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ABSTRACT: The discovery of colour-kinematic duality has led to significant progress in the
computation of scattering amplitudes in quantum field theories. At tree level, the origin
of the duality can be traced back to the monodromies of open-string amplitudes. This
construction has recently been extended to all loop orders. In the present paper, we dis-
sect some consequences of these new monodromy relations at one loop. We use single cuts
in order to relate them to the tree-level relations. We show that there are new classes of
kinematically independent single-cut amplitudes. Then we turn to the Feynman diagram-
matics of the string-theory monodromy relations. We revisit the string-theoretic derivation
and argue that some terms, that vanish upon integration in string and field theory, provide
a characterisation of momentum-shifting ambiguities in these representations. We observe
that colour-dual representations are compatible with this analysis.
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1 Introduction

It is truly surprising that, more than sixty years after the basic principles of quantum field
theory have been spelled out, we continue to discover profound facts about its perturbative
expansion. The discovery of colour-kinematic duality [1, 2], for instance, provided a new
way to organise the perturbation theory, which reveals a network of relationships between
a variety of gauge, gravity and scalar field theories.

As a consequence of this duality, the number of independent tree-level colour-ordered
amplitudes for n gluons turned out to be (n — 3)!, whereas colour structure alone gives
(n — 2)! [3]. This aspect of the duality is beautifully explained via string theory by the
monodromy properties of open-string amplitudes [4-6] and also in a Feynman-diagram con-
text [7]. The duality holds in various settings [8-16] and up to the fourth loop order [17, 18].
However, its extension to all orders [2] remains conjectural, and a modified implementation
including contact terms has been proposed [19] to tackle the five-loop question, similar in
spirit to the construction of [5].

In [20] two of the present authors have generalised the open-string monodromy relations
to the multi-loop case and proposed corresponding explicit formulae. That construction
generalised some relations for one-loop integrands made earlier in [21-25]. Implications for
the colour-kinematic duality itself were left open: the purpose of this paper is to study
some of these at the one-loop level.

We start by formulating in section 2 a different formulation of the monodromy relations,
based on single cuts of field and string theory amplitudes. This leads us to some relations
between regularised forward tree-amplitudes, somehow similar to these of [26, 27] based on
the Cachazo, He and Yuan formalism (CHY) [28, 29]. These relations involve the forward
limit of the so-called momentum kernel [30]. The equivalence between this formulation and
the one of [20] is shown later on in section 4. Our main results are the following:

e We compute the co-rank of the momentum kernel in the forward limit: it increases
from (n — 1)! to (n — 1)! + (n — 2)! + 2(n — 3)! independent regulated (n + 2)-point
forward tree amplitudes. We identify three classes of independent tree amplitudes
in the forward limit. These classes play a role in amplitudes where non-planar cuts
are needed.

e We derive the forward monodromy relations from the monodromies in string theory.
We re-interpret these monodromies, which actually produce exact integrand relations
in the field-theory limit, by providing a precise form for the ambiguities that vanish
upon integration in field theory. We explain the connection between such relations
and the Bern-Carrasco-Johansson (BCJ) identities for forward tree amplitudes.

e We further show on a few examples how these integrand relations are always satisfied
if a colour-dual representation! of the loop amplitude exists. This is bootstrapped

!Colour-kinematic duality [1, 2] requires that the kinematic numerators of a gauge-theory amplitude
satisfy (or can be massaged to satisfy) the same algebraic relations as their corresponding colour factors,
for example, kinematic Jacobi identities. The duality-satisfying amplitude representation is then called
colour-dual.



up to a consistency constraint on the form a string-theoretic integrand that would
produce colour-dual kinematic numerators. We observe the natural appearance of
higher-order Jacobi-type relations.

We also present two appendices. In appendix A we give details on the way to perform
the forward limit. In appendix B, we check that the monodromy relations hold to the first
order in o for open-string at one loop. At the same time we solve the apparent discrepancy
between the results of [20] and [31] by showing that it amounts to the different definitions
of the branch cuts of the complex logarithms. Once this is taken into account, agreement
is obtained.

2 Single cut of one-loop amplitudes in field and string theory

2.1 Single cut and forward tree amplitudes

In this section we discuss the reconstruction of one-loop amplitudes from single cuts. In
the process we set up our conventions for the rest of the paper.

In any local unitary quantum field theory, for any number of spacetime dimensions,
the Feynman Tree theorem [32, 33] expresses one-loop amplitudes as integrals of tree-level
amplitudes. The theorem prescribes to sum over all possible ways of cutting an internal
propagator. Its application to construct one-loop amplitudes [34] can be aided by using
MHYV vertices [35]. In [36] it was further shown that a one-loop amplitude can be obtained
by integration of the single-cut amplitude over a special contour. This amounts to a change
of the ie-prescription in the propagator, which is equivalent to the Feynman Tree theorem
and is the basis of the “loop-tree” duality method [36-40].

Moreover, in [41-43] it was shown how a QCD amplitude can be calculated by taking
single cuts in D = 4—2¢. We follow the logic of these works for relating one-loop amplitudes
and their single cuts.

Consider a colour-stripped n-point amplitude in D dimensions,

Agzl)(plv s ,pn) = /thEj:/’Ef)’
Hi:() di

with € > 0, p1._r :=p1 + -+ + pi, and the momentum conservation condition is pi._, = 0.

/d‘DE = /(SZ:)ED (2.2)

The single-cut operator 5512 acts by replacing, in the integrand of the one-loop integral, the

propagator d; between the legs p; and p;11 by the operator 27T5(+)((€ + 1) — m?) =

2m8((€+ p1..4)? —m3)O((L + p1..4)°), so that

di = (€ +p1..i)> — m; + e, (2.1)

The loop measure is defined by

S5 AN (p1,. .. pn) :Z/CTD€ 28N (d) AL (41 iy Pists - s Prtis —(L+P1.40)), (2:3)

where the single-cut amplitude reads

_ N()
dodi -+ di—idip1 - dp—1

1-cut
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(2.4)



By shifting the loop momentum we rewrite the cut propagator as d; = ¢? — mf and the
single-cut operator of one-loop integral reads

54 A (pr, .. pn) = / aPt 2w6 (0 —m2 ) AT (o pisas iy —6), (25)

where the external-particle labels are understood modulo n.
The one-loop amplitude is also expressible in terms of irreducible numerators [44]:

AD(py, ... pp) = Z Z /d‘Dé e ’“ E) (2.6)

T < <lip ir

where the index r runs over all possible irreducible topologies. For instance, in D = 4 — 2¢
we have r = 5 for pentagons, r = 4 for boxes, » = 3 for triangles, r = 2 for bubbles
and r = 1 for tapdole integral functions [45, 46]. Each irreducible numerator A;, _;, is
obtained by computing residues on the locus of vanishing of its corresponding r propagators,
d;, = ---=d;, =047, 48]. There are up to ﬁ massive r-gon integral functions in an
n-point amplitude.

The single cut of a one-loop amplitude with propagator d; removed then decomposes as

Ay, (£)

AVES U+ pris Pigts - - - Prgis — (L4 D1.3) Z Z d: ...d;
11t -1

roa<ip < <lp—1

(2.7)

In other words, only the master integrals that have a propagator between the legs p;
and p;41 contribute to the single cut. Such a single-cut amplitude can be further cut to
gradually obtain all its irreducible numerators. In this sense the knowledge of the single
cuts of a one-loop amplitude allows to reconstruct it in full [41-43].

It is tempting to identify a single cut A}lﬁgt (¢, p1,...,pn, —¢) with the colour-stripped
tree-level amplitude AZ$S (¢, p1, ..., pn, —£) in the forward limit, summed over the particle
crossing the cut. However, such a forward limit is divergent. Indeed, if we choose to
parametrise the (n + 2) on-shell momenta with a complex parameter z such that the last
two momenta

@2 = pny1(2) —> —¢, q1 = pny2(2) — ¢, (2.8)
z—0 z—0
depend linearly on z, then there are two types of singular contributions:

1. single cuts of bubbles on external legs contain 1/(q1 + g2 + p;)? 7 0(1/z),
2

2. single cuts of massless tadpoles, depending on the propagator structure, such dia-
grams diverge as 1/(q1+¢2)? — O(1/2?), or even as 1/((q1+¢2)?*(q1 +q2+pi)?) 5
z z
O(1/23).

