PUBLISHED FOR SISSA BY €} SPRINGER

RECEIVED: June 19, 2014
REVISED: August 27, 2014
ACCEPTED: September 21, 2014
PUBLISHED: October 13, 201/

First order flow for non-extremal AdS black holes and
mass from holographic renormalization

Alessandra Gnecchi and Chiara Toldo

Institute for Theoretical Physics and Spinoza Institute, Utrecht University,
3508 TD Utrecht, The Netherlands

E-mail: A.Gnecchi@uu.nl, C.Toldo@uu.nl

ABSTRACT: In this paper we present a first order formulation for non-extremal Anti-de
Sitter black hole solutions in four dimensional N' = 2 U(1)-gauged Supergravity. The
dynamics is determined in terms of a quantity VW which plays the role of a superpotential
for the gauging potential in the action. We show how the first order flow arises from writing
the action as a sum of squares and we identify the superpotential driving the first order
flow for two classes of solutions (electric and magnetic) of the > model. After identifying
W, we study the Hamilton-Jacobi holographic renormalization procedure in presence of
mixed boundary conditions for the scalar fields. We compute the renormalized on-shell
action and the mass of the black hole configurations. The expression obtained for the mass
satisfies the first law of thermodynamics.

KEYWORDS: Black Holes in String Theory, AdS-CFT Correspondence, Supergravity Mod-
els

ARX1v EPRINT: 1406.0666

OPEN AcCESs, (© The Authors.

Article fanded. by SCOAP®. doi:10.1007/JHEP10(2014)075


mailto:A.Gnecchi@uu.nl
mailto:C.Toldo@uu.nl
http://arxiv.org/abs/1406.0666
http://dx.doi.org/10.1007/JHEP10(2014)075

Contents

(=}

g a ©w »

Introduction

Squaring the action of 4d U(1)-gauged Supergravity

2.1
2.2
2.3

Setup and conventions
Electric configuration
Magnetic configuration

Non-extremal black holes in AdS

3.1
3.2
3.3
3.4
3.5
3.6

Black holes in the #3 model

Electric solution

Magnetic solution

Duality relation between electric and magnetic solutions
The magnetic BPS black hole

Scaling symmetry

Holographic analysis of scalar field dynamics

4.1
4.2
4.3
4.4
4.5

The action for the canonical field

Canonical radius

Asymptotic metric

Expansion of the scalar field

First order flow for the normalized real scalar

Holographic renormalization

5.1
5.2
5.3
5.4
9.5

Regularized action
Canonical counterterms
Finite terms

Black hole mass
Renormalized on-shell action

Conclusions and outlook

Special geometry identities for the real submanifold

Useful identities

First order flow is sufficient to solve the second order equations of motion

Computing the mass with the Ashtekar-Magnon-Das (AMD) prescrip-

tion

N Ot = W

©o ©

10
11
12
14
16

17
17
17
17
18
19

20
20
22
23
24
25

26

27

28

29

31




1 Introduction

Supersymmetry plays a fundamental role in string theory and supergravity. It also provides
us with a very powerful tool to find new solutions in such theories. BPS configurations
can be found by solving first order flow equations that arise from the preservation of some
amount of supersymmetry.

For asymptotically flat black holes in four-dimensional N' = 2 supergravity, the dy-
namics is determined by an effective black hole potential Vpp, function of the scalar fields
and the electromagnetic charges (for a review see [1])

Ven(z, 2, 0%, q0) = ¢ D; ZD5Z + | Z|?, (1.1)

where Z is the central charge of the theory [2—4], which plays the role of a superpotential
driving the BPS flow. In the case of non-BPS configurations one can still find a real
function W satisfying

Vin = 4g70,Wo;W + W2, (1.2)

playing the role of a “fake superpotential” [5-7].

In analogy with the flat case, also for Anti-de Sitter (AdS) configurations a first order
flow has been found for BPS [8-11] and extremal non-BPS [12, 13] black holes in U(1)-
gauged supergravity. A superpotential has been found also in this setup, however it does
not satisfy any relation of the form (1.2).

First order flow equations for non-extremal configurations are harder to find. In general
thermal configurations requires one to solve the full system of Einstein-Maxwell-scalar
equations of motion. For asymptotically flat black holes a first order formulation for non-
extremal solutions has been related to the Hamilton-Jacobi formalism [14, 15].

Motivated by interest in holographic applications, we investigate such formalism for
non-extremal AdS black holes. For instance, bound states of charged AdS black holes in
N = 2 supergravity have recently been used in the holographic study of glassy systems [16].
Having a first-order formulation would facilitate the task of finding new solutions and might
shed light on some open problems concerning the relation between the moduli and the
entropy of non-extremal black holes, or the existence of multicenter AdS solutions [16, 17].

In this paper we find a first order formalism for non-extremal four-dimensional Anti-de
Sitter black holes and we present the corresponding equations for the warp factors and the
scalar fields. Previous studies on this topic, in addition to those already mentioned, can
be found in [15, 18-21], and for black branes in [22, 23].

We work in the framework of N' = 2 U(1)-gauged supergravity in four dimensions.
Inspired by the work of [21] in five dimensions, we derive a first order flow by rewriting
the one-dimensional effective Lagrangian as a sum of squares plus a term whose variation
vanishes when the fields satisfy the first order equations. Because of this non-squared term
one cannot achieve a fully-BPS rewriting, indicating that the first order flow will correspond
in general to non-extremal (thus non-BPS) configurations. The first order equations we
obtain, along with a Hamiltonian constraint on the charges, are sufficient to solve the full
system of equations of motion of the original action.



The squaring procedure is valid for Very Special geometries in absence of axions.
We derive it in two different cases, namely when the black hole charges are electric and
magnetic.

It is important to notice that the flow is driven by a quantity called “superpotential”,
that is related to the gauging potential of our supergravity theory by the following relation:

i OW OW oo
951 067 |

Vy(6) =g (1.3)
Notice that the superpotential W is only related to the scalar potential of the gauging. The
black hole electromagnetic charges are only required to satisfy a Hamiltonian constraint
involving Vgpg. Remarkably, the first order equations we found are analogous of those
obeyed by (uncharged) domain wall solutions in AdS [21].

As an explicit example, we re-derive the solutions of [24] and [25, 26] by means of
the first order equations and we identify their corresponding superpotential W. We finally
comment on the BPS limit of this flow.

The second part of this paper is devoted to the computation of the black hole mass
for Anti-de Sitter configurations. Defining the mass in AdS is usually nontrivial task, due
to the fact that the Komar integral is divergent. Holographic renormalization techniques
(see for example [27-30]) remove the divergencies of the boundary stress-energy tensor
by adding additional surface terms to the bulk theory action. These counterterms are
built out of curvature invariants of a regularized boundary (which is sent to infinity after
the integration) and thus they do not alter the bulk equations of motion. This yields a
well-defined boundary stress tensor and a finite action and mass of the system.

We compute the mass for black hole configurations known in the literature (see [24-26])
by means of the Hamilton-Jacobi (HJ) holographic renormalization formalism [27]. An
analysis in this direction has been carried out in [31, 32] for electric AdS black holes.

The black hole solutions under investigation satisfy mixed boundary conditions for
the scalar fields, hence they correspond to a multi-trace deformation of the dual field
theory. The HJ renormalization procedure requires the identification of the superpotential
W mentioned before and further care is required due to the presence of mixed boundary
conditions for the scalar fields. Indeed in this specific case one needs to take into account
further finite boundary terms [33].

The formula obtained for the mass satisfies the first law of thermodynamics and co-
incide with the value obtained with the Astekar-Magnon-Das (AMD) formalism [34, 35].
Furthermore, we compute the renormalized on shell action and we find that it coincides
with the free energy found by integrating the first law.

2 Squaring the action of 4d U(1)-gauged Supergravity

Supergravity black holes in asymptotically Anti de Sitter can be studied in a simple setup.

