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ABSTRACT: We present a systematic calculation of the corrections of the stress-energy
tensor and currents of the free boson and Dirac fields up to second order in thermal vortic-
ity, which is relevant for relativistic hydrodynamics. These corrections are non-dissipative
because they survive at general thermodynamic equilibrium with non vanishing mean val-
ues of the conserved generators of the Lorentz group, i.e. angular momenta and boosts.
Their equilibrium nature makes it possible to express the relevant coefficients by means of
correlators of the angular-momentum and boost operators with stress-energy tensor and
current, thus making simpler to determine their so-called “Kubo formulae”. We show that,
at least for free fields, the corrections are of quantum origin and we study several limiting
cases and compare our results with previous calculations. We find that the axial current of
the free Dirac field receives corrections proportional to the vorticity independently of the

anomalous term.
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1 Introduction

Relativistic hydrodynamics is an effective dynamical theory of systems at local thermody-
namic equilibrium. The condition of local thermodynamic equilibrium, makes it possible
to describe the dynamics of interacting quantum fields with classical partial differential
equations involving few thermodynamic fields (temperature, velocity, chemical potentials)
provided that there is a separation between macroscopic and microscopic scales: the ther-
modynamic fields should vary significantly over distances which are much (or sufficiently)
larger than microscopic scales of the quantum theory, such as mean free path, Compton
wavelength etc. The branches of physics for which relativistic hydrodynamics is an effective
tool include astrophysics, cosmology as well relativistic heavy ion collisions [1-6]. In the



past few years, the derivation of hydrodynamic equations has drawn much attention: from
kinetic theory [7-14], from fluid/gravity correspondence [15-18], from the phenomenologi-
cal extension of the non equilibrium thermodynamics [19, 20], from the projection operator
method [21, 22], from non equilibrium statistical operator method [23] and from imposing
some symmetries on the system [24, 25]. The success of relativistic hydrodynamics in heavy
ion collisions lately arose fundamental questions about its domain of applicability [26].

Relativistic hydrodynamics is based on the expansion of the mean stress-energy tensor
as a function of the thermodynamic fields and their gradients. The zero-order term is the
well known ideal form of the mean stress-energy tensor:

T = (p + p)uru” — g"p, (1.1)

which is an exact expression at the global thermodynamic equilibrium with constant pa-
rameters T, u and u. The first-order corrections to the (1.1) in the gradients of u, T" ad
p are dissipative, that is they imply the irreversible increase of entropy. The second-order
corrections — including quadratic terms in first-order derivatives as well as second or-
der derivatives — to the ideal form were classified in refs. [15, 27, 28] and discussed in
refs. [10, 16, 25, 29-31].

Among the second order terms in the gradients, there are quadratic terms in accel-
eration and vorticity which do not contribute to the entropy increase, i.e. they are non-
dissipative. Such terms were dubbed in ref. [29] as thermodynamic, and it was shown in
ref. [30] that they appear in the most general form of thermodynamic equilibrium in flat
spacetime involving non-vanishing acceleration and vorticity, such as the rotating fluid with
constant angular velocity [32, 33]. Furthermore, in ref. [30] was shown that, at least for
free fields, these terms are of quantum origin, namely they vanish in the 7 — 0 limit, as it
was already argued in ref. [27]. Their quantum origin is also born out by the fact that they
are missing in the stress-energy tensor expression from the classical expansion of the Boltz-
mann distribution function in the kinetic theory [14]. The interest for such terms has been
certainly reinforced by the recent observation of a thermal vorticity of the order of some
percent by the STAR experiment through the measurement of hyperon polarization [34].

The scalar coefficient multiplying the term wtw”, where w is the kinematic vorticity,
was calculated in ref. [29] with a suitable “Kubo formula” involving stress-energy tensor
three-point functions. In ref. [30] it was shown that, on the other hand, those coeffi-
cients can be expressed as correlators of conserved generators of the Poincaré group and
the stress-energy tensor at the usual thermodynamic equilibrium with constant 7" and u.
This property involves a remarkable simplification of the “Kubo formulae”, insofar as the
constancy of generators allows to remove time integration, unlike in those of dissipative
coeflicients, like shear viscosity. The ultimate reason thereof is the relation of these terms
to global equilibrium configurations. In fact, in this paper we will use a different method,
where the time integration survives in imaginary time.

In ref. [30] their explicit expression was found for the real scalar free field. In this work,
we extend that calculation to the free charged scalar field and the Dirac field including a
finite chemical potential. We will be using an operator formalism throughout instead
of the functional approach [24, 25, 35]. As it will be shown, the operator formalism is



very convenient for a simple and systematic derivation of the “Kubo formulae” of the
non-dissipative coefficients. On the other hand, the functional approach allows to obtain
relations between those coefficients [24, 25, 35], which are more difficult to extract in the
operator formalims.

Notation. In this paper we use the natural units, with A =c=kp = 1.

The Minkowskian metric tensor is diag(1,—1,—1, —1); for the Levi-Civita symbol we
use the convention €123 = 1.

We will use the relativistic notation with repeated indices assumed to be summed over,
however contractions of indices will be sometimes denoted with dots, e.g. u-T"-u = u,T* u,.
Operators in Hilbert space will be denoted by a large upper hat, e.g. T (with the exception
of Dirac field operator that is denoted by W) while unit vectors with a small upper hat,
e.g. 0. The stress-energy tensor is assumed to be symmetric with an associated vanishing

spin tensor.

2 Global thermodynamic equilibrium density operator

The general covariant form of the local thermodynamic equilibrium density operator was
introduced in [36-38] and lately discussed in detail in refs. [23, 30, 39-41]:

p=gow |- [z, (Fr @) - (0 7). (2.1)

where T"” and j* are the stress-energy tensor and a conserved current operators, S* is the

four-temperature vector such that
1

75

is the proper comoving temperature and ( is the ratio of comoving chemical potential and

temperature ¢ = u/T; ¥ is a spacelike 3-D hypersurface. This operator is obtained by

maximizing the entropy with fixed mean energy, momentum and charge density [40]. If

time-like, the four-temperature vector [ defines a local four-velocity of the fluid (the S
frame [40, 42]):

Bu(x)

uﬂ (x) = \l}ﬁj )

and the magnitude of 5 is the proper temperature measured by a thermometer moving

(2.2)

with four-velocity wu.
If the four-temperature § is a Killing vector [39]:

v,uﬁz/ + vuﬁu =0 v,uC =0, (23)

and ( is constant, the density operator (2.1) is a proper global thermodynamic equilibrium
density operator insofar as it becomes independent of the hypersurface ¥ with suitable
conditions at a timelike boundary. The general solution of the eq. (2.3) in Minkowsky



space-time is known and can be expressed in terms of a constant four-vector b, and a

constant antisymmetric tensor @,
Bu(x) = by + wua” ¢ = const. (2.4)

The antisymmetric tensor @, is called thermal vorticity; from the above equation it turns
out that it is the antisymmetric part of the gradient of 3:

1
Wuwy = _5(8;1611 - azzﬁu)- (2'5)
Once the eq. (2.4) is plugged into the eq. (2.1), the general expression of the equilibrium
density operator in flat space-time is obtained [30].
1 ~ 1 -~ ~
p=exp [—buP“ + §wWJ“ + CQ] , (2.6)

where P is the four momentum operator, @ the conserved charge and JH are the generators
of the Lorentz transformations:

JH = / A3, (xﬂf” — x”f’\“> . (2.7)
by

This form shows that the equilibrium state in Minkowski spacetime is described by the
10 constant parameters comprised by b and w, that is as many as the generators of its
maximal symmetry group, the Poincaré group.

The familiar form of the equilibrium density operator can be recovered as a special
case of eq. (2.6), with b timelike and w = 0 in eq. (2.4):

1 PP
p= Eexp[—b-PJrCQ],

which, in the rest frame of b, reduces to well known grand-canonical ensamble density
operator. As the above density operator is invariant by translation, we denote this familiar
kind of equilibrium as homogeneous thermodynamic equilibrium. Another form of global
equilibrium, which is a special case of eq. (2.6) is the pure rotation, with b = (1/7p,0) and
w x wy/Tp such that:

1 ~ -
p=oxp |[—H/Ty+ woJZ/To] : (2.8)

which has recently raised much attention for fermions [43, 44].

In order to represent a physical fluid at equilibrium, S must be a timelike vector.
However, the equilibrium f vector field in eq. (2.4) is timelike everywhere only if w = 0,
corresponding to the homogeneous equilibrium with constant temperature, as we have seen.
Indeed, if w # 0 there are spacetime regions where 3 is spacelike or lightlike, like in the
rotating case (2.8). Nevertheless, this does not undermine the possibility to calculate the
mean value of local operators in the regions where [ is timelike. The idea is to expand
the exponent in the density operator (2.6) from the same point z of a local operator 5(3:),
whose mean value is to be calculated, in powers of the supposedly small thermal vorticity .
Thereby, the zero-order term is the same mean value as at homogeneous global equilibrium
with four-temperature equal to the 3 field in  and corrections arise form a power series in
w. This method was presented and applied in ref. [30] for local operators of the free scalar
field and it will be outlined in the next section.



3 Mean value of a local operator

The mean value of a local operator 6(:5) is defined as:

(O()) = S (pOE) e (31)

where the subscript indicates the need of a renormalization procedure; for free fields, renor-
malization involves the subtraction of the vacuum expectation value, or, tantamount the
use of normal ordered operators. At global equilibrium, the density operator is given by
eq. (2.6) and we can take advantage of this transformation rule for the angular momentum
operator:

T = / ax, [(y“—x“)f/\”(y) — (¥ =2\ TM(y) | = T — 2P P” + o’ PF =T () J* T(z) ",
P

(3.2)
where T(z) = expliz - P] is the translation operator, to rewrite it as:
1 P ~
p= 7 exp {—Bu(m)P“ + §WWJ5” + CQ} , (3.3)

where z is the point where the operator 6(:0) is to be reckoned and the eq. (2.4) has been
used. Thereby, the mean value (3.1) turns into:

(©(@)) = e [oxp (~5(0)- P+ g2 To+¢Q) 01| (3.4

If w < 1 (it is adimensional) one can expand the mean value (3.4) in powers of w, the
leading order being its homogeneous equilibrium value (i.e. the grand-canonical ensemble
average) with a constant four-temperature /5 equal to the four-temperature field in the
point x:

tr [exp (—ﬁ(ﬂi) P+ C@\) 5(33)]
tr {exp <—ﬂ(m) P+ C@)} .

In general, the coefficients of the expansion of (3.4) in w can be expressed in terms of

(O(@)) () = (3.5)

correlators at the homogeneous thermodynamic equilibrium. In this work, we will use the
well-known expansion formula of the exponential of a sum of two non commuting operators
A\ -+ é :

ATB — A , (3.6)

0 1 A An—1 R R R
LY [ A [ dag- A\ B(A)B(A2) - - B(An)
=170 0 0

where B()\1) is defined as:

B(\) = e MB M,
For the mean value in eq. (3.4) A = —f3(z) - P + ¢Q and the small term is B = 1w Ty
Therefore, by using the expansion (3.6), we can write:

e—ﬂ(x)'ﬁ-‘rC@-‘r%w:j (37)

s ~ o0 wn 1 )\1 )\nfl ~ ~ —~
— o B@)PHQ |1 4 Z 271/ d/\1/ d)s - - / AT igng Jo—iprg - Jo—igan |
1 0 0 0




where @™ must be understood as a product of n tensors w"” with indices fully contracted
with the coupled angular momentum operators and J,_;yg stands for:

T g = MPP=CQ) Jur =NE-P—(Q) _ NB-P=CQ) Jiw =A(3-P~(Q)

T(z —iAB) T T(z —irB) .

