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ABSTRACT: The Kerr-Schild (KS) formalism is a powerful tool for constructing exact so-
lutions in general relativity. In this paper, we present a generalization of the conventional
KS formalism to double field theory (DFT) and supergravities. We introduce a generalized
KS ansatz for the generalized metric in terms of a pair of null vectors. Applying this ansatz
to the equations of motion of DFT, we construct the generalized KS field equation. While
the generalized KS equations are quadratic in the fields, we show that it is possible to find
solutions by considering linear equations only. Furthermore, we construct a Killing spinor
equation under the generalized KS ansatz. Based on this formalism, we show that the clas-
sical double copy structure, which represents solutions of the Einstein equation in terms
of solutions of the Maxwell equation, can be extended to the entire massless string NS-NS
sector. We propose a supersymmetric classical double copy which shows that solutions of
the Killing spinor equation can be realized in terms of solutions of the BPS equation of the
supersymmetric Maxwell theory.
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Introduction

The Kerr-Schild (KS) formalism [1-3] has been a powerful tool for constructing exact

solutions of the vacuum Einstein equations since the construction of the rotating black

hole solution [1].

The KS metric ansatz incorporates a geodesic null congruence ¢ in a

background spacetime g, which plays a central role in the formalism by reducing Einstein’s



field equation to a set of linear differential equations. The original KS formalism describes
an algebraically special vacuum spacetime in a flat background, but it is extended to
arbitrary on-shell backgrounds with nontrivial matter fields, such as electromagnetism and
perfect fluids (See [4] for a detailed review of the KS formalism and original references).

One of the interesting applications of the KS formalism is the so called classical double
copy [5]. It states that a class of solutions of the Einstein field equations can be represented
by solutions of the Maxwell or linearized Yang-Mills equations, and it is examined in various
examples [6-17]. As is well known, gravity scattering amplitudes can be represented by the
square of Yang-Mills scattering amplitudes in accordance with the so-called BCJ double
copy relation [18-20], which is inherited from the KLT relation [21] in closed string theory
scattering amplitudes. Since the BCJ relation holds in tree level amplitudes [22-27], it is
natural to deduce its extension to the level of the classical Lagrangian and the equations
of motion [20, 28-33]. From the classical double copy relation, the geodesic null vector ¢
in the KS ansatz is identified with the Maxwell field A,,. According to the BCJ relation,
scattering amplitudes of the entire massless NS-NS sector can be represented by a product
of two Yang-Mills scattering amplitudes. However, the classical double copy is available
for the Einstein field equation only, since it is not possible to describe the Kalb-Ramond
field using the single null congruence ¢ in the conventional KS formalism. So it is desirable
to develop an alternative framework to describe the full classical double copy.

Double field theory(DFT) [34-39] is a string low energy effective field theory with
manifest O(d,d) T-duality. The manifest O(d,d) invariance requires doubling spacetime
dimensions, however, an additional constraint, the so-called section condition, should be
imposed for it to be a consistent field theory. It provides a unified geometric framework for
the entire closed string massless NS-N§ sector encoded in DFT field variables [40-43]: the
generalized metric H s n and the DFT dilaton d. As in general relativity, the field equations
are given in terms of curvatures only: the generalized Ricci scalar and tensor. One of
the crucial features of DFT is the doubled local structure group. The maximal compact
subgroup of O(d, d) that includes the Lorentz group is given by O(1,d—1)r, x O(1,d—1)g.
Each local Lorentz group is originated from the left or right sector of the closed string, and
this structure fits well with the double copy relation [44, 45].

The aim of this paper is twofold. First, we formulate a generalization of the conven-
tional Kerr-Schild formalism to DFT and supergravities. We introduce a generalized KS
ansatz for the generalized metric in terms of a pair of null vectors satisfying the so-called
generalized geodesic equation. We construct the corresponding equations of motion by
substituting the generalized KS ansatz into the DFT field equations. The field equations
are expressed in terms of the supergravity fields. Interestingly, unlike the conventional KS
formalism in GR, the generalized KS field equations are quadratic in the fields, due to the
presence of the DFT dilaton. However, we show that the generalized KS field equations
can be reduced to linear equations and the field equations can be solved by considering the
linear equations only. We also construct the Killing spinor equations under the generalized
KS ansatz.

Second, based on the generalized KS formalism, we extend the classical double copy
by including the entire massless NS-NS sector. Assuming the geometry admits a Killing



vector, we derive two independent Maxwell equations by contracting a Killing vector with
the generalized KS field equation. This implies that solutions of the field equation under
the generalized KS ansatz can be represented by solutions of the Maxwell equation. We
also identify the linearized bi-adjoint scalar field [27, 46] in a similar way and check the
so-called zeroth copy relation [5]. We establish a supersymmetric generalization of the
classical double copy which represent solutions of the Killing spinor equation in DFET
and supergravities [47-50] in terms of solutions of the BPS equations in supersymmetric
Maxwell theory.

This paper is organized as follows. In section 2, we review the properties of the
linearized perturbation of the generalized metric and define the generalized Kerr-Schild
ansatz using the properties. We express the corresponding metric and Kalb-Ramond field
ansatz as well as local frame fields in terms of the null vectors. We show that T-duality
maps a generalized KS ansatz to another generalized KS ansatz. In section 3, we construct
generalized KS equations in a flat background. Even though the equations are quadratic in
the fields, we show that the equations can be solved by considering only linear equations.
We establish the classical double copy for the entire massless NS-NS sector by extending
the conventional one in GR. In section 4, we extend the results of section 3 and construct
the generalized KS equations in an arbitrary on-shell background. The structure of the
generalized KS equations is the same as in the flat background case, which makes it possible
to solve the generalized KS equations by considering linear equations alone. In section 5,
Killing spinor equations are considered under the generalized KS ansatz. We show that the
Killing spinor equations lead to the BPS equation of the supersymmetric Maxwell theory.
We end in section 6 by considering some examples for generalized KS formalism.

2 Generalized Kerr-Schild ansatz in DFT

In general relativity (GR) the Kerr-Schild ansatz is a minimal extension of linear pertur-
bation around a background metric g. It is achieved by introducing a null vector ¢, and
the ansatz is given by

gﬂyzguy—l_/{/sogugy, H,V,"‘:O,].,“’d_l, (2.1)

where k is an expansion parameter. The main advantage of the Kerr-Schild ansatz is that
it preserves some features of the linearized perturbation. The form of the inverse metric
and its determinant are

g’ = g — ket det(g) = det(g) . (2.2)

Furthermore, if we assume £ is geodesic, /#V {, = 0, the Einstein equation reduces to a
linear equation.’
In this section we review the properties of the linearized perturbation of the generalized

metric and introduce a generalized KS ansatz for the generalized metric in terms of a pair

!See appendix A for a review of the Kerr-Schild formalism in general relativity.



of null vectors. We introduce generalized frame fields in DF'T and the corresponding gener-
alized KS ansatz. We parametrize the generalized KS ansatz in terms of the supergravity
fields. Finally, we investigate Buscher’s rule and show that the form of the generalized
Kerr-Schild ansatz is preserved under T-duality.

2.1 Linear perturbations of generalized metric

The field content of DF'T consists of the generalized metric Hpsny and the DFT dilaton d.
The generalized metric is a symmetric O(d,d) tensor satisfying O(d, d) constraint

HunI " Hpo = Tuq (2.3)
where M, N, P--- are O(d,d) vector indices, and Jy/n is the O(d,d) metric with an off-
diagonal form

0 o#,
= . 2.4
JMN <5u,, 0 ) (2.4)

It raises and lowers the O(d,d) vector indices. Solving the O(d,d) constraint (2.3), one
can find a parametrization of H in terms of the metric g, and the Kalb-Ramond field B,

" g —g"* B,
MN — .
B,p9”" 9w — Bupg”’ Boy

Before discussing the generalization of the conventional KS ansatz to DFT, it is worth-

(2.5)

while to analyze the properties of linear perturbations of the generalized metric. We de-
compose the generalized metric H into the background part plus a small perturbation 4,

Hun = Homn + Yun, Ymn| < 1. (2.6)

where H, is a background generalized metric satisfying the O(d,d) constraint (2.3). By
substituting (2.6) into (2.3), we obtain a constraint on 4. If we truncate the higher order
terms and keep the linear terms, we have

HoTH + AT Ho = 0. (2.7)

Since the background O(d,d) constraint can be written as HoM NH) p = Mp, it
defines a chirality in the O(d,d) vector representation and the corresponding background
projection operators

1 _ 1
Pozi(J—i-Ho), Py = 5(j—HO). (2.8)
These satisfy the following defining properties for projection operators:
P? = Py, P} =P, PyPy=PyPy=0. (2.9)

The Py and Py project O(d,d) vector representation into chiral and antichiral subsectors
respectively. By means of the complete relation, 6™ y = PyM n + PyM v, 4 is decomposed
into three independent parts according to the background chiralities:

A=~y+7+FE+E (2.10)



where v and 7 are chiral and anti-chiral parts respectively, and F is the mixed chirality part
y=PAPR, y=PAPR, E=PHh. (2.11)

The key feature of the linear perturbation of 4 is that both chiral and anti-chiral parts
vanish
v=0, ¥=0. (2.12)