The corresponding diagrams are depicted in figure 1 (also see e.g. [49, §7.1]). Neither
of these divergences can arise from the single cut, because they correspond to cuts of
the propagator renormalisation or wave-function renormalisation of external legs. Such
divergences cancel in supersymmetric gauge theories [34, 50, 51]. Nevertheless, they are
present in forward tree amplitudes simply at the level of Feynman graphs.
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Figure 1. Wave-function renormalisation and tadpole graphs divergent in the forward limit.

One could in principle remove such diagrams [52, 53], at the expense of losing gauge
invariance. Another way is to regularise the forward limit [43] and then extract the regular
part of (n + 2)-point tree-level amplitude:

AV (0, p1, .y~ + 24) = % + % + % + AT (0pr, . p—0) + O(2). (2.9)
The precise value of Aﬁlr_iez depends on how the forward limit is taken and is therefore
scheme-dependent. The forward-limit parametrisation that we use in the massless case is
detailed in appendix A. However, it is clear that if we compute any unitarity cut corre-
sponding to a non-zero topology by cutting any further propagators, then the divergent
contributions and any scheme dependence will be projected out. In other words, such
contributions have zero physical cuts. Therefore, we are allowed to identify the regu-
larised finite part of the forward tree amplitudes with the single cut of the propagator
do = £?> + ie = 0. We thus have a decomposition for the state-summed forward tree

N 7 A By V4
S DA () =Y Y RO g )

d;,...d;
h o< <ip_y =1

Taking residues of the forward tree amplitude with respect to the loci d;, = d;, = d;; =0
then gives the numerators Ag;, . ,(¢), in the same way as the conventional quadruple
cut [47] defined by dy = d;, = d;, = d;; = 0 of the one-loop amplitude. Similarly, residues
with respect to the loci d;; = d;, = 0 match the triple cuts defined by dy = d;;, = d;, =0,
and so on. All the information about the irreducible numerator of the one-loop amplitude
is contained in its (regularised) forward tree amplitudes.

The forward tree amplitude /lf{j% in eq. (2.10) lacks contributions from the one-loop
integral functions that do not contain the propagator dg between p; and p,,. There are hence
only % i
course, the full set of one-loop numerators (and the integral coefficients therein) is recovered

rreducible numerators for r-gons in a given ordered forward amplitude. Of

by considering all the external-leg permutations of forward tree amplitudes.

2.2 Single cut of one-loop string amplitudes

Cutkosky rules in superstring field theory have been recently revisited in [54, 55], but not
from a worldsheet perspective. In this section we aim at doing so, as it will be needed later
in section 4.

Intuitively, it is clear a single cut of a one-loop string theory diagram should produce
a diagram with tree-level topology and two additional states. So we start by inserting a



cutting operator in a one-loop open-string amplitude of the form (¢2 —m?)§(¢2 —m?) ©(¢°).
We will then prove how this forces the integration of the moduli of the annulus to localise
onto the pinched annulus, which is a disk with two points identified. In the ambitwistor
formulation [56-58] of the CHY formula [28, 29], this localisation is automatically imple-
mented by the loop-level scattering equations [59-61]. For us here, the process is different
— we really look specifically at the cut of a string amplitude.

We start with a generic bosonic open-string amplitude in the representation where the
loop momentum is not integrated [62] (the notation and conventions follow [20])

04’,8 / dt/d—Df/dn 1 e~ T 1€Z2—2z7ra’ZX:1 1Di Vi
alﬁ

— f— / . —
% H f(e 27rt,V7- —Vs) X e Q' pr PsG(Vr l/s),
1<r<s<n

(2.11)

where the domain of integration A,z is the union of the domains of integration specified
by 0 < Sm(vy1)) < -+ < Sm(vyp)) =t for Re(y;) = 0 and ¢ > Sm(vgpyr)) = -0 >

Sm(vg(n)) > 0 for Re(v;) = 1. The non-zero mode part of the Green’s function is given by

G(v) = —log 191EVW) ~ log sin(rv) 42 A sin? mry)’ (2.12)

n
n>1

where we have set ¢ = exp(—2nt). Note that since we have introduced the loop momentum,
there is no zero-mode contribution to this Green’s function.

Now we consider the insertion of the single-cut operator o¢?6(a/f?)©((°) :=
o/ 026 (o/0?) in the integrand, and we shall show that the integration localises at the
pinched surface, which is given by the infinitely long annulus for which ¢t = oco. In the
one-loop amplitude with the insertion of the single-cut operator,

Atalp = [aP [Tan [ty emrenet e S g
Aalp

(2.13)
< I e v, —v,) x e Pps Glrs),

1<r<s<n

the second line has a g-expansion due to the excited string modes propagating in the loop.
Formally, integrating over the v; variables leads to an expression of the form

Oz‘ﬁ prOJ _ /d‘DE / dt 0/52 /£2 ZC —7ro/f2t—27rnt. (2'14)
n>0

We can then reabsorb the loop-momentum dependence of the exponential by rescaling the
proper time ¢:

proj __ -D af d ) —nt
A(a|B) /dt/d 14 g ’62 | g o ) € (2.15)

The delta-function insertion projects the integral on the n = 0 sector,

o0 /
A(a|B)Pr! :/0 dt/dDM(*)(a’E?)co (3;2) e . (2.16)




This final expression is identical to what would have happened if we had chosen the
leading term O(1) term in the g-expansion. This is effectively equivalent to having set
q = 0 & t = 400 in the one-loop single-cut string integrand, which eventually proves our
initial claim.

3 Momentum kernel in the forward limit

In this section we study the monodromy relations satisfied by the colour-stripped forward
tree-level amplitudes in gauge theory.
3.1 Momentum kernel

Colour-stripped open-string disc amplitudes (denoted by a calligraphic .A4) satisfy the fol-
lowing fundamental monodromy relation [63] (with py..s =Y ;. p;)

n+1
Agj—%(plap% s 7pn+2) + Z e pl'pz---iAgj_%(p% ceey P15 7p'n+2) =0. (31)
=2

position ¢

Such relations, obtained by circulating a single momentum p;, generate all the monodromy
relations between the open string amplitudes [4-6]. The external states can be massive or
massless, because, as explained in [64], monodromy relations between tree amplitudes are
generic properties common to any tree amplitude independently of the details of the theory.

From now we set ¢1 = pn+2 and g2 = pp+1. These momenta can be massless or massive
and satisfy the momentum conservation relation

P14+ Do = —q1 — Q2. (3.2)

The amplitudes being real, taking the real and imaginary part of (3.1) simply amounts
to taking cosines or sines from the phases. In the limit of infinite string tension, o/ — 0, one
obtains relations between colour-ordered field theory amplitude A(q1,p1,...,Pn,q2) and its
external-leg permutations.

