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ABSTRACT: This is the second of a series of papers that explores the physical parameter-
ization, sum rules and unitarity bounds arising from a non-minimal scalar sector of the
Standard Model (SM) that consists of N Higgs doublets. In this paper, we focus on the
structure and implication of the Yukawa interactions that couple the N scalar doublets
to the SM fermions. We employ the charged Higgs basis, which is defined as the basis of
scalar fields such that the neutral scalar field vacuum expectation value resides entirely in
one of the N scalar doublet fields, and the charged components of the remaining N — 1
scalar doublet fields are the physical (mass-eigenstate) charged Higgs fields. Based on the
structure of the Yukawa Lagrangian of the model (and as a consequence of tree-level uni-
tarity), one may deduce numerous sum rules, several of which have not appeared previously
in the literature. These sum rules can be used to uncover intimate relations between the
structure of the Higgs-fermion couplings and the scalar/gauge couplings. In particular, we
show that the approximate alignment limit, in which the W+ W~ and ZZ couplings to the
observed Higgs boson are approximately SM-like, imposes significant constraints on the

Higgs-fermion couplings.
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1 Introduction

The discovery of the Higgs boson at the Large Hadron Collider (LHC) at CERN [1-3]
leaves two crucial open questions. First, how many elementary scalars there are in Nature?
Is there one single scalar as in the original proposal for the Standard Model (SM), or are
there several scalar families, just like there are several families of elementary fermions?
Second, are the couplings of the observed 125 GeV scalar to gauge bosons and to fermions
consistent with the SM (and if yes, to what precision)? Answering this second question will
place important constraints on models of new physics beyond the SM. The two questions
posed above are related. For example, a detailed study of the predictions of an N Higgs
doublet model (NHDM) can guide experimental searches for new scalar phenomena.
Models with multiple scalar doublets are very rich. They predict both neutral and
charged scalars, whose mass basis do not, in general, coincide with the interaction basis. As
a result, one has mixing among the neutral scalars and mixing among the charged scalars.
In addition, new sources of CP violation in the scalar sector are possible, and the mechanism
for CP violation may be spontaneous [4] or explicit. One might have new CP violation
sources in the mixing of neutral CP-even and CP-odd scalars, in the mixing of charged
scalars, and/or in the couplings of scalars with fermions. In general, the NHDM also yields
flavor changing neutral scalar interactions, which are strongly constrained by experiment.



This difficulty is a challenge, which one can address with extra symmetries, such as the Zs
symmetry introduced in the two Higgs doublet model (2HDM) following general theorems
proposed by Glashow and Weinberg [5] and independently by Paschos [6]. However, the
difficulty in avoiding flavor changing interactions mediated by neutral scalars is also an
opportunity. For example, the symmetries employed in suppressing flavor changing neutral
scalar interactions might also be related to the hierarchy of fermion masses and mixing, or
even to the existence of Dark Matter.

In order to study models of extended Higgs sectors, one needs first to establish a
convenient notation and impose the relevant theoretical constraints, such as those arising
from unitarity bounds. In a previous publication [7], we introduced a suitable notation in
the pure scalar sector of the NHDM, clearly related to the physical degrees of freedom,
which we identified as being those that appear in the mass basis of the charged scalars,
and we studied the unitarity bounds arising from the scalar/gauge sectors. Here, we will
extend our parameterization into the fermion sector, and we will study the unitarity bounds
arising from interaction of the fermions with the scalar/gauge sectors.

Section 2 reviews and extends our physical parameterization and the many relations
among the parameters. These are used in section 3 in order to derive new sum rules. In
section 4 we define a vector involving the couplings in the gauge/scalar sector and vectors
involving the Yukawa couplings. We show that the approximate Higgs alignment observed
in the gauge/scalar sector (where the properties of one neutral scalar is SM-like) translates
into an alignment between the gauge/scalar sector vector and vectors in the scalar/fermion
sector. We present our conclusions in section 5. In appendix A, we use the cancellation
of bad high energy behavior in 2 — 2 scattering amplitudes in order to rederive the sum
rules that have been obtained in section 3 by looking directly at the Lagrangian.

2 The N Higgs doublet model with fermions

In this section we discuss the full Lagrangian of the most general N Higgs doublet model.
Our field content is the following: (i) The usual SU(2)r, x U(1)y gauge bosons; (ii) N Higgs
doublet fields, parameterized as:

ék = ( 1 80]—:; 0 >7 (21)
ﬁ(vk"“ﬂk)

for k = 1,2,...,N; and (iii) the quark doublets, q;, = (pr,nr), which is a vector in the
ng-dimensional family space of left-handed doublets, and the quark singlets, pg and ng,
which are ng-dimensional vectors in the right-handed family spaces of charge 2/3 and —1/3
quarks, respectively.! The neutral scalar field vacuum expectation values are normalized
such that

v =0l o3+ . vk = (246 GeV)?, (2.2)

whose numerical value is fixed by the Fermi constant.

Throughout this paper we neglect leptons without loss of generality, as our analysis of the quark sector
is similar to that of the lepton sector with Dirac neutrinos.



