of the 1-form prepotential is different from that of the 3-form
prepotential.

The field strength of the 3-form gauge field is embedded into a chiral superfield Y (and
its Hermitian conjugate), which is given by the 3-form prepotential as follows:

1-
Y = —ZDQX. (3.6)
Here, the second order spinor derivative D? := DgD% acts on X as a chiral projection
DyD? = 0. Therefore, Y is a chiral superfield: DyY = 0. We will call Y “4-form

field strength superfield” in this paper. Note that Y is gauge invariant: d3sysyY =
—iD2537sust = —iDQL = 0. The bosonic field strength Fi,,,, is embedded into the
imaginary part of the auxiliary field of Y:

V2i

Franpg = ?emnpq(Dzy - DQY)L (3.7)

where D? := D®D,,. This is equivalently written by using F as

F= —\/si(DQY — D%)|. (3.8)

In SUSY theories, the 3-form gauge field has dynamical superpartners. Since the 3-
form gauge field has one off-shell degree of freedom, there are also off-shell fermionic degrees
of freedom as well as additional bosonic ones. The superpartners of the 3-form gauge field
can be found as components of the chiral superfield Y. They are one complex scalar y (two
bosons), one Weyl fermion y, (four fermions), and one real auxiliary scalar field H (one
boson). We define the components as follows:

1 V2

Yo 1= EDQY” H:= —2=(D%Y + D*Y)|. (3.9)

y:=Y]|, S
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Note that the dynamical degrees of freedom are y and two of x,, thus the on-shell bosonic
degrees of freedom are also equal to the fermionic ones. It is convenient to define the
following complex auxiliary field F:

D?Y| = %(H —iF). (3.10)

We impose the following boundary conditions for the component fields. One is the

1

.7:::—4

boundary condition for F', which is the same as the previous one:
F‘bound. = —¢C. (311)

Other boundary conditions are imposed so that SUSY and gauge invariance are preserved
at the boundary [31]:

5y‘bound. = 07 5Xa|bound. = 07 6H|b0und. = O> and 6F|bound. =0. (312)

Here, § denotes variations of fields. In the superfield language, the boundary conditions
can be written as

DQ&XHbound. = 0, DQD25XHb0und. = 07 D2D25XHbound. = 07 (313)

and their Hermitian conjugates. Here, ||hounq, denotes the 6 = 0 =0 projection at the
boundary. The other boundary conditions for the higher order spinor derivatives on D?§X
and D?5X are also assumed to be zero. The examples used later are

[Dou Do’z]D25XHbound. = 07 D2DaD25XHb0und. = 07 (314)

and so on. Meanwhile, as in the non-SUSY case, we do not impose a specific boundary
condition for the gauge field Cy,,;, since the gauge field is not gauge invariant.

3.1.2 SUSY Lagrangian with canonical kinetic term: bulk part

The Lagrangian with a canonical kinetic term is given by
1 o= 1 _ _
Liin. SUSY = —3 / d*0D*YY — 3 / d*0D*YY + Liin. SUSY bound.

o —mnG 1 1
= _amyamg — Xa (o_m)aa mXa + §H2 - ﬁanqumnpq + Lkin.,SUSYbound.
(3.15)

Here [ d?0 = —1D?| is the F-type integration. We use —1 ([ d*0D*+ [ d?6D?) for the D-
type integration instead of the conventional [ d*6 in order to fix the definition of the D-type
integration. Our choice for the D-type integration may have a natural extension to Poincaré
and conformal SUGRA [114-120]. Note that we have neglected the boundary terms which
do not depend on the field strength F,,,. Such boundary terms are not relevant to our
discussion. As in the non-SUSY case, we derive the EOM for the 3-form gauge field in the
SUSY case. This can be evaluated by the variation of the 3-form prepotential in the bulk:

1 o
0= —Z(D2Y + D%Y). (3.16)

— 14 —



The # = 6 = 0 component of the EOM leads to the EOM for the real auxiliary field H:
H=0. (3.17)

The EOM for F can be found in the [Dg, D] component of the EOM in eq. (3.16):

—%[Da, Ds](D?Y 4+ D*Y)| = —=(6™)aaOm(D?Y — D?Y)| = 2v/2(6™)0aOmF, (3.18)

0=
where we have used [D,, Ds](chiral) = +2i0a4(chiral) and [D,, Dg](anti-chiral) =
—2i0q4 (anti-chiral). Here, 0,4 is the spinor representation of the spacetime derivative:
Oac = (0™)aaOm. Thus, F is equal to a constant, which is determined by the boundary
condition for F' in eq. (3.11):

F=—c (3.19)
We can rewrite the solution to the EOM in terms of the complex auxiliary field F as

1
4

c
D*|=i—. 3.20
| 7 (3:20)
Since the 4-form field strength superfield is described by the chiral superfield, the
kinetic term Y'Y can be generalized to a Kihler potential K (Y,Y’). Further, the 4-form field

strength superfield can have a superpotential. Therefore, the Lagrangian with quadratic

F=

derivative terms is given by
1 _ _
Lrw = (_8 / d?0D*K(Y,Y) + / oW (Y) —|—h.c.> + LKW bound. (3.21)

Here, Lxw bound. is the boundary term for the above Lagrangian, which we will determine
below. The EOM for the field strength can be obtained in the same way as the case of the
Lagrangian in eq. (3.15).