The leading order-o/ contribution of the real part of (3.1), using that cos(a/p - q) ~ 1,
leads to the photon-decoupling identities

n+1
Agi%(leph])Q?"'apn?qz "‘ZAZE% p27"'7 D1 7"'7pn7QQ7q1):O7 (333‘)
position
n+1
Atree Atree =0 3.3b
n+2(‘]1ap17p27"'7pn7q2 +Z n+2 p17"'a q1 7"'>pn7QQ)— . ( )
=2 position ¢

Furthermore, since sin(a/p - ¢) ~ o'p - ¢, the imaginary part of (3.1) at leading order in
o/ leads to so-called fundamental BCJ relations [65] that imply the full range of the BCJ
kinematic relations [1] between gauge-theory amplitudes. Circulating the momentum p;

Z p1- (@ + pai) ARSS (2,0 D1 seee Py g2,q1) =0, (3.4)
=1 position ¢



or circulating q1

n
Z q1 - P14 A%rj—%(plv ceey G155 P, q2) = Oa (35)
=1 position 341

and circulating g

n—1
quAﬁ%mﬂmmwumw+§:%(m+MWﬁﬂ$@huw 42 5---3Pn,q1) =0. (3.6)
i1 N

position i+1

These relations generate all the monodromy BCJ relations satisfied by the colour-ordered
amplitudes. The resulting equations are concisely rewritten using the momentum-kernel
formalism [30]. The power of this formalism is that in addition to the BCJ relations
it provides simultaneous and gauge-invariant treatment of the KLT construction [66] for
gravity amplitudes out of gauge-theory amplitudes. Because of the two marked momenta

q1 and g2 we have three kinds of momentum kernels and corresponding kinematic relations.

e Monodromy relations acting only on an external momentum p; and neither ¢; nor gs:
Z 8[0(17 cee 7n)‘6(17 v 7n)]QQA£Lr<eF62(Q17 U(pl) cee 7pn)) QQ) = 07 (37)
ceG,

where &,, is the set of permutations of n elements, § is any permutation of legs
1,...,n, and the sum runs over all permutations o of these legs. The momentum
kernel S is given by [30, 67, 68]°

n

Slo(L,...,m)B(L,. .0 =[] (q Do) + 04(0, 5)), (3.8)
=1
where the quantity ©;(c, 8) is defined by
0i(a,8) = Y 0(c(), B(4)) P - Pa()- (3.9)

j=i+1

Here 6(i, 7) is 1 if the ordering of the legs 7 and j is opposite in the sets {i1, ..., it} and
{j1,-..,jr} and 0O if the ordering is the same. Moreover, the reference momentum ¢
should not belong to the set {1,...,n}, hence ©;(o, 5) does not depend on g¢;.

e The monodromy relations acting on one of the special momentum, say ¢1,

Z S[J(QI7 27 oo 7n)’6(QI7 27 v 7n)]lI2A£Lr—€|>—62(plv U(q1ap27 v 7pn)7 q2) =0. (310)
0'6671

2There is some freedom in the expression for the momentum kernel due to the various different ways
of organising the KLT relation between closed-string amplitudes and open-string amplitudes [66]. In this
work we follow the contour deformation used in [30] which leads to flip in the ordering of the legs in the
right-moving amplitude compared to the left moving amplitude as given in [30, eq. (2.16)]. A different
ordering of the leg in the right-moving amplitude will result in a different form for the momentum kernel as
used for example in [29, 69, 70]. These different forms are equivalent since they lead to the equivalent linear
relations between the colour-ordered gauge theory amplitudes, and the same gravitational amplitudes.



e The monodromy relations moving both special momenta ¢; and g

Z S[U(Q2,Q1,27~ N 1)|ﬁ(q27qla2a" = 1)]p1

ogeS,
x AT (Dn, 0(g2, g1, 02, - - -1 0n)yp1) = 0. (3.11)

3.2 Forward limit of the fundamental monodromy relation

Now we consider the forward limit of the monodromy relation (3.7). It is obtained by
taking the limit ¢; + g2 — 0 so that p; +---+p, = 0. We set ¢ — ¢ and ¢o — —/.
Care must be exercised when taking the forward limit as the tree amplitudes can develop
divergences.

If the forward limit is parametrised by a parameter z — 0, the discussion of section 2.1
implies that the tree amplitude develops at most third-order poles in z:

lim A (q1,p1, - Pas@2) = S5 + 5 + o AT (P, —0) + O(2). (3.12)
The momentum kernel is a polynomial in the loop momentum. It does not have poles and
has a z-expansion of at most second order in z for fundamental monodromy relations, and
at most of the order 2" for the momentum kernel in eq. (3.8). The forward limit of the
monodromy relation (3.7) reads

(5(5) +28W (1) +228@) () +238®) (€)+O(z4)> <j§’ + % + % + Atres 4 (’)(z)) —0,
(3.13)
leading to the system of equations
S(l)az =0, (3.14a)
S()az+SM () az =0, (3.14b)
S0 a1 +8M W) ag+SP () az =0, (3.14c)
S(0) A" + S () oy + 8P (0) ay + SO () az = 0. (3.14d)

The last equation shows that the finite part of forward tree amplitude satisfies an
inhomogeneous monodromy relation of the form

S(0) ASS = Ruta(0). (3.15)

where Ry o is defined in terms of the & () and «;. For the case of the fundamental BCJ
monodromy relation we have

n

S g1 (4 02t) AT s 1 e b —l) = Buapree o opnl), (3.16)
=1 position 4

with equivalent statements, mutatis mutandis, for the forward limits of (3.10) and (3.11).
Since the modified relation (3.16) depends on the regularisation used to extract the
finite part, we need to analyse the effect of the regularisation on the monodromy relations.



As explained in section 2.1, the residues of the regularised forward tree amplitudes give
the same residues from the multiple cut of the one-loop amplitude. The right-hand side
of the regularised monodromy relation (3.16) does not contribute the residues because the
divergences arise only from the tadpole and wave-function renormalisation contributions
in figure 1. Therefore the monodromy relations between the various residues and thus the
irreducible numerators are independent of the regularisation and non-ambiguous.

It is interesting to note that there exists a regularisation for which R, 12(p1,...,pn, ) =
0. This is the one used for the partial amplitudes a(pi,...,pn, —, +) in [26, 27, 60] which
are regulated using the Q-cut prescription [71] or the CHY prescription [60, 72, 73]. It is
shown in these works that the partial amplitudes satisfy the fundamental BCJ monodromy
relations (3.4) with a vanishing right-hand side. Moreover, A" = 4 super-Yang-Mills ampli-
tudes are completely free of forward-limit singularities [34, 50, 51]. From now on we will
assume that our forward tree amplitudes are regularised in the way that preserves the form
of the fundamental BCJ relations.

3.3 Fundamental monodromy relations at one loop

Now we assume that the fundamental monodromy relations in eq. (3.4) (and its permuta-
tions) hold for the forward tree amplitudes:

n
> o (Ot pri) AT (p2y oy 1o Py =L 0) =0, (3.17a)
=1 position i
n
D lpi ATy Ly pn—0) =0, (3.17b)
1=1 position ¢+1
n—1
Sl (Ut pr) ASSrs. .y =L b ) = AT (L —Lopr, .., pa). (3.17C)
i=1 position i+1

Since at one loop there are only two special legs, with the incoming and outgoing loop
momentum, one can find monodromy relations amongst single cuts of planar graphs only.
The forward limits of the monodromy relations in egs. (3.17b) and (3.17c) mix single cuts
of planar and non-planar amplitudes. But since one can always express the field-theory
non-planar amplitudes as a combination of planar amplitudes [74], we do not have to study
these equations in too much detail. Of course, at higher loops the non-planar contributions
cannot be avoided [20].3

An explicit solution of the monodromy relations between tree amplitudes expressing
the amplitudes A:{fﬁ (¢, cr, p1, B, —F) in the minimal basis of (n — 3)! amplitudes with leg 1
next to £, Affi%(ﬁ,pl,'y, —{), can be read off from [1, eq. (4.22)]:

|ov|
Atree Atree F opyer;
A:l-‘rQ(g?a)leB? _E) = Z A:’H-Q(Evplaaa _E)H E( )7 (318)

S )
seS(a)ws i1 Loy ...

3The integrand monodromy relations in string theory [20, 31] relate planar and non-planar amplitudes
by distributing the external legs on the various boundaries of the open-string amplitude. It should be
noted that these relations do not change the master topology of the open-string vacuum graphs but just
the position of the external legs inside a given topology.

~10 -



where « is a short-hand notation for the permutations of the external legs py(2), - - Pa(r),
j3 for the permutations of the external legs pg(,41), - -,Pg(n)- The sum is over the permuta-
tions v running over the shuffle products between 5 and the permutations of a.. There are
at most (n — 1)! terms in the expansion in agreement with the dimension of the minimal
basis for colour-ordered amplitudes. The kinematic factor Fy(o, (7)) is given by

—Stay..0i 1 ifo,” <o, I < aoél+1
s ifool >o-l>o-1
Zoq...ai a1 a Q41
Folo ) = =S10, — D Saue; — o . (3.19)
;€7 N (e, UB) Sta; + Zajeai Sajoy if Ta; 2 Oa; 1001

0 else

Here by 0;(12.) we denote the position of leg (i) in the set ¢, and & and ¢, are the subsets
of o comprising the elements that precede or follow «(i), respectively. The special cases
for non-existent elements of a as follows

-1 . -1 -1 ,_
To(0) = Taf2) T o(laf+1) = O- (3.20)

Here we have adapted the expression given in [1] to render the dependence on legs
¢ and —/¢ explicit. Other colour-ordered amplitudes are mapped to the minimal basis by
a combination of Kleiss-Kuijf relations [3, 75] and the monodromy relation given above.
Note that although this solution’s denominators are not divergent in the forward limit, this
is not true for the entirety of the momentum kernel.