In this paper we consider the case of N' = 2, U(1)-gauged (Fayet-Iliopoulos) Super-
gravity coupled to ny vector multiplets, along the lines of [8]. The gauged isometry of this
theory is an abelian R-symmetry and precisely a U(1), C SU(2)g group. The only effect



of the gauging on the bosonic sector is to introduce in the Lagrangian a potential V; as [9]

Vg = —3|L|% + gijaiﬁﬁjﬁ_, L£L=1(G,V), (2.1)
where the symplectic vector G = (g™, ga)T specifies the gauging and V =
(LM (2, 2), Ma(2,%))T are the symplectic sections of N' = 2 special geometry normalized
as MALN — LAMy = —i. The indices are 1,7 =1,...,ny, and A =0,1,...,ny.

The gauging also affects the fermions which acquire a charge under U(1),. This is
crucial in the study of supersymmetric solutions, since the BPS equations are modified
with respect to the ungauged theory. However, the non extremal Einstein, Maxwell and
scalar equations of motions decouple from the fermionic sector and one can neglect the
effect of the gauging on the fermions in the construction of black hole solutions.

We will only consider very special geometries, i.e. theories of AV = 2 Supergravity cou-
pled to vector multiplets whose scalars non-linear sigma model is specified by a symmetric
rank-3 tensor d;j; [36]. In particular, one can choose a symplectic frame such that the

prepotential of the scalar manifold is

F(X) = —%\/ XOdisk Xi XXk (2.2)

where the hatted tensor is a constant tensor satisfying d% kdj(lmdnp)k = %5éldmnp) [37].

All very special geometries descend from a 5-dimensional AV = 2 theory coupled to
ny — 1 vector multiplets. We henceforth only consider the case in which the axions are set
to zero. This is consistent with the requirement that the four dimensional scalars are real,
and, in the symplectic frame (2.2), this implies that the symplectic sections L are real,
and thus the My are purely imaginary (we work out the real-special geometry relations
pertaining to this truncation in appendix A).

In this setup we consider black holes with purely electric @ = (0, g ) or purely magnetic
Q= (pA7 0) charges, in asymptotic AdS, spacetime supported by purely electric gauging:
G =(0,9a)-

We derive a first order flow for non-extremal solutions in the general case of symmetric
d;ji, tensor. As a concrete example, we solve for electric and magnetic black holes in the
3 model with prepotential F' = —2i,/X9(X1)3, that can be embedded in N' = 8 SO(8)
gauged supergravity [38].

2.1 Setup and conventions

We consider a generic bosonic action for gravity coupled to a set of n, scalar and n; vector
fields given in the form

Sy = / d*z/—g (12% + gij(z)auzié?”zj —|—IA2(Z)F/?VFZ p Vg> , (2.3)

where 2%, i = 0,1,...n, — 1 are real scalars, Flj\y = 0|, A, are the field strengths for the
vector fields (A, X = 0,1,...ny — 1), and Vj is the scalar potential. We assume that the
potential can be written as

Vy =g (=3W? + g7 9,Wo;W) (2.4)



and we find this to be true for the examples we treat here. For instance, all solutions of
the model F' = /X9(X1!)3 which have vanishing axions, the bosonic action therefore can
be cast in this form (2.3), with just one real scalar field z and A =0, 1:

&6 & 3 —23% 0
Vy = —g° (\O/El + 31\/2 ) Gij = Gzz = 1622 Iy = 0 3 - (2.5)

We do not specify a superpotential W yet.

vz

Our procedure of the squaring of the action is however more general, namely we do
not need to assume the form of the prepotential. In addition to the usual assumption
of staticity and spherical symmetry, we furthermore assume that the sections L*, and
therefore the scalars, are real (no axions) and that Re(N') = 0, necessary if we want the
supersymmetric Lagrangian to fit in (2.3).

Static and spherically symmetric black hole configurations can be cast in this form:

2
ds? = U2(r)dt? — Udj(r) — B2(r)(d6? + sin? 0do?) (2.6)
with
U? =eff(r), h? = e Kp2, (2.7)

where for the moment we leave the functions K (r) and f(r) unspecified. Furthermore, the
real scalar fields 2z’ depend just on the radial coordinate z* = z%(r), and the Maxwell’s and
Bianchi equations are solved by

1 1
A AY A A
Fi = 2h2(7")I qs, Fp, = 5P sinf . (2.8)

2.2 Electric configuration

At this point we consider electrically charged solutions p* = 0 with line element (2.6)—(2.7),
where g is defined as

g=g¢ (2.9)

where € is for the moment an unspecified real constant. The function f (r) appearing
in (2.7) is of this form:

C1 C2 ~ _
F) = o S S g, (2.10)

and the field strengths are purely electric:

Ep = Qh;(r)IAZqZ’ Fp,=0. (2.11)

It turns out that we are able to identify first order equations for the warp factor K (r)

and the scalar fields 2*(r) in function of the superpotential W thanks to a suitable squaring

of the action. To do this we plug the ansatz (2.6)—(2.8) in the action (2.3), and we rewrite

the action as a sum of squares, as performed in [21] for non-extremal five-dimensional
gauged supergravity black hole solutions.



We find it useful to divide the action in terms of Sy, containing factors of g2, and Sy,
with zero powers of g, the gauge coupling constant. Terms in g' are absent.

S =5)+ 95 (2.12)

In the following, ’ denotes differentiation with respect to the radial variable r and 7, is
the 2-dimensional space of constant curvature. We are mostly interested in the black hole
examples (spherical horizon topology), namely the case with x = 1 and /7 = sin6dfd¢.
Nevertheless, we keep k unconstrained for the moment, because our first order flow for-
malism accommodates also for black branes (x = 0, with /7 = dxdy) and black holes with
hyperbolic horizon (x = —1, \/f = sinh6dfd$). We integrate over a finite time interval,
hence the factor ;.
It turns out that the explicit form for the part in g2 is:

2
So = B4 §2/d3x n rle K {3 [(re_K/g)' - Vg]

K2 g - K2 o
_(T4€_2K) <22+ er glk kg )gzg (Z] + € g]lli,d +

+ 52 (2.13)

where the total derivative part is

~ 3 d? d )4%
Sia =B gz/d?’x\/ﬁ <—4d7,2 [rle 5] + 2o [(Te_K/Q)?’éD - (2.14)

Also Sy can be written as a sum of squares and total derivatives, plus a term whose
variation vanishes once one enforces the first order equations. As done in [21] we introduce
harmonic functions Hp of the form

HA:aA+7A, (2.15)

and Sy can be squared as:

K’ b b
So = Bt/d3x\/ﬁ {—2(/17’2+c1r) MA’—?MA—ieK/z—/; A | My — 2 My, — /2 =
r
K M K2~ K’ M- - K/2~
+2¢9 MA/—fMA-l-M TAS Mz’—sz—i—M
2 r 2 T
K/2 K/2 B
icr S DT | My + i [ag + = || b+ 59, (2.16)
r2 2 r td

where M) is the lower part of the covariantly holomorphic vector V (further conventions
and notation are in appendix). For the electric solutions at hand the quantities M, are



purely imaginary, hence the appearance of imaginary factors ¢ in the action. The total
derivative part is

d
St(g) = fy /d?’x\/ﬁ {dr {—7‘2 (Ii—i-%l -I-%)K/—ClK—F
. K/2 1y €2 —1\ZA @ A
+4ie <<:‘£+ . ) by, . a2> (T ) My ?”:| +2qAFtr} . (2.17)

In performing the squaring we have made use of the special Kéhler identities valid for
purely real sections in appendix A, and of the following constraints between the charges
ga and the parameters appearing in the harmonic functions (2.15):

1 - . e s
—§qA(I_1)AEqE:VBH:—2</£bA(I_1)AEbg—claA(Z DASE 4 eoiin (T I)Azag). (2.18)

The last factor in the Sy term is not a perfect square but it vanishes under variations with
respect to K and also under variations of My, provided that

My = —ie"/?Hy (2.19)

holds.

At the end of the day, through the squaring of the action we found that a non-extremal
electric solution in four dimensions satisfies the first order equations obtained by setting
to zero each squared term in Sy and Ss:

. K/2
Zz/ _ _eN gzjajw’ (7" 6—K/2)/ — ﬁ’
£r 3

(2.20)

plus (2.19) and (2.18), for a superpotential J that satisfies (2.4) with Vg (2) given by (2.5).
Notice that these equations are analogous to those found by [21] in five dimensions.