One can easily check this by substituting (2.10) to (2.7). Hence only the mixed chirality
part contributes to the linear perturbation of H, 4 = E + E'. Solving (2.12), one can find
the parametrization of 4 in terms of d-dimensional fields

. ~g 'hg! g 'hg'B—g b 513
T=\ _pr—1p--1 31 Pe—17~—1p 1~—1p _ pa—1p | ° (2.13)
Bg= hg= +bg h+Bg—hg—"B—-bg—"B—Bg b

where g and B are the background metric and Kalb-Ramond field, and h and b are in-
finitesimal symmetric and antisymmetric tensors respectively. This is consistent with the
linearized perturbation of the generalized metric (2.5) under the following expansion of g
and B

G = Gy + s Buy = By + by . (2.14)
2.2 Generalized Kerr-Schild ansatz

In the above we investigated linear perturbation of the generalized metric. We showed
that only the mixed chirality part F contributes to the small fluctuation 4. Following the
conventional Kerr-Schild ansatz, we now assume that 4 is a finite perturbation. It means
that (2.6) is no longer a linearized approximation, but an exact relation. In addition,
we require (2.7) to hold even for finite 4 in order to keep some properties of the linear
perturbation. This implies 4 must be a nilpotent matrix

AT4=0. (2.15)

As we have seen in (2.12) this leads to v =4 = 0, and E contributes to 4 only. Thus the
nilpotency condition of 4 reads

EunENp=E'ynENp =0. (2.16)
By definition E satisfies the following chirality conditions:
Eyn = PoupEY N = EypPot N (2.17)

Now we want to represent E as a product of two vectors. Any 2d x 2d matrix F with
rank n can be recast in terms of n-pairs of some O(d,d) vectors K¢, and K¢,

n
Eun =Y _ ¢"K§ K%, (2.18)

a=1



where ¢ are scalar functions. For the purpose of generalizing the conventional Kerr-Schild
ansatz (A.1), we set n = 1 throughout this paper

EMNZQDKMKtN. (2.19)

Even in the case n > 1, we can always describe F using a single pair of vectors by absorbing
the rest of them, K* and K® for a > 2, into the background generalized metric H,

n
Hun = Homn + Z ¢! (K Ky + KR Kjy)
a=1

:HBMN+SOI(KJI\4K1N+KJI\/[K1N) .

(2.20)

Let us analyze the properties of K and K. The fact that E is a nilpotent matrix
implies K and K are null vectors

KyKM =0, KykKY=0. (2.21)

From the chirality condition on E in (2.17), we impose background chiralities on KM
and KM
PounKYN = Ky, PounKN = Ky, KyKM =0. (2.22)

Taking all the results together, the generalized metric can be written as
Hun = Homn + k(K Ky + Ky Ky) (2.23)
We refer this form as the generalized Kerr-Schild ansatz. Here k is just a formal expansion
parameter to aid in computation and does not have any physical meaning. This ansatz sat-
isfies the O(d, d) constraint (2.3) automatically without any approximation or truncation.
One can define the projection operators with respect to the total generalized metric
Hun (2.23),
1 _ 1
Pyn = §(s7MN + Hun), Pyn = 3 (Tmn — Hun) - (2.24)
The background chirality condition (2.22) still holds even if we replace Py and Py by P
and P due to (2.21) and (2.22),
PunKN =Ky,  PunKY =K. (2.25)

It is illuminating to compare with the conventional Kerr-Schild ansatz. We parametrize
the 2d-dimensional null vectors K and K in terms of the d-dimensional vectors I* and k,

1 [~ _ 1 [~
mo- (1) (1), 220

The background projection operators Py and P, are also parametrized in terms of the
background metric g and two-form gauge field B

1 g1 1,—§ 'B
Py= H~—1 ~ HS~—17 |
2\14+Bg " g—Bg B

- (2.27)
s L[ gt la+i'B
" o\1,-Bg ' -G+ B 'B)’



where 14 is the d-dimensional identity matrix. Substituting the above parametrizations
into (2.22), we get a relation between k, and I* (k, and [* as well)

kp = (Guw + Buw)l”,  ky= (= Gu + Buw)l". (2.28)

Then KM and KM are parametrized by I* and [*

Ky = " Ky = " 2.29
Ve @Bt YTV (- Bl (229

Upon substituting this result into the null condition of K and K (2.21), one finds that [*
and [ are also null vectors

"gul” =1"1,=0, Mg, l" =1",=0, (2.30)

however, [* and [* do not have to be orthogonal to each other, l“l_u # 0. Here we used
the background metric g for raising and lowering the indices. Note that [, g"” l, # l.g" l,
unlike the conventional Kerr-Schild ansatz.

Consequently, 4 is parametrized in terms of [ and [

_ 1(gv) Lk, + 1Pk,
QK(MKN):<1( (k- >> |
2

kul? + kul) Kk 2.31)
B 1Y) 2 (1M1, — 1M1, — (IM1P + 1M1P) By,
S (1l =107 + By (171 + 1P17)) (I+ Bl),(~1+ Bl),, ’

where (£l + Bl) u = £l + Bul”. Upon the parametrization of H and the generalized KS
ansatz, one can read off the corresponding metric and Kalb-Ramond field

(g™ = (57" + kel |

Guv = g;w - *l(uiy) )
L+ 5rp(l-1) (2.32)
Bu = By + ———— 1,1,

1+ Srp(l-1)

where [ - = l“gwl_”.

If we identify I# and [* and ignore the B, (2.32) reduces to the conventional Kerr-Schild

ansatz
= g + kel
g ? v (2.33)
Juv = Guv — k@l .
The determinant of the metric g can be computed by using Sylvester’s determinant
theorem. If we introduce L and L,

_ - [,
L, = (zu z“) . Lo, = (“) . a=1,2, (2.34)

b



we can write g, in terms of L, and L,

— L,* e, 2.35
Iy = Juw = 1+ mp l 1) Z ( )
According to the Sylvester’s identity one can compute

det g = (det g)(1 + %W(z : Z))_Q. (2.36)

It is interesting to note that the metric and the Kalb-Ramond field are not linear in
k, unlike the generalized KS ansatz (2.23). However, as we will see later, the equations
of motion are linear with respect to x. Furthermore, one can define the B-field by anti-
symmetrizing these two null vectors, which is not available in the conventional Kerr-Schild
ansatz.

2.3 Double vielbein

One of the most distinctive feature of DFT is the doubled local Lorentz group, O(1,d—1)r,
xO(1,d—1)g (cf. O(1,d—1) in Riemannain geometry). This structure is inherited from the
left and right sector decomposition of the closed string. Each of the local Lorentz groups
of the left and right sectors corresponds to O(1,d — 1)1, and O(1,d — 1) respectively.

Now we construct the generalized frame fields, or double-vielbeins with respect to
the generalized KS ansats. We introduce a background double-vielbeins Vi and Vo™
satisfying (B.4), which is the defining condition of the double-vielbeins. Here m,n,p,---
and m,n, P, - - - are generalized frame indices for O(1,d—1)r and O(1,d—1)g respectively.?
The background projection operators are denoted by

Vor " Vimn = Pomn Vor™Vimn = —Poun - (2.37)

Vp and Vj are parametrized by

v L ) = ¢ (2.38)
T val\e+Be ) T Ve \—é+BEt) ‘

where € and € are background vielbeins corresponding to the same background metric

e = Gy - (2.39)

e ey = €y
Now let us consider the generalized Kerr-Schild ansatz for the double vielbeins V™

and V;™. Similar to the generalized Kerr-Schild ansatz of #H, we divide the double-vielbein
into the background part and its deviations vy;™ and vy;,™

)

V™ =Vou™ + rkoy™,
M oM M (2.40)
V™ = Vou™ + ko™

*We use the sign convention in [41].



Substituting the above expansion into (B.4), we find explicit expressions of vy;™ and vy,™
as follows:
m I = N m = m 1 Ny, m
UM = EQDKMK V()N s UM = —5(,0KMK VON . (2.41)

Note that the parametrization of K and K in (2.29) can be denoted by using Vo™
and Vo™

Ky = Vor " empl" = Vorr" lm Ky = Vou " empl” = Vo™, - (2.42)
Conversely, I,, and [,5, are represented as

Iy = meMKM = Kma m = _%mMRM = —Kg. (243)

Upon this relation, we can parametrize the vy and v

S O B
M 2()0 OM tm 2\/§ (_g_‘_B)uyl_Ulm )

i (2.44)
o™ = %SDVOMmlml_m = % <(g n lBL,,l”Z’”) )
Due to the null property of I# and I*, v and ¥ satisfy
(vt)vaMn =0, (7t)mM17Mﬁ =0, (vt)mMﬁMﬁ =0, (2.45)
va(vt)mN =0, @Mm(f)t)mN =0,

Then the generalized Kerr-Schild ansatz for the vielbeins associated with the metric ansatz
in (2.32) are given by

. Lo s . K .
eum = e‘“m + ilﬂltplulyeym, Cum = eum - ﬁgf(l.l—)lulyeym y
| o (2.46)
e'm = m + kI ey, e,"=¢," — ————1,1"¢,".
m L) 14 mn a i 24 kp(l-1) K

2.4 T-duality

We now investigate T-duality transformation of the generalized Kerr-Schild ansatz. By
definition, the generalized metric is covariant under the O(d, d) transformation

