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1 Introduction

This work addresses exact computations of Wilson loops in ABJ(M) theory [1, 2]. Our
analysis heavily relies on the supersymmetric localization [3]. The ABJ theory isa3d N =6
superconformal Chern-Simons-matter theory with quiver gauge group U(Ny)g x U(N2)_g,
which describes a low energy effective theory on multiple M2-branes. When the ranks of
the two gauge groups are equal, the theory is especially called the ABJM theory. As shown
in [4-6], the partition function of ABJ theory (and more generally for a wider class of Chern-
Simons-matter theories) on a three-sphere reduces to a matrix integral by the localization.
A basic problem is then to understand the large N behavior of the obtained matrix model.

To extract the information at large N from the ABJ matrix model, one can use two
remarkable facts. One is a connection with the topological string on a particular Calabi-
Yau three-fold, known as local P! x P'. This connection is a consequence of a chain of
dualities: the ABJ matrix model is related to a matrix model on a lens space L(2,1) by



analytic continuation [7]. It is known that this lens space matrix model is dual to the
topological string on local P! x P! at large N [8]. As a result, the large N expansion in the
ABJ matrix model is captured by the topological string on local P! x P'. The all-genus
free energy in the 't Hooft limit was indeed computed in [9] by using the topological string
technique. The planar free energy shows the N3/2 behavior, which correctly reproduces
the expected number of degrees of freedom of N M2-branes. The same behavior was also
confirmed by the direct saddle-point analysis in the M-theory limit [10].

Another key fact is an unexpected relation to a non-interacting quantum Fermi-gas
system. It was shown in [11] that the ABJM partition function is regarded as the partition
function of an ideal quantum Fermi-gas with an unconventional Hamiltonian. This Fermi-
gas picture allows us to analyze the system by the technique of statistical mechanics.
The important point is that the role of the Planck constant in this quantum system is
played by the Chern-Simons level, and the semi-classical limit corresponds to the strong
coupling limit in ABJM theory. Therefore we can get the strong coupling results from the
semi-classical analysis in the Fermi-gas system. Putting the various pieces of information
together (see [12] for a review and references therein), it was finally shown in [13] that the
complete large N expansion, including both worldsheet instanton and membrane instanton
corrections, of the partition function are determined by the (refined) topological string on
local P! x P! in a highly non-trivial way. Quite interestingly, there is a pole cancellation
mechanism between the worldsheet instanton corrections and the membrane instanton
corrections [14], which guarantees the theory to be well-defined for any value of k. The
Fermi-gas approach was also extended to the ABJ matrix model [15, 16] (see also [17, 18]),
and it was revealed that the large N expansion is again determined by the topological
string on local P! x P!,

In this paper, we study circular BPS Wilson loops in ABJ theory on S2. There are two
kinds of BPS Wilson loops in ABJ theory. One preserves 1/6 of supersymmetries [19-21],
while the other a half of them [22]. We here focus on the latter since it has a much simpler
structure than the former. The vacuum expectation values (VEVs) of BPS Wilson loops
can be exactly computed by the localization. The Fermi-gas approach for the Wilson loops
in ABJM theory was first proposed in [23] and a similar formalism was further developed
in [24] especially for the 1/2 BPS Wilson loops. It was shown in [7] that the large N
expansions of the 1/2 BPS Wilson loops are explained by the open topological string on
local P! x P!. The Seiberg-like duality of the ABJ Wilson loops was discussed in [25].

It is known that the ABJ partition function has several good properties. For some
particular values of k, the generating function of the partition function can be written in
closed form [26, 27]. This fact enables us to predict the exact values of the partition function
without performing the matrix integral. It was also found in [27] that the generating
function of the ABJ partition function satisfies beautiful functional relations. Therefore it
is natural to ask whether the Wilson loops in ABJ theory also have some nice properties
or not. As we will show in this paper, the answer is yes: we find remarkable exact relations
among the 1/2 BPS Wilson loops!

Based on the previous analysis in [15, 16, 24], we here find new exact relations between
the partition function and the VEVs of the 1/2 BPS Wilson loops. In the simplest case, the
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Figure 1. The VEV of the 1/2 BPS Wilson loop with the left Young diagram R in M = m ABJ
theory is related to the one with the right diagram R’ in M = m + 2n ABJ theory. In other words,
the effect of the red rectangular part in R results in adding the 2n fractional M2-branes after the
back-reaction. The relation (1.1) corresponds to the simplest case that n = 1, m = 0 and R’ is the
trivial representation.

VEV of the 1/2 BPS Wilson loop with the fundamental representation in U(N); x U(N)_
ABJM theory is ezactly related to the partition function of U(N — 1), x U(N +1)_; ABJ
theory. Namely, the normalized VEV of the fundamental ABJM Wilson loop is given by

ABJ
ww2yaem _ 1 |ZP(N-LN+1,k)
< >N7k - ZABJM(N’ k) : (1.1)

= 2sin 2%
We conjecture that this relation holds for any N and k(> 2). In the large N limit, the
all-order perturbative 1/N expansion of the free energy can be resummed, and it results in
the Airy functional form [28]. As shown in [23], the VEVs of the 1/2 BPS Wilson loops are
also resummed as the Airy function, and the final result in [23] is consistent with our exact
relation (1.1). We stress that our relation (1.1), however, contains all the non-perturbative
corrections, and it is true even for finite V. As we will see in section 3, the relation (1.1) is
only a tip of the iceberg. We find many similar relations for higher representations in the
ABJ Wilson loops, as shown in figure 1. We also find a determinant formula that computes
the VEVs of the 1/2 BPS Wilson loops with general representations only from “hook” rep-
resentations.! This is a natural generalization of the result in [24] to the ABJ Wilson loops.

The relation (1.1) has the following interpretation: from the viewpoint of type IIA
string theory on AdS; x CP3, which is holographically dual to ABJ theory on S2, the left
hand side of (1.1) is related to the fundamental open string. On the other hand, the right
hand side of (1.1) is purely explained by a change of the closed string background, where
the value of the NSNS B-field flux through a two-cycle CP! ¢ CP3

M
k Y

Bns = M = N, — Ny. (1.2)

1
(CPl 2

"While preparing the draft of this paper, we were informed by Sanefumi Moriyama that the determinant
formula can be proved for general ABJ theory [29]. We would like to thank him for telling us before
submission of their paper.



is shifted from M = 0 to M = 2 by inserting the fundamental Wilson loop. In this sense,
we can regard (1.1) as a kind of open-closed dualities.> In the brane setup, M counts
the number of fractional M2-branes [2]. Our relation (1.1) implies that the effect of the
brane that describes the fundamental Wilson loop in ABJM theory results in two fractional

branes in ABJ theory due to the back-reaction.?

Roughly speaking, if the dimension of
the representation in the Wilson loop grows, then the number of the fractional branes also
increases, as in figure 1.

We have to mention that the (super)symmetries preserved on the left hand side and
on the right hand side of (1.1) are different, which implies that the relation (1.1) cannot be
interpreted as the equivalence of the whole theories between the ABJ theory with M = 2
and the ABJM theory in the presence of the fundanemtal Wilson loop. The relation (1.1)
holds only at the level of the partition functions and the VEV of thel/2 BPS Wilson loop.

The open-closed duality here is also understood from the topological string perspective.
As mentioned above, the left hand side of (1.1) corresponds to the open topological string [7,
24, 30], while the right hand side is captured by the closed topological string [13, 16]. Thus,
we find that the open topological string amplitude on local P! x P! is related to the closed
string amplitude on the same Calabi-Yau. As explained in [31], the effect of the open
string generally leads to a shift of certain moduli of the closed string, i.e., the open string
amplitude is schematically written as

chosed (Ql)
chosed(Q) ’

where @ and Q' are moduli of the (same) Calabi-Yau manifold.” Our relation is a concrete

Zopen(Q) - (13)

realization of this open-closed duality at the quantitative level. In section 5, we will ex-
plicitly show that (1.1) leads to the non-trivial relation (5.9) between the open and closed
string amplitudes. Also, the relation in figure 1 is easily translated into the topological
string language (5.18).