3.1.3 SUSY Lagrangian with canonical kinetic term: boundary part

In the variation of the Lagrangian in eq. (3.15) by the 3-form prepotential, we have ne-
glected the variation at the boundary, which we should discuss carefully. Therefore, we con-
sider the boundary term for the canonical kinetic term [31, 42]. The term Lyin, SUSY,bound.
in eq. (3.15) is a boundary term corresponding to the canonical kinetic term. As in the
non-SUSY case, there is generally a non-trivial boundary condition for the field strength
of the 3-form. The boundary term is obtained by either the variational principle [31] or
a dual formulation [42]. Since we can straightforwardly obtain the boundary term by the
variational principle in terms of the 3-form prepotential only, we use the former option
here. The latter option is summarized in appendix C.

In the following discussion, we consider the variation of the Lagrangian by the 3-form
prepotential, and find the term proportional to 0,,0C},;4, which gives a nontrivial variation
at the boundary as in the non-SUSY case in section 2.1. We then introduce a boundary
term which cancels the variation at the boundary.
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The variation of the kinetic term in eq. (3.15) by the 3-form prepotential is
1 I _
0 Lin., SUSY = 32< / d*9D*(Y D*6X) + / d*9D*(YD*5X)

+/d29D2(37D25X) +/d29D2(YD25X)> + 0 Lyin.,SUSY,bound. -
(3.22)

Here, we will show that the second and the third terms in the right hand side are equal
to the fourth and the first terms, respectively. For example, we consider the third term

[d?0D?*(Y D?6X). By using the identity
D?D? — D?D? = —4i0°*[Dy, D4, (3.23)
this term is equal to
_ _ 1_ _
/ d’0D*(YD?*5X) = —ZDzDQ(YD25X)|
. (3.24)
= —ZDQDQ(YD%X)\ — i0%Y[ Dy, Da](Y D?6X)|.

The difference between the first and the third terms in eq. (3.22) is the total derivative term
—i0%Y([Dy, Dg)(Y D?5X)|). The total derivative is equal to zero because the variation §Y,
D,dY|, and 0,,0Y | are assumed to be zero in eq. (3.12) to preserve SUSY at the boundary.
Therefore, eq. (3.22) can be rewritten as

1 I _
0Lyxin., SUSY = 16 (/ d*0D*(YD*6X) + /d29D2(YD25X)> + 6 Lyin. SUSY,bound.- (3.25)

By using D,D? = 0, we can further rewrite the variation as

1 o B
dLxin., SUSY = 6 (/ d*0(D*Y)D*5X + /d29(D2Y)D25X> + 0 Lkin. SUSY bound.- (3.26)

For later use, we define a chiral superfield

1 .
T := —ZDZY, (3.27)
whose # = 6 = 0 component is
T| 1[)217| ! (H +iF) (3.28)
=—- =— iF). .
i NG

Using the chiral superfield, the variation is manifestly written by the product of the chiral
superfield 7' and D?6X . This structure will be useful in the higher derivative case discussed
later.

In this variation of the Lagrangian, we show that there is a term proportional to
OmdChpq Which gives rise to the variation of the 3-form at the boundary. This can be seen
by the component expansion:

1 _ __
0Lyxin., SUSY = 1 </ d*0TD?*5 X + /d29TD25X> + 0 Lxin.,SUSY,bound.
(3.29)

1 -
= EZTI(DQDz — D?D?)6X| + 6 Liin. SUSY bound. +
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where T7 = %(T — T) is the imaginary part of T, and the ellipsis --- means the terms
which are not related to the variation of the 3-form. The first term can be calculated as

_ 1 . _ 1
1f(),le(D?DQ D2D2)6X\:Ez’TI(—4i)6ao‘[Da,Dd]5X|zﬁFem"pqﬁméCnpq. (3.30)

Therefore, the variation gives us the following boundary term
1 Qo . B 1 mnpq
ﬁa (iT7(—44)[Dq, D)0 X)| = gﬁm(Fe dChnpq)- (3.31)

To cancel the variation at the boundary, we determine the boundary term Ly, SUSY,bound.
as follows:

Lxin SUSY bound. = (/ d*9D* — /d2§D2> X (3.32)

In fact, this Lagrangian is a boundary term which cancels eq. (3.30) since the identity of
the spinor derivatives gives us

: ) ) 1 )
i (/ d*0D* — /d2D2> X = —1—6(D2D2 D?*DHTiX| = —Za‘m[Da,Dd]T[XL
(3.33)
In the Wess-Zumino (WZ) gauge [29] where

X| = DoX| = DsX| =0, (3.34)

the boundary term is

1
Lxin. SUSY bound. = —gam(Fem”qunpq). (3.35)

Thus, the Lagrangian in eq. (3.32) gives correct boundary term.
For convenience, we refer to the following #-integration given in ref. [42]

11 _
~ 1 (/ d*eD?* — /d26D2> (3.36)

as an I(maginary)-type integration in this paper. This integration is convenient to describe
boundary terms such as the term in eq. (3.32).

