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theory. Our approach uses Nielsen’s geometric method, which translates into working out
the geodesic equation arising from a certain cost functional. We present a general method,
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explicit expressions for the d = 2, 3 cases. Our method enables a study of circuit complexity
in the epsilon expansion for the Wilson-Fisher fixed point. We find that with increasing
dimensionality the circuit depth increases in the presence of the ¢ interaction eventually
causing the perturbative calculation to breakdown. We discuss how circuit complexity
relates with the renormalization group.
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1 Introduction

In the context of quantum information theory, circuit complexity is the number of unitary
operations needed to perform a desired task in a quantum circuit [1-10]. Of course it is
desirable that the number of steps is minimum to have the most efficient implementation
of a quantum algorithm. In particular it is important to quantify this so that one can have
meaningful comparisons with classical algorithms. The question of circuity complexity in
the context of quantum field theories is still relatively novel with very few results. In [11-13],
it was shown that the non-perturbative calculation of n-particle scattering amplitude in a
scalar ¢* theory on a quantum computer would have an exponential advantage over known
algorithms which can be implemented on a classical computer which uses perturbative
Feynman diagram techniques to perform such a calculation. This is quite remarkable and
the question naturally arises how a quantum computer would compute other interesting



quantities that are calculated by conventional means. Especially, is there a connection
between renormalization group flows and circuit complexity?

Recently, observations due to Susskind and collaborators based on observations related
to thermalization during black hole formation in holography have spurred activity in com-
puting circuit complexity in quantum field theories [14—26]. In holography, it was observed
that while the entanglement entropy asymptotes to a constant with time as the black hole
thermalizes, the size of the Einstein-Rosen bridge in the context of the eternal AdS black
hole keeps increasing. It was proposed that the analogous quantity that keeps increasing
after thermalization is complexity. Two interesting proposals were given in the context of
AdS/CFT [27-32]. The first one is the volume of a maximal codimension-one bulk surface
extending to the boundary of AdS space time (complexity = volume). This particular slice
is chosen in a way such that it asymptotes to a specific time slice on which the boundary
state resides. The second one is to consider the so called Wheeler-DeWitt (WDW) patch
which is basically the domain of dependence of a bulk Cauchy surface anchored at a specific
time. Both these two objects have the potential to probe physics behind the horizon and
both of them evolve with time even after the thermal equilibrium has been reached. These
two proposals have been subjected to a host of interesting checks [33-65].

In [66-68] a geometric approach for circuit complexity was put forward which was
studied in great detail in the context of free scalar field theories in [14]. It was proposed
that to find the minimum complexity, one writes down a suitable cost function in the space
of unitaries, which works out to be in general a Finsler space, and then minimizes it. The
distance from the reference state (|1/®)) to the target state (]1)7)) is then the geodesic
distance. To elaborate, we want

(W7 (s =1)) = U(s)|™(s = 0)), (1.1)

where U(s) is a unitary operator. Here s parametrizes a path in the Hilbert space with the
boundary conditions such that the reference state is located at s = 0 and the target state
is located at s = 1. This is just a matter of convenience. We can redefine this parameter.
Now every unitary operator can be written as follows,

U(s) = P exp <z/0 dsH(s)> , (1.2)

where H (s) is a Hermitian operator. Then H (s) can be expanded in a suitable basis (M) in
the following way, H(s) = Y!(s)M7. Y (s)’s are generally referred to as control functions.
Now given a set of these elementary gates (My) we construct our unitary U(s). The basic
notion of complexity (or more suitably in this case “circuit depth”) is to provide a measure
to count the number of “elementary” gates which can be combined to form the required
U(s). In general, this is not a unique procedure and is difficult to accomplish. Following [14,
66-68] we try to find the shortest path or the geodesic connecting the reference and target
state. To do so, we first define a suitable “cost function” F (U, U ) and the complexity is
then defined as,

D(U) = /01 F(U,U) ds. (1.3)



We then minimize this cost function which then gives the geodesic connecting the two
states. Then evaluating D(U) on this geodesic, we obtain a measure for the complexity.
Now there are various possible choices for the “cost function”. But there are some desirable
properties [66—68] that these cost functions should satisfy. They should be continuous,
positive definite, homogeneous and satisfy the triangle inequality. These properties help
us to identify these functions as legitimate functions measuring the distance between two
points on the underlying manifold. In addition to these, if these functions are infinitely
differentiable, then (1.3) gives the distance between two points on a Finsler manifold.
Keeping these properties in mind we can choose various possible functions. We quote the
ones advocated in [14, 19, 24]

F(U,Y) = /Zpl Y12 F.(UY) Zp1|YI|“ Kk is an integerand ,k > 1, )
I 1.4

Fp(UY) = (tr(VIVPP)YP v =y () My, p is an integer.!

Here p; are some weights which at this moment are arbitrary. We observe that F,—;
is directly related to the number of gates that has been used to achieve the target state
(at least upto a certain tolerance |||¢7) — U|®)|| < €, where € is a small and adjustable
parameter). On the other hand F, with p; = 1 for all I is basically a distance function
on a given manifold. These calculations have been generalized for free fermions in [17, 19].
Interesting connections were found with holographic proposals in spite of the fact that
these were free theories.

It was suggested in [69] that tensor network approach maybe useful to derive quali-
tative features of holography, especially to understand the notion of emergent geometry
from the field theory. One such useful tool is cMERA (“Continuous Multiscale Entangle-
ment Renormalization Ansatz”) [70] which provide us with several interesting features of
holography [71-73]. In [74], the authors have computed complexity for the cMERA circuit
for ground state of free scalar theory. Basically for the free scalar theory the ground state
wavefunction furnished by ¢cMERA can be parametrized as an SU(1,1) coherent state.
Then complexity was computed by first defining a Fubini-Study metric for SU(1, 1) mani-
fold and computing the length of the geodesic with a suitable boundary condition. Further
motivated by the tensor network representation of the partition function an alternative
method of computing complexity for conformal field theory has been proposed in [75, 76]
based on an “optimization” procedure which basically determines how to represent most
efficiently a partition function for conformal field theories. Then the complexity can be
computed by evaluating simply the Liouville action [75-78]. This method has been gener-
alized to include perturbations for 2 dimensional spacetimes [79]. These methods give the
same leading divergent term for the complexity [14].

Our goal in this paper is to consider interacting scalar field theories. A primary
motivation is to try to establish a connection with the renormalization group perspective.
Our progress in this front will be modest. We will compute circuit complexity in a variety
of interesting interacting scalar QFTs to leading order in perturbation. We will generalize

!These are formally known as “Schatten norms” and first considered in [19] but explored in detail in [24].



the approach of [14] to the interacting case. In the process of doing so, we will encounter
several subtleties. For starters, since our approach will be based on the group GL(N, R)
we will not be able to use a purely Gaussian reference state for reasons we will explain.
Rather we will forced to start with a slightly non-Gaussian reference state. This will lead to
interesting technical complications. Namely we will find that we will be forced to make the
cost functional dependent on the perturbative coupling so that we can smoothly interpolate
to the free theory.

Taking into account these complications, we will then turn to evaluating circuit com-
plexity in various dimensions including fractional dimensions to make a connection with
the Wilson-Fisher fixed point in the epsilon expansion. We find that while the free theory
depends linearly on the spatial volume, the interacting part shows a fractional volume de-
pendence. Next we find that as dimensionality increases, the circuit depth also increases
in the presence of the interaction (for positive coupling). In the RG paradigm, we know
that the Gaussian fixed point is stable for d > 4 while the Wilson-Fisher fixed point is
stable for d < 4. From the perspective of a potential quantum computer, we then find
that since the circuit depth corresponding to turning on a coupling increases (and in fact
diverges worse than the free theory eventually) with increasing dimensionality, it will be
harder to perform the corresponding computation. Therefore, it appears to us that circuit
complexity can be used as a diagnostic to analyse RG flows. Eventually, one can then hope
that there could exist a monotonicity property much like the c-theorems in quantum field
theory [80-84].

The fact that there must be an interesting connection between the renormalization
group and complexity is not unexpected. In the context of the kind of calculations that
were initiated in [14], one can easily see this as follows. If we turn on a perturbative
coupling, then clearly the complexity answer will get modified by this coupling. In the
context of renormalized perturbation theory, the coupling is a function of the RG scale. As
a result we can consider writing down a differential equation for the circuit complexity in
terms of this scale. Since we are considering first order perturbation theory, the differential
equation will relate circuit complexity to the beta function of the theory as well as the
flow equation for the mass parameter. While this is unsurprising, what is important to
know is the nature of this relation — in particular, is the perturbative approach to circuit
complexity well defined in any dimension? Can we identify fixed points and establish if a
fixed point is stable or unstable by considering circuit complexity? For instance intuitively
we may expect that if a fixed point was stable, then moving away from this fixed point
would increase the complexity, while if it was unstable then the reverse would happen. We
will attempt to take some modest steps in these directions. A potentially useful spin-off
in our investigation is that we will come up with a general analytic method to perform
the required lattice sums. This will enable us to consider even fractional dimensions. This
method is outlined in appendix (C) and will be heavily used in the paper.

The plan of the paper is as follows: in section 2 we discuss the A ¢* on lattice as
coupled Harmonic oscillators and solve its ground state wavefunction. Then we detail the
complexity calculation for the two oscillator case by generalizing the arguments of [14].
We discuss in detail all the subtleties regarding our approach and the construction of the



circuit. In section 3 we generalize this for the arbitrary N oscillator case for arbitrary
spacetime dimensions d and take the continuous limit of the expression for the complexity.
Then we derive flow equations for the complexity and study its implications. In section 4
we generalize all these for theories with arbitrary number (N) of scalar fields. In section 5
we discuss briefly computation of complexity of ¢* theory using a different set of gates.
Then we end with a summary and a list of some of interesting future problems. All the
supplementary materials which we have deemed useful for the reader have been placed in
the appendices.

