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1 Introduction

Experimental evidence so far suggests that the Standard Model gauge group Gsm =
SU(3). x SU(2)r, x U(1)y well describes the universe. Attempts to expand the gauge
sector beyond Ggy must therefore explain why the additional interactions have not yet
presented any evidence for their existence.

There are several well-motivated ways to achieve this. The new gauge bosons and
matter fields might form a “dark sector” and interact weakly (or not at all) with the
particles described by the Standard Model. It is also possible for an extended gauge
symmetry to be spontaneously broken to Ggy at some high-energy scale which we have
not yet probed. In this paper we consider an alternative in which the new dynamics are so
strongly coupled that particles charged under the new interactions confine to form neutral
bound states, with binding energies at the TeV scale or larger.

We focus on a particular class of N' = 1 supersymmetric (SUSY) gauge theories with
product gauge groups of the form SU(N); x SU(N )2 x ... x SU(N)g. Our model includes
one antisymmetric tensor A,z and four quark fields Q?, charged under SU(N)1, and a series
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Table 1. The matter content of the proposed s-confining theory is shown as a moose diagram. Each
G, represents a gauged SU(NN) group, while the dashed circles represent the SU(4) ;, x SU(N) g family
symmetry.

of bifundamental fields (Q;)§ charged under adjacent gauge groups SU(N); x SU(IV);+1 as
shown in table 1. This theory is an extension of a model, SU(N) : (H + 401+ NOJ), which
has been shown to confine [1-3].

We propose in the language of [4] that this SU(N)* model is “s-confining”: that is, the
theory confines smoothly in the infrared without breaking chiral symmetry, and it generates
a non-vanishing superpotential that describes the interactions between the gauge invariant
composite fields. Although the N' = 1 s-confining theories with a simple gauge group
are fully classified [5], very few examples of s-confinement in product gauge groups are
known [6, 7].

Our SU(N)* product group model has two distinctive features which may be useful
for model-building. First, there are no small gauge-singlet operators: the number of fields
contained in every gauge invariant operator depends on k or N. Second, the various SU(N);
subgroups generally confine at different scales A;, with hierarchies based on the coupling
constants g;.

Product groups of this form appear in studies of five-dimensional gauge theories [8—
11]. The model shown in table 1 can be interpreted as a k-site deconstruction of a 5d susy
SU(N) gauge theory with a Zs orbifold. In the 5d theory the chiral fields {4, Q} and Q)
exist on opposing 4d branes, while the bifundamental Q; superfields correspond to a single
bulk @ field. A natural hierarchy between the A; arises if the extra dimension is warped:
for example, the model with A; > ... > A has A and Q on the ultraviolet brane and Q)
on the infrared brane.

In sections 1.1 and 1.2 we review the basic aspects of confining SUSY gauge theories. In
section 1.3 we discuss more specific properties of the A + 4Q + NQ model with an SU(N)
gauge group, including the coefficients in its dynamically generated superpotential. These
coeflicients do not appear in the literature, so we include our derivation in appendix A.
Section 2 contains a detailed discussion of the SU(N)* product gauge group models and
our primary results. In section 3 we suggest other product group models which may be

s-confining, as well as several counter-examples.

1.1 Review: Seiberg dualities

It is generally difficult to analyze the infrared behavior of strongly coupled theories, due
to the failure of perturbation theory in this limit. Seiberg, Intriligator and others have
made this problem more tractable by exploiting some of the remarkable properties of



supersymmetry, allowing some infrared properties of SUSY gauge theories to be calculated
exactly [12, 13]. Seiberg’s infrared dualities between different phases of gauge theories were
central to these developments. We summarize some of the results in this section; a more
detailed review is given in [14].

Seiberg found that in SU(N) gauge groups with F' flavors of quarks and antiquarks,
also known as susy QCD, the infrared behavior of the FF = N and F = N + 1 cases can
be completely described by a set of gauge invariant operators, M = QQ, B = QV, and
B= @N. This dual theory has no gauge interactions, so the F' = N and F' = N +1 theories
are said to confine: every test charge can be “screened” by creating quark-antiquark pairs
from the vacuum, and a gauge-invariant Wilson loop obeys a perimeter law.

Classically, the gauge invariant operators obey particular constraints, following from
the Bose symmetry of the superfields and the definitions of M, B, and B. For F = N +1,

BiM} =0
MIB =0 (1.1)
(MH)~'det M = BB,
while for FF = N
det M — BB =0, (1.2)
where the indices 7 and j refer to the family SU(F) symmetries of the @ and Q. It has
been shown [15-17] that eq. (1.2) is modified quantum mechanically:
det M — BB = A°, (1.3)
where A? is the holomorphic scale

A’ = pPexp {-87%/g* +ifym} . (1.4)

Here 6y is the C P-violating 6-term of the SU(N) gauge group, g is the gauge coupling,
and b = 3N — F = 2N is derived from the f function for the gauge coupling. The
quantum-modified constraint eq. (1.3) can be enforced by a superpotential

W = A(det M — BB — A*N) (1.5)

if we introduce a Lagrange multiplier superfield A\. At the origin of the classical moduli
space, M = B = B = 0, the UV family symmetry SU(F), x SU(F)g x U(1) g is conserved.
However, this point is not on the quantum-deformed moduli space given by eq. (1.3), so
the chiral symmetry is broken in the vacuum.

1.2 Review: s-confinement

In the FF = N + 1 case, the classical constraint equations are not modified. Instead, they
are enforced by a dynamically generated superpotential [18]:

1

Wq = A2N-1

[BMB — det M|, (1.6)



which has (M) = (B) = (B) = 0 as a solution to the equations of motion. This vacuum
corresponds to confinement without chiral symmetry breaking, which we refer to as s-
confinement. More precisely, a theory is s-confining if [4]:

e All infrared degrees of freedom are gauge invariant composite fields;

e The infrared physics is described by a smooth effective theory, which is valid every-
where on the moduli space (including the origin);

e There is a dynamically generated superpotential.

For the effective theory to be smooth, there should be no gauge invariant order parameter
that can distinguish the Higgs and confined phases of the theory. The infrared degrees of
freedom must also satisfy the anomaly matching conditions.

Generally, the dynamically generated superpotential is determined up to an overall
factor based on symmetry arguments, and by matching its equations of motion to the
classical constraints. Its dependence on the holomorphic scale A can be found either
on dimensional grounds, or by requiring that Wj is neutral under the anomalous U(1)
symmetry.

The requirement that a superpotential is dynamically generated adds a powerful con-
straint on the matter content of any s-confining theory. An A = 1 susy theory with f
massless matter superfields has a classical family symmetry of rank f + 1 including the R
symmetry, but the G? U(1) anomaly removes one linear combination of the U(1) family
symmetries. This allows us to define a U(1) g symmetry such that exactly one of the matter
superfields ¢; has R charge, g;, with all other fields neutral. Using the normalization in
which the gauginos have R charge +1, cancellation of the G2 U(1)z anomaly requires that

1
G=— > m—pe|, (1.7)
i 7

where p1; and pg are the Dynkin indices of the matter fields ¢; and the gluinos, respectively,
with the normalization u([J) = 1. For the dynamically generated superpotential to have R
charge +2 under any of the possible anomaly-free R symmetries, it must have the form

W T[] = [T (or/Bormreel. (18)

7

The matter content must therefore satisfy the index constraint of Csaki et al. [4]:

Zuj — e = 2. (1.9)

In [5] this index constraint is used to find all A/ = 1 s-confining theories with one gauge
group and no tree-level superpotential. Both F = N + 1 susy QCD and the A+4Q + NQ
model are included.

In theories with a product gauge group this constraint is relaxed: the number of fields
exceeds the rank of the family symmetry, and it is no longer possible to identify a unique
R symmetry for each field.



1.3 SU(N) with antisymmetric tensor

Properties of the H—i— FO+ (N + F —4) O model have been studied by several authors [1,
2, 19, 20]. In the F = 2 case there is a superpotential generated by a one-instanton
effect; for F' = 3 the theory confines, with a quantum-deformed moduli space that induces
dynamical symmetry breaking; and for F' = 4, the theory is s-confining. The quantum
modified constraints have been derived in [19] for F' = 3, but the classical constraints for
the A+4Q + NQ model do not appear in the literature. We derive the relative coefficients
of the dynamically generated superpotential in appendix A, and quote the results in this
section.

Infrared operators. In the A +4Q + NQ model, the set of gauge invariant operators
changes based on whether NV is even or odd. This is due to the H representation: if
N = 2m is even, then the gauge invariants include the antisymmetrized products (A™),
(Am=1Q?), and (A™2Q*), while for odd N = 2m + 1 the gauge invariants include (A™Q)
and (A™1Q3).

Below, we define the simplest gauge invariant operators for the N = 2m and N = 2m—+1
models. Both cases include the operators (QQ), (A@z), and (@N):

a4

Ji= Q" (1.10)
rativatd
Kjj, = AapQ;, @, (1.11)
_ €ar o eJ1IN o1 —as —an

For even N > 4, we also add the gauge invariants

€102..aN

U=PfA= ST (AayasAagas - - - Aan_1an) - (1.13)
€0102...aN ; ;
Vﬁi2 = Qm_l(m _ 1)!2! (Aa1a2Aa3a4 cee AaN73aN72) alN_1 a2N’ (1'14)
€MI2IN €5 Gajaga J1 J2 Ja Ja
W = 2m_2(m _ 2)| 4| (Aa1a2Aa3a4 c AQNfsaN—4) anN_3 ¥anN_2 ¥anN_1 YanN’ (115)
whereas for odd N > 5 we include
i €a102...aN i
X - W (AalagAa3a4 PR A‘IN—ZaN—l) an>? (116)
Y- _ 6a1a2~..aN 6jj2j3j4 (A A A ) j2 j3 j4 (1 17)
J a1a24a3aq * - L1AN 40N -3 aN_2¥aN_1¥YanN" .