Of course, the boundary term is also needed in the case where the Lagrangian is written
by a Kéhler potential and a superpotential in eq. (3.21). The boundary term is found in the
same way as the previous case. The difference is merely the choice of the chiral superfield
T. We will see the boundary term more precisely. The variation of the Lagrangian in
eq. (3.21) by the 3-form gauge field is

SLxw = 1 / d’0D? + / d*0D? 0K ~—D?*X + 0K ——D?%*X
32 oY oY (3:37)

oW oW
2 2¢yv L 2 2
4/d 98 D*§X 4/d GayD X + 0L KW bound. -
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We can further rewrite the variation as

_ L e, [ 190K  OWN o 1/2— 20K OWY
0Lgw = 4/d9< D8Y+8Y>D5X 1 d-o D8Y+(9Y D=6 X

+ 5£KI/V,bound. 5 (338)

because the following equation holds from the boundary conditions in egs. (3.12) and (3.14):
0K

0%[Dg, Dg] = D*6X| = 0. 3.39
[Da, Dl 5o DX = (3:9)
If we define the chiral superfield Tk as
8K 8W
Trw = —sz 4
the variation can be simply written as
1 __
OLKw = — / d*0Trw D*6X = 4 / d*0Trew D*0X + 0L kw,pound. (3.41)

Since the variation has the same structure as eq. (3.25), we can repeat the same procedure
as the previous case. The variation at the boundary is

1 — = .
1—6(D2D2 — D*D*)iTr kwd X + LKw,bound.

1. _
= 18‘"‘1 (Do, Da]T1 kwdX + SL kW bound. s

5£KW |bound. = ( )
3.42

where T7 gw = %(T xw — Tkw) is the imaginary part of Ty . Therefore, we introduce
the following boundary term by using the I-type integration as follows:

L kW bound. = i (/ d*0D* — /d29D2> TrrwX. (3.43)

Thus, we have determined the boundary term for the Lagrangian with the Kéhler potential
and the superpotential.

3.2 Higher derivative term causing ghost and tachyon in SUSY 3-form gauge
theories

In this subsection, we consider higher derivative Lagrangians which may cause tachyons as
well as ghosts in SUSY 3-form gauge theories. The following discussion is an extension of
the discussion in ref. [53] for higher derivative chiral superfields.

We can expect that higher derivative Lagrangians with arbitrary order of the auxiliary
field can be obtained by choosing an arbitrary function of D?Y" and its Hermitian conjugate.
However, a naively constructed higher derivative Lagrangian gives rise to a ghost.

We will explain this more concretely. For example, we may naively consider the fol-
lowing higher derivative Lagrangian [53]

1 - « S
Lopsusy = ~3 (/ d?0D*YY + 16/d20D2(D2YD2Y) + h.c.> + LoF,SUSY bound. s
(3.44)
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where Ly susy bound. is the boundary term for Lyrsusy, which is not relevant in this
discussion. We will show that the Lagrangian contains an Ostrogradsky’s ghost as well as
a tachyon. We can see these unstable modes by the component expression. The bosonic
sector of the component Lagrangian is

Lorsusy = —0"y0ng + |FI> + o(|Oy* — 9" F 0, F). (3.45)

Here, we have abbreviated the boundary term. We briefly show that there is a ghost from
the higher derivative term |Jy|?. This can be seen by an auxiliary field method. The higher
derivative term |Jy|? can be rewritten by adding a new complex scalar field (auxiliary field)

P as
Lhrsusy = —0"y0my + |FI* + a(=[¢]* — 0" Yny — 0" pOny — I"FOuF).  (3.46)

The EOM for 1 gives us the original Lagrangian in eq. (3.45). Instead, we obtain one
negative eigenvalue by diagonalizing quadratic derivative terms. The eigenmode of the
negative eigenvalue corresponds to a ghost.

We also show that there are also dynamical tachyons. The tachyons are the real
auxiliary field H and the field strength F'. These fields are now dynamical because of
the higher derivative term —ad™FO0,,F = —S(0mHOyH + 0" F0, F). The terms are
tachyonic because the term |F|? = %(H2 + F?) in eq. (3.46) becomes mass terms with
wrong signs. The origin of the wrong signs are the canonical kinetic term, but not the sign
of the coefficient of the higher derivative term «. Therefore, the tachyons exist as far as we
include the canonical kinetic term. The presence of the tachyons has the same structure
as the bosonic model in section 2.2.

The ghosts and tachyons can be more simply seen by a SUSY auxiliary method [53]
than the above discussion. In superspace, we can rewrite the Lagrangian in eq. (3.44) by
adding ¥ and ¥ as

1 L o 1o
Lhrsusy = (8 / d*90D*YY — % / d20D* U + / 4265 <\p + 4D2Y) + h.c.>

/
+ LoFSUSY bound.

(3.47)
_ <_; /d29[)2(yy _yPox%) - % /d2eD2w + /d292\1/ —i—h.c.)

/
+ EaF,SUSY,bound. :

Thus, dynamical superfields are Y — 3, ¥ and V. By seeing the sign, 3 becomes a ghost.
Furthermore, ¥ becomes a tachyon. This can be seen by solving EOM for the auxiliary
fields of ¥ and W, the on-shell scalar potential V is

1
V= —|y]*+ a|a|2. (3.48)

Here, » = ¥| and 0 = X|. Thus, the chiral superfield ¥ can be regarded as an indepen-
dent dynamical field. Therefore, we cannot use the Lagrangian in eq. (3.44) to construct
ghost/tachyon-free Lagrangians.
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One may wonder whether there are also a ghost or tachyons in eq. (3.44) or not when
we put o« = 0. Of course, there should not be such a ghost or tachyons. This can be seen
as follows. We can use the above auxiliary method even in the case that higher derivative
terms are absent & = 0. The EOM of ¥ leads to ¥ = 0 if @« = 0. Thus, ¥ is not a dynamical
field. Furthermore, ¥ drops out of the Lagrangian. Therefore, there is neither a ghost nor
a tachyon in this case as expected.