This expansion can be written in a more compact form introducing the T y-ordered product,
where the time path is defined on the imaginary direction i5:

Tx(01(M)02(A2) -+ On (M) = Opy (A1) 0p(Aps) -~ Op (Apy)
with p the permutation that orders A by value:
p:{1,2,...,N} = {1,2,...,N}
>‘p1 S)‘pz < S)‘PN'

Using the above definition and changing the integration limits accordingly, the equa-
tion (3.7) becomes:

e—ﬁ(ﬂﬂ)ﬁ-*{@-&-%w:j(l‘)

— o B@)-P+(Q

0 n 1
w ~ ~ ~
1+ Zl ] /0 dA\idAg - -dN, Ty (JCC—DqﬁJJ:—i)\Qﬁ .. Jx—iAnﬁ)]

L - 1
2 Jo

where — as usual — the T-ordered exponential is a shorthand notation of the Taylor
expansion. The mean value of an operator (3.4) can now be calculated as a power series
of w and a cumulant expansion is obtained, namely:

N

oo 1

~ W ~ ~ ~ ~

(O(x)) = 2NN'/0 dArdAg - - - dAN (T (foixlﬁsziAQ,B'"JmfixnﬂO(w)>>5(x),m
N=0 ’

where the correlators are defined respect to the density operator in (3.5), (---)gm) =

Z _ltr[e_ﬁ(””)'J3 +Q.. -] and the subscript ¢ means that only the connected correlators are
involved, namely:

So, for instance, at the second order in w:

~ ~ Wy 1 ~uw ~
O(@) = O+ T | AT (2250)) e

1
W W o o s N
+ M8p/0 dArdA2(T (Jg—iAlﬁJaf—iA250($)>>5(z),c + O(=®).



This expression can be further worked out by using the local four velocity u* in eq. (2.2),
the inverse proper temperature |3(z)| = 1/T = /3% and changing the integration variable
to T = |B|\:

w18

z) T
@ 2181 Jo
IE] - =~ A
+ D @po / dT1d7'2<T7— (le Jr? O(x))>5(l”),c + O(w3)
0

8|ﬁ’2 r—imu® r—iTou

Since the density operator is the homogeneous one, defined in (3.5), which is invariant by

(O(x)) = (O(@)) 5 dr(T, (711,,0())) s

(3.8)

translation, one can write:
(O1(21)01(22) - On(20)) () = (O1 (21 — 20)O2(w2 — @) - - 0 (0)) ()
whence in the (3.8):

@ (18

2+
@ 208] Jo

181 ~ = A
+ WLYE;U / d’7'1d7'2<TT (Jﬁlll‘r qu(iTT u0(0)>>ﬂ(fc) et O(W3)
BB Jo o |

This expression makes it apparent that the x-dependence of the various terms is determined

(O()) = (0(0))4

dr(T, (ffi”Tu@(O)) )6(a)c

only by the four-temperature vector.

4 Acceleration and vorticity decomposition

To proceed, it is useful to decompose the thermal vorticity w by using the four-velocity u in
the same fashion as the electromagnetic field tensor is decomposed into comoving electric
and magnetic field. Specifically:

(oa
Wy = €upew’u’ + auu, — oy, (4.1)

where o and w are two spacelike vectors defined as:

1
J— 174 — 14 a
O = Wty Wy = =5 €upe™ Puf. (4.2)

The physical meaning of o and w, at the global equilibrium, is that of the acceleration field
and vorticity vector field divided by the proper temperature. To prove this, one has just
to show, by double contracting eq. (2.3) with 3, and using the eq. (2.2), that the proper
temperature does not change along the flow:

u,ﬁ“ﬁz =0,
so that: .
ol = wh u” =u’0,p" =/ fPu’o,ut = fa”.
Similarly, for w:

1

1 1 1
wy, = —iew,paw”pug = —gew,pgﬁpﬁ”ug = —5\/ﬂ2ewp08pu”u” = T



being w, = —%\/@ewpgﬁ”upua the local vorticity vector. It is also useful to define a
fourth four-vector:

T = (OZ : w)/\A)\u = ewjpngapua’ (43)
where A, = g — uuu, is the transverse projector to the four-velocity. The four-vector «y
is non-vanishing if o and w are linearly independent and is, by construction, orthogonal to
the other three four-vectors. More relations involving the derivatives of these vectors can
be found in the appendix B.

In the local rest frame, the above four-vectors can be expressed as:

o= (08). n=(03) =055,

where a is the acceleration seen by the local rest frame and w the angular velocity. Hence,

restoring the physical constants:

o] hla| ) h|wl| ” h%la x w|
| = w| = — = —
ckpT’ ke T ek TR

(4.4)

which shows the quantum nature of the adimensional parameters a, w, .
The generators of the Lorentz group J can be similarly decomposed into local boosts
K and local angular momenta J by using the four velocity u,:

T = KV — Y KM — upep‘“’”j:,,
where the operators K and J are defined as:
~ ~ - 1
Kt =upJM  JH = 26#”P0J Voo -

Therefore, by using the above decomposition and the eq. (4.1) one can write:

@ " = —20°K, — 20, (45)
wuywpgj“”j’” = 204“04”{[?#, K} + 2w”w”{j“, I} + 40z“w”{f(u, I}, '
where {---,---} is the anti-commutator. Plugging the egs. (4.5) into the (3.9):
~ ~ o, 8] ~,
O(@) = (OO~ 7% [ an(T: (B,,00)))sc
18]
Wp A
- —= dr(T; (J;,,0(0 o)e
3] (T ( (0)))se)
18]
apQy . A
+ 207 / ardny(Tr (R K% 0(0) ) (4.6)
waU o A
2’/8‘2 / dTldTQ (Jplq—lu‘]—nguO( )>>,3(ac),c
18
W, = Zo = 3
+ o /0 dridro{Ty ({R? 0 710, }0(0)) ) oy + O().

Now, advantage can be taken of the transformation properties under rotation, reflection
and time reversal of the boost and angular momentum operators to classify all corrections
to the mean value of any operator at thermodynamic equilibrium.



5 The stress-energy tensor

The mean value of the energy momentum tensor T teceives contributions only from
second order terms in acceleration and rotation in eq. (4.6) because the first order terms
vanish due to reflection and time reversal symmetry. Thus, the expansion (4.6) becomes:

v Ty QpQg o Ty
TH (:E) = <TM ( ) 2|p6|2/ dTldTQ ( 17'1’LLK—17'2’LLT (0))>,8(33),C
18]
Srte L 5.1
+ 2|ﬁ‘2 /0 dTldT2< (‘] 17-1u‘]—17—2uT (0)>>B(a:),c ( )
1Bl
YWy . ,
+ 50 2/ dTldTZ<TT ({Kfiﬁu? 717'2u}T# ( )>>,6’(x),c+0(w3)7
218* Jo

where, according to eq. (3.5), the mean value of the stress-energy tensor at homogeneous
thermodynamic equilibrium (7% (z))g(,) coincides with its ideal form (1.1):

(T (@) pw) = [p (B (@), () +p (B°(2), p(@)] w(@)u” (x) — p (B°(x), () 9.

Note that in the above equation we have spelled out all  dependencies and that p,p are
the thermodynamic equilibrium functions of temperature and chemical potential usually
obtained in thermodynamics.

One can now decompose the above correlators into irreducible tensors under rotation.
By taking advantage of the rotational invariance of the homogeneous equilibrium density
operator in eq. (3.5), the number of actual coefficients in eq. (5.1) can be reduced, and it
can be shown [30] that:

8]
(;f;g/ dridm(T; (KﬁlTlqulTTuT'u‘V(O)) >5(2),c = _a2UauﬂuV + QQDaA'LW + Aata”,
0

18|
ZrBu’};/ dTldT2< (Jplnu‘]zWQule(O))>5(CIZ),C = _wQUquuV'i'wQDwAMV“‘WWMwVa
0

18l
W
2|p/8|g/0 dTldT?< ({Kprrlu 172u}Tuy(O)>>ﬁ(z),c =G (u“’yy + UV"Y“) s
with v as in eq. (4.3). Thereby, the general expression of the stress-energy tensor at the
second order in thermal vorticity reads [30]:

(THY = (p — &*Uqy — w?Up)utu” — (p — & Dy — w2 Dy ) AP
+ Aota” + Wuwkw” + G(u!y" + u’~+*) + O(w?). (5.2)

The coefficients in eq. (5.2) are Lorentz scalars depending only on the magnitude of
the local inverse four temperature |3|, that is the proper temperature 7', and the proper
chemical potential u, so they can be calculated in any frame. The rest frame is the most
convenient choice because s# = (1/T,0) and the homogeneous equilibrium density operator
takes on the familiar grand-canonical form. We denote the mean values in rest frame with



a subscript 7', that is:
tr [exp (—% + %@) : }

tr {exp (—% + %@)}

<>T =

Hence, the coefficients in (5.2) are found as specific combinations [30] of thermal connected

correlators:
Uoa = ! /B| drdre (T, <K3 K3, TOO(O)>>TC
2|B|2 0 1717 - —17T2 .y
Uy = ! wdd T (3. 73 700
w _2|ﬁ’2 0 1 7'2< T Zir Y in ( ) >T,07
2’6’2 0 —1T17 " —1T2
1/6| drdre (T, (f{l K2 f12(0)>>TC
3|B|2 171 —179 .y
1 18| o An
~2IBP in /= 5.3
w 2|B|2/0 dTld7'2<T7- (J717—1:],17_2T (0))>T,c ( )
1 18| e
- a7 /0 dridn(T- (T4, 720, T12(0) ) )1
s L lded T <IA(1 R2. 12
=125 1d7o (T, Sin K, (0)))7c,
181* Jo
1 18l R
W=—5 drdre (T, <j\1—i7'1jzir2T12(0))>T7c
1812 Jo
1 18l _ L, .
“=- 2|5|2/0 drydry (T <{K—in’ JZir, 3T (O))>T,c-

The correlation functions in (5.3) can be expressed as Euclidean three-point functions
of the stress-energy tensor and can be calculated with the imaginary time formalism. The
shifted boost and angular momentum generators can be written as (see eq. (3.2)):

7

—ir

T (=i, 0)) J* T~ ((-ir, 0)).

So one can expand the integral expressions of the generators of the Lorentz group and write
the basic structure appearing in all coefficients in (5.3) as:

1 8]
181> Jo

CeBhelinlis dndny [ &% @y(t, (T2%(n, @) (0 )P (O)) o'y’ (5:4)

where

T (r,x) = T ((=ir,0)) T (0,x)T ! ((—ir, 0)) (5.5)

,10,



is the imaginary time evolved stress-energy tensor operator. By using the eq. (5.4), the
egs. (5.3) can be rewritten in terms of these auxiliary quantities:

A :%COO|OO|OO|337 U, = % (Co1|01|00\22 _ 001/02(00[21 _ 0201/00[12 | 002|02|00|11) ’

U,
L oojo0j1133 _ 1 ~oojooji2)12
Dy =-C e ,
2 3
D

1
w =3 <001\01|11|22 — ¢01102[11[21 _ ~02/01]11]12 + 002\02\11\11)
1
02|03]11|31 03]03]12|21 02]01]12|33 03]01]12|23
_5(0||| _ (03l03[12121 _ ;02(01]12| +C|||),
A :COO|00|12|12, W = (02103[11]31 _ ~03]03[1221 _ ~02[01]12|33 + 003\01\12\237

G—_ % (Coo|o3|03|11 _ C00I01[03[13 | 703]00j03[11 _ 001|01|03|31) . (5.6)

The above coeflicients are not all independent, in fact there are relations between them
stemming from the conservation equation:

9, (T = 8M%tr(ﬁf””) — (@, 7") =0,

which states that the mean value of T is conserved if the corresponding operator is
conserved and the density operator p is time-independent. The relation between the above
second-order coefficients can be obtained in a functional approach [24, 25, 35] by taking
advntage of the invariance of the generating functional by diffeomorfisms; in the present
operatorial approach, one has to enforce the continuity equation of the stress-energy tensor,
which leads to these equalities (see appendix B):

0
Uw = —|Bl == (Do +A) — (Do + A4),
Uw——|,818|aﬁ|(Dw+W)—Dw+2A—3W, (5.7)
2G:2(Da+Dw)+A+|5|afﬁ|W+3W,

where all derivatives are to be taken with fixed ( = u|8|. Thus, only D, D, A, W are
actually independent, while G, U,, U, can be obtained directly from the egs. (5.7). Nev-
ertheless, in this work, we have calculated all the coefficients by using the egs. (5.3) and
have used the relations in eq. (5.7) as a consistency check.

