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1 Introduction

The Bondi-van der Burg-Metzner-Sachs (BMS) group is the asymptotic symmetry group of
asymptotically flat gravity [1, 2]. It is similar to the Poincaré group, except the translation
subgroup is enlarged to an infinite dimensional group of angle-dependent “supertransla-
tions.” For certain choices of boundary conditions, the Lorentz subgroup is enlarged as well,
to an infinite dimensional group of superrotations. Depending on the choice of boundary
conditions, the superrotations comprise either the infinitesimal conformal transformations
of the two-sphere [3, 4] or else the smooth diffeomorphisms of the two-sphere, Diff (5?) [5, 6].

The BMS group describes the physical symmetries of asymptotically flat gravity. If
asymptotically flat gravity is holographic, then the BMS group will govern its dual (just as
the conformal group governs dual descriptions of asymptotically anti-de Sitter gravity). So
it is of interest to look for (non-gravitational) physical systems governed by BMS symmetry.
The case for which the superrotations comprise the infinitesimal conformal transformations
of the two-sphere was recently explored by [7]. It is also of interest to consider the case
for which the superrotations comprise Diff(S?). In this case, the BMS group is closely
related to the physical symmetries of fluid dynamics. In particular, Marsden et al. [8, 9]
showed long ago that the semidirect product Diff (M) x C*°(M) governs the compressible
Euler equations on M. The goal of the present paper is to relate this observation to
BMS symmetry. The idea that gravity and fluids are linked goes back to the black hole



membrane paradigm [10-15] and the fluid/gravity correspondence [16]. We derived BMS
conservation laws from membrane paradigm dynamics in [17] and the relationship between
BMS and fluids was also pursued by [18, 19] from a somewhat different perspective.

The BMS group at null infinity is not quite the same as the symmetry group of an
ordinary compressible fluid on S2. Both can be realized as semidirect products of Diff(S5?)
acting on C*(S?), but the actions appearing in the semidirect products are different.
BMS supertranslations at null infinity transform as negative half-densities [4, 6], whereas
the “supertranslations” of fluid dynamics transform as ordinary functions [8].

However, the semidirect products become identical if we consider the near-horizon BMS
group. The near-horizon BMS group is defined at black hole event horizons as the group
of near-horizon Killing vectors preserving a set of near-horizon boundary conditions! [20].
Our main result is to recover the near-horizon BMS algebra by taking Lie-Poisson brackets
of fluid charges. We use the black hole membrane paradigm as a dictionary between the
gravity and fluid sides of the story.

Let us say a bit more about the infinite dimensional symmetries of fluids, beginning
with the incompressible case for simplicity. The incompressible Euler equations depend
on the velocities but not the spatial labels of fluid elements. This infinite dimensional
“particle relabeling” symmetry gives an infinite number of conserved charges [21-24]. The
configuration space of the incompressible Euler equations for fluid flow on a space? M
is G = Diff,, (M), the set of volume-preserving diffeomorphisms of M. A configuration,
p € G, is a map from Lagrangian coordinates to Kulerian coordinates. It is a map from the
initial positions of the fluid parcels to their current positions. The fluid’s phase space is the
cotangent bundle T*G. It is the space of pairs (¢, V), where V is the fluid’s Lagrangian
momentum. Now G acts on T*G on the left and right, and we have corresponding moment
maps T*G — g*, where g* is the dual of the Lie algebra of G. The left moment map is the
fluid’s Eulerian momentum and the right moment map is the fluid’s convected momentum.
The particle-relabeling symmetry of the incompressible Euler equations is reflected in the
right-invariance of the fluid’s Hamiltonian on T*G. As such, we have conservation of the
right moment map and the dynamics reduces to a Hamiltonian flow on g*. The Poisson
bracket on T*G descends to the Lie-Poisson bracket on g*. We review this story in more
detail in the appendix.

The extension to compressible fluids is somewhat subtle, but one essentially replaces
G = Diffyo (M) with Diff (M) x C*°(M) [8, 9]. The components (with respect to a basis of
g) of the right moment map now correspond to the fluid’s convected momentum density
and convected energy density. We will use the black hole membrane paradigm to relate
the conserved charges of the membrane paradigm fluid to the near-horizon BMS charges
of [20]. We will show that taking Lie-Poisson brackets of the fluid charges reproduces the
near-horizon BMS algebra.