3.4 Forward limit of the momentum kernel

In the forward limit where ¢ = —¢2 = £ so that p; + --- + p, = 0, the momentum-kernel
relation (3.8) is a polynomial of degree n in ¢ of degree at most linear in each ¢ - p; with
1<t <n,

S0 =Slo(L,...,n)BA,...,n)e =[] (¢ poiy + ©ila.B)) , (3.21)
=1

where 0;(0, ) is defined in (3.9), and it is important that this quantity does not depend on
the momentum £. Since in the forward limit the reference momentum is £ and permutations
are acting on all the n other external legs, we use a short-hand matrix notation S(¢), 3.

In the forward limit, we find that due to the kinematical constraint p1 +--- +p, =0
the momentum kernel degenerates, and its rank decreases. For massless momenta pl2 =0
we computed numerically that

dim Ker(S(0)) = (n—3)!(n®* =2n+2) = (n— )! + (n — 2)! + 2(n — 3)!, (3.22)

see table 1. Moreover, we find the same dimension for the forward limit of the full momen-
tum kernel in string theory

Hsm (¢ pi+ ©4(0,8))) . (3.23)
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n 4 5 6 7 8 9 generic n

dim Ker S, 12, 6 24 120 720 5040 40320 | (n —1)!

dim Ker S(¢) (3.21) 10 34 156 888 6000 46800 | (n —3)!(n? — 2n +2)
dim Ker § (3.26) or (3.27) |2 4 12 48 — — 2(n —3)!

Table 1. Dimension of the kernel of the momentum kernel at n + 2 points and in the forward
limit. The first line gives the dimension of the kernel before taking the forward limit. We have
numerically checked the rank for n = 4,5,6 and 7. Since dim Ker (3.21)/(n — 3)! cannot be more
than a quadratic polynomial, three numerical points are enough to confirm the formula.

We propose the following interpretation. There are (n + 2)! different orderings of the
amplitudes including the permutations of the special forward legs £ and —/¢. In the forward
limit some monodromy transformations vanish and leave more independent amplitudes
characterised by the position of these special legs. Before taking the forward limit one
expresses all colour-ordered amplitudes as a linear combination of elements in the basis

tree

composed of A}'%5(q1, p1, o, g2), where o € &,,_1 is the set of permutations of n—1 elements.
In the forward limit this basis is composed of the single cuts of planar one-loop graphs

By_1(a) == AT (4, py, o, —0), a€ G, 1. (3.24)

Normally, for any choice of three momenta ki, ks and ks amongst {q1,q2,p1,.-.,Pn},
any colour-ordered tree amplitude Af{_‘i%(kl, a, ko, B, ks, ), where the disjoint union of the
permutations «, 5 and < runs over the permutation of n — 1 momenta &,_1, can be
expanded in the minimal basis Aﬁfj%(kl, k2,0, ks), using a combination of Kleiss-Kuijf re-
lations [3, 75] and the BCJ mapping given in [1, eq. (4.22)].

In the forward limit one needs to make the forward momenta special, and the choice of
the three fixed momentum affects the monodromy relations. Some forward tree amplitudes
become independent, depending whether the forward loop momenta are fixed or not. This
is due to the vanishing of some coefficients in the monodromy relations. This happens when
the BCJ map in [1, eq. (4.22)] develops a pole. The following two classes of regularised
forward tree amplitudes cannot be related by a BCJ transformation to the element of

basis (3.24)

lgn“Q((y) = fi%€$§(€7]717617__67]7n)7 [eAS 657p—2, (3.2533)
B7]7:7 Q) = A%ree ) ,OZ,E, _€7 n)s a € Gn— 3

: 3() At:ere2<]91 P2 Pn) 3 (3.25)
Bn—?)(a) = An+2(p1,p2, «, —f,f,pn), a € 6,3,

There are (n — 1)! elements in eq. (3.24), (n — 2)! elements in eq. (3.25a) and 2(n — 3)!
elements in eq. (3.25b). The sum of these dimensions equals to the one given in eq. (3.22).
Notice that all the forward amplitudes in the sets B,_1(a), Bl _;(a,) and B2_;(«) arise
from the single cut of planar one-loop amplitudes. The amplitudes in the set B,,_s(«) arise
from the single cut of non-planar one-loop amplitudes.

The dimension in eq. (3.22) provides an upper bound on the number of partial one-
loop amplitudes. For purely gluonic amplitudes in QCD and N = 4 super-Yang-Mills
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amplitudes at one loop, the planar cuts are enough. We can always consider single cuts
that can be expressed on the minimal basis (3.24). For amplitudes with multiple flavoured
matter particles in the fundamental representation, it is not yet entirely clear if non-planar
cuts may be avoided as well. It would be interesting to determine the interplay with
colour-kinematics duality for fundamental matter [10, 13] and understand if some single
cuts need to be expressed in the basis (3.25a)—(3.25b). For instance, the Kleiss-Kuijf
relations [3, 10, 13, 75] on non-planar cuts involve the planar cuts in (3.25b). We note, as
well, that the monodromy relations at higher-loop mix planar and non-planar cuts.
For the amplitude relation (3.10) the momentum kernel is

S[—0,2,...,n|B(—L,2,...,n)] = (—122 - i:f-pie(l,i)> f[ (ﬁ-pi +§n:pi pj H(i,j)>

i=2 j>i
(3.26)
and for the relations (3.11) the momentum kernel is

S[Ea _5737 cee ,7’L|/B(£, _6737 o )n)]pl = H (pl *Pi + Di p] 6(17.]))

=3 5>
Y <p1 - r00(1,2) +Zﬂpﬂ<1,j>) (—m VI T 0(2,j>>. (3.27)
j=3 j=3
We recall that 6(i, ) is defined below eq. (3.9). We find that both these momentum kernel

have dimension 2(n — 3)!. This is the dimension of the basis of amplitudes in B! _;(a) and
B2_4(a) in (3.25b).

3.5 Monodromy relations and one-loop coefficients

The monodromy relations imply that we can express the forward tree amplitudes in the
minimal basis of forward tree amplitudes B = { BI**®(¢)}

dim(B)
AT (o (b1 pns —0) = Y (£) BI(0). (3.28)
r=1

The coefficients ¢Z(¢) are explicitly known by solving the solving the monodromy relations
(cf. [1, eq. (4.22)]).

The dimension of the kernel of the momentum kernel S(¢) in (3.21) gives an upper
bound on the dimension of the minimal basis dim(B) < (n — 3)!(n? — 2n +2). The forward
tree amplitudes A;Lrj% (¢,0(p1,...,pn), —¥) can be expressed in the basis (3.24) of dimension
(n — 1)!. This is enough for the single cuts of planar one-loop amplitudes.

We have explained in section 2.1 that the forward tree amplitudes contain all the
information about the irreducible one-loop numerators A;, ; (¢). Therefore the number
of independent one-loop irreducible numerators is given by the number of independent
numerators in the minimal basis of forward tree amplitudes. Each of the numerators
contains a one-loop integral coefficient that is non-spurious. So far our analysis provides
an upper bound on the number of one-loop integral coefficients, it would be interesting to
refine this analysis to obtain the optimal number of kinematically independent coefficients
along the lines of [76, 77].
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4 Field-theory monodromy relations from string theory

In this section, we turn to the one-loop string-theory monodromies of [20] and their field-
theory incarnation [21, 22|, see also [78].