When expressed in terms of the physical gauge fields, the covariant derivative may be
written as

) . _ T
iD, =10, — g(7—+W; +7-W, ) —eQA, — % (53 - Qs%,v) Zy, (2.3)

where ¢ is the SU(2) coupling constant, ¢y = cosfy, sy = sinfy, e is the positron
charge, @) is the charge operator, and the SU(2) generators, when acting on doublets,

0 V2 0 0 1 0
T+—<0 0), 7'_—<\/§ O>’ 7'3-(0 _1>. (2.4)

The covariant derivative for the singlet right-handed quarks only contains ¢9,, and the
terms proportional to @ in eq. (2.3). Our choice for the signs of the coupling constants and
of the gauge fields is that in ref. [8] with all n factors taken positive. The kinetic terms are
written as

Lko = (Du(bk)T(Duq)k)v
Liq = qr(i)qr + pr(iD)pr + nr(iP)ng, (2.5)

for the scalars and quarks, respectively.
For the scalar potential, we follow the notation of [9, 10]:

Vit = pij (D] ®;) + Nijsua (D] @) (R @) = —Litiggs, (2.6)
where, by hermiticity,
Wij = M3 Nijkl = Mklij = Aji ik (2.7)

The Yukawa couplings are organized into complex n, x n, matrices I'y, and Ay (for
k=1,...,N), as
— Ly = qLl'x®rnr + LAk Prpr + hoc., (2.8)

where & = iTa Py
Under a weak basis transformation of the scalars,?

O; = X; P, (2.9)

the couplings with scalars transform into

Hap = Xiahij X, (2.10)
abed = XiaXieNij i XjpXid, (2.11)
Ty =T X5, (2.12)
Al = AXG, (2.13)

In a previous publication [7] we stressed the importance of the charged Higgs basis,
defined as the basis where the charged components of all scalar doublets correspond to

2A weak basis transformation is one which preserves the doublet structure.



charged scalar mass eigenstates [11]. We may parameterize the fields in the charged Higgs

basis as
GT So ST
¢ = . . 9f = 2 ., % = Nol, (214
1 (\}ﬁ(v—FHO—HGO)) 2 (\}5ng> %@%ﬁ (2.14)
where S;” = G is he charged massless would-be Goldstone boson and S5, ..., S]J{, are the

physical (mass-eigenstate) charged Higgs fields, with corresponding masses mia. Notice
that only the neutral component of the first doublet has a vacuum expectation value. In
ref. [7], it is shown that all scalar-scalar and scalar-gauge couplings depend exclusively on
a single N x 2N matrix B. Its physical significance is the matrix that takes the neutral
scalars fields from the charged Higgs basis into their mass eigenstate basis. Denoting
@?0 = H° + 4GP, the neutral Higgs fields in the charged Higgs basis are given in terms of
the neutral mass-eigenstate scalar fields,

2N
0" = BagSg, (2.15)
B=1
where S7 = G is the neutral massless would-be Goldstone boson and S3,..., S5, are the

physical (mass-eigenstate) neutral Higgs scalar fields, with corresponding masses m% We
may therefore introduce a basis transformation X = U, where U is a unitary matrix that
diagonalizes the charged scalar squared-mass matrix such that

N
o = UkaSy (2.16)
a=1

with the corresponding diagonal charged scalar squared-mass matrix denoted by
D3 = diag (mi; =0,m%,,...,m% y) , (2.17)

and Ukl = vk/v.
In the charged Higgs basis, the neutral fields ¢ are related to the neutral scalar fields
of the original basis defined in eq. (2.1),

N 2N N
(/72 = Z Uka‘/)aco = Z Z UjaBaBSg ] (2.18)
a=1 pB=1a=1

Note that one can also diagonalize the neutral scalar squared-mass matrix starting from
the original basis of scalar fields,

oN
oh = VisS§, (2.19)
A=1

with the corresponding diagonal neutral scalar squared-mass matrix denoted by

D} = diag (mi = 0,m3,...,m3y) , (2.20)



and Vi1 = ivg/v. Egs. (2.18) and (2.19) imply that,
B=UV. (2.21)

It is straightforward to see that U' is the matrix that takes the scalar doublets from
the original basis to a charged Higgs basis. Because the latter is defined up to a rephasing
of N — 1 doublets [7], the transformation into this basis is not unique. For example, one
could consider a matrix U’ = UK where?

K = diag(1,e ™2, e7X3 ... o7IXN) (2.22)

Furthermore, because U is a basis transformation, it is parameterized by N? non-physical
parameters. It is then easy to see that the matrix B alone comprises all the relevant
physical parameters of the diagonalization of the charged and neutral scalar fields.

The non-uniqueness of the charged Higgs basis implies that the matrix U employed
in eq. (2.16) can be replaced by U’ = UK. That is Uy; = Up and U}, = e~ XaU;, for
a=2,3,...,N. Eq. (2.21) then yields,

Bis = Bg, Big=eXB,z, fora=23,... N. (2.23)

The unphysical phases x, can be absorbed into the definition of the charged Higgs basis
scalar doublet fields, <I>ac. That is,

¢ = Xe®®  fora=2,3,...,N. (2.24)

In particular, note that under this rephasing, the charged Higgs fields rephase in the same
way, i.e., S — eXaSF (for a = 2,3,..., N). In contrast, the mass eigenstate neutral Higgs
fields Sg are invariant under this rephasing in light of eq. (2.18) since the rephasing of ¢$°
is consistent with the rephasing of B,g.

In defining the neutral Higgs mass eigenstate fields, Sg,, one always has the option
to redefine any of the neutral scalar fields via Sg — —Sg. This means that the choice
of the matrix elements of the diagonalization matrix in eq. (2.19) is unique only up to
a sign, Vg3 — —Vig. That is, one is free to change the overall sign of any column of
V. For example, taking h = S9 to be the 125 GeV neutral Higgs field, the overall signs
of the couplings, sgn[hV'V] and sgn[hbb], do not have physical significance, although the
relative sign of these two couplings is physical and can be measured.* It is common practice
to employ a specific sign convention to uniquely fix the signs of the neutral Higgs mass
eigenstate fields. In this convention, Vi1 = ivi/v and the Vi; (for j = 2,3,...,2N) are
parameterized by (N — 1)(2N — 1) real angles 0y (for 1 < k < ¢ < 2N — 1) [13]. The
ranges of the 6y, can then be chosen to uniquely fix the signs of the columns of V' [14].