Finally, we explicitly verified that the Einstein’s equations and the scalars equations
do not give further constraints. In other words, we verified that eq. (2.19), (2.20), plus the
form of the field strengths (2.8) are sufficient to solve all equations of motion. We provide
the explicit proof of this fact in appendix C for the magnetic case - the electric case can
be worked out in complete analogy.

2.3 Magnetic configuration

For the magnetic solution we start from the same ansatz for the warp factors (2.10), that

we repeat here for convenience:
€1 C2  ~ _
fr)=r+—+ = +g*r2e 2K0)
roor?

with g as before. The field strengths are magnetic

FA =0 FA—p—A'G 2.21
tr — Yo 9¢—2SIH. ( )

Magnetic solutions found in [26] can be cast in this form, as we will later show. Plugging
this ansatz in the action (2.3), we see that again we collect terms in g? and g°:

S = S() + SQ (2.22)



and in this case we obtain:

. K/2 . K/2
Sy = Pt §2/d3x\/ﬁ {— rte 2K (zll + & g’kak~ ) Gij (zll + & g 8;1~/V> +

r f r 5
2
+3r2e K (Vg - (re_K/Q)) } + Sg), (2.23)
with
@) 4~ 3 d? 9K d _3r /oW
Std _/Bth/d?)x\/ﬁ <_4d7“2 [’I“4€ 2 ]—f—% 2(T36 3 /2)? . (224)
Also in this case we introduce harmonic functions
BA
HY =at + —,
r

so that the part Sy can be squared as

_ 3 2 A/_g A K/2l~)7A E/_El b)) K/Zg
So=p¢ [ d’x\/n < 2(kr*+er) | L 2L +e 3 Ias | L 2L +e 2 +
K' LAf K/2~A K LE* K/2~%
+2¢ LA’—7LA+# Tas LZ’—7LE+# +
K/2 K/2 =
+4cler2 S LE—GT <a2+r> }+S§§), (2.25)

with total derivative
d c c
St(g) = /Bt /d?’x\/’ﬁ {d’[’|:_T2 (H—F?l—i—r%)K,—ClK—F
(O N } } |
T r r

Notice that, like in the electric case, one term is not a perfect square but its variation
vanishes once the fields satisfy the first order equations. In deriving the squaring we have
made use once again of the identities of special geometry derived in appendix A for real
sections L. Furthermore, the charges need to satisfy the following constraint

1 3 3 _
Ve = —ipAIAgpz = -2 (H bAIAEbE + CQ&AIAEELE — CleIAEdZ) (2.26)

As in the electric case, there is a factor in the action that is not a perfect square, nonetheless
it vanishes under variations with respect to K and also L* provided that this holds:

A
LA = K72 <aA + b) A (2.27)

r

The first order equations coming from this squaring are given in the magnetic case by

. K/2
P g7 oW, (re K2y = E , (2.28)
£r 3
with £ = 24/60£3/3+/3 and W(z) satisfying (2.4) with (2.5). Also in this case the Einstein’s
and scalar equations of motion do not give further constraints, as shown in appendix C.




3 Non-extremal black holes in AdS

In the previous section we have obtained a set of first order equations for asymptotically
Anti de Sitter black holes, which fall in the class described by the metric ansatz

2
ds? = XU f(r)dt? — e KM <ﬁ;) + 72(dh?* + sin #* d¢2)> , (3.1)
with
€1 €2 | -2 92 2K(r
fr) =14 =+ 5+ K0 (3-2)

As we noticed already, the only requirement for the squaring of the action and thus the
derivation of the first order flow is that the covariantly holomorphic sections L™ are purely
real (and thus the symplectic dual sections M, are purely imaginary), so we can make
use of the real special geometry relations in appendix A. This is true for theories with
superpotentials of the form (2.2) where the scalars are taken to be real. Both purely

electric and purely magnetic solutions, then, satisfy the first order flow for a real scalar

field defined as z' = %, given by

4= (re K/2)"1gii 63-1/\/’ (Te—K/2>/ - EW, (3.3)

3
in addition to an Hamiltonian constraint (2.26) (or equivalently (2.18) for electric solu-
tions).

3.1 Black holes in the #3> model

From now on we focus on solutions of A/ = 2 Supergravity with Fayet-Iliopoulos electric
gauging ga = {90, 91} = g€a, with a single scalar parametrizing the nonlinear sigma model
SU(1,1)/U(1), described by the prepotential F' = —2i,/X%(X1)3. The solutions have zero

axions i.e. real scalars, defined as z = %, and are expressed in terms of harmonic functions
b

Hpy =apn + —, A=0,1. (3.4)
r

K

The solution for the warp factor e is, both for electric and magnetic black holes,

e K0 = g2\ /Hy(H,)3, (3.5)

where we explicitly introduced the dependence on an overall factor 5, so that both the
coeflicients ag and a; are fixed by the solution. Indeed, notice that, since we are looking
for solutions which asymptote to AdS, the solution of the radial flow has to be such that
the scalar at infinity assumes the value that extremizes the gauging potential

3
OVl =0 = =0 (3.6)
&
and the asymptotic cosmological constant is set by the value of the potential at infinity
3
Volooo) = A = —55—. (3.7)
AdS



In both the electric and magnetic case this requires that the parameter g in the metric is

- 1/4 3/4 -
. € V2678 - &
and thus the black hole solutions asymptote to an Anti de Sitter space with radius
1 1
(3.9)

e _ T = —5< .
AdS € 8G

The form of the metric is the same in both electrically charged and magnetically charged
black holes; we proceed now give the scalar and gauge fields solutions for each configuration.
The solutions describing non-extremal AdS black holes were respectively given in [24]
and [25, 26]. In both cases the singularities are located at the zeroes of the function e %
while the horizons are at the zeroes of the function f(r) (recall the form of the warp
factors in (2.7)).

Finally let us mention that the first class, namely the electric configurations, are sin-
gular in the BPS limit [24], while the BPS limit is regular for the magnetic ones, and

correspond to a genuine extremal 1/4 BPS black hole configuration [8-10].

3.2 Electric solution

The solution we present in this section is a reparameterization of the one found first in [24].
The electrically charged black hole has scalar field

X' Hy aor+bo

= = == — 3.10
X0  Hy  air+b’ (3.10)
and electric gauge fields
40 i Vbo(bo — c1a0) + caad .
2[33/4553/4 aor + by
31/4 1/4 b b _
P Vol —am) + e, (3.11)
2v/2¢! /4 air + by
or, in terms of electric charges
33/4 bo (b — 2 33/4 bi(by — 2
o B+/bo(by — c1ap) -i-C2CL07 — Bv/b1(by — cra1) + caa? C312)
V2 V2
The parameters by are free while ap’s are
V2
ap = W&dsg/\ : (3.13)
We can also invert the relation between the charges and the parameters as
bo b 2 2 g
ST )
agp a1 3\/§ﬁ2 boar — biag ay ag
bob1 2 apail ( q% q(z) >:|
co = 1+ — . 3.14
° 7w 3v/3p2 boar — brag \a1by  agbg (3:14)

,10,



This solution satisfies the first order flow (2.20) for a superpotential
gW = [gaL?], (3.15)

with LA the symplectic sections that, in the case of real special geometry, are related to
their symplectic duals by

LY = —iT"* My, (3.16)

which, as expected from the first order flow, can be written as

b
i My = i/ <&A - A) , (3.17)
r
where the tilded parameters are related to our parametrization by
R
{an,0a} = —={aa,ba} . (3.18)

2v/2

One can verify that for this @, and by the charges (3.12) satisfy the constraint (2.18).

Notice that for every Very Special geometry in N/ = 2 Fl-gauged supergravity the
quantity (3.15) is a superpotential, namely it satisfies eq. (2.4). Therefore we expect that a
first order flow driven by this superpotential exists for zero axions solutions in every Very
Special geometry with charges that satisfy the hamiltonian constraint (2.26). Turning
on axions with a duality transformation will break the reality conditions on the sections
we used in performing the squaring of the action, therefore it is not guaranteed that an
analogous first order flow driven by (3.15) exists.