5.1 Free complex scalar field

We now calculate the coefficients (5.3) for a complex scalar field at finite temperature and
chemical potential, using the imaginary time formalism. In this case we have:

Ty = 8,010, + 0,01 0,00 — g0 (001 - 0 — m?PTP) — €(0,0, — gD (5.8)

where £ = 0 corresponds to the canonical stress-energy tensor and £ = 1/6 to the improved
stress-energy tensor [45].

— 11 —



For finite chemical potential, it is convenient to switch to the Euclidean time formalism
with the modified hamiltonian H — pu@) and write the field evolution as:

D(r, &) = T H1Q (0, #)e T H-4Q),

Indeed, as the stress-energy tensor commutes with the charge operator, the formulae ob-
tained in the previous section are unaffected. Defining:

P* = (w, +ip,p), X =(rx), i IBIZ/ 3,/ /wdr/dg
A -

and:

5(P) = /X NP _ |5](21)%,, 059 (p)

where w,, = 2mn/|5| are the Matsubara frequencies, the propagator in the imaginary time
reads [46, 47]:

O\ ~ 1 -
T - (XY ) = IP-(X—Y)—p(ro—Ty) Ei iPH(X-Y) A (p+
O =Y e DT =L (P,
P P
SO , 1 N
TT X f Y = IP-(X=Y)+u(1a—Ty) = i iP (X_Y)A P
TP W)= Ye =Y ).
P P
(5.10)
where: .
A(P*) = P2 (5.11)

and P*? is the Euclidean squared magnitude of the four vector P*, implicitly defined in
egs. (5.10). The egs. (5.10) are the building block to evaluate the three-point function in
eq. (5.4) because:

. 1 . - - o
CeBhpluvlij — ||2/ /(TTTGB(X)TW(y)TW(O»T’szyJ (5.12)
Y
where TH”(X) is given by (5.5). The (5.12) can be computed using the point splitting
procedure; first, consider:

C(X,Y,Z) = (T, T*(X)T"(Y)T" (Z))1.

= lim D*(dx,,0x,)D"(dy,,dy,) D" (dz,,0z,)
X1,Xo0—X (5.13)
Y1,Ya—Y
Z1,Z2—>Z

X (Trt (X0)D(X2)0T (Y1) (V)T (Z0)0(Z2) e
where the form of the differential operators D*¥(0x, , Ox,) can be inferred from the eq. (5.8):
Dags(Ox,, Ox,) = (—i)%0+00s [(1 = 26) (0x100%,p + 9x500x,8) — (1 = 4)0apdx, - Ox,

— m2(5a5 + 26(5QBDXQE + (5QBDX1E — 8X2a8X25 — 8X1Q8X15) . (5.14)
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In the eq. (5.14), the scalar product has the Euclidean signature, that is dx, - Jx, =
Or, Oy +>"; O3,y On,, and the D’Alembertian as well: Ox g = 024>, 92. The imaginary unit
in front of the differential operator (—i)%=+%s is a consequence of the the Wick rotation.
The evaluation of the three-point function can be done by employing the standard Wick
theorem and since only its connected part appears in (5.13), only the following two terms
survive:

(TN (XD)P(X2) T (V) (V) (20)6(Z2))7c
= (T " (X1)(Y2)(Trt (X2)0 T (Z0)) (T4 (V1)1 (22))
(T (X0)9(Z2) {Trh(X2) 9T (Y1) (T (Yo) 0T (Z0)).

Inserting the Fourier decomposition of eq. (5.10), the differential operators in (5.13) give
rise to a polynomial in momentum; thereby, the limits can be readily done and one obtains:
Cx.v.2)= Y PO ACD (1P, Q7 KO)APHAK)A@)

P.Q,K
+F (P, Q7 KT)A(PT)AK)A(Q )] (5.15)
where A is defined in (5.11) and the function Fy and F» are just polynomials of momenta:
F(PT,Q%,K™) =D (iP*iK™)D"(iQ*, —iPT)D" (—iK ", -iQ™),
FQ(P_a Q_7 K+) - Daﬁ<iK+7 iP_),Dpr(—iP_, iQ_)DNV(_iQ—7 _1K+)
Now we take the Z — 0 limit in eq. (5.15), as prescribed by eq. (5.12) and, separating the
integration from the sum over frequencies, we get:

d3p d®k d¥¢q
2m)3 (2m)3 (2m)3

C(X7 K 0) = C(Tla T, T2, y) = /( e*i(p+k)-mefi(qu)-ys(p’ q, k) 71, 7-2)

(5.16)

where:
el (Pntin)(ri—mo)Hlgn Hip) 2 Hilkn =) py (P QF, K )

1
S(pv(bka’rlaTQ):i Z
EE P+ )@Y + ) (K2 + m?
Prdn kn ( I ) ) (5.17)
ei(Pr =) 7 (11 =m2) Hilgn i) —moti(kn Hi) T By (P~ Q~ KT

(P~ 4+ m2)(Q™% + m2)(K+? +m2)

_l’_

The functions I} and F5 are polynomials, hence analytic and the sum over the frequencies
can be carried out by using the formula [48]:

(wn +ip)T

]ﬁ\z wnjzl,u )2+ E?

[( i) TP (0(—7) + np(E £ p) + (GB)'e 7 (0(r) + np(EF p)|  (5:18)

Z (—isE)*e™P[0(—s7) + np(E + sp)]
s==+1
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where 6(7) is the Heaviside function and —|5| < 7 < |S]; np is the Bose distribution

function:
1

The eq. (5.18) is needed to work out the function in eq. (5.17):
1 - - _
_ T1(s1Ep+saEy)+72(s2Eq—s1Ey) (P K
S(p,q.k,m1,72) SE,E,Ex ) 52;311 v o { 1( (s1), Q(s2), (33))
[0(—=s1(m1 = 72)) + nB(Ep + s1)][0(—s2) + np(Eq + s2p)][0(—s3) + np(Ex — s3p)]
+ Py (P(s1),Qs2), K (53) ) [0(=s1(71 = 72))
(B — syn][B(~s2) + s (B — sapn)][0(—s3) + (B + san)]
where E, = y/p? + m?2, and we have defined
P(s) = (—isEp, p) (5.20)

and similarly for Q(s), K (s). Note that, after the frequency summation, the arguments of
the functions F; and Fb no longer depend on the chemical potential, and that, thanks to
the symmetry properties of the polynomials, the functions F} and F become indeed the
same. Thus, the eq. (5.17) becomes:

1 - - -
S(p,q,k,m1,72) = m Z e7'1(81Ep+33Ek)+Tz(squfs1Eq)F1 (P(Sl), O(s2), K(Sg))
p=q

S1,82,83==*1

{10(=s1(r1 = 72)) + np(By — s12)][0(—52) + np(By — 50)]

X 0(=s3) + np(Ex + sap)] + (1 = —p) | (5.21)

Now we can take advantage of the formula:

2

3) 3)(p _
8,%6%5 (p+k)0™(p—q)

/de/dSy e—i(p-i—k)-we—i(q—p)-wxiyj _ —(27T)6

to integrate over the coordinates z and y in the eq. (5.12) and, by using the eq. (5.16) we
obtain:

g 1 ~ ~ ~ o
CoBhplpvlij — W/X/Y<TTTQ5(X)TW(Y)TW(O»T,CSLJ?JJ

—1 rl8l dBp 62
= — drid — 5 k .
‘/B|2 /0 1 7-2/ (27’(’)3 31{:%8% (p7 q, 77—177—2> k:q:—})p

(5.22)

One can now plug the (5.21) into the (5.22), integrate over 71 and 75 so as to express
the CoBheluvlii a5 an integral over momentum of combinations of derivatives of the Bose
distribution function. After setting the appropriate indices in (5.22) according to the (5.6),
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the second-order coefficients of the stress-energy tensor are finally obtained:

(1-4¢) [~ dp 4
Uw = 12ﬂ_2/@2 0 ET; (n/é(EP - 'LL) + n%’(Ep + /.L)) p,

1 o0 d " "
Ua = W/o E]Z (nB(Ep — 1) + nB(Ep + 1) (p* +m?)(m* + 4p* (1 — 6¢)),

(26-1) [~ dp "
W= 247‘—2/82 0 Fp(n%(EP_M)+n%(EP+M))p ’

1 *d " "
A= 187232 /0 EZ (nB(Bp — p) + nB(Ey + p)) (2p*(1 — 6€) + p*m*(3 — 12€))

1 > dp " " 4 2 9
G = g [ o (5B, )+ By +10) (5114 66) + 3970,

1 o0 d i "
Da = 1447232 /0 F]Dp (0 (Ep — 1) +15(Ep + ) (8p*(6€ — 1) + 3m?(24¢ — 5))
5 OO d " "
o= [ B B — ) (B )
(5.23)

where n; denotes the second derivative of the Bose distribution function with respect to
the energy.
It is worth noticing that the above expressions (5.23) fulfill the relations (5.7).

5.2 Free Dirac field

In this section we calculate the coefficients (5.3) for the free Dirac field at finite temperature
and chemical potential. The thermodynamic properties of the Dirac field can be deduced
from the Euclidean Lagrangian Lp = —L(t = —ir):

1= _ _ _ _
Ly =3 |U7°0,W = 0,070 — i 9w — iaklllvk\li] v, (5.24)

It is convenient to write the (5.24) with the so-called Euclidean Dirac matrices:

Jo=1" =i
fulfilling the relations
{;5///«7;5/1/} = 25,u1/ :YZL = '?u

so that the eq. (5.24) can be written:
1 - - -
Lp=3 V3,0,V — 0,7, V] + mbW.
The thermal propagator of the Dirac field reads! [46, 47

ot
<TT\UQ(X)\TJb(Y)> _ IeiP+'(X—Y)m _ IeiP+~(X—Y)(_iP+ + m)abA<P+)
{P} {P} (5.25)

'Latin characters a, b, - - - denote spinorial indices.
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where X,Y, P* are defined in eq. (5.9) and A(P¥) in eq. (5.11); the sum runs over the
fermionic Matsubara frequencies w, = 2m(n + %)/|3|; Pt = YuPF is the standard con-
traction between the (Euclidean) Dirac matrices 4, and the (Euclidean) four-momenta
P* = (p, £iu,p). The Euclidean canonical stress-energy tensor (see eq. (5.5)) reads:

~ i(sO[,L +dov

T (X) = —5— [B(X)50,W(X) - 0,(X)7,9(X)]

where the i%0 factor stems from Wick rotation. The Belinfante-symmetrized stress-energy
tensor is the symmetric part of the canonical one:
i60p+6OV

~

TIW(X) =

(W(X)3,0,¥(X) =8, W(X)3, ¥ (X)+V(X)7,0,¥(X) -8, ¥(X)3,¥(X)],

which can be expressed according to the point-splitting procedure as:

~ —_

T/W(X) = P% 111211_>XD/W(6X178X2)\U(X1)\U(X2)v

1,

where:
i(SO/J. +60/J.