In the previous sections we have studied the kinematic relations on single-cuts obtained
from the monodromies of forward tree-amplitudes. In section 4.1 we re-derive the forward-
tree monodromies starting from the string-theory loop-monodromies. In section 4.2, we
describe an important consequence of the string theory monodromies concerning the colour-
kinematic duality. First we explain how they actually give exact information about inte-
grands even before integration. We do this as a first step toward a better control over the
ambiguities in the labelling of the loop momentum when considering integration-by-parts
identities [79-82]. We then illustrate this point by explaining how the BCJ relations are
compatible with these field-theory monodromy relations obtained from string theory.

4.1 Loop integrand monodromy versus forward-amplitude monodromies

The field-theory limit of the integrand relations in string theory leads to the relations that
were previously derived using field-theory techniques in [21, 22]. The first-order string-
theory contributions are discussed in detail in appendix B.

The one-loop fundamental monodromy relations between planar and non-planar open
string integrands, A(pi,, ..., pi.) and A(piy, ..., Pi.|Diys- - - Di,) reads

n—1 )
St ) Ay, p ) = €T A, palpr). (A1)
i=1 L .

position 7

It was argued in [20] at the first order in o’ these relationship lead to the one-loop planar
integrand relations in field theory

n—1 7
p1-<€+ p-)I(pg,..., D1 5e-sPn) = 0. (4.2)

position

The notation “~ 0” means that, in field theory, the relations are valid up to contributions
that vanish upon integration of the loop momentum [21, 22]. We show in section 4.2.1 that
the string-theoretic construction actually determines the form of the terms in the right-
hand side of eq. (4.2). This implies that the relations can be thought of as exact integrand
relationships.

At this stage, eq. (4.2) seems different from the forward tree monodromy rela-
tion (3.17a). The latter involves n terms, whereas the former contains only n — 1. So,
first of all, we need to show how to relate both constructions.

The derivation of the monodromy relations in [20] was based on applying Cauchy’s
theorem to the open-string integrand in a loop momentum representation (crucial for holo-
morphy). We shall use the example of a five-point amplitude where 1 is circulated around
the worldsheet boundary. The contour we study is pictured in the left-hand side of figure 2.

At this point, strictly speaking we depart from the computation of [20]. We will follow
the same reasoning, but applied to the single-cut of the one-loop amplitude, instead of
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Figure 2. Mapping of the annulus to the plane with 2 = 2™ in the ¢t — oo limit. In the reduction
of the blue contour onto the real axis, a singularity at x = 0 is encountered.

the full string amplitude. These were defined in section 2 by the insertion of a §(*+) (%)
operator. We proved there that this induces the annulus to become an infinitely long strip.
Via the exponential map v — z = exp (2imv), we send the strip to a portion of the upper-
half plane, as shown in figure 2. The segments of the integration contour are therefore also
mapped on the upper-half plane.

The substance of the original monodromy-relations came from the vertical integration
contours. In the present five-point planar example in eq. (4.1), the Re(r) = 0 contour gives
rise to (p; - p;j)-type phases in contrast with the Re(r) = 1/2 contour C, which gives phases
dependent on the loop momentum. However, since we now consider the monodromies of
the single cut integrand, i.e. with the 6(*)(¢?) function inserted, the boundary terms have
a different fate than in [20].

4.1.1 String-theoretic boundary terms

The original string theory monodromies were based on discarding the A and B contours.
This was justified because the two integrals only differ by a shift in the loop momentum.
Namely, denoting Z(¢) the integrand of the string amplitude A being integrated along the
closed contour, it was shown in [20] that

()], = Z(+p1)] (43)

These terms vanish after integration over the loop momentum. We explicitly checked in [20]
for N' = 4 super-Yang-Mills that the numerators produced by the loop-momentum pre-
factors in eq. (4.2) cancel box propagators pairwise and produce six triangles, which cancel
pairwise after a shift of the loop momentum.

Disregarding this cancellation, the application of Cauchy’s theorem on the closed con-
tour of figure 2 actually says that the left-hand side of eq. (4.2) is given by the difference
of two terms that differ only by a shift in the loop momentum. That property obviously
descends to the field-theory limit o/ — 0. We study the consequence of this fact later in
section 4.2.1.
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Figure 3. The right-hand side integration contour of figure 2 is equivalent to the one on the
left-hand side here, which is equivalently represented in a disk picture on the right.

Note that the loop momentum arising in the string amplitude in (2.11) has a global
definition, given by the integral along the a-cycle [62]

1
20X
ga = f;@X == . Edlj? (44)

with a similar definition at higher genus order. As was emphasised in [20], this means
the string-theory limit induces a global definition of the loop momentum across all the
Feynman graphs produced in this limit. This phenomenon is also observed in ambitwistor-
string constructions [59-61].

4.1.2 Recovering the single-cut monodromy relation

To finish connecting the two monodromy relations (3.17a) and (4.2), we need to deform
the contour of figure 2 down to the real axis. No singularity is present at x = —1, while
one is present at 0 and the contours A and C can be turned into the contours A’ and
C’ of figure 3. The contour B vanishes as a consequence of onshellness and momentum
conservation (which guarantees SL(2,R)-invariance of the whole integral). This actually
tells us that we are truly on the projective line and that the contour C’ connects the
puncture at £ = 0 and x = 400 as shown in the disk representation on the right-hand side
of figure 2.

Notice that two additional states with momentum +¢ appear at x = 0,4+o00. This
intuitive fact is easily derived by inspection of the degeneration of the one-loop Koba-
Nielsen factor of string theory when ¢ — 0. In essence, such a computation is exposed
in [59-61].

What we have shown so far is that, starting from a five-point amplitude (the example
used here), we obtained five blue contours in figure 3 that correspond to the five terms from
the circulation of the vertex operator 1 in the fundamental monodromy relation (3.17a).
However, the one-loop monodromy relation in (4.2) had only four terms. The resolution of
this apparent contradiction goes as follows.

Our starting point was actually not the original string-theory monodromies, but the
monodromies of the projected amplitude (2.13) with the insertion of the single-cut operator
6(H)(¢2). This term does not affect the phases, but it does break the freedom to shift the
loop momentum to cancel out the integral between the contours A and B. Adding the
onshellness and momentum conservation condition, we see that the contribution from the
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Figure 4. Left-hand side: boundary terms along contours A and B as defined in figure 2. Right-
hand side: conjectured corresponding types of one-loop graphs. Notice the loop-momentum shift.

contour B drops out, and the contour A gives an additional term that connects x = 0 to
x = 1. One can then check that the phases of the momentum kernel, and the different
terms match.

This concludes the proof of the correspondence between the string-theory monodromies
and the forward monodromies.

4.2 Dissecting the field theory limit of the string theory monodromies

In this section we present two refinements of the string-theory monodromies. First, we
comment on the inner structure of planar and non-planar diagrams arising from the string
theory computation. Then we elaborate on the role of boundary terms from the string-
theoretic perspective. This will allow us to describe the BCJ-compatibility of the string-
theory monodromies in section 4.3.

To our knowledge these results are new and should be seen as an important refinement
of the field-theory monodromies originally discovered in [21, 22].

4.2.1 Role of boundary terms

Let us come back to the interpretation of the string-theory monodromies in the light of the
observation made in section 4.1.1. What we explained in eq. (4.3) and below was that the
terms in the right-hand side of the string-theory monodromies needed to be of the form
F(l+p1) — F(0).

Here we would like to motivate the following conjecture: the role of these terms is
to accomodate for the fact that when the so-called “BCJ-moves” are done around a loop,
a shift of the loop momentum needs to be made in the last move. This conjecture is
motivated by the graphical argument that follows, and by the explicit examples in field
theory at four and five points presented in section 4.3.

From before, we know that the terms that integrate to zero in the string theory mon-
odromies come from the A and B contour integrals in figure 2. In the field-theory limit,
we conjecture that these graphs need to appear as pinched contributions. Intuitively the
reasoning is clear, and exposed in figure 4. The drawing shows that the difference between
the A and B contours results in graphs with a pinched propagator, that only differ by a
shift of the loop momentum. In string theory, the shift arises because the loop momentum
jumps when a puncture goes through the a-cycle on which it is defined, see eq. (4.4).