We make a comment on the sign of the kinetic term in eq. (3.44). In section 2.2,
we have mentioned the sign of the kinetic term. If the canonical kinetic term of the field
strength has a wrong sign, there is no tachyon. However, the kinetic term of y has also the
wrong sign by SUSY. Therefore, y becomes a ghost in this case.

3.3 SUSY ghost/tachyon-free higher derivative 3-form gauge theories

In this subsection, we give the most general ghost /tachyon-free Lagrangian of SUSY 3-form
gauge theories. First, we present a ghost/tachyon-free Lagrangian at an arbitrary order
of the field strength, and then we specify the boundary term for the ghost/tachyon-free
Lagrangian.

3.3.1 SUSY ghost/tachyon-free higher derivative Lagrangian: bulk part

The previously known ghost/tachyon-free Lagrangian of 3-form gauge theories is at most
the fourth order of the auxiliary field, i. e. the fourth order of the field strength of the 3-
form gauge field. Here, we construct the most general ghost/tachyon-free higher derivative
Lagrangian of an arbitrary order of the field strength. To this end, we use the fact that the
field strength of the 3-form gauge field is embedded into a chiral superfield Y. Therefore,
ghost /tachyon-free Lagrangian for the SUSY 3-form gauge field can be formulated by that
of the chiral superfield [61].
We present the following Lagrangian:

LuDp,susy
1

+ LHD,SUSY,bound.
(3.49)

Here, LuD SUSY,bound. is the boundary term, which we will discuss later. This Lagrangian
is a natural extension of ghost-free Lagrangian of a chiral superfield [61, 65]. Previously
known ghost-free Lagrangian is that A is a function of Y, Y [61], 8,,Y, and §,,Y [65]. One
new point is that A in eq. (3.49) can also be a function of D?Y and D?Y. The Lagrangian
presented in ref. [54] is more relaxed and consequently contains an Ostrogradsky’s ghost.
This can be shown by the auxiliary method in ref. [103].

We prove that the Lagrangian in eq. (3.49) is ghost/tachyon-free. One way to show
it is to calculate the component expression of the Lagrangian. Another way is using the
auxiliary method, which we summarize in appendix D. Here, we use the former way. We
show that there are no ghosts/tachyons in the purely bosonic sector. If there are no ghosts
in the bosonic sector, there should be no ghosts/tachyons in the fermionic sector because
of SUSY.
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The bosonic sector of the component Lagrangian is
LHD,SUSY,boson = MY Ty Omy, Oy, —2V2(H — iF), —2V2(H + iF))
X (i(HQ + F22 — 0"y0,5(H? + F?) + (8”yany)(apgapg)) (3.50)
+ LHD,SUSY,bound. -

Since there are no 90y terms in the bosonic sector of the Lagrangian, we conclude that there
are no ghosts in the bosonic sector. Because there are no 0F terms, the field strength is not
dynamical, and there is also no tachyonic mode which is discussed in section 2.2 and 3.2.
By SUSY transformation, we conclude that there should be no fermionic ghosts in the
Lagrangian as well.

Some comments are in order. One comment is that the ghost/tachyon-free Lagrangian
in eq. (3.49) can be extended into a system with matter chiral superfield (ordinary chiral
superfield). That is, we can relax the assumption that a chiral superfield Y is related to a
real superfield Y = —7D2X In this case, we generally do not need the boundary terms
which we will discuss later for the 3-form gauge theories.

Another comment is that we can straightforwardly extend the ghost/tachyon-free La-
grangian into a case of multicomponent chiral superfields ® (i = 1,...,n) with couplings
of a Kihler potential K (®%, &) and a superpotential W (®?):

1 _ L )
LHD multi = -3 / d?0D*K (®%, ") + / d2OW (®%)
1

~ 316 d29D2Aij’f*l*(Da@i)(Da@j)(Dd@k*)(Dd(i)l*)+h'c'7

(3.51)

where Ajjp++ is a tensor Agjps = Aijk*l*(q)i,@*,améi,ﬁm(f’i*,DQQ)i,DQ@*). If we con-
sider multicomponent 4-form field strength superfields as chiral superfields, we need the
corresponding boundary term. We can obtain the boundary term by the same procedure
as the following discussion.

3.3.2 SUSY ghost/tachyon-free higher derivative Lagrangian: boundary part

Now, we specify the boundary term which corresponds to the higher derivative Lagrangian
in eq. (3.49). As mentioned in section 2.3, the boundary term which corresponds to the
higher derivative term is needed. To specify the boundary term, we determine the chiral
superfield for the boundary term Typ. This chiral superfield is a generalization of T' and
Trxw in the cases in which the Lagrangians are given by the canonical kinetic term in
eq. (3.15) and by a Kéhler potential as well as a superpotential in eq. (3.21), respectively.

We consider the variation of the Lagrangian in eq. (3.49) by the 3-form prepotential X:

1. N [ 1
dLup,susy = — 128</d20 2< <—4D25X) DY [* + Fid (—4D26X> |DY|*
oA 1
DX | |D,Y|* + _ (—=20,,D*X ) |D,Y|*
88mY< 10m )' "+ aamY< 4(9 )' |
AN 1 - OA 1
—(-=D?%D%X | |D,Y* [ -=D?D?%x | |D,Y|*
+8D2Y<4 5)‘“’+8D2Y(4 5)'“
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+ 2A(D*Y) (—iDaD%SX) (DsY)(DYY)
+2A(D*Y) (DoY) (DaY) (-iDdD%X) ) 4 h.c.)