2m—T(m — 1) 3l

The numeric coefficients absorb the combinatoric factors from the e tensors, with the
convention €103y = +1. In general, we reserve the indices a, b, , 8 for gauge groups, and
use the indices 7, j to refer to family symmetries. Superscripts and subscripts are chosen
for visual clarity, and do not signify any particular group representation.

It is useful to classify the {U,V,W, XY, Z} fields as “baryons” and the J and K
fields as “mesons”, to separate the operators which scale with N from those which are



G | SUM4), SUN)g | Ua Up Ug | Uy
A 1f —4 —1 0 [0
Q| O O N-2 -—1/2 1/2| 0
Q| O O 0 1 0 |1
AP 0 0 0 | N
J O O N-2 1/2 1/2| 1
K d —4 1 0 | 2
Z 0 N 0 | N
U —2N —-N/2 0 | 0
1% 0 0 —-N/2 1|0
w 2N —-N/2 2 |0
X O -N —N/2 1/2| 0
Y O N —N/2 3/2| 0

Table 2. The transformation properties of the UV and IR fields under the family SU(4), x
SUN)g x U(1)a x U(1)p x U(1)g symmetry for the F = 4 model are shown, along with the
charges under the spurious U(1);. The operators J, K, and Z are defined whether N is even or
odd; the fields U, V' and W are specific to the even N case, while the fields X and Y correspond
to the odd N case. The U(1)g charges listed refer to the scalar component of each superfield.

independent of N. The transformation properties of these operators under the family
symmetries are shown in table 2. There is a continuous family of equivalent U(1) 4 xU(1) g X
U(1)r charge assignments, but the choice shown in table 2 is particularly convenient.

For N = 4, the theory contains four flavors of @ + Q. This value of N is unique
in that both m4 Pf A and m;QZa@i are gauge-invariant mass terms: if these masses are
large compared to A, then every field can be integrated out above the confinement scale.
This special case is discussed in section 3.1. For N = 3 the H and [ representations are
equivalent, and the A + 4Q + 3Q model reduces to susy QCD with F = 4.

As discussed in section 1.1, the form of the dynamically generated superpotential is
determined by the representations of the matter fields. For the A +4Q + NQ model,

Z AN-2 Q4@N |

Wy ~ o

(1.18)

The sum includes all possible gauge-invariant contractions of the group indices, with some
relative coefficients:

1

Woaax ~ 1 [XYZ + XK™ '+ YK™J], (1.19)
1

Wevenn ~ 15 [UWZ +VZZ + UK™ 2]+ VK™ L2 + WK™ (1.20)



Both Foqq = {J, K, X,Y, Z} and Feven = {J, K,U,V, W, Z} satisty the t’ Hooft anomaly
matching conditions for the mixed SU(4)2U(1) and SU(N)?U(1) anomalies, the various
U(1)? anomalies, and the mixed U(1) gravitational anomalies, for all U(1) symmetries listed
in table 2 except for U(1);. The G3 U(1); anomaly breaks U(1); explicitly at the scale A,
so it is not a symmetry of the infrared theory.

Dynamically generated superpotential. The number of infrared operators, dim JF,
is larger than the dimension of the moduli space, dim My = N(N — 1)/2 4+ 4N + 1. For
N =2m+1,

N(N -1
dim{J, K, X,Y,Z} = <4N+(2)+4+4+1), (1.21)
and for N = 2m,
N(N -1 4(3
dim{J,K,U,V,W,Z}:<4N+ ( 5 )—|—1+ (2)+1+1>, (1.22)
implying for both cases that the number of constraints is
Neon = dim F — dim M, = 8. (1.23)
For odd N, the eight constraints are
; €I1g2--JN ;
X'Z = omm) (Kjlszj3j4 s KJN—sz—l) ‘]jN
yiz = O W eigigia g g e g s gis 1.24
7 - 2m_1(m _ 1)'3' ( J1J2+5%33794 * + ]N74]N73) IN—2YIN-1“IN "’ ( : )
while for even N
6 1 e 1
Uz = Qj;n;,;\'f Kjlszj3j4 s KjN—le = PIK,
i i € N .
ViiipZ = 2mfljg7an_ 1)! “122;314 Kj1j2Kj3j4 s KjN—3jN—2 J]Z‘j\],ljjl‘;lv’ (1'25)
_ €j1...JN Ciyigiziq 7~ o ] ) i i i i
WZ = I 2m — ) Al K12 Kisja - Kijnsin-aTjn 5T o1 Tjne

The index i = 1...4 refers to the SU(4) family symmetry.

By taking partial derivatives of eq. (1.19) and eq. (1.20) and matching the equations of
motion to the classical constraints, one can determine the relative coefficient of each term
in the dynamically generated superpotential. The results appear below:

odd = Ab T 9m T (y — 1)13] juiz - Binain-s) iy o in 1 iy
(1N i
Comyp)| Yi(Kjlj? e Kijszq)JjN ; (1.26)



Weven = X‘b{UWZ — DYz W PEK
e | |
- 2m_2]37n]11 2)1 112;314 U(Kj1j2 T Kijstfz;)(J]Z‘zl\,,S s J;'?V)

€ T . . .
J1---JN “111213%4 1112 . . . 13 14
+ VO (K gy o K gjo) T T }

1 2m1(m — 1)! (127)

1J2 *

As in susy QCD, the overall factor o cannot be determined by symmetry arguments. In
principle, it is possible to add heavy quark masses and integrate out two flavors of (QQ) so
as to match the F' = 2 model, whose superpotential can be calculated from a one-instanton
calculation analogous to F' = N — 1 susy QCD. In our present study we do not perform
this calculation.

It is useful, however, to consider the phases of a and A’. As defined in eq. (1.4), the
phase of A’ is determined by the C'P-violating fyy parameter. The phase of « is also
unknown: however, because W, is charged under an unbroken U(1)z symmetry, it can be
rotated by a phase without affecting the Lagrangian £ ~ [ d6?W, so as to make « real.

2 Product group extension for an s-confining theory

Our interest in the product group model of table 1 is motivated by an observation from
the G1 x G case, in which the family symmetry G = SU(NV)g of the Q is weakly gauged.
In the confined phase of (G, there are three types of operators charged under Ga: one
antisymmetric K = H, four quarks J =[], and N antiquarks @, = [J. Remarkably, this is
identical to the original s-confining model.

The model described in section 1.3 can be extended indefinitely by adding more gauge
groups G; and bifundamental matter Q;. Aslong as A > Ag... > A; > A;11, confinement
under G; always produces mesons charged as H—i— 40 under G;41. This is the model shown
in table 1, where the gauge group is G1 X ... X G. In this section we devote our attention
to the question: is this SU(NV)* theory s-confining, or is s-confinement disrupted by the
product group?

There are two obvious ways in which the K +4.J + NQ, “k=2" model differs from the
original (“k=1") s-confining theory. First, in the £ = 1 model there is no tree-level super-
potential, but in the k = 2 case there is a superpotential from G; confinement that may
alter how { K, J, P} confine under G5. Luckily, inspection of the classical constraints shows
that K, J, and Q, may be varied freely, as long as the baryon products {UZ,VZ, WZ}
or {XZ,YZ} vary in accordance with egs. (1.24) and (1.25). The second main difference
is that under (o, the classical moduli space is modified quantum mechanically. For the
k > 2 theory to be s-confining, we must determine whether or not the origin remains on
the moduli space.

Of the existing literature regarding suUSYy product groups, the work of Chang and
Georgi [11] on SU(N)¥ extensions to F' = N susy QCD is particularly useful to our
present study. Our method also has some similarities to deconfinement [1, 21], particularly
in section 3 when we consider Sp(2/N) groups.



G Gy Gz ... Gy |SUM4) SUN)| Ua Up Ugr|U Uy Us ... Uy
Q| O O N-2 —-1/2 1/2| 0 0 0 0
A H —4 -1 0|0 0 O 0
Q|0 O 0 1 0|1 0 o0 0
Qs o o -1 -1 1 0 0
Q5 O 0 1 0|1 -1 1 0

O 0 0 0
Qs | O 0 +1 0 |£1 F1 =1 1
AY 0 0 0O | N 0 0 0
A} 0 0 0|0 N 0 0
A} 0 0 0|0 0 N 0
: : : : : 0

Ab 0 0 00 0 0 N

Table 3. Matter content of the proposed s-confining theory, showing the transformation properties
under the gauged SU(N)* and the SU(4), x SU(N)g x U(1)4 x U(1)p x U(1) g family symmetry.
The spurious U(1);=1. x charges are also shown. The alternating (+) factors in the @, charges
depend on whether k is odd or even: the upper choice corresponds to odd k.

2.1 Infrared operators

To understand the infrared behavior of the theory, we develop in this section a basis of
gauge invariant operators which describe the moduli space and obey anomaly matching
conditions. Then in sections 2.2 and 2.3, we find the dynamically generated superpotential
and perform some consistency checks.

Let us define a basis for the anomalous U(1) charges, U(1) j—1. , such that the anomaly
coefficient A(G?U(1);) is zero if and only if i # j, as shown in table 3. Each U(1); is
explicitly broken at a scale associated with A;, so that the approximate UV symmetry is
broken to

SU(4)L X SU(N)RXU(l)R XU(l)k+2 — SU(4)L X SU(N)R XU(l)R XU(l)A XU(l)B. (2.1)
The U(1); charges of the A? are determined by the G2 U(1) anomaly coefficients. Note that

b=2N — 1 for A%, while b = 2N for Ag’#.

From table 3, it is clear that combinations of the form

A\ [(RQy Qv 1Qr
) \Ua )N

are neutral under all of the symmetries, including the spurious U(1);. Therefore, the




dynamically generated superpotential has the form

AVl (@R " (@as )" (ela\”
WdNZ{( A )( 0 ) T (2.2)

P2..-Pk

for some powers p; = 0,1,... for each ¢ = 2,3,...k. Any such superpotential has an R
charge of +2 under all of the possible U(1) g symmetries. Before we can find the individual
terms that appear in Wy, it is necessary to understand the equations of motion between
the infrared operators.