It would be interesting to understand if the BMS algebra at null infinity also has a
realization as symmetries of a (perhaps somewhat unusual) fluid. As noted earlier, the

!Just as at null infinity, the near-horizon superrotations comprise either the infinitesimal conformal
transformations of S or Diff(S5?), depending on the choice of boundary conditions. We identify the near-
horizon superrotations with Diff(S?).

*We assume M is closed but the extension to manifolds with boundary is straightforward.



action of the superrotations on the supertranslations at null infinity does not seem to
have appeared in ordinary fluid dynamics. On the other hand, a version of the membrane
paradigm can be defined at null infinity [15]. The problem simplifies in three spacetime
dimensions. In three spacetime dimensions, the BMS group has the form Diff(S!) x vit,
where viv is the Virasoro algebra with central charge ¢ = 3/G. The charge algebra arises
from a Lie-Poisson bracket [25, 26] and the boundary dynamics has a simple description [27—
29]. We will study the fluid interpretation of 3d flat gravity in a companion paper [30]. In
the future, it would be interesting to use the fluid perspective to understand the symmetry
groups appearing at Rindler horizons [31], with negative cosmological constant [32, 33],
and in more general theories of gravity (e.g., [34, 35]).

The remainder of this paper is organized as follows. Section 2 describes a kind of near-
horizon “memory effect” as a way to develop intuition for the near-horizon BMS group.
Section 3 describes our main result, the realization of near-horizon BMS charges as fluid
Noether charges. Section 4 discusses the relationship between the physical symmetries of
fluids and the gauge symmetries of canonical general relativity more generally. We note that
asymptotic symmetries may generally be expected to form groupoids rather than groups.
The appendix gives a mostly self-contained review of the infinite dimensional symmetries
and Noether charges of the incompressible Euler equations.

2 Plunging star

In this section, we consider the plunge of a small star into a Schwarzschild black hole.
The black hole remains Schwarzschild after the plunge. However, the passage of the star
causes a permanent shift in the spatial metric on the horizon and the synchronization of
clocks at the horizon. The initial and final black holes are related by near-horizon BMS
transformations. This gives a near-horizon version of the gravitational memory effect. We
discuss it here as a way to develop intuition for the near-horizon BMS group. The plunging
star problem was solved long ago by Suen, Price, and Redmount (SRP) [36]. Our novelty
is to reinterpret it in terms of near-horizon BMS transformations and memory.

Consider the radial plunge of a small star into the north pole of a Schwarzschild black
hole. The star-to-black hole mass ratio is a small parameter, ¢ = m/M, and we restrict
attention to polar coordinates 6 < 1 (we zoom in near the north pole). SRP worked out the
tidal field of the plunging star, a gravitational analogue of the Liénard-Wiechert potential.
From the tidal field they determined the shear, o4p, of the horizon. The result is

__€ Kt t<0
= e (2.1)
0 t>0,

where £ is the horizon’s surface gravity. The components of the shear are measured in a lo-
cal frame, (ef, ", e’  e?), which is essentially the zero-angular momentum observer (ZAMO)
frame. The star hits the horizon at ¢ = 0 moving near the local speed of light. Note that the
shear starts growing before the star hits because of the teleological nature of the horizon.
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Figure 1. We have zoomed in on the north pole. Initially circular rings are squeezed along 6 and
stretched along ¢ by the passage of the star.

The shear determines everything else. It determines the expansion of the horizon
via the Raychaudhuri equation, the extrinsic curvature via the Hajicek equation, and the

spatial metric via the metric evolution equation.

2.1 Metric

Long before the plunge, the spatial metric on the horizon is simply the round metric,
ds* = r3.d6* + r? sin” 0d¢?. (2.2)

We work in “comoving coordinates,” meaning (60, ¢) are fixed to the null generators of the
horizon. Long after the plunge, the black hole is again Schwarzschild but the null generators
do not return to their starting positions. So the final spatial metric on the horizon is not
the round metric, but instead

ds? =r2 <1 — Z;) do? +r2 (1 + SS) sin? Ode?. (2.3)

The initial and final metrics are related by the spatial diffeomorphism (“superrotation”)

4e
Figure 1 gives a visualization: initially circular rings of test particles hovering near the
horizon are distorted by the passage of the star. It is a near-horizon analogue of the

gravitational memory effect.