DMV(aXUaXz) = T Wu(a)ﬁ - 8Xl)l/ + /71/(8)(2 - aXl)lJ : (5'26)

The stress-energy tensor three-point correlation function (5.12) needed to extract the
various coefficients is similar to that in (5.13):

C(Xa Y, Z) = <TTj—\‘a/8 (X)fWﬂ(Y)fMV(Z»T’C

- X, ,l)l(IznﬁX Daﬁ (8X1 y aXz)ab,D'yp(alﬁ ) 8Yz )Cdlpuy(azl ) aZ2)8f

Y17Y2—>Y
Z17Z2—>Z

X (T Wo (X1 )Wy (X)W (Y1) Wa(Y2) Ve (Z1)V f(Z2))7c -

Like for the boson case, thanks to the Wick theorem and the presence of the connected
part, only two contractions survive:

(TrWo (X)W (X)W (Y1) Wa(Y2) Ve (Z1)V 5 (Z2)) 1
= (T W, (X1)Wa(Ya) (T Wy (X)W (21))(T-Ve(Y1)Vf(Z2))
(T Vo (X)W 5 (Z2) (T Wy (X)W (V1)) (T V4(Y2) We(Z1)) -

Plugging the expression of the propagators (5.25), after some algebra and integration vari-
able manipulation, we get:

C(X,Y,Z)=(-1) i P XFQO=AHRXD) Gy (P, QF, K7)A(PT)A(KT)AQT)
{P.Q.K}
+G2(P7,Q7, K")A(PT)A(K)A(QT)]
where the functions GG1 and G9 are defined as:
Gi(PH, Q" K™) =tr [Daﬂ(iK_, iPTY (=P + m) Dy, (—iPT,iQT)(—iQt +m)
X Dy (—1Q*, —iK ) (iK™ + m)},
Go(P™, Q7 K*) = tr| Do (P iK ) (=K " +m) Dy (K, ~iQ7) (1@ +m)

x D.,(iQ~, —iP7) (Pt + m)].
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The trace is to be carried out over spinorial indices by using the Euclidean v matrices
properties:

tr (Yuw) = 40w,
tr (:Vm .- ‘;Ymnﬂ) =0,
tr (Ve AT Tv) = 40kx0pu — 4 0kp0ny + 4 0k 0y

We finally obtain:
1
G1(P.QuK) = GolP. Q) = Suu{ 5 (P2 = K2) (P, + Q) (K, - Qu):

' [KH(Pan + PoQy = day (m2 ""P'Q)) +Pﬂ(5av (K Q- m2) — K,Qa "’KaQV)
+ Py KoQp + PoKyQp + m*Qudany — Quian P - K +m*Podyy + m*Pydpua
— m? Koy + m* K80 — m?Qaduy + m?Q0ua + Quduy P K — Q6,0 P - K

— Kabus P Q+ Ky6,u0P - Q — Pady KK - Q — PySuaK - Q} } ,

where S stands for a full symmetrization of the subscript indices (without factorials). This
expression is very similar to that for the boson field obtained in the previous subsection,
with the proviso that now the Matsubara frequencies to be summed involve odd integers.
We can then trace the bosonic procedure, first setting Z to zero and defining the auxiliary
function S*':

Bp [ Bg [ BEE e i
C(XaY7O):C(le7—2am7y):_/(27r1))3/(27_(_?3/(27_‘_)36 (p+k) € (g p)SF(p,q,k,Tl,TQ)

with:
el(pntip) (T1—=72)+i(gn+ip) ro+i(kn —ip) 1 Gy (P+, Q+, K_)
(P2 + m2)(Q+% + m2)(K—2 + m?2)

1
SF(p7q7k77_177_2): |,8|3 Z
{Pn,qn kn}
el (Pn—i)T(ri—m2)Hlgn—ip) 2 Hilkn Hi)L Gy (P~ Q—, KT)

(P~ 4+ m2)(Q% + m2)(K+* + m2)

_l’_

The sums over fermionic frequencies can be done by using a formula corresponding to (5.18)
for the boson field:

(wp £1i 1IUJ kgi(wnEip)T
B Z 2+ E?
= i [(—iE)’“eTE(é(—T) —np(E £ W) + (GE)e 7 (0(r) —np(EF )| (327)
= % (—isE)*e™P[0(—s7) — np(E + sp)]

s==+1
np being the Fermi-Dirac distribution function:

1

np(E) = TFELT

,17,



Like for the boson case, S comprises 8 terms:

1 . _ - 8
S BB B B Gy (P(sy), Q(se), K (ss)
8EquEk $1,82,83==+1

[0(—s1(m1 — )) —nr(Ep + s1p)][0(—s2) — np(Ey + s2p)][0(—s3) — np(E) — s3p)]
+ Gy (15 (33)) (5.28)

[0(=s1(11 — 72)) — np(Ep — s1p)][0(—s2) — np(Eq — sop)][0(—s3) — nr(Ex + 83#)]}

with P(s1), Q(s2) and K(s3) defined in (5.20), and the polynomial G' no longer depends
on chemical potential after frequency summation. Furthermore,

G (P(51), Qls2), K (s3)) = Ga (Pls1), Qs2). K (s3)

and so we can rewrite ST in eq. (5.28):
b
8k, EqE)

SF(pa q, ka 1, 7—2) =

S eliBrtsE b s B Gy (P(st), Qsa), K (s3))

51,52,83==%1

S (pa qvk 7_177_2)

{0G=s1(r1 = 72)) =0 (B + 512))[6(~52) = n(Ey + 521

% [0(=s3) — (B — sop)] + (1 = —p) . (5.29)

The spatial integrations are straightforward, and so we can finally write down the general
three-point function for the free Dirac field:

. 1 ~ ~ ~ o
CeBhplpvlij — ]B|2/X/Y<TTTQ6(X)TW(Y)TW(O»T’CQ:Z’U]

! lmd dr o o s k

=—p

with S given by the (5.29). The coefficients of the symmetrized stress-energy tensor can
now be expressed by using the relations (5.6) like in the boson case, as integrals of the
second derivative of the Fermi-Dirac distribution function weighted with polynomials of
momentum and mass:

1 * dp
Uy = RRCE / B, (N (Ep — p) + nh(Ep + p) p*(p* +m?),

1 dp 2 212
Usa = W/o Ep (nF(E — ) +np(E, + N)) (p~ +m?)*,

W =0,
A=0,

(5.30)
1 00 dp . .
- 727T2ﬁ2 / Ep (n/}/T'(Ep - :U’) + n/I/T(Ep + M)) (4p + 3m p ) ,

1 dp 4 2 2
Dazw/o B 9By = )+ (B 0) (0 +3m%7)

Do =gz || o (B, = )+ (B, + )
247232 Jo  E, ! ! ’

where n.(E, £ p) = d*np(E, + p) /dE2.
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Also in the fermionic case, it can be shown that the coefficients (5.30) fulfill the rela-
tions (5.7).

6 The vector current

Also conserved currents can receive corrections in general thermodynamic equilibrium with
non-vanishing thermal vorticity (3.3). For a vector current j*(z), the expansion (4.6) yields:

] 5 Qp |5\ ]
7(0) =G~ i [ 4rC0 (RO o= 5 [T (T P10
18l
QpQy SN
+ 2|pﬁ|2/0 d71d7—2<T7' (K 171uK 172u]“(0))>6(z),c
18l
WyWe .
+ 2|ﬁ‘2 /0 dT1d7—2<TT (‘]—17'1u‘] irpu J (0)>>B(m),c
18
apWs e ~ ~
+ 2|pﬂ|2 \/O dTldT2<TT <{K€i’r1u’J*iTQu}jM(O))%@(x)’c+O(w3). (61)

The leading order term G“(a:» 3(z) 1s simply the homogeneous equilibrium current nu
where n is the proper charge density. The first order corrections in a and w are zero due
to the time-reversal and parity symmetries, just like for the stress-energy tensor; hence,
again, the first non-vanishing corrections are quadratic in thermal vorticity. The invariance
under rotation selects only three allowed tensor combinations with a and w:

Ju(z) = nuy + (02Ny + w?Ny) uy, + Gy, + O(w?) (6.2)

where n is mean value of the charge density at the homogeneous equilibrium. By comparing
the egs. (6.2) and (6.1) and taking into account the rotational invariance, we can identify
in the local rest frame the following formulae for N, N, and Gy:

1 18] >3 3. 70
N, = 6"12/0 d7—1d7_2<TT (K—iﬂ K—iTQ J (0)>>T’C’
1 18] >
N, = s drdre (T, (j?’_in jg—iTz 30(0)>>T,ca (6.3)
681 Jo

18] -~
Gv = 3 /0 dridn(Tr ({RL,, 20,1 720)) e

The right hand sides of the above equalities involve the three-point thermal functions of
the stress-energy tensor (twice) and the current operator. Defining:

y 1 18] N N N o
T / drydms / Cady(T, (T (r, @) T (72, 9)7(0) ) )rea’y’  (6.4)
0
the coefficients in eq. (6.3) can be obtained as linear combinations of (6.4):

1
N, = =C0l00[0}33

N, = é(001|01|0\22 _ o01/0120/21 _ 502{01(0[12 | 002\02\0|11) ’ (6.5)
av — %(Coo|03|3\11 _ C00l01[313 y ~03J00[3[11 _ 001|00|3\31)‘
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6.1 Free complex scalar field

The current of the free scalar field reads:
3,&1 = i(@@ﬂ# - w@ﬂﬁ)
and its Euclidean counterpart:
T Sou AT@ A_a Y
ym 1( 1) (0 /ﬂ/} ,ﬂﬁ P
The general coefficient in eq. (6.4) can be calculated by using the point splitting procedure:
Ceurr. (X’ Y, Z) = <TTT\QB (X)T\WP(Y)./]\H(Z»T,C
= lim D (6X1 ) 8)(2)17”)(63’1 ) a3/2)\7M(8Z1 ) 8Z2)
X1,X2—)X (66)
Y17Y2—>Y
Z1,Z2~>Z

X (Trpt (X1)(X2) Dt (V) (Y2) bt (Z1)9(Z2)) 7

where the differential operator D is defined in (5.14). The operator J* is found inserting
the current operator into the correlation function:

J"(0x, 0y ) = (=) (9§ — %)

Thus:

y 1 N . o
Cips = /X /Y (T, 78 (X) T (¥ )7(0)) e’y

—1 8l dBp 92
= — drd — S k _
‘,6|2 /0 T1 TZ/ (271')3 8]4?28(]] (p7 q, 77-177-2) kq:—})pa

(6.7)

where the function S is now:

el PT(T1—72) QT2 +HK 1y H, (p—f—’ Qt, K™)

1
S(p7q7k77-177—2) :W Z (P+2+m2)(Q+2 _|_m2)(K—2 +m2)
PrsGnskn (68)

elP ™ (M1—72) HQ 2 HK 7 Hy(P~,Q ,K™T)
(P2 2@ 7 1 m) (K 1 m?)