To find a set of gauge invariant operators in the far infrared, let us consider the
ordered case A1 > Ao > ... > Aj. As discussed in section 1.3, G1 confinement produces
the operators

T =(QQy), Ki=(AQ)), Z = (@), (2.3)
Ui = (A™),  Vi=(A"'Q%, Wi=(A"2QY; Xi=(A"Q), Yi=(A""'Q"),
(2.4)

where J; and K are charged under Ga. Although U(1); is broken, the U(1)2 x ... x U(1)g
symmetry is approximately preserved above the scale Ay, adding O(k%) anomaly coefficients
that must be calculated.

This is the benefit of the strategically-defined U(1); charges shown in table 3: the fields
{Q, A,Q,} are neutral under U(1)3...U(1), and all of these anomaly matching conditions
are trivially satisfied. The fields J; and K; transform similarly to @ and A under the
non-Abelian symmetries, but their U(1)p charges are different, as shown in table 4.

At the scale Ay < Ay, the G4 fields confine to form the following G x G singlets:

Jo=(1Qy)  Ko=(K1Q) Xo = (K1) Yo = (K"LJP)  (25)
Uy = (K7 Vo= (K" W2) Wa= (K720 Zo= (@) (2.6)

The fields J5 and K transform under (G3 as [J and H respectively.

It is convenient to define the shorthand notation B;, where B; = {U;, V;, W;} for even
N =2m, and B; = {X,;,Y;} for odd N = 2m + 1. At scales below As and above As, the
intermediate degrees of freedom are {.Ja, Ko, By, Ba, Z1, Z2,Qs5, . . ., Q) }. This set of fields
satisfies the anomaly matching conditions for SU(4) 7, x SU(N)rx U(1)4 x U(1)p x U(1) g X
U(l)g X ... X U(l)k

It is straightforward to continue this procedure until all groups including Gj have
confined, using the following recursive operator definition:

Ji=(1iaQ) K= (Ki1Q3) Xi= (KM Jiy)  Yi=(KPMTUR) (27)
Ui = (K™)) Vi= (K72 W= (KPP0 Zi= @), (2.8)

This definition can be applied to ¢ = 1 as well if we define Jy = @) and Ky = A. Below the
scale Ay, all of the gauge groups have confined, and the approximate U(1);=1. j symmetries
are broken to discrete Zy groups. The charges under the remaining continuous family
symmetries are shown in table 5.

~10 -



Gy G Gy | SUM) SU(N) | Ua Ug Ug|Us Us ... Uy

Ji | O O N—-2 +41/2 1/2] 0 0 0
Ki | H —4 +1 00 0 0
Q| O O 0 -1 0 1 0 0
Qs O 0 +1 0 | -1 1 0
O 0 0 E 0

Qp 0 O 0 +1 0 | F1 =1 1
Uy 2N  —-N/2 0 | 0 0 0
Vi d 0 —-N/2 1[0 0 0
Wi 2N  —-N/2 2 | 0 0 0
X, O -N —-N/2 1/2| 0 0 0
Y| O N —-N/2 3/2| 0 0 0
Z 0 N 010 0 0

Table 4. Transformation properties of the composite fields in the confined phase of G1, in the limit
where G2 X ... X Gy, is weakly gauged. The composite fields U, V, and W exist only if N is even;
if N is odd, then they are replaced by X and Y.

It must be shown that the basis of infrared operators is large enough to cover the
moduli space. For the SU(N)* gauge group with fields {4, Q,Q;,...,Q,}, the dimension
of the moduli space is
N(N —-1) N(N —-1)

2 2
while the operator basis {Jx, Ky; B1, ..., Bg; Z1,...,Z;} has dimension

dim My (k) = +4N + kEN? — k(N? —1) = 4N + + k, (2.9)

1
Nops = 4N + S N(N —1) + 0k, (2.10)

implying that there are 8k complex constraints. By rearranging eq. (2.7) as follows, we
can find 8(k — 1) of the constraint equations:

m -2 — m —om+1
Xi= (Kz‘—r]ifl) = (Ki—zQi—l) (Jif2Qi71) = (Ki—Q‘]i*Z)(Qi—l ) =Xi1Zi
— =2 i — — —2m+1
Y = (Ki—1lj1;{1) = (Ki—2Q;_1) 1(Ji—2Qi—1)3 = (Ki—21Ji372)(Qifl+ ) =Yi1Z;-q,
(2.11)
for i = 2,3...k. Similarly,
Ui =Ui1Z;i—1 Vi=Vis1Zi Wi =Ui17Z;1. (2.12)
The eight remaining constraints are provided by
XpZ =K  YiZp =K I, (2.13)

- 11 -



SUM), SUWN)r | Ua Us Ug

Ji O O N—2 +1/2 1/2
Ky A —4 +1 0
Usad —2N  —N/2 0
Vodd H 0 ~-N/2 1
Wead ON  —N/2 2
Ueven —2N  +N/2 0
Veven H 0 +N/2 1
Waeven 2N +N/2 2

Xoad ] -N —N/2 1/2

Youd 0 N  —N/2 32

Xeven O -N  +N/2 1)2

Yeven O N +N/2 3/2
Zodd 0 N 0
Zeven 0 -N 0

Table 5. The transformation properties of the composite fields in the fully confined phase of
SU(N)* are shown. The subscript Boddeven refers to i = 1...k, whereas the baryon content
B; ={U;, Vi, W;} or B; = {X;,Y;} depends on N. The U(1)p charges of J; and K}, are positive if
k is odd, and negative if k is even.

or
UpZy =PE(Ky)  ViZp =K 'J2  WiZpy =K 2J;. (2.14)
It is possible that these classical constraints may be quantum-modified.

Reduced operator basis. The classical constraints for B;~1 are potentially problematic,
because egs. (2.11) and (2.12) imply that these operators are redundant: that is, they can
be written as products from a smaller operator basis, {B1, Z1, Zs, ... Z} }, and are therefore
not independent degrees of freedom. Excitations of the B; fields above the vacuum acquire
O(A;) masses if they do not obey the classical constraints. These massive modes decouple at
the scale Ay, leaving only the degrees of freedom consistent with the classical (or quantum-
modified) constraints. Unfortunately, anomaly cancelation depended on the fields B;—o_:
if these are not true degrees of freedom, then the anomaly matching conditions might not
be satisfied.

A solution to this problem can be seen by studying the X,qq and Yeyen charges in
table 5. Their fermionic components have opposite charges under each of U(1)4, U(1)p,
and U(1)gr. When we calculate the anomaly coefficients for each of the mixed and pure
U(1) anomalies, the contributions from each X,qq cancel those from a Yeoyen field. This is
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also true for the SU(4)2 U(1) and SU(4)? anomalies. Therefore, we refer to Xoqq and Yeyen
as an “anomaly neutral pair”, indicating that they can be removed without changing any
of the anomaly coefficients. Similarly, Xeven and Yyqq also form an anomaly neutral pair.

If k£ is odd, then all of the operators {Xa,Ya, ..., Xi, Yi} can be removed in neutral
pairs. Substituting X and Y} with their equations of motion, eq. (2.13) becomes

(X1Z1Z5 ... 2y 1) Zp = Ky, ViZ1Zs... Zy—1) Z = K" T3 (2.15)

This is not possible if k£ is even. To remove all the redundant operators, we must also
remove a pair {Xi, Yeven} Or {Xeven, Y1}, and this is inconsistent: both X; and Y; are
necessary to describe the moduli space.

This can be seen if we move away from the origin along the flat direction parameterized
by (A™Q), while keeping @Q; = 0. Along this flat direction X; increases, but Xeyen = 0.
Therefore, X7 describes directions on the moduli space that cannot be described by Xeyen-
Similarly, by increasing (A™~'Q?) and fixing Q; = 0, we can see that Y; is just as necessary.

Quantum modification to eq. (2.15) could explain why the odd k and even k situations
are different. If U(1)p is broken in the vacuum, then {X;,Y;} become an anomaly-neutral
pair under the remaining symmetries, for any value of i = 1...k. Based on F' = N SUSY
QCD, one would expect the classical relationships involving @, and Q; 11 to be quantum-
modified. Specifically, the combination (Z;_1Z;) has the same spurious U(1); charge as
AY=2N " allowing modifications to equations such as eq. (2.15). For example, the classical
k = 4 constraint for X474 might become

X1 (Z1Z22324 + 51AZZ3Z4 + ﬁzZlAgZ4 + ﬂngngZ + ,34A3AZ> = KZTJ4, (2.16)

with some as-yet-unknown coefficients ;. As long as the coeflicients are not zero, then
the flat direction corresponding to (A™Q) # 0 with @; = 0 now requires some of the
Zi+1 to have nonzero expectation values. In this Z; = 0, X; # 0 example, eq. (2.16)
implies that A%(Z3Z; + A}) = 0, spontaneously breaking U(1)p even in the limit where
(X1) > Ag. Once U(1)p is broken in the vacuum, the operators {Jy, K4, X1,Y1, Zi=1..4}
obey the anomaly matching conditions.

A quantum-modified constraint like eq. (2.16) also explains why {J, K, X1, Y1,
Zi—1..1} is consistent at the origin of moduli space if k is odd. In this case the Z; = 0
solution remains valid far away from the origin, because every A’ term multiplies at least
one Z field. Consider eq. (2.16) with k = 5:

KI'J5 = X1(Z21222524 75 + P1AY 2324 Z5 + BoZ1 NS ZuZ5 + B3 21 Zo N Zs + BaZ1 Z2 Z3 A}
+B5 Z1AGAL + BsAS Z5 AL + BrASAS Z5). (2.17)

In this case, the (A™Q) # 0, @Z]\ilk = 0 flat direction remains on the moduli space for
arbitrarily large values of (A™Q).

This does not mean that U(1)p is necessarily broken in the vacuum if k is even. Let
us fix Z; = 0 for all i = 1...k to ensure that U(1)p is not broken at the scale A;. After
imposing this constraint, eq. (2.16) becomes

K"y

S (2.18)
ASAG

1
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implying that X is not an IR degree of freedom when U(1)p is conserved. The same is
true for YlAgAb = KZ‘_lJi’. In this particular vacuum X; and Y7 are redundant operators,
and after they are removed from the calculation the U(1)p anomaly coefficients match the
ultraviolet theory.