2.2 Momentum density

The membrane paradigm assigns the horizon a stress-energy tensor, t,, = (Khgp —
Kap)/(8m), where Ky is the extrinsic curvature and hgp is the 2 + 1 dimensional hori-
zon metric [13]. The momentum density of the horizon is II4 = ti‘.

The initial momentum density of the black hole is

I, = 0. (2.5)



As the star plunges, the horizon’s momentum density evolves according to the Damour-
Navier-Stokes equation (essentially the projection of the #A-component of the Einstein
equation onto the horizon). Long after the plunge, the momentum density is

1 e
St kM?263’
0. (2.7)

(2.6)
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The initial and final momentum densities are related by the slicing transformation (“su-
pertranslation”)?

t—t+ (2.8)
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So the passage of the star has caused a supertranslation and a superrotation of the horizon.

This gives a physical picture for the action of supertranslations and superrotations
at the horizon for the special case of a small star plunging into a Schwarzschild black
hole. In the next section, we consider perturbed black holes more generally, and derive the
near-horizon BMS charge algebra using the membrane paradigm.

3 Near-horizon BMS symmetries as fluid symmetries

Following Donnay et al. [39], we write the near-horizon metric in Gaussian null coordi-
nates [40, 41],

ds® = —2kpdv?® + 2dpdv + 20 4pdvdz™ + Qydzdz + . . . (3.1)

where v is Eddington-Finkelstein advanced time, the 2 = (2, ) are fixed to null generators
of the horizon, and v = 4/(1 + 2zz)?. The metric functions, 04 = 0(v,z,2) and Q =
Q(v, z, z), are independent of the radial coordinate, p. For now we assume k = k(v, z, Z),
but we will soon set x = constant. The horizon is at p = 0.

To make contact with the membrane paradigm, we recast the metric in a timelike
frame. We introduce a timelike tetrad,

e’ = dp,
.
e =dv—e",

/ * %
e =dz+e"

*
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3Near the north pole, the slicing transformation, ¢ — t 4 f(#), looks like a low-velocity Lorentz
transformation, ¢ — t — dvgf, with velocity dvg = —fg9. The change in the momentum density is
0Ilp = p(—dvg) = pf,e, where p = k/(8m) is the membrane’s pressure [13].



with e””, e”, and ¢ chosen so as to eliminate Gtp> 9pzr and gz from the metric. This
requires
. Q _
& = 22 60 20,0,/ 39)
= 9+ 20,05/ (3.7
3 %k 9 —
e’ = 2/:/)(7(2 +2p0.0:/k) e’ (3.8)

The metric in the timelike frame is
ds> = —a’e'@e' + e’ @e +2p0 e’ ® e + Ove” ®e”, (3.9)

where o = /2kp is the lapse. Further define

e' = ae, (3.10)
eh — Gore’ (3.11)
1 o 1p(0. 462
T = —/Q(€* o — === 3.12
e 2\/7 (e +e)—|—2 NGTS e, (3.12)
i1 / 5 1 p(0:—0.) ,
Y= —/7Q(e* —¢* ——"e". 3.13
of = g VAeT e F A e (3.13)
This is an orthonormal timelike frame. The metric in this frame is simply
s’ = —e'@el+e?we’ +e’ @e’ +ef ®el. (3.14)

Fix a surface, the “stretched horizon,” at small but nonzero p, with unit outward
normal n = ¢’. The induced metric on the stretched horizon is

by = Guv — Ny (3.15)

The membrane paradigm assigns the stretched horizon a surface stress-energy tensor,

1

t“y == %(Kh‘ul/ — K“l,), (316)

where K*, = hdVsn* is the extrinsic curvature of the stretched horizon and K = K oy
The stress-energy tensor is dictated by the Israel junction condition. It is the stress-energy
tensor required to terminate the gravitational field at the stretched horizon. The Einstein

equations enforce the conservation laws
tw7 1y = hushyVut™ = 0. (3.17)