The organization of this paper is as follows. In the next section, we briefly review the
1/2 BPS Wilson loops in ABJ theory. We mainly use the Fermi-gas formalism proposed
in [15]. In section 3, we demonstrate that the ABJ Wilson loops for different M’s are

2In the M-theory brane configuration, the 1 /2 BPS Wilson loop for the fundamental representation
corresponds to two semi-infinite M2-branes. One of them ends on the M2-branes corresponding to one of
the gauge groups, while the other ends on the M2-branes corresponding to the other gauge group. Our result
suggests that this configuration is mapped to the brane configuration for ABJ theory with two fractional
M2-branes but without any semi-infinite M2-branes. A similar speculation seems to imply that the 1/6
BPS Wilson loop in ABJM theory may be mapped to ABJ theory with a fractional M2-brane (M = 1),
but we do not find such a relation at all. Probably we need deeper understanding to expalin this reason.

3 A similar picture has been noted in [15]. Tt was shown there that the ABJ partition function is related
to quantities similar to Wilson loops in ABJM theory. We would like to emphasize that ABJ(M) Wilson
loops themselves are also related to the ABJ(M) partition function.

“However, the increase of the fractional branes is somewhat obscure because ABJ theory has Seiberg-like
duality, which relates U(N)y x U(N + M)_j theory to U(N + k — M) x U(N)_y, theory.

°In the open-closed duality, the open (+ closed) string theory on a Calabi-Yau manifold X is, in general,
mapped to the closed string theory on a different CY X'. Our result states that if X is local P* x P!, the
geometry X' appearing after integrating out some particular open string sector is also local P! x P!, but
its moduli is different from those of X.



interrelated. In some cases, the relations reduce to the ones between the partition function
and the Wilson loops, and we can interpret them as an open-closed duality. In section 4, we
show additional results for £ € 4N. In section 5, we consider a consequence of the relations
found in section 3. We explicitly show that the open topological string partition function is
related to the closed one. We conclude in section 6 and comment on some future directions.

2 A review of ABJ Wilson loops

Let us start with a review of the Wilson loops in ABJ theory.

2.1 ABJ Wilson loops

In ABJ theory, two kinds of circular BPS Wilson loops are widely studied in the literature.
One preserves only 1/6 of supersymmetries, while the other a half of supersymmetries. The
1/6 BPS Wilson loops is explicitly given by

ng) = Trg Pexp [/ds <1Au¢# + 2]:|50|M§CICJ>] ’ (2.1)

where z#(s) parametrizes a great circle of S3, and C; (I = 1,2,3,4) are scalar fields in
the four bi-fundamental chiral multiplets. The matrix M :; is chosen in order to preserve
the supersymmetry. The construction of the 1/2 BPS Wilson loops is more complicated.
See [22] for detail.

The localization method allows us to reduce the path integral to a finite-dimensional
matrix integral. The partition function of ABJ theory on S? is exactly given by

L(N2-N2) d d
H Mz Vi ik (s >, 02
ZABJ(Nl, NQ, k) — Nl'Nz / j e 471-( /’Lz )

(2.2)

y [[;<;(2sinh @)2(2 sinh “5-2)?
] iV ’
[1; j(2cosh =5-1)?

In the analysis below, we always assume that £ > 0 and N; < Ny without loss of generality.
Sometimes it is convenient to parametrize N1 and Ny by

Ni=N, Ny=N+M, M>0. (2.3)

Physically, M corresponds to the number of fractional M2-branes [2]. It was shown in [4]
that the VEVs of the 1/6 BPS Wilson loops are given by the insertion of an operator in
the above matrix model

(WR )Ny o = (sr(e, ), (2.4)
where sp(et!, ..., eMN1) is the Schur polynomial with representation R in U(Nj). The

expectation values on the right hand side means the unnormalized VEV for the ABJ matrix
model (2.2). Of course one can consider an insertion in the other gauge group U(N2).



The VEVs of the 1/2 BPS Wilson loops are also given by the insertion of the character
of the supergroup U(N1|N2) [22]. Since the character of the supergroup U(Np|N3) is given
by the supersymmetric Schur polynomial, we have

(W}(zl/z))NhNZ’k = (sp(eMt,... elN1/e"t .. e"N2)), (2.5)
where sp(et!, ... eVt /e¥1 .. e"N2)is the super Schur polynomial associated with the rep-

resentation R in supergroup U(Nj|Nz), which is related to the standard Schur polynomial
by
sx(z/y) = Z N/i‘l,su(x)syT (y). (2.6)
v

Here N ﬁ\u is the Littlewood-Richardson coefficient, and AT means the conjugate (or trans-
posed) partition of A. Note that the super Schur polynomial satisfies a conjugation formula

sx(z/y) = syr(y/z). (2.7)

Before reviewing the exact computation of the VEVs of the 1/2 BPS Wilson loops,
let us explain a convention of representations. In this paper, we often use the so-called
Frobenius notation of representations. The standard Frobenius notation for the partition
A= [AMA2A3...] is denoted by (a1 ...a,|l;...l.), where a4 and [, are given by

ag = Ay — ¢, l, = )\;;F —p. (2.8)
Here AT = [A\TATAL .. .] is the conjugate partition of A. The maximal value r is defined by
r = max{s|As — s > 0}. (2.9)

In [15], a modification of the Frobenius notation was also introduced. For a given non-
negative integer M, we define @, and [, by

Gg=X—q—M, T,=X—p+M. (2.10)

Then, the modified Frobenius notation of X is denoted by (aj ...ar,, |lAl .. .lArM+ M), where
M 1S NOW
Ty = max{s|A\s —s — M > 0}. (2.11)

If Ay < M, we define rj; = 0, and denote the modified Frobenius notation by (|lAl . lAM) Of
course, for M = 0, the modified Frobenius notation is identical to the standard Frobenius
notation. Let us see an example. For the representation R = [2,2,1] = gﬂ , the standard
Frobenius notation is (10/20). For M = 1, the modified Frobenius notation of the same
representation is (0/31), and for M = 2,3, one finds (]42) and (|530), respectively. See
figure 1 in [15] for more details.

2.2 Fermi-gas formalism

It is not easy to evaluate the ABJ matrix model (2.2) directly. Fortunately, there is a
powerful method to evaluate it, known as the Fermi-gas formalism [11]. This formalism can
be generalized to the Wilson loops [15, 23, 24]. Here we will briefly review that formalism.



2.2.1 Generating function with phase factor

Our main goal is to evaluate the unnormalized VEVs (2.5) systematically. To do so, we
use the nice formalism in [15]. Let us define a generating function of the VEVs of the 1/2
BPS Wilson loops with representation R by

W]p%hase(ﬁ’ k, M) _ Z I<&N<W}(zl/2)>N1:N,N2:N+M,k’ (212)
N=0

where we call k the fugacity by analogy with the grand canonical ensemble. Below, we
use both the fugacity x and the chemical potential u = logk interchangeably. We also
introduce the grand canonical partition function by

oo
Ephase(/{’ ]{J,M) — Z K,NZABJ(N,N + M, ]{;) (2.13)
N=0
In general, the partition function ZABJ(N, N 4+ M, k) and the VEV <W1(%1/2))N7N+M7k are

complex-valued, and have a non-trivial phase. Hence we put the superscript “phase”
in (2.12) and (2.13). Asshown in [16, 17], the ABJ partition function (2.2) can be written as

ZABY (N N + M, k) = e%®kM)e5MN 7C8 (o NYVZ(N, N + M, k), (2.14)

100 (k, M)

where e is a phase factor,

cifo(M:k) (2.15)

TiM(M? —1) N TiM (M — 2)
6k 4 ’

and Z%S(k, M) is the partition function of the pure U(M) Chern-Simons (CS) theory

= exp [—

28 (k, M) = KM/ Aﬁl (2 sin E>Mfs (2.16)
’ s=1 k ‘ ‘

Note that Z(N, N + M, k) always takes a real value and obeys
Z(0, M, k) = 1. (2.17)

It is also convenient to introduce generating functions of the absolute value |ZABJ(N, N +
M, k)| and of the rescaled partition function divided by the pure CS factor,

o
Bo(k, k, M) = > &N|ZAPN(N, N + M, k),

N=0 o (2.18)
2(k, k M)—M—1+ZmN2(N N + M, k)
— ) ) - CS - 9 9 9

Z%S(k, M) P

but for the moment we will consider the grand partition function (2.13) with phase. For
the ABJM case M = 0, the phase factor and the pure CS partition function are trivial,
and all the definitions in (2.13) and (2.18) are identical

=< (45, ,0) = Zo (s, k,0) = (k. £, 0). (2.19)

However, they are different for the general ABJ case with M # 0.