Theories with even N behave in essentially the same way. Under the exact family sym-
metries, the operator pairs {Uyqd, Weven}, {Uevens Wodd }, and {Voad, Veven} are anomaly-
neutral. Asin the odd N case, if k is even then it is not possible to remove all the redundant
{Ui, Vi, W, } operators while preserving the anomaly matching. This leads us to expect that
the classical constraint equations

Uy =U(Z1Zy... Zyx—1), Vie=Vi(Z1Za...Zyp—1), Wi =Wh(Z1Z2...Zr—1) (2.19)
receive quantum modifications of the form
IRy = Ui (2172 Zya o4 (MBAG AL 0)Zk Zic+ (ABAG . AD)) L (2:20)

if k is even. Either U(1)p is broken in the vacuum, or the operators {Uy, Vi, W} are
not degrees of freedom: in both cases, the IR theory satisfies t” Hooft anomaly matching.
Thus, the reduced operator basis describes all infrared degrees of freedom, for both even
and odd N.

2.2 Dynamically generated superpotential

In this section we find a dynamically generated superpotential in the region of parameter
space with A; > Ao > ... > Ajy. We begin by considering how the Wy of eq. (1.26)
and eq. (1.27) becomes modified at the G5 confinement scale. Ignoring the precise relative
coefficients between terms,

1 1 — "
Wi = AT (X112 - X K71} = ViK' h) (2.21)
1
Wik, = 7 (020 = V220~ DKT 204 ViRV = WYY . (2:22)
1

At the scale Ao, we expect J; and K7 to confine to form the Bs baryons. If we make these
replacements in W1 | it becomes

1

chcllé = A (X112 — X1Ys — Y1Xo) (2.23)
1
1

Wi = g (U1 Z) — VP Zy = WiUs — Ui W + Vi Va) (2.24)
1

It is likely that GG confinement changes the holomorphic scale Ay to some new 7\2. To
find the relationship between Ay and As, let us normalize the hadrons to have mass dimen-
sion +1:1!

- = K s

E——— K= — 7 2.2
J1 A 1 A2 1 (2.25)

T AN-1
Ay

'Even after dividing by these powers of A, it is not necessarily true that the fields are canonically
normalized. Corrections in the Kéahler potential are likely to require additional normalization.
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and similarly for the baryon operators By. The dynamically generated superpotential Wy
has the form

RN-2 j4@N KN-2 J4@N
@) _ 1 192 | _ 1 1w
w3 (M) - s (KEHE) ea
contr. 2 contr. 1 2
From eq. (2.2), symmetry requirements ensure that the superpotential has the form
_ —~N =N—=N _ —N
@ L AT @i Qy | KYTQ, (2.27)
Ay A3 ATAS
allowing /NXg to be expressed as
~ 1
AN = A—lAgN. (2.28)

This expression can also be derived with the same result by matching the gauge couplings
at the mass threshold A;. Based on this agreement, we do not expect the superpotential
Wy to receive modifications of the form

b

w® (1 + ZXZQ ¥ .. ) w®, (2.29)
2

even though such terms are consistent with the family symmetries.
As confinement continues, the products of intermediate mesons Jy and K5 can be
replaced with Gg baryons. Each i = 1...k superpotential W® becomes

-1

Wi = ﬁ A (XYiZi — XiYig — YiXin) (2.30)
=1
]k »
w® = [TIAL]  (XYiZe — XK T} — ViK', | (2.31)
=1
]i »
Whsh = (T[S (UiWiZi = V2Zi = Wilir — UiVt + ViVin) (2.32)
=1
]k »
Wl =TI (UWezZi — V2 — WK — Up K20+ ViK1 IR) . (2.33)
j=1

The full superpotential is the sum
k .
Wy=Y W (2.34)
i=1
Equations of motion. Let us consider equations of motion of the form 0W /9B, where

By = {U1,Vi,W1, X1,Y1} is any of the G baryons. It is easy to show that these equa-

tions are

Yo=YiZ1 Xo=X1Z, X\¥1=0 (2.35)
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for odd NV, and
Wo=W1Z, Vo=WZ Us=U12Zy UW =V? (2.36)

for even N. The OW/0B; equations yield more surprising results: for example,

oWy i Yoz b

—— =—— 4+ =0 — Y57y — Y3 = Y1AJ. 2.37
dXs AL ADAL SR (2:37)
The classical constraint Yo7 = Y3 is modified, due to the appearance of X5 in both w®
and W@, Fori=2,3...(k—1), we find

BiZ; = Biy1 + A'B;_y. (2.38)
The equations of motion OW,;/0Z; are not modified, so that
XY =0, UW; =V (2.39)
for all 7. Finally, the Bj equations of motion are
XpZk = K" Je + Ay X1, ViZp =K T34+ ALY, (2.40)
for odd IV, and

UpZp = K + AU, ViZpe =K Y2+ AoViey,  WiZe = K200+ AW
(2.41)

for even N.

Recall from section 1.3 that each gauge group SU(N); has a related C'P parameter 6;,
which determines the phase of the holomorphic scale Ag-’. Although A did not appear in
the k = 1 equations of motion, the phases of Af do affect the equations of motion in the
product group case. The overall phase of Wy can still be removed by performing a U(1)g
rotation; however, the relative phases between the A; may have physical effects.

Armed with these iterative equations of motion, we can rewrite the larger baryons
Bj~1 in terms of {B;} and the Z; fields. For example,

By = B1 7, (2.42)
Bs = Bi(Z12; — A)) (2.43)
By = Bi(Z1 2573 — N5 Z3 — Z1A}) (2.44)
Bs = B1(Z1 227237y — NS 2324 — Z\N5Z4 — Z1 Zo A5 + ASAY). (2.45)

Our guesses in eqs. (2.16) and (2.17) as to the form of the quantum modification are
correct, with §; = 41 for each coefficient. This process is extended to arbitrary B; in
the following way: each classical constraint involving products of the form (Z125...%Z;) is
modified by replacing adjacent pairs (Z;_1Z;) by (—A?), and each possible term is added
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to the product (Z;...Z;). After making these adjustments, the k' equations of motion
return the following constraints if k is odd:

KMJ, = X3 {(Z1 L Z) = AY(Zs. . Zk) 4+ (—1)ED/2(AbAL ..Az_l)zk}
KMl =y, { Z1) = AS(Zs . ) 4o+ (1) ED2ABAL Ag,l)zk} ,
K" =1, {(21 2R = AS(Zs . Z) o (—D)ETD/2(ABAE A 1)Z,C}
K2 = v, {(Z1 ZR) — AS(Zs . Z) o+ (—D)ETD/2(ADAE A 1)Zk}

K2t =W, {(21 o ZR) = NS(Zy . Z) e (—1)ED/2(AB A ..Ag,l)zk} ,

or if k is even:

[NIES

KJ, = Xl{ Zy.  Zp) 4 — (“D)5(AY. AL )21 Zk + (—1)%(A3Ag...Az)}

KPR =Yi(Zo .. Zk) + . = ()2 (AS L AL ) Zk 1 Zk + (1)

{
K =10, {(z1 o ZR) A = ()3 (AS LAY ) Zi 1 Zi 4 (—1) 5 (ABAY .. AD)
{(z

KM\ i=w (AS.. AY ) Zp 1 Zp + (—1)

K2t =W, {( L Z) e = (1) B(AL LAY ) Zk 1 Z + (—1)5 (ABALL AL }
In both cases, the origin of moduli space is a solution to the equations of motion.

As we suggested in section 2.1, if k£ is even then the B fields are not independent
degrees of freedom when Z;,—; ;. = 0:

Kf* = Ui(—1)2 (ASA ... A}) K" gy = X1(~1)% (A3AL ... AD)
k k
K IR =Vi(—1)2(ASAY . AY) 5 Kl =va(=1)z2(ASAG .. AL (248)
m— k
K201 = Wa(=1)2 (ASAL .. AY)

Therefore, if U(1)p is a symmetry of the vacuum and k is even, then the B fields are
completely determined by J, and Kj. After removing the B fields, the t’ Hooft anomaly
matching conditions are satisfied. Elsewhere on the moduli space the B fields may vary in-
dependently from K} and Ji, U(1)p is spontaneously broken by (Z;) # 0, and the anomaly
coefficients for the infrared symmetries match the values calculated in the ultraviolet theory.

2.3 Additional tests

So far we have restricted our attention to the ordered A; > ... > Ay case to find the dy-
namically generated superpotential. Due to the holomorphy of the superpotential, changes
in the A; hierarchy should not alter the form of the superpotential. In this section we
test this supposition by considering the A; < A;z; case. In this limit the SU(NV)¥ model
reduces to an SU(N)*~! extension to F' = N susy QCD which has been studied by Chang
and Georgi [11].
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As Ay — 0, the A and Q fields decouple from the strongly coupled @,. Chang and
Georgi find that the infrared operators involving only @, obey the following constraints:

det(Q1Qs) = Z17Z — A (2.49)

det(Q1Q2Q3) = 212273 — N3 Z3 — Z1A] (2.50)
det(Q1Q,Q3Qy) = Z122Z3Zs — NsZ3Zs — Z1NSZy — Z1 ZoAG + ASAG,  (2.51)

and so on. This is exactly the same form we derived for B;>2 in section 2.2. At scales

above O(A1) but below A;~1, the G charged degrees of freedom include A, @, and M =
(Q1Q5...Q}). Let us define the mass-normalized field M,

7 (@1Qy ... Q)

M = 2.52
AoAg ... Ap 7 (2:52)

and let the fields {4, @, M } confine under Gy, producing
Je=QM, K,=AM?  Zy =det(M), (2.53)

and the baryons B; = {U;, Vi, Wi; X1,Y1} as defined in section 2.1. The dynamically
generated superpotential is

X\ Zy — XK TR - ViKJ
A}
(UWr = V) Zyr — UL K 2T+ VKL T2 — W K
A '

Woaa = (254)

Weven = (2.55)

The effective scale /NXI{ contains a product of (@jlv .. @2]) and Ag e AZ, so that the super-
potential is invariant under the spurious symmetries.