Now for a weakly perturbed black hole, Price and Thorne [12] have shown that it is
always possible to arrange k = constant (by applying a reparametrization of v). From now
on, we will assume this has been done as it simplifies the analysis considerably. In this
case, the fluid’s energy density is

0p (2 Ox

Sy = atlt = — =
H=a 87GQ 871G’

(3.18)




where Oy = ay/V,n" = 9,0/ is the expansion scalar. The evolution of X is governed
by the p =t component of (3.17), which gives

WS+ Xu0y + puby — Cubi; =0, (3.19)

where py = a1 K*,U,U"/(87G) = k/(87G) is the fluid’s pressure and (y = —1/(167G)
is its bulk viscosity.
The fluid’s momentum density is

R 0.4
My =ty = . 2
AT M T 965G (3:20)
Its evolution is governed by the p = z,Z components of (3.17),
Opllpg + 1140 — gV 40 =0, (3.21)

which is sometimes called the Damour-Navier-Stokes equation.

3.1 Non-expanding black hole

For a non-expanding black hole (g = 0), the Damour-Navier-Stokes equation is simply
OpIl4 = 0 and II4 is exactly conserved. In this case, there is a doubly-infinite family of
conserved scalar charges,

Qxs = [dedzym0(imn - X = o [ ddzymass - x40, (322)

There is a charge for each X € Vect(S?) and f € C°°(S?). As in ordinary fluid dynamics,
we view the pair (X, f) as an element of g, the Lie algebra of G = Diff(5?) x C°°(S?),
and we view the charges themselves as elements of the dual, g*. The space g* is a Poisson
manifold with respect to the Lie-Poisson bracket. The Lie-Poisson bracket acts on functions
F,G : g* — R according to

om’ om

(F,G}(m) = <m, [” 5G]>. (3.23)

So the algebra of fluid charges is

{QX7 QY} = Q[X7Y}> (324)
{Q@x,Qr} = Qx, (3.25)
{Qr. Qg} =0. (3.26)

This matches the near-horizon BMS charge algebra of Donnay et al. [39] (for a certain
choice of boundary conditions). The relationship with fluid dynamics provides a physical
interpretation for the charges, which may be useful for understanding asymptotic symme-
tries in more general situations.



4 Discussion

BMS symmetries are the physical symmetries of asymptotically flat gravity. They are
closely related to the gauge symmetries of general relativity. As we explain in this section,
once one knows the gauge symmetries of general relativity and the physical symmetries of
compressible fluids, it is not so surprising that the two are closely related.

In the canonical formulation of general relativity, spacetime is foliated into three-
dimensional spatial slices. The configuration on a slice is given by the spatial metric on the
slice, 7, and its conjugate momentum, 7. Configurations cannot be freely specified. They
are subject to the energy and momentum constraints

1
Cen = —R(7) + tr,y(7r2) - §(tr77r)2 =0, (4.1)
Cho = —2div,7m =0, (4.2)

where R(7) is the scalar curvature of . Projecting against functions, ¢, and vector fields,
X, gives scalar-valued constraint functions

C :/gocenvol,y, (4.3)
%

Cx = / X - Cpovol,. (4.4)
%

The Poisson brackets of the constraint functions are [42-44]

{Cx,Cv}=Cixyy, (4.5)
{Cx,Cu} = Cx.q,
{CSC” Cﬂ)} - Csov"ﬂ/)*djv'v@'

The appearance of v on the r.h.s. of the third line means the structure constants are state
dependent. So the gauge symmetries of canonical general relativity do not form a Lie
group. They form a Lie groupoid,* a point emphasized by [44].

Evidently, there is a close relationship between the gauge symmetries of canonical
general relativity and the physical symmetries of compressible fluids in one less dimension.
The only difference between the fluid algebra (3.24)—(3.26) and the gauge algebroid (4.5)—
(4.7) is in the third line. This can be traced back to the fact that time-reparametrizations
commute at black hole horizons (where the lapse is going to zero), but they do not commute
in general. The reason they do not commute in general is illustrated in figure 2. After a
nonconstant slicing transformation, ¢t — ¢ + f(2*), the normal of the new spatial slice is
tilted. So a sequence of slicing transformations depends on the order they are carried out.
The commutator of two infinitesimal slicing transformations is a spatial diffeomorphism.
This accounts for the r.h.s. of (4.7).