_l’_

and the polynomials in the momenta are:

Hy(P*,Q%, K7) =D’ (iP*,iK")D"(iQ*, —iP ") J"(-iK~, —iQ"),
Hy(P~,Q ,K*) =DY(iK*,iP™)D"(—iP~,iQ ") J*(—iQ ™, —iK™).
Since the polynomial J#(X,Y") is antisymmetric by argument swap, after the frequency

summation the two polynomials H; and Hs no longer depend on the chemical potential
and are opposite, i.e. Hy = —Hs.
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Then, summing over Matsubara frequencies and reminding definition (5.20):

1 - ~

S(p, q.k, T, 7-2) = m Z eTl(SlEp+53Ek)+TQ(S2Eq_81Ep){H1 <P(51), Q(52)> K(SS))
p—aq

S1,82,83==+1

[0(—s1(11 — 12)) + np(Ey + s1p)][0(—s2) + np(Ey + sap)][0(—53) + np(Ey — s3u)]
+ Hy (P(s1), Qs2), K (s5))

[0(—s1(11 — 72)) + 15 (Ep — s10)][0(—s2) + np(Eq — s212)][0(—s3) + np(Ey + sw)]}

1 - 5 A *
I Z e 1(81Ep+83Ek)+T2(52Eq_51Ep)H1 (P(Sl), Q(SQ), K(Sg))
8EquEk s1,89,8s3==+1

{[0(=s1(m1 = 72)) + np(Ep + s1)][0(—s2) + np(Eq + s2p)][0(—53) + np(Ex — s3p)]
—(p—= -}

Taking the derivative of S respect to g and k, integrating over 71 and 7o, according to
eq. (6.7), the coefficients (6.5) turn out to be:

2 [e'e)
1 1
Neq _144772/82/0 dp (nB(Ep_M)_nB(Ep+N))7
Nw :O) (69)
1 o
|4 2
GY == g | o (b= )~ (B ) 8

6.2 Free Dirac field
The vector current of Dirac field 5" = U~V in its Euclidean version reads:
= ()Y,
where 4 are the Euclidean gamma matrices. The generic coefficient (6.4) in this case can
be written as:
C(X,Y, Z) = (T (X)T°(Y)3(Z))1e

- N DB P M
X17)1(r2n_)X (0x,,0x5)ab (Ov1, Ov3)cad " (Oz, aZz)Ef (6.10)
Yl,YQA)Y :
Zl,Z2—>Z

X (T, (X1) Wy (X)W (Y1) Wa(Y2)We(Z1)V(Z2)) 1

where the matrix associated to the stress-eenrgy tensor D?(dx,,0x,)a is defined in
eq. (5.26), and J#(0z,,0z,)es corresponding to the vector current is:

T"0z,,0z,)er = (=)' (7)es -
The function S analogous to that in eq. (6.8) is:
1 P (M=—m)HQ P HE T £ p (P QF K )
BF 2 PR @ m) (K2 4 )
BT T(M=m) HQ R HK T N (P QK
(P72 4+ m?)(Q2 4+ m?)(K*2 + m?)

SF(p7 q, ka T1, TQ) -

_l’_
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where, in this case, the vertex functions corresponding to the stress-energy tensor and the
vector current insertion into the correlation function (6.10) are denoted as M; and Msy:

My(P*,QF K™) = tr [Dag(iK*, iPTY (=P + m)D,,(—iP",iQT)(—i@" +m)
x Ju(—iQT, —iK )ik + m)} ,
My(P~,Q " K*) = tr [Daﬁ(ip—, K (—iK T+ m) T (—iK*, —iQ7) (@ +m)
x D, (iQ~, —iP7) (P + m)} .
The sum over frequencies yields:

1

- - T1 (SlEp+53Ek)+T2(52Eq*51Ep)M p ~ K
SE,E,E ¢ 1( (51), Q(s2), (83))

S1,582,s3==+1
{05101 = 7)) = (B, + s1p)

% [0(=52) — (B + 52)]10(=55) — nr (B — sops)] — (1 — =)}

SF(p7 q, ka 7-177—2):_

where, like in the boson case, the two functions M; and Ms turn out to be opposite:
Ml(P>Q7K) = _MQ(PvQ’K)
= Sagrp{i(K" = PP)(P" + Q") [ KV (P*Q) + P1Q* = 7 (m® + P - Q))
+ P (O (K- Q—m?) + KQ" — K7Q%) + Q"(8"(m* — P+ K) + K'P* + K“P7)
+ (K76M — K*§M7)(m? + P - Q) + (PY§"* + P*5")(m? — K - Q)
(@5 — Qo) (m? ~ K - P)|}.
After performing the integrations in 7, taking the derivative with respect to the momenta

g and k and setting the appropriate indices according the eq. (6.5), the coefficients for the
Dirac field are finally obtained:

1 o0
M=22/dﬂﬁﬂrm—%@WMNW+W%
2471' B 0

1 > dp 2 2
Nw:_w/o B, (e By = ) = nlp(By -+ ) (209° + Tor?), (6.11)

1 > dp
GV :4871_262 /0 Ef ( ,F(Ep - ,U) - ’I’L,F(Ep + M)) (5p2 4 m2).
P

7 The axial current

It is also worth studying the lowest-order expression of the mean axial current (}i@ at
thermodynamic equilibrium with vorticity and acceleration. For the free field without
interactions, the axial current j% = WAH~5W is conserved only in the massless limit, being,

as it is well known:

8u3ff‘ = 2mivA V.
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Unlike the vector current, because of its properties under space reflection and time-reversal,
its mean value vanishes at homogeneous thermodynamic equilibrium, but it has a first-order
correction proportional to vorticity:

~ w, 18l

181 Jo

The coefficient W4 can be calculated from the two-point function between the angular

dr (T, (ffim?j,(O))) sy +O(@?) = wWA+0(w?). (7.1)

momentum operator and the axial current operator; in the rest frame its formula is:

|/3| L[ (R0

18] =~ -~ 7.2

— 5 [ / ds (T2, 2)74(0) e’ — (T (r ) O)ra?) (T
02]3[1 01|3]2
- Caxl‘all - Ca)ulal‘ :

To calculate the latter two terms, as usual, we write the correlation functions in the Eu-
clidean form. The Euclidean axial current reads:

JAX) = ()T BOFW) = | ()G Pa (X)W ()

= Jh(0x,,0x,)ap Vo (X1)Vp(X2)
where 3° is defined as:

35 = 70515253

and it is equal to the usual 4° matrix. Then, we can write:

(T (X)JE(Y))Te

= lim D" (dx,,0x,)ab T4 (Ov1, Oy )ed(TrVa(X1) Wy (X2) Ve (Y1) W4(Y2)) 7
X1,X2~>X
Yl,YQ—)Y

By using the Wick theorem and the momentum representation of the Dirac propagator we
can write:

(T, T (X)75( Z: AGQ,iPHA(PHA(Q™ )P+ X

where the function A results from of the composite operator in the correlation functions,
in this case:

A(iP,iQ) = tr [P (iQ,iP)(—iP + m) T4 (—iP, —iQ) (i@ + m)]
= (iP" —iQ")e™ 7 (iP,)(iQq) + (IP” —iQ")e™ 7 (iP,)(iQs).

After having defined S,y in the same fashion as in previous sections:

(7.3)

Ty e’ dgp d3q —i .z
TGO e = [ 5 [ e D Sa(pea.7).
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we get:

ei(p7L+iM)7— ei(Qn_iN)T

1
% ey (pn +ip)? o+ By (gn = ip)* + B

Saxial(P, G, T) = A(i(pp +ip),ip, i(g, — ip), iq).

In the above expression, the two sums over frequencies are independent; using (5.27):

1
4E,E,

- A( D> 1p7 EQ7 iq)e(iEZH»Eq)T[l - nF(Ep - N)]nF(Eq + ,U,)
— A(Ep,ip, —Eq, iq)e(EpiEQ)TnF(Ep — )1 —np(Ey+ p)]
+ A(Epip, By i@)e ™ 0 0 (B, — e (B + 1)}

Saxial(pa q, T) = {A(iEpv lpv 7Eqa iq)e_(Ep+EQ)T[1 - nF(Ep - H)Hl - ”F(Eq + :u)]

with the function A defined in (7.3). Recalling the definition of W4 in the eq. (7.2)
the integration over the spatial coordinates can be done as a derivative respect to a loop
momenta:

] ,
:}’;Lﬁh = |B|/ d7—/d3 T TW/ ) (0)>T,cl'Z

Iﬂ\
= |5| / / 27‘( 3 a K ax1a1(paq77—) q:—p‘

Choosing the suitable indices as in eq. (7.2), taking the derivative with respect to the
momentum q and integrating over both 7 and the angles, we finally obtain the coefficient
W4 for the free Dirac field:

a1  dp (

~ 28] ), E, np(Ep — p) +np(Ey + 1) (2p* +m?). (7.4)

This result can be checked by using the conservation of the axial current in the massless
case. In general, the divergence of the mean axial current, at first order in w:

, w4 9
Ol = Ou(w'W) = —a - w <3 + 8|5|WA)

where we have used the fact that W# depends only on the magnitude of 3 and the ex-
pressions of the gradients of w* that can be found in appendix B. Specifically, the above
combination gives rise to:

w4 0 A\ m? <dp , , ,

which is manifestly vanishing for a massless Dirac field.

7.1 Discussion: axial current and anomalies

The equation (7.1) states that in rotating fermion gas there is a non-vanishing axial current
and consequently the right and left chiral fermions get separated. This current can be
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pictorially understood with a simple argument, which is strictly valid only for massless
particles. In a rotating system the fermions spin tend to align with the direction of rotation
w independently of their charge [49]. The right handed particles have their momentum
aligned with the spin, consequently will move in the direction of the spin, i.e. we get a
net right handed particles flow in the direction of w. On the other hand the left handed
particles will move in the opposite direction, giving a net left handed particles flow opposite
to w. Together these flows give an axial current jo = npvr — npvy < w. The very reason
of the non-vanishing axial current is simply that it is allowed by the symmetry of the
statistical operator, as ;A has the same properties of the angular momentum operator J
under reflection, time reversal and charge conjugation; so:

. I~ ~ ~
ja= EtT(JA exp[—H /Ty + wJ,/Ty]) # 0.

Using the method described in the next section 8 one can obtain the value of the coefficient
WA (7.4) for m = 0:

] WA T2 2

JA= 7w = <+M2> w. (7.5)

This result is precisely the same found in recent calculations of the mean axial current
related to the chiral vortical effect (CVE), which is the onset of a vector current along the
vorticity due to the axial anomaly (see [50] and references therein). It should be pointed
out, though, that the onset of an axial current along vorticity is conceptually a distinct
phenomenon, so we denote it by axial vortical effect (AVE) following ref. [51]. The equality
of the coefficients found with our method and the anomaly-related method is a consequence
of the equality of the Kubo formulae [59, 61, 62, 64, 65, 67] obtained with either approach.
In view of the explicit absence of anomaly in our calculation — we deal with free fields in flat
space-time from the outset and we ignore gauge interactions — one may wonder whether
this equality is accidental or if our derivation is somehow equivalent to the anomalous one
for some reason.

The AVE was originally addressed for neutrinos emitted by rotating black hole in
ref. [52]. Lately, as has been mentioned, this effect was addressed in the context of CVE
and quantum anomalies [53-55]. Several terms were found to contribute to the propor-
tionality coefficient between j4 and w, in the massless limit: a term proportional to the
chiral potential ,u%, also confirmed in holographic models [56-59]; a term proportional to
T? [60-62] whose existence was attributed to the gravitational anomaly [63-65] and to the
modular anomaly [66]. The relation to anomalies is made stronger in ref. [67] where it is
proven that the CVE does not receive corrections from a Yukawa type interactions. Cer-
tainly, when dynamical degrees of freedom are considered instead of external fields, all kind
of anomalous transport coefficients (CVE and AVE) are no more related nor constrained
by anomalies, as first shown in [67] and then in [68, 69]. It is also worth pointing out that in
fact, all calculations of the T2 term in eq. (7.5) in refs. [52, 61, 62] give the same result, i.e.
T2 /6 like in eq. (7.5). We would like to point out that in the derivation of Vilenkin [52] it is
clear that the effect is caused by the modified density operator in the presence of rotation,
exactly like in our case, and indeed we recover the same result in eq. (7.5). We also stress
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that in this framework, the coefficient W, is non-vanishing also for massive fields, as it
turns out from the general formula (7.4), when the chiral symmetry is explicitly broken.
Furthermore, it is likely that the addition of a term u5@5 /T, where @5 is a conserved axial
charge, in the exponent of the statistical operator (2.6), will lead to a term p2 /27 as found
in [53, 54, 56-59, 62].