There is also a quantum modified constraint
Zyr = det M = (Z1...2Zy) — AS(Zs ... Z},) + {all other contractions}. (2.56)
If we use a Lagrange multiplier A, eq. (2.56) follows from the superpotential
W, =X{Zy — (Z1 ... Z;) + (all contractions)} . (2.57)

After replacing Zj; with {Z;}, the equations of motion are identical to egs. (2.46)
and (2.47), suggesting that there is no phase transition in the parameter space.
Notice that the equations of motion from Zj; also determine a vacuum solution for A:

OMWoaa X111
971 AI{ + 0 (2.58)
aI/Veven Ul Wl - ‘/12
= = A=0. 2.59
- ot (2.59)
(2.60)
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Thus, the Lagrange multiplier can be treated as a new redundant baryon operator, which
should be integrated out along with the other redundant fields.

Finally, let us consider regions of parameter space in which A is neither the largest nor
the smallest confinement scale. In these cases the redundant operators include a mix of B;
and Z;;, all of which produce the same equations of motion in the reduced operator basis.
For any arrangement, at the last confinement scale Ay there is a dynamically generated
superpotential of the form
Ry-L 7

()
W VR (2.61)

where J¢, K¢, and M are such that

(M) = Q@ - Q) @i Q) = oo (KM = (AQ} @)@ @) = Eae
(2.62)

and where {jf, K I3 M } are normalized to have mass dimension +1. Under the remaining
gauged G, these fields satisfy the index condition for s-confinement, Zj Wi — pa = 2,
and there is a dynamically generated superpotential. Lagrange multipliers \; enforce the
constraint between the operators det(Q; ... Q;) and {Z; ... Z;}, and the equations of motion
provide a relationship between A; and the other hadrons. After replacing the redundant
operators with their equations of motion, we find that the constraints relating {Jx, Kt} to
{By, Z;} are unchanged.

Flow. It is a necessary condition for s-confining theories that their description in terms
of gauge-invariants is valid in the Higgs phase, when some fields acquire large expectation
values and spontaneously break the gauge group to a subgroup. If the low-energy theory
does not s-confine, then the original theory cannot be s-confining either. This is the “flow
requirement” of [4], which we use in this section to test the SU(N)* theory.

In the (Jg)% > A vacuum with (Ans) = 0, the SU(N)* group is broken to SU(N —
1)* in the classical limit. This requires a nonzero (@Z)g for every @;, which break each
gauged SU(N); to SU(N — 1);. The SU(N); x SU(N);4+1 bifundamentals @); decompose
into SU(IN — 1) x SU(IV — 1) representations as follows:

SU(N) x SU(N) — SU(N — 1) x SUN — 1) : ([O.0) — @O,0) @ (1) @ (1,0) & (1, 1).
(2.63)

The (2N — 1) broken generators of each gauge group G;x; “eat” the combination J+0+1
from @Q,_; and @, to create (2N — 1) massive gauge superfields, leaving behind the (CJ, )
bifundamental fields.

The G, group behaves somewhat differently: its broken generators “eat” the (CJ, 1) part
of @, and a linear combination of the (1 superfields Q;—1.. 4. Under SU(N — 1); the H field
decomposes as (H@D), so that the “eaten” (@ field is replaced by a component of A. After
removing the massive superfields, the SU(N — 1); charged matter is A" +4Q" + (N — 1)@’1
The overall effect of (J;,) > A on the SU(N)* model is to replace N with N — 1.
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Now let us consider the limit where (A,5) > A and (J) = 0. In the even N = 2m case
with (U = Pf A) > Ay, SU(2m); is broken to Sp(2m); and H decomposes into Hsp @ 1.

Here Hsp is the (2m? — m — 1) dimensional representation of Sp(2m). There are also
(2m? — m — 1) broken SU(2m) generators, so the superfield A’ = HSp is eaten.

The fields Q and Q; are not directly affected by (PfA): however, as Sp(2m) has
no complex representations, @ and @Q, are effectively (2m + 4) quarks charged in the [
representation of Sp(2m). This theory is known to s-confine [22]. It is likely that the
Sp(2m) x SU(2m)¥~! product group theory is also s-confining: we explore this possibility
in section 3.2.

In the case where N is odd, an expectation value (X;) = (A™Q) > A breaks
SU(2m + 1) to Sp(2m) instead. Aside from a few extra singlets and massive gauge
bosons, there is little difference between the odd N and even N cases: the infrared theory
is Sp(2m) x SU(2m)*1.

Conclusion. Our product group extension to the A + 4Q + NQ model exhibits the
behavior required for an s-confining theory. The set of gauge invariant operators
{Jk, Ky, B1, Z1. i} satisfies the t’ Hooft anomaly matching conditions; the origin remains
on the quantum moduli space, so the theory can confine without breaking chiral sym-
metry; and there is a dynamically generated superpotential. Furthermore, the operators
{Jk, K, B1, Z1.. 1} provide a smooth description of the entire moduli space: there is no
gauge invariant order parameter to distinguish the confined and Higgs phases. By consid-
ering the flow along flat directions, we have also found another product group extension to
an s-confining theory, Sp(2m) x SU(N)*k~1L.

3 Other s-confining theories

In the previous section we find strong evidence that the product group extension to the
A+4Q+ NQ model is s-confining. In this section we consider the follow-up question: how
many other s-confining models can be extended into product groups? We have already
suggested that Sp(2m) with (2m + 4)J can be extended into an Sp(2m) x SU(N)+~!
product group model. If this theory is not s-confining, then the SU(N)* A 4 4Q + NQ
model is not s-confining either. We discuss the behavior of this theory in section 3.2.

There are also additional possibilities for the A 4+ 4Q + NQ model in the case where
N = 4. In this special case the entire SU(4), x SU(N)g family symmetry can be gauged:
we consider whether or not such theories are s-confining in section 3.1. In sections 3.3
and 3.4 we discuss the other s-confining theories in [5] with family symmetries large enough
to accommodate a gauged SU(N) subgroup. This includes susy QCD with F' = N + 1
flavors, and Sp(2m) with (H + 601) matter for m = 2 and m = 3. We show that some of
these theories are not s-confining.

Due to the lack of an index constraint on the matter content, it is difficult to conduct
a systematic search for new s-confining product groups. We have seen in the A +4Q + NQ
model that G confinement increases the index sum of the G2 charged matter by +2, but
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SUM), | Ga G Gy Gi Go | SUM@gR |Us Us Ug
Q2 O O 1 0 0
Q1 O O -1 0 o0
Qo O O 1 0 0
A H -2 -2 1
Qo O O 0 1 0
Q O O 0 -1 0
Q, 0 O 0 1 0

Table 6. Above, the original s-confining theory A + 4(Qo + Q) is extended on the left and right
by gauging G7 x G% and adding the Q; and Q; fields to cancel the anomalies. To extend the model
beyond ¢ = r = 2, more quarks @; and @j can be added with alternating U(1) 4 and U(1) g charges.

other confining theories tend to change the index sum by varying amounts. Therefore, the
list of theories considered in this section is presumably incomplete.

We restrict our attention to s-confining models which can be extended by gauging
a subgroup of the family symmetries and adding bifundamental fields. Our goal is to
determine whether product group s-confinement is possible in each model, based on the
index constraint after confinement. This is sufficient to show which of the product group
extensions are obviously not s-confining. A more detailed analysis is appropriate for the
theories which pass this test.

3.1 Special case: SU(4)

In this section, we extend the N = 4 A+4Q+ NQ model by gauging SU(4)4 x Go x SU(4)%,
for some ¢ and r. Here Gy is the SU(4) gauge group containing the H + 4(0+ ) matter,
and every other gauged SU(4) contains four flavors of (C1+ ). It is convenient to relabel
the hadrons to reflect the Q <> @Q symmetry of the matter content of the A + 4Q + 4Q
model:

M=QQ, K=AQ', K=AQ> U=A> z=Q' Z=Q. (31

A convenient redefinition of the U(1)4 x U(1)p x U(1)r charges is shown in table 6,
for ¢ =r =2.

After extending the model in this way, the model has a “left-right” symmetry which
simplifies many of the calculations in this section:

Cor, Gio Gy, Ao DN, SU@A)L < SU@R Ui+ Ul Qi< Q. (32)

Above, A; corresponds to the group G;, while A; is the confinement scale of the group éz
The group Gp x U(1)r and the field A are invariant under the discrete transformation.
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Infrared operators. Based on our understanding of the (¢ = 0,7 = k — 1) models
developed in the previous section and the vectorlike nature of the Gy-charged fields, we
can guess the form of the gauge-invariant operators which describe the moduli space:

Uy = A My = (Qr...Q1Q0QuQ; - .. Q,)

F={2Z=0Qf K =(Qf .. QA : (3.3)
Z;=Q;,  K.=(AQ;...Q))

fori=0,1,...,£and j =0,1,...,7.

Only under certain conditions do we expect the basis F to obey the anomaly matching
conditions for the family symmetries listed in table 6. We have already seen that in the
(¢ =0,r = k — 1) models with even k, some of the operators in F become redundant in
the U(1)p preserving vacuum. If this pattern continues in the (¢,r) models with ¢ # 0 and
r # 0, then we would expect that the set F obeys the anomaly matching conditions only
if £ and r are even. If either £ or r is odd, we expect that some operators in F become
redundant if U(1)4 x U(1)p is preserved in the vacuum.

For a given (¢,r), the number of infrared operators is given by

4 4
dimf:1+(€+1)+(r+1)+42+(23)+(23):£+r+31, (3.4)

while the dimension of the classical moduli space is
: _ 2, 4(3) 2 2y
dim My = (£ + 1)4* + 5 +(r+ 14" = (U+14+r)4°—-1)=L+7r+23. (3.5)
This implies that there should exist N.on, = 8 constraint equations.