An actual extraction of the field theory limit to all loops, in the spirit of the “string-
based rules” [74, 83-86], would be interesting but very technical in nature and is outside
of the scope of this paper. Such a computation should however prove two properties.
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First, that these graphs, coming from the A and B contours, appear at order o’.
This is required by the fact that the integrand monodromy relations coming from string
theory come at order O(c’). On dimensional grounds, it is clear that such pinched-terms
contribute at order in ’: the pinching of 1 and n removes a propagator 1/(a/p?), therefore
it contributes at order o, even though it is a purely field-theoretic contribution.

Relatedly, the second part of the computation is to check that no ‘triangle’-type graphs
are generated in the process (i.e. graphs where a propagator of the form 1/(p; - p,). This
is important because the momentum factor in the denominator has an inverse power of
o' that would make these terms contribute at O(1). Of course, because of the generic
functional form F(¢ + p1) — F(¢), these terms would still cancel after integration, even
if present.

4.2.2 Planar versus non-planar refinement

In this section we clarify the connection of the string-theory monodromy relations (4.2) to
the colour-kinematic duality. The result we present is that they can be rewritten as

n—1

P2, )+ {(Z-pl)lb(Z,...,i,l,iJrl,...,n)+(p1-p2mi)f(2,...,i,l,i+1,...,n)} ~ 0,
=2

(4.5)

where the ~ sign indicates again that the relation is valid modulo terms of the form F(¢+
p1) — F'(¢) that integrate to zero. Let us explain this new form of the monodromy relations.

The “flattened” integrand I” is defined as follows. Start from the non-planar one-loop
string integrand Z(2,...,n;1) with leg 1 on one boundary and the other states on the
other boundary. The traditional way of obtaining the integrand monodromies is to use the
U(1)-decoupling relations of [45] to rewrite this non-planar contribution as a sum of planar
contributions. The outcome are the integrand relations we talked about that involve only
planar integrands.

Instead of doing this, we will use the antisymmetry of the cubic vertices of the graphs
entering the non-planar integrand in order to write them in a planar fashion. The sum
of these graphs, for a particular ordering (2,...,4,1,7 + 1,n), constitutes the term we
call I’(2,...,i,1,i + 1,n). The existence of such a representation, involving only graphs
with antisymmetric cubic vertices, can be justified using the string-based rules [74, 83-86].
From the string-theoretic perspective, the idea is that the integrand can always undergo
a succession of integrations by parts which allows to reduce it to a sum of only trivalent
graphs. (For more details on this, see the review of the worldline formalism [86].) This is
related to the fact that in string theory, gauge invariance is enforced differently than with
the usual Feynman rules and does not require contact terms but only BRST closure of the
expressions [87].

The peculiarity of the graphs entering Ib(2, ...,i, 1,94+ 1,n) is that the leg 1, being
attached to the other colour trace, can never belong to an external tree attached to the
loop. This is obvious from the string-theoretic perspective as well: the regions of integra-
tion giving rise to such trees are those for which a pair of punctures v; and v; become
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Figure 5. Triangles obtained by bringing v close to vs, or to 1. The latter is not possible for the
upper vertex configuration, in which v is on the other boundary of the annulus.
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Figure 6. The antisymmetry of the three-point vertex converts non-planar contributions to planar.

infinitesimally close. This can not happen for the leg 1, which is always on the opposite
side of the annulus. This reasoning is illustrated in figure 5.
This definition implies that

lim Z(2, ZIb D2y p1 yeeesDn),s (4.6)

a’—0
p051t10n 7

where it is understood that I” has no subtrees of the form of the lower one on the right-most
side of figure 5. Since there is only one vertex to flip, this only results in a global sign.

Let us denote by I(o) the field-theory integrands coming from planar contributions,
these with (p; - pj)-type phases in the string-theory version and hence (p; - p;) factors
in the field-theory limit. Similarly, we call I’(¢) the integrands coming from non-planar
contributions but made planar using the antisymmetry of the three-point vertex for leg 1,
as in figure 6. The important point we want to make is that these receive only phases of
the form (¢ - p;), or similar factors in the field-theory limit. Together with the previous
considerations, this justifies the refined monodromy relation (4.5).

Below we dissect this relation and the role the boundary terms (which vanish after
integration) in the case of a generic four-point amplitude.

4.3 BCJ-compatibility of the string theory monodromies

It was already observed in [21] that the integrand relations are satisfied at four points by
N = 4 super-Yang-Mills. Shortly after [20], an n-point proof that BCJ representations
satisfy the string theory monodromies was given in [24, 25]. For the sake of illustrating
the refinements that were made in the previous section, we analyse the most general case
of any massless theory that can be obtained as a limit of open-string theory.
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4.3.1 Four-point case

Let us consider the refined monodromies (4.5) in the four-point case:

(-p)I°(1,2,3,4) + (€-p)I°(2,1,3,4) + (£- p)I°(2,3,1,4)

(4.7)
+(p1 P2)I(27 17 374) + (pl : p23)1(27 37 174) ~ 0.

We assume a cubic representation for the integrands composed of boxes, triangles and
massive bubbles, i.e. the four-point topologies that do not integrate to zero in dimensional
regularisation. Note again that I”(o) lacks some of the diagrams present in I(o) — those
with the special leg 1 in a massive corner of a triangle or a bubble represented in the first
line of (4.8). We rewrite (4.7) by separating these contributions from the integrands of
1(2,1,3,4) and 1(2,3,1,4) in the second line and regroup the remaining pieces, I°(2,1, 3,4)
and [ b(2, 3,1,4) with the corresponding ones from the first line

(£-p1)I°(1,2,3,4) + (€ +p2) - p1)I’(2,1,3,4) + (€ + pas) - p1)I°(2,3,1,4) (4.8)
+(p1 - p2) [I 2,1,3,4) — I°(2,1,3,4) | +(p1 - p23) [1(2,3,1,4)—?(2,3,1,4)] ~ 0.

We can rewrite the kinematic coefficients in the first line as differences of propagators:

200 -p1) = (L +p1)* - 2004 p2) -p1 = (L +p12)® — (£ + p2)?
2(£+p23) - p1 = (£ —pa)® — (£ = pra)™ (4.9)

The cubic expansion for the monodromy relation (4.7) is then

R PRSP SECR-)
- 3141[3j><f1+ X+§>O<l1+ 3§1]
(¢4 - A D:( P }\}
(i)~ (+po)? D:( # P Y]
T [(e-pa)*— (—p1a)? D:( ><(+Y ] (4.10)

Remember that, although eq. (4.10) may seem gauge-dependent, its invariance is guaran-
teed by the U(1)-decoupling identity [74, eq. (6.4)],

IP(1,2,3,4) + 1°(2,1,3,4) + I°(2,3,1,4) = —1(2,3,4;1). (4.11)
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Now we can collect terms with the same loop propagator structure. Some of them turn
out to correspond to massless bubbles, so we omit them; the remaining ones are

o~ g (L) () +o ()
) (€+p1)2(€+11912)2(13—p4)2n(j);(D
i £2<e+p2>i<f+p23>2{” ):() ‘”(W)}
* A T {"O;O ‘"O;O *”(Xi\)}
e () (<) (00
el K () 000
= {"<Y> ”’(Y) +"(§>}

We immediately see that the cubic numerators organise themselves into triplets related by
kinematic Jacobi identities. Note that in the second and fifth lines, one should shift the
loop-momentum in one of the diagrams to reconstruct the correct Jacobi relations.

This is completely consistent with the exact-integrand relationship picture from string
theory. In section 4.1 we explained that the right-hand side of eq. (4.7) has to be composed
of terms of the form F(¢{ — p1) — F(¢), if the integrand relationship was written in a
representation that is obtainable from the string-based rules. Here we see that only the
terms which involve a loop momentum shift of the form ¢ — ¢ — p; fail to constitute exact
BCJ triplets.

From what we obtained in field theory, it seems that we can actually go further and
constrain the form of string representations that would produce BCJ numerators.

Let us assume that we have one, and write down the refined monodromy relations,
as in (4.12). All the BCJ triplets that do not involve a loop-momentum shift vanish,
and we are left with those which involve a shift. They ought to equal the terms coming
from the A, B contours in the left-hand side; this constitutes a universal constraint on
string-theoretic representations of BCJ numerators.