2 Circuit complexity with ¢* interaction — the 2-oscillator case

In this paper we will consider a massive scalar field theory with a A ¢* interaction term.
We will follow the notation in [14] to facilitate an easy comparison. The Hamiltonian for
the theory is,

1 A

H = 5 /ddlx [77(96)2 + (Vo(x))? +m?p(x)? + ﬁ¢($)4 (2.1)
where d is the spacetime dimensions. We will assume the coupling ) < 1 so that we can
work in a perturbative framework. ) is dimensionful having mass dimension 4 —d. Next we
discretize this theory on a d — 1 dimensional lattice. After discretization the Hamiltonian
takes the following form,

7 (7)2 )
M=y T T + 007 5 S0 - 60 - 2+ mof + et | @2

—

i

7i denotes the location of the points on the lattice. Then using,

we arrive at the following,?
P(n)
-5

n

We will focus on evaluating complexity for the ground state of this Hamiltonian. It is

2

- %M [wQX(ﬁ)Q + Q2 (X () - X (7 — £;))” + 2) X(ﬁ)4] } (2.4)

i

evident that this system is nothing but coupled anharmonic oscillators. For simplicity, first
we focus on two coupled oscillators. The Hamiltonian is:

1
H=3 [p% +p5 4w (@] + 23) + Dz — 22)” + 2A (2] + w%)] : (2.5)

We have also set M = 1 here to make the analysis of the harmonic oscillator case more
convenient — this will not affect the final answers which have to be dimensionally correct.

2Note that [A] = 4 and [A] = 4 — d in our notation. While introducing Q seems redundant, it will
facilitate a comparision with the coupled harmonic oscillator case as in [14] and we will continue using it.



Eigenstates of this Hamiltonian can be easily solved in normal mode coordinates.
1 _ 1

560:%(331-?—962), $1=ﬁ(961—$2),
. 1 _ 1
Po = ﬁ(pl +p2), PL= \ﬁ(pl —p2), (2:6)
R =, 0 = w? + 202
We define
(T0, 21[¢" (n1,m2)) = ¥, 1, (To, T1) (2.7)
_ 1 (@0@1)1/4 1&1092 —70-1190 /o N,
- /oni+nzn, Ing! ﬁ ¢ ’ 1H .%'(] n2 .’L'l
where, H,(z)'s are the Hermite polynomials with Hy(z) = 1. The expression for the

ground state eigenfunction to first order in A can be written as

wnl,nz (‘%075:1) = 1?8,0(»%07531) + )‘1/}(1),0('%07:%1) ) (28)
with .
¥0,0(Z0, 1) = (wojlg) st (2.9)
and
1 . . 3(@0—1—(1)1) 0 s~ 3(@0—1—&11) 0 .
) , , 2.10
¥o,0(To, To) = NI —— = 90(%0,71) — PN T 2(T0, 71) (2.10)
3 N V3 V3
4w0w1(wo+w )%2( Lo, T1) — S\f 3¢40( T1) — V20 31/104( To, I1)-

For later convenience we will use

L (@oin )14 1 99
0,0(Z1,Z2) = U exp(ap) exp ~3 a1 33 4 a9d? + azFe 4+ as i + asiit )| (2.11)

where,

3 ( 3 3 @owr +@f 4+ &F | as
00:(4&}8+4~+ P = , a1 =wo+ — 3a3+? )

8 03 Rt (Go + @) wo (2.12)
o L (30,4 ® A A 3\ '
as = W — a — a3 = — a4 = —— as = - ————=~
2T\ T 2 ) BT gy YT un) T (@4 @)

where it is understood that the expression in (2.11) can be trusted only upto linear order
in . We will also use an approximate wavefunction?

__ Sl ) 1/4
1/1070(551, 572) ~ (wo\a;l%) exp(ao) exXp |: — %(alfé% + CLQZE%)] . (213)
Defining the fidelity as
2
F(1,2)=1- M, (2.14)
(111)(2[2)
we find that 3 \ A )
+ <t =] 2.15
Fed) =5 (3 5557+ 77) (2.15)

3This kind of approximate Gaussian Wavefunction for interacting quantum fields has also been used in
some version of cMERA [85].



Circuit complexity

We would like to evaluate the circuit complexity for this ground state wavefunction starting
from a reference state. This needs several assumptions on our part. We will need to
specify the reference state and available gates. We begin by writing the wavefunction in

the following form:

w@m@)zN%m)—%@wu@w%). (2.16)

N is a normalization factor. s is a running parameter and parametrizes the space of
circuits. For s = 1 this coincides with the target state (2.11) with N*=! = % exp(ap),
while s = 0 will be the reference state. Here the idea is to write the exponent of the
wavefunction as a matrix A(s) conjugated by a basis vector v. If the state is just a Gaussian
state then ¥ = {Zo,Z1} only. But for our case the states are not Gaussian so we have to
extend the definition of this basis vector . Below we discuss this explicitly for our setup.

A desirable property of the reference state is that it should not contain any entangle-
ment in the original coordinates. Also we have to keep in mind that in order to represent
it in the form (2.16), we have to allow non-linear terms (z? and z2 ) in the basis vector.
Keeping in mind these two facts, we choose the following,

Wref

2

1/15:0(301, x9) = N*=Cexp [ — (m% + a:% + /\o(ac‘ll + xé))} . (2.17)

Here \g is some parameter that we will fix later on. It parametrizes a non-Gaussianity in
the reference wavefunction. Now going to the normal coordinates we get,

—0/~ -~ - Wref |9 -2 A0, .4 . -~ 9
V=020, 71) = N Cexp ( - ;ef [mg + 2+ ?O(m% + &1 + Gx%x%)} ) (2.18)
Now we rewrite this state in the form (2.16). We also want to make sure that the matrix
A is non singular. We have to choose the following basis (this is one of the choices and the
minimal one as far as we can see)

¥ = {Zo, 1, T0 T1, 5, T1}. (2.19)
In this basis,
Ot 00 0 0
0 Gt O 0 0
As=0)=| 0 0 bAo@rer 0 0 : (2.20)
0 0 0 208t L(3 — b) Aoiet
0 0 0 1B—b) Ao 20w

b is arbitrary. Now given the basis vector ¥ in (2.19) we can easily verify that both for the
reference and the target state we can write the exponents in the form v, A, v as advocated
in (2.16). Also we can see that to write the exponents in this form it is absolutely necessary
to include quadratic terms in the basis (2.19).



Next we want to make the determinant of this matrix A positive which needs 2 < b < 4.
Now further to make our analysis simple we choose

b=3

to kill the off-diagonal components in the reference state. Now the target state in this basis
will look like,

ap 0 0 0
0 ay 0 0

As=1=1| 0 0 bas 0 0 : (2.21)
00 0 az  (1—Db)as

00 0 1—-bas

The coefficients are given in (2.12). Also we restrict b such that the determinant of this
matrix is positive definite. As &1 > &g, we have ag > a4 > 0. Also a5 > 0. These conditions
together with fact that the eigenvalues are positive lead to,

1 [ on+om2 - 1 on 4+ on?2
Y L CR) oy SPE O C 0 (2.22)
6 wow1 6 wow1

The upper limit is always positive but depending on the values of &g, &g, 1 — % @2111)-723?)2

can be both positive or negative. But we have to make sure that bas is also positive to
make the determinant of A(s = 1) positive. So we restrict ourselves to,

(@Wo + @p)?
Wowq ’

- 1
0<b<l+g (2.23)

Now starting from this reference state the target state can be achieved via unitary evolution
=N (&0, 81) = Uls = 1)y°="(Zo, 1) (2.24)

The unitary takes the following form,

S
U(s) = P exp (/ ds Y (s) 0[). (2.25)
0

As explained before we have to act the reference state by the set of the operators Ofs in
a particular sequence. Note that, the Y/ (s)’s depend on the path, i.e., on the particular
sequence in which Oy’s are acting on the reference state. Our target is to find the shortest
possible path such that we will achieve minimum complexity. To do so, we try to attach
a geometrical interpretation to this process [14, 66-68]. Now looking at the structure of
the matrix A in (2.21) we can consider U(s) to be an element of GL(5, R) with positive
determinant. Then we can write U(s) in the following way

U(s) = P exp (/OS YI(s)MIds), (2.26)



where, (Mp);.s are GL(5, R) generators satisfying,
TT[M[MJ] = 2(5[J. (227)

I,J runs from 1 to 25. Also we have,?

As=1)=U(s=1)A(s =0)UT (s = 1). (2.28)
From this we get,
YIM; = 0,U(s)U(s)" . (2.29)
Hence,
1
VA —— YR “LuhHh. 2.
TT(MI(MI)T) 7“(6 U(S)U ( ) ) ( 30)
Next the infinitesimal distance i.e., metric in the parameter space defined by Y!’s can be
written as,
ds? =Grydyldy”’, (2.31)

_ Gy <TT(]W[1(MI)T)Tr(dSU(s)U_1(MI)T)> ( i Jl( sy U ()0 (0 )T)> .

At this stage we have various choices for Gyy. First, for simplicity we set Gy as 25 by 25

identity matrix. Now U (s) is an element of GL(5, R). To do further calculations we have to
chose a suitable parametrization for U(s). In general any element (g) of GL(5, R) can be
written in terms of product of an orthogonal matrix, a diagonal matrix and an upper tri-
angular matrix (G = KAN), which is known as Iwasawa decomposition. But after closely
inspecting our target state (2.21), we can further simplify our choice of parametrization.
We can easily infer that our target state is of a block diagonal form. This motivates us to
parametrize U(s) in the following way,

To — T3 T2 — T 0 0 0
T2 — 1 To+ 23 0 0 0
U(s) = 0 0  explya(s)) 0 0 . (2.32)
0 0 0 To— T3 Tg — 1
0 0 0 E1 4 &9 T + I3

We have decomposed U(s) in terms of R? x GL(2, R) blocks. We could have allowed for
off-diagonal elements. But it is evident that at the end of the evolution those terms have
to vanish as the final state is also in the block diagonal form, so allowing those off-diagonal
terms will only increase the path length and hence the complexity. Now GL(2, R) can
be written as R x SL(2, R). We also note that the first block in (2.21) is diagonal. It is
expected that in the normal mode coordinates the quadratic part of the target state (2.11)

“Now U when acting on A via eq. (2.28) is not unitary! Rather what happens is that this U can be
mapped to a unitary operator which then acts on the wavefunction as we will discuss. This is a notational
issue in [14] that we will assume does not create too much confusion.



is always diagonal. As argued previously [14], this induces a flat metric. Keeping this is
in mind we can set, x1 = x5 = 0. For the rest of the components we choose the following
parametrization,

20 = exp(ya (s))cosh(py (s)), 73 = exp(ya (s))sinh(p1 (5)),

Zo = exp(ys(s)) cos(7s(s))cosh(ps(s)), Z1 = exp(ys(s))sin(rs(s))cosh(ps(s)), (2.33)

To = exp(ys(s)) cos(f3(s))sinh(ps(s)), @3 = exp(ys(s))sin(f3(s))sinh(ps(s)).