Equations of motion. It is easiest to derive the equations of motion in the case where
Gy confines last. The groups G1 X ... X Gy and 61 X ... X ér confine separately to form
the mesons My, = (Qq ... Q) and Mr = (Qq...Q,), the baryons Z;—y ¢ and Z,—y_,, and
some larger baryon operators with quantum-modified constraints. The charges of My, and
Mp, are shown in table 7. In the limit where Ag is small, the theory reduces to two copies
of FF = N susy QCD with product group extensions. According to [11], the fields obey
the following constraints:

det My = (ZoZy ... Zy) — Ao (Za ... Zy) — ... — (Zo... Zy_o)AS + ... (3.6)

det Mp = (ZoZ1... Zy) —Ko(Zo. .. Z0) — .. — (Zo... Zoo) Ko+ ... (3.7)

If ¢ is odd-valued, then the sum of neighbor contractions includes a constant term,
(All’Ag e AZ); if £ is even, then all terms include some power of Z;. The same relationship
holds for r and det Mp. As in the SU(N)¥ models, we expect that the distinction between
even and odd ¢ and r determines which of the operators in F are redundant when U(1)4
and U(1)p are conserved in the vacuum.
When Gy confines, { My, A, M} form the following hadrons:
Uy = A? My, = (M Mpg)
Zy, = det My, K, = (AM?) (3.8)
Zp = det My K, = (AM?),
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SUMA), | Go | SUM)g | Us U Ug
My | O O 0,1} 0 0
A m 2 -2 1
Mg 0 O 0o {01} ©

Table 7. All gauge groups except G have confined, leaving My, and Mpg. The {0,1} charges of
M;, and Mg correspond to the cases where ¢ and r are odd or even, respectively. Not shown are
the baryons Z; and Z;, which do not transform under the non-Abelian symmetries.

SU(4)L SU(4)R Uzdd ¢ Uzven l U%dd r U%ven r UR
K, 0 2 0 2 2 1
Mo, O O 0 1 0 1 0
K, H -2 —2 —2 0 1
Uy —4 —4 —4 —4 2
Zeven i +4 +4 0 0 0
Zoad i 4 4 0 0 0
Zeven j 0 0 +4 +4 0
Zodd j 0 0 4 -4 |0

Table 8. After all of the gauge groups confine, the infrared degrees of freedom are described by
the hadrons shown above. Their U(1) 4 and U(1) 5 charges depend on ¢ and r, respectively.

with the dynamically-generated superpotential

ANAME  U\Z1Zk — ZRK2 — ZU K, — UM + K M2K,

~ - e : (3.9)
Al Ab(Ay.. AR, .. K,

d ™~

for some /N\g consistent with the anomalous symmetries. We show the charges of the com-
posite fields in table 8.
The equations of motion from Uj, Ky, and Zj, produce the following constraints:

det My, = Z1Zn KiZp = M} K, PfK, =UZg

UM? = K,MK K, Z; = K;M? PfK,=UZ (310)
1 — Ny Ty r& — DgVip., ¢ — Y14

These equations are not all independent, but contain N.ons = 8 independent constraints.
If we introduce Lagrange superfields A; and Ar, the quantum modified constraints
relating {Z1, Zr} to {Z;, Z;} as a superpotential:

Wy :)\L<ZL— (Zng...Zg)—|—AI{(Zg...Zg)+...—|—(Zo...Zg_2)A2+...) (3.11)

ZR—(2021...Z)+K?(Z...Z)+...+(70...7T_2)Kf,+...). (3.12)

S

|

>

=y
~

Redundant operators. In this section we use the equations of motion to study the
operator basis F. In the U(1)4 preserving vacuum with (Z;) = 0, the expectation value of
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Z1, depends heavily on whether £ is even or odd. If £ is even, then Z, = 0; if £ is odd, then
Zr, ~ (A}AY ... AY) > 0. The same pattern holds for 7 and Z; when U(1)p is preserved.

It is simplest to consider the case in which both ¢ and r are even. Expanding about
the Z; = Z; = 0 vacuum to first order in Z; and Z;, we find that every term in eq. (3.10)
contains a product of at least two fields, so that none of the operators in the set F are
redundant. This is consistent with the fact that all of the anomaly coefficients from
SUM4)r x SU(4)g x U(1)4 x U(1)p x U(1)g match the ultraviolet theory when r and ¢
are even.

This is not true if ¢ is odd. In this case the equations of motion for K,Z; and U, Z;,
can be rewritten as

— K,M}, Pf K,

K,=—"#t U= ——7—— (3.13)
. (ASAS...AD)

near the U(1)4 x U(1)p preserving vacuum. Similarly, the equation of motion for det M,
becomes

det My,
(ATAL. . AD)’

b—b -<b b

Zo(AoR, . R+ N Zy(K, . K b

which can be recast into a linear constraint equation for any one of the Zeyen fields. Taken
together, eqgs. (3.13) and (3.14) imply that the operators { K, U1, Zeyen } should be removed
in the U(1)4 x U(1)p preserving vacuum if ¢ is odd and r is even. In the even ¢, odd r
case it is the operators {Ky, Ui, Zeven} Which become redundant, and Zp rather than Zj,
remains large in the Zj = 0 vacuum.
If both ¢ and r are odd, then the origin of moduli space is no longer a solution to the
equations of motion:
det My, = (AAS.. AY)(RPAS...AD) — (ZoZlAg.,.AZ+ZoAng...A2+...>(K?...Ki’)
~(A% A (20708 K+ ZoBoZs K ) (3.15)

To satisfy this constraint, either (M) # 0, (ZovenZodd) # 0, of {ZevenZoaq) # 0. Different
family symmetries are broken in each case, leaving different sets of independent operators.

In the (M) # 0 vacuum where M]Z is proportional to 5;-, SU(4)r x SU(4) g is broken to
its diagonal subgroup SU(4)4. The fields Q¢ and @, transform under SU(4)4 as [J and [,
respectively, while the meson M decomposes as

O0O=1¢ Adj: My — (TI' Mgr) D (Mgr —Tr Mgr). (316)

In the U(1)4 x U(1)p preserving vacuum with Z; = Z; = 0, it is possible to write
K, and U; either in terms of K, and My, or K, and U; in terms of K, and M,,.
Therefore, we can either remove the set {K,, Uy, Tr M} or {K,, Uy, Tr M}. This degen-
eracy is related to the fact that K, and K, have the same transformation properties un-
der SU(4)d X U(l)A X U(l)B X U(l)R.

If instead (M) = 0 and (ZevenZodd) 7 0, only U(1)4 is broken in the vacuum. One
“(Zeven + Zodq)” linear combination determined by the ratio of the expectation values
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becomes massive, and all sixteen M JZ degrees of freedom remain independent. The oper-
ator K, is not redundant in this vacuum: the Z; K, equation of motion includes a term
ZevenZodd K » which is not small. The set of redundant operators is { Ky, U, ( Zeven + Zodd) } -

Finally, if the nonzero expectation value is (ZevenZodd), then U(1)p is broken. As we
would expect from the left-right symmetry, the redundant operators are {K,, U1, (Zeyen +
Zoqd)} in this vacuum. It is also possible to break a linear combination of U(1) 4 and U(1)g
if <ZevenZodd> # 0 and <7even70dd> # 0.

Anomaly matching. We have discussed six distinct cases with maximal symmetry in
the vacuum, based on ¢ and r. Below, we show a summary of our results for each case:

(4,r) Broken symmetry | Redundant operators
(even, even) None None
(odd, even) None {K,, U1, Zeyen}
(even, odd) None {K¢, U1, Zeven }
SU(4)r x SU(4)r | {K; or K., Uy, Tr My, }
(odd, odd) U(1)a {5, Ut (Zeven + Zoaa) }
U)s {K:, U1, (Zeven + Zoaa)}

For the remaining symmetries and operators in each case, we have verified that the anomaly
coefficients match the UV theory. There are 21 matching conditions for each of the first
three cases, 17 for the fourth case, and 12 each for the final two cases. Although some
of these coeflicients are related to each other via the left-right symmetry, the explicit
calculation is lengthy and not very illuminating.

Let us also consider points on the moduli space with nonzero (Z;) or (Z;), where none
of the operators in the set F are redundant. In these vacua U(1)4 x U(1)p is sponta-
neously broken, and the infrared operators should obey anomaly matching conditions for
the remaining symmetries.

For the odd ¢, even r case, U(1)4 is broken by (Z;) # 0 for some Z;. After U(1)4 is
broken, {U1, Zeyen } form an anomaly-neutral pair: their U(1) B,R charges are opposite, so all
of the U(1)3 and gravitational U(1) anomalies cancel. The fermionic part of K, is neutral
under U(1) g x U(1)g, and it is in a real representation of SU(4) g: therefore, K, contributes
nothing to the remaining anomaly coefficients. Thus, the t° Hooft anomaly matching
conditions are also satisfied in the (Z;) # 0 vacuum where the operators {K,, U1, Zeyen }
are independent degrees of freedom.

In the even-¢, odd-r models, the operators { Ky, U1, Zeven} are restored as independent
degrees of freedom when (Z;) # 0 and U(1)p is spontaneously broken. Applying the
left-right transformation to the above results, the introduction of {Kjy, U1, Zeven} has no
net effect on the anomaly coefficients once U(1)p is removed. Finally, when (Z;) # 0
and (Z;) # 0 in the odd-¢, odd-r models, the operators {Kjy, U1, Zeven} are restored as
independent degrees of freedom without contributing to the anomaly coefficients of the
remaining symmetries. Both U(1)4 and U(1)p are broken in this case.
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Gg Gg_1 Gl GO
Qe | O O
Qe—1 | O 0
0
Q1 . O
Qo 0O O
A H

Table 9. Above, we show the matter fields of the SU(4) ring extension to the A +4Q + 4@Q model.