3.3 Magnetic solution

In analogy with what we did in the previous subsection for electric solutions, we present
here the convenient reparameterization of the magnetic solution for the t3 model found
first in [25, 26]. The magnetic solution has a scalar field

Xl_Hl air + by

- - _ 2T 3.19
X0 Hy apr + by’ ( )
and magnetic gauge fields
1
AN = —§pA cos Bdg (3.20)
where the magnetic charges satisfy
po _ i,8\/[)0(1)0 — Clao) -+ Cgag 7 pl _ iﬂ\/bl(bl — C1a1) + CQCL% (3.21)

V2 V2 ’

c1, c2 are the real parameters entering the warp factor f(r). The Einstein’s equations are
satisfied for coefficients ap’s:

B ﬂgfi’/QfAds

- V2glaasVé&
VNS

= —VEG0Uhes,  ar= SRR = —ValasG!, (3.22)

— 11 —



that can be expressed in terms of “dual” gauging parameters
Gh = (T gs, Toors = IAZ‘ZZZOO : (3.23)

We can also choose to invert the relation between the physical charges and the coefficients
c1 and ¢9 and obtain

Ccl =

bo b 2 aom ((p1)2 (p0)2)7

ap 671 @ boai1 — biag a% a%
9 1,2 0\2
apay B2 boar — biag \ a1b1  agby

Such black hole solution, not only is a solution of the Einstein+Maxwell+Bianchi equations,
but satisfies also the first order flow (2.28) driven by a superpotential which is NOT the
supergravity one, Wo(z) = gaL™, but is given now by

gW = |G My | = [L TxG”| - (3.25)

In the context of domain walls solutions, this function W is known as a fake superpotential.
For simplicity we will refer to both (3.15) and (3.25) generically as superpotentials, defined
by (2.4) and by the first order flow (3.3).

The sections L can be written as

b
LN = K2 (aA + A) : (3.26)
r
where the tilded parameters are related to our parametrization by

_ g B
ap,ba} = —={aa,br} . 3.27
{an,ba} = \/5{ Asba} (3.27)
One can verify that for this @, and by the charges (3.21) satisfy the constraint (2.26).

Notice that the existence of a superpotential of the form (3.25) different than the one
found in the elctric case (3.15) depends on the model taken into consideration and it is not
guaranteed for any Very Special geometry.

3.4 Duality relation between electric and magnetic solutions

Let us discuss the action of a symplectic transformation on the theory.
Consider the matrix

]

Then, the symplectic transformation S € Sp(4,R)

5— ( 0 495) ’ (3.29)

Ioo AY

— 12 —



generates a duality transformation on the symplectic sections
V=SV, (3.30)

which corresponds to the reparametrization of the scalars

2

2z
= 3.31
z— p ( )

This transformation acts as a rotation from a purely electric to a purely magnetic
frame. Indeed, consider the effective black hole potential appearing in the one dimensional
Lagrangian for a purely magnetic configuration (see appendix A for the definition of black
hole potential):

Ver = p " Tasp” = QFaeM Qmag - (3.32)

By the action of S on the scalar sections, the matrix M transforms as M’ = ST M S, and
the effective black hole potential becomes an electric effective potential

VBH = QaagSTM SQmag = QAIAEQE s (3‘33)
upon the identification
0
0 ph 0
= = . 3.34
(i) =5 (2) | o
—L

Thus, as known, the matrix S rotates the magnetic to the electric configurations and the
two are physically dual to each other. The same matrix S provides the rotation to a
magnetic frame if we start from purely electric charges Qg = (0, qa).

Notice however that the gauging introduces a potential Vy(z, z), as defined in (2.1).!
The potential for electric gauging is then

2%
Vo(z,90) = Vg <Z,9A) : (3.35)

which is invariant under the duality action. However, it is still true that
Vo(SV.gn) = Vy(V,5G), (3.36)

and in the zero axion, electric gauging case we have

—TA¥ My, 0 —TI2%gs,
SY = > S = > : 3.37

The gauging potential can be written in general for U(1)-gauged N/ = 2 Supergravity as

V, = —31L12 + 6701 Ll |L], (3.38)

"We focus now on the zero axions case, unless otherwise stated.
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where £ = (G,V). The duality transformation on the scalar sections acts on the potential
by changing L to

L] = |L'] = (G, SV) = (5G,V), (3.39)
which, starting from an electric gauging configuration gives
L' = |Z7 Ms,ga| - (3.40)

This transformation leaves the gauging potential invariant and, in the case of zero axions,
it generates a new superpotential W’ = |£'| from the supersymmetric Wy = |£|. Notice
that if we interpret the gauging in the new theory as defined by the section £’, the rotated
theory has magnetic gauging

Pt = -T2 s (3.41)

If one considers second order bosonic equations of motion, there is no difference between
a magnetic (or electric) black hole solution in a purely electric-gauged theory, specified by
(Q, ga), or again a magnetic (or electric) solution but now in a magnetic-gauged theory
specified by (Q, §*). Put it differently, the duality-rotated solution does not care about
the transformation of the section £, and thus of the gauging. The potential (3.35), indeed
is, as stressed before, invariant under the electric-magnetic duality matrix, and one can
rotate a black hole solution to a dual one in the same gauged theory (i.e. the gauging is
still given by the purely electric gy ’s).

However, because the section £ is the quantity defining the SUSY transformations of
the fermionic fields, e.g. for the gravitino [9, 39]

— v Z v
0ua = Duea+eapT,, B+ §£5AB’Y s B, (3.42)

as soon as one is interested in the BPS properties of the black hole extremal solutions, one
has to specify which gauging is considered.

In the electrically gauged theory the magnetic configuration is supersymmetric for a
particular set of parameters that we discuss in the following subsection, while the electric
solution does not have a supersymmetric limit. In light of the comments above, this
is perfectly consistent with the electric-magnetic duality transformation since the dual
solution of a BPS magnetic black hole in an electric-gauged theory defined by (p?, £) is an
electric black hole in a magnetic-gauged (Ga, £') theory, and not in an electric-gauged one.

The BPS equations are not invariant under the particular transformation (3.28) on the
scalars. Among the duality transformations, however, there exist some that leave invariant
the quantity £ itself, and thus the supersymmetry equations. This has been studied in [40]
to generate black hole solutions with axions.

3.5 The magnetic BPS black hole

As stressed above, only the solution with magnetic charges admits an extremal BPS limit.
This is achieved when the function f(r) has a double pole or, more precisely, when it can
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be written as

52

lpqs2

2 fo(r) (r? —a?)?, (3.43)

with 7, = a the horizon radius. This condition implies some restriction on the parameters
of the metric ¢; and ¢y, as we are going to explain.?

The supersymmetric solution satisfies one additional constraint on the parameters with
respect to the non extremal one, and precisely

gapt = +1. (3.44)

¢

In particular, for the “—1” case, the parameters defining the BPS solutions are

8 b1>3 ) (b1)2 A 12 2<b1)4
o= —— 22 , co = —3 (L) 4 ZAdS | 2 3.45
' A (al ’ ’ ay 42 Eidsﬁ ay (3.45)

the horizon is

1
r=a®= g—gs 1+ 4g1p*, (3.46)

and we recall that the coefficient a; is fixed by (3.22). One can choose to parametrize the
BPS solution by (p', &, &), or, equivalently, by (b1, &1, &), since the two parameters
are related in the BPS limit by

p! 5 <—1+4526z> . (3.47)

g gidS aj

Let us first notice an interesting fact. The 1/4-BPS solution satisfies the first order
flow obtained in [9], upon identification of the warp factors

eV =r/folr), eV =512\ /Fo(r) . (3.48)

That was a gradient flow driven by the superpotential
W =eV|z —ie2 Vg, (3.49)

however, since the BPS solution is just a particular case of the non-extremal set, it has to
verify also a gradient flow driven by the magnetic superpotential W of eq. (3.25).