+ 0LHD SUSY bound. (3.52)

where | DY |* := (DY) (DoY) (DY) (DYY).

We will use partial integrations for each spinor or vector derivative terms to find the
chiral superfield Typ. Unlike the cases of T' and Ty, there are spinor or vector derivatives
on the variation terms such as Dy D?5X, 9,,D?6X and D?D?§X . Naively, we would ignore
the boundary term for each of the partial integrations. However, we should be careful when
the 3-form gauge field is included because the total derivative terms may give dC,, at
the boundary. Therefore, we explicitly execute the partial integration.

For example, we show the following relation

1 2,72 OA 1 2752 4
g | T0D 55y (—7D°D 56X | |D,Y|
. oA . (3.53)
=—— [ d&?0D? ( D? DY) [ -=D?*X
128 "0 6D2Y’ | R

which may be the most complicated term in eq. (3.52) to derive the relation. To show this
relation, we change the integration [ d*0D? to [ d?0D?. The change gives us the following
total derivative term:

. 1 2072 OA _1 272 4

T | €D 555y~ D" DX | DY
1 g _ - OA 1 5=

- _ﬁ(_zu)aﬁﬁ ([Dg,DB]aDQY (—4D2D25X) ]DaY|4) \ (3.54)

128 oD 0D2Y

1 _
D.Y|* | —=D?D?%X | .
4

Note that we can safely execute the partial integration for the term [ d*0D? ... in the
right hand side by using the identity D?D, = 0. We now consider the total derivative
term in eq. (3.54). In the total derivative, there are terms proportional to D2D?5 X ||pound.,
D5D2D25X||bound_, and D5D6D2D26X||bound_. By the boundary conditions in egs. (3.12)
and (3.14), we conclude that the boundary term is equal to zero. Therefore, eq. (3.54) can

be rewritten as

1 _ . OA 1 .-
—— [ d*oD? —-D?D?%5X ) |D,Y|*
128 6D2Y< 4 | |

1 2012 2 oA 4 1‘2
- D? (D D.Y —=D*%X .
28 ) Y ( aDQY’ aY| P70

(3.55)
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We again change the integration [ d?60D? to [d*0D? as

1 _ OA 1 .-
—— [ d*0D? —-D?’D%*X ) |D,Y*
128 aD2Y< 4 | |

_ b 2072 2 OA RAYART:
= 155 | 6D (D 5y DaY | 1 DP0X (3.56)

1 : _ OA 1
_ = APIEre . 2 Y 4 Y
128(+4z)8 <[D5,Dﬁ} <D 5 QY‘DO‘Y| > < 4D 6X>> |.

The total derivative term does not have the term including 6C;,y, at the boundary, and

this total derivative term is zero. By using the identity DBDQ = 0, we finally obtain

1 _ O\ 1 .-
—— [ d*oD? —-D?D?%5X | |D,Y|*
128 8D2Y< 4 | |

1 2 A2z OA 4 L o
= D?D DY —-D%*X ).
128 da( aD2Y’ aY| 4 0

(3.57)

As a consequence, boundary terms given by the partial integrations are equal to zero. Thus,
the variation of the higher derivative Lagrangian can be written by using the following chiral
superfield Typ

1-, 1 /0A OA
THD = —*l)2 : TG (8Y|Day|4 - 8m <|D0¢Y|4>

4 00,,Y
on (3.58)
2 4\ opa A o AET
+D ( oy DY > 2D(A(DaY )(Da¥)(D Y))>
as 1
dLHD,SUSY = (/ d*0Tup (—4D25X> + h-C-> + dLHD,SUSY,bound. (3.59)

The variation has the same structure as the previous quadratic derivative case in eq. (3.41).
The superspace integration leads to the boundary term with 6Cy,p:

. 1 _ _
0Lup,susy = iI7,HD (16(D2D2 - D2D2)5X> | + 6LHD,SUSY bound. * -
. ) 1 _. _
= 1Ty up(—4i) <168"°‘[Da, Da]5X> | + 6LuD,SUSY,bound. + - (3.60)
V2 mnpq
=+370m (Trup|€™™16Chpq) + 6 LHD,SUSY bound. + -
Here, the ellipsis - - - denotes the terms that do not contribute to the boundary terms, and
Trup = %(THD — Tup). To see the variation more concretely, we express Typ in terms of

the component fields. For simplicity, we focus on the bosonic term of Txp|. In the WZ
gauge in eq. (3.34), the bosonic term of Txp can be calculated as

Tup| = 2A|F|*F — 2AF 0™y i
OA
dD2Y

+ (fermions).