3Here, we shall assume that there are no mass degeneracies among the charged Higgs bosons. If mass
degeneracies exist, then the most general form for K would be a block diagonal form with an n x n unitary
matrix replacing a diagonal matrix of phases within the n-dimensional mass-degenerate subspace. For
further details, see ref. [12].

4This is the source of some confusion in the literature, even in the 2HDM.



In ref. [7], the following properties of the N x 2N matrix V' were obtained,

Re(VIV) = Tanxan (2.25)
VVT =21 nun, (2.26)
vvT =o0. (2.27)

Several properties of B have been thoroughly studied in ref. [7], extending previous work
in refs. [15-18]. For example, in light of eq. (2.21) and using the fact that U is unitary,
egs. (2.25)—(2.27) yield,

1
5BBT = Lyxn, (2.28)
Re(B'B) = Lanxan (2.29)
BBT =0. (2.30)

We may also define a new orthogonal and antisymmetric matrix
A=Im(B'B), (2.31)

which appears in gauge boson couplings to two neutral scalars. Using eq. (2.29), one can
write,
B'B = lonyxon +iA. (2.32)

From eq. (2.31), it immediately follows that,

AT = —A, AAT = —A? = lonson, (2.33)

after employing eqgs. (2.28)—(2.30). Furthermore, after multiplying eq. (2.32) on the left by
B and using eq. (2.28), we obtain
BA=—iB. (2.34)

Eq. (2.34), which is stated here explicitly for the first time, plays a significant role in the
intermediate steps of the calculations employed later in this work. Finally, we note the
following explicit relations previously obtained in ref. [7],

Ba1 = 1041, (2.35)
Big = —A1g +idi3. (2.36)

Eq. (2.35) is just the statement that SY = G© resides entirely in the imaginary part of ©$°.
Note that eq. (2.36) can be obtained by using the relation, A;3 = —Re Bjg, which is a
consequence of egs. (2.31) and (2.35).

In the charged Higgs basis, the scalar potential takes the following form,

Vi = Yob(DFTOF) + Zap a1 07 ) (DTTRF). (2.37)

The minimization the scalar potential in the charged Higgs basis and the identification of
the charged Higgs boson squared-masses are neatly summarized by the following equation
obtained in ref. [7],

Yoo + v* Zap11 = (DY) ap - (2.38)



In addition, there are a number of notable relations among the squared-masses of the
neutral and charged scalars, the physical mixing matrices (A and B), and the coefficients
of the scalar potential in the charged Higgs basis (Y and Z). For example, performing
the diagonalization of the neutral scalar squared-mass directly in the charged Higgs basis
yields [7],

2027515 = —2(D)i; + (BDIBY) (2.39)
i
20°Z ;1 = (BD§BY),; . (2.40)
Using these results along with egs. (2.36) and (2.38), one can easily derive,
1
Vie = = (AD%BT) : (2.41)
2 la
1
Yo = =5 (BDGA),, - (2.42)
In the charged Higgs basis, the Yukawa Lagrangian takes the following form,
— Ly = Gl ng + qLAf O pr + hec., (2.43)
where Lo
1 0 *
$C = (\/5(% ) ) . (2.44)
_Sa_
The quarks are brought into their mass basis by unitary transformations
nr = Uir dp, pr = UurUR, (2.45)
ny = UdeL, pL:UuLuL. (2.46)

Since only the neutral component of the first doublet ®¢ has a vacuum expectation, these
transformations are chosen such that

v
— U TSUyr = Dy = diag(mg, ms, mp, ...), 2.47
/5 arl T Var d g(mg byo--) (2.47)
LUt ASUR = Dy, = diag(ma, me,my, ... ) (2.48)
2 uL=1 YuR u g wy My Mty o) .

The Yukawa Lagrangian can then be rewritten as,

v

Rl = (aVidr) (Daa§ + NP0F + -+ N0 ) dr

+ (aL, JLVT) (Du@? + NP+ + NW@%) up +he., (2.49)

where V' = Ui 1 Uar is the Cabibbo-Kobayashi-Maskawa (CKM) matrix, and

a v
N — EU;LrgUdR, (2.50)
N = %UJLAfUuR, (2.51)



Kinetic Lagrangian Yukawa Lagrangian

Coupling Feynman rule Coupling Feynman rule
[t W] i, PL Vi [ndmG*] | i85 (T8 PL = 372 Pr) Vam
Wil | PV | G | i (F5E PR~ R PL) Vi
[t 2] —i%fyu (%PL — %3%0) Sum | [UntmGP) —%m}écsnm%
[dndimZ,) z'c%'yu (3P — %312”) Som | [dndm GO %mfﬁnm%

Table 1. The couplings of the up-type and down-type fermions to the massive gauge bosons and
their Yukawa Lagrangian counterparts obtained by substituting the gauge bosons by the corre-
sponding Goldstone bosons.

with a = 2,3,..., N. In light of eq. (2.24), the matrices tha) and N&a) rephase under the
rephasing of the charged Higgs basis,

N 5 emxa N N@ s eixeN(@)  forq=2,3,... N. (2.52)

In general, the matrices Nc(la) and NQ(LQ) are not diagonal, leading to flavor-changing
neutral scalar interactions, which are strongly constrained experimentally. Notice that
these matrices, multiplied by the appropriate CKM matrix element, will also be responsible
for the charged scalar interactions with quarks. Using egs. (2.15) and (2.44), it follows that

_ Y — (a) g+ v L2 (n@p oo
5Ly aV (NYSE) dn+ 50 Dadn +—dy (NS BasS3) dn (2.53)

i 1
—dyvt (N5a>S;) ug + %ELDUUR + o5 (N5G>B;552> up +hc. |

where there is an implicit sum over repeated indices, a =1,...,N and § =1,...,2N, and

NV =Dy, NI = D,, (2.54)

u

are identified as the diagonal down-type and up-type fermion mass matrices defined in
eqs. (2.47) and (2.48). Note that eq. (2.53) includes the fermion interactions with the
charged and neutral Goldstone bosons, S;” = G and S = G°. Moreover, eq. (2.53) is
invariant under the rephasing of the charged Higgs basis in light of egs. (2.23) and (2.52).