Hin = O ONHpg (2.47)

where O € O(d,d). Since it is a linear transformation, the form of the generalized Kerr-
Schild ansatz should be preserved

where
Hopn = On” ON®Hopq (2.49)



and
Ky =0uNKy, Kjyy=0u"Ky. (2.50)

Taking the isometry direction to be z, we set O as

55000
oM, — O* 6" oM, oY 0001
ouN = v S 2 = , . 2.51
M < 5M25ZV 5#11 _ 5’uz(52u> 00 51.] 0 ( )
0100

From (2.49) and (2.50) one can read off Buscher’s rule for the background metric and the
Kalb-Ramond field

- 1 ~ 5
g;Z: P ’ 9iz = = ) 3222#7
22 . .ﬁzzz [ ] ) (252)
Gy =gy — ez Bl gy p, Dl Gielie
9zz Gos

(2.53)

Note that indices of the new null vectors I"* and I’* are raised and lowered by new back-
ground metric, §'. Explicit calculations give components of [, and Z_:L:

l,- -1 — (gzz - Biz)lz l/ _ lz

) gzz~ - gzz_ (254)
P WetBil oy L
! gzz ’ N f]zz

It is straightforward to show that I’ and I’ remains as null vectors with respect to the new
background metric g', I"g,,I"" = 0 and Z’#gLVZ’V = 0. However, l/“f]l’wl_’” is not preserved
and changes to

. 2L,
I e I (2.55)

9zz

One may show that the Buscher’s rule for g, and B, can be rewritten by the generalized

KS ansatz in terms of the transformed fields

/ ~/ K@ ]
S S—
G = Gy 1+ %cho(l’ 1) (n'v)
- K _ (2.56)
B =B+ 7.
1% p T %HSO(Z/ 1) (V]

Therefrore, T-duality preserves the generalized KS ansatz form and maps a generalized
KS spacetime to another one.

,10,



3 Field equations in a flat background

In this section we analyze DFT field equations by applying the generalized Kerr-Schild
ansatz in a flat background. Similar to GR, field equations of DFT are given by geometric
quantities in doubled space: the generalized Ricci tensor and scalar. Unlike the conven-
tional KS case, DFT field equations are quadratic in s, however, we show that the field
equations can be reduced to linear equations. We also discuss how the classical double
copy is realized in the generalized KS formalism.

3.1 Constructing field equations

In a flat background, the background generalized metric and dilaton are given by

Y

Homn = , dy = constant , (3.1)
0 M

where 7, is a d-dimensional Minkowskian metric. We choose a coordinate system in which

the flat metric become a constant such that n = diag(—1,1,1,---,1). As we have seen in

the previous section, the generalized KS ansatz is linear in x. On the other hand, there is

no restriction on DFT dilaton d, and it does not have to be linear in general
o0
d=do+rf, f=> fMs". (3.2)
n=0

The null and orthogonality conditions of K™ and KM lead to a significant simplification
in the computation. For instance one can find useful identities

KMonKy =0, KMonKy =0, (3.3
KMoyKy =0, KMoyKy =0. '

In DFT, local gauge symmetry is given by the generalized Lie derivative, which is a
manifest O(d,d) covariant combination of a diffecomorphism and a one-form gauge trans-
formation of Kalb-Ramond field

EXHMN = XpapHMN + (aMXP — 8PXM)HPN + (8NXP — 8PXN)HMP ,

‘CAX (e—Qd) — aM (XMe—Qd) ; (34)

where XM is a O(d, d) covariant gauge parameter combining the diffeomorphism parameter
dx# and the one-form gauge parameter A, X M _ {A,,0z"}. The covariant derivative V
and the corresponding DFT connection I'ys are defined in [42]. Substituting the generalized
KS ansatz and (3.2) into the DFT connection (B.13), we get?

T'pun = 0p (KK ny) — 01 (0Kp K ) P’ vy — 05 (0K p Ky ) Po”

1 _ _ -
— 5o (KpKurK? 0 (¢K) + KpRpk’ 011 (¢ K) )

4 o , _
] (PopprPony” + Poppa Pony” + oKpKpHon)” + o KpKyHon”) 05 f

1 _ _ _
o7 (POP[MKN]aJ (pK7) - Pop[MKN]é?J(aka)) : (3.5)

3In appendix B, we briefly summarize the semi-covariant approach of DFT.

— 11 —



It is straightforward to check that the DFT connection satisfies the following identities
from (3.3)

KTpunKN =0, KfTpunKN =0, ey KM =TPpy KM =0.  (3.6)

Using the DFT connection, one can introduce the generalized curvature tensor Sy
and scalar S, which are defined in (B.24). The DFT field equations are given by generalized
curvatures as in GR

S=0, Sun =0. (3.7)
One can get a consistency condition by contracting KM and KM with Sy,
_ _ 1 _ _
KEKESpr = 2K5X KT ogor f — §¢KKKL6KKM8LKM

L (3.8)
+ §<pKK KrogKyor KM =0.

Analogous to the geodesic condition (A.8) in the conventional Kerr-Schild formalism, we
require

KMYyKy =KMoyKy =0, KMVYyKy=EKMoyKy=0, (3.9)

and

KERIV o f = KEKPogoLf =0, (3.10)

where Vs is the semi-covariant derivative defined in terms of the DFT connection I'y;np
in (B.13). As the name suggests, it is not covariant under the generalized Lie derivative
by itself, but it should be combined with projection operators to make it covariant

Pu"PnOVpVy,  PyTPN®VpVo.,  PPOVpVp, PPV (3.11)
Thus, one can check that (3.9) and (3.10) are covariant under the generalized Lie derivative

as well as the O(d,d) transformation. Substituting the parametrization of K and K™
into (2.29), they yield the following d-dimensional expressions:

19,1, =0, 0,1, =0, M1"8,0,f =0, (3.12)

where we have used the section condition, namely

Ot = (gﬁ) - ( 80“) . (3.13)

If we identify [* and [* and ignore f, (3.12) reduces to the conventional geodesic equa-
tion (A.8). Hence we will denote (3.9) and (3.10) as generalized geodesic equations, though
the notion of geodesic is not obvious in the doubled spacetime point of view.

— 12 —



By applying the generalized Kerr-Schild ansatz to (3.7), we can represent the DFT
field equations in terms of the null vectors K™ and KM

1 _ _ o
Sk =# [ — Mo OmON (e Kk Kp)) + OmOn (0K K i Pory ™ — oK (i K™ Pory™)
2
+ 4Py M Py N oo f — ‘%Hé” N(Kx Koy Kpon KT — KK onKpoyK”)

+ K’ [HéMNaMfaN (pK K1) — 2Py O (¢ KN K 1)0n f)
+ 2P MOy (0 Ky KN On f) — 20 (Poc ™ Ky KN — Py ™ KN K1) 00O f
+ ngKLKMaMaN(K%) + gKKKLK'M8M8N(K’N¢) =0,
(3.14)
and

S = —2k0K 0L (KX KE) + 4xHE OO f — 42 HEL O fOLf = 0. (3.15)

Using the background projection operators, one can decompose Sy into three indepen-
dent parts according to the background chiralities:

2
_ K _ _
PQKMPOLNSMN = —2/%2QOK(KKMP0L)N8N8M]C - Z¢2H84NKKKL6MKP8NKP
2
+ %@KKKL[_{MHM@N(I_{N@) =0, (316)
2
_ _ _ _ K _
Pox™ Py N Snn = 262 KM K (1 Py )N On O f — ZchHéVIN KKy KponK"®
2
+ %@I_(KI_(LKM N (KNp) =0, (3.17)
_ K _ _
P()KMPQLNSMN = —5%34N8M8N (QOKKKL) + kOMON (QOKNKK)POLM
— kOMON (K KN) Py ™ + 4k Po g™ PorN 0p10n f
+ RQHE])\/[NaMfaN ((,DKKKL) - 2/<;ZP0KM8M (QDKNKLaNf)
+ QIQQPOKMaM (¢KLKN8Nf) =0. (3.18)

Interestingly, (3.16) and (3.17) are redundant equations, and these can be derived from the
mixed chiral part (3.18)

1. _ _
Pox™ Py Sun = —§KKKMP0LPP0MQSPQ ;

B ) 1 B (3.19)
Pox™MPyrN Sy = —§KKKMP0LPP0MQSPQ .
Therefore the independent field equations are as follows:
R = —2r0K 0L (0 K5 KY) + 4xHE OO f — 42 HEL O fOLf =0, (3.20)
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and

1 _ _ o
R =kK| — i,HéwNaMaN ((pKKKL) + OnON ((PKNKLPOKM — (pKKKNPOLM)
+ 4POKMPOLN8M8Nf:| + K [’Hé”NaM fon(pKkKy) (3.21)

— 2Py a1 (KN K10 ) + 2P0 M o (e K KN O )| =

where Rir, = Por™ Pyr.N Syrv and we replaced the notation S into R.