Formalism of Matsumoto-Moriyama. In [15], it was shown that the generating func-
tion (2.12) is given by a determinant of an (M + rpr) x (M + rps) matrix,

b _ ~
WP ase( K, k, M) = .:O(K/, k, 0) det((HE,,M—thQSM‘(H/l\p,&q)lgquM) 1§p§M+rM. (2.20)

In particular, the grand partition function is given by

2P (1, k, M) = Zo(k, k, 0) det (HM—p,M—q)1< <M (2.21)
<pg<

Here the matrix elements H,, , and I;Tmn are given by

1
Hy,=E E ",
= Enet W T o Pl ) Pt )
N . (2.22)
H, ., =krE ' \NoE /
= ) O Q0 Pl ) O QW) © B U,
where 1 .
P Pl T — 9 = T « = Oﬂ/) .
(p,v) = 2 cosh E57 Qip) =5 —- (v)=e (2.23)
and the multiplication o is defined by
dv _;
Al v) o Bloa ) = [ S5 Alpu,v) Bv, 1),
) (2.24)
C(v, p) o D(p, v —eiwzc (v, WD, V).

Note that H, 1, is nothing but the VEV of the Wilson loop in a hook representation R = (a|l)
in ABJM theory, normalized by the grand partition function

_ o OWRINE(k, K, 0)
Hyp=—2

ENCA) (2.25)

This quantity was studied in detail in [24]. On the other hand, H,, ,, does not have a direct
relation to the Wilson loop in ABJM theory.

Fermionic representation. The determinant formula (2.20) and (2.21) have a natu-
ral interpretation in the free fermion language, as in the case of Wilson loops in ABJM
theory [24]. Let us consider the free fermion obeying the anti-commutation relation

{wra w:} = 5r+s,0- (226)
One can generalize the free fermion representation in [24] by introducing the vacuum with
charge M
[M) =9 1" et 0),
R M3 (2.27)
<M| = <0|7/)%¢1+% T 7/’1\/[7%7
where |0) is the Fock vacuum annihilated by the positive modes
¥r|0) = ¢7[0) =0, (r>0). (2.28)



In other words, M appears as the level of Fermi sea in this representation. We also introduce
the state associated with the modified Frobenius notation R = (a1 -Gy, |01+ - Ivigryy,)

M MAryr

O’H¢a+— H d)lAj-&-% (2'29)
j=1

Then the Wilson loop VEV and the grand partition function are written as

WH (k, k, M) =P (k, k, M)

g SRV, S EEE—avin, (2a0)
where the “vertex” V is given by
oo oo
V =exp a;g ﬁl,aw*_l_%w_a_% exp a;() Hl,awil_%djw_% . (2.31)

This is reminiscent of the fermionic representation of the topological vertex [31].

Small k expansions. H,,, and flmm admit the following small x expansions
Hppn = Z (_R)NH&A,Q’ ﬁm,n =K Z (—H)Nﬁ%\g (2.32)
N=0

The coefficients H,(n,g can be written as [24]

2n(n+1)—m(m d%dy
() = cRrmmn ) [ SR @ @) (239

where p(x,y) denotes the density matrix of ABJM theory
1 1

x , 2.34
pla,y) = \/2cosh 5 2cosh 72 /9 coah ¥ (2.54)
and the function f, 1 (x) is given by
o(m+3)¢
fgp1(x) = (2.35)

2 «/2cosh%'

As shown in [24], H,(n,% can be computed recursively by constructing a series of functions
¢(x)
d
@) = [ SBpw o), 0@ = fy @) (236)
Note that the leading term ff,s??n in the small x expansion is given by

_ o B n(nt1)—m(m+1)]

e 92k cos TmAntl) (2.37)

k



Similarly, H, anQL can be written as [15]

—nl —’%(m—n)2

" VE (2.38)

—mi w124 (n g 1)2) dud

e 4 k 2 2 Tay N
>

m,n NG /(27Tk)29m+§(x)P (x,y)f,n,%(y), (N >1),

where f—n—%(y) is defined in (2.35) and gm+%($) is given by

1 1
T) = - . 2.39
gm—&-% ( ) 2 Cosh x+27r12(]:n+%) /2 COSh % ( )

Again, H,E,LN,% can be computed recursively by constructing a series of functions. Under the
exchange of indices m and n, H,, , is completely symmetric while H,, , acquires a phase

Hopn = Hyppy,  Hppp =% mmtD)=ntntDlg (2.40)

)

Although the symmetry Hy,,,, = Hp,, is not manifest in (2.38), we have checked this for
various values of m,n and k.

From the expression (2.20), one can see that the small k expansion of W]%hase(/f, k, M)
starts from the term ™. For the general representation R = (aj - - ar|l1 - - 1;), the small
k expansion of thase(n, k, M) takes the following form

thase( ,k‘,M) _ CR(]C,M) i0r(k, M)+100(kM (1 + Z ‘W ‘ ) , (241)

where Cgr(k, M) is a positive constant

w(lp—1,) )

1 [ |p<p/2sin T [ |q<q/2sin 3
M ~ T
M s (g +lp+1)
2 magtlp+l)
k | |p’q 2 cos T

Cr(k, M) = (2.42)

Oo(k, M) in (2.41) is the phase of the partition function (2.15), while 0z (k, M) in (2.41) is
given by

oif(ay aplty1p) (K, M) H Pl ’fM (2.43)
4,j=1

where the phase of a hook representation (all) is given by

. i 1—M\?2 1+ M)\?2 iM
el (kM) — oxpy [7]: <<a+ 5 > —<l+ +2 >>+7r12 ] (2.44)

This is a generalization of the phase factor of ABJM Wilson loop found in [24].

~10 -



Convergence conditions. As noticed in [24], the integral defining H,,, (m,n > 0)
converges if m and n satisfy the condition

2m+n+1) < k. (2.45)

The convergence condition for Hy,, (m,n > 0) is more subtle. To see this, we need to
go back to the expression (2.22). From this expression, one obtains the multi-integral
representation of HT(,LNT)L (see [15] for detail),

+3)2+(n+3)? i
HmNn _ [(m ) n ] /H dpz(qu — m+ )Tl 1 - eﬁplql
' 42k 2008h7 (2.46)
1 1 1\4
N —Siqpe | agEPNAN & —(n+3)4
2 cosh %e ¢ 2 cosh ‘%Ne

It is clear that the integrals over p; and qn are convergent only for

m < %, n < %, (2.47)
due to the exponential factors. On the other hand, the equation (2.38) looks well-defined
even for m > (k — 1)/2. However, the naive application of (2.38) does not reproduce
the correct grand partition function (2.21) for M > (k + 1)/2, which must satisfy the
Seiberg-like duality:

ZEo(k, k, M) =Zo(k, k,k — M). (2.48)

This is already mentioned in [15]. They explain that a reason of this discrepancy is because
the pole at « = mi(k — 2(m + 3)) in (2.38) crosses the real axis for m > (k — 1)/2. Hence
one has to deform the integration contour, and this leads to an additional contribution
after pulling back the contour to the real axis. We conclude that the expression of HT(nNn),
in (2.38) is applicable only for the range (2.47). In this work, we will concentrate ourselves
to this case. It is important to extend (2.38) for other regimes.

Now we can discuss the convergence condition of thase(m, k,M) in (2.20). If rpy =0,
then only the function H,,, appears on the right hand side of (2.20). Therefore the
convergence condition in this case is

~ k-1 k-1

Iy < —, M—-qg< ——. 2.49

P 9 q 9 ( )
This gives a restriction on the allowed size of representations of the Wilson loops in ABJ
theory for a given k. Since [, is obviously a monotonically decreasing sequence, the severest
condition is E1 L1

[ g— M—-1<~——. 2.50

1 < 9 < 9 ( )
Using (2.10), this is rewritten as

kE+1 k+1

)\IT<T—M, M < ——. (2.51)

We also have A\; < M because rj; = 0.
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If ray >0 (or Ay > M + 1), the function I:Tm’n also appears in the computation of
W%hase(li, k, M) in (2.20), and we have to impose the additional condition

2ag +1p+1) < k. (2.52)
for the convergence of H. The severest condition of this is

2@ + 1 +1) < k. (2.53)
Since a4 +T,, = aq + [, the convergence condition (2.53) is written as

2 +h +1) <k. (2.54)

This condition does not depend on M, and thus it is equivalent to the ABJM case [24]. Note
that a; + 13 + 1 in (2.54) is the number of boxes in the longest hook of the Young diagram
R. In what follows, we will focus on the representations that satisfy the above conditions.