We have explicitely verified that, on-shell, the magnetic superpotential and the BPS
one are identical functions of r, as expected

ePIW(r) = —Blaas Winag (7) - (3.50)

2The choice of ¢3 # 0 we have made throughout the paper allows us to get to the form of the warp factor
as (3.43) at zero temperature. If the radial coordinate r is chosen such that c; = 0, one would have to
require that in the BPS case the warp factor has the form r%fo (1) = ((r —r*)? —a?)?, so that the coincident
horizons would be 7, = a +r*.
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This raises questions about the nature of these BPS black holes, like possible relations
to supersymmetric domain walls which are also solution of a first order flow driven by a
superpotential satisfying eq. (2.4).

We remark here another interesting characteristic of the BPS solutions that suggests
they might be closely related to domain walls. Consider indeed the case of a magnetic
black brane with an ansatz like the one of section 2.3, and whose BPS limit can be found
in [26]. In the black brane case the Supersymmetric constraint is simply

ptgr =0, (3.51)

so the p* — 0 limit is well defined, and independent on g5. The first order flow then
reduces to

U'(r) = e UIm(e7™ L),
Y'(r) = 2¢"YIm(e L),
i =g VDL (3.52)

with phase e!® = +ie’@£, thus yielding 1’ = 2U’. Without loss of generality we can take
then ¢ = 2U, which brings the metric ansatz to the form

dsf,zo = e Var? + &2V (—dt2 + dz? + dy2) , (3.53)
which is the metric for a domain wall with BPS flow

U'(r) = xeV|£],
i = e e VgIDiL (3.54)

governed by the superpotential Wpy = €2V |L]| .

3.6 Scaling symmetry

The factor 8 introduced in the parametrization above is not a physical parameter. Thanks
to the scaling symmetry

t
r— Ar, t—>X c1 — At co — A2eo br — by , B—>§, (3.55)

one can set f = 1 without affecting the solution. However, we find it convenient to
present the solutions including S since various parametrizations in the literature correspond
to values of 8 # 1. In particular, notice that one can easily go from dimensionful to
dimensionless coordinates by choosing f =1 or 5 = faqg respectively.

In order not to overload formulae with too many parameters, from now on we only
discuss the case § = 1.
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4 Holographic analysis of scalar field dynamics

4.1 The action for the canonical field

We can choose a re-parametrization of the scalar field z = (") with x and y constant
so that ¢ is a canonical normalized field. The constant y allows to choose a reference value
of the field in the r flow. If we choose this to be the asymptotic infinity » — 400 we can
study the fluctuations of ¢ with respect to the vacuum AdSy, suitable for a holographic
analysis. We will then use, in what follows

p(r) = ¢(r) = d(o0),  (o0) = \/3/8log[3¢/E1] - (4.1)

In terms of this field the action becomes

&1
3¢ —1/2
-3 (") emV2Bepl Pl V(¢>)> (4.2)

3/2
S = /\/—796#56 (1; + %%cp(r)a“cp(r) — <3£0> e‘/&”FSVFOW—F

&1

with potential

Vip) = —K?iSCOSh <\/§<p> , (4.3)

and E;ﬁls = ,/%gog{’. The field ¢ is a massive scalar field with

P L S Ny (4.4)

m
v 3v3 Cas

the dual operator conformal dimensions are A_ = 1, Ay = 2. The field satisfy

the Breitenlohner-Friedman bound mfoﬁids > —9/4, moreover the mass is in the window
—9/4 < miﬂids < —9/4+1 which allows for Neumann and Mixed boundary conditions to
be imposed at the asymptotic AdS [41].

4.2 Canonical radius

The standard holographic analysis is carried out in coordinates for which the metric has an
expansion gy ~ E;is(c+ g*r? +O(r71)), where c is a constant. In our case this is achieved
by shifting the r coordinate and for our solutions this has the net effect of constraining the
b parameters to be by = —3bjap/a;.

4.3 Asymptotic metric

The metric ansatz we consider admits the asymptotic expansion in the canonical radius

as?, = (—di® + &/ (@i — 2ady) ) ) (1+ 02/ (4.5)
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In the notations of [33] (see in particular eq. 3.1, 3.3), the metric asymptotes the AdS
boundary as

ds® ~ di? + e%/zh(o)ij (z)dx'da’ (4.6)

(¢ is the AdS radius, we dropped the suffix) and the field expansion in terms of the radial
coordinate 7 reads

pre Mo (@) 4 ) e M o (@) + ) (4.7)

By comparison with the metric of our ansatz we find that r and 7 are related by
r =/t and

10 0
hyij(z) = [ 0 —¢2 0 : (4.8)
0 0 —/%sinf?

4.4 Expansion of the scalar field

The special geometry scalar field z = X'/XY is related to the normalized real scalar as
2(r) = zo0eV8/390) (4.9)
On the electric and magnetic solution this gives a radial profile

3 Hy

= —log — 4.10
with € = 1 for the magnetic solution and ¢ = —1 in the electric one. The asymptotic
expansion at infinity results, for a canonical radius with by = —3bjap/a1, in

p(r) ~ 242003, as 1 400, (4.11)
r r

«a and B give the value of expectation values and source for operators, depending on the
choice of quantization.

For the electric and magnetic solutions at hand we can explicitely compute the values
of a1 and ao in function of the parameters appearing in the solution.

e clectric solution:

\/6 b1 Oé%

o = — , g = ——— 4.12
1 o 2 7 (4.12)
e magnetic solution:
6 b 3
a1 = \[ ! s a9 = & . (4.13)
al \/6
If we introduce the parameter € that takes the values ¢ = —1 for electric, ¢ = 1 for magnetic
solutions, we see that the boundary conditions are of the form
€
as = \a?, A= —. 4.14
2 1 \/6 ( )
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Boundary conditions of this kind are called mized boundary conditions and in our particular
case, they correspond in a triple trace deformation in the dual field theory [33, 41, 42|, which
falls in the class of ABJM models [43]. In the dual field theory, the ABJM action Sy is
deformed by triple trace operators,

S_SO+A/O§, (4.15)

where O is an operator of conformal dimension one. An example of such operator Oy
in 3 dimensions is a bilinear of boundary scalars ¢, transforming under the global R-
symmetry group,

O, = Tr(¢larse’), (4.16)

for some constant matrix a [42, 44].

The holographic dictionary in presence of mixed boundary conditions has been worked
out recently in [33] and it turns out that a; is the vev of a dimension one operator in the
dual field theory. The interpretation of the expectation value « as order parameter in the
dual field theory allowed the interpretation of the black hole phase transition of [44] as a
liquid-gas phase transition in the dual field theory.

By comparison with the asymptotic expansion (4.7), we can then identify

V601 eV6Q?

o : — , = \p?, 4.17
ans oy 2 Or = Ap (4.17)

for the same A as above and Q1 = b1 /a;.

4.5 First order flow for the normalized real scalar

Both the electric and magnetic solutions satisfy a first order flow in terms of ¢ given by

laas
99/ = TBK/Q(‘)@WeI,mag(@)a

-~ 1
(re K/2)/ = _§€AdSWel,mag(‘P)v (4.18)
where we recall that for the electric solution € = —1 and
2 3 1
Walp) = —5— ( e7/V0 + e Vo) (4.19)
fagqs \ 4 4
while for the magnetic solution € = 1 and
2 3 1
Winag(p) = ——— ( Se™#/V0 4 ZeV3/20) (4.20)
faaqs \ 4 4

It is clear once again how the electric solution and the magnetic solution are related by
o= —p, (4.21)

The transformation (4.21), supplemented by the appropriate symplectic transformation
acting on the electromagnetic charges (maintaining the Fayet-Iliopoulos parameter unal-
tered) leaves the potential and the one dimensional reduced action invariant and hence is
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a symmetry of the bosonic equations of motion. Such transformation on scalar field and
charges transforms the electric solution into the magnetic one. However, the supersymme-
try equations set further constraints on the charges, and these constraints are compatible
with the presence of a horizon just in the magnetic case.?