The matrices B and N(® fully parameterize the Yukawa Lagrangian. Thus, we may
use the equivalence theorem [19] in order to relate some of the cubic couplings from the
kinetic Lagrangian in eq. (2.5) to the couplings with Goldstone bosons in eq. (2.53), through
the properties of B in egs. (2.35) and (2.36). In contrast with our previous publication [7],
where both the scalar potential and the kinetic Lagrangian Feynman rules were in general

distinct from the SM, here we find that the fermion-gauge couplings of the NHDM are

d

identical to those of the SM. These results are presented in table 1, where mY (m%) is
the n-th up-quark (down-quark) mass. Thus, no new sum rules arise exclusively from the

fermion-gauge couplings.



3 Sum rules

A comprehensive study of sum rules for Higgs couplings in extended Higgs sectors (under
the assumption of a CP-conservation) was first provided in ref. [20]. In ref. [7], we special-
ized to the NHDM (while relaxing the assumption of CP conservation in the scalar sector)
and derived numerous sum rules involving the Higgs couplings in the scalar-gauge sector
of the model (see also refs. [21, 22]). In this section, we extend our study of the NHDM
sum rules to include the Higgs couplings to fermions.

We use the same notation of ref. [7] in which [X,Y;Z.] is identified as the term in
the Lagrangian that depends explicitly on family type indices. For example [7], from the
Feynman rules

0g0. 9 (0 0
Z'U’SBS'Y . m(pﬁ 7p’y),UzA,B’Y7
1gMz

ZNZZ,S?; D= ch A8 Guv

W;W;Sg . —igMw A1 g

W*Sy S8 2(pa —p}) Bas, (3.1)
we define
[ZMS?%S?{] = Apy s [ZMZVSg] = Aip,
(W,iw, 53] = Asg, (WS, S8] = Bag - (3.2)

Since the matrix A is antisymmetric, Agg = 0 whenever the two indices coincide.

Analogously, we define [X,Y,Z,] g, as the term that depends on family type indices
that is proportional to the corresponding chiral projection operator Pg = %(1 +3). For
example, in the Lagrangian term

LD Cy{f(a,b,c)Pr, + g(a,b,c)Pr} X, Y3 Z,, (3.3)

involving the fields X, Y, Z., we identify [ X, Y3, Z.]r = f(a,b,c) and [X,YpZc|r = g(a, b, c).
We employ indices a and 3 for scalars and indices m, n, p and ¢ as fermion family indices,
and we follow closely the sign conventions of ref. [8]. For convenience, we have extracted
a normalization factor C, whose value depends on whether the scalar field is electrically
charged or neutral. As an example, for the couplings of the charged scalars to fermion

pairs, it is convenient to define C; = v/2/v = g/(v/2my). Then,?
[andnSt], = (V) Vo, (3.4)

[ande;}R = —Vup (Néa)>pm ) (3.5)

®One can check that eqgs. (3.4)—(3.7) and egs. (3.8)—(3.11) with the respective choices for C; are consistent
by comparing these couplings for 8 = 1 [cf. eq. (2.35)] with the SM couplings of the charged and neutral
Goldstone boson to corresponding quark-antiquark pairs [23].



[‘ZnumSa_]L - (NdT(a)> (V) pm (3.6)

[t S; ] = (Vi (NV) (3.7)
where repeated indices are summed. For the couplings of the neutral scalars to fermion
pairs, it is convenient to define C; = —1/v = —g/(2my ). Then,”

[dndnSY], = (N;(“))nm (BY)ga, (3.8)
[dudmS) = (NS”)  Bus. (3.9)
[anumSE], = (Nya))nm Bas, (3.10)
[T S8] = (M) (BY)s0. (3.11)

In light of egs. (2.49)—(2.51), the matrices N ](ca) and the couplings defined here have dimen-
sions of mass. Once again, one can verify that all Yukawa interactions are independent of
the rephasing of the charged Higgs basis (taking into account the corresponding rephasing
of the charged Higgs fields, S).

Based on the structure of the Yukawa Lagrangian of the NHDM, one may deduce
several sum rules that have not appeared previously in the literature. For example,

2N
Z[fnfmsg]L[fpqug]L =0, (3.12)
A=1
2N

Z[fnfmsg]R[fpqug]R =0, (3.13)
B=1

where f = u (for up-quarks) or f = d (for down-quarks).°

To derive the sum rules above, we provide details on one of the derivations.

2N 2N N N
Z[ﬂnumsg] [UpuqSB Z Z ( ) aﬁ (Nz(b)) Bbﬁ
p=1 B=1 a=1 b=1 pa

I
WE
WE

W), (20),, 3 s

Q
Il
—_
o
Il
-

(
(

I
M) =
M) =

N ) ( <b>)pq (BBT)g =0,  (3.14)

Q
[
I\
T
I\

where the last equality is a consequence of eq. (2.30). There are numerous other cases that

5The sum rules exhibited in egs. (3.12) and (3.13), in the special case of n = m = p = ¢, have been
obtained previously in ref. [22].