-4 (IF1* = 20™y0m | F 1 + (0" y0my) (0" 50n7)) (3.61)
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Therefore, the imaginary part 17 up is

1
Trup| = —=A(H? + F2)F — V2M(0™yd,9) F

V2

—4 Imﬂ 1(H2 + F3H?2 — 0™y0,g(H? + F?) + (0™y0my) (0" 50,7)
oD%y ) \ 4 " " "

+ (fermions). (3.62)

We now consider the boundary term which cancels the variation at the boundary in
eq. (3.60). Such boundary term is given by the I-type integral as follows:

1 _ _
LHD,SUSY,bound. = 1 </ d*0D* — /d29D2> T1upX. (3.63)
In the WZ gauge, the boundary term is expressed as
\/§ mn,
LuD,SUSY bound. = _iam (T, HD|€™™16Crpyg) - (3.64)

Therefore, this boundary term precisely cancels the variation in eq. (3.60).
By adding a Kahler potential and a superpotential, we obtain the most general La-
grangian of the 3-form gauge field with an arbitrary order of the field strength:

L KwHD,SUSY

— —;/d20D2K(Y, Y) +/d20W(Y)

1 _ _ _ o . (3.65)
ST d*0D*N(Y,Y ,0,Y,0,Y , D*Y, D*Y)(D*Y)(D,Y )(DsY ) (DY)

7 _
+ 1 /dQODQ(TLKW + T up)X + h.c.

3.3.3 EOM for 3-form gauge field

Before closing this section, we write down the general EOM for the 3-form gauge field, which
should be useful for applications. We consider the most general Lagrangian in eq. (3.65).
The EOM for the 3-form prepotential can be derived by the variation of the Lagrangian in
the bulk:

_, 0K OW 1 -,0A 1 - OA
0=— 7D2 — D> \D,Y|*+ -—-D%,, D, Y|*
v "oy 116l oy PeY It gD mgg v PaY (3.66)
1 N2 M2 oA 1 N2 Ho N.V LAY .
- 4.161) D 8Dzy|D Y|+ 2'16D DAA(D,Y)(DaY ) (DY) + h.c.

As we have seen in section 3.1, the # = # = 0 component of this EOM corresponds to the
EOM for the the auxiliary field H. In order to obtain the EOM for the 3-form gauge field,
we consider a derivative [Dg, DB] on the both hand sides of eq. (3.66):

OA
" 00,

1

oy Yoy TP av!P
1

aA
—D?D?
16 oD2Y

1
=~ (+2i D>~ D.Y|*
0 4(—1— )04 ( Y’ |

|DLY|* — 8D2D°‘A(DQY)(DQY)(D‘5‘Y)> + h.c.
(3.67)
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The EOM can be solved as follows:

2 M i » Y
k= (D 4 D

Y v T
1 8A
—D?D?
16 oD2Y

5y Da Y|t - —D28 ———|D.Y|*
. (3.68)

]DaY\4 — 8D2D°‘A(DQY)(DdY)(Dd‘Y)> +h.c.,

where k is a constant which will be determined by the boundary conditions. By using
egs. (3.66) and (3.68), we obtain the following solution:

_ 0K OW 1 -,0A AN
k= — fDQ - — D> D, Y —DQH DY |
! oy "oy 4-16 oy "+ T 16 ™ 00y, 90y DY (3.60)
1 OA 1 o ‘
——_D?D? DY * 7D2DaA DY) (DY ) (DYY).

The bosonic sector of the § = § = 0 component of the above solution is expressed as

. PK - OW
1k = —|F + 8Y‘

oY ay
oA
— A (1F I = 2 F PO y0n8) + (0™ y0my) (0" 50u7)) (3.70)

+ 20 (|F2F — FO™ydmy).

To solve this equation, we need to give a concrete model of K, W, and A. We will
discuss such models and their solutions elsewhere.

4 Summary and discussion

We have considered higher derivative extensions of 3-form gauge theories in the both
bosonic and SUSY cases. For the bosonic case, we have shown that higher derivative
terms given by derivatives on the field strength causes a tachyon as long as the canonical
kinetic term exists. We have also argued that the tachyon can also be a ghost, depending
on models and parameters. We have shown that there is neither a tachyon nor a ghost
if the higher derivative terms are given by functions of the field strength but not of the
derivative of the field strength. This is because the EOM is not changed from the case of
the canonical kinetic term. We have confirmed that previously known higher derivative
Lagrangians [6, 8] fall into this class, Then we have specified the boundary term which cor-
responds to the ghost/tachyon-free higher derivative Lagrangian of an arbitrary order of
the field strength. For the SUSY case, we have shown that a naive higher derivative exten-
sion of the SUSY 3-form gauge theory may cause a tachyon as well as a ghost, as long as the
canonical kinetic term exists. Then we have presented the most general ghost /tachyon-free
Lagrangian of an arbitrary order of the field strength, the corresponding boundary term,
and EOM for the 3-form gauge field.

There can be several extensions and applications of our work. One may apply the
higher derivative theory in section 2.3 to the cosmological constant problem. Since the
Lagrangian gives us a more general constant term given by G(—c) + ¢G'(—c) than that
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of the canonical kinetic term —%02, it may give a correction to the application to the

cosmological constant problem.

We can extend the higher derivative Lagrangians to include a topological coupling
between a 3-form gauge field and a pseudo-scalar field, which will give us the potential
of the pseudo-scalar field. The general discussion between higher derivative terms and
potentials is known for bosonic case in ref. [6], and so the SUSY extension is possible by
using our new ghost/tachyon-free Lagrangian. Since coupling gives us a potential for the
pseudo-scalar field, it should be useful for inflationary models.

To apply the higher derivative Lagrangian to cosmology, we should embed the La-
grangian into SUGRA. It may be straightforward since 3-form gauge theories in SUGRA
are known in refs. [28, 42].

In this paper, we have shown no ghost in the bosonic sector of the SUSY case. We
expect that there is no fermionic ghost in eq. (3.65) by SUSY transformations. However,
a concrete explanation of whether fermionic ghosts are absent or not is an open question.
We may discuss it along the line of refs. [121, 122].