2.2.2 Generating function for absolute values

Since we have determined the phase factors of both the partition function and the Wilson
loop VEVs explicitly, it is sufficient to consider their absolute values. We have already
introduced the generating function of the absolute value of partition functions (2.18). It is
also natural to define a generating function for the absolute values of the Wilson loop VEVs,

WR(H, k, M) = Z KZN ’<W1(31/2)>N,N+M,k . (2.55)
N=0

Also, it is useful to introduce the normalized VEV in the grand canonical ensemble

ey WR(’%a ka M)
Wr(k, kM) = =—————=. 2.56
R(IQ ) *:‘0("{7 ka M) ( )
In the rest of this paper, we will focus on these generating functions. We will sometimes
refer to the generating function Wg(k, k, M) of Wilson loop VEVs simply as Wilson loops,
if the meaning is clear from the context.

We find that WR(KJ, k, M) satisfies the determinant formula
Wiaran oty (s ks M) = det (W(ai”j)(n, k, M))MN. (2.57)

At the level of the Schur polynomials, such a relation is known as the Giambelli formula.
It is quite surprising that the same formula still holds even after taking the vacuum ex-
pectation values! For the ABJM case (M = 0), the formula (2.57) was proved in [24].
Interestingly, we observe that the formula (2.57) still holds in the ABJ case. We have
checked the formula (2.57) for various k, M and R.

We should mention that the normalized VEV without taking the absolute values

WRISC (4 Je M)
=phase (15 M)

(2.58)
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also satisfies the Giambelli formula. As a simple check, one can see that the leading term
of (2.58) in the small k expansion indeed satisfies the Giambelli formula.

Also, we observe that the normalized VEV for hook representation 17\/\(&”)(/{, k, M) has
a symmetry under a generalization of the transpose of Young diagram

Wiany (ks ks M) Ws ariaan (5, k, M)

_ , 2.59
Clapy(k, M) C4Mla—nr) (K, M) (2.59)

where we have assumed a > M (or equivalently 73, > 0) and the normalization factor
Clany(k, M) is given by (2.42).

The identities (2.57) and (2.59) are the relations among the Wilson loop VEVs at a
fixed M. More interestingly, as we will see below, there are non-trivial relations connecting
the Wilson loop VEVs at different values of M’s.

From the viewpoint of topological string on local P! x P!, the normalized VEV (2.56)
corresponds to the open string partition function associated with certain non-compact
D-branes [30]. The open topological string partition function can be written as

Zopen = Z ZRTrRV, (260)
R

where V' is an auxiliary U(oco) matrix, and R runs over all possible representations of U(co).
Then, we have a natural correspondence between the normalized Wilson loop VEV and
the open string amplitude

Wr > Zn. (2.61)

As we will see in section 5, the above-mentioned relations among the Wilson loop VEVs
at different M’s are concrete examples of the open-closed duality which can be shown very
explicitly.

2.3 The large N limit

Let us consider the large N limit of Wilson loop VEVs. It is easy to see that the large
N limit corresponds to the large p limit in the grand canonical ensemble. To study the
large p expansion, it is useful to consider the “modified grand potential” Jg(u, k, M) for
the generating function (2.55), defined by

Wr(k, k, M) = Z eJR(“””i"’k’M), Kk = eM. (2.62)
neZ

Obviously, the modified grand potential is different from the standard potential
JIr(p, k, M) = log Wg(k, k, M). For our purpose, it is more useful to consider the modified
grand potential than the standard one [14]. This modified grand potential naturally splits
into two parts,

Jr(p, ke, M) = J(u, k, M) + Jr(p, k, M), (2.63)

®The Giambelli formula for the normalized VEV with phase (2.58) is recently proved in [29].
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where J(u, k, M) is the modified grand potential of the ABJ grand partition function
in (2.18):

Sk b, M) =) e/ luwt2mink, M) (2.64)

neEL

The large p expansion of J(u,k, M) was completely fixed in [13, 16]. In the ABJM case,
the large p expansion of Jg(u, k,0) was also studied in [24] in detail. The structure of
Jr(u, k, M) is almost universal. It is naturally separated into two contributions: a cubic
polynomial in g and an exponentially suppressed correction. Thus we can write it as

Tr(p, ke, M) = Jo (ke M) + J5P (. k, M), (2.65)

where the first term is the perturbative (polynomial) part and the second term is the ex-
ponentially suppressed part. The perturbative part of the ABJ grand potential J(u, k, M)
is computed in [15, 16]

725k, M) = S 4 Bk Myt Ak b) (2.66)
where )
2 1k k(1 M
Clk)= 3. BM)=_ -5 +3 (2—k) , (2.67)
and
A(k, M) = Ac(k) —log Z°S(k, M). (2.68)

Here A.(k) is the so-called the constant map contribution. Although the expansion of
Ac(k) around k& = 0 or k = oo has an infinite number of terms, we can resum this infinite
series as a simple integral form [32, 33]

¢(3) 5 o x . 27z
In particular, when k is an integer the exact values of A.(k) can be written in closed
form [33].
By the same analysis done in [24], we also find that the perturbative part Jgert (o, ke, M)
for R satisfying the convergence conditions in the previous subsection is generically written
as

r C(k
J}%e t(/h k, M) = é)MS + BR(k7 M)/'L + Ac(k) + log AR(k)7 (270)
where 5
Br(k, M) = B(k, M) + % (2.71)

with ng the number of boxes of the corresponding Young diagram for R. When R is a
single hook representation R = (a|l), the last term of (2.70) is given by
1

A (k) = . (2.72)
(el 2sin 727r(a7€-l+1) 1%, 2sin 272 Hizl 2 sin 27t
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From the Giambelli formula (2.57), the constant Ag(k) for a general representation R =
(ay---ap|ly---1;) is given by the determinant of (2.72)
Afay-apliy-1,) (k) = det (A(aiuj)(k)) - (2.73)

1<i,j<r
From (2.70), it turns out that the perturbative part of normalized VEV in (2.56) is inde-
pendent of M
— 2n
Wh (s, k, M)P™ = Ap(k)e = ¥, (2.74)
which agrees with the known result of ABJM Wilson loop [23, 24].
The cubic behavior (2.70) of modified grand potential immediately leads to the Airy

function behavior in the canonical ensemble [11]. Ignoring the non-perturbative corrections
in 1/N, the large N behavior of the normalized VEV of 1/2 BPS Wilson loop is given by

Ai[C(k)V3(N — B(k, M) — 212
Ai[C(k)3(N — B(k,M))]

<W}(gl/2)>N,N+M,k
ZABI(N, N + M, k)

‘ ~ Ar(k) (2.75)
where =~ means that all the exponentially suppressed corrections at large N are dropped.
The exponentially suppressed part is generally written as

TRk, M) = 3 fomk, M)e™ G, (2.76)
(£,m)#(0,0)

where the terms with £ = 0 correspond to worldsheet instanton corrections, while the terms
with m = 0 correspond to membrane instanton corrections. The corrections with ¢ # 0
and m # 0 are interpreted as bound states of these two instantons. It was found in [34]
that if one introduces the following “effective” chemical potential

1 [e.e]
= 1+ g D ekl ™, 277)

then such bound state contributions are absorbed in the worldsheet instanton correction.
The explicit form of the coefficient a;(k) in (2.77) can be found in [13, 34].

3 Exact relations in the ABJ Wilson loops

In this section, we find the exact relations between the partition function and the 1/2
BPS Wilson loops in ABJ theory. As reviewed in the previous section, both can be exactly
computed by the localization technique. Our basic strategy to find such non-trivial relations
is to evaluate these quantities at large N or at finite V.