In asymptotically flat spacetimes, time-reparametrizations commute at null infinity.
This is because the gradients, V, ~ r~2, vanish at null infinity. So the state-dependent

4A groupoid is a category with inverses. A group is a one-object groupoid. So groupoids represent a
more flexible notion of symmetry than groups [45].



Figure 2. Slicing transformations, t — ¢ + f(z*), do not commute. After a slicing transforma-
tion, the normal of the new spatial slice is tilted. The commutator of two infinitesimal slicing
transformations is a spatial diffeomorphism.

terms on the r.h.s. of (4.7) are not visible in the BMS group at either null infinity or the
horizon.

However, the r.h.s. of (4.7) does have an interesting role to play in asymptotically de
Sitter spacetimes. Now the lapse is growing at null infinity, and its growth cancels the
decay in V,. In static coordinates, the metric of four dimensional de Sitter space is

2 2
2 _ r 2 dr 2 102
On surfaces of large but finite r, the de Sitter metric becomes
o _ 1o 900
ds® = ﬁdt + redQ”. (4.9)

This is the metric on “stretched infinity.”

Now consider Diff(S52) x C°°(S?), where the first factor corresponds to spatial diffeo-
morphisms of S? and the second factor corresponds to slicing transformations, ¢t — ¢ + f.
The commutator of two slicing transformations is

[f.9] = N*(gVif — fVng), (4.10)

where N = r// is the lapse and h is the metric on S2. At large r, the gradient is Vj =
T*QV,;, where V; is the gradient of the rescaled metric h = h/ r2. So the commutator is

.0 = 56Vl ~ FV39) (411)

For finite ¢, slicing transformations do not commute.
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A Infinite dimensional symmetries of the Euler equations

This appendix gives a mostly self-contained review of the infinite dimensional symmetries
and Noether charges of the incompressible Euler equations, as background and motivation
for the results in the main body of this paper. See [8] for the extension to compressible
fluids.

The incompressible Euler equations are

0w+ (v- V)v = —Vp, (A1)
V-v=0. (A.2)

The Euler equations depend on the fluid’s velocity but not the spatial labels of fluid ele-
ments. This “particle-relabeling” symmetry gives an infinite number of conserved quanti-
ties, by Noether’s theorem [21, 22, 24, 46, 47]. The conserved quantities are the components
of the fluid’s convected momentum. They form an infinite-dimensional algebra with respect
to the Lie-Poisson bracket:

{J(€), J(p)} = J([E, p])- (A.3)

There is a conserved charge, J(§), for each divergence-free vector field, £. Eq. (A.3) corre-
sponds to the superrotation part of the black hole horizon algebra (3.24). The main result
of this section will be to derive (A.3) using Noether’s theorem.

A.1 The vortex

It will be helpful to have an example to refer back to. A simple solution of the two-
dimensional Euler equations is the vortex, with velocity and pressure

vt = (—x9,11), (A.4)
p= é(:}:% + 22). (A.5)

The motion of the fluid parcels is
x1 = cos(t) X7 — sin(t) Xo (A.6)

xo = sin(t) Xy + cos(t) Xo.

The X; are Lagrangian coordinates and the z; are Eulerian coordinates. They correspond
to the initial and current positions of the fluid parcels, respectively. The map = = ¢(t, X) =
©t(X) given by (A.6)—(A.7) defines the fluid’s configuration. Differentiating with respect
to time gives

Vi=¢) = —sin(t)X; — cos(t) Xa, (A.8)
V2 = py = cos(t) X| — sin(t) Xs. (A.9)

V(t, X) is the Lagrangian velocity and v(t,z) is the Eulerian velocity. We recover the

Eulerian velocity (A.4) from the Lagrangian velocity using the change of coordinates v =

Vop L

~10 -



The Lagrangian and Eulerian velocities are measured with respect to a fixed spatial
reference frame. Another possibility is to measure velocity with respect to a comoving
frame. This defines the convected velocity

0X?

=o'V = 2 Vi—(—
V_ch 8.7;]‘/ ( XQ,Xl). (AlO)

We pass to Lagrangian, Eulerian, and convected momenta by “lowering indices” on the
velocities using the metric. In this example the metric is flat, so the distinction between
velocities and momenta is trivial.