It would also be interesting to consider solutions of the EOM in eq. (3.69). In the
case where A is a constant, it is known that there is a non-trivial solution of the auxiliary
field (so-called a non-canonical branch), where the canonical kinetic term for the boson in
the chiral superfield vanishes at on-shell. Our higher derivative term would deform this
solution.

Higher derivative chiral superfield Lagrangians give several BPS equations for BPS
solitons [65, 89]. It is interesting to discuss whether our SUSY higher derivative Lagrangian
of the 3-form gauge field admit any BPS equations and their soliton solutions.
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A Notation

In this appendix, we summarize our notation. We use Wess-Bagger’s notation in ref. [114].
The Minkowski metric 7,,, and the totally anti-symmetric tensor €,,,,q are given by

Mon = (=1,1,1,1),  eora3 = =" = 1, (A1)

respectively. Here, the Roman letters beginning with m,n,p, ... denote indices of vectors
and tensors.
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In the following, we summarize our notation of spinors. The Greek letters beginning
with «, 3, ... denote undotted spinor indices, while dotted Greek letters beginning with
Q, B , ... denote dotted spinor indices. The undotted and dotted spinors are related to each
other by the Hermitian conjugate denoted by . The Hermitian conjugate of a spinor yq,
Xa are defined by

(xa)" = Xa:  (Xa)' = Xa- (A.2)
The Hermitian conjugate of a product of spinors x, and 1, is defined by
(xa¥8)" = P5Xa- (A.3)

Spinor indices are raised and lowered by the following totally antisymmetric tensors eqg,
B, €4 and € with the following normalizations

2= = =€y =1, 2 = ¢l — —€5 = €1 =1 (A.4)
as ‘ .
X*=€"xg Xa=€apX’s X" =€PX5  Xa= e (A.5)
The anti-symmetric tensors satisfy
Peg, = a5, GQBGB,Y = 03, (A.6)

where 53‘ and (52“ are the Kronecker’s delta for undotted and dotted spinors, respectively.
The contraction of spinors are

1/1°‘Xa = 6aﬁ¢BXa7 &did = edﬁﬁgid- <A7)

A vector is represented by a tensor product of spinors. The relations between vectors
and spinors are given by the 4D Pauli matrices (o,)qa defined by

(Om)ap = (00,01,02,03),5 = ((é ?) , (? (1)> ; ((z) _Ol> ; ((1) _01>> : (A.8)

For example, the spacetime derivative 9, are represented by using spinors as
Oac = (0™) 0 Om. (A.9)
The relation of Hermitian conjugates of the Pauli matrices (,,)% to (Om) qp s
(@) = (0m) = €% (0,0)55. (A.10)
The Pauli matrices satisfy the following relation:

(Um)ag'(&n)&y + (Un)a,é(‘}m)ﬁy = —20mndy, (5m)dﬁ(‘7n)ﬁ*f + (571)0.[6(‘7771)6# = _Qnmnég-

(A.11)
The matrices o,,, and &,,, are defined by
1 o L
(0mn)a” = 7((Om)as (@0)" — (@n)as (0m) 7).
(A.12)

&

(Grmn) 8= 1((57%)@7(‘771)75 - (Un)d7<5m)73)~
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To formulate SUSY theories, we have used SUSY covariant spinor derivatives. The
definition of the spinor derivatives are

9 iy 0 _ 0 w3 O
_ 98 Y &= ifs(5,,)% . Al
D,, 500 + 6 <0m>a5 S D 0, i03(om) e (A.13)

B Duality transformation of bosonic 3-form gauge theory

In this appendix, we review the duality transformation of the 3-form. The 3-form is clas-
sically dual to a constant. This can be shown as follows. We consider the following first
order Lagrangian instead of the Lagrangian in eq. (2.7):

, 1

1
i, = — Flmnqu/ + ga’m(c«npql;al

1
9.4l mnpq mnpq) + Iqemnpq(F/ — 30mChpq)- (B.1)

Here, F/ is a 4-form field which is independent of the 3-form gauge field C,,;;, but we

mnpq
assume the boundary condition for the 4-form:

F' = —c, (B.2)

where F/ = %em"pq}%npq. In eq. (B.1), ¢ is a pseudo-scalar field which is regarded as

a Lagrange’s multiplier. The vanishing of the variation by the 3-form gauge field at the
boundary requires the boundary condition for ¢:

Q‘bound. = C. (B?))

The EOM of q gives e™"P4F" = 4€™10,,Cy,pq, and we obtain the original Lagrangian

in eq. (2.7). On the other hand, the EOM for the 4-form field Fy,,,,, gives

F = Q€mnpq, OF equilvalently ¢= —F". (B.4)

Substituting the solution to the Lagrangian in eq. (B.1), we obtain

1 1 1
fin. = — 50+ 30" (CPrnpat) — 5741y Crgg .
1 2 1 npq m ( ’ )
= —561 + 50 €mnpg0" q-
The EOM of Cipp gives
Omq = 0. (B.6)

Therefore, ¢ is local constant, which is equal to ¢ by the boundary condition. Therefore,
the Lagrangian is equal to a constant.
Lo

Ligy, = ¢ (B.7)

The reverse of the duality transformation is possible, and the boundary term in eq. (2.7)
is naturally understood by this transformation. We start with the following Lagrangian:

1
Econst. = _5027 (B'S)
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where c is a real constant. The first-order Lagrangian is

1 1

Ei:onst. - _§q2 + gﬁmnpqcnpqam% (BQ)
where we assume the boundary conditions for ¢ as q|pound. = ¢. The Lagrangian can be
constructed as follows. The constant term can be considered as a closed O-form. A closed
0-form f is defined by the condition 0,,f = 0. Thus, we introduce the condition as a
solution of the Lagrange’s multiplier field. In 4D, the Lagrange’s multiplier can be a 3-
form, and this condition can be imposed by the term €™"P1C),;,,0,,q. In this case, there is
a gauge symmetry of C,,, given in eq. (2.1).