3.1 The fundamental representation in ABJM theory

Let us start with the simplest case: the Wilson loop in the fundamental representation in
ABJM theory. Its large p expansion in the grand canonical ensemble was analyzed in [24].
From (2.70), the perturbative part is given by

r 2 7 k .2
JPe “(u, k, 0) = SW%M?) + (Z’)k + 24> w+ Ac(k) —log <2sm k) . (3.1)
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Notice that this is related to the perturbative part of the ABJ grand potential with M = 2
(see (2.66)),

Jgert(m k,0) = Jpert(u’ k,2) + pu—log (Qk Cos %) . (3.2)

Surprisingly, we observe that the non-perturbative part is also related to the one for ABJ
theory with M = 2:
J;p(u7k70) = an(ﬂ’ak72)' (33)

We have checked this relation for £ = 3,4,6,8,12 up to the first six terms by using the
results in [24]. Therefore we here conjecture the exact relation
Jo (s k,0) = J(p, k,2) + p — log <2k:cos %) . (3.4)

Then, the generating function of fundamental Wilson loop VEVs becomes

Wa (K,, k, 0) _ Z eJD (p+2min,k,0) _ ep,—log(chos ) Z eJ(u+27rin,k,2). (35)
nez nez

One can see that the last sum is equal to Z(k,k,2) in (2.64). Finally, we arrive at a

surprising relation:
K

Weo (#,k,0) = =(k, k., 2). (3.6)

2k cos
Namely, the generating function of Wilson loops in the fundamental representation in
ABJM theory is equal to the grand partition of ABJ theory with M = 2, up to an overall
factor. Comparing the terms at order " on both sides of (3.6), we obtain the relation for
the unnormalized VEV in the canonical picture

Wiy = %CloszZ(N —1,N+1,k). (3.7)
Taking into account the pure CS part and the normalization of the VEV, this leads to the
exact relation (1.1) mentioned in section 1. Note that for the fundamental representation
in ABJM theory the VEV is real-valued [24].
In terms of the normalized VEV in the grand canonical picture (2.56), one can
rewrite (3.6) as

= Kk E(k,k,2)
k,0) = :
Wa (s, k,0) 2k cos T E(k, k, 0) (3:8)
This is an example of the open-closed duality in (1.3) with the identification
Wa (5, k,0) < Zo,  E(k kM) < Zegsed(M), (3.9)

where Z5 is the coefficient corresponding to R = [ in the expansion of open string
partition function in (2.60).

The relationship (3.6) was obtained by the analysis at large u (or at large N), but
one can check that (3.7) is correct even for finite N. As reviewed in the previous section,
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the generating function thase(/i, k, M) can be computed order by order in x by the for-
mula (2.20). The obtained result is easily translated into Wg(k, k, M). In this way, we
obtain the following small k expansion at k = 3, for example,

Kk 2v/3-3 9 — 277 + 1437
Wao (5,3,0) = 3 + —¢ w* 12967 K

+O(kY). (3.10)
On the other hand, the ABJ grand partition function at k& = 3 was exactly computed in [16],

2(k,3,2) = E(k,3,1) =1+ + O(?), (3.11)

2v/3 -3 +9—277r+14\/§7r )
12 " 4321

where we used the Seiberg-like duality (2.48). From (3.10) and (3.11), one can see that

the relation (3.6) for k =3

gE(n, 3,2), (3.12)

is indeed satisfied even for finite N. Similar tests can be done for various k.

WD (K‘: 37 0) =

3.2 Higher representations in ABJ theory

Remarkably, the relation (3.6) has a generalization to the 1/2 BPS Wilson loops with
higher dimensional representations in ABJ(M) theory. So far, we do not have a proof for
these relations, but we have checked them for various k in the small s expansion.

We first find that the representation R = [n"] associated with the n x n square Young
diagram in ABJM theory is related to the ABJ partition function with M = 2n. Namely,
we conjecture

Wi (8, k,0) = Ny (k)s"E(k, k, 2n). (3.13)

This is a natural generalization of (3.6), which corresponds to the n = 1 case of (3.13).
The constant N, (k) in (3.13) is given by

.2 w(a—b)
1 H0<a<b<n—1 SlIl2 Tk
N (k) = Sa<bs . (3.14)
(2]{;)" Hoga,bgn—l Cos ﬂ(a2b+1)
Again, the normalized VEV takes the form of open-closed duality in (1.3)
— 2(k, k,2
Wi (5, k, 0) = Ny (k) 2L Ko 20) (3.15)

We have checked the relation (3.13) by computing the small k expansion for various n
and k using the formalism in section 2. One can also easily see that the relation (3.13)
is consistent with the perturbative part of the modified grand potential. Using (2.66)
and (2.70), we find

JP (1 kL 0) = sy (L k2 Ay (b, M
ey (s 0) = g+ (g F g ) 1 A (B M),

(3.16)
JP ke, 2n) =

1k 2n?
,u3+<++n—n>,u+A(k,2n),

32k 3k 24 k
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which implies

TP (1, K, 0) = TP (p, K, 2n) + npu + Apyny (k) — Ak, 2n). (3.17)

[nn] \H

This is nothing but the perturbative pert of the relation (3.13) where the term
e A (R)=A(k20) Jeads to the factor N, (k)s". Of course, to prove the exact rela-

tion (3.13), we have to show the equality in the exponentially suppressed parts:
J[nn] (u, k,0) = J™(u, k, 2n). (3.18)

Currently, we do not have a direct proof of this relation. Conversely, assuming that the re-
lation (3.13) is correct, we can predict J[ n](u, k,0) by (3.18) because we already know that
the non-perturbative part J"P(u, k,2n) of ABJ grand potential is completely determined
by the topological string free energy on local P! x P! [16]. In other words, we can predict
the large N expansion of the Wilson loop VEV [(W, nn]Q)} ~,k| from the known results of
the ABJ partition function. Since the square-shape representation is decomposed into the
hook representations by the Giambelli formula (2.57), the relation (3.13) gives a constraint
for these hook representations.

Interestingly, (3.13) can be further generalized to the Wilson loops in ABJ theory. We
find that the 1/2 BPS Wilson loop in ABJ theory with M = m is also related to the ABJ
partition function with shifted value of M = m 4 2n; in this case the Wilson loop is in the
representation R = [(n+m)"] associated with the n x (n+m) rectangular Young diagram:

Witn+m)n) (K, kym) = N (k)&"E(k, k, m + 2n). (3.19)

One can show that this relation is consistent with the perturbative part of modified grand
potential. In fact, from (2.66) and (2.70), one finds a simple relation

J[Izzr_tm) }(M? k, m) = Jpert (“) k,m + 2”) +np+ A[(n—l—m)”} (ka m) - A(k7 m + 2”)7 (320)

and the constant N, ,,,(k) in (3.19) is thus written as
Nn,m(k) — eAKner)n](kJn)—A(k:,m—i—Qn). (321)

We have confirmed the relation (3.19) by computing the small x expansion for various n,
m and k. Note that (3.19) can also be recast in the form of open-closed duality (1.3)

- Nom(k)E"  E(k, k,m + 2n)
Winmym(% k) = a5y B, by m)

(3.22)

It is possible to generalize (3.19) further. To sketch this, let us first consider the
representation of the form R = [1¢] in ABJM theory. By using (2.70), it is easy to see that

T T . 2 E
Jﬁi]t(ﬂ’ k,0) = Jﬁ‘z t1](,u; k,2)+ p —log <2 sin Z) ) (3.23)
Therefore we expect
W[le] (k,k,0) = > sin 226 W[le 1] (k,k,2), (3.24)
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For the special case £ = 1, the relation (3.24) reduces to (3.6), since [1°] means the trivial
representation (no insertion of the loop operator) and by definition Wii0) is equal to the
grand partition function

Whoy(k, k, M) = Zo(k, k, M) = Z%(k, M)Z(r, k, M). (3.25)

We have checked that (3.24) indeed holds by evaluating the first few terms in the small k ex-
pansion. The relation (3.24) has an interesting interpretation as an operation on the Young
diagrams: the Wilson loop in the representation [1¢71] in M = 2 ABJ theory is obtained by
removing one box from the representation [1¢] in ABJM theory. Interestingly, this structure
can be generalized for the ABJ Wilson loops, as depicted in figure 1. For example, we find

WEHﬂ (k,k,1) < E(k, k, 5), Wgﬂ (k,ky1) x Wg (K, k,5),

W@ (k,k,1) o W (5, k,5), wﬁ (. k. 1) o Wy (1. k. 5). (3.26)

In general, we find Wg(k,k,m) o« Wg/(k,k,m + 2n), where R’ is the Young diagram
obtained from R by removing the n x (n 4+ m) rectangular part from the top of R (see
figure 1). In the notation of partitions, they are related by R = [(n + m)™, R']. Thus, the
relation in figure 1 is written as

Witnsm)n,r) (K, k;m) o< Wee(k, k,m + 2n). (3.27)

We have also checked this relation for several cases in the small k expansion. It would be
interesting to find a general proof of (3.27).7 As we will see in section 5, this relation (3.27)
implies a non-trivial relation (5.19) for the open string amplitudes on local P! x P!,