Equations (3.20) and (3.21) are written in terms of O(d, d) vector indices for manifest
O(d, d) covariance. It is useful to formulate the theory, however, the O(d,d) indices are
not convenient when we solve the equations of motion due to the redundancies in the com-
ponents of Rysn. Among the d(2d + 1) components, only d? components are independent.
Furthermore, the components of Kj3; and Kj; are not independent as well, and they are
written in terms of [ and [ through (2.42). Thus we recast the field equations in terms of
the generalized frame indices by using the background double vielbeins, Vo™ and Vo™

R = k| = O (Pl"I") + 40f | = 4620, f0" f = 0,

1

7 1 - 1 -
Rmﬁ =K |:4D(<lelﬁ) - Zamap (‘Plplﬁ) - Zaﬁaﬁ(@lmlp) + 8maﬁf:| (3.22)

2 —
= [0 10y (Plindn) = O ($PTa0y ) — On (P10 )] =0
where O = 0,,0™ = 070™ = 9,,0". Here we have used

Pyn = Vym V™, Pyn = —VumVa™,
1 1 _ 1 1 (3.23)

—Om = —=en"0, VoM oy = —=0m = —=em" 0, .

Vo e RV RV R

Note that R,,5 is not a symmetric tensor. The symmetric and antisymmetric parts corre-

VoM 00 =

spond to the field equations of metric and Kalb-Ramond field respectively.

There are still redundancies even in the generalized frame representation, since we can
take a further gauge fixing on the doubled local Lorentz group, O(1,d — 1)r x O(1,d —
1)r — O(1,d —1)p, by identifying the two background vielbeins, €, and e,™. Thus it is
convenient to rewrite the field equations in terms of d-dimensional vector indices p, v, p- - -
Thus the DFT and supergravity equations of motion under the generalized Kerr-Schild
ansatz read as follows:

R: m[auay(goz“zy 4Df} AR, fOMf =0, (3.24)
Ry 1| D(luly) = 00, (lyl) = 090, (9lud,) + 40,0, f |

= 262[0,10° (luLy) = O (L0, F) = Do (b0, f) | = 0. (3.25)

It is interesting that the generalized KS ansatz for g,, and By, is not linear in ¢, I*

and [*, but the field equations are linear in these fields. However, unlike the conventional

KS formalism in GR, the above equations are quadratic in x due to the presence of f. We

will show in the following subsection that the field equations can be solved by considering
only linear equations.
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3.2 Solving the field equations

One of the peculiar properties of (3.24) and (3.25) is that all the O(x?) terms contain f. In
other words, we get purely linear equations in x when f = 0. Using this fact, we propose
two strategies depending on which field is solved first.

Let us consider an approach solving for « f first. Notice that if we fix kf to be a specific
function, the equations of motion reduce to linear equations in x. Then we can solve the
corresponding ¢, [ and [ for a given kf by solving the linear equations. As a preliminary
step, we recast (3.24) as

90y (pI"1") +AF'OF =0, (3.26)

where F(z) = e */(®), Without loss of generality, one can divide this equation into two
pieces by introducing a function A(x) that we should fix by hand

LFy + i)\(w)]‘}\ =0,
M) = 0,0, (pl*1”) .

(3.27)

Here F) denotes the solution for a given A(x). Choosing a suitable A(z), we can solve
for F exactly, since the first equation can be thought to be an inhomogeneous massless
Klein-Gordon equation. Once we solve for F), we may substitute the corresponding x f)
into (3.25), and we obtain a linear equation

D(cplu V) — 0°0, (Lplpl_y) — 00, (gol“l_p) + 40,0, fa

l,
- ) - (3.28)
—20, 107 (0Luly) + 20, (11,0, ) + 20, (lulP9, 1) = 0.

Let’s consider two simple cases.

e F=lor f=0
The simplest case is just to set f = 0. In terms of the supergravity dilaton, this
corresponds to e 2? = \/%7]. Then the field equations reduce to

8,0, (9"1") = 0,

_ _ - 3.29
O(pluly) — 070, (plply) — 070, (plul,) = 0. (3.29)

e )\ = constant
In this case, F) satisfies the Klein-Gordon equation for a real massive scalar field.
For example, F is represented by the Fourier integral in a plane wave basis

Falz) = / dw ¥k Fy(w, ki) (w? — |k|? — gx)e—“wt“ﬂﬂi) : (3.30)

In particular, if A\ = 0 and F = F(t,x), there are infinitely many solutions, F =
FH(u) + F (v), where u=x +t and v = z — t.

This method is somewhat ad hoc, but it may capture the nonlinear effects of (3.24)
and (3.25).
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Now let us consider the second strategy solving ¢, [* and I* first. Recall that the
generalized KS ansatz (2.23) is linear in x, but there is no a priori restriction on f and it is
expanded in k to arbitrary order. Inserting the expansion of f (3.2) into (3.24) and (3.25),
we get an expansion of the DFT field equations in k

R=> RMWu", Ry =Y RM, k" (3.31)
n=1 n=1

The linear order equations are

8,0y (lM1") —40f© =0,

_ ; - (3.32)
O(pluly) — 070, (@lply) — 08, (pluly) + 40,0, f V) =0,

and the higher order equations, n > 0, are

Of+) = Z 3uf(p)3uf(q) ,
”1+q=” (3.33)
Oud [ = (0070 () = 0 (17,0, f 7)) = 0, (P10, S )]

Note that ¢, I#, I* and f© can be completely determined from the linear equations
only (3.32), and the higher order equations define recursion relations with respect to f (n)
for n > 0. This means that the metric and the Kalb-Ramond field are determined from
the linear equations only. In principle we can employ (3.33) to determine f (n) recursively,
however, it is very difficult to determine f exactly by using the recursion relation.

Let us assume that ¢, [ and [* are given by solving the linear equations. Instead of
taking the approach using the recursion relations, we substitute ¢, I* and [* into (3.25)
and (3.26). Since these equations are linear with respect to F and f, one can determine f
completely.

Take a look at the set of linear equations (3.32). If we combine the first equation and
the trace of the second equation, we obtain a simple relation

O(pl -1 —4fP) =0. (3.34)

This implies that f(©) is the same as %gpl - [ up to the harmonic function H(z), which
satisfies (JH = 0,

FO) Z i(gpl T+ H@). (3.35)

To determine the harmonic function H(z), we need to impose an appropriate boundary
condition on f(©.

Comnsequently, we can find exact solutions for DFT and supergravities just by solving
the following linear differential equation,

O(pluly) — 070, (loly) — 870, (¢lul,) + 8,0, (0l - 1) + 0,0, H = 0. (3.36)
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As a consistency check, one can show that if we identify the null vectors [ and [, (3.36)
reduces to the conventional KS equation (A.10) with the 0,0, H(x) term, which can be
interpreted as a matter.

Note that the solutions of (3.36) are the solutions of (3.24) and (3.25) automatically,
but the converse is not true. This is because the linear equations does not capture the full
nonlinear effects. However, (3.36) is remarkably simple compare to the supergravity equa-
tions of motion, and it provides a useful tool for finding exact solutions of supergravities.

3.3 Classical double copy

One of the remarkable properties of gravity scattering amplitude is the double copy struc-
ture. It is a field theory generalization of the KLT relation [21] which comes from the
left-right sector decomposition of closed string theory. The KLT relation states that a
closed string scattering amplitude can be represented by two open string scattering ampli-
tudes. In the field theoretic viewpoint, it is known as the BCJ double copy relation [18-20],
which expresses duality between the color and kinematic factor in the Yang-Mills ampli-
tude. By interchanging the color factor and kinematic factor, the gravity amplitude can
be obtained from the Yang-Mills scattering amplitude.

Recently, the double copy structure in scattering amplitude has been extended to the
level of the classical equations of motion by using the conventional KS formalism [5]. It is
the so called classical double copy, and the Maxwell equation can be derived from the Ein-
stein field equation in the framework of the conventional KS formalism (See appendix A).
The null geodesic vector ¢# is identified as a Maxwell field, and the scalar field ¢ in (A.1)
is identified as the linearized bi-adjoint scalar field.

The KLT and BCJ relations indicate that not only the Einstein field equation, but
also the field equations of entire massless NS-NS sector should be related to the Maxwell
equation. However, it is not possible to describe the Kalb-Ramond field using the single
null vector ¢+.

We now extend the classical double copy to include the entire massless NS-NS sector,
9uvs By and ¢, through the generalized Kerr-Schild formalism. First, we need to assume
that the full geometry admits at least one Killing vector £* which satisfies

Leg=0, LeB=0, Lep=0. (3.37)

We can locally choose a coordinate system x# = {z%,y} such that the Killing vector is
a constant, " = 9zt /dy = &l/. In this coordinate system, the Lie derivative of the full
metric g is given by

Kp .
Leguw = §0pgu = —EP0, <1+1/€g0(l'l)l(ulu)> =0. (3.38)
2

Note that the trace part of the above equation vanishes, £#0,,(n*" g,,) = 0, and we have

19, (gl - 1) = 0. (3.39)
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Next, the Kalb-Ramond field satisfies

K -
LeB,, =¢£°0,B,, = &0, ———=1j,l,1 ] =0. A4
¢Buy = £0,B, § p(l—i—%mp(l-l) Iz ]> (3.40)
By combining (3.38), (3.39) and (3.40) we get
£, (plul, ) = 0. (3.41)
Finally, f should also satisfy
Lef =€"0,f=0. (3.42)
We also normalize [, and l_“ as follows:
El=¢-1=1. (3.43)

By contracting the Killing vector with the generalized KS field equation in (3.36), we
get the so called zeroth and single copy.

e Single Copy

Similar to GR, one may expect that the Maxwell equation can be obtained by con-
tracting a Killing vector with one of the indices of the generalized KS equation (3.36).
Since (3.36) is neither symmetric nor antisymmetric, two different Maxwell theories
arise depending on which index is contracted with the Killing vector.