Now note that the convected momentum (A.10) is a constant independent of time. The
content of Noether’s theorem for incompressible fluids is that the convected momentum is
always a constant independent of time.? As a result, we get a conserved quantity,

JE&) = [ vV ¢dX, (A.11)
R2
for each divergence-free® vector field, £. The underlying symmetry is the fact that the
Euler equations only depend on the fluid’s velocity and not on its configuration, p(X). We
will review the proof of this statement shortly.
In some sense, the vortex is too simple an example because the Eulerian momen-
tum (A.4) also happens to be conserved. We get a slightly more interesting example by
passing to the boosted vortex, defined by

v—=v(t,x —ct) +c, (A.12)
p — p(t,x — ct), (A.13)

where c is a constant vector. The boosted vortex is also a solution of the Euler equations.
The Eulerian momentum of the boosted vortex,

v = (—(z2 — cat) + c1, (x1 — c1t) + ¢2), (A.14)
is time dependent, but the convected momentum,
V= (—Xoq, X1), (A.15)
is conserved.

A.2 General formulation of fluid dynamics

Now consider the incompressible Euler equations on a d-dimensional manifold, M. The
configuration of the fluid is a volume-preserving diffeomorphism ¢ € @ = Diff,,(M). The
volume-preserving condition encodes the incompressibility constraint. The map = = ¢(X)
takes Lagrangian coordinates to Eulerian coordinates. A fluid flow is a time-dependent
diffeomorphism, (¢, X'). The Lagrangian velocity is the time derivative

V = o(t, X) € T,Q. (A.16)

SPossibly up to a total derivative, as we will soon see.
5The reason for the divergence-free constraint will become clear later. It is related to the fact that V
need only be conserved up to a total derivative.

- 11 -



We identify the space of (¢, V') with the tangent bundle, T'Q, and the fluid’s phase space
with the cotangent bundle, 7*Q. For ( € T and a € T*(Q, we have the pairing

(o, C) —/Ma-CvolM. (A.17)

The Euler equations define a Hamiltonian flow on 7*Q. The group () acts on itself by
left and right translations, and these actions lift to actions on 7T%(@). The fluid’s Hamiltonian
is right invariant. This corresponds to the particle-relabeling symmetry described above
and it implies conservation of convected momentum.

A.3 Right-invariance of fluid dynamics

The actions of @) on itself by left and right translations are

Lyp=mnoe, (A.18)
Ryp=¢pon, (A.19)

where ¢,n € (). These actions lift to actions on the tangent bundle. Let ¢ € T,,Q) and let
Y¢(t) be an integral curve of ¢ with v¢(0) = ¢. The lifted actions are

d d

TG = | Lo = 2| _ norc®) =, (A.20)
d d

TR,¢ = ﬁ‘tZORn'yc(t) = %‘t:o’yc(t) on=_on. (A.21)

Note that TL,( € T,0,Q and TR,( € Ty oyQ. These actions also lift to the cotangent
bundle, T*Q. Let o € T*Q and ¢ € T'Q. The cotangent lifts are defined by

(T"Lya, ¢) = {(a, TLyC) = (e, 1:C) = (", C), (A.22)
(T* Ry, ¢) = (a, TRyC) = (@, Com) = (a0, ). (A.23)
That is,
T*Lyo = n*a, (A.24)
T*Rya=aon . (A.25)

Note that if a € TZQ, then T" Lo € T;,le and T"R,a € T;on,lQ. The cotangent lift
of R, is a left action: TR, o\ = T*R;y o T*R). The right lift of R, is defined by

Ry =T, Ry-1a = acorn. (A.26)

It is a right action: R} \ = R} o Ry. It will prove more convenient to work with R* rather
than T*R.
Now consider the Hamiltonian H : T*Q — R defined by

H(p,a) = ;/Mv(go,a)Q volys, (A.27)

- 12 —



Iis the Eulerian momentum. The equations of motion are the Euler

1

where v(p, o) = aop™
equations. The right lift, R}, sends o to aon and ¢ to pon. Sov =ao ™" is invariant.