2

Then the metric in (2.31) becomes,

ds? =2 (dy% +dy2 + dy? + dp? + dp?

(2.34)
+ cosh(2p3)sinh?(p3)dh3 4 cosh(2p3)cosh?(p3)drs — sinh? (2p3)d¢93d7’3>.
A suitable functional for this case is
2
RUYH= 3 ‘Yf(s)) . (2.35)
I

Using (2.34) we find

/B U, Y ds—/ ds g, (2.36)
Z/O w([(%) () + () () + (%)
st (2n) (50 ) () + cosnizp{snt o) ) costt() (472 }D

The problem of finding the shortest path will then be mapped to the problem of
finding geodesic in GL(5, R) group manifold. So we have to find the geodesic coming
from extremizing (2.36) and evaluate (2.36) on this geodesic. The boundary conditions
from (2.28) are

p1(0) = p3(0) = 41(0) = y2(0) = y3(0) =0, (2:37)
and
ay 3\ (@1 + 3d@0) @o ]
) 1) — 1 =1lo — =1lo — — = = + — ’
(yl( ) Pl( )) g |:wref:| |:4 Wrefw(% (Ldl + W()) Wref
as 3\ (31 + @) @1 ]
2(y1(1) + p1(1)) = log[——] =log | ———5 "<+ —|,
(yl( ) pl( )) g[wref] &) [4wrefw% (wl + OJ()) Wref
~ _ . _9(1-b)?
a3y — % 2A \/16w1w0 4(@o+@1)?
2y3(1) = log |2 ~ = log ’
wref)\(] wref)‘() (238)
2p3(1) _ COShil as + 624 ~)2 - — Coshil wo + w1 )
_ (1=b)%ag P0G 1 9(1-b)?
_QW_ 8w0w1\/16&;0@1  4(@o+an)?
bas b\
25(1) =1 =1 :
y2( ) 0g |:3 Ao (I)ref:| 8 |:)\0a1ref(a]0 —|—(:)1):|

~10 -



Now we proceed to solve the geodesic equations. These equations can be solved by first
finding the conserved charges. As our metric is nothing but the tensor product of R* and
SL(2, R) matrices, we essentially use the results of [14]. Then we get after using (2.37)
and (2.38),

yi(s) = y1(1)s, p1(s) = p(1) s, y3(s) = ys(1)s, p3(s) = p(1)s. (2.39)
Also using similar arguments as [14] we can set
73(s) = 0,05(s) = fo. (2.40)
O is just a constant independent of s. We have trivially,
y2(s) = y2(1)s. (2.41)

Collecting all these together finally our complexity functional evaluates to,

1 Ac
2 2 2 2)) — = 2
0)= (V22 + 1P+ (202 +s(12)) = 5 (V) 575 +00%), (242
where,
(3 (@1 + 3@o) log[a -] 3 (@0 + 3@n) log[w })
“ 4&3 (&1 + @o) 4&3 (@1 + @) ’
d= <log [ }#—log {w ])—FQcoshl “o + &
Wref Wref -~ AT
e e 8w0w1\/16@10®1 - 4(9¢:(;3+?1)2 (2.43)
. 9(1-b)? ~
Y 22 \/16w1w0 4(@o+a1)> Lol [ b ]
0 o — .
& Wref A0 & | Nooret (@0 + @1)

We can evaluate U(s) = exp (M 3) on this solution which will give us the optimal circuit.
From there we can also identify the unitary operators which are the building blocks of
this optimal circuit. Unitaries that we are considering are of the form exp(iO), where
O is Hermitian. Then by acting ¢ O on the basis vector ¥ as defined in (2.19) we can
identify these i O's with various matrices M's and given those matrices we can show that
U(s) = exp (M s) where, M is given by the following linear combination,

M = aMi1 + Moy + yMs3 + OMyy + CMss + TMgg + kM77 + uMsgs (2.44)

- 11 -



by suitably choosing the parameters «, 5,7, 6, (, 7, k and . Below we identify the M’s with
the corresponding iO’s and give the details in the appendix (A).

t(Zopo+poTo) . [. . @ o (Zipr+p1z) . . @
gzl Topo— 35 | ZxopoéMllagzi ripr—z= |,
2 2 2
121 p1 — Moo,
T N N o
3 (Z1p1 +P121) (Zopo + PoZo) (Topo + PoZo)
T, . VR o AP o .
= §(8$1p1 (Zopo)? — 8iF1p1Fopo — 281P1 — 44 (Fopo)? — 4T oPo +1),
(82171 (Zopo)? — 8 d1P170Po — 2151 — 41 (Fopo)? — 4Fopo) — M3,
(2.45)
(8 0po(F1P1)? — 81 ZoPoip1 — 2F0po — 41 (Z1p1)* — 4%1p1) — Mg,
(Zopo +PoZo)(Zop1 +ZT1Po)(Topr +Z1D0) — Mss,
(Z1p1 +p121) (Zop1 + Z1P0) (Zopr + Z1P0) — Mee,
(8Z0po(Zopo)? — 8 ZoPoiopo — 2Fapo — 41 (Zopo)* — 4dopo) — Mrr,

(8%1p1(21p1)% — 8i 11 F11 — 2F1p1 — 44 (F151)? — 4%1p1) — Mss.

C0| <. 00| . 00| =. 00| . 00| =. 00| =.

Also we note that, it is evident from this analysis that we can recast the unitary M
by the linear combinations of only those operators which scale the coordinates. This is not
surprising given the fact, that we have chosen a non Gaussian reference state which already
contains quartic terms apart from the usual quadratic terms. Hence we can reproduce the
target state by simply scaling all these terms. Now we end this section by making some
comments.

Comments

e First of all we note that unlike for the free theory [14], we cannot just choose the
reference state as a product of Gaussians. We have to allow z§ and 2} term in the
reference state. If we try to set A\g = 0, our boundary conditions will be ill-defined
as evident from (2.38), specially ¢(1). This is also tied to the fact that we are setting
up the problem using the machinery of GL(N, R) group which required us to have
the determinant of A(s) to be non zero. More specifically, given the choice of the
basis (2.19), if we would chosen our reference state as Gaussian state then the matrix
A(s = 0) will have zero determinant because of the absence of quartic terms in
the wavefunction. Then the relation (2.28) will not hold as the conjugating by U
preserves the determinant of both the reference and target matrix A. So this forces
us to make \g # 0. Note that preparation of non-Gaussian states is a hard problem
and only partial results exist in the quantum information literature [86].

- 12 —



e We can rewrite the F» given in (2.35) in the following form:

)\1 )\2 )\3 )\4 A5
2 2 2 2 2
(Jlog (@m)mg <w>+ 8 <3fvrefko>“°g <)Hg <)D

Here A1, A2, A3, Aq, A5 are the eigenvalues of the target matrix A(s = 1).

Fo=

N | =

Since A(s = 1) and A(s = 0) are real symmetric matrices that commute, therefore
they both can be expressed as diagonal matrices in a common basis with correspond-
ing eigenvalues as diagonal entries. This diagonalization is brought about by the ac-
tion of a unitary matrix R via a similarity transformation given by R.A(s = 0/1).RT.
More details of this can be found in [14]. It can also be shown that, under this
transformation the metric remains invariant and hence the complexity. Then the
complexity is simply given in terms of the eigenvalues of the matrix A of the target
state. This is expected because once both the reference and target matrices are di-
agonal in a common basis all that we need are scaling gates corresponding to this
diagonal basis to take us from the reference to the target state. This is because any
non diagonal entries introduced by the entangling gates corresponding to the new
diagonal basis, have to be nullified using more entangling gates before reaching the
target state. Thus the use of entangling gates would only add more to the number
of gates required and hence would not correspond to minimal complexity. Having
said that it can easily be seen that the number of scaling gates say corresponding to
the i*" diagonal element required to reach from the reference to the target state is
%log (i—;) where )\; is the i** diagonal element of the target matrix and r; is the i
diagonal element of the reference matrix. Plugging this result into the complexity
functional F» results in equation (2.46). These expressions can be easily generalized

for arbitrary lattice size in arbitrary dimensions.

e Now two of the eigenvalues A1, A2 coming from the quadratic part of the wavefunction,
are of the form a2+ Ab12. The other three eigenvalues A3 4 5 coming from the quartic
part of the wavefunction are of the O(\). Taking logarithm of these O(\) eigenvalues
gives log(\) terms in (2.46). This will make the A — 0 limit ill-defined. To avoid
this problem we can choose A\g to be proportional to A such that the A\ dependence
inside the logarithm cancels out. Further we would want that (2.46) can be expanded
perturbatively in .

Fo=Fi + A F3 + 0(N\?). (2.47)

Since we are working in perturbation theory, we would expect to recover the free
result by taking A — 0. The A — 0 limit of (2.43) is subtle. We would have expect
that in A — 0 limit we would recover the free theory result which is given by

, .
f{’“‘fe:2<1og2[f"°]+log2[f”D. (2.48)

Wref Wref

But this is not the case. There are actually two problems:
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— The third term in the expression for d in (2.43) does not have any counterpart
in the free theory, but still it seems that in A — 0 limit it doesn’t vanish.

— Also in the fourth term in the expression for d in (2.43) we get log(\). This
make the A\ — 0 limit ill-defined.

The second problem can be easily cured by making A\g oc A. This will also give that,
in A — 0 limit A(s = 0) will reduce to the product of Gaussians. The first problem
is harder to solve. We could envisage having a smooth A — 0 limit by choosing G
differently so that the appropriate components pertaining to the second block are

proportional to A leading to
2 A3 2 Ag 2 As
log (?)diref)\o +10g ‘:’re2f)‘0 +10g ‘:’rle/\O ’

Fo= 1 <\j log? ( ~/\1 > +log? <~/\2 > +A
2 Wref Wref
(2.49)

with A o A\. However, this makes the procedure of determining the complexity

somewhat ad hoc and introduces a plethora of possible circuits. Also note that apart
from the gates corresponding to the generators Mj, Mas, the rest of the gates are
complicated and hence must be difficult to “manufacture.” Hence it makes sense to
consider a somewhat different problem where instead of the target state o we will
use the approximate target state 12070 given in (2.13). This will solve the following
problem: given the gates corresponding to Mjq, Moo find the circuit complexity to
go from a Gaussian reference state to the approximate ground state given in (2.13).
This essentially means that in (2.49) we drop the terms proportional to .A. This also
essentially makes the geodesic problem identical to [14]. In what follows, when we
compute complexity expressions from the first block or unambiguous block, this is
what we are doing. We will then consider the terms proportional to A which means
introducing more complicated gates as in eq. (2.45). This will need us to choose
suitable penalty factors that keeps the calculation perturbative.