4 More exact results for some special cases

So far, we explored exact relations valid for generic values of k. In this section, we provide
some additional results for k£ € 4N. In these special cases, we can further relate the 1/2
BPS Wilson loops to the grand partition function or its even/odd parity projection. This
allows us to write the generating function of Wilson loops in closed form.
As shown in [36], the grand partition function =(k, k, M) is naturally factorized into
the “even” and “odd” parity parts, which we denote by =, (k,k, M) and =Z_(k,k, M),
respectively:
E(k,k,M) =Z4(k, k, M)E_(k, k, M). (4.1)

This factorization was first considered in [36] as a computational tool. Interestingly,
this even/odd parity projection sometimes has a physical meaning, i.e., the functions
Z4+(k,k, M) are equivalent to the grand partition function of orientifolded theories [37—
42]. Inserting Wilson loops give a new twist in this story. We find a surprising relation

"Note added: recently, this relation has been proved mathematically in [35]. The authors in [35] also
found a further generalization.
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between the Wilson loop VEV in ABJM theory with k£ = 4n (n € N) and Z4 (k, M) with
(k, M) = (2n,n)

. 2 S s
w12 Thicjeqn sin? 262
Whaaa 5, 47,0) = (ﬂ) @ ot (R 2n,m),
ngi,jg[%} cos M=)
1 -2 2m(i—j) (4'2)
w (k,4n,0) ( K )[%]H H0§i<j§[nT—1] sin? 27020 T
Reven Y 9 - 1 7(2i42j+1 = , , )
2k Hogi’jg[anl] cos %
where
Road = (2{2] — 1, ,3,1‘2[2‘] — 1, ,3’1>7
(4.3)

n—1 n—1
Reven:(2|: 2 :|752502|: ) :|7"'727O)'

Note that these representations satisfy the convergence conditions in section 2. It is inter-

esting that restricting the lengths of arms and legs of a Young diagram to be even/odd as
in (4.3) is related to the even/odd projection of grand partition functions.

4.1 k=14

Let us first consider allowed representations at k = 4 that satisfy (2.51) for rp; = 0 or (2.51)
and (2.54) for rps > 0. It turns out that only the allowed representation is the fundamental
representation for M = 0,1, and there are no allowed representations for M > 2.

We want to find out relations between the Wilson loops Wy (k,4, M) (M =0,1) and
the grand partition function in ABJ theory. To do so, we look for them by evaluating the
small x expansion of the generating function (2.55) or the large p expansion of the modified
grand potential. There are indeed nice relations! We find

K

42

1
WD (’%747 1) = §E+(’{7 27 0)

. E_(H7 27 1)7

W[l (574,0) = 4\/§ (44)

E(k,4,2) =

The first line are of course the special cases of (3.6), but we further used the exact relation
=(k,4,2) = E_(k,2,1) found in [27]. In the present case, the grand partition functions
Z4(k,2,0) and Z4(k,2,1) can be written in closed forms [27, 40]. Therefore one can
compute the above Wilson loops from the known results. As mentioned above, for M =
2 there are no representations satisfying the convergence conditions (2.51) and (2.54).
However, if we naively apply the method in section 2, we find the relation

. 1
)/Vr[llauve(,,{7 4, 2) — E(,{7 4, 0) = §E+(I€, 2, 1), (4.5)

N |

where we have used the relation Z(k,4,0) = 21 (k,2,1) [27]. We should note that the right
hand side of (4.5) might be different from the true function Wy (k,4,2), since we have
computed it using the expression of Hy,  in (2.38) naively. It is interesting to explore the
true generating function for M > 2.
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4.2 k=8

At k = 8, there are several representations satisfying the convergence conditions. For
M = 0,1, the list of allowed representations is given by

o, m, B, m™m, B, §, B. (4.6)

For M = 2, we have
o, m, H, oo, B, H. (4.7)

For M = 3, we have
o, m, oo. (4.8)

For M > 4, there are no allowed representations.
For the fundamental representation, we find the nice exact relations

K K

8,0) = =(k,8,2) = = _(k,4,2
WD ("{a ) ) 16008% (’{7 ’ ) 16COS% (Kla ) )a
1
Wa (k,8,1) = —=Z,(k,4,1),
5 (8,1) = 552 4 )

v (4.9)
WD (/ﬁ:7 8, 2) = mz_ (/ﬁ}, 4, 0)7

1
Wo (k,8,3) = —==2_(k,4,1),
where we have used Z(k, 8,2) = Z_(k, 4, 2) in the first line [27]. The functions 24 (k, 4, M)
(M = 0,1,2) were exactly computed in [40]. If we apply the method in section 2 for M =4
naively, we find

pmive (e g gy =L = g0y S8 2 (g 9 (4.10)
[} » Oy 16\/§Sing‘_‘+ ) ==\ &y 2). .
This is obtained as follows. First, in the large p limit, we find the closed form of the grand
potential
naive H 1 .= . — e
JE(w, 8,4) = J_(1,4,2) + 5t log 65ty ) arcsinh(2e™2), (4.11)

where J_ (1,4, 2) was computed in [40]. Once the exact form of the modified grand potential
is found, we can write down the generating function by summing over the 27i-shift of p,
as in (2.62). The result is written in terms of a sum of theta functions. In the present
case, the non-trivial part in (4.11) is encoded in J_(u,4,2), and thus it is expected that
the generating function is related to Z_(k,4,2). Indeed, it is straightforward to show the
following expression

Wgaive(,k;,&él) _ s ¢ (—25_(,%,4, 2) i \/mz(_l)neJ_(u+27rin,472)) , (4_12)

16 neZ
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The second term in parenthesis is further written in terms of = (k,4,2). To see this, we
use the result in [40]. As found in [40], the difference of the grand potential is

s

J+(M747 2) - J—(,u747 2) = 9

1 1
+ 5 log2 +2log <sin g) + 5 log(1+ de ™). (4.13)
Hence we get

2, (k,4,2) = V/2sin? g VAHEY (—1)re/-lut2mind.2) (4.14)
neL

We finally arrive at the last line in (4.10). However, one should keep in mind that the naive
function Wgai"e(/i, 8,4) may not be equal to the correct function Wy (., 8,4).
For M = 0, we further obtain the relationships for higher representations

Wip (,8,0) = Wy (5,8,0) = —=Z_(,4,0),
f
Wi (,8,0) =~ (r,4,2),
B\ 16sm (4.15)
sm%:
[16 a2+ T )

W (k,8,0) = Wﬁ (k,8,0) =k
The last equation is obtained from the exact form of the modified grand potential

1
Jo (i, 8,0) = J_(p,4,2) + 3?“ + log (16 sin g) + arcsinh(2e”2). (4.16)

This is almost identical to (4.11), and one can repeat the same computation as above.
Now let us recall that the normalized VEV for R = F§ = (10]10) is given by the
Giambelli formula P
— W W
W =det [ 5 7| (4.17)
WB Wh

This is rewritten as a relation for the unnormalized Wilson loops

E("@ k, M)WEH ("/‘77 k, M) = WEP (’%7 k, M)WD (’%7 k, M) - Wm (Ha k, M)WB (’{7 k, M)
(4.18)
Furthermore, using the relation (3.13), we have

sin? T

o

Wi (5, k,0) = K2E(k, k, 4). (4.19)

2 2 27w 37 1
4k? cos 5 cos kcos T

Combining all these relations, we finally arrive at the following functional equation among
the ABJ grand partition functions:

(V2 — 1)E(k,8,0)Z(k, 8,4) = V2E(k,4,2) — Z_(k,4,0)% (4.20)

This is a highly non-trivial consequence of the above consideration. This can be confirmed
by using the results in [16, 40]. We have indeed checked it by evaluating the small s

expansion of the grand partition function up to ~2°.
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It is not easy to find out a pattern when the generating functions of Wilson loops are
related to the grand partition functions, but we get some relations for M > 1. For M =1,

Wen (8.1) = Y2 Liz(e5.3),
Ko _
WEED (’%787 1) = WBJ (’%787 1) = m“—(’%747 1)7 (421)
1 K
1) =——== 4,1 —=_(k,4,1
Wa (5787 ) 2\/5 +(H7 ) )+32 (Ha ) )7
For M = 2,
Wa (k,8,2) = V2WRAe (. 8 4), Wy (5.8,2) = V2Wear (5,8,0),
V21 _ 1 (4.22)
W (K, 8,2) = ol kE(k, 8,4), WEP (k,8,2) = MHJF(/{A, 0),
For M = 3,
1 1
W ,83)==-E.(k,4,1) — —=_(k,4,1), 4.23
 (.8,8) =G24 4,1) — 252 (4, 1) (1.23)

The expressions of Wﬁ (k,8,1) and W (k,8,3) are obtained by using the following

results of the closed form of modified grand potentials

1
Jﬁ (1, 8,1) = Jo (1, 4,1) + % —3log2+ B log(1 — 8¢ ™) 4 arctanh(2v/2e™2),
) (4.24)
JI:I:D (/’L7 873) = J—(/’[/747 1) + g - 510g2 + 5 10g<1 — 867/1') _ arctanh(Z\@e*%)_

It would be interesting to clarify when we can relate Wilson loops to the grand partition
functions more systematically.