These superpotentials satisfy the relation

3

Vi) =5 (32 + 0 (e)?) (1.2)

In order to determine the holographic properties of the solutions we have to expand the
superpotential in terms of the field at ¢ = 0. We obtain

Wotamag () ~ ———— <1+*02+ S"3>+0( 4 (4.23)
~ — _— € . .
el,mag ¥ EAdS 4 6 \/6 ¥
Since the coefficient of the quadratic term is given by —A_/(2fxq45), the superpotential
driving the flow belongs to the class of “W_"" superpotential (see table 5 of [33]), as expected
since this is the class allowing for multi-trace deformations.

5 Holographic renormalization

There exist nowadays well established procedures for computing the boundary counterterms
and removing the divergencies, see for instance [28, 29]. Here we will make use of the
Hamilton-Jacobi (HJ) method, first used in the context of AdS/CFT by [27]. The notion of
energy and black hole mass in terms of the renormalized Brown-York [45] boundary stress-
energy tensor was analyzed first in [46-48] and the analysis suitable for black hole solutions
such as ours is the one of Papadimitriou [33], where the presence of mixed boundary
conditions was taken into account in the renormalization of the stress-energy tensor. We
follow closely this procedure. Let us finally mention that the analysis of the mass obtained
from the HJ renormalization technique was performed in [32], in which the authors compute
the mass for electric black holes solutions in the truncation of N' =8 SO(8)-gauged theory
to the N' =2 U(1) gauged subsector.

5.1 Regularized action

To properly compute the conserved quantities in a 4-dimensional spacetime with boundary
OM we have to consider the bulk action together with the contribution coming from the
Gibbons-Hawking boundary term

I = Iy + Ign =

R o
= / d*zy/—g <2 + 940, 2" 027 + IAgFﬁyFWE — V;,> / d*zVhe . (5.1)
M oM

31f instead one wants to analyze the supersymmetry properties in a fully symplectic covariant setup, one
should work in the framework of [9] and allow for duality transformation acting also on the Fayet-Iliopoulos
parameters, as done in [40].

— 20 —



In the Gibbons-Hawking term © is the trace of the extrinsic curvature
1 J—
O = =5 (Vi + Vi) = =V, (5.2)

where we choose n# = (0,,/=¢"",0,0) as an outward-pointing normal vector to dM, and
h = det(h,,) is the determinant of the induced metric hy, = g, + nyn, on OM [45].

For any Killing vector field K associated with an isometry of the boundary induced
metric hy,,, we can define the conserved quantity

1
Qk /d%:ﬁuaT‘Ibe, (5.3)
>

- 8w
where ¥ is the spacelike section of the boundary surface OM, u® = VAt (1,0,0) is the unit
normal vector to X in OM, o4 is the induced metric on ¥ and finally the local surface
energy momentum tensor is defined as the variation of the boundary action with respect

to the induced metric
ab 2 0
.

B ﬁdhab ‘

The mass of the black hole is the conserved quantity associated with the Killing vector
K®*=(1,0,0,0) of the metric h,, at the boundary.

Notice that, since the boundary stress energy tensor computed for the action (5.1) is

(5.4)

divergent, we need to regulate it and then add an appropriate counterterm action I.:
I=leg+ I, (5.5)
or equivalently
7% = T&lfo, + 1 (5.6)

We choose to regularize (5.1) by introducing a cutoff radius ry in the parametrization
of the spacetime, thus leaving a truncated spacetime M with boundary dMj located at
r = rg. Removing the cutoff corresponds to taking the limit rp — oco. The regulated
boundary stress tensor receives contribution from the Gibbons-Hawking term and has
the form

w2 6l

Tres = 7 Shap

= (@“” - @h“b) (5.7)

T0

The mass of the black hole solution is the finite on-shell quantity remaining after removing
the cutoff in the expression

Miyen = QK(Tfebg) + QK(Téztb) = Ereg + B¢t - (58)

We will discuss in the rest of the section how to compute the contribution from the coun-
terterms and how to derive a finite formula for the black hole mass.
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5.2 Canonical counterterms

As said before, we have to renormalize the boundary stress energy tensor in order to extract
finite quantities like the mass. The counterterms needed to subtract the divergences come
from an action of the form

Ict,can = / d3x\/ﬁ (—W((p) + Z((p)R) (5'9)
OMo
where R is the Ricci scalar of the 3-dimensional boundary metric h;j, W(z) satisfies the
relation
Vig) =5 (—5W(0)° + @ W(e)?) | (5.10)

and determine Z(p) as from the equations (6.3)—(6.6) of [33].
The general solution for W () has been derived in [33] for a scalar potential like the
one we are considering in (4.2) and reads:

Wo(6) = — 2 1 1—p>+/1+2vp+p? (5.11)
Cads (1 — p?)3/4 \/2(1 +vp+ /14 2vp + p?) 7

2
p = tanh (\/;p> and v>-—1. (5.12)

In other words, there is one parameter family of solutions for W depending on an arbitrary

where

real parameter v. The general superpotential W, (¢) admits the following series expansion
in terms of the scalar field at infinity

2
Wy(p) = —% (1 + % + %w?’ + O(cp4)> , as r — 00 . (5.13)
For any finite value of v > —1, the coefficient of the quadratic term in ¢ is —A_/(20xqs).
Therefore, the function W is of the type “W_", in the conventions of [33] and it is suitable
for removing the divergencies from the action.

The first order flow derived in section 2 is driven by superpotentials in the class
of (5.11). In particular, the superpotential of the electric solution (4.19) corresponds to
the choice vg = —1 in (5.11), and the magnetic one (4.20) to the choice vnag = 1.

Moreover, from (5.13) one can see that the term of order (? gives a finite contribution
that depends on the parameter v. Following the procedure of [33], we are going to include in
the canonical counterterms only the divergent terms. Every finite contribution is considered
separately, and will be discussed in the following subsection.

The counterterms (5.9) are responsible for the renormalization of the boundary stress
tensor. They give the contribution

1
Qﬁ(Tc(:ltl?can) = Ect,can = 5\/Hhtt [htthl:O + Z (R htt + 2Rtt)] ) (5.14)
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whose explicit expression depends on the solution ¢(7), which is a priori different for the
electric and magnetic case. However, the divergent part of the counterterms is universal
for a potential of the form (2.4):

Bt = [0 + (1= 3Q3 ) + (5 —3@1) | + 007 - (5.15)

with Q1 = 6153/4/51/4 = b1 /ay for the electric solution, and Q; = 6151/4/(31/453/4) =b1/aq

for the magnetic one.

5.3 Finite terms

Mixed boundary conditions for the solutions at hand correspond to a multi-trace defor-
mation of the dual field theory. In order for the holographic renormalization procedure to
have a well-defined variational principle, finite terms Ig, have to be added to the action,
accordingly to the prescription of [33]

I = Ireg + Ict,can + Iﬁn ) (516)

where the finite part I, in (5.16) is defined as

Ic fin = / dgw h fN(SO—) ’ (517)
t oM \/ '4(0)

where k) ;; is defined as in eq. (4.6). For a scalar field with mass and asymptotic expansion
as in section 4 this takes the form

Ploo) =t o) =12, flo)= gt =2 (5.1
- A=) = 5P o) T - T '
Since f(p_) goi/ A (d is the dimension of the boundary, in our case d = 3), the mixed

boundary conditions of the black holes solutions in this paper lead to a conformal dual
theory and describe a marginal multi-trace deformation.
The finite counterterm (5.18) is responsible for a shift in the regularized stress energy

_ 1 [ 0 F
Egn = S /8/\/10 h(()) htt f(()o—)v (519)

and computed on our solutions it yields

tensor given by

1 (0) ~ 1 A/ h(o) ~ 2 3
E n— = 907 - = @7 — (;) . 2()
fi 87 Jam, h(o) hua (=) 2 sind h(o)ttf( ) EAdS 1 (5.20)

Notice there is no dependence on the parameter v from the finite term of W(p,v) (5.13).
Indeed, the prescription for the finite terms that give a well-defined boundary problem
makes sure this ambiguity is eliminated and no v-dependence appears in the total finite
term (5.20). It is important to notice that this same contribution is precisely the finite
term coming from the superpotential (5.13) when v is chosen according to the solution,
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that is when one chooses as the counterterm W exactly the superpotential that drives the
first order flow of the non-extremal solution.