4.3.2 Five-point case

At higher points, distinct loop propagator structures appear with more than three cubic
numerators. For example, the residue structure of the one-mass triangle (2, 3, 451) is shared
by the following numerators:

1 2N—?
 sus(l +p1)2(£+p12)2(£_p45)2”(lj;@) (4.13)

5

3 1
1 1 ):L . [ 1 <3 1 4) : (3 1>]
+ —n P S S e I
f2(€+p2)2(5+p23)2{545 <2 [ J‘) 593 845 \2/ ¢ '3 si \2/0 5

o)
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S45(L+p1)2(04p12)% (0 —pas )? <1jgg4>

1 szgj 3 1 |

* $450%2(0+p2)? (L+p23)? "\ n<2: ¢ :5>

5

1 N 3 A NG
* $2302(L+p2)?(L+pa3)? {n()j ‘ ‘)) +n<2j 05 1) ; n(zj ¢ ‘)>}

We performed the full five-point computation, and checked a few higher-point examples
which support this claim. In these cases, we could verify that such expressions correspond
to linear combinations of Jacobi identities.

This is consistent with the analysis of [24, 25] where it was shown that a colour-dual
representation at n points always satisfies the string-theory monodromies. However, no
higher-point n-plets appeared in this analysis. This is possibly a consequence of their use
of the multiperipheral representation of the colour factors of [75]. It would be interesting
to understand this point in more detail.

5 Discussion

In this work we have studied the kinematic monodromy relations on single cuts of one-loop
amplitudes in gauge theory. These relations are derived from the monodromy relations
on the regularised forward tree amplitudes. We have explained that the regularisation
does not affect the consequences of the monodromy relations for the irreducible one-loop
numerators. We have checked that the monodromy relations are always satisfied by colour-
dual numerators, in agreement with the analysis of [24, 25].

The string-theoretic construction of [20] and the two-loop field-theory relations [23]
show that higher-loop monodromy relations mix planar and non-planar sectors in interest-
ing new ways. Indeed, the tree-level BCJ relations have already been used for a two-loop
integrand calculation at full colour in [88]. Moreover, they have been seen to reduce the
number of independent one-loop coefficients in [76, 77]. We look forward to these techniques
converging to a systematic tool for multi-loop computations.

We have explained that the string-theory monodromy relations are exact relations, and
their field-theory limit gives extra relations. This is due to the specific definition of the loop
momenta in string theory. This approach gives a definite form for the terms that integrate
to zero on the right-hand side of the field-theory relations. Precise control of the terms
that are ambiguous in field-theoretic constructions will certainly be useful for deriving
the consequences of the monodromy relations at loop orders in field theory. One other
interesting application is the determination of well adapted classes of momentum-shifting
identities for integration-by-parts identities [79-82]. For instance, it was found in [89]
that a certain class of such contributions simplified the study of ultraviolet divergences in
half-maximal supergravity.
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Finally, a comment on the co-rank of the momentum kernel. We found it to be given by
(n—1)!'4+(n—2)!'42(n—3)!. Presumably, these relations can be interpreted in cohomological
terms in the way of [90]. The counting differs from the number of solutions to the degenerate
forward-tree scattering equations at one loop, which is (n — 1)! — 2(n — 2)! [59, 72, 73, 91]
and it would be really interesting to clarify the connection between the two quantities.
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A Forward limit parametrisation

If we start with on-shell momenta p; + p2 + -+ - + pp, = 0, we may deform the first two of
them linearly in complex parameter z in one of the following ways:

pi(2) = (1) +2l) [, pa(2) = (12) + 2ln2)) 21, (A-la)
pi(z) = (I11) +2m) [, pa(2) = [2)([2] + 2[72]), (A.1b)

such that p?(2) = 0 are preserved. We thus obtain pi(z) + pa(2) + p3 + -+ + pn = —2¢
for either ¢ =—|m1)[1| — |n2)[2| or ¢ =—|m1)[1| — |2)[72]- The next step is to define on-shell
momenta gz = pnp+1(2) and g1 = pp42(2) linearly dependent on z, such that

Pnt1(2) + Pnt2(2) = 2q, Pnt1(z = 0) = —£, Pni2(z =0) =L (A.2)

We do this using the following generic solution for the Weyl spinors:

—a(g" —ig® +b(¢" — ¢*)) +2(q-q) i 1
At (z) = ¢+ ¢* +b(q" +ig?) 7 VANOE (b) ’ (A.3)
a
(¢' —ig® + b(¢" — ¢*)) (a + 2(¢" +ig?)) 1
APF2(5) = ¢° +¢* + b(g" +ig?) Nl )
—a—2(¢" +iq®) a+ z(¢' +1ig?)
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Figure 7. Determination of the complex logarithm on the annulus. The choice in [20] is (a),
whereas the convention of [31] is (b).

B One-loop monodromies in open string

In this appendix we specify and develop some aspects of the open-string monodromies
of [20]. We discuss how at one loop the original derivation [20] is related to the approach
of the subsequent work [31].

B.1 Prescription for monodromies and complex logarithm

The most notable difference between the approaches of [20] and [31] is the choice of branch
cuts for the Green’s function. In [20] the branch cuts follow the boundary of the annulus
and never cross its interior, as depicted in figure 7(a). This is an immediate generalisation
of the choice made for the tree-level monodromy relations [4-6]. In [31] the cuts are chosen
to go through the worldsheet in a maximal number of ways (see figure 7(b)), thus requiring
to deal with a variety of additional small contours of integration. Moreover, the definition
of the logarithm in [20] does not require the introduction of bulk terms in the absence of
closed-string operator insertions, to the contrary of the prescription used in [31]. Most
importantly, converting one prescription to another leads to identical results.

B.2 String theory one-loop monodromies at order o’

To illustrate the general picture given above, we now expand the four-point relation given
in [20] to the first order in o/ and find that the monodromy relations are satisfied. The
presented analysis is rather similar to the check of the monodromy relation studied in [31].
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B.2.1 Planar four-point relation

First, we check the validity of the planar four-point relation

A(1,2,3,4)+emPre2 f(2,1, 3, 4) 4P (2103) 4(2,3.1,4)+.A(2, 3, 4|1)[e" T EP1] = 0.

(B.1)

The planar amplitudes for four gauge bosons are given by

A(0(1,2,3,4)) _tF4/dD£/ dt/
Ag(1,2,3,4)

« e~ T 't02 — 25wl 0 Zl 1PiVi H e—a’pr-pSG(yr—ys)‘ (BZ)

1<r<s<4

The one-loop amplitude is proportional to the colour-ordered tree amplitude tgF*, where
the tg-tensor is defined in [92, appendix 9.A] and the Green’s function is defined
in eq. (2.12).* To perform the o/-expansion, we integrate over the loop momentum and set
to D = 10 the critical dimension for open superstring theory®

4 e dt 3 —OA/ . (G(V —v )+7r((3‘m(l/7-—1/s))2)
A(0(1,2,3,4)) = tgF — dv [ e ety ; :
0 (@B Jasnzsn  1grie
(B.4)
where the colour-ordered tree amplitude A'°¢(2,3,4[1) = tgF*. The non-planar amplitude
has a similar expression

A(2,3,4[1)[e7 it ] = — g F* /JDE/ dt/ d3v
0 Ag 3,401

« e—fra’tf2—2i7ro/€-2?:1 pi vi—imal-py H e—a,pr‘p‘gG(Vr—Vs)7 <B5)

1<r<s<4

with Re(r1) = 3 and Re(v,) = 0 with @ = 2,3,4. The overall sign arises from the
orientation of boundary on which the vertex operator 1 is integrated. Integrating the loop
momentum leads to

- % dt
A(2,3,4|1)[e" @ EP) = t8F4/ - 5/ d3v
0 (a t) A2,3,4\1

7(Sm(vr—vs 2
w ¢ TP P H e prpe (Gl—v)4 2Ol ) (B.6)
1<r<s<4

4The integral is actually divergent from the ¢ ~ 0 corresponding to the ultraviolet divergences of the
planar open string graph. The one-loop open string amplitudes are finite only after the addition of the
non-planar Moebius and Klein bottle. The amplitude relations are valid for any values of ¢ and are not
affected by the ultraviolet behaviour of the individual graphs.