~10 -



yields a factor BBT as above and thus produce a similar sum rule. For example,

2N
> lnumS3)Lldpdy SR = 0, (3.15)
B=1
2N
> [ntm S r[dydySYlL = 0. (3.16)
B=1
Furthermore,
3
> [dnugSy ), [BadnSE] = (NJONE) (3.17)
=1 nm
N 3 B 1 2N 3 N
> [duaSe] [aadaSE] = 5 D0 D [dudy S8, [dadnS8] = D (NI NGT)
a=1 g=1 B=1 g=1 a=1
(3.18)
N 3 B 1 2N 3 N
DD [undST] [dgumSy ] g = 530 D (g3, [gumSE] = D (qua) nga))nm
a=1 ¢g=1 B=1 q=1 a=1
(3.19)

Combining the parameterization of the Yukawa Lagrangian presented here with the
parameterization of the scalar sector in ref. [7], we find

2N
> [FnfmSL1Z,85S0] = —ilfnfmSolL (3.20)
B=1
2N

Z[Zﬂsgsg”.fnfmsg]l? = _7'[fnfmsg]R (3'21)
B=1

We also observe that

2N
D FnfmSHLViVeSEl = = (Dg) - (3.22)
p=1
2N

S ViV S fufmSon = = (Dg)n - (3.23)
B=1

where, as before, V,V,, = 2,7, WJW; and f = u,d. We find it useful to write certain
sum rules that arise from the fact that the CKM matrix is unitary. For example,

> [andp S LW, SES 1V ) pm = [GnumSHL (3.24)
p,a

= (VD plipdm ST RIW,SS§S, ] = [dndmSHR (3.25)
p,a

- 11 -



> Vipldpum Sy 1RIW,; S3S4] = [inum Sk | (3.26)
D,a

= ldnupS; LW, S§SH 1 Vom = [dndmSHL - (3.27)
p,a

We have derived the sum rules above directly from the Lagrangian. One can also obtain
these sum rules from unitarity bounds. Some sum rules were written for a general model
in eq. (3.4) and eq. (3.7) of ref. [20]. In appendix A we show explicitly the derivation of
those sum rules based on the cancellation of bad high energy behavior in 2 — 2 scattering
processes, in the case of the most general NHDM with fermions. Note that in contrast to the
results of section V of ref. [20], the sum rules exhibited in table 1 and in egs. (3.20)—(3.27)
have been derived under the assumption of multiple quark family generations.

4 A critical constraint from perturbativity

The sum rules obtained in section 3 can be used to uncover intimate relations between the
structure of Yukawa couplings and the scalar/gauge couplings. As an illustration, we start
by observing that eq. (2.32) can be rewritten as,

N
0y +1iAgy = BigBay. (4.1)
a=1

Setting # = v = 2 and noting that the matrix A is antisymmetric, we get

N
1=> [Bal*. (4.2)
a=1

Thus, | B12| must be smaller than one. Moreover, we know from egs. (2.35), (2.36) and (3.2)
that Bia = —[VVhjos], where we have assumed that the lowest lying neutral scalar co-
incides with the one found with 125 GeV at LHC (recall that a = 1 refers to the neutral
would-be Goldstone boson, while a = 2 refers to the lowest lying massive neutral mass
eigenstate). Therefore, one may parameterize

VVhias)[* = |Braf* = S%_d, (4.3)

where, henceforth sy, cg, and ty represent the sine, cosine, and tangent of any angle 6 that
appears in the subscript.” Although reminiscent of the notation in the real 2HDM, the
definition of s%_& in eq. (4.3) is completely general. Since the value of [VV hjo5] deduced
from the LHC Higgs data is very close to one, we conclude that 02—_& is close to zero.

B
Let us now define

b = [Bas, Bsg, ..., Bna] . (4.4)

"We recall in passing that this discussion implies that the coupling [VV hi25] measured at LHC is smaller
than unity in any multi-Higgs doublet model. Had [V'V hi25] been found experimentally to be larger than
one, then not only the SM but any NHDM would have been excluded.
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2

B-a’
Next, we recall from eq. (2.15) that the matrix B takes the neutral scalars fields from the
2

Clearly, the squared-magnitude of the this vector, |I;\2 =c must be very close to zero.

charged Higgs basis into their mass basis. Thus, s% _ ~ 1 means that the massive neutral
scalar in the first doublet of the charged Higgs basis approximately coincides with the
lightest neutral scalar mass eigenstates, which is identified with the observed Higgs boson
of mass 125 GeV. This is known as the alignment limit [24-32]. It occurs naturally in the
decoupling limit [24], but can also arise in a parameter regime without decoupling.

We will now show that, as a consequence of approximate alignment as suggested by
the precision Higgs data, the vector b — which depends exclusively on properties of the
neutral scalars — must be almost orthogonal to the vectors

don = () (M) (9 ] 145)

for any choice of m and n (explicit reference to n and m will henceforth be suppressed).
Indeed, in light of the Cauchy-Schwarz inequality,

j@-b[* < laf* |b]* = |al* cf_, (4.6)

is suppressed by C%,@- Eq. (2.53) shows that entries in the v/2N J(ca) /v matrix are physical [up
to an overall rephasing as shown in eq. (2.52)], for they appear in the Yukawa Lagrangian
expressed in terms of the scalars fields in their mass basis. Moreover, for the theory to
remain perturbative, such couplings cannot exceed some reference value, which we take to
be 47. As a result

2
a? <y ‘ (V) ‘ < 8722(N — 1), (4.7)
a2 nm
and
@-b|? < 8720*(N — 1) c%_@. (4.8)