3 Generalizing to the N-oscillator case

Now we generalize previous analysis for N coupled oscillators. The Hamiltonian takes the
following form,

{pz + w222 4+ Q* (g — 2ar1)? + 2X xﬂ : (3.1)

1 = <27Tzk >~
Ty = —— ex a | Ty,
a N rart p k
Nil (3.2)
1 2w ik
Pa = 7N = eXp | — N a | Pk
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The Hamiltonian in terms of these variable becomes,

N-1
1
H— Z 5 [p3+w2x3+92(xa—xa+1)2+2m§], (3.3)

~2 Z [Iﬁkl2+ <w2+492 sin® <N)> |§3k|2] +5 3 FodpErFry-

a=N—k'—ky —ks mod N,k k1 ,ka=0

Here we have used the following facts,

N-1 .
- - N _ 2mi(k — k'
By = FpoN, Top =L, exp ( - (N)> = N i (3.4)
=0
Also keeping in mind w = m we define,
@3—m2+49281n2<7;\;>, i=0,---N—1. (3.5)

-~ N—1
Wowy - - - WN-1 1 -
0,0,--0(%0,*** TN-1) ( N ) eXP(—2 W i*‘)\@ﬁl), (3.6)
k=0
where,
N—-1 1 N—-1
¢1 = Z Bll(a) + 5 Z Blg(b, C)
a=0;4a mod N=0 b,c=0;(2b+2c) mod N=0;b#£c
N—-1
+ Z Bl3(d, 6)
d,e=0;(3e+d) mod N=0;e#d
1 N—1
+§ Z B14(f7 g, h)
[:9:h=0;(f+2g+h) mod N=0; f #g#h
1 N—-1
+ﬂ N . Z o Bl5(i7j7 k7l)7
1,J,k,1=0;(i+j+k+1) mod N=0;i#j#k#l
with
~4 ~2
T 3T 9
B - _ a _ a
n(e) = —qne INGZ T I6NG
Bus(b.c) = — 3zpas 372 B 372
’ N (@p+@c) 2Ny (W0 + @) 2N (@p + Dc)
+ 5 + 5 + 5
AN @pee (Op + @¢) 4NUJ§ (Op +@e)  ANG? (Op + @c)’
A7 473 123470
B d7 e) = — o ¢ po - ~ ~ ~ ~ 9
13(d, ) N(@g+30e) N (g + @e) (0g + 30e)
123 223, 127 17,
B14(fvg7h) = - = ! ;(] = - = = ~f = —
N (@ +20g +@p) N (@f +©n) (0 + 209 + @p)
24%;T ;7T
B15(i7j7k71) = - i il

N(@i—i-(:}j—}—(:)k—l-a)l)'
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Again we should keep in mind that (3.6) is only valid upto O(X). We will expand the
complexity upto O(A). (3.6) can be recast into the following form,

_ . . 1 _
1#87_071.__0(.7:0, S IN_1) A exp ( — 2Ua~AZb_1-vl/))- (3.7)

As seen from equation (3.6), the ground state has the sum of following type of terms
within the exponential: &3, Z;4;, &}, T227, & piaTy, Lq4T5, Z:djTdy. Given this, the choice of
basis is not unique. But there is a minimal choice such that, the basis for A(s = 1) is

U= B0, 81y oo EN1, Ty Ty v ey Ba 1y v oy Tilljy -} (3.8)

The total number of terms in this basis are N 4 N(]\;_l) = N(]\;H) and for large N it grows
as N2. For more discussions on the counting of the basis refer to the appendix (B). Given

this choice of basis the matrix A takes a block diagonal form

s=1 __ Al 0
(A0 o

Now again there are several comments are in order.

e The elements of the block A; constitutes —2x coefficient of terms of type :Eg,fcii*j
within the exponential in the target state. The form of the matrix A; is unique
once we fix the target state (3.6). We will at times refer to the block A; as the
‘unambiguous’ block. The reason for this will be clear from the discussion below.

e The elements of the block Ay constitutes —2x coefficient of terms of type
i, LTy, B pAoin, BqFy, Bl iy,

within the exponential in the target state. This block (Az) is not uniquely fixed even
after the target state is fixed to be (3.6). This is because elements corresponding
to 5:3553 in the target state, can be either put in the diagonal entry of the matrix A
corresponding to the basis element z,Z; or as an off diagonal element corresponding
to the basis entries 2 and jg. This sort of ambiguity also arises in the entries
corresponding to Z;7;71%;. These are always off diagonal, but can be put in the
target matrix in more than one way. In the most general target matrix such elements
are distributed among all possible entries of the Ay matrix, such that the sum of all
entries add up to the -2x coefficient under consideration. Hence we will sometimes
refer to the block As as the ‘ambiguous block’.

e Given the freedom in choice of A2 we now make another choice for this rearrangement
inside Ay such that the determinant of Ay is always nonzero i.e all the eigenvalues
of this matrix is nonzero. This is absolutely necessary for our geodesic analysis for
which the determinant of target and reference matrix has to be non zero.
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Next we have to choose the reference state. Again as described in the previous section,
a desirable property of the reference state is that it should not contain any entanglement
in the original coordinates. So we generalize the reference state mentioned in (2.17) for
arbitrary N in the following way.

~ N-1
0z, 20, xn) = N Cexp [ - w;ef ( Z (z2 4+ Xo xf))] . (3.10)

1=0

This again can be recast in the following way (after going to the normal mode coordinate),

V0 F, B, En) = N Cexp [— W;Ef (va.Azbo.vb>} (3.11)

where,

Oretd 0
As=O0 = [ et . (3.12)
0 Wret A0 Tk xk

Dimension of the identity matrix Iy is same as that of the dimension of A®). It is
evident that A%~ also decomposes in terms of an unambiguous block and an ambiguous
block. Again there will be all those ambiguities regarding the rearrangements of the el-
ements inside this ambiguous block of the reference state as discussed previously in the
context of the reference state. We also make a choice such that the determinant of A5=°
becomes non zero as in the N = 2 analysis.

Armed with this reference state let us now discuss the complexity functional. We will use
the following type of functional:

K

Fr = sz)YI(s) (3.13)
1

Then the complexity will be given,

1
C,{—/ ds Fi. (3.14)
0

Note that this is more general than the functional (F2) that we used in the previous
section. As in the two oscillator case, the target (A°=!) and reference matrix (A45=0)
commute with each other and they can be simultaneously diagonalized. So again the
complexity will be given by the ratio of the eigenvalues of the reference and target state as

stated below,”
A
> |log (f)
hj Wref Ao

K

+A

=0 J

(3.15)

. . . _ 1 A
SFor arbitrary N, F» will be given by, F» = é(\/Ziv_ll log? (gief> + Zj log? (@L))
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)

are the eigenvalues
(2)
J

as the dimension of the unambiguous block and for large N it grows as N2. For k = 1 the

)\Z(l) are the eigenvalues coming from the ‘unambiguous’ block and A§2

coming from the ‘ambiguous’ block. h; are some numbers. The number of \}™ is the same

complexity functional (3.15) can be rewritten in the following way.

1 det(AMs=1) det(A2)s=1)
Ch=1= =11 _ 1 _ . 3.16
! 2( o8 <det<A<1>s=0>> T Alog (det<A<2>s=0>>> (8.16)

All the individual eigenvalues coming from the unambiguous blocks are positive both for
the target and reference states. So the first ratio is automatically positive. But not all
eigenvalues coming from the ambiguous blocks are positive. Some of them turns out to
be negative. As we know there are several ambiguities inside this block. However, we
cannot find any choice for the arbitrary parameters such that all the eigenvalues coming
from this block will always be positive for all values of N. Similar problem persists for
the ambiguous part of the reference block. But we can always check that for a given N,

there are alway(s)some choices for the rearrangement inside this ambiguous block such that
det(A2)s=1)
det(A@s=0)
Schatten norms F, with p = 2 is also well defined for our case. For our case that is just

this ratio is always positive. Hence the Cx—; is well defined. In fact one of the
V/Cr—1. It seems that at this moment only these two measures are the only two measures
that are well defined for our case. We will use C,—1 only for all the subsequent discussions
for simplicity. It will be an interesting problem to investigate the other measure but we
will leave it for future investigations.

Next we evaluate this complexity functional. As evident from (3.15) this complexity has
two pieces.

C.=CWM 4@, (3.17)

where, C,({l) comes from the unambiguous piece and C,(f) comes from ambiguous piece includ-

ing the extra penalty factor A. In the next section we evaluate these two pieces separately.

3.1 Evaluation of complexity functional and continuous limit

Before we proceed to compute the complexity functional we like to reinstate the factor of M
that we have set to one from (2.5) onwards. With this factor reinstated, the Hamiltonian
takes the following form,

= S { P e o v 0 S - X(a- a7+ x x| | gas)

i i
Now the overall factor of ﬁ doesn’t change the form of the ground state wavefunction.
Only now there is a nontrivial factor of M? infront of the z? and 2* part of the Hamiltonian.
It will just scales various quantities,

w; Q A Wref Ao

EQ == A= =, Dref — —, Ao =

Wik 7 T 5 52 5 5
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In light of this we have the general formula for )‘z(i as shown below,

0; A 2 2
)\Ei):%+3(~ _ _ 4+ — _ >, N :even
1) 2N Wiy, (wik + WN*ik) Wiy, (wl-k + wﬂfik)
B 5 ) 2 (3.19)
wik
ot} N :odd
5 Tan <wk (@i, + @N_Z-k)>’ ©

iy goes from 0 to N — 1 for all k from 1 to d — 1. N denotes the number of lattice points
in each of the spatial directions. Then the d — 1 dimensional spatial volume is given by
L3=1 = (N )41, Using (3.19) we get the contribution to the complexity coming from the
unambiguous block.

| LN o 1P ks N1 5\ [
¢ =5 > | X [l 2 4 220 ST o (22 [ ] o0, G20)
k=1 “iz=0 re ix=0 ik re

From now on we will focus on the k = 1 case. Also, we will take the continuous limit

i.e N — oo and § — 0 such that NJ is finite. We are mostly interested in extracting the

leading divergent and finite terms of C ,21:)1 From now onwards we will write every expression

in terms of A = 246% X and V = (N§)41, instead of A, N and Q = 3. Also we quote here
an useful relation which is the generalization of (3.4) for arbitrary d.

d—1 = y
~2 2 .2 k
Y@ =ty Y s (N> (3.21)
k=1 k=1
with each of the iy goes from 0 to N — 1 for all k.

d=2

Using the general method described in appendix (C), we arrive at the total expression for
the complexity given below:

a E 4
(1 \%4 m \%4 1 4 1 A ((m5)2+4)
=1 —log | =] —— +14 = . 22

Here E(k) is the elliptic function of the second kind. This captures the exact d§, m depen-
dence upto leading order in A\. We expand in terms of § and that gives,

eV = Lo ( ! ) + Lo+ 1 () + ealm8)* + O((mo)"))

20 Orefd 0
) (3.23)
AN + f1.0g log(md) + fo +
16 (m(S)Q 1,log g 0 Y
where a1 =0, ¢y = 1/4,¢c3 = —%,fl = %afl,log = —é, o = 0.02.