The EOM for q is
1 1

4= =€ 0nCrpg = = """ Fuunpg = ~F. (B.10)

Substituting this solution into eq. (B.9), we obtain

1 1 1 1
::onst. = _§F2 - gemnpqcnpqamF = +§F2 - gam(Gmnqunqu) (B )
' ’ A1
1 1
= 5t E " Frunpy + 50m(Crpg ™).

Thus, we have the Lagrangian in eq. (2.7).

C Duality transformation of SUSY 3-form gauge theory

In this appendix, we review a duality transformation of SUSY 3-form gauge theories [42].
A 3-from field in SUSY theories can be dualized into a chiral superfield ® which has a linear
superpotential ¢7® with a real constant . The boundary term for the 3-form gauge theories
can be straightforwardly obtained by this duality procedure. Here, we only consider the
case of a canonical kinetic term, although this discussion can be generalized to the case in
which the Lagrangian is given by a Kéahler potential and a superpotential.

We consider a dual transformation from a single chiral superfield & with a linear
superpotential to a 3-form field system. We start with the following Lagrangian:

1 o
Liin. chiral = -3 / d*0D*®d + / d?0ir® + h.c., (C.1)

where 7 is a real constant.
Now we dualize the Lagrangian by considering the following Lagrangian with a chiral
superfield () and a real superfield X:

1 _ o = 1 _ _
kin. chiral = -3 / d*0D*®d + / d*0Qd + 5 / d?0D*X(Q + Q) +h.c., (C.2)
where we assume the boundary condition Q||pound. = ir. Note that X has a gauge symme-

try X — X + L, where L is a linear superfield D?L = D?L = 0. The gauge transformation
implies that X is a 3-form prepotential. The EOM of X gives us Q +Q = 0, i.e. Q is a
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pure imaginary constant, and @ is equal to ir by the boundary condition. Substituting
this solution into eq. (C.2), we obtain the original Lagrangian in eq. (C.1).

Instead, the EOM for the chiral superfield () relates the original chiral superfield ®
with the real superfield X:

1_
P = —ZD2X =Y, (C.3)
where Y can be identified with a 4-form field strength superfield since Y is related to the

real superfield X. The EOM for the chiral superfield ® leads to the relation between Y

and Q: . .
—D?®=—--D% = —-Q. A4
4 4 (C )

The solution gives us the boundary condition for D?Y:

1 = .
- ZDQYHbound. = _QHbound. =1r. (C5)
Eliminating the chiral superfield ®, we obtain the Lagrangian
1 O _
ki chiral = / d20D2YY + i / d20D2XT; + h.c., (C.6)

Here T7 is a imaginary part of the chiral superfield T := —iDQ?. The second term in the
right hand side in eq. (C.6) is the boundary term which is equal to the one in eq. (3.32).
Note that to derive the Lagrangian in eq. (C.6), we have used the following calculation:

1 _ _ 1 _ 1 _ _
/ d?0Q® + 3 / d?0D*X(Q + Q) = - / ?0D*XQ + 3 / d?0D’X(Q + Q)

i o1 1o 1
= - | &?0D*>X— ( —=D*Y + ~D*Y ).
4/ 2 < 4 T

(C.7)

The Lagrangian in eq. (C.6) is the same as the one in eq. (3.15), and thus the Lagrangian
with a linear superpotential in eq. (C.1) can be dualized into a Lagrangian for a 3-form
gauge field including the boundary term.

D Ghost/tachyon-free Lagrangian and auxiliary field method

Here, we consider an auxiliary field method for the ghost/tachyon-free Lagrangian pro-
posed in section 3.3. In section 3.3, we have shown that the Lagrangian in eq. (3.65)
is ghost/tachyon-free by using component expression. We can also show it by using the
auxiliary field method in section 3.2.

The Lagrangian with auxiliary superfields is given as follows:

1 _ _ o o
Lhsvsy = (o5 [ FODPANYLY.0,Y.0,7 0. 0)(D*Y (DY) (DsT (DY)
(D.1)

1 0o
+ /d292 <‘11 + 4D2Y) + h-C~) + ﬁﬁD,SUSY,bound.-

Here, ﬁi{D,SUSY,bound. is the boundary term for this Lagrangian, which is not relevant to the
following discussion. In this Lagrangian, the superfield ¥ is not an independent dynamical
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superfield as far as fermions are set to be zero in the vacuum. This can be seen by the
EOM for the chiral superfield ¥. The EOM for ¥ is

./ OA o

0= —%D2 (a\II(DO‘Y)(DaY)(DdY)(DaY)> + X (D.2)
The EOM leads to | = 0 around the vacuum where D,Y | = 0. Thus, ¥| has no dynamical
degrees of freedom. Therefore, 3| does not give rise to a ghost. As long as SUSY is
preserved, the fermionic component D3| is also not dynamical, and so there is no fermionic
ghost as well.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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