Finally, it should also be pointed out that the formula (7.4) was implicitly obtained in
ref. [70] by means of the relativistic single-particle distribution function of particles with
spin 1/2. Therein, the mean spin tensor of the free Dirac field:

i
S = §<\U{7/\> [7p>70]}w>7
was found to be, with a non-vanishing thermal vorticity cw:
ShPT =, (u)‘wpa +u’w + upw”’\> (7.6)

where:

1 OF 9 1 d®p 1 1
T OB F(%0) = (2m)3 /Ep (eIﬁEp<+1 t BB | 1) :

Noticing that the derivative of 52 inside F' can be recast as a derivative over energy of the

L=

Fermi distribution np, after integration by parts it can be shown that

1 < dp

2L = = B — E 9 2 2 :WA
L 272(3] J, Ep(nF( p — 1) +nr(Ep + p)) (2p° +m?)

according to eq. (7.4). Since the axial current is proportional to the dual of the spin
tensor S: ]
I () = Uy = =2 SN, (7.7)

using the eq. (7.7) and (7.6) the mean axial current turns out to be:

-~ 1 o
<]A) = —geﬂ,\pgsk’p =2Lw, = wA Wy,

where we used the (4.2). Hence, the eq. (7.1) is recovered, with the same coefficient W4
in (7.4).2

8 Limiting cases

In this section we discuss some limiting cases which may be of interest for various physical
situations. It is important to stress that all of these corrections, at least for free fields, are of
quantum origin, and thus are expected to contribute in limiting cases where temperature is
very low and /or the chemical potential stays finite, in presence of vorticity and acceleration.

?While we were completing this work, a paper by Flachi and Fukushima appeared [71] where they
calculated the axial current for a rotating system in curved spacetime. It can be shown that the small mass
limit of (7.4) corresponds to their result in flat spacetime.
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Any coefficient Y among those of egs. (5.23), (5.30) for the stress-energy tensor can be
generally expressed as:

1 > dp
= R /O B, ('t p(Ep — 1) + 0 p(Ep + 1) (Ap* + Bm®p* + Cm*),  (8.1)

with A, B, C' some numerical constant and:

", d? 1
nF’B( + 'u) dE2 e‘m(EPiM) - ’

where 7 is +1 for bosons —1 for fermions. Also, the axial current coefficient (7.4) can be

recast in the form (8.1) after integration by parts:

c ooy [ (B — )+ (B ) o'

67T2‘5| 0 Ep
m = 0. The simplest case is the massless one, where the integral can be calculated
analytically. For the free massless Boson field the only physical chemical potential value is
i = 0, whereas, for fermions a non-vanishing p is possible:

o 1 1
k __|gl-k-1 By T (eIl )
A dpp <e|5(p_u)+1 + e|f8|(p_ll)—|—1> |ﬁ’ kr(k) (le—l-l( e )+L1k+1( € )
where I is the Euler gamma function and Lig are the Polylogarithm function [72]. The
coefficients for massless Boson field at ¢ = 0 are reported in table 1 and for massless Dirac
field in table 2

m > |p| > 0. For relativistic massive fields, one has two cases: |u| < m and |u| > m.3
For |u| < m it is possible to expand the distribution function:

o0

W p(Ep %) =) "t (=n|g|)2e” Pl EE),

n=1

because |B|(E, = ) > 0. Under this condition the distribution function ngp can be
expressed as a geometric series of the Boltzmann one. Introducing this expansion, changing
the integration variable to the rapidity y with p = msinhy, defining x = m/T = m|f|, the
eq. (8.1) can be rewritten as:

4 -
Y= % Z 0"+ 12n? cosh(n| B]) / dy e "*chy(Aginh* y + Bsinh?y + O).
T 0
=1

The integration can be carried out by using the integral representation of the modified
Bessel function of the second kind, or McDonald functions K, (z) [72]:

25+1)— Z 7" a, (x) cosh(n|B|w), (8.2)

3The relativistic chemical potential j is related to the one used in non-relativistic statistical mechanics
UNRr by = pungr + m.
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m=0pu=0 an flx) z=m/T>1
p T—;T“ [—(nz) ?Ks(nz) + (nz) ' K3(na)] (1+27/8z)
P Z—;T“ [(n@)*Ky(nz)] é(l +15/8x)
Uy %T‘* i [(n®+24€272) Ko (na) +3(1—8¢)na ™' K3(nx)] 2—2(1+(39/8—24g) /)
D, @T‘* i [(12—48¢)z 2 Ky (nz)+ (24 —5)z ™ 'nK3(nz)] i(24§—5+(456§—79) /8z)
a U ‘665) T i [(4€ — 2)e2Kn(nz) + (1 — E)anks(na)] %(1 — €4 (19— 3¢)/82)
Us ( ;45) T % [(1 - 48272 Ka(na)] %(1 + 15/8z)
Dy, §T4 €272 Ky(nx) %(1 +15/8z)
w (256_ Yo %:ﬂ(zg — 1)Ky (nz) 252; ! (1+15/8z)
G %w é [(6¢ — 3)2 2 Ka(nz) + na~ ' Ks(na)] %(1 (66 +11/8)/2)

Table 1. The stress-energy tensor coefficients (5.3) for a free Boson field: the first column reports
the coefficients in the massless case with 1 = 0, the second column reports the nth term of the
expansion (8.2), the third column reports the asymptotic expansion at low temperature (8.3). Our
result for TV in the massless case agrees with that obtained in ref. [29] for A3 (see eq. (9.1)).

where the coefficients a,, for bosons (S = 0, n = 1) are shown in table 1 and for fermions
(S=1/2, 7= —1) in table 2.

The above series is well suited to study the non-relativistic limit of the coefficients,
what happens when the mass is much larger than the temperature, that is > 1. So, by
using the asymptotic expansion of the McDonald functions [72]:

[T 42 -1 (42 —1)(4? -9)
K, ~e M [ — |1
v(n) = e 2 [ + 8nx + 2!(8nx)? +

In this limit m > T either the particle or antiparticle contribution can be neglected,
and since |u| < m, the first term in the series (8.2) is the dominant one and quantum
statistics reduces to the Boltzmann limit. Thus, one can write the coefficient (8.1) in
the non-relativistic limit with |u| < m for, e.g. particles with g > 0, to a very good
approximation as: y

— Mef\ﬂ\(mw)f (z) (8.3)

2 m3/24:3/2

where f is a polynomial of 1/x =T /m and its first leading terms are shown in tables 1
and 2.

Note that eq. (8.3) can be rewritten as:
dN

Y = m@f(az)
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m =0 an, flx) x=m/T>1
7’ p? pt 4 —1 -2
14 <60 + ﬁ + 47’1’2T4> T - [(mc) Kg(nl‘) — (nx) Kg(nl’)] (1 + 27/855)
1(7n® Iy 4 -2 1
P 3<60+2T?+47T2T4)T —(nz) *Ks(nz) E(1+15/8z)
1 3”2 4 1 -2 2 z
Us ~ (1 T S K Z(1+15/8
24( +7r2T2) 51 (307 +79) Ko (na)] 511+ 15/87)
D 1 1+ 3 T —— [-3272Ks(nx) + na” ' K3(nz)] i(1 +11/8x)
o 2\ e 24 ? ’ 24
A 0 0 0
1 3p” 4 1 -2 -1 1
Z (1 T —— |—z7°K K —(142
U, ! ( v S [~ K na) 4 na T K (n)] | (14 27/80)
1 3\ L o 1
Dy, o <1 + 7r2T2> T g7 Ky (nx) @(1 +15/8x)
w 0 0 0
1 3 4 1 -1 1
G — (1 T - K. —(1+35/8
18 ( - 7r2T2> 242 (™" Ka(na)] 24( +35/8z)
w? R —5— [a7 Ko(na) + 2070 K ()] | 5—(1+15/80)

Table 2. The stress-energy tensor coefficients (5.3) for a free Dirac field: the first column reports
the coefficients in the massless case, the second column reports the coefficient of the nth term of
the expansion (8.2), the third column reports the asymptotic expansion at low temperature (8.3).

where dN/d3x is the classical expression of particle density in the Boltzmann limit. This has
an important consequence, that is all coefficients of the stress-energy tensor in egs. (5.23)
and (5.30) have a finite classical limit whose leading term is proportional to either mass
times particle density or temperature times density. Therefore, the second-order corrections
to the ideal form of the stress-energy tensor appearing in eq. (5.2) at thermodynamic equi-
librium must be quantum [30], as they vanish in the limit i — 0 according to the (4.4); this
explains why genuine quadratic terms in thermal vorticity are not found in the Boltzmann
kinetic approach to the gradient expansion of the stress-energy tensor [14].

The same conclusion applies to the vector currents coefficients, see egs. (6.9) and (6.11),
because at the same conditions they can be expressed in a fashion similar to (8.3). Since
vector current is odd under charge conjugation, relevant coefficients are an odd function
of 1 and vanish at zero chemical potential. The general coefficient Y, among those of
egs. (6.9) and (6.11) can be written as, for |u| < m:

3 o
o m n+1 :
Yeurr = (25 + 1)?2 ngln by, sinh(n|B|p), (8.4)

where the hyperbolic sine (odd function of u) replaces hyperbolic cosine. The non-
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m=0 pu=0 by, glx) z=m/T>1
n 0 (nx) "' Ko (na) (1+15/8x)
1
NY 0 =0’ Ki(na) %(1 +3/8x)
NY 0 0 0
1 1
el 0 —6:5—21{3(%) — 55 (1+35/82)

Table 3. The vector current coefficients (6.3) for an ideal boson field: the first column is the result
at m = 0 and p = 0, the second column is the generic terms of the series expansion (8.4), the third
column is the asymptotic expansion for low temperature (8.5).

T2 2
K 3# 1+ ﬂ-gTQ) —(nx) " Ky(nx) (1+415/8z)
T?u 1 x
% L7 T . £
Ny 12 71 [n*Ki(nz) 4 3nz~" Kz (na)] 51 (1+ 27/8x)
5T% 1 7
NY - 1K 202 2K —(1+41
5724 1 1
; - op K K —— (142
“ 24n? 51 (@™ Ko(nz) + 527K (na)] 51 (1 +27/82)

Table 4. The vector current coefficients (6.3) for an ideal Dirac field: the first column is the result
at m = 0, the second column is the generic terms of the series expansion (8.4), the third column is
the asymptotic expansion for low temperature (8.5).

relativistic limit is very similar to that of (8.3):

_ 25+ 1m? g
curr 2\/§7T3/2$3/2

The coefficients (6.3) for bosons are reported in table 3, and for fermions in table 4.

mg() = -g() (55)

|| > m > 0. As has been mentioned, the previous expansion is possible only when
lu| < m. For the Boson gas, at fixed charge (or particle, in the non-relativistic limit)
density, at some very low temperature 7" ~ 0 the chemical potential attains the limiting
value p = m (uygr = 0 in the non-relativistic framework), implying the onset of Bose-
Finstein condensation.