It follows that the Hamiltonian itself is right invariant:
HoR,=H, (A.28)

for all n € Q). This is the particle-relabeling symmetry of the Euler equations described
above. It expresses the fact that fluid dynamics is independent of the fluid’s configuration,

(X).
A.4 Noether’s theorem

The conserved charges follow from Noether’s theorem. Let q = SVect(M) be the Lie
algebra of ). It is the algebra of divergence-free vector fields on M. The infinitesimal
version of (A.28) is

¢p(H) =0, (A.29)

where

513 - a t:OR:Xp(tS) (A?)O)

is the infinitesimal generator of R;, corresponding to § € q. {p is a vector field on P = T™Q).
Our goal is to find a Hamiltonian vector field, X y(¢), such that {p = X j(¢). Conserva-
tion of J(§) then follows from the Hamiltonian version of Noether’s theorem:

{H,J(&)} = XjH =E&p(H) = 0. (A.31)

That is, we want J(&) such that
tep$2 = dJ(8), (A.32)

where 2 = —dO is the symplectic form on T*(Q. Integrating gives

J(§) = 1ep© = O(Ep), (A.33)

where © is the canonical one-form on 7%(). We have used Cartan’s formula and the fact
that &p preserves the canonical one-form:” Lep,© = 0.

In finite dimensions, the canonical one-form is © = p;dg® and a vector field on phase
space has the coordinate expression xy = aiaqi + b;0p,. The action at a = pidg’ € T*Q is

Oa(x) = pid’. (A.34)

To go to infinite dimensions, we need a coordinate-independent version of the right-hand

” except the inner product as written cannot make sense,

side. It is something like “(c, x),
because a € T*Q while x € TT*Q. However, the cotangent bundle comes equipped with
a projection map mg : T*Q — @, which lifts to a projection map Trg : TT*Q — TQ. (In
finite dimensions, T'rg acts simply by “forgetting” the 0, piece of the vector field.) This
lets us build

Oa(x) = (@, T (X)), (A.35)

which defines the canonical one-form in infinite dimensions.

"See proposition 6.3.2 of [24].
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Lagrangian

VieT"Q

Eulerian convected
v; € q V; € q

Figure 3. The Lagrangian, Eulerian, and convected momenta are related by a triangle of maps.

Returning to the computation of the conserved charges, we have

J(§) = O(Ep) = (a, Tmq(Ep)) = (@, Eo(m@a)). (A.36)

In the last step, we used the fact that computing the infinitesimal generator on P and then
projecting down to a vector field on () gives the same result as projecting P to ) and then
computing the infinitesimal generator.

The infinitesimal generator of right translations on @ is

1361(%) @ oexp(tf) = pul. (A.37)

= o

So we get our final expression for the conserved charges:

J(&) = (o, 0:8) = (¢"a, &) = /Mv -Evolyy. (A.38)

VY = p*a is the convected momentum corresponding to the Lagrangian momentum a. We
get a conserved J(§) for each £ € q. It follows that the convected momentum itself is
conserved, at least up to a total derivative.

The map Jr : T"Q — q* given by

Jr(a) = p*a. (A.39)

is the right moment map. In a similar way, by considering the infinitesimal generator of
the cotangent lift of left translations, we arrive at the left moment map,

Ji(a) =aop™!, (A.40)

which is the Eulerian momentum. Right-invariant dynamics such as fluid dynamics con-
serves the right moment map, while left-invariant dynamics (such as rigid-body motion)
conserves the left moment map. The Eulerian and convected momenta are themselves
related by the coadjoint action of @) on gq*. The relationships between the Lagrangian,
Eulerian, and convected momenta can be summarized by the triangle in figure 3.
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A.5 Charge algebra

q* is a Poisson manifold with respect to the Lie-Poisson bracket. Let V € q* and let F(V),
G (V) be functions on q*. The Lie-Poisson bracket is

{F,G}HV) = <V7 [gi, ii] > (A.41)

where [,] is the vector field commutator.® The Lie-Poisson bracket is the restriction of the
canonical Poisson bracket, {, }p, on 7%Q to q*:

{F,G}oJr ={F oJgr,GoJg}p, (A.42)

Using eq. (A.41), we compute

{7(6), J(p)} = J([&, P)- (A.43)
This is the algebra (A.3) described in the introduction to this section.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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