5We have used the identity

Z pr - ps (Sm(vy — 1/5)) Z Dr - ps Sm(vy) Sm(vs) = (Zpr Sm(vr) > (B.3)

1<r<s<n r,5=1

valid for >."_, pr = 0. Notice that this identity does not require that p2 =0.
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The integration over Ay 3y is defined as 0 < Qm(v2) < Sm(vs) < Am(vy) = it with
Re(v;) = 0 for i = 2,3,4 and Re(r1) = 5. Since

G<;+0:>mg%&gﬁqu+Aam, (B.7)

where we have introduced
" cos(2m(2m + 1)v)

AG(v) = —logcot(rv) —4 Y 1— g2mi (2m + 1)
m>0

(B.8)

Performing the expansion of (B.1) at the first order in o/, as a function of the proper time
t, its integrand reads

! 4
o . c s
Z'7ro/ / d31/p1 - py — / d3yp1 - P4 _ / d31/ p1 Zz_l DiVi
A2,1.3,4 N231,4 Do s t

B0 —-Q=0, (B.I)

/Al,2,3,4UA2,1,3,4UA2,3,1,4

where we introduced the short-hand notation

Q= Z Dr - Ps (G(l/r —vs) + (B.10)

1<r<s<4

Using that a consequence of (B.7) allows to re-express the non-planar contribution as a
sum of planar contributions

/‘ Pv Q= Pv (Q—-AQ), (B.11)
Az 3,401 A1,2,3,4UN2134UA231 4

where
AQ =p1 - p2AG(v1 — o) + p1 - p3AG(v1 — v3) + p1 - DAAG (V1 — va). (B.12)

The contributions from the phases compensate exactly each other because

/ 4 143

fixe Ta't
/ d3y7p1 : ZPM =5 (p1-p2 — p1-p4) (B.13)

Ag 3401 i=1
is the opposite of
‘ Ta't3
ima/ / d3Vp1 g —/ dgupl “pa | = 6 (p1-p2 —p1-Ppa). (B.14)
A21,3,4 A231,4

After cancellation of the integrals of Q using eq. (B.11), the relation (B.9) to prove becomes

/) BvAQ = 0. (B.15)
Ag 341
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We compute the integral by first evaluating the contributions to the ¢-expansion of
AQ from g-expansion in AG(v) in eq. (B.8) We find that setting ¢ = exp(—2nt)

-ex 2
[ awadf P:z-pl.m{(logq) , Tlog)¢(3)
A2,3,4\1

647 3273

, (log Q)Z(Lizl(g;g— Liy(—q)) (B.16)
_ logq (Lis(q) — Lis(—q)) }
83 .

To evaluate the zero mode, we have made use of the program HyperInt by Erik
Panzer [93] to find

log(q) (4Li3 (—q) — 4Lis(q) + 72 log(q) + 7¢(3))

/ d3vlog(cot m(vy — 13)) =
Ag 3,401

3273 4 ’
(B.17a)
1 4Lig (—q) — 4Li3(q) + 721 +7¢(3
/ P log(cot m(vy — va)) — 280 (4Lis (=0) 3;3(;1) m log(g) +7¢(3))
Az 3,401 1
(B.17Db)
ALiy(—q) — ALis(q) + 72) log?
/ d3vlog(cot m(vy — v1)) = (4Liz(—q) 12(3‘1? m?) log (q) (B.17¢)
Az 3,41 6473 ¢

Summing over these contributions leads to complete cancellation between the integral
over the zero-mode part and the g-expansion in AQ, establishing that for all values of the
proper time ¢

/ BPvAQ L 0. (B.18)
A2,3,4\1

This completes the verification of the amplitude relation (B.1) to the first order in the
o/-expansion.

Notice that the vanishing is satisfied for all values of the proper time ¢, and therefore
there is no need of considering a regularisation of the ultraviolet divergence (for t ~ 0) of
the annulus graph.

B.2.2 Non-planar four-point relation

The non-planar n-point monodromy relation is given by®

p—1
A(L2, . plp+ 1, )+ > @42 i i+ 1, plp+ L. n)
=2

n
=) (e mp e ) A2, plp+ 1, d i+ L) [e TEP]) = 0.
i=p
(B.19)

SWe correct a sign mistake in [20] for the non-planar phases. The non-planar cuts were incorrectly
determined to be downward cuts, while in fact they are upward cuts, as pictured in the right column of
figure 7(a).
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We now wish to verify the following non-planar four-point relation:

A(1,2[3,4) + e”alpl‘(p:s-&-m)_A(Q‘l? 3,4) [e—ifra’£~p1]

.y e - (B.20)
+e T PIPIA(2(3,1,4)[e” ] + A(2]3,4, 1) [T

=0.

The first non-planar amplitude is given by
A(1,2]3,4) = tgF* / avt / it / Pre T2 g T emeprpeGlun—e),
0 A12(34 1<r<s<4
(B.21)

where Ajgj34 is defined by v = it, 0 < Sm(rq) <t and 0 < Sm(vy) < Sm(vg) <t We

integrate over the loop momentum to get the expression
o0 7(Sm(vr—vs 2
./4(1, 2‘3’ 4) — t8F4 / (ft - / d3V H efa’pr'ps (G(VT*VS)+7< ( s ) )
o (at) A12(3,4 1<r<s<4
(B.22)
The next amplitude is
i1 pivi—ma Ly

By e—wa’t€2—2i7ra’£-zi:l

A(2]1,3,4)[eimtn] = g / aPe / dt /
0 A2\1,3,4
H e_a/pr‘psG(V'r—Vs), (B.23)

X
1<r<s<4

where the overall sign comes from the contour of integration, and Ay 34 is defined by
vy = it and 0 < Sm(vy) < Sm(vs) < Sm(ry) < ¢, with Re(rn) = 0 and Re(v;) = 3
for i = 1,3,4. Equivalent definitions determine the amplitudes A(2|3,1,4)[e~"'¢?1] and

A(2[3,4,1)[e"im'tr1], Integrating over the loop momentum gives

o0 1
A1, e ™ = —egpt [T S [ e
o (a't) Agj1,3.4
7(Sm(vr—vs 2
X H e—O/Pr'ps (G(Vr—l/s)‘f‘%) ) (B24)

1<r<s<4

Like before, integrating out the loop momentum results in phase factors that can be

explicitly computed at first order in o/
4
3V7"'0/p1 : 21':1 Di Vi

/ a t
Ag)1,3,4UA23.1 4UA 3,41

+ima </ dPvp1 - paa +/ v ‘p4>
Agj1,3,4 Ag|3,4,1

+/ Bro — PrQ %0,
ANPIE Ag)1,3,4UA23,1 4UA 3 41
where Q has been introduced in eq. (B.10). We can rewrite this integral as
4
dsyﬂalpl iz PiVi

/A21,3,4UA23,1,4UA2|3,4,1 t
+ima / dPvpr - psa+ / Evprops | — / d*vAQ L 0, (B.26)
Agj1,3,4 Agi31,4 ANPIEY

(B.25)
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where AQ is defined in eq. (B.12). We then find

4
ied T3
/ dgVTpl : sz‘ Vi = 6 (p1-p2 — p1 - pa), (B.27a)
Ag)1,3,4UA23.1 4UAg 3,41 i=1
3 . / 7TOé/t3
d’v(ima/py - p3a) = — 6 P1-P2 (B.27Db)
A2\1,3,4
) To/t3
/ d’v(ira’py - ps) = 6 PP (B.27c)
A2|3,1,4

therefore we see cancellation of the phase factors in the first line of eq. (B.26). For the
second line we find for the ¢-expansion of AQ

1 2 /3
/A dPvAQ|T P = —ip; - py og(q) <<(2>+Liz(q)—Liz(—q)>
1,2|3,4

6473\ 2
i B0 (e i -0} (B23)

which is cancelled against the constant terms from AQ. Hence we arrive at

/ BvAQ L0, (B.29)
A

1,2]3,4
which proves the identity (B.26).
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