D(‘Plu) - apau(%olp) =0,

O(ely) — 0°0,(¢l,) = 0. (349
Following [5], we define a pair of abelian gauge fields
Ay=ol,, A,=l,. (3.45)
Then (3.44) reduces to a pair of Maxwell equations
O'F,, =0, O'F,, =0, (3.46)
where F},, and F),, are the field strengths of A, and A, respectively,
F.=0,A,—0,4,,  F,=0,A4,—0,4,. (3.47)

e Zeroth Copy
Now let us contract all the free indices of (3.36) with £#. We get a scalar equation
Up=0. (3.48)

Again, following the identification in [5], the scalar field ¢ can be interpreted as an
abelianized version of the biadjoint scalar field & [27, 46].

This ensures that solutions of the generalized Kerr-Schild equation (3.36) can be rep-
resented by Maxwell gauge fields and a harmonic scalar function when there is an isometry.
However, the converse is not true in general.
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4 Generalization to curved backgrounds

In the previous section, we presented DF'T field equations using the generalized KS ansatz
in a flat background. In this section we extend the previous flat background results to
arbitrary curved backgrounds. To this end we construct doubled spin connections and
generalized curvatures by using the curved background generalized Kerr-Schild ansatz. We
discuss how to solve the field equations by reducing to linear equations.

4.1 Uplifting to general backgrounds

Let us return to the generalized Kerr-Schild ansatz around a general background Hy and
do in (25),

/HMN:/HoMN+Ii<,D(KMKN+KMKN), d=dy+kf. (4.1)

The null and orthogonality conditions of Kj; and Kjs lead the following identities which
are similar to (3.3)

KMYNKy = KMoyKy =0, KMYNEKy = KMoyKy =0, (42)
KMYNKy = KMVonKy =0, KMYNKy = KMVon Ky =0, '
where Vs is the background covariant derivative
Vou = 0n +Towm (4.3)

where ['gpsnp is the background DFT connection. One can show that the DF'T connection
satisfies the following identities (cf. (3.6))

RMFMNPKP = *pMNKPapKM + PNPKMBPKM — PMNKpapkM ,
KMFMNPRP = —PNPKM(?MRP + PMNRpaMKP — PMNRPaPKM, (44)
KNTynpKP = —Kpoy K",

where P and P are projection operators for total 4. Using these identities, one can

show that

KMTMNPKP = KMFOMNPKP ;
M P M P (4.5)
K" T'ynpK = K" Toynp K™ .

Just as for the flat background, we obtain consistency conditions on KM and KM by
contracting them with generalized Ricci tensor,

_ _ 1 _ _
KEKESpr = 2K5X KMV o f — §@KKKLVKKMVLKM

. (4.6)
+ §¢KK KWKy VKM =0.
We impose the generalized geodesic equations
ENVgKp=K"VogKp =0,  K'VgKp=K"VoxK, =0, (4.7)
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and

KXK'V 0k f = KKKV 0k f =0, (4.8)

where we have used (4.5). We may also write the generalized geodesic equation using (4.4)

KMV Ky = Pyn(KP0pKM + KpoMKP — KP0pKM) =0, (49)
KMV Ky = Pyn(KP0pKY — KpoM K” — KP0pK™) =0,
and these imply a new relation
KPopKM 4+ KpoMKY — KPopKM = 0. (4.10)
Upon the parametrization of K); and Ky, (4.7) and (4.8) reduce to
PR =0, BV =0, PY0,f =0, (4.11)

where V,, is the usual covariant derivative in Riemannian geometry with respect to the
background metric g, and @f is a torsionful covariant derivative which acts on an arbitrary
vector field v,

- 1 -
Vil, = Vul, + §H,Wpl :

: (4.12)
Vily = Vb = 5 Hyyl

We now introduce the double-vielbein and the associated double spin connection,
®rrmn and Pyma (see appendix B). By assuming compatibility of the double-vielbeins,
Dy V™ = 0 and Dy V™ = 0, the double spin connection is represented as

B prmn = VYV VarVvn = VN0 Vivn + Tune VY0V (4.13)
O rrmn = VNmVMVNn = VNmaMVNﬁ + I‘MNP‘_/NmVPﬁ- ‘

Note that the DFT spin connection is not covariant by itself under the generalized diffeo-
morphism. However, one can extract the following covariant objects, and these are building
blocks of the theory

VMf)(I)an 5 VM[pq)an} ) VMmq)an 5

_ o o (4.14)
VMo ®yma, VM p®umas VY0

Applying the generalized Kerr-Schild ansatz for the double-vielbeins (2.41), we find the
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covariant pieces of DF'T spin connections:
_ _ _ 1 _
VMﬁ(I)an = VE)MﬁCI)Oan + K |:D0M (SOKﬁK[m)VE)Mn] - 290Kqu‘/0Mq<I>Oan:| s
_ _ o 1 o
VMp(I)Mmﬁ = VoMp‘I’OMmﬁ AT [DOM (@KpK[m) V()Mm + 290KquV0Mq‘I>0an} )

1 _
VM[p(I)an} = V&)M[p(I)Oan] + iﬁsoq)OM[nme]KM )

VM 5@ armm = Vo 5®ormn) — %KSOCI)OM[ﬁﬁRm]K M (4.15)
MG Y MIP g+ [DOM(wK M) — SoppntpK, KM — aVM 0y f}
— k2K, KMoy f,
VMG s = Vi onrm [DOM (pEKMEKy) + @onnlo KM Kg + 4‘70Mn3Mf}
/£2<pKMK}—L6Mf

For later use, we represent these quantities in terms of d-dimensional fields. Here, all
the background fields are denoted by a tilde. First, let us introduce D, and fo which are
background covariant derivative with torsion, which acts as

DT = 0T + @, Tpr — &

- i (4.16)
D,U« Tmﬁ = aMTmﬁ + wum Tpﬁ — w/mme]; s
where the background spin connections are defined by using (4.12)
(Dumn = eymﬁueun ) (ju’ﬁ = éymﬁpiuﬁ )
~E v gt =+ P == (417)
Wimn = € mV €un, Wymn = € mVy eun

Then, generalizing (B.12) and (B.17) to the background quantities, we can recast (4.15) in
terms of the background d-dimensional supergravity fields and the null vectors [ and [

1 -
fVM Drrmn = wpmn + Ii|: (goln]l ) + 2g0lpl‘1d}q_mn] ,

_ - 2 _ 1 — .
ﬂVMp(meﬁ = ~Wpmn — "Q[ [m ((Plplﬁ]) + 2@lplqw;rmn} )

1= 1
M o~
\/iV [p(I)an] = w[pmn] 3Hmnp + ilﬁ}@l[mlqqup] ,
_ _ - 1 -~ 1 R
M o= =
\/§V [ﬁq)Mﬁm] = —w[pmﬁ] - gHmnp ilﬁwlql[quﬁm s (4.18)
VIVM Dy = & — 2006+ 5| Dpl(lal?) = lalPit, " — 40,
— /{nglnl_ﬁapf,
\EVMm(I)Mmﬁ = _‘jmfnﬁ + 23ﬁ¢~5 - g [f)m (SOlml_ﬁ) - SOlml_q‘er_nﬁq - 4aﬁf:|
+ ngolpl_ﬁapf .
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4.2 Equations of motion

We now consider the DFT equations of motion with the generalized Kerr-Schild ansatz
around curved backgrounds. The linear perturbation of DFT is studied by Ko et al. [52].
However, as we have seen in the previous section, the field equations include terms quadratic
in k, thus we need to adopt an alternative approach. Here we employ a method using the
double spin connection (4.15). Substituting (4.15) into the DFT field equations in terms
of the double spin connections (B.24), we get

R = 5| (D — 20m3) D (¢1"T") + L V™ Dy (@) — 3 Hygm 75 (917T")

(4.19)
—4(D™ = 20™¢) O f + (G + 2B (91T | + 4K20™ fO f = 0,
and
Rows = [ (B, = 20,3) (1) — (7~ 207%) Bu(et)
- (1515 — 28:%3) 51‘1 (SOlml_ﬁ) + gpﬁqﬁp (@lmlé) — Hpmn ' DP (SOZ l_)
+ 4D 00 f + (Gam — Bym) (#1113) + (Gng — Bag) (12lml?) (4.20)

2
2

1 - -
- Z‘P%mlﬁlplq (gpci - Bp@) =0,

{ap I Dy (0lnln) — Da (Gl Opf) — Do (070, f)

where G and B are the field equations of supergravity for the background metric and
Kalb-Ramond field
- - N -1 - -
g;u/ = R,uz/ + 2v(y&/)¢ - ZHupUHVpa )
1. - (4.21)
B, = _iva”“” +0°0H p -

Since we are assuming on-shell backgrounds, the background field equations vanish, G = 0
and B = 0.