Flows. Our proposed s-confining extensions to the SU(4) model pass several consistency
checks. As a final test, let us spontaneously break the gauge group by giving large expec-
tation values to the gauge invariant operators, as in section 2.3. For example, (M) > A
breaks SU(4)“"*! to SU(3)**7+!, leaving H+40+ 30 matter charged under SU(3)o. Three
of the [J fields come from the Gy x GG; bifundamental )y, while the fourth comes from

SU(4) — SU(3) : H — H e 0. (3.17)

Note that B = [ for SU(3), so that there are effectively (3 + 1) flavors of ((J+ [J) charged
under SU(3)g. The low-energy theory is a left-right extension of FF = 4, N = 3 susy
QCD, where an SU(3); x SU(3)g subgroup of the family SU(4);, x SU(4)g is gauged. In
section 3.3 we consider such models in more detail.

Along flat directions with (Pf A) > Ao, SU(4)o is broken to Sp(4), leaving an (¢,r)
product group extension of the s-confining Sp(4) : (4 + 4)J model. In this theory an
SU(4)r, x SU(4)r subgroup of the SU(8) family symmetry is gauged. We discuss models
of this type in section 3.2.

Summary. In every (4,7) model with (¢,7) # (0,0), there are quantum deformations to
the classical moduli space. The origin remains on the moduli space unless both ¢ and r are
odd. In the mixed case where only one of {¢,r} is odd, eight of the fields become redundant
in the vacua which conserve U(1)4 x U(1)p. If £ and r are both even, all of the infrared
operators in eq. (3.3) are independent, interacting degrees of freedom even at the origin
of moduli space. Due to the existence of a dynamically generated superpotential and the
possibility of confinement without chiral symmetry breaking, we conclude that the (¢,r)
models are s-confining if ¢ and r are not both odd.

SU(4) ring extension. Before moving on to consider other types of models, let us
extend the (¢,7) model even further by gauging a diagonal subgroup G4 of the family
SU(4)r, x SU(4)r symmetry. This connects the left and right ends of the (¢,r) extension
as shown in table 9, so that different models are labelled by the sum (¢ + r). Models of
this type appear in deconstructions of 5d gauge theories, as in [8].
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Although the baryon operators Pf A and det (); are unaffected by the ringlike nature
of the product gauge group, there is now only one gauge-invariant meson operator: Tr M =
Tr(QoQ1 ... Q). For any group G;, the adjoint operator

1
4

is a degree of freedom in the limit where G; is weakly gauged, and can be used to create

(M)% = (QiQi+1...QeQo...Qi—1)% — —(Tr M)65 (3.18)

gauge-invariant operators of the type Tr(MlMZ) and Tr(Mf’) In this notation, Q_1 = Q,
for the i = 0 case.

Even when these operators have large expectation values, the gauge group is not com-
pletely broken. It has been shown [23] in the SU(N)* extension to F = N susy QCD
that at an arbitrary point on the moduli space has a remaining U(1)3 gauge group. In the
A+4Q+4Q model it is also possible to set (Pf A) > Ag, so that SU(4)g is broken to Sp(4).
This reduces the rank of the group by one, but is not sufficient to break U(1)? completely.
Therefore, the SU(4) ring extension has a Coulomb branch, and is not s-confining.

3.2 Sp(2m) with (2m + 4) quarks

In section 2.3, we found that the SU(N)¥ extension of the A +4Q + NQ model flows to an

Sp(2m) x SU(2m)¥~! theory. In the limit where Sp(2m) is much more strongly coupled than

the SU(2m) groups, the (2m+4) quarks confine to produce the operator M = (Q?), which

transforms in the H representation under the approximate SU(2m + 4) family symmetry.
The fields @) and M have the following charges:

Sp(2m) | SU(2m + 4) Ul)r
Q O O 1/(m +2)
M 0 2/(m + 2)

A dynamically generated superpotential

Pt M

Wa = A2m+1

(3.19)

reproduces the classical constraints on the @; fields.

In the product gauge group model shown in table 10, an SU(2m) subgroup of the family
symmetry is gauged and new bifundamental fields are added to cancel the anomalies. The
family SU(2m + 4) is explicitly broken to SU(2m) x SU(4) x U(1), under which the meson
M decomposes as

H—>(H,l;—ll)@(D,D;m—Q)@(l,H;Qm) : M — My & Mg & My, (3.20)
and the dynamically generated superpotential becomes
M7 ME M,

Wy — A Q70 (3.21)

A2m+1

Including the bifundamental field @Q;, the SU(2m); charged matter in the confined phase
of Sp(2m) is M4 + 4Mg + 2m@,, which is expected to s-confine.
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SUMA), | Sp(2m) | SU@m)y ... SU@m)s | SU@m)g
Qr O O
Qo O O
@, 0
@k—l U
Q. O O
@ | |
(QrQo) O O
(@p) =
Q, 0
Qr, O o

Table 10. An Sp(2m) x SU(2m)* model is shown, which is expected to s-confine. At the bottom of
the table, we list the degrees of freedom in the confined phase of Sp(2m). Subsequent confinement
follows the pattern of the A + 4Q + NQ model.

This model can also be derived using the deconfinement technique of Berkooz [1], by
treating the matter field A as a bound state of two quarks transforming in the fundamental

representation of a new Sp(NV).

3.3 SUSY QCD

A product group extension to F' = N + 1 susy QCD can be derived from the N = 3 case
of A+4Q + NQ. In SU(3), the H representation is the same as [J, so that the G matter is
effectively 47]+400. By gauging the SU(3) family symmetry of the @ and adding a sequence
of bifundamental fields @Q;, we have found a product group extension to susy QCD.

For larger values of N, let us gauge an SU(NN) subgroup of the SU(N + 1) family
symmetry as shown in table 11. After SU(N); confinement, the hadrons are (Qg), (QQ;),
QN), (@iv), and (cj@ivfl), which transform under SU(NV)2 and the family symmetries as
described in table 12. Under SU(N)y there are (N + 1)(0J + ) matter fields, which is
consistent with the index constraint for s-confinement.

For this theory to be s-confining, it must be shown that the dynamically generated
superpotential from SU(NN); does not prevent the operators (QQ,) and (q‘@iv_l) from
varying independently; that the infrared operators obey the appropriate anomaly matching
conditions; and that the origin is on the moduli space. The additional gauge groups are
likely to introduce quantum-modified constraints between some of the operators, which
may induce chiral symmetry breaking in some cases.
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SU(N + 1) | SU(N); SU(N)y | SU(N)g
Q O O
q O
Q1 O O
Qs 0 O
Table 11. A single product group extension to the s-confining sUsy QCD theory is shown.
SU(N 4+ 1)1, | SU(N)s | SUN)g
(Qq) O
(@QN) O
@)
(QQ1) O U
(@1 ) 0
Qs O O

Table 12. The operators shown above describe the degrees of freedom after SU(NN); confines.

This theory can also be extended by gauging an SU(N) subgroup of SU(N + 1)z, so
that the most general product group extension is SU(N)! x SU(N)y x SU(N)". Based on
the behavior of the (¢,7) A + 4Q + 4Q model for odd ¢ and r, we expect that some of the
(¢,7) susy QCD models also break chiral symmetry.

Alternating gauge groups. The F' = N + 1 model can also be extended by gauging
the entire SU(N + 1) family symmetry. In this case, the gauge group has the alternating
form SU(N) x SU(N + 1) x SU(N) x SU(N + 1) x ..
fields shown in table 13. The matter content is simpler in this case, as all of the fields
are SU(N + 1) x SU(N) bifundamentals. When SU(N); confines, we are left with the
operators shown in table 14. Under SU(N + 1)a, there are (N + 1) flavors of (J+ [J which

is expected to confine with chiral symmetry breaking. Many of the G singlets we would

., with the series of bifundamental

naively construct, such as (Q@l)(@f{), are set to zero by the equations of motion, so Go
confinement leaves the following charged fields:

@) O
(QQ1Q5) O O
@3 O ]

After G1 x G2 confinement, the low energy theory is simply F' = N 4+ 1 susy QCD with
some gauge singlet fields.
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SU(N + 1)z | SUN) SUN +1)2 SU(N)3 | SUN + 1)z
Q O O
@ O 0
Qs O |
Qs O U

Table 13. With alternating SU(N) and SU(N +1) gauge groups, the s-confining susy QCD theory
can be extended by adding a string of bifundamentals.

SU(N + 1)1, | SU(N +1)2 SU(N)3 | SUN + 1)g
@) O
(QQy) O O
@) 0
@2 O [
Q3 O O

Table 14. The operators in the confined phase of SU(NN); have the same form as susy QCD with
N = F, but with a dynamically generated superpotential.

Both product group models based on susy QCD have the potential to be s-confining,
and may be promising directions for future study.

3.4 Other models

Of the s-confining theories listed in [5], there are only a few models possessing non-Abelian
family symmetries larger than the gauge group. We have already discussed the SU(N)
models with A+4Q+NQ and (N+1)(Q+Q), as well as the Sp(2m) model with (2m+4)Q.
There are two remaining cases based on Sp(2m) with A 4+ 6Q [24, 25]. If m = 2 or m = 3,
an SU(4) or SU(6) subgroup of the family symmetry can be gauged. In this section, we
show that the product group extensions do not exhibit s-confinement.

Sp(6) with A 4+ 6Q. Consider the m = 3 case with just one extra product group. In
table 15, we show the matter fields above and below the Sp(6) confinement scale. In the
confined phase of Sp(6), the SU(6) index sum becomes

S pi—pe=3-(6-2+6-1-2-6=+6, (3.22)
J

so the product group does not s-confine. It may be possible to remove some of the degrees
of freedom by adding a nonzero tree-level superpotential, but this is outside the scope of
the current study.
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Sp(6) SU(6) | SU(6)r
Al H
Q| O O
Q O O
(4%)
(4%)
(@) H
(RAQ) H
(QA*Q) H
Q O O

Table 15. An s-confining Sp(6) theory is extended by gauging the SU(6) global symmetry of the
quarks. The resulting theory is not s-confining.

SU(2)r | Sp(4) SU(4) | SU(6)r
Qr O O
A H
Qr O O
Q O O

Table 16. For the s-confining Sp(4) theory, an SU(4) subgroup of the SU(6) flavor symmetry is
gauged.