Two more comments are in order. 1) In our case, the finite term given by holographic
renormalization coincides with the finite term of the counterterm superpotential, when
chosen as Weterm = Waow. We are now going to motivate this statement. We expand for
r — oo the right hand side and the left hand side of equation

1
o = %eKﬂ&le,(ap) (5.21)
and we get:
(e73] 2042 -3 1 I/g02 3
— 4+ —F+0 = - O . 5.22
4 2524007 = 7 (o4 25+ 0 (522
Expanding further the right hand side and using (4.14), we obtain a relation between \
and v: 1 1
ay = \a? = ——vad — A= —=v. (5.23)

V6 V6

In other words, the boundary conditions of the scalar field, namely the function f in (5.17),

is related to the parameter v appearing superpotential W, generating the flow. Now, since

p_ = a1 /l, we have f = % so that, by means of formulas (5.19) and (5.9)
vasd vad

Eﬁn,f:ﬁQG\/éa Eﬁn,W:€26\/6-

We see that the finite contributions to the mass exactly coincide. The fact that the finite

(5.24)

term from holographic renormalization coincides with the finite term of the counterterm
superpotential when Wegerm = Whaow 18 @ property that holds for any marginal multi trace
deformation.*

2) This explains the choice of counterterms of e.g. [32] in the computation of the mass
of the electric black hole. However, that choice is not universal for all black hole solutions
of the same theory (2.3): thanks to the derivation of the first order flow for the magnetic
solution and its corresponding superpotential in section 2, we have now an example where
Whinag 7 Wel, thus the counterterm should be chosen differently. Without the knowledge of
the first order flow (thus of the superpotential) one should proceed with the computation

of the finite terms as done above in this section, following [33].

5.4 Black hole mass

In order to compute the energy we need first of all to compute, in the same way, the
contribution from the Brown-York boundary term to the energy, regularized by a cutoff
ro. By using the same definition (5.14), taking into account also the finite terms (5.20),
we obtain

Freg + Efin = iz [ + (3QT — 2)r + (3Q% — (*c1)] + O(r™ ) (5.25)

14

4We thank 1. Papadimitriou for clarifying correspondence on this point.
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From (5.15) we can now subtract the divergences from the regularized energy (5.25)
so that the renormalized mass, obtained from a well defined variation principle, is

C
Mel,mag = Ereg + Ect + Eﬁn = _51 . (526)

We have verified that the expression (5.26) obtained for the black hole mass satisfies the
standard first law of thermodynamics

AM = TdS + yadp™ — ¢*dqn , (5.27)

where ¢® and y® are respectively the electrostatic and magnetostatic potentials. The
expression for the mass used in the thermodynamics analysis of [44] coincides with the value
of (5.26). Moreover, this expression coincides with the value obtained via the Ashtekar-
Magnon-Das prescription, as shown in appendix D.

5.5 Renormalized on-shell action

We consider here the magnetic black hole solution, whose mass is given by eq. (5.26), an

analogous derivation can be carried out for the electric configuration. From the results of

the previous section 4 we have that the thermodynamical potential is

— £ — II'Cg
B B

where I, is the regularized on shell action, I.; = B;Ey; is the counterterm action, and r

Q

1 /c
+ Ect + Epin = 3 (51 + 7“+) (5.28)

is the radius of the outer horizon.

We want to show that the renormalized on-shell action coincides with the free energy
F of the system, computed as F = M — TS — p*xa. In other words we want to prove the
following relation:

1
Q=M-TS-) p'xa (5.29)
A=0

with xa the dual potentials defined as yp = frof G A redr, G being the dual field strength.
The temperature is

T:ieKM

47 ar |~
S =mrie X (5.30)
T+
where f(r) is defined in (2.10), so that
1
TS =—2— <1802 +9c1r4 +24/39095 (Q1 + 74)2(—6Q% + 74 (4Q1 — 2&))) .(5.31)
Jr
Notice that r satisfies the equation
9o + 974 (c1 4+ 7r4) +24/39093 (—=3Q1 + 11 )(Q1 +71)® =0, (5.32)
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which we can solve for (Q1 + r;)? and plug into the expression for 7'S. We get to

1
TS = ——— (02 + 9cyr_
27”+

ca+ry(cr +ry)
(=3Q1 + 74 )(Q1 +74)

We then need the expression for the dual field strength and in particular

(—3Q1 +r+(2Q1 - ri))) . (5.33)

K(r)
2r2

(&

GApe = IAZ](Z(’I“))pZ, (5.34)

which gives the potentials

3/2 1/2
_ 3\/590/ pO \/391/ pl
2¢\"7(=3Q1 +r4) 295" (Q1+74)
Notice that the coefficients ¢; and ¢y in f(r) are related to the charges by
P = Laasé®Ve2 +3Q1(3Q1 + 1),
p' = Llaas" Ver + Q1(Q1 — 1), (5.36)
with A = TA%¢s, . These relations give the explicit term
1 3 9Q7 3 —
aph = = (& + 3c1Q1 + 9Q7 n (c2+ Q@1 —c1)) ) (5.37)
4 —3Q1 + 7+ Q1+t
The remaining term we need is the mass, as given in eq. (5.26),
M = —%1 . (5.38)

This, together with eq.s (5.28), (5.31) and (5.37), satisfies the thermodynamic law (5.29)
with p? = ph.

6 Conclusions and outlook

The work in this paper is an investigation on black holes solutions in FI gauged supergravity.

By exploiting a squaring of the action “a la BPS” we presented a first order formulation
of electric and magnetic black holes coupled to a real scalar field in a Supergravity potential,
and we have identified the superpotential for each configuration.

Electric and magnetic black holes have been discussed with a symplectic covariant
formalism which allows to understand that the duality rotation is still consistent on the
non-extremal solutions but does not preserve the Supersymmetry properties of the extremal
one. The supersymmetric solutions, moreover, have been revealed to satisfy also a first
order flow when the superpotential is the same of the supersymmetric domain walls, giving
new insights on the nature of these solutions.

The mass of the black hole has been computed for both electric and magnetic black
holes through the techniques of holographic renormalization in presence of mixed bound-
ary conditions for the scalar fields. In particular, it has been stressed that there is no
ambiguity in the finite terms that the renormalization procedure requires, more precisely
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they are determined uniquely by the superpotential driving the first order flow. The mass
formula obtained obeys the first order law of thermodynamics and the thermodynamics
relation (5.29) between the potential and the mass is satisfied.

The first order, superpotential formulation of the solutions could be useful for con-
structing new black holes of U(1) gauged Supergravity. The same formulation could possi-
bly be generalized to the case with axions upon a suitable complexification of the equations,
or to understand the string/M- theory origin of these black holes [38, 49].

Finally, it is known that the first order formalism of fake supergravity for domain walls
solutions (see for example [50]) is equivalent to the Hamilton-Jacobi theory for the bulk
equations of motion [27]. It would be interesting to investigate if this is the case also for
the first order flow for black hole solutions. In other words, it would be interesting to
understand the Hamilton-Jacobi origin of the first order equations we have found in this
paper. We leave these open questions to future investigations.
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A Special geometry identities for the real submanifold
In case of zero axions Ny, = iZxx;. The sections satisfy the relation
<V, V >=0= My(L" — LMy . (A1)
However, from equation (4.35) and (4.38) of [39] we have
LAMy = i(LM A5 LY) = —%, —  (LMpsL¥)Y =0
but that means
My(LYY + LA My =0 . (A.2)
This, together with equation (A.1) implies
LANMy)' =0. (A.3)
By definition,® in absence of axions i.e. when ReM)y. = 0 we have

My =iTysL*,  D;My = —iTysD;L*,

®See eq. (4.35) of [39)].
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and, again, if we restrict to the real submanifold we have
Q= %(dzié?iK —dZ'0K)=0.
Then,
M)y = #'D;Mx +iQ, = (zero axions) = 3'D;Mp = —iz' TasD;L* = —iTps(Ly)

thus

(ZaxL”) = ~Irs(Ly) . (A.4)
This, together with (A.3), imply also that

L Mps(Ly) =0 (A.5)