4.3 k=12

Since many representations are allowed at £k = 12, we do not write them down here. Again,
we find non-trivial relations between Wilson loops and grand partition functions. In the
ABJM case, from (3.6) and (3.13) we have

Wa (k,12,0) = mE(/{, 12,2),
) (4.25)

n =(k,12,4).

20)= ———~
Weg (7:12,0) 432(3v/3 + 5)

and from (4.2) we find
K
E’ Y 67 3 9
12\/5 +(K: )
2 (4.26)
Wi (,12,0) = 5= (5.6,3).

WB] (Fi, 12, 0) =

288
By using the Giambelli identity, this leads to the determinant identity

WE:D (/{, 12,0) W[jjj (K, 12,0) 2

B =(k,12,002_(k, 6, 3). (4.27)

dt pu—
¢ Wy (512,0) W (5,12,0) | ~ 258
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We also find

V31

1
W (512,1) =~

WEED (Ha 12,1) = \/§

KRE_(k,6,2). (4.28)

5 Open-closed duality for topological string amplitudes

5.1 The fundamental representation

The fact that the ABJ Wilson loops are related to the ABJ partition function implies that
the open topological invariants and closed topological invariants are interrelated. Here we
explicitly show that this is indeed the case for the fundamental representation.

Let us consider the relation (3.4) between Jg (i, k,0) and J(p, k,2). As found in [16],
the worldsheet instanton part in the ABJ grand potential is given by the standard (un-
refined) topological string free energy on local P! x P!

Rop(Qlu QZ; gs> = log chosed(Qh Q2; gs)

_ZZ Z d1,d2< wzgs)29—2 w1 (s (5.1)

950 w30 d1oda0 ¥

1,d2

where n‘gi is an integer, called the Gopakumar-Vafa (GV) invariant, and the string

coupling g; is related to the Chern-Simons level k£ by

a7
The Kéhler moduli are also related to the “effective” chemical potential peg in (2.77) by
Apier (1 M Al (1 M
Th=—+2 - — — Ty = -2 - — — 5.3
1= 2 <2 Ik == ml5==7 ) (5.3)
and
Q=e"=Q¢", Q=eT=Q¢ M. (5.4)
Here we have also defined
4 e i igs
Q= o oF ook 55)

Note that the relation between peg and p in (2.77) is interpreted in [13] as the quantum
mirror map in the topological string [43].

On the other hand, jD (1, k,0) is related to the open string amplitude. According
o [24], the complete large p expansion of Jo (1, k,0) is given by

" 21 o
Jo (u, k,0) = /ZH — log <251n k) +log Zn (Q,Q; gs), (5.6)

where Zn (Q, Q; gs) is the open string amplitude in the fundamental representation for the
“diagonal” local P! x P! (i.e. Q1 = Q2 = Q)

0 (Q.Qig0)=>"> (-1 (2sm%) Q° (5.7)

g>0 d>0
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where n;l 1) is the open GV invariant corresponding to the fundamental representation.

We define ng 1y = 1.
Now, plugging these results into (3.4) and comparing the worldsheet instanton part on
both sides of (3.4), we get

Fiop(Q, Q5 95) +10g Z5 (Q, Q3 95) = Fiop(Qa®, Qq ™23 gs)- (5.8)
This can also be written as

Zclosed (QQQv Qq_2; gs)
chosed(Q7 Q; gs)

This is the main result in this subsection. Using the explicit values of the closed GV

invariants nédl"b) in [44] and open GV invariants nz (1) in [30], one can confirm that the

Zn (Q,Q;95) = (5.9)

relation (5.9) indeed holds. The relation (5.9) uniquely fixes the open GV invariants from
the closed ones. For instance, we find the following non-trivial relation between open GV
invariants and closed GV invariants

no = g

(1) = 5”8’1(718’1 -1),

My = s 8~ Dl - 2) —nf?, (5.10)
m ) = gt~ D@8~ 208t —3) 4 nGinb? — ank?,

ni) = —ng?

As explained in [31], the open topological string amplitude is generically related to the
closed topological string amplitude. The effect of the open string shifts the moduli of the
closed string (1.3). Our exact relation (5.9) indeed reflects this fact, and it is a concrete
example of the open-closed duality (1.3).

Before closing this subsection, let us comment on the membrane instanton corrections.
As shown in [13], the membrane instanton corrections to the grand potential is given by the
topological string free energy in the so-called Nekrasov-Shatashvili limit. Let Fng(71,T%; h)
be the Nekrasov-Shatashvili free energy on local P! x P'. In our context, we identify
h = wk = 472 /g5 (see [13]). Then the membrane instanton correction to the ABJ grand

0 20Ty 27Ty 4Aw?
5 [QSFNS< it Wil Pl ﬂ (5.11)
Js Js gs s

Note that the coupling dependence in the argument is 1/gs, not gs. This reflects the fact

potential is written as

that the membrane instanton corrections are indeed non-perturbative corrections in gs.
They are not visible in the ’t Hooft limit y — oo and g5 — 0 with gsp kept finite. In this
limit, only the worldsheet instanton correction (5.1) survives. We notice that the Kéhler
moduli (5.3) satisfy the relation

27TT1(7];4) 27rT1(7A24:0)

= +7iM. (5.12)
Js Js

— 95—



One can see that the membrane instanton factor e —2771.2/9s is identical for M = 0 and M =
2 (or more generally for even M). This implies that the membrane instanton corrections on
the right hand side of (3.8) precisely cancel between the numerator and the denominator.
As a result, the normalized VEV in the grand canonical picture WD (k,k,0) does not
receive “pure” membrane instanton corrections, except for the bound state corrections
coming from the replacement u — peg. This explains the absence of “pure” membrane
instanton corrections observed in [24].

5.2 Higher representations

The relation (5.9) for the fundamental representation can be generalized to the represen-
tation R = [(n 4+ m)"], by translating the relation (3.22) in ABJ theory into the language
of the topological string on local P! x P!

chosed(qu+2n7 qum72n; gs)
chosed (qu7 Qq—m; gs)

Zinrm)n (Q4™, Qg™ ™1 gs) = (5.13)

In this relation, the closed string side is given by (5.1), while the open string amplitudes
Zr(Q1,Q2; gs) for the general representation R can be computed by the technique of topo-
logical vertex [45].% Thus, in this case we can explicitly check the open-closed duality (5.13)
of topological string amplitudes predicted by the analysis of ABJ Wilson loops. Note that,
when comparing the open and closed string amplitudes in (5.13), we should normalize the
open string amplitude as

Zr(0,0;g95) = 1. (5.14)

Indeed, we find a complete agreement between both sides of (5.13) for various cases. For
m = 0, we find

chosed(Qq27 Qq_Q; gs)
chosed(Qa Q; gS)

= 1420 +30Q%+10Q° + (8(q2 +q )+ 33) 0!+ 0QY),

. . chosed(Qq47Qq74§gs)
ZEB (Qangs) = chosed(Q,Q;gs)

=1+ (2(q2 +q7)+ 4)@ + <3(q4 +aH+8(P+a )+ 14) Q*+0(@%, (.19)

chosed(Qq6a Qq76; gs)
chosed(Qv Q; gs)

=1+ (2(q4 +q Y +AP )+ 6)@

ZD (Qu Q7 gs) =

Z@ (Q7 Q;QS) =

+ (3(q8+q*8)+8(q6+q*6)+22(q4+q*4)+32(q2+q*2)+41)Q2+(’)(Q3).

8The open string amplitudes in this subsection are obtained by using a Mathematica program written
by Marcos Marino. We would like to thank him for sharing the program with us.
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For m = 1, we find

_ Zeiosed (Q4%, Q%5 gs)
7 : 1; _ Zclose 5
= (Qq @4 gS) chosed(QQaqul;gs)

= 142(q+¢7 )@+ (3(*+47)+4) Q%+ (4(¢*+a7*) +12(a+471) ) @* + O(QY),

chosed(Qq57 Qq75; gs) (516)
chosed(QQ) Qq_l; gS)

=1+ (2(q3 +q %) +4(g+ q_1)>Q

+ (3(q6 + O +8( + ¢+ 18P +q¢7) + 20) Q>+ 0(Q?).