Sp(4) with A 4+ 6Q. In the Sp(4) case shown in table 16, an SU(4) subgroup of the
SU(6) family symmetry is gauged. The set of Sp(4) invariants is

F={(4%;(Q1), (QLQr). (Q%): (QLAQL). (QLAQR), (QrRAQR)}. (3.23)

The operators (QrQr) and (QLAQR) are bifundamentals of SU(2) x SU(4), while (Q%)
and (QrAQR) transform as (I,H). The other hadrons are gauge singlets. Together with
Q, the SU(4) charged matter is QH + 4]+ 4[], with the index sum

> pi—pe =2(2) +4(1) +4(1) — 2 4= +4. (3.24)
J
Therefore, the Sp(4) product group extension to Sp(4) : (A 4 6Q) is also not s-confining.

4 Conclusion

For several s-confining theories, we find product gauge group models with the following
properties:
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e All infrared degrees of freedom are gauge invariant composite fields;

e The infrared physics is described by a smooth effective theory, which is valid every-
where on the moduli space (including the origin);

e There is a dynamically generated superpotential.

This allows confinement without symmetry breaking, even when the quantum and classical
moduli spaces are different. In particular, this behavior may be found in the following
models:

SUN): A+4Q+NQ  Sp(2m): (2m+4)Q  SU(N): (N +1)(Q+ Q).

In this paper we argue that the A+4Q+NQ and Sp(2m) : (2m+4)Q product group models
s-confine. Based on less rigorous arguments we suggest two product group extensions of
susy QCD which may also be s-confining, but a more detailed analysis is required. It is also
entirely possible that there are many other s-confining product group theories unrelated to
the models considered in this paper.

In the A+4Q + NQ model with N = 4, we consider a set of product group extensions
of the form G% X Go X G'z. When ¢ and r are both odd, the chiral symmetry is necessarily
broken in the vacuum, so the theory is not s-confining. If instead the sum (¢ + r) is
odd, then the origin remains on the quantum-deformed moduli space, and some of the
infrared operators become redundant in the symmetry-enhanced vacua. Finally, if £ and r
are both even, we find that all of the operators are interacting degrees of freedom in the
neighborhood of the origin. In each case, there is a dynamically generated superpotential.

One feature of the product group models is the lack of small gauge-invariant operators,
which has a promising phenomenological application to composite axion models. After lift-
ing some of the flat directions, a Peccei-Quinn U(1) symmetry may be dynamically broken
when the gauge group confines, producing a light composite axion. If the product gauge
group is suitably large, the Peccei-Quinn symmetry is protected against the explicit sym-
metry breaking effects which would otherwise be induced by higher-dimensional operators.
We explore this option in a recent paper [26].

Another promising direction for future study is to treat the product gauge groups as
k site decompositions of 5d SUSY theories. Exact calculations in N/ = 2 SUSY may provide
us with a better understanding of the 4d A/ = 1 models considered in this paper.

Acknowledgments

We would like to thank Csaba Csaki, Yuri Shirman, Tim M.P. Tait, Flip Tanedo, and
Arvind Rajaraman for helpful conversations. This work was supported in part by NSF
Grants PHY-1316792 and PHY-1620638, and in part by Simons Investigator Award
#376204.

~32 -



A Derivation of classical constraints

In this section we find the classical constraints between gauge singlet operators in the
A+4Q+N(Q model, along with the coefficients in the dynamically generated superpotential.
It is useful to consider a particular non-trivial solution of the D flatness conditions.

A.1 D-flat directions

The auxiliary gluon scalar fields have interactions from the Kéahler potential given by
V= %DaDa, where

D" = g (Que (1)) + QL5 + A*WT@%A&) . (A1)

Ground state solutions are given by D*D® = (. Equation (A.1) can be simplified by
replacing T and TH with T4:
(T9)§ = —(T%)3, (TH“)Q% = (T1%)ad5 + 0o(T9)5- (A.2)
With this substitution, we may write D® as
Vol rawd

D = —g (Q:aQ% -Q,;Q5 + QA*Q’YAWB) (TDa)g (A.3)

The indices i and j refer to SU(4)z, and SU(N)g, respectively, while «, § and v correspond
to the gauge group. The generators 19 span the set of traceless N x N matrices, so if the
fields satisfy

ot raywd)

Q*Qp — Q; Q5 + 24" Ay = pdf (A.4)
for any constant p, then D* = 0. It is useful to define the matrices d, d, and d4 as follows:
di=Qi"Q5  dj=Q;Q5,  (da)§=A""Ap, (A-5)

so that eq. (A.4) can be written as
df — df +2(da)§ = pdg. (A.6)

Each d term defined above is invariant under the SU(4) 7, x SU(N)g flavor transformations.
By rotating the SU(N) color basis, it is possible to block-diagonalize the matrix A
such that the only non-zero entries are Ajo = —Asy = 01, A3y = —Ays = 09, etc. For even
SU(N = 2m), this continues until 0, = Ay—_1,5. In this basis, the d4 matrix is diagonal
and equal to
(da)§ = Diag(|o1[* |01, |02, [oa]?, ... Jowm[*, lom ), (A.7)
with Pf A = 0102...0,,. For odd N = 2m + 1, 0, = An—2,n—1, and Ajxy = 0 for all
j=1...N. The d4 matrix is again diagonal, but with (d4)Y = 0.
(da)§ = Diag(|o|*, |01, |o2f?, |02l .. . |om[*, o], 0). (A.8)

The Pfaffian, Pf A, is not defined for odd-dimensional matrices.

It is not generally possible to simultaneously diagonalize d4, d, and d. This is a
departure from susy QCD: in this case, if d is diagonal, then dg = Jg + p5g must also be
diagonal. Once d4 is added, this condition is relaxed.

— 33 —



A.2 Special cases

In this section we consider the (¢) > A limit along particular flat directions in which dg4,

d, and d happen to be diagonal. Let us begin with the N = 2m case:

0 o1 vy 0
—o01 0 0 vy 0 v 0
0 () 0 V3 0 0 V2
A = —09 0 R Q e 0 Vg , @ ey 0 :
oo :
0 om : : N
—om 0 0000
(A.9)
In this vacuum, the matrices d4, d and d are:
da = Diag (o[ lo1? o2l ool . o o) (A.10)
d = Dlag (‘01‘2 ) ”Ug|2 ’ ‘7}3‘2 ) ”U4|2 USRS 7O> (All)
d = Diag (|01, 52,55, [owa [ Jow[?) (A.12)
subject to the constraint
d® —d* +2(da)% = p. (A.13)
In the classical limit, the gauge-invariant operators are
vy O 0 o1
0 wvovy O —61 0
0 wv3v3 O 0 o2
J = 0 w414 , K = —dg 0 (A.14)
0O 0 0 0
: : 0 om
0O 0 0 0 —6m 0
‘0/ VSQ 8 8 U=o0102...0m,
V = 012 0 0 Vil W = 0103030403 . . . O, (A.15)
0 0 _‘/34 O Z:@17263...6N,
where we define
Vips = (1)11)2)0’203 e Om Vay = o1 (’U3U4)03 e Om, 0; = 002109 (Alﬁ)

fori=1...m.

In the N = 2m + 1 case we add a row and column to A, with A, y = An g = 0 for all
a and 3. The form of Q is left unchanged, but we add a nontrivial N* row to Qﬁv with

~ 34—



entries ¢* # 0. With these modifications, the matrices d4, d and d become

da = Diag (|12, los 2 ol 02, o2, lom?,0) (A17)
d= Dlag (”Ul‘Q ) ‘02’2 ) ’1)3‘2 ) ‘04’2 ,0,...,0, Z ’qz’2> (A18)
i
d = Diag (|01, 15l | [ow - o ) (A.19)
and the gauge-invariant operators are
U101 0 0 o, 0
0  vovy 0 —01 0
0 wv3v3 O 0 o9
0 D404 —09 0
: : 0 om0
0 0 0 0 —op 00
UNG1 UNG2 UNG3 UNG4 0 0 00
‘ t=1:01v3v403...0)q2
XZ:UlUQ-nUMQi7 Y, = 1122: —01V3V403 . .. O)Nq1 . (A.21)
Z="7...0n ©=3: 01020203 ...0Mq4
1=4: —UV1V20203 ...0)0(Q3

Classical constraints. The dynamically generated superpotential has the form W ~
AN=20Q4QN . For odd N, there are three ways to contract the gauge indices:

Q

Wd:ﬁ

<XiY,-Z + Bréiy i@ INX (K, K

JN—-4JN-3

)J2 g g

IJN—-2 JN-1 JN

+ﬁ26j1'“jNYVi(Kj1j2 "'KjN—QjN—l)J]Z:N>7 (A22)

while for even N there are five terms:

(07

Wi=

(UWZJF%%...M VARV Z e n€irinU (K Kin_sin—a) (J;zlv_s'"*];fv)

6 i VI (Ko K o) (J;fv_l J;’;V) +74WPfK> . (A.23)
The relationships between the coefficients are determined by matching the equations of
motion from Wy to the classical constraints on the operators.

In the classical limit for even NV, it follows from eq. (A.15) that

PfV = V12V34 = (0’10’21)11121)3’1)4)(0’3 . O'm)2 =U- Z, (A.24)
for example, so that
1
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Applying this technique to other products of gauge invariant operators, we find

1 1

V=g BT i iy (A.26)
For odd N the relevant classical constraints have the form
X'Z = —Boelt N (Ko - - - KJ'N—QJ'N—J‘];N (A.27)
Y;‘Z = —ﬁleiizigméﬁ"'JN (Kj1j2 N KjN74jN73)J;;72J;;71J;2. (A28)
Based on egs. (A.20) and (A.21),
X'z = (0'1...0'mqi)(’(_)1...’(_)N) (A29)
Y. Z = (0’11)31)40’3 .. O'mQQ)(T)l .. .T)N), (A.?)O)

which when matched to the corresponding products of J and K imply that

1 1

b= TomT(m — 1)131" 2= =gt

(A.31)

In both cases the overall constant « has no effect on the equations of motion, and
cannot be calculated from the classical constraints.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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