This shows that the alignment limit, which is initially defined based on the observed V'V hio5
coupling, has a dramatic impact on the Higgs-fermion Yukawa couplings. This is one of our
major results. It can be written in a more interesting fashion by setting 8 = 2 in eq. (3.9),

(9] = (), Brz+ > (N”)  Bua. (4.9)
a>2

In light of eq. (2.54), it follows that,
[dndimhi2s) , — M S Bia = @b (4.10)
is also bounded by eq. (4.8). Likewise, eq. (3.8) yields
[dndimhizs) , —me Sum Biy = (@), (4.11)

where @("™) = G@(mn) [cf. eq. (4.5)]. Similar equations hold for the up type fermions. We
conclude that the couplings of the observed 125 GeV scalar to quark pairs are approximately
diagonal in the alignment limit with values that approximate the corresponding coupling of
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the SM Higgs boson. Moreover, the magnitude of the off-diagonal couplings of the 125 GeV
scalar are bounded according to eq. (4.8). Of course, this behavior is expected since the
tree-level properties of H? = v/2Re @? — v are precisely those of the SM Higgs boson. In
the alignment limit, H" is an approximate mass eigenstate that is identified as the observed
125 GeV scalar.

It is instructive to apply eq. (4.10) in the case of the so-called complex two Higgs
doublet model (C2HDM) (see, e.g., refs. [33-39]). A recent analysis was performed in [40],
introducing the public C2HDM_HDECAY code for the HDECAY program [41], as well as
all the corresponding Feynman rules.® Using eq. (B.12) of ref. [7], we find

[dndmhazs) 4+ M S $5—a €2 = ( Nfﬁ) (—Cp_aCy + isy). (4.12)

In the C2HDM there are three mixing angles (a1, ag, and «as); ca = cos g and similarly
for others; while we define a; = av+7/2, in order to make contact between «; as employed
in the C2HDM and the angle « used in its real 2HDM limit. In the notation used here, the
h125V'V coupling is given by ¢y cos (ag — ) = —c2 s3_q, Which corresponds to Sh-a used
in eq. (4.3). For the hj95VV coupling to be close to unity, so must be close to zero (i.e.,
a small CP-violating angle), and cg_, must also be close to zero, making both terms on
the right-hand-side of eq. (4.12) close to zero. Consequently, the real part of [Jndmhlzg)] R
must lie close to its SM value and its imaginary part must be close to zero.? Eq. (4.12) for
the C2HDM, and more generally eq. (4.10) in the case of the NHDM can also be used to
generalize the results presented recently in ref. [42].

5 Conclusions

Although the Standard Model employs a Higgs sector consisting of a hypercharge-one,
doublet of scalar fields, the generational structure of the fermionic sector invites us to
consider the possibility that the Higgs sector of the Standard Model is also non-minimal,
consisting of N Higgs doublets. Without prior knowledge of N, it is useful to analyze
the NHDM in the case of general N. In a previous paper [7], we examined the physical
parameterization, sum rules and unitarity bounds of the bosonic sector of the NHDM. We
were able to provide an elegant formulation of the NHDM by exploiting the charged Higgs
basis, where the neutral scalar field vacuum expectation value resides entirely in one of
the N scalar doublet fields, and each of the remaining N — 1 scalar doublet fields contains
a physical (mass-eigenstate) charged Higgs field. In this formulation, many of the purely
bosonic couplings of the model can be expressed entirely in terms of an N x 2N matrix B.

This paper extends the results of ref. [7] to include the most general Higgs-fermion
Yukawa couplings. We have shown that in addition to B, one must introduce a pair of
N — 1 complex 3 x 3 matrices (one for up-type and one for down-type), along with the
diagonal up and down-type quark mass matrices in order to fully parameterize the Higgs-
quark Yukawa interactions. Using these parameters, we have derived a set of sum rules

8See the webpage at http://porthos.tecnico.ulisboa.pt /arXiv/C2HDM/.
9Despite the bounds on s3 and contrary to popular belief, one can still have dominant CP-violating cou-
plings to some fermions, even when the bounds from electric dipole moments are taken into account [38—40].
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that involve the Higgs-fermion interactions. Some of these sum rules exclusively involve the
Yukawa couplings, whereas others involve products of Yukawa couplings and gauge/Higgs
couplings. Several of these sum rules have not appeared previously in the literature.

In the charged Higgs basis, the tree-level couplings of the neutral CP-even component of
the scalar doublet [denoted by H® in eq. (2.14)] that contains the entire neutral scalar field
vacuum expectation value correspond precisely to those of the SM Higgs boson. In general,
HO is not a mass-eigenstate due to the mixing of this field with the other neutral scalar
fields of the NHDM. However, if H? is an approximate mass eigenstate, then the Higgs
sector is said to exhibit approximate alignment, since the corresponding mass eigenstate
is approximately aligned in field space with the neutral Higgs vacuum expectation value.
The alignment limit can be conveniently defined by exploiting the sum rule satisfied by the
V'V couplings to the neutral scalars (where VV = WW ™ or ZZ). We are then able to
show the corresponding impact of the alignment limit on the Higgs-fermion couplings.