Zgy (Qq,Qq'1gs) =

For m = 2, we find

chosed(Qq4> Qq74; gs)
chosed(Qq2> Qq_2; gS)

=142 +¢ 2+ 1)Q+ <3(q4 +a Y +AP+a)+ 7)622 +0(Q?),

Zom (Qd%, Qg% g5) =

chosed(Qq67 quﬁ; gS) (517)
chosed(Qq27 Qq_Z; gs)

=1+ (2" + a7+l + a7 +4)Q

+ (3(q8+q_8)+8(q6—|—q_6)+18(q4+q_4)+24(q2+q_2)—1—30) Q*+0(Q).

Zgpp (Q4%, Q7% g5) =

One can continue this check for other m’s and representations. We should stress that the
open string side and the closed string side can be computed independently, and we find a
perfect agreement on both sides in a quite non-trivial way.

Moreover, the claim (3.27) in ABJ theory (see also figure 1) is translated as

Z[(n—i—m)",R} (Qq™,Qq™™;9s) Zelosed (QG™, Qg™ ™; gs)

o o (5.18)
= Zr(Qq" ", Qq ™, g5) Zetosed (Qq™ ™, Qg™ ", g5),

where we denoted R’ in (3.27) by R for notational simplicity. Using (5.13), we can further
rewrite (5.18) as an “open-open” relation

Zi(ntmyn,5)(Q4™, Qq™™; gs)
Z(ntm)] (Qq™, Q™™ gs)

= Zr(Qq™ ", Qq ™" g5). (5.19)

We have checked this relation for several examples for the first few terms in the small
Q@ expansion. It would be interesting to find a proof of this conjecture (5.19) from the
topological vertex.

Finally, the transpose formula (2.59) predicts the relation

Zapy(Qa™,Qa ™ 95) = Zasmja—n Q™ , Qa5 gs). (5.20)

We have indeed confirmed this for various a, [ and M.
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5.3 Comment on Seiberg-like duality

We would like to understand the mapping of the 1/2 BPS Wilson loops in ABJ theory under
the Seiberg-like duality (k, M) — (k, k—M). However, our method in section 2 is applicable
only in a limited range of M. Therefore, currently we do not have a computational method
to directly study the Seiberg-like duality of Wilson loops in ABJ theory. On the other
hand, the topological string description of the ABJ Wilson loops does not seem to have
any restriction. Thus, this relation helps us to predict the behavior of the ABJ Wilson
loops under the Seiberg-like duality.

From the viewpoint of the topological string on local P! x P!, the Seiberg-like duality
of ABJ theory corresponds to the exchange of two P!’s of local P! x P! [16]. Under this
exchange of two P!’s, the representation R of the open string amplitude simply becomes
its transpose RT

Zr(Q1,Q2; 9s) = Zpr(Q2,Q1; gs), (5.21)

where we have to use the normalization (5.14) on both sides. We do not have a general proof
of this relation, but we have checked this behavior for various representations. From the
correspondence between WR and Zr in (2.61), the property (5.21) of open string amplitudes
implies that the transformation of the Wilson loops in ABJ theory under the Seiberg-like
duality is simply given by the transpose of Young diagram, up to an overall factor

Wik, k, M) < Wer (k, k, k — M). (5.22)

Using the symmetry of grand partition function (2.48), the Seiberg-like duality of the
unnormalized Wilson loops is again given by the transpose of R

Wr(k, k, M) x Wgr(k, k, k — M). (5.23)

It would be interesting to confirm (5.23) directly from the ABJ matrix model.

6 Conclusion and future directions

In this work, we demonstrated many exact results for the 1/2 BPS Wilson loops in ABJ
theory. The most general one is (3.27), shown in figure 1. In particular, we found novel and
surprising relations between the partition function and the VEVs of the 1/2 BPS Wilson
loops. These relations are naturally interpreted as the open-closed duality. Indeed, we
found a non-trivial relation between the open topological string partition function and the
closed one.

There are many issues to be understood more deeply. First of all, it is desirable to prove
the conjecture (3.19) and its generalization in (3.27). There are several possible routes to do
that. One approach is to rewrite the original matrix integral directly. For instance, 3d mir-
ror symmetry in Chern-Simons-matter theories was successfully shown in this approach [46].
However, it seems to be technically difficult to do it in our case because of the insertion of
the supersymmetric Schur polynomial. The second one is to show the equality of the modi-
fied grand potential. Since we know that the modified grand potential at large p is related to
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the topological string free energy, the problem is equivalent to show the relations in the open
and closed topological strings, as we have seen in the previous section. The third one is to
use the free Fermion representation in subsection 2.2. In this picture, the ABJ Wilson loops
is understood as excitations over the “dressed” vacuum |M). Figure 1 is then interpreted as
excitations over the two different vacua |m) and |m+2n). In this approach, the problem is
mapped to show the equality in a purely algebraic way of the Fermionic operators. It would
be interesting to consider a proof of (3.19) along these lines. It would be also significant to
understand a physical reason of this relation by using, for example, the brane configuration.

From the behavior of open topological string amplitudes in local P* x P!, we conjecture
that the Seiberg-like duality of 1/2 BPS Wilson loops in ABJ theory is simply given by the
transpose of Young diagram (5.23). In [25], the Seiberg-like duality of the winding Wilson
loops, which is a linear combination of hook representations, in ABJ theory was studied.
It was found that the winding Wilson loop is mapped to itself (up to a sign) under the
Seiberg-like duality, which is consistent with our conjecture (5.23). As far as we know, there
seem to be no results on the Seiberg-like duality for the general representations in ABJ
theory. In [47], it is found that the Wilson loops in A/ = 2 Chern-Simons-matter theories
transform under the Seiberg-like duality in a very intricate way. We expect that the Seiberg-
like duality for the Wilson loops in A/ = 6 ABJ theory has a simpler structure than the
N = 2 cases studied in [47], and indeed our conjecture is basically the same as the mapping
of Wilson loops in pure CS theory under the level-rank duality. To study the Seiberg-like
duality of ABJ Wilson loops further, we need to resolve the issue of the computation of
H,, . As seen in section 2, the formalism used here is applicable only for the range (2.47),
though the original definition (2.22) seems to be well-defined for any m and n. It is desirable
to extend the formalism in [15] to arbitrary m and n. If this can be done, we can compute
the Wilson loop VEVs for the whole range 0 < M < k, and study the Seiberg-like duality. It
would be very important to develop a technique to compute H,, ,, beyond the bound (2.47).

The fact that the 1/2 BPS Wilson loops is related to the ABJ grand partition func-
tion suggests that the generating function Wg(k, k, M) may be also regarded as a grand
partition function of an non-interacting Fermi-gas. For example, the equation (3.6) can be
rewritten as

K a _
W[l (H,k,O) = W H(l —+ ke En(k72)). (61)
k n=0

The right hand side can be regarded as the grand partition function of the ideal Fermi-
gas, whose energy spectrum is F,(k,2). All the information on the partition function is
encoded in this spectrum. The spectral problem in the ABJ(M) Fermi-gas system was
studied in [27, 48, 49] in great detail (see also [50-55] for the similar spectral problem
associated with topological strings). The spectrum is completely determined by exact
quantization conditions. The expression (6.1) guarantees that Wg (k, k,0) is an entire

function on the complex x-plane. It has an infinite number of zeros at k = —ebn(k2)

as
well as the trivial one at k = 0. It is unclear whether the function Wg(x, k, M) has such
a nice expression. It would be significant to study the analyticity of Wgr(k, k, M) on the
k-plane. If Wg(k,k, M) is an entire function, then it is natural to ask whether the zeros

of Wr(k, k, M) are also determined by a certain quantization condition or not.
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It is also interesting to consider deformations of ABJ theory. In [56-59], more general
N = 4 superconformal quiver Chern-Simons-matter theories were studied in the Fermi-gas
approach. Also, in [60], the matrix model of ABJM theory on an ellipsoid was studied.
It was found there that this matrix model with a particular value of the deformation
parameter is exactly equivalent to a matrix model that describes the topological string [61—
63] on another Calabi-Yau three-fold, local P?. It would be interesting to study Wilson
loop VEVs in these deformed theories.
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