To make these look more familiar let us rewrite the field equations in terms of d-
dimensional vector indices, p, v, p,---, by using a pair of vielbeins €, and éum

R = k| (9~ 20,0) 7 (@IT") + L0, (0lul,) — 5 Hpop 1, (o1'T)

(4.22)
— 4(V" = 2019) D, f | + 4KPOM fOf =0,
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and

Ruw = g [ (@p - 28/)@;) @p(gol#l_y) - (@p - 23%) Vi (‘Plpl_l/) - (@p - 28%) Vy (‘PZHZ_/))
+ VP Hw (@lploy) = Hu” 97 (ploly) + Hyp”T° (@lule) = H, P77 (0lplo)
H p( — 26‘7¢) (gpl (0 J)) — I;TT(M/’F[TV)U(gplpl;) + 4@#&,]{.]

2 _ - — - —
- % [8Pfﬁp (eluly) = V(@0 f) = Vi (a0, f)

+ 0P fH,u ploly, — 0° fH 7 ol ly + 0F fﬁ[uyw(ng)] =0.
(4.23)
The structure of the field equations are the same as in the flat background case. The
field equations are quadratic in k, however, if we take f = 0, we get linear equations in
k. Hence we can still apply the strategies for solving equations of motion discussed in
section 3.2. Here we describe the second strategy only.
Let us insert the expansion of f (3.2) into (4.22) and (4.23) to expand order by order
in K

e linear equations

. o = - 1 - . 1~ _
(V0 = 20u0) V0 (PVT) + SH" 0 (Pluly) — 5 HpoHP (91T7) (4.24)
—4( H—201$)0, fO
and
(9= 208)57 () - (7 ~2078)Sulpl) ~ (2 ~2070) (54
+V°H (gol(p )) — Hup" VP (@loly) + Hyp” ( ulo) — H,” (goll)
10" (V7 —28%)(@5(,,0)) ., HT )% (¢l Z)+4v , f
(4 25)
e higher order equations
(@u _ 23#&)@]0(7#1) — Z 8“f(p)8uf(Q) =0, (4.26)

ptg=n
and

— n 1 n) S 7 = 7 n ~ 7/ n
Vi 81/f( T = B <apf( )Vp(Wlulu) - Vﬂ(cplpl,ﬁpf( )) —Vy (‘Pl#lpapf( ))
+ 7 f™ a0l — 0 f 0l L, + 07 fH,, gpz(pza)>
(4.27)

As in the flat background case, ¢, I*, I* and f(© can be completely determined from the
linear order equations. The higher order equations define a set of recursion relations for
f™_ n > 0. Instead of the recursion relations, it is better to exploit the generalized KS
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equations (4.22) and (4.23) to determine f. If we plug the solution of the linear equations,
@, 1" and [*, back into (4.22) and (4.23), we get linear equations with respect to f and
®. Hence, this shows that DFT and supergravity field equations can be solved using the
linear equations only.

5 Killing spinor equation

The Killing spinor equation provides a useful technique in finding solutions to the equations
of motion that preserve some fraction of supersymmetry. Essentially they reduce the
supergravity equations to first order in derivatives and often, when combined with a suitable
ansatz for the metric and fields, will lead to linear equations. In what follows we investigate
the Killing spinor equation with generalized Kerr-Schild ansatz for the 10-dimensional
N = 1 supersymmetric DFT. We will show that the Killing spinor equation is linearized
under the generalized Kerr-Schild ansatz as the equations of motion. One can then seek
solutions preserving fractions of supersymmetry.

The maximal and half-maximal supersymmetric DFT are constructed in []. The field
content of the fermion sector of N = 1 supersymmetric DFT is given by the dilatino and
the gravitino

Pt Y, (5.1)

where «, 3, -+ are spinor indices for SO(1,9) local Lorentz group. The SO(1,9) Clifford
algebra is

(,.ym)* — ,ij ,ym,.yn + ,.yn,ym — 277mn’ (52)
and the chirality operator y(*1) = 40~1...~9  All the spinors are taken to be Majorana-
Weyl spinors with definite chiralities

FWp=—p, AWy, =y, (5.3)

where 7(11) = 'yO'yl . -79.

The SUSY variation of fermions provides the Killing spinor equations, which are

1 1
5p — _ prE = — pv;)MaMs — ZvMpq)an,Ypmng — iva(I)an’yng =0, ( )
5.4
_ _ 1_
0y = VMpDMS = VMﬁ(‘)Ms + ZVMﬁ‘I)an'Ymng =0,

where % is the supersymmetry parameter which carries the same chirality as the gravitino,
A1 = ¢,

We now want to represent the Killing spinor equations in terms of supergravity fields.
Substituting the double spin connection in (4.15), we obtain

1 - . 12\ = 1 - -
P Hpmn""e — Ope + <ép“ + 2mgolpl”) Dije + 76D (plyl7)e

12 (5.5)

1 _
—n(ép” + 2/igolpl”) ({hfe] =0,
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and
- 1 -\ = ~ - ~ —
<ép“ + 2“@“%) Die+ gDm (@lnlp)y™"e — gHmﬁq(QOlnlq)’}/mnE =0. (5.6)

For simplicity, let us choose ¢ as a Killing spinor for the background geometry satisfying

1 -~
8p¢7p50 + 7Hmnp'>’mnp50 =0,

12 (5.7)

[);{6020,

where g is the background Killing spinor. Then the Killing spinor equations are greatly
simplified as

1 = — 1 - — _ 1 _
Zﬁ;Dq(gplplq)vpeo + gﬁqur (@l"19)yPeg — /@<ep“ + QKgolpl“) OufyPe0 =0, (5.8)
and )
(Dm (@lniﬁ) — ngpq(g(Dlnl(l))’ymné‘o =0. (59)
After converting to ten-dimensional vector indices using the pair of vielbeins, e, and
e,™, and a field redefinition, ¥ = e 26 and ¢ = e 2%y, we get completely linear
equations
1. _
(auxp + 5Dj (gp’lul”)>’y“€0 =0, (5.10)
and .
(Du (lulp) = §ﬁupff (‘Pl”l_g)>7uy50 =0 (5.11)
We see that for a flat background case the Killing spinor equations yield
1 ;o L
0,V + §ay(go Ll?) |4*e0 =0, (5.12)
Au(plyly)y* e =0, (5.13)

where €¢ is a constant spinor. These equations are remarkably simple, and much easier to
solve than the full Killing spinor equations.

5.1 Supersymmetric classical double copy

In section 3.3 we showed that the classical double copy can be extended to the entire NS-NS
sector. Here we will show that the classical double copy is still valid for supersymmetric
backgrounds by considering Killing spinor equations. For simplicity we shall focus on a
flat background only. From the single copy relation, we have shown that a pair of Maxwell
equations can be obtained from supergravity equations of motion by contracting a Killing
vector with R,,. Thus it is natural to guess that we may construct BPS equation of
supersymmetric Maxwell theory from the Killing spinor equation for the gravitino.
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Let us contract a Killing vector with the Killing spinor equation for the gravitino (5.13).
As before, we choose a coordinate which makes the Killing vector constant. Then using
the previous identification of the single copy relation, A, = ¢l,,, we obtain a BPS equation
for supersymmetric Maxwell theory as expected

Fuv"ey=0. (5.14)

Since there are no more indices to contract in (5.14), it is not possible to define a super-
symmeric zeroth copy.

Recall that in section 3.3 we have shown a pair of gauge fields arise from the single
copy relation of DFT. One may wonder why there is only a single gauge field in (5.14). In
fact, to incorporate the other gauge field to the supersymmetric single copy, we need to
consider Killing spinor equation for N = 2 supersymmetry. Since there are two different
gravitinos ¢ and 1], their SUSY variations provide two individual BPS equations. If we
neglect the Ramond-Ramond sector, one can obtain two BPS equations as follows:

F/LV’Y“VEO =0, FMV’VWJEO =0, (515)

where [}, and F v are the field strengths defined in (3.47). This shows the supersymmetric
classical double copy, which states that solutions of the Killing spinor equation can be
represented by solutions of the BPS equation of the supersymmetric Maxwell theory.

6 Examples

6.1 Chiral null model

We apply the previous results to the chiral null model [53] which is a class of string back-
grounds that have one conserved chiral null current in the sigma-model. These are a
generalization of the pp-wave and fundamental string background and have a null Killing
vector and unbroken supersymmetries. Special cases are the Taub-NUT geometry and
rotating black holes. The explicit geometry is given by

ds? = F(z")du (dv + K (u, z%)du + 2Vj(u, xl)dxl) +da'da’,

By = F(z'), Bui = 2F (2 Vi(u, zY), (6.1)

6= 0lu) + 5 log F(a'),

where b; is a constant vector. We assume that the transverse space is flat, but it is possible
to generalize to any conformal transverse space [53].