Of course, the sum rules governing the Higgs-fermion couplings of the NHDM, while
constraining the model in interesting ways, do not address the phenomenological challenge
presented by the near absence of flavor-changing neutral currents in the experimental data.
Without further model constraints, either via fine-tuning of couplings or by the imposi-
tion of additional symmetries, the generic NHDM will exhibit significant tree-level flavor
changing neutral currents mediated by neutral Higgs exchange, in conflict with experimen-
tal observations. Addressing this challenge will be the subject of a future publication.
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A Generalized sum rules

A.1 Notation and conventions

In order to obtain the sum rules of section IIT of ref. [20], in particular their equa-
tions (3.3), (3.4) and (3.7), it is convenient to adopt their conventions for the Feynman
rules,

VAVIVY i gabe [(pa —5)" + (P — ) + (e — 1a)”| = i gave T (Das Db 2e)
VeVl i gavi 9°° (
Vi idj : i Gaij (pi — )" (
Vi Fadn s i (9amnPL + Gavn PR) (
Sifmtn i (GimnPL + i PR) (
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Figure 1. Diagrams for the scattering f,, + f,, — Vo Vb.

with all momenta incoming. Here f, V, and ¢ stand for fermions, gauge bosons, and
scalars, respectively, and Pgr = %(1 + 75) are the usual chiral projection operators. We
will use lowercase m,, for the mass of the fermion f,, and uppercase M, for the mass of
the gauge boson V.

A.2 FFVYV sum rules
A.2.1 The amplitudes

The diagrams contributing to the scattering f,,(p1)+f,, (p2) — Va(p3)+Vs(ps) are exhibited
in figure 1. In an obvious notation we will name the amplitudes according to Mandelstam
variables channel (s,t or u) and by the particle being exchanged. We then obtain,

M = (=) (i gabe) Tapo (—pas —D3, 01 + D2) i Fon(02)%0 (950n P + 950 PR) fu(p1)
(9" — (p1 + p2)*(p1 + pa)” /MZ]

x (—1) - € (p3)e” (pa)

ML = (=i)(0)® £ (02)78 (9rupPL + Gy PR) Py = Py + 10) V0 (9lpn PL + Gapn Pr) fu(p1)
X tlmgea(Ps)GE(m),

ML = (=) (@)* Fr(P2) Vo (95mpPL + Gaenp PR) Py — P + M08 (Ghpn PL + 9850 PR) fn(p1)
L),

M = (000 g T (22) (0 P+ 9 PR) Fal0n) 2205 0)e (). (A.6)

A.2.2 The high energy limit

When the gauge bosons are longitudinally polarized the diagrams of figure 1 grow with
energy for large center of mass energy /s. The worst behavior comes from the first three
diagrams that grow like E? while the fourth diagram grows like E'm 7- To see this one has
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to use the expression for the polarization vector for the longitudinal case, which is given by

> pH 1 F
= ~—4+0(=—]). AT
et = (8. 1819) = B +0 (37 ) (A7)

To determine the coefficients of the high energy behavior [see eq. (A.20) below] we can-
not use the approximate expression in the right-hand side of eq. (A.7) for all the diagrams
because we would then lose contributions that modify the £m; terms. Hence, we should
employ consistently the definitions of the left-hand side and expand the result in powers of
s, t or u. As an example, for the gauge boson V,, we have

= E2 — M?2 1 s+ M2 — M?

Eg = (YaBarYaBa/Ba)s Ba = 5", Ya= ——=, By = a—b7 (A.8)

E, 1/1_53’ 2\/s

and similarly for the other particles. Next we use the kinematics for the process,

f(p1) + f(p2) = Va(ps) + Vi(pa) , (A.9)
to write
pl - (E'VL?OJOJ/BTLEn)J p2 - (Em70707 _ﬁmEm)v (Alo)
p3 = (Eq, faFqsing, 0, B,E,cos0),  py = (Ep, —PpEpsind, 0, — By Ep, cos 0), (A.11)
eaL = (YaBasVasinb, 0,4 cos ), ef = (7Pp, —Ypsin 0,0, —, cos 9). (A.12)

We then use these expressions to evaluate all the amplitudes. In the end we substitute
cos @ in terms of the Mandelstam variable ¢, through the relation,

t—m2 — M2+ 2E,E,
2EnEa/8nﬁa

At this point all the amplitudes are expressed in terms of the Mandelstam variables

cosf =

(A.13)

and the masses. As the Mandelstam variables are not independent, we can still use the
relation,
s+t+u=m>4+m2 + M+ M, (A.14)

to express the result in terms of just two independent variables. Next we want to isolate
the terms that grow with E? and Em ¢- To achieve this we introduce the scaling

s—=s/x, t—t/r, u—u/x, (A.15)

and make an expansion for small x. This would be enough for the amplitudes without
fermions, but here we have the additional complication of having strings like

fp2) - f(p1)- (A.16)

Since we want to isolate the coefficients of these structures, and as the spinors grow like
E/2_ we also employ the scaling

Flp2) - F01) = = Fpa) -+ flo). (A17)



There is one final complication. Since we wish to have independent spinor structures, we
shall use the Dirac equation between spinors. But then we have a problem for structures like

f(p2) - Yo f(p1)e”. (A.18)

We have verified that for this case it is enough to use the first term on the right-hand side
of eq. (A.7). That is, we will make the replacement

1 o
ealn) = =" 3 (A.19)

The terms that grow as E? are the coefficients of 7! and the terms that grow as Em ¥
are the coefficients of =/2. Therefore we can write for each amplitude

M; = F(p2)p,PrLf (p1) AFa™ + F(pa)p, Prf (pr) Al
+ fp2)Prf(p1)BFa=2 + f(p2) Prf(p1)BE2=/? + constant, (A.20)

where we have assumed energy-momentum conservation. Eq. (A.20) has been obtained by
using FeynCalc and Mathematica for the Lorentz and Dirac algebra and series expansion,
respectively.