We note that, in comparison with the numerically computed free theory part- expres-
sion (E.12) in [14], the exact free theory result has all terms except the constant ag and

m

= terms.
Wref

the c1V mlog (
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d=3
Using the results in appendix (C), we find that for d = 3 :

\ V12
+ /1 EW +oe
(3.24)
where, as = 0.29,b0 = 0.075,¢co = —0.04 and f; = 0.16. Here we have retained only
the leading ﬁ term which arises from the integral (C.6) for the interacting sum. Note

Vv 1 1%
¢ = g (M) - (a2 by (m6)? log(m8) + 2 (m8)? —|—(’)((m5)3))
ref

that there is a log(md) factor multiplying V m? contrasted to the fact that there is no
such logarithmic term multiplying (V' m) term in (3.23). Furthermore, unlike [14], the free
theory result that our analysis gives is manifestly proportional to volume and only in the
interacting part is there a breakdown in V scaling, since it is proportional to /2. Notice
that compared to d = 2, the interaction part has an extra 1/§ dependence suggesting that
as d increases, for fixed A complexity will increase.

General d

For arbitrary d, as we argue in appendix (C), we have

oV 1 \%4 k
anl = W lOg ((Dref&> —+ 56[7—1 (ad_l + log(m5) [kZZQ bk(mé)

+ Ck(m5)k>

k=1
N 6o2dy,0=2 d—4
+ 0OV (fi{(md)" s + log(mo) |} + fo+-- ). (3.25)

Using the results in appendix (C) we find ag = 0.41,a4 = 0.49,a5 = 0.55. In principle we
can also fix the b;, ¢;’s for general dimensions, but we will not attempt to do it here. Also
we note from (3.23) that the d = 2 case is somewhat special. For d > 3 there is no ¢; term,
it is only nonzero for d = 2. Further we can determine co = —0.02,bo = 0 for d = 4. We
tabulate fy, f1 below after dividing them by a factor of F(%):6

= =

—~~
N NIw Nlw

N—

=

d=3 | d=3.99 | d=4 | d=5
-0.001 | -4.75 | 0.07 | 0.07
0.14 4.83 |-0.05 ] -0.03

~—r
=

=
S~—
s
—

Note the flip in signs for d < 4 as opposed to d > 4.

d=4 — €

The general method outlined in appendix (C) enables us to extract information for any
dimension, not just integer dimensions. For instance, using the integral form for the free
theory sum, we can extract a4—; as a function of d. This is shown in figure (1). We can
also evaluate the interacting sum as a function of /m = mdé for various dimensions. This is
illustrated in figure (2). The plot is consistent with our findings above — for instance, it
shows a divergence for m = 0 for d < 4 while it approaches a fixed value for d > 4.

5The values for d = 3.99 are perfectly consistent with d = 4 as can be checked by writing 1/(771(5)0'01 ~

1 —0.011log(ms).
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Figure 1. a4y as a function of d.

0.2 0.4 0.6 0.8 1.0

Figure 2. The interacting sum is #56*2‘11/% times the y-axis.

Thus we can systematically study the epsilon expansion. At leading order since A =
%e at the fixed point, the result is somewhat trivial since we can replace the fy, f1 by
the d = 4 values. However this procedure will prove to be useful when one computes the

next order in perturbation.

3.2 Complexity in terms of renormalized parameters

Up to now we have given expressions involving the bare parameters. In order to extract
physics, we will need to rewrite the expressions above in terms of the renormalized quan-
tities following [87, 88]. For the mass we have [88],

4—d
ARO 7

(m0)* = (mpd)* — ==

(mpd) + O(N\%). (3.26)

mp is the renormalized mass and Ag is the renormalized coupling defined at zero momen-
tum. A running renormalized coupling can also be defined at finite momentum y and since
we are interested only in leading order in the coupling, this amounts to simply replacing
Ar by Ar(w). Here,

T dl; 1
o) =11 [ 35 (07 145 s (b (3.27)

i=1 2
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For d = 2 we get,

(md)? = (mpd)* (3.28)
_ ARd?

[C’o —2C1 log(mpd) — Ca(mp6)? + %(mR 6)%log((mg 6)?) + O((mp 5)4)} .

Here, Cy = 0.28,C7 = 0.08,C5 = 0.02. For other dimensions we have used the “hopping
expansion” method of [87].
For d > 3 we get,

>\R54—d

(md)2 = (mgd)? -

[co —Cy(mpd)?+ 6.2

(e Plo((mad -1+ O((mrd) ).
(3.29)
Note that for d = 4 there is an extra log term. Also we tabulate values of Cy and Cy for

various dimensions.

C; | d=3|d=3.99 | d=4 | d=5
Cp | 0.21 0.15 0.15 | 0.11
Cy | 0.06 0.03 0.03 | 0.015

From this we note that Cy and C5 are always positive for all d. At this order we simply
have A\g = Ag, where Ag is the renormalized coupling. Now given these two expressions,
we get the following.

Lo _V LY,V ) = aps? Vif_a L.
=2:C._ 1—2510g< )+5<a1+01(m35)+ ) )\Réf(mR(S)% +

wrefé 2mR5
ARo2
+g ( '};152+f110910g(m}25)+f0>
Vv 1 200—20110g(m35)
~25 [log (wref5>+2a1 ARO Simd e+ (3.30)
d>3.cY = v log L + 4 aq—1+log(mpgd) Zbk(mRé)k —I—ch(mRé)k
- 200 Wref 0 g4t k=2 k=2
14
e Rt I(mp) {Z (md)*=2 (kb log(m) + by +m>}
k=2
>\R 6—2d —4
SRSV ((f1{ (i) apa+log(mpd) =i} + fo) +
~ 55d=1 {log <wref5> +2a4-1—Apd* *Cy <02+bglog(m35)+2>]
)\R

56 24y, =1 (fl{(mR5) 4\d¢4+10g(mR5)!d=4}+f0)+"‘ (3.31)

In both the expressions above, we have indicated the dominant terms in the small § limit,
keeping Ar, mpg finite. For d > 4, by = 0. Also note that the genuine extra contributions
that came from the first block which were proportional to fy, f1 give a fractional dependence
on the volume and are subleading in the large volume limit. Now it is obvious that since
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the A\r dependence at leading order in V is proportional to §*~¢, perturbation theory will
break down for d > 4. This is expected from the RG picture where d > 4 has a stable
Gaussian fixed point but an unstable Wilson-Fisher fixed point. In order to isolate the
effect of the interaction we can define (for d > 3)

ACy 1= et 1 _CI(€12)1|>\R:0 ~

K=

9gd—1 )\R(54_d0002 . (332)

In other words we are asking what is the change in complexity when we go from the free
theory with mass parameter mpg to the interacting theory with the same mass parameter.
At the Wilson-Fisher fixed point in the epsilon expansion Ar, = %e and to leading
order we use co = —0.02,Cy & 0.15, the 4-dimensional value. This means that interaction
has slightly increased the complexity at the fixed point compared to what happens at the
Gaussian fixed point. For both fixed points mpr = 0. The sign of ¢y will turn out to be

important when discussing the consequences from the flow equation.

3.3 Comments about C,(_f) and structure of penalty factor

As discussed around equation (3.15) there is a second contribution coming from the eigen-
values of “ambiguous” block ()\g?))_ As the name suggests and also from the earlier discus-
sions there are many ambiguities. Nonetheless we will discuss the general structure of the
contributions coming from this block to the complexity expression (C,(f:)l) We present all

the expressions in terms of the renormalized quantity.
Structure of the )\;.2) eigenvalues
A§2) eigenvalues, unlike the )\5-1)
sion for N-oscillator case, even after choosing a particular rearrangement for the second
—d
7‘1"1\1?’5 for i €
V=1 f(@)
{0,1,...N — 1} and f(&;) are the linear functions of @;. Given this the eigenvalues )\;2)

’s, do not seem to have a straightforward generalized expres-

block Ay. But all elements of the Ay matrix are of the form As[m,n] =

takes the general form
bj AR 54
VT g(@)
for j € {0,1,...(Dim As) — 1}, € {0,1,... N — 1}. Here g(@;) has the dimension of m.
Since we are interested in the divergence of the leading term that contributes to com-

@ _
AP = (3.33)

plexity, we will assume a simpler form of the eigenvalues (based on above points),

bj Ago—?
A5‘2) _ 13/;71 j€{0,1,...,(Dim As) — 1}. (3.34)
S,

Now we have to keep in mind that,
Wi = WN+ti = WN—i = W—j-

Now the Dimension of the block Ay grows as N2 for large N. But there are only N number
of @;. So given the form of )\2.2), either in the equation (3.34) or in (3.33), there will be only

N number of )\5-2) eigenvalues each with degeneracy N. This argument can be extended
straightforwardly for any dimensions d.
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Cost function and the penalty factor

We will use the cost function as mentioned in (3.15). We will concentrate on C;(f:)l' We will

now make the following choice for the penalty factor” A as mentioned in (3.15):
A= (AgsHrsvyar, (3.35)

A should be dimensionless and for the moment p and v are arbitrary but integers. But we
will soon make choice based on some physical arguments. With this choice we get,

/\(2)52
log( J )’ (3.36)

wref )\0

(Ap gt dro—v va 3

2 _
C}{Zl - 9

In the original basis the reference matrix is chosen to be the one with eigenvalues Ag @Wyef
coming from the “ambiguous” block of the target state. This ensures that in the diagonal
basis, the eigenvalues are of the form h;, Ao Wyef, where h;, are some constant numbers. We
absorb this h;, into the b; . Also, to make the A — 0 limit well defined, we assume as
discussed previously, A\g to be proportional to Ar so that the A dependence inside the
logarithm will cancel out. Given this, and the form of A, we can easily see that Ag — 0
limit is well defined. Now this leaves us with two possibilities for choosing .