Now we show that (6.1) fits into the generalized Kerr-Schild ansatz in a flat background.
If we introduce @, V; and X (x, ), such that

1

Vi §0iX, v="0—X(z,u),

=Vi+
v AF =\ (6.2)
X(z,u) = K+ ViVt (&, u')du'
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the (6.1) is rewritten in the form

2 - i1 - 2F 2”%’ 2F &
ds® = dud?d + dz'da’ + (F — 1)du| do — —1 Vinu—l—ﬁVidx ) (6.3)

The associated ¢ and null vectors | and I can be easily read off from (2.32)

kp=F1_-1,

=1, , (6.4)
- 2F -~ _ _ 2F -

=== ViV', s =1, i= Vi,

l <F—1) 2% l l F—lV

and one can check that [ and [ are null vectors with respect to the flat background metric

03 O
n=10 0 |, 14=diag{,1,---,1). (6.5)
00149 d—2

It is obvious that [, l_# and f satisfy the generalized geodesic equation (3.12), because
I = du.
Substituting the above generalized KS ansatz into the equations of motion, we get

00 f + kO fO'f =0, (6.6)
and the nonvanishing component of (3.25) are

0,0 F 1 — 20, fO'F~ L =0,

eI (201 (72 9,V;) = ' (¢TI OK) ) + AkFT1O2f =0,
8;0;f =0, (6.7)

0;0uf =0,

— A Fji — 2607 fFj;) — 220, (e )0, F~1 = 0.

where F;; = 0;V; — 0;V;. From the third and fourth equations, we can restrict kf = ¢(u),
where ¢(u) is an arbitrary function of w.

It is shown that if we allow a linear dilaton term, b;z?, (6.6) should be modified to the
effective field theory for a noncritical string theory [53]. However, we shall consider only
critical string theory and set b; = 0.

Substituting kf = ¢(u) into (6.7), we get a set of equations

9,0 F 1 =0,
—0'0;K +20'0,V; + 4F '92¢ =0, (6.8)
—407 Fji + 40,00, F 1 = 0.

This is the same exactly with the equation (2.12) in [54].
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Now let us apply the strategies discussed in section 3.2. If we substitute the generalized
KS ansatz into (3.36), we have

OOF =0

—0'0; K +20'0,V; + 0,0,H (u,z") = 0,
—483]-}2- + 0,0;H (u, ") =0, (6.9)

20;0;F " + 0;0;H (u,z") = 0

D;0,H (u,z") = 0.

)

)

Here H = H(u,z") is a harmonic function, and satisfies 9'9; H = 0. From the last two
equations of (6.9), we determine H (u, ') = 4¢(u) — 2F 1. If we substitute the H (u,z?)
into (6.9)

o, F1 =0,
—~0'0;K + 20'0,V; + 40,0,0 = 0, (6.10)
—4 Fj; =0.

To be consistent with (6.8), there are two options: ¢ = 0 or F' = const. If we assume that
¢ = 0 and V; = Vi(2'), then the equations of motion implies F~! and K are harmonic
function and V; is the U(1) gauge field as discussed in [53, 54]. Therefore, this confirms
that the linear equations are enough to solve the equations of motion.

6.2 F1-NS5 system

To examine our formalism in the case of a curved background in section 4, let us consider
superposition of a number )1 of fundamental strings and @5 of NS5 brane system. We
wrap a number Q5 of NS5-branes on 7° along x5, - - - £9. The fundamental strings wrap one
of the directions of the torus along z° direction. The corresponding geometry is given by

ds? = ( dt2 + dx5) + Iy (dxl +ooF dm?l) +da? 4 - dad
—2¢ _
e = F Fy
gs71 (6.11)
Bys = F ;
Hzgkzewkla F57 iajak,l:1,27374
where €;;1,; is the flat space epsilon tensor and
167103 Q4 'Q5
=14 ——r—+5—, =1 6.12
1 + 2Vir? + (6.12)

here Vj is the volume of the T%. This geometry is the S-dual of the D1-D5 system, and it
is a particular case of the chiral null model with the conformal transverse background. In
this case, B,; does not have to be the same with g,;.

The NS5-brane background is treated as a background

d§® = —dt* + F5(do] + - - + daf) + dai + - - daj
,2(]5 _ gSF_l (613)
Hiji = €ijud'Fs, 4,5,k 1=1,2,3,4

where we put tilde for all the background quantities.
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Then using (2.32), we can read off the corresponding generalized KS ansatz
o=F -1, [ =dt+dxs, [ = —dt + dxs . (6.14)
Note that [, and Zu are orthogonal to the background 3-form flux, A Lwp
WH,y=1"H,W, =0, (6.15)

- _1
and ¢ = 7= of
f=0. (6.16)
Under the (6.15) and (6.16), the generalized KS field equations (4.22) and (4.23) are greatly
simplified

AL (T = 20,0) (9, = 20,6) ((1¥1) | = 0,

%[ (Vp - 28%5) VP (luly) — (VF = 28%) Viu(elpl) = (97 = 28%)@1/(@#[/))] =0,
(6.17)
where V, is the covariant derivative for the background metric (6.13). Thus these equations
are completely linear and it is straightforward to show that the generalized KS ansatz (6.14)
satisfies the generalized KS field equations for the curved backgrounds.

6.3 Charged black string

It is well-known that momenta and axion charges are interchangeable via T-duality [55]. For
simplicity consider a 5-dimensional (uncharged) black string and denote the longitudinal
direction along the string as y. Then the charged black string solution can be obtained
from the black string solution by boosting along the ¥y direction, which generates an off-
diagonal component of the metric, and then taking T-duality along y direction. The explicit
geometry is given by

2mS?\ 7! 2 2m\ !
ds2:<1+ mS) [—(l—?)dt2+dy2]+<l—;n) dr? + 12dQ,

.
C
Byt:<1+

(6.18)

)

S r

2mS2\ ! 2mS?
mS ) , 6_2¢ -1 + mS
r

where C' = cosh v and S = sinh a, and « is a boost parameter.
Let us start from the black string solution. It is a direct product of Schwarzschild
black hole and a circle S*

2M oM\
ds? = — (1 - r)dZQ + <1 - r) dr? + r2dQ? + dy?. (6.19)

where r is transverse radius. Using the conventional Kerr-Schild ansatz for Schwarzschild
BH in Eddington-Finkelstein coordinate, we have

- 2M
ds? = —dt* + dr? + r?dQ* + dy? — ke (df + dT)2 ) Kp=——"-, (6.20)
,
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where t = + (r* - r) and 7, is the tortoise coordinate defined

-1
- 1‘ . dr, = dr(l - 2M> . (6.21)

= 2M'1 —
Ty =T+ og oM .

Applying a boost along the y-direction, ¢t — # cosh o +ysinh o, y — £sinh o+ y cosh v,
we get
ds? = —df? + dr? + r2dQ% + dy® — mp(Cdf + Sdy + dr)2 , (6.22)

and the null vectors are identical, | =1 = C'di + Sdy + dr.
Let us take a T-duality along the y-direction. According to the Buscher’s rule for the
null vectors (2.54), the null vectors split into

| =1 = Cdt 4+ Sdy + dr, [ = 1'=Cdt — Sdy + dr, (6.23)

and [ -1 = —25%. The corresponding generalized metric and Kalb-Ramond field are

2\ —1 2
ds’? = <1+ 2MTS ) [— (1— 21‘4)01{2 + %d&ir - (1+ 2]\{,0 )dr2 + dyQ} +r2d0?

2\ —1 2\ —1
B,_(_C+2MCS<1+2MS> >d£Ady—2M5<1+2MS> s,
S r r r r
(6.24)

Here we have added —% to the B’ iy which does not contribute to the 3-form field strength.
Finally, we make a further coordinate transform ¢ = ¢+C (r* —7‘) and ignore the B'(1)

component which does not contribute to the field strength, we get the previous charged
black string geometry (6.18). Thus (6.18) is equivalent to the following generalized KS
ansatz:

2 22 2 2902 2

=— Q —_—

ds dt® +dr® +r°dQ” + dy +r N S2
, 2M

(Cdi + Sdy + dr) (Cdt — Sdy +dr),

(6.25)
In this example, the DFT dilaton vanishes, thus the generalized KS field equations become
linear.

7  Summary

In this paper we have generalized the conventional KS formalism to DFT and the corre-
sponding supergravities. We have introduced the generalized Kerr-Schild ansatz for the
generalized metric for DFT and represented it in terms of supergravity fields. The key
ingredient is the pair of null vectors. We showed by means of the null vectors that the
generalized KS ansatz satisfies the O(d,d) constraint automatically. The generalized KS
ansatz for the generalized metric is linear in the expansion parameter x, however, the
corresponding metric and Kalb-Ramond fields are nonlinear in k. We have analyzed how
Buscher’s transform acts on the generalized KS ansatz and showed that T-duality maps a
generalized KS ansatz to another generalized KS ansatz.
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The field equations for the generalized KS ansatz have been constructed from the
DFT field equations. The consistency condition requires that the null vectors satisfy the
generalized geodesic condition, which reduces to the conventional geodesic condition when
the two null vectors are equal. Even though the field equations are quadratic in k, it is
possible to solve the field equations by using the linear equations only. We showed that the
field equations can be always reduced to the linear equations by using the series expansion
of the DFT dilaton. It is remarkable that the supergravity equations of motion can be
solved by considering the linear equations only.

Based on the generalized KS formalism, we have shown how to extend the classical
double copy to the entire NS-NS sector. A pair of Maxwell equations are derived from
the generalized KS equation by contracting a Killing vector with the generalized KS field
equation, and each null vector is identified with different gauge fields. We have further
shown that the BPS equation of the supersymmetric Maxwell theory can be realized from
the Killing spinor equation by contracting a Killing vector with the Killing spinor equation
for the gravitino.