The E? terms. The first three diagrams in figure 1 yield terms that grow like E2. To
simplify the expressions, we redefine the coefficients

A; = AiM M, . (A.21)

The corresponding A; coefficients are given in table 2. Since the sum of these coefficients
has to vanish, we end up with two sum rules,

L L L L L
Z [gapn Iomp — Yamp gbpn] = Zgabe Jemn » (A22)
p e
R R R R R
Z [gapn gbmp - gamp gbpn] = Zgabe Gemn - (A23)
p e

These relations are the sum rules in eq. (3.3) of ref [20]. The cancellation of the terms which
grow as E? is guaranteed by the gauge group structure of the fermion representations, as
shown by Llewellyn Smith [43] (see also [44, 45]). So, these sum rules must hold in any
spontaneously broken gauge theory.

The FE terms. Having shown that a spontaneously broken gauge theory assures that the
worst high energy behavior cancels, we move to the terms that grow as a single power of
E. Here the gauge invariance of the theory is not sufficient to guarantee cancellation of
the bad high energy behavior, and we obtain constraints on the gauge boson couplings to
scalars.

For convenience we again define,

B; = M,M,B; . (A.24)
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Diagram AlL Aﬁ
MA abe Gemn | Gave 9iun
ML =gl gk, | ol g
M gfmp Qé—}m gcjﬁmp glgm
M? 0 0

Table 2. Coefficients AX and A%,

The results are summarized in table 3. To obtain the sum rule in eq. (3.4) of ref. [20], the
sum of the coefficients BZL and Bﬁ has to vanish separately. The follow sum rule is then
obtained,

R L R L L L R R
Z [mp (gbmp Yapn + Yamp gbpn) — Mm Gapn Gomp — "Mn Gamp gbpn]
p

M2 — M? — M? 1
+ Z/ I:gabe [ < 2]Wb€2 £ :| (mn gfmn — My geLmn):| - 5 Z gabkgl%mn 3
e k
(A.25)

where »"_’ means that the sum only runs over massive gauge bosons. Another sum rule
can be obtained from eq. (A.25) with the substitution L <+ R. Eq. (A.25) is similar, but
not equal, to eq. (3.4) of ref. [20]. But we can bring eq. (A.25) to the form of the sum rule
of ref. [20] using eq. (A.22) to write,

L L L L L
- Z Mm Gapn Gomp = — Z Mm GampYbpn — Z Gabe™m Jemn »

p p e
- Z Mnp g(?mp gﬁm == Z mn, g(ﬁungl})%mp + Z YGabeMn gfmn : (A26)
p p e

Now we add the last two equations to obtain

Z [_mm g(gpn glfmp — My gfmp glﬁm] = Z [_mm gamengz/m - My, gfpnglf%mp]
p p

+ Z /gabe (mn gfmn - Mm gémn) : (A27)

e

Finally, we substitute eq. (A.27) into eq. (A.25), to obtain

R L R L L L R _R
Z [mp (gbmp Yapn + Yamp gbpn) — Mm Gamp Jopn. — "n Japn gbmp]
p

M2 _ M2 —|—M2 1
=+ ZI {gabe |: = 2]\412 < :| (mn gfmn - Mm geLmn):| = 5 Zgabkglfmn )
e k
(A.28)

which is precisely the sum rule of eq. (3.4) of ref. [20]. We also obtain a similar rule by
substituting L <> R. The other sum rules in egs. (3.5) and (3.6) of ref. [20] can be derived
from the above in the same way.
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Figure 2. Diagrams for the scattering f,, + f,,, = Vai-

Diagram éf BzR
(Mé\il}ig—Mg) gfmnmn - ggmnmm geLmnmn - gé%mnmm
Yabe [T}
M{ gaLpnglgnme - gclllpnglf/mpmm Q(ng[gmpmp - gﬁjb:ipngl?mpmm
M£ glf;ongfmpmp - gfmpgl};znmn glgmggmpmp - gc%mpgl%onmn
M? _%gabkglgmn _%gabkglljmn

Table 3. Coefficients Bi.

A.3 FFV@ sum rules
A.3.1 The amplitudes
The diagrams contributing to the scattering f,,(p1) + f,,(p2) — Va(p3) + ¢i(ps) are given

in figure 2. The corresponding amplitudes are given by,

(9" = (p1+p2)" (pr+p2)” /M?]

M? = (_i>2(i)Z(gaie)guafm(p2)’7l/ (geLmnPL+g§mnPR) fn(pl) Ss— M2 € (p3) )

M = (=0)(0)* Ty (02) (95p PLt 980 PR) (B, —Py+m0) Ve (95 PL+95, Pr) fn(pl)ﬁﬁo‘(m) :
P

quj - (71)(1)3 fm(pQ)"}/a (g(fmpPL+g§mpPR) (}”1*}”3+mp) (gzngL+g£nPR) fn(pl)u_lrngea(p?)) )

MS = (=i)(0)*Gair (—Pa—P1=P2) o i (P2) (Grmn PLA9Fon PR) fn(pl)ﬁea(m)-

' (A.29)
A.3.2 The high energy limit
In this case there are no divergent E? terms. The coefficients of Ef and éf are summarized
in table 4. Again we employed a definition similar to eq. (A.24),

BF" = M,BM (A.30)
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Diagram éf BlR
M? — ﬁgaei (mn gfmn — My geLmn) - ﬁgaei (mn geLmn — M gfmn)
M apn Yimp i I
M —gk, 98, ~ i G
ME Jaik Temn Gaik Ghonn

Table 4. Coefficients B

Since the sum of the coefficients has to vanish, we obtain the sum rule,

1 R L L L L R L
Z ,mgaei(mn Jemn — Mm gemn) - Zgaik Ikmn = Z (gapn Jimp ~ Gamp gipn) , (A31)
e € k D

in agreement with eq. (3.7) of ref. [20]. We also obtain a similar sum rule with the inter-
change L < R.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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