Ao =alp wfef?’, or Ay =algr m?{?’ (3.37)

Putting all these pieces together (for general dimensions) and reinstating all the necessary

by, Ap 6274
log< b 2R )‘ (3.38)

Vd=1 X\ Wi, Wref

factors of & we get,

(g 0%~ d)“é vyt

o® _

d—1 (Dim Az)—1
k=1 "

k=1 i =0

Now we use the fact these )\;2) eigenvalues are degenerate. For each iy where k =1,---d—1,
there are N of these eigenvalues with degeneracy N. Using this fact we get,

\p gA—d\ug—v iz d-1N—-1 A 52—d
e, = 5;{1( L )2 TN S o L . (3.39)
k=11i,=0 Vd 1 )\O wzkwref

Also going from (3.38) to (3.39) we have ignored the modulus assuming that, the individual
terms are positive. Finally we get,

d—1 N-1
2 V. (Ar&* d)“é vy ai bi, A\g 6274
C/-e:l = §d—1 Z Z IOg L

k Va=1 Ao mR Wret

1 dilljv’“ilo (3.40)
1 o i
22 (e (%) )

"Calling this a penalty factor is a bit of a misnomer since we are in fact unpenalising the gates to have
a perturbative behaviour for complexity.
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where, A\g can be set to either one of the expressions given in (3.37). The first sum above
yields a factor of 54% and it is being multiplied effectively by a factor log(d).(upto some
suitable factors to make it dimensionless inside the logarithm.) We had already dealt with
(1)

the second sum in the previous section, as it has appeared in \; "’ contribution. We will just
use the expression given in (C.15) for that. Now if we focus on the first sum in (3.40), we
see that after performing the sum it gives a N9~! factor. The second sum in (3.40) always
grows as N9~ ! as evident from (C.15). We demand that the leading volume dependence
coming from the first sum in (3.40) will utmost be of the same order as free theory i.e V.

If assume this we can now choose the following,
w=1 v=(1-d). (3.41)

Alternatively we can demand that the § dependence can be §572¢ like the O(\g) contribu-

tion of C,glz)l. Then we could have chosen,

p=1 v=—d (3.42)

We can generalize this argument for the penalty factor order by order in higher order in
Ar and we put some more details in the appendix (D).

3.4 Flow equations
Here we would like to consider the flow equations for AC,—1 defined via

5d—1

AC = (Coey — Cpi An=0) 37 - (3.43)

Since, 5%1 = N1 AC can be thought of as the complexity per degree of freedom. Now
we want to consider the transformations [89]

A = b\, 65 b4,

with an infinitesimal change in b, namely b = 1 + db which leads to A; = Ag + d\g. Then
straightforwardly (for 4 = 1, = —d for the second block, so that it is subleading for large
V'), we find that up to linear order in Ag,

AC _
% = 2(4 - d)AC. (3.44)

These equations are similar to the flow equations for Az namely % = (4—d)Ar+0(\%)
(which has also been used in deriving the form above). For d > 4 we conclude that the
flow for AC should be back towards AC = 0, which is what we get when we turn off the
coupling. The opposite happens for d < 4. Quite pleasingly, this conclusion agrees with
the RG picture (see e.g., [89]).
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3.5 Comparison with holography

Here we briefly make a qualitative comparison with the holographic results. From (3.25)
it is evident that the free theory part is always proportional to spatial volume (V). This
is same as that of the expression for complexity coming from holographic calculation. But

interestingly from (3.25) we note that the O(\) terms are proportional to fractional power
of the spatial volume (except for d = 2 where there is no V dependence in the 0(5\)
correction). Current holographic proposals will never produce such terms. If we consider
the complexity equals volume conjecture, then using the results of [90] we can easily see
that terms with fractional power of volume will never occur. Complexity equals action
gives rise to a logarithmic enhancement of the volume divergence but still it doesn’t give
rise to fractional volume [40]. Also the occurrence of this fractional power is independent
of the choice of the penalty factor (3.35) as this feature shows up in the Gaussian part itself
irrespective of whether we are suppressing the contribution from the second block or not.
Moreover from the holographic side [45, 91], the corrections due to a relevant deformation
using existing holographic proposals have been considered leading to V' dependence in
the complexity expression. Similar type of results for the complexity for d = 2 has been
derived using path-integral approach by considering relevant and marginal deformation of
conformal field theory in [79]. In light of that, we should emphasize here that, in the
path-integral approach (also in the context of holography) one starts from a conformal
field theory and then considers perturbation around that. Now we will have a conformal
field theory only at the fixed points. In our setup we can only access these fixed point
perturbatively, i.e., in the epsilon expansion, hence the comparison has to be made with
great care.

4 Using circuit complexity for inferring fixed points

In this section we will briefly generalize the discussion above for C/(\Pﬂ for a theory with N/
scalars. We want to study this theory to see if complexity arguments can be used to infer
the existence of fixed points. We will consider the following Hamiltonian:

N N N
H = ;/dd_lx; |:7Ta(33)2+§¢a($)2+m2¢a(-73)2+i\;(¢a($)¢a($)>2+i;¢3(x):| . (4.1)

Here the A; term has O(N) symmetry while the A2 term breaks this symmetry. There are
interesting fixed points that this theory allows for, which have been studied in the epsilon
expansion [87].

Next we solve the ground state wavefunction perturbatively in A1 and g as before.
Then considering only the contribution from the first block and concentrating first on A
correction, we get the following eigenvalues,

- N
; 3\ 2 A 1
@k 0 2N \ @iy, (Wq iy, + g (N_Z-k)) bzl N\ Qg iy (@Dai), + @y (N—ik))

—a+
(4.2)
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where for technical simplification we are considering N odd only. Here a index run from
1 to A counting the number of components of vector field and each of these i as usual

)

runs from 0 to N — 1 for every a. Basically now we have N number of A,
)\1 6

eigenvalues

compared to the N’ = 1 case. We also define \; = . The first interaction term above

i.e., the b independent term, same as the e1genvalues for the A1¢* theory, comes from the
A1 X, (77)* term in the Hamiltonian, while the second set of terms involving sum over the
b index arise from the 2 \; X, (7)2X,(7)? terms in the Hamiltonian. Correspondingly, the
complexity C( ) is given by,

| N d-1N-1 L
at
=2y 3 (|loaen
ref
a=1 k= llk 0
N r=1y - (4.3)
3Skd( 1 2 1 iy
+ —— + 5 Z 5= = log
2N @y, 3b=a+1 Wy, (Waiy, + Opiy) Wref
+ O(N).

For the case of N' =1 the b sum does not contribute and the a sum contributes one term,
which leads to the same complexity as the A ¢* case. Then finally from (4.3) we get,

N+ 1N +2)

C(l NCfree + 5\1 6

Cint (4.4)

where Cgee is the complexity for the free theory and Ciy is the interaction term sans the
coupling constant for the A ¢* theory corresponding to N = 1.

The additional 2% interaction piece of the Hamiltonian contributes the following
additional terms to the eigenvalues (4.2).

)\Sz) )\glz) {3)\2<~ = 2~ + = = 2~ )}, N :even
k k 2N \ @qip (Wai, +wa(N7ik)) Waip (Dai, +wa(%—ik))

2
e P2 ), Viodd
2N \ Qaiy, (@aiy, +Da(N—iy))

)\25

(4.5)

where Ay =
by (4.1),

. We then have the following expression for complexity of the theory given

N +1)(N +2)
6

C\P. = NCeo + (Xl +X2N)cmt. (4.6)

Connection with RG

Now from (4.6), we see the following. First in the subsequent discussion will use renormal-
ized coupling {Agr,, Ar,} instead of {\1, A2}. When we express the bare mass contribution

from the free part in terms of th/e\/ renormalized mass we will get a term in the complexity
+2

3
the interaction part appear in the combination (Ag, w +MNAR,). Since the weights

+A 32)54_d. Furthermore, the coupling constants in

v
that is proportional to 51 (AR,
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of the Ag,, AR, are different, it is clear that when A\ is large, there will be a larger contri-
bution® from A, compared to Ag,. Then it is clear that there must be some intermediate
N = N, when there is a crossover between which term dominates. In fact in the epsilon
expansion the beta functions admit the following fixed points at leading order [87]

(Aityes ARy ::(o,g), (;f,dng;4>) ,(8_ijv,0>,(o,o). (4.7)

The last corresponds to the Gaussian fixed point. The first corresponds to the Ising fixed
point (decoupled theory of N scalars), the third to the Heisenberg/O(N) fixed point. The
second corresponds to the cubic anisotropic fixed point where both couplings are turned

on. Note here that in the A large limit, Ag,. — 0. This is also to be expected from
the circuit complexity expression where it is less favourable to turn Ap, on in this limit.

From the complexity expression proportional to Cee, for Ar, = )\Rzﬁ, and for Cint,

for Ag, = ARQ% in the plane of couplings, it is “equally favourable” to turn on

both couplings. Hence it could be expected that one is allowed to perturbatively turn
on both couplings in order to go away from the Gaussian, Ising and O(N) fixed points.
While this stops short of proving the existence of the cubic anistotropic fixed point using
the complexity perspective, it hints at its existence (of course for d < 4 since perturbative
circuit complexity breaks down for d > 4 even here).

5 An alternative construction

Here we briefly discuss an alternative construction of the circuit, and we will also estimate
the complexity.” The advantage of the considerations so far is that we were able to give
a meaningful geometrical interpretation to the complexity calculation. We were able to
provide an optimal circuit (minimizing C,—; functional) which represents the wavefunction
upto (9(5\) A by product of our calculation was that we were able to minimize the circuit
depth and get an answer for the complexity. The downside of this calculation was that there
are several ambiguities that enter and we had to make a choice for the penalty factors to
make the A — 0 limit well defined. Now we want to present an alternate calculation which
will help us to avoid the problems associated with the non-uniqueness of the (9(5\) block.
The flip-side of this alternative approach is that we do not know how to give it a geometrical
interpretation, leaving this issue for future work. Below we discuss our construction for

N = 2 case for d = 2.