We have considered pure DFT, which consists of the massless NS-NS sector only, but
in general we can incorporate additional matter fields, such as Yang-Mills gauge fields,
the Ramond-Ramond field, fermion fields and various brane sources in string theory [62].
The present formalism can be extended to heterotic DFT and various M-theory exten-
sions [56-61]. To this end, we need to introduce a generalized KS ansatz for the generalized
metric for each theory. Especially, the generalization to heterotic DET [63] is straightfor-
ward, because the structure is almost parallel with conventional DFT. In this case we do not
have to consider additional matter fields, including higher derivative corrections [64-66],
since all the field contents are encoded in the generalized metric. Furthermore, it is also
interesting to consider the classical double copy for heterotic supergravity.

The other straightforward generalization is a dimensional reduction of DF'T and super-
gravities to lower dimensions. For the DFT/EFT side, various compactifications, such as
Kaluza-Klein reduction or the generalized Scherk-Schwarz compactification [67-73], have
been studied extensively, and it is possible to apply these results to develop the generalized
KS formalism for lower dimensional DFT and supergravities. It would also be interesting
to consider the classical double copy for the lower dimensional theories.
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A Conventional Kerr-Schild formalism

The conventional Kerr-Schild metric ansatz is given by

G = Juv + Kﬁbguﬁu (A.1)
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where g is a background metric satisfying the vacuum Einstein equation, and ¢ is a null
vector with respect to both g and g

Gl = 50,0, = 0. (A.2)

The virtue of this ansatz is that the inverse metric g"” is the same as the linearized
perturbation,
g = gt — kot | (A.3)

and the determinant is unchanged
det(guy) = det(gu) - (A.4)
The indices of ¢ are raised and lowered by both g and ¢ due to the null property
=gl = ghve, . (A.5)

One can show that the Christoffel connection 4%, for the Kerr-Shild ansatz (A.1)
satisfies the following conditions:

Vol = A0 VoLl =500 (A.6)

Consider a vacuum spacetime, which satisfies the vacuum Einstein equation, R,, = 0. As
a consistency relation, the contraction of /# with R, should vanish,

R M = —kgg”? (043 ,0,) (0PV ,l5) =0, (A7)

where V,, is the covariant derivative with respect to the background metric §. Assume
that both the background g and the full metric g satisfy the vacuum Einstein equation,
R, = Rw/ = 0, where R, and RW are Ricci tensors for the full metric and background
metric respectively. Then (A.7) vanishes and ¢ must satisfy the geodesic equation

4,0, = 19,0, =0. (A.8)
If we assume the ¢# is null and geodesic, the vacuum Einstein equation reads
R,, = kRW ,, + k2p0,PRY ,, =0, (A.9)

where R denotes the linear terms in ,
- (- 1.
RW,, = wp<vw (¢€,)0°) — 2vﬂ(¢euzy)> : (A.10)
Hence the Einstein equation is equivalent to R(1) v = 0.

B Semi-covariant formalism for DFT

In this appendix, we briefly review the basics of DFT and the semi-covariant formalism for
DFT [42].
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B.1 Double vielbein

The field content of DFT consists of the generalized metric Ha;ny and the DFT dilaton
d. The generalized metric H is an O(d,d) element and satisfies the constraint Jyn =
HMPJPQHQN, where J is O(d,d) metric. To be explicit, one can solve the O(d,d)
constraint in terms of the metric g,, and Kalb-Ramond field B, as follows:

v _ "B
HuNn = g v g ’:; . (B.1)
Bp9”" 9uv — Bupg”’ Bov

The DFT dilaton is a scalar density which is represented by

e M = /—ge % (B.2)

where ¢ is the supergravity dilaton.
The local structure group of DFT is given by the maximal compact subgroup of O(d, d)
possessing the Lorentz group O(1,d — 1)

O(1,d—1); x O(1,d — 1)z C O(d,d). (B.3)

We introduce a pair of local orthonormal frame {Vj;™, V3;™} corresponding to the O(1,d—
1)r and O(1,d — 1) respectively. They satisfy the following defining properties

V=PV, Vi tvt=P, VgV =1, (B.4)
V=PV, Vi'V'=-P,  V'gV=-—q, ‘
and are orthogonal to each other
(Vt)mMVMn =0, (B5)

where 7., and 77 are O(1, D — 1), and O(1, D — 1) g metric tensors respectively.

An important step to identify DFT with supergravity is to fix a parametrization of
the double-vielbeins in terms of supergravity fields. The above constraints can be solved
explicitly by assuming the upper half blocks are non-degenerate, and then the double-
vielbeins are parametrized as

1 (e—l)mu o 1 (é—l)ﬁm
V™ = — , V™ = — _ ], B.6
"= <(B€_1 + e>um> "= ((Bé-l o) B9
where e and e are two copies of the d-dimensional vielbein corresponding to the same
spacetime metric

en"evm =€, eum = Guv - (B.7)

One can check these relations by comparing (B.1) and (B.6).
The O(d,d) metric Jyn and the generalized metric H sy can be written in terms of

the double vielbein - -

IuN = Varm"™" VN — Varmil™"V'an

_ L B.8
Hun = Vam?™ VN + V™ Vi . (B8)
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B.2 Connection and curvature

The gauge symmetry for DFT is given by the generalized Lie derivative Lx which is
defined by

(ﬁxv)MN = XP8PVMN + (BMXP — 8PXM)VPN + (8NXP — 8PXN)VMP ,

X B.9
Lxd=XMoyd— %8MXM , (8.9)

The parameter XM consists of the ordinary diffeomorphism parameter £* and the one-form
gauge parameter A, for B, in an O(d,d) covariant way

XM = (e A} (B.10)
Closure and Jacobi identity of the generalized Lie derivative requires the section condition
oM F =0,  oyFOMF =0, (B.11)

where F7 and F3 are arbitrary functions on doubled space.

As for the covariant differential operator of the generalized Lie derivative (B.9), we
present a covariant derivative which can be applied to any arbitrary O(d,d), O(1,D — 1)y,
and O(1,D — 1)g representation as follows

where ® jfmn and @755 are double spin connections and 'z p is the semi-covariant DFT
connection [41],

Tpyn = 2(POpPP) iy + 2(Pa Py = PP ™) 0o Prp

4 _ _ (B.13)
— 55— (PriePn? + Pepas Pn?) (9gd + (PO PP) ()
The spin connections are defined by using the semi-covariant derivative
Drrmn = VNV Vv = VN0 Vvn + Tun eV VP
M MVN MVN MNP (B14)

Dprmn = VNV Ve = VN0 Vva + Cune VYV
Although these are not gauge covariant, we can form covariant quantities by contracting

double-vielbeins )

VMﬁq)an = ﬁ¢ﬁmn, (I)[pmn] ) q>ppm7
y . ) iy (B.15)
V5 p®rmn = ﬁ‘l)pmﬁ» Pppima) s P

It is possible to represent the covariant components of the DF'T spin connection in terms
of double-vielbeins

VMo®prmn = VMV 00 Vv, + VML VY o0 Vg — VML VY Low Vi,
VMp(i)Mﬁm = VMpVNmaMVNﬁ + VMmVNﬁaMVNp - VMﬁVNmaMVNp )
V@) = VY VY 000 Vi
VM[p(I)Mﬁm} = VM[mvNﬁa|MVN\p] )
VMRE o = 0M Vi, — 2V MOy,
VMTE ypon = —0M Vs + 2VM L00d .

(B.16)
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They can be represented in terms of supergravity fields

_ o oh
(I);Emn = €pWumn + 5 pmn = e'uﬁw ummn s

1 1
Ppmn) = Wulmn€"'p] + 5 Hpmn = & upmn€p) = 3 Hpmn

P, = ePwypn — 20,0

) 1 (B.17)
Dpimn = —€hWumn + o5 Hpmn = —e'p@™
= _ 1 _ _ 1
Cpmn) = ~Wumne’'p) + gHﬁm = 0T g — gHﬁmﬁ»
(i)ﬁﬁﬁ - —éuﬁa}ﬂpﬁ + 28ﬁ¢ .
- 1.
Oudo = 0u9 — 5’75u (B.18)
where 7 is the background Christoffel connection in GR.
Let us turn to the semi-covariant curvature tensor Sysnypg which is defined
1
SunpQ = §(RMNPQ + Rpoumn — FRMNFRPQ) ; (B.19)

where Rynvpgq is defined from the standard commutator of the covariant derivatives
Rynpg = 0T npg — ONTvpg + T Tnrg — Inp " Targ - (B.20)
We can represent Sy npg in terms of DFT spin connections
Runpo = Frgmn V" VN" + FpomaVu" V" (B.21)

where
Fun = O Ot + BB =
Fynmn = 0 ®Nmn — ONPrrmn — Pvm’ ®pn + Pnm’ @arpn
Even though Syrnpg is not a tensor with respect to the generalized diffeomorphism, we
can obtain tensors by contracting Sysypg with the projection operators. The generalized

Ricei scalar and tensor are defined
Sun = Pyt PP Sppsg, S :=2PMNPPRS, png, (B.23)

and one can show that these are covariant under the O(d,d) and generalized diffeomor-
phism. We can represent them in terms of the DFT spin connections

S = 40md",,, — 207, PO",, — 30", 4 PG,
(B.24)

1 _ _ _ _ L
Smﬁ = _5 (8mq)pﬁﬁ - apq)mﬁﬁ - (I)mﬁp(I> pqg — <I>qurL<I)qf)FL) .
where 0,, = V,,M0ys and 95, = Vi MOur
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