The scalar fields dynamics for a spherically symmetric solution is described by a one
dimensional system driven by an effective black hole potential [1]

1
Vi = —§QTM(z, 7)Q, (A.6)

in additon to the gauging scalar potential V. QT = (p”,qn) is the vector of charges and
the symplectic matrix M is

T+ RI 'R —RI1
M = < T 71 ) ) (A7)

Black holes solutions with real scalars (R = 0) are supported by purely electric or purely
magnetic charges, so the black hole potential in these cases is

1 _ 1
VBH = _§QAI 1A2q2, V];rll_?g = —ipAIAEpE . (A8)

B Useful identities

For the metric ansatz to be consistent with the scalar field dynamics the parameters sat-
isfy that

apal =1, (B.1)

for both electric and magnetic solutions, moreover

ael qhas
ay G
e The electric solution has
33/46 b
LA = K222 (a + ) , B.3
2z \a Tty (B.3)
where apn = {(£0/€1)%4, (£0/€1)~"/*}. Notice the relation
33/4
Vo Caqsga - (B.4)
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e The magnetic solution has

oA _ eK/zQ\% (aA + b:) , (B.5)

where ay = {(3¢0/€1)7%/%, (3¢0/€1)"/*}. Notice the relation
an = —V20xq5G" . (B.6)

where G = (Z 1) gs.

o0

It follows that
(IOO)AE arzrllag = _33/40’?\1 : (B7)
The relation between parameters QQa and ap, by is, for both solutions,

ba
=

Qa (B.8)

C First order flow is sufficient to solve the second order equations of
motion

In this appendix we show that the first order equations (2.28), (2.27), supplemented by
the hamiltonian constraint (2.26) are sufficient to solve the full system of second order
equations of motion. We show it explicitly for the magnetic squaring and the electric case
can be worked out in full similarity.

Given that the Maxwell’s and Bianchi equations are already solved by (2.6)—(2.8)
and (2.10), the equations left to verify are the Einstein’s equations and the scalars sec-
ond order equation. For spherically symmetric configurations just three of the Einstein’s
equations are nontrivial. Moreover, in the case of just one single scalar, it turns out that
by solving the Einstein’s equations the scalar equations of motion is automatically satis-
fied [26]. Therefore we are left with these three equations to verify:

e First Einstein’s equation (EQ1)

2 1
K- 5(K’)2 + K" =2g,.(0,2)*
e Second Einstein’s equation (EQ2)

_ 1
g2e_Kr2 <3 —4rK’ + 7'2(KI)2 — 2T’2K”) = —Vg

e Third Einstein’s equation (EQ3)
pM asp™

c
—%—(QI{T—FCl)K,—T(I{T—}—Cl—F 2)K": 2

C
r
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As anticipated, we will show now that these are satisfied given the first order
flow (2.28), (2.27), supplemented by the constraint (2.26).
We start from deriving with respect to r eq. (2.27)

[;A
LAe™R/2 = gh 4 — | (C.1)
r
obtaining
K/
2
We contract this with iMs,. Given that LAMy = —i/2, we get

s/ by K/2bE

vA M
—K/2\1 . A
(e K2y = —i2—5 " (C.3)
As a further step we differentiate first eq (C.3)
(K)* ., Cxya (VAML WAMy

<—2 + K" ) = 4iel/ R 2 3 , (C4)
so that EQ1 reads:

2 vAM) b M,

;K’ + 4iel</? ( = A_9 3 A) = 29..(9,2)%. (C.5)

At this point using the first order equation for K’ in (2.28) and the special Kahler identities
in appendix A the right-hand side (r.h.s. ) of the previous equation reads

K’ b™ b™
rhs. = —4LN s L® = —4LM s <2L2 — eK/2r2> = 4LA/IAgeK/2r—2. (C.6)

We now massage the left hand side of EQ1 by making use of the special Kahler relation
M} = —ilrx,(L*)' combined with eq. (C.2), namely

K’ b
M) = —ilzs(L¥) = —ilas <2LE — eK/22> : (C.7)
r
The left hand side (Lh.s. ) turns out to be

k"ML
2

bA
Lh.s. = 4ie 4eK/2ﬁIAg(L2)’ , (C.8)

so that we have proven that EQ1 is satisfied on the first order flow equations (2.28)
and (2.27).

In order to verify the second Einstein’s equation we use EQ1, which we have already
verified. Plugging EQ1 in EQ2 we get

3(1—rK' + %rQ(K/)Q) —1r2g..(0,2)* = =Ll (C.9)

— 30 —



which is satisfied too given the first order flow equations (2.28) with a superpotential W

such that I W
_ 2 zz 27V YV 2
Vo=9 <g 9 B2 3W > . (C.10)

Finally, from eq. (C.3) we have

K" _xp_ (K _kp bAle\ AN
— 76 / = Te / — ’L2 7"2 + Z4 T3 s (Cll)
and also N N N
K" b M b* M b M,
- = <_¢(K’) S a2t pid A) . (C.12)
Using (C.7) in (C.12) we come to the following useful expression:
K’ K
K" 42— = —4= " a5p”. (C.13)
T T

Using (C.13), the constraint (2.26) and the fact that LAI\xL* = —i/2, we get that the
following equation holds

(P (ks 2 D) ) - G e e (c.11)
r r r
that is precisely EQ3.
The scalar (second order) equation of motion is automatically satisfied if the Ein-
stein’s equations are solved, so we showed that for our system the first order flow equa-
tions (2.28), (2.27), plus the constraint on the charges (2.26) are sufficient.

D Computing the mass with the Ashtekar-Magnon-Das (AMD) pre-
scription

This is a recap of the main formulas of the mass computation for Anti-de Sitter black holes
by means of the AMD procedure [34, 35]. The AMD techniques are valid for d-dimensional
asymptotically AdS spacetime, but we restrict here our attention to four spacetime dimen-
sions.

The AMD procedure expresses the mass in terms of the integral of suitable contractions
of the Weyl tensor over the conformal boundary at infinity. Since the black hole metric
approaches asymptotically AdS, the integral is not divergent and well defined.

Details of the derivation of the can be found in the original papers [34, 35|, and for
instance [51]. We give here a (very brief) summary of the formulas used and an explicit
example for the computation of the mass.

Given an asymptotically Anti-de Sitter configuration X with metric g,, with negative
cosmological constant A = —3/12, with a conformal boundary X, one introduces a confor-
mally rescaled metric g, = nguy such that on the conformal boundary 0X both 2 =0
and dQ) # 0 (£ is defined up to a function f that is nonzero on the boundary). As future
reference, we will choose for our solutions 2 = %
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If we denote as 65,)0 the Weyl tensor of the metric g,,,, with indices raised and lowered

by the conformally rescaled metric g,,,, and a vector n, = 9,42, one defines the quantity

EY, =1ranm’C,,, . (D.1)
The contraction of this quantity with an asymptotic Killing vector K* will give a conserved
quantity, in this way:

QK] = # 72 E",K"d%,, (D.2)

Here diu is the area element of the spherical section of the conformal boundary. The
authors of [34, 35] shown that Q[K] is indeed a conserved charge, and this quantity does
not depend on the conformal rescaling factor {2 defined before.

We are interested in the mass M of the configuration, therefore we choose the time
Killing vector K = 9/0;, therefore, from (D.2) we have

M=t 7{ B K4S, . (D.3)
87T »

We show now how to compute the mass for the solutions described in sections 3.2
and 3.3. In that case [2 = —3Y3_ and we take Q = [/r. The electric part of the Weyl

24/ o€}

tensor reads:

C1 1
ct,, = -5t O <T6> . (D.4)
Furthermore
=t lz—ar—ﬂr— — it l4 Tr\2 vt
E, = ﬁg g nTn?”Catﬁ = 405 (g ) Crir s (D'5)

so that the mass turns out to be:

l =t -t = C1
M=— ¢ EKtdy, = ——. D.6
& § B == (D.6)
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