We start with Gaussian reference state by setting Ao = 0 in (2.17). We consider first
the scaling operators

~ Fo-fo + Po-fo i~
O = "2 2 Oy = 21.p1 — 5 (5.1)

= 20.Po —
1 5 0-Po

8For this discussion, imagine AR; ~ AR, to be of similar magnitude.
9This is also being considered in [92].
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and act on the reference state with them. This gives

exp(i € a0s) exp(i € ag O1)p*=0(Fg, &) =

) o i ) (5.2)
= AP0 exp | S5 (exp(ean)in )+ (expleas)n
Then we can set,
1
o1 = 5 tog ( 21+ O()
2¢ Wref
(5.3)
N log | —2 ) + O(\?)
o2 2¢ & a)ref

Here € is a small parameter and aj,as are defined in (2.12). Then we consider the
following operators,

/i35 s =3 R s N L9
03=A<W’°+p‘)%> :A(@%ﬁo—?’mo), 04:A<;5§’p'1—3m1>. (5.4)

2 2 2

These two operators will be responsible for fixing the coefficients of Z%, so their coefficient
will be of the O(A?). We will use this fact to approximate our calculation. We use the
following unitary,

exp <iea3 Zzég) ~ 1-1—1'6013];—2@34—0(5\2). (5.5)

Similarly, for O, we have the corresponding coefficient ay. pg and z¢ are arbitrary constants

with appropriate dimensions and the ratio g—g

az = —2 (C”’) +ON), ay=—2 (“‘*) +ON). (5.6)

epo A \2a1 epo A \2a2

is positive definite. Here,

Now we consider the following two operators,

05:)\( 1 0]902]00 1 0):)\30%(930]902), 06:)\$(2)<561p12>. (5.7)

Then we act on the wavefunction with these two operators: 1 4+ ieas %‘0)05 and 1 +

1€ Qg %E 06 and try to fix as,ag. However we can determine only one of them at this

moment. We determine a5 without loss of any generality, but we assume here that ag is
of the order (A°), although we cannot uniquely determine it at this stage.

. 1 as X as L
as = X(2a16p0> ar ag + O(N). (5.8)

We notice that we have generated two extra terms, #3 and 72 with O()) coefficients. Then
we act on them again with two unitaries constructed from O; and Oo,

14+icar O 1+icagOs.
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We find,

3 ( a3 < Po Q6 <9 3 [ a4 1 as < Po g 29
= O () AP 532 ag = o (M) 4 2% 5P L 532) (5.9
o 26<2a%>+ x02a1+ (A7), as 2e\ 2a3 +4€a1a2 x02a1+ . (59)

After doing this we reproduce the target state exactly (2.11). as, a4, as are defined in (2.12).

a7 and ag are of the O(\). We get after reinstating appropriate factor of 4,
8
DU) = Y |ail
i=1

1 @0 & A [ 3@+ @o + 3@
= log | —| + log | —| + ~3~ = 5~ =
2¢€ Wref Wref 326 wy (OJO + U.)l) wy (UJO + wl) (510)
i) ((21(2) -+ (:)%) ° (:)1
'l A1
€Po <192 (52&)8@% + 16 52 (@1 4 @o)@o + wo a6
L3 A&+ o) N A
2e\ 1925 @3 0 486 (w1 + wo)wowr )
As <1 — gé) > 0, when ag = 0 this will be minimized giving
1 @0 ) A ( 11 2 2 )
DU)= — log — —|—10g — +— =+ = —— — 4+ —— — 5.11
() 2€ [ Wref et | 320 wg o3 w% (@o+@1) @ (Qo+@1) ( )

+xo<(&)g+@%) N 1 >+<X(wg+a§)+ A )}
po \ 96820307 862 (@1 +wo)wo 6450303 166 (w1 +wo)wowr /|
Now we make several comments.
e We note that the first line of (5.11) is same as that of C.—; in (3.20) for N = 2 and
d = 2. This comes from the Gaussian part. This can be readily extended for arbitrary
number of oscillator (N) and the conclusion that we drawn regarding the RG flow in
the previous section will remain same.

e The first two terms in the second line of (5.11) have no counterpart in free theory.
So we have to introduce a penalty factors for as, ay, as,

8
DU) = pila’], (5.12)
=1
with, p1 = po = pr = ps = 1 and ps, p4, ps proportional \.1° Then (5.11) will have

smooth \ — 0 limit.

e We notice that this same set of operators has been used in the proposal of interacting
cMERA for ¢* theory recently [93, 94]. Working perturbatively in O()\) we can work
out the algebra satisfied by these operators.

[O~17 O~2} = 05 [037 04] = 07 [O~1a 03] = *22.637 [017 04] =V,
[0s,05] =0, [02,04] = —2i 04, [01,05] =0, [0s,05) = —2i Os,
[03,05] = O(N?), [04,05] = O(\?). (5.13)

10T Jarge N limit the 0(5\) part will be again proportional to ﬁ as before.
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From these one can easily see that these operators can have at least 4 dimensional
representations. However given a Gaussian reference state currently we are not able
to utilize this algebra to geometrize this problem which would have helped us to
achieve “minimal” circuit depth. Moreover, we can use these matrix representations
coming from (5.13) and try to take a linear combination of them so that we can
reproduce M given in (2.44) coming from the geodesic analysis. We can see that
there are no such linear combinations that allow us to reproduce M given in (2.44).

e It would be nice from the tensor network point of view to test whether the cMERA
proposal in [93, 94] based on these gates achieve minimal complexity or not. Since
the Gaussian part of the expression will be the same as our earlier analysis, we expect
that the connection we have found with the RG perspective will continue to hold.
The interesting question here is, if it will allow us a more refined understanding, in
the sense of being able to detect fixed points.

e There is another interesting possibility. Instead of defining Os, O4, O5 with \ as
in (5.4) and (5.7) we could have pushed this A inside a3,y and as. Then we will
have,

+ 5\ <1 ! + 2 + 2 ) (5 14)
Wref 326 (:)8 (Z)% (:)g(dlo—i-(f)l) (Z)%((I)o—i—(z)l) '

+;\xo<(@3+®f) N 1 >+(X(Uvg+a}§)+ A ﬂ

po \ 96620303 802 (w1 +wo)wo 64033 166(w1 +wo)won

Then D(U) will have smooth A — 0 limit without having to choose penalty factors

proportional to O(A). But in this case unlike what is shown in (5.13), the algebra
between these operators does not close. We leave these issues for future investigations.

6 Discussions

We have shown that there is a connection between circuit complexity and renormalization
group flows. Namely, we found using the scaling equations for circuit complexity that, for
d > 4 the perturbative calculation for circuit complexity breaks down. Put differently, it
becomes unfavourable to turn on a ¢* coupling for d > 4. This conforms with the RG
picture, that it is the Gaussian fixed point that is the stable fixed point for d > 4. We
also saw that it is possible to argue the existence of the cubic anisotropic fixed point for
N scalars. There are several interesting questions to explore:

e One of the interesting conclusions from our calculations was that turning on interac-
tions lead to fractional dependence on the volume. While in the large volume limit,
these would be subleading, it still warrants the question how holographic calcula-
tions would see such fractional dependence. This conclusion is unambiguous and is
unchanged by what is happening to the “ambiguous” block.

e Our construction needed us to fix certain ambiguities. In order to make the circuit
complexity calculation perturbative, we were forced to make some choices which
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translated into making the cost functional depend on the coupling. This on its
own is not an essential drawback in what we have done, since even in holographic
entanglement entropy calculations, the entropy functional depends on the coupling.
Nevertheless, we do not have a first principle way of fixing these ambiguities we
encountered.

e Our final circuit complexity formulas involved an integral transform. While this is
true for the free theory and leading order in perturbation, it is easy to see that it
must be true at higher orders in perturbation as well, since the lattice sums can be
handled similarly. Especially after picking up the correct s-residue in eq. (C.6) we
are left with a Laplace transform over the Schwinger parameter t. A question that
arises is if there is a physical interpretation that can be given to this variable.

e In section 5, we showed that there is an alternative set of gates which could be used
for circuit complexity calculation which will enable us to use a Gaussian reference
state as opposed to a nearly Gaussian reference state we have used in this paper. It
will be interesting to develop the geometric picture further for these set of gates. It
will also be interesting to develop the ideas in this paper for other interacting theories
involving fermions and gauge fields. The idea would be to use circuit complexity to
say which theories are reasonable theories from a quantum computer’s point of view
— any circuit that is prohibitive in allowing a calculation would not be allowed for
instance. After all, eventually we would like to understand what is so special about
the standard model from this view point.
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A Matrix representation of unitary operators

As discussed in the main text, we here give the explicit matrix representations of the
unitary operators which are used to construct the circuit.

My, = diag(1,0,1,2,0), Myy = diag(0,1,1,0,2),
1 13 1 1 13 1
Mgz = diag | 1, —~, ——2, -3, —~ My = diag | —~, 1,2, 2 —
33 lag< T I 3, 2); 44 1ag< 47 T Ty 3>7
13 13 33 13 33
M7 = - —— Mgg = di
T dlag ( 4 07 4 ) 2 70> ) 88 dlag 07 D 4 7 2 >
-300 0 0 00 0 0 O
000 0 0 0-20 0 0
Mss = 00-6 0 O , Mgs=]100 —6 0 0 (A.1)
000 —5-1 00 0 —-1-5
000 —5-1 00 0 —-1-5
We can show that in U(s) = exp (Ms), M is given by,
M = aMiy + BMas + YMss + Mus + (Mss + TMeg + £Mq7 + puMss, (A.2)

where,

1
o = 155 (4720 — 108 + 32¢ + 33d — 16400 + 136(Ac + 5p)),

1

B = 16 —(88a — 4b — 24c¢ + 5d + 84Aa — 24Ac — 68u),

d 1
’y:—2a—b+20+1—3Aa+2Ac+10,u, 5:5(8a—4c+d+8Aa—4Ac—20u),

d d

CZ_E’ T=—g K= 40(24a—|—4b—160+d+12Aa—8(Ac+5,u)),

a=yi1(1) —p1(1), Aa=2pi(1), b=y(l),

c=1ys(1) — p3(1)sin(03(1)), Ac=2p3(1)sin(f3(1)), d = p3(1)cos(f3(1)).

(A.3)
Note that there is certain amount of arbitrariness in identifying. We could have set either
K or i to zero.

B Counting of dimension of the target matrix and the basis elements for
arbitrary N

In this appendix, we discuss in detail the counting of the number of components in the

basis. From (3.6) and (3.7), it is evident that we have to allow for the quadratic term in
the basis ¢. In general the basis will of the following form,

—

~ ~ ) ~2 o~ o~
U= {{L‘O"-:EN,ZL'O"'I'N,JJZ‘I'J‘}, (B.1)
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where ¢ # j and both ¢ and j run from 0 to NV — 1. Now we give an explicit counting for
the number of terms in the basis. For the odd NN case the minimal basis required to span
the target state will always be:

{0,1,2,3,...,N — 1} — “unambiguous” part.
{00,01,02,03,...,0(N —1),11,12,13,14,...,1(N —1),22,23,24,... ,.2(N —1),............ ,
(N—=1)(N—1)} — “ambiguous” part.