In the fermion case, at very low temperature, the case || > m is the so-called degen-
erate case. Indeed, when p > m, the Fermi-Dirac distribution function at 7' = 0 becomes
a step function:

1
li E,—p) = 1 - —f9(u—-F
T1£n>0 nF( P M) |B|l>n_|l_oo elBI(Ep—p) +1 (M p)
and the antiparticle contribution vanishes. The coefficients at zero temperature, in the
degenerate case, can be expressed in terms of the parameter of b = u/m ad they are shown

in table 5.
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4
0 #b“‘ [(2 B2 — 1)by/b?2 — 1 — log (b /. 1)]
4
p QZWQ bt [(2 b2 — 5)bv/b% — 1 + 3log (b /2 1)}
52U 2 b(3b% —4)
o 2472 (b2 — 1)3/2
BQD :u’2 b
@ 2472 /p2 — 1
52U LQ 3% —2
v 872 byv/b? — 1
82D LQ Vb —1
v 812 b
526 p? 4b% —3
2472 /b2 — 1
3 (32 _ 1)3/2
2 pe (b —1)
pn 372 b3
FENV o 6b* —9b* +2
@ 2472 b(b2 — 1)3/2
BN © 2002 —13
. e b4 b25221
2V H -
B 2472 \/p2 — 1
2 2
A WVl
|BIW 52}

Table 5. The coefficients of the energy momentum tensor (5.3), the vector current (6.3) and axial
current (7.1) for the Dirac field at 7= 0 and finite chemical potential x, where b = p/m.

Although all second-order coefficients vanish in the limit 7" — 0, it is worth pointing
out that a corresponding 1/72 or 1/T factor appears in the quadratic terms in thermal
vorticity, recalling that:

% B
a w
= wht = 2

#:
“ = T

as seen in section 4. Therefore, all quadratic corrections to the stress-energy tensor in
the (5.2) remain finite in the zero temperature limit in acceleration and vorticity. Partic-
ularly, all corrections to the stress-energy tensor, from table 5 turn out to be of the form
p2a?F(b) or p?w?F(b) where F(b) is a function of b = pu/m.

In principle, these corrections might be phenomenologically relevant for very cold
fermion stars, if their magnitude was comparable to the ideal term p* of energy density
and pressure (see table 5). However, the typical values of the baryon chemical potential
(Fermi energy), spinning frequency and gravitational acceleration of a neutron star imply
a tiny ratio a/p ~ w/pu ~ 1071 = 10727 and the functions F(b) remain finite even in the
b — oo limit, that is for a very light fermion. Therefore, these corrections, at least for a
free field, are negligible.
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In general, one can argue that these corrections might be relevant for very cold massive
gases subject to large accelerations and rotations. Particularly, from table 1 and 2 it can
be realized that in the non-relativistic limit m /T > 1 the ratio D,,/p is of the order 1, so
that at finite a or w in the 7" — 0 limit the contribution of the corrections to the pressure
in the stress-energy tensor (5.2) blows up. Obviously, when the ratios a/T or w/T are O(1)
the whole expansion method breaks down, but this behaviour points to a relevance of the
quantum effects in the low T limit for sufficiently large a and w.

These corrections may also play a role in high energy nuclear collisions and Quark
Gluon Plasma (QGP) physics. The very recent measurement of the A hyperon polarization
with respect to the reaction plane indicates a magnitude of the thermal vorticity w at the
hadronization stage of the order of 1072 at a centre-of-mass energy O(10) GeV. As thermal
vorticity is presumably much larger in the early stage of the QGP expansion, the second-
order non-dissipative corrections may be of some relevance for the hydrodynamic evolution
and could compete with the first-order dissipative terms.

9 Comparison with previous determinations

As has been already mentioned, second order coefficients for the stress-energy tensor were
classified in [15, 27, 28] in the Landau frame. Following their notation, for a non-conformal
fluid in flat spacetime, the relevant coefficients are A3, A4, &3, and &4, dubbed as thermody-
namical in [29] because these terms survive at thermodynamic equilibrium with rotation or
acceleration. Since we adopted the S-frame and not the Landau frame, before comparing
the coefficients we have to change the hydrodynamic frame. Up to second order in vorticity
the relation between the fluid four velocity in the Landau frame uy and in S-frame u is
found diagonalizing the stress-energy tensor expansion in S-frame (5.2), see appendix A:

G
up, = u+ ——y 4+ O(=?).
L p+p’Y ( )

Moreover in [15, 27, 28] a different definition of temperature and chemical potential is
introduced, such that the energy and particle density are the same functions of temperature
and chemical potential as in homogeneous thermodynamic equilibrium

/

pr = Tyufuy = p(T', 1) ng = juuy =n(T',1).
The relations between T, u and 7", 1/ are reported in egs. (A.7) and (A.8).

The stress-energy tensor and current expansions at the second order in thermal vor-
ticity in the Landau frame read (see appendix A for details):

T = p(T', Wy — (p(T', 1) — oD}, — w*Dly) A + Aata” + Wuwrw” + O(w?),
n(T", p')
(T, ") + p(T", 1/

= (Tl + (GV -~ )G) W+ O@Y),
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where the definitions of D/, and D), in terms of the S-frame coefficients are:

opon _ opon opop _ opop
r_ . IT Op opor IT Op op 0T
Do =Da =Yoo op0n ~ NoBpon —opon
IT O op 0T IT O op 0T

opon _ pon pOp _ pop

r _ oT ou opor T Ou op oT
Dy =Dw=Uuwgro —opom ~ Noopon _opon
oT Op op oT T Op op oT

A comparison of the above decomposition with the one in [15, 27, 28] allows to extract

the relations between A3, A4, {3 and &4 and our set of independent coefficients D!, D, , A
and W.4

% = A3 % =9\

?/% = <2§3 — >§’> ?;; = (984 — 3\4). (9.1)
The above equalities can be inverted to give:

& = ;W &4 = ;W (9.2)

The coefficients A3 and A4 were reported in refs. [29] and ref. [73] for free massless
bosons and fermions. Our result of A\3 = W/T? for bosons reported in the first column of
table 1 agrees with that quoted in ref. [29] for a stress-energy tensor with £ = 0. Further-
more, in ref. [29] A4 is argued to be zero in conformal case and correspond to our result for
the improved stress-energy tensor & = 1/6. Then, our results of A3 = W/7T? for massless
fermions reported in the first column of table 2 — both vanishing — agree with the results
quoted in ref. [73] whereas they are in disagreement with those quoted in ref. [29] at p = 0,
equal to A3 = T?/12.

10 Conclusions

In conclusion, we have studied quantum relativistic free fields of spin 0 and 1/2 at gen-
eral thermodynamic equilibrium with non-vanishing acceleration and vorticity and we have
calculated the thermodynamic coefficients of a second-order expansion of the stress-energy
tensor in thermal vorticity tensor, which includes acceleration and vorticity vectors, also
with a finite value of the chemical potential. We have also determined the leading order
coefficients for the vector and axial currents. Such corrections may be phenomenologi-
cally relevant for system with very high acceleration, or vorticity as in the early stage of
relativistic heavy ion collisions [34].

We have shown, like in ref. [30], that our method is very convenient to determine the
coefficient of these non-dissipative (i.e. persisting in thermodynamic equilibrium) terms

*Please note that these transformation relations differs from those quoted in ref. [30] as the temperature
and chemical potential redefinition was not taken into account therein.
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involving vorticity and acceleration, envisaged in the general hydrodynamic expansion of
the stress-energy tensor. We have extended the results of our previous work and we have
compared our results with the definitions used in the so-called Landau frame. We reinforce
our previous conclusion [30] that these terms are of quantum nature.

We have studied the relation between axial current and vorticity known as Axial Vor-
tical Effect (7.1) for the free Dirac field. The coefficient found for the massless field (7.5),
which, in our calculation, is simply an effect of rotation at equilibrium, coincides with
those quoted in literature and attributed to the gauge and gravitational anomalies as the
pertaining Kubo formulae are identical. We cannot, for the present, demonstrate that the
two derivations are equivalent.
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A Landau frame

In this work we have used the so-called  [40] or thermodynamic [25, 42] frame, determined
by the eq. (2.2) where f is the four-temperature fulfilling the Killing equation (2.3). It
has been shown in ref. [40] that this frame does not coincide with Landau’s frame, where
the four-velocity uy, is defined by the timelike eigenvector of the stress-energy tensor, in
thermodynamic equilibrium situations where the thermal vorticity is non-vanishing. This is
also apparent from the expansion of the stress-energy tensor at the second order in thermal
vorticity, eq. (5.2) that is rewritten here for the sake of clarity:

T = (p — Uy — w?Up)uru” — (p — a? Dy — w? Dy) AP + Aata”
+ Wuwtw” 4+ Guly” 4 u’y") + O(w?).

The term involving the v four-vector makes the four-velocity u, defined in eq. (2.2) no longer
an eigenvector of T, hence not the Landau frame velocity uy. Of course, it is possible
to change the frame definition and rewrite the stress-energy tensor expression (5.2) in the
new frame, e.g. the Landau frame. This entails a transformation rule for the second-order
coefficients Uy, A, ... as well.

The transformation to the Landau frame requires the diagonalization of the energy
momentum tensor and the determination of its unique time-like eigenvector ury,:

ur, " = pruf

where pyr, is the eigenvalue, that is the proper energy density in the Landau frame. By
looking at the stress-energy tensor expression (5.2) it can be readily realized that the
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eigenvector uz, ought to be a linear combination of the u (the 8 frame velocity) and ~:

A
uLu:auM—Fbm, (A1)

where |y| = /=72 and a and b two unknown constants such that a? —b?> = 1. Contracting
the eq. (5.2) with uy, and using (A.1), (5.2) one obtains:

'}“LL

bG|y|u”
ol

n
ur, T = apLu‘H—prﬁ = a(p—aQUa—wQUw)u”—i—aG’y”—b(p—aQDa—wQDw)
which implies:

apest — bG|y| = apr,

(A.2)
aG|y| — bper = bpy,

where peg = p — a?Uy — w?Uy and peg = p — a?Dy — w? Dy,

One can algebraically solve the equations (A.2) to determine a,b, py, taking the con-
straint a®> — b? = 1 into account. However, since we are dealing with an expansion of the
stress-energy tensor to second order in o, it is sufficient and more convenient to find an
approximate solution of the equations at the same order in this parameter. This can be
done by observing that the parameter b must be “small” as for ww — 0 one expects Landau
and (3 frame to coincide in eq. (A.1). Therefore, from the first of (A.2), one has:

PL = Peft

and, from the second:
Ghl  _ Ghl

C pefi FDer PP

where we have kept only second-order terms in @ keeping in mind that v = O(w?). At
the same order of approximation, the coefficient a ~ 1.
The eq. (A.1) relating the Landau and (3 frames is thus:

G
up = u+ — + O(® A3
L p+p,y ( ) ( )

and the stress-energy tensor in the Landau frame at the second order in thermal vortic-
ity reads:

TH = (p — a*Uy — w2 Uy )ubuf — (p — a® Dy — w?Dy) AF + Aata” + Wuwtw”. (A.4)
We can also write the conserved vector current (6.2) in the Landau frame by using (A.3):

jH(x) = nut + (aQNa + w2Nw)u“ + Gvfy”
(A.5)

= nu* + (a®N,, + w?N, u“—l—(GV—n
9 ( o w) L p+p

)w +0(=).
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It has become customary in the literature to include in the specification of the Lan-
dau frame a redefinition of the temperature and the chemical potential in order to avoid
corrections to the equilibrium energy and charge density [25, 74]:

pr = p(T', 1), ng =n(T', i). (A.6)

The possibility to redefine the temperature is usually advocated in out-of-equilibrium sit-
uations, and yet its application in global equilibrium situation with w # 0 is conceptually
very questionable (see also discussions in refs. [30, 40]) because it deprives temperature one
of its key relativistic features — crucial to define equilibrium — that is being the inverse of
the magnitude of a Killing vector field. If one pursues the implementation of (A.6) anyway,

p(T, 1) — Uy — w?Us,
n(T, 1) + o> Ny + w?N,,

p(T', 1)

AT
n(T', 1) A

where we have used the previous results, that is pr, = peg and the eq. (A.5). In order to
find the 7" and i/ we can perform a Taylor expansion of the temperature and chemical

potential in powers of & and w?:

=T+ 902" * w2
/ (A.8)

Wt Ay O

da? ow? "’

which, once plugged into the (A.7) yield, after a Taylor expansion at the second order in zo:

/ / / !
ap<8T o 4 or w2) +@ <8u a2+67/‘ 2) = —a’U, — wUy;

oT \ Da? Ow? op \ Oa? w2
on (0T , 0T |, on (o o o 9 9
8T(8a2a +8w2w>+c{),u<f)a2a +8w2w = a"Ny +wN,,.