Here we have simply denoted Z;’s by ¢ and Z;&; by 4, j. The total dimension (D) of the
matrix for the N odd case: 1
D:N+§N(N+1) (B.2)

For the even N case the basis will include terms:
{0,1,2,3,..., N — 1} — “unambiguous” part.

For the “ambiguous” part: the set of basis will include the term ab if either one of the
conditions given below are met:

e (a+b) is a multiple of 2
e (a+b)=N/2o0r (a+b)=3N/2
The number of terms that satisfy these conditions equals (W), if N is divisible by 4

and (% + W) otherwise.

Therefore the dimension (D) of the target matrix Az in the N even case is:

N(N +2
D=N + <(4+)) (B.3)
if N is divisible by 4
D-N+ (JQV MRS 2>) (B.4)

if NV is not divisible by 4.

To summarize, the number of basis elements for the linear part of the basis is N and
the number of quadratic elements in the basis grows as N2. As far as we can see, this is
the minimal way of extending the basis to include the quadratic terms and this is sufficient
to produce all the terms in the wavefunction upto O(\).

C A general method to do the lattice sums

We are dealing with lattice (multiple) sums involving powers and logarithms of m? +
402 i;i sin? (%) Similar sums occur regularly in lattice field theory. The technique
we will focus on is similar to what can be found in [87], except that we will generalize this
approach to handle any power and logarithms. This is best handled by making use of an
integral transform and writing

s i+, (C.1)
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where for evaluating log(y + ) we choose f(s) = 1/s? and for (y + x)® we choose
f(s) = 1/(s — a). The contour C encircles the pole. Then we make use of the Schwinger
parametrization to write

(y +2)° /0 dt e tlra)g=s—1 (C.2)

ED)

For our sums z = 402 Zk 1 ! gin? (%) and y = m?. Using!!

where (a), =I'(a + b)/I'(a) is the Pochhammer symbol, we find

&

= —t402 34 Lgip? ( k) 2 d—1
Z Z k= N1 (e_QtQ 10(2t92)) , (C.4)
k=1 :

where [ is a modified Bessel function of the first kind. Notice that in the form of the r.h.s.,
we can choose d to be fractional as welll Thus we now have a way to compute complexity
in the epsilon expansion, say d = 4 — €. So in all we now have

a1l i, ’ 1 o0 2 2 d—1
> > 40° § j =N*! / dte "5 (672 (2607
(m + sin ( )) = Jo e (e of ))

k=114,=0

(C.5)
We now move to a dimensionless variable using ¢ — ¢/Q2, which gives
d-1N-1 i s 1 00 y i
% (m +4szsm ( k) e A T R (e OE) A
b—lir—0 I'(=s) Jo

=
(C.6)

Here m = md. For d = 2,3, the t-integral at this stage can be done on mathematica
yielding hypergeometric functions. Explicitly, for d = 2 we get the r.h.s. of eq. (C.6) to be

1—s5s s 4
NQ* (2 +1m?)*y F — Lo -
(+m)2 1|: 9 ' 9’ a(m2+2)2:| (C7)
and for d = 3 we have
1 1—s s 16
N2Q*»(4+m?)sF | =, — 2 — 2 11— C.8
( +m)3 2|:27 2 ) 27 ) 7(A2+4)2:| ( )

Using these expressions we can get the result for the sums involving log by using f(s) = 1/s?
in eq. (C.1) and for the linear A by using f(s) = 1/(s43/2) which essentially sets s = —3/2
in the arguments of the hypergeometric functions. For d = 2, we can find explicit compact
expressions. For the logarithmic case we get

N—-1 i1
Zlog (m + 402 sin? (N)) — 9N log (\/44- +m> ’ (C.9)

: 02 20ref0
11=0

wref

M This is for a particular ig.
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while for the interaction part we have

N-1

Z 1 NQ3 35 4
. = N 2F1 |:’7]~3A:| 3 (ClO)
=0 (m? + 492 sin? (%))3/2 (2 4-2)3/2 474777 (m? 4+ 2)?
2NQ3 4
= 11
mQW(mQ + 4)1/2 [m2 + 4] ) (C )

where in the last line E[k] is the elliptic function of the 2nd kind. For d = 3, explicit
expressions can be found as well although these are quite lengthy to quote here. Using
these expressions we can expand around the lattice cutoff 6 = 1/€. For the logarithmic
sum we find

1
N2 (2 log <~ 5) + 1.17 + 1m>2[0.30 — 0.16 log(1n)] + 0(m4)> , (C.12)
Wref
while for the interacting sum we get
N2Q—3 135 16
———s - L = C.13
(4+m2)3/23 2|:274747 P 7(4+m2)2:| ) ( )
Expanding this around small § we get as the leading term,
N2Q—3
O(mP). C.14
S+ 0(") (C.14)

The higher dimensional cases can presumably be done analogously yielding analytic results
involving hypergeometric functions of the kind 4Fy_1. However, we will not attempt to give
a general expression here. Using the d = 2, 3 examples we will resort to general expansions
determining the coefficients numerically from the integral expressions. Given the analytical
result for d = 2,3 it is not hard to get the general result for arbitrary d which takes the
following form,

4 Z Z log o2
k=11i,=0 ref (C.15)
|4 1 v
= 55 log (w f5> T 5a- (ad—l + log(md) [Z br(md)k | + ck(mé)k>
re k=0 k=1

For the O(\) term we proceed as follows.
d—1N-1
1 2N oo
373 = NG dtv/te ™"t (e_QtQZIO (2t(22)) =1 (C.16)

k=1i,=0 <m2 +4023YF_ | sin? (%)) T Jo
B 2Nd_153 00

v

In the second step we have made the change of variables to the dimensionless u = t Q?;

due M fy (e72Io(2u)) =1

(where, 2 = 1/6). We also notice that the integral above is nothing but the Laplace
transformation of the function f(u) = v/u (e 2"Ip(2u)) 4~
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We will define F{ f(u)} := [;° due=(md)*u, /iy (e72Ip(2u)) 4. Now if we set (md) = 0
in F{f(u)}, then we observe that: F{f(u)} diverges for d < 4, indicating a 1/(md)">°
behavior. A series expansion of the exact d = 2, 3 results suggest that the dependence on
mé is (md)?*. Also from the plots shown in (...) F{f(u)} vs (md), for d > 4 it can be
easily seen that it has a finite value at (md) = 0. These plots indicate that the fit for any
d should behave as follows,

F{fw)} = (fi(md)* + fo); ford#4

= (f1log(md) + fo); for d =4 (C.17)

The methods developed in this appendix will prove useful for higher order perturba-
tions, as well as other analogous sums.

D Structure of the complexity beyond O(A)

Here, we will discuss higher order in A corrections to complexity focusing on the structure
of the second block. Let us first consider O(A?) correction to the target matrix. In addition
to the correction to the first block, this introduces O()?) corrections to the second block
and a third block at O(A\?) comprising elements corresponding to coefficients of

4
c

2 2

~2~6 ~2~ 2
7.’Ed$e,$fflj

257 (2i3a80)%,

~ 8 ~4~
Lg »Xp T g*h

terms in the O(\?) block in the target state and O(\?) cross terms between the second and
the third block due to coefficients of 7,5, 272, (#;7;71)? terms in the target state. In each
block we only consider the leading order in A. Henceforth, we focus on the O()?) block
(A3) and neglect these crossterms.

In d = 2 dimensions, eigenvalues coming from this block (As) takes the following

@) A 2 Dim As—1 bk
N = (% D (D.1)

20 f1(@ay @)
Conditions on a,b

general form:

k runs over the dimensions of A3 and fi’s are the quadratic polynomials of the frequencies
W, where a,b=0,--- N —1.. Since we are only interested in the divergence structure of the
leading contribution to complexity hence we ignore certain terms and consider the more
simpler form for the eigenvalues given by,

A\2 b
AP = <N> *. (D.2)

“k
In the general O()\Y) case we have g+ 1 blocks in the target matrix with the (g+ 1) block
containing coefficient of terms whose power of Z; sums up to 4g. At this order (order of
A = g) these terms are of purely O()\9). The other diagonal blocks- say the j** block, j €

{0,1,..., g} have leading terms of O(AU~1) with subleading terms upto O(\9). The cross
terms between the j* block and the (j + 1) block will contain terms of at least O(\).
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In each diagonal block we consider only the leading term. With this the eigenvalues of the
general j* block is of the general form,

- i\ j—1 Dim As—1 1
X =y <N> > — n n (D.3)

W, w, e, W oo Ways
01,002,063, QU (] — 1) yO (k1) -0 (j —1) =0 fk( iy an Tk Oé(f*l))

Conditions on a1,a2,...,0 ;- _1)

fx’s in general a 7 — 1 degree polynomial of the frequencies @4, where a =0,--- N — 1.We
consider f(@a,,Wag;- - - Days - - .cba(j_l)) = Ways Wag, - - - Ways - - - Warg;_y)- Since we are only
interested in the contribution of the leading divergent term to complexity, therefore we
ignore certain terms arising as a result of the conditional sum and consider the much more
simpler set of eigenvalues given by,

i1
G—-1) _ A\’ bi
AT (N> P (D.4)

We have counted that dimensions of each of these blocks are N2. Now as explained in the
main text, each of these N? number of eigenvalues has a degeneracy of N. This argument
can be easily generalized for arbitrary dimensions d. The contribution to the complexity
coming from these blocks are given by (assuming the cost function C,—1)

: . vV (Astd-busvyatT T by, \ 521
i (s W
Crm1 = (4 1)(5d—1 2 Z log 24 L \o Wi, Wret
{1k}=0
, Vo (AsU-Drgr yaT by, X621
= (- 1)5d—1 9 Z log 24L)\0 (D-5)
{Zk} 0
d T
Z log<1+z < k)) }
{lk} 0 k

We used the following form of the penalty factor,
A = (Aot Ny, (D.6)
Also, as explained in the main text we can chose for the reference,
Ao = aj\@fe?gj or Ao = aAm? =3, (D.7)

Then at each order j, we can make either of the two choices as mentioned in (3.41)
and (3.42).

The complexity and RG equations resulting from the general j** block seems to behave
just like the 2"? block, except for a factor of (j — 1).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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