Equating the coefficients of a? and w? on both sides, we obtain the solution:

o1’ Uaa# Na%ﬁ oT’ Uw o Nw%ﬁ
a2 %%_%% ’ ow? %%_%ﬁ% ’
al/ Na or + UO‘% alu/ Nw or + Uw g?’
da? %%_%ﬁ%’ Ow? %%_%% '

We can replace these derivatives into the (A.8) to obtain the relation between the proper
temperature and chemical potential and the new 7" and p’. These relations allow to express
all the thermodynamic functions with the new arguments. Clearly, we can neglect any term
beyond the second order in w. Particularly, in the stress-energy tensor expression at the
second order (A.4), the only relevant thermodynamic function which gets modified is the

one involving pressure,

Op 0T  Op Ou Op OT  Op Ou
o RN el VAN el
p(T) = (T 1) —a <8T8a2+8u8a2> v <6T8w2+8u8w2
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so that (A.4) and (A.5) become:
T = p(T', Wy — (p(T', 1) — oDl — w*Dly) A + Aata” + Wuwrw” + O(w?),
n
gt =nuf + <GV—G>V“+O @),
; o (=)

where D!, and D), read:

opon _ Opon opop _ 0p0p
r_ . IT Op opor IT Op op OT
Do =Da=Vagpop00 ~ NoBpon —opon
IT Ou op 0T dT O op oT
Opon _ pon pOp _ pop
r . oT ou opor T O o oT
Dy =Dw=Uuwgron —opom ~ Noopon _opon
oT ou op 0T oT Ou o oT

B Relations between coefficients

Herein we derive the relations between coefficients (5.7) enforcing the continuity equation
for the mean value of the stress-energy tensor 7}, at second order in the thermal vorticity
Ty =(p— a’U, — wQUw)uuuV —(p— o’D,, — wQDw)AW + Aoy,

(B.1)
+ Wwyw, + G(uuyy + wyy)-

Firstly, we observe that scalar thermodynamic functions depend on spacetime coordinates
only through the magnitude of the four-temperature F(|8|) = F(1/82%(x)), thus:

olplor(sl) _ 1 OF(|51)

A
P8 = 5 s~ 2 O g
v 5 FUBD _ o 9F(S) __ oF()
= OB = EA g = gy (B:2)

where we have used the definition of u in eq. (2.2), the egs. (2.5) and (4.2).

We start by reckoning the gradients of the four-vectors {u, a, w,~} which are needed
to calculate the stress-energy tensor divergence. First, we observe that, because of the
Killing equation (2.3), and using the egs. (2.2), (2.5) and (4.2):

1 1
0= /Bu(auﬁu + 8V/BM) = ’/B‘u“wuu + ialfﬁQ = |/6|04u + 581//62

so that:

oy = —

2
55700 (B.3)

and, contracting with u again:
u’o,8% =DpB* =0 (B.4)

what we already saw in section 4. This equation implies that any scalar function, whose
argument are 32 and &, has a vanishing derivative along the flow, that is:
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Now, we can find the gradient of u as defined by the eq. (2.2):

o) =
o,u, = + B0, | — Wy + QLU (B.6)
w= a1 gy = gy o+ )
where we have used again the eq. (2.2) and the eq. (B.3). The divergence of u then is:
B
Ou = Oy =0 (B.7)

because of the Killing vector equation (2.3), which obviously imply d,,6* = 0 and the (B.4).
Instead the derivative along its direction is

P
WupW™ A

u
u,0°u, = —2 (P + alug) = = —. (B.8)
o0 = [y (i ofus) = =jgm = gy
Then, let us calculate the derivative of «, keeping in mind that w is constant:
Opy, = w,,0,uf = Tﬁl/’p (wpu + auup) |ﬁ| (w,,pw + ozua,,) (B.9)

using the thermal vorticity decomposition (4.1) and the Levi-Civita tensor properties we
can express the previous formula in terms of the tetrad vectors

oy, = —WuWy + YUy — UpYy — (w? + az)u#uy + gw,wz) , (B.10)

1
Ik

whence we obtain the divergence:

1 1
0-a=— (w2 — (w? + a?) —|—4w2) = —(2102 - a2),
|8l 18]
as well as the gradient of o?:
2 v 2 2
oo™ = 20" 0,0, = m(—a Swwy + wioy,) (B.11)

taking into account that a-u=a-v=0.
Likewise, we can calculate the derivative of w by using its definition (4.2) and the (B.6):

1 W
Oyw, = —iel,pw\wp”@lluA Q‘B‘eypg,\wp @ ut ‘”B‘V

Replacing the eq. (4.1) in the first term of the right hand side and using the properties of

the Levi-Civita tensor, it can be shown that:

1
oyw, = I (—guo - w~+ ayw,) (B.12)
so that its divergence is
3
opw = —m(u} Q) (B.13)
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and the gradient of w?:

2
m(—a cwwy, +wiay) = 0. (B.14)

In order to calculate the derivative of the last relevant vector field y (4.3), one can first

(9#2112 =2w"0w, =

show that, by using Ay, = ga, — uru, and (4.1), it can be expressed as:

2

A = apprA)‘“ = (a-w)“—wp,\apu)‘u“ = (a-w)“—(apuA—aAup)ozpu)‘u“ = (vw)!—aut

so that its divergence vanishes

1
"— Cw)H — QZut] = P = PH A =
o = 0u[(a- @)t — aut] = @O, | w. (@ M+a#ap) 0,
Antisym

Sym Sym

where we have used the eq. (B.9). Another useful relation involving v is the contraction:

vo
Vo = €W, 00 U6

A
= M parw T wuanug + M apucw 0t — €M aupw o,

where we have used the decomposition (4.1). Then, because of the Levi-Civita tensor
properties we find:
VP e = wray, — (@ - w)w. (B.15)

We also need the derivative of the transverse projector A:
OuAps = 0y (gpa - upua) = —UsO0,u, — UpOy Uy

whence:

0’N e = —ug0”u, — 107U, = (B.16)

8%
18l
Finally, we observe that
Da? = Dw* =0

as they are scalar functions.

To calculate the divergence of the stress-energy tensor we need to work out some
intermediate relations involving the derivatives of the four-vectors w,a,w,~y. The first
relation can be obtained by using the (B.16) and (B.11):

2
o (aQAW) = oz28“AW + AWZ?“CF :—%a,, +9,0° = |;| ((2w2 — a2)ozl, —2(a- w)w,,) .
(B.17)
The second by using the (B.16) and (B.14):
M (W A ) = A d'w? + w?ot A,

2 9 w?ay, 1 9
= — (way — (- wwy,) — —— = — (v, — 2(a-w)w,) . B.18
\/BI( (o wwy) A |B|( (- w)wy) (B.18)

— 39 —



Moreover with (B.10) and orthogonality properties:

2 —_— .
a, Moy, = %] (—whwy + v uy — u'yy — (w* + o)ty + ghw?) = S \(BT w)wV;
(B.19)
and, using (B.12):
w 1

wy, 0w, = ﬁ (—g", (a-w) + afw,) = I (—wy (- w)+ (a-w)w,) =0. (B.20)

Futhermore, taking advantage of (B.6) and (B.15):
H T I m ’prpu (OK : w)w,, — ’LUQO(,/
YO, = m(wy + ofuy) = — 7] = A (B.21)

The last needed relation involves the gradients of 7 in eq. (4.3). By expanding its definition
and using the previous egs. (B.6), (B.10), (B.12):

o, T
w0y, = €yporuy O (wPau’)

= €uportp(0Mw”)a%u” + €y poruyw” (0Fa” )u” + € poru w’ o’ oM u”

o, T o 2.0\, T o._T
= —€portp@’ U’ — €por W’ (V7 — a”u”)u" + € porw’a’ a
1
o, T TRATT T 2 2
= —€uporW’ YU = —€ypgr€ wluT WUy = —m‘ (wy (- w) — aw” — apa”),

(B.22)

where the known contractions of Levi-Civita tensor have been employed in the last equality.
We are now in a position to enforce the continuity equation 0#7T),, = 0, to the expression
of the stress energy tensor (B.1). The first term involving energy density gives rise to:

ay
o (puuuy) = uy, (8“p)ul, + puy, Muy + puydfu, = pm (B.23)

using egs. (B.2), (B.7) and (B.8). Then, keeping in mind the (B.5) which implies that

DU, = DU, = ... = 0 for all coefficients, and using (B.2), (B.7), (B.8), as well as
Da? = Duw? =0
o oy,
8“(Ua aQUMuV) = DU, o*u, + U, [a2u,,8“uu +u, Do’ + a2uu5"uy} =U, A ; (B.24)
2 2 2 2 2 w® oy
8”(wa uuuy) = DU, w*u, + Uy, [w u, 0wy, + uy Dw* +w u,ﬁ“u,,] =U, s
(B.25)
Now, using egs. (B.2) and (B.16):
9 v
M (p D) = Dy 0p + pOH A, = — (p + |5|p> 2 (B.26)
a|p1 /18l
and, thanks to egs. (B.2) and (B.17):
o+ (Da azAW) = AWOPO"DQ + D,0" (aQAW)
oD, ooy, w2y, (- w)w,
- - |/8‘ + Da) + 2Da - 2Do¢7; (B27)
( 1B Ie 8] 5]
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likewise, because of (B.2) and (B.18):

2
0" (Duw® Ayy) =w* Dy 0 Doy + Doy0" (w? ) = ( g a|B| ) wm‘f” -20, |;U|)wy
(B.28)
Furthermore, using (B.2), (B.7) and (B.19):
o (A aua,,) = aua, (B”A) + Ao, 0 0y + Aaydta,
ala, way, (a-w)ay

B +3A —A B.29
(g + A+ A — A (529

and, similarly, by means of (B.2), (B.13) and (B.20):

M (Wwyw,) = ("W )wuw, + Ww, 0w, + Ww, 0w, = <|ﬁ]a|m + 3W> W

(B.30)

Finally, using again (B.2) and the relations (B.21) and (B.22) we can determine the term
involving the gradients of :

2

oM [G<Uu7V + UV’.YH)] - (U/le/ + UV’YM)(?MG + Guuau’yu + Gvﬂauuy - 2G(OZ|;U’)wV - 2G%
(B.31)

The divergence of the stress-energy tensor is obtained by summing all right-hand sides
of the egs. (B.23)—-(B.31). As it can be readily checked, the resulting expression involves

2a,, w?a,, and (a - w)w,. As the divergence should

the sum of terms multiplying oy, «
vanish independently of the vectors w and «, which have as many degrees of freedom
as the thermal vorticity (that is 6), the conclusion is that each coefficient of the above
combinations must be zero. As a result, four equations are obtained. The coefficient of «,,

gives rise to:

which is but the well known thermodynamic relation between energy density and pressure.
The other three coefficients yield three conditions on the second-order coefficients:

= _|/B|a|ﬂ| (Do +A) — (Do + A);
Uy = —|6|amew + (2Dy + Dy, + 3A) — 2G; (B.32)
and:
2G = 2(Dq + Dy, )+A+\6!8|5|W+3W. (B.33)
Subtracting eq. (B.33) from eq. (B.32) we can simplify some terms and obtain:
Uy = |5|6|86|(Dw + W) = Dy, + 24 — 3W,

which completes the proof of the relations in eq. (5.7).
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