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1 Introduction

What is the space of all (2,2) superconformal field theories in 1+ 1 dimensions with ¢ = 9
and integral R-charges? It is an interesting question in its own right and is also believed to
be important. Related questions are: what is the space of all three-dimensional Calabi-Yau
manifolds? and What is the space of all string compactifications to 3 + 1 dimensions?

Linear sigma models provide a useful tool to find (2,2) superconformal field theories,
analyze them, and study their quantum moduli spaces [1]. Investigation so far had been
centered on models with Abelian gauge groups. The low energy theory in a typical “phase”
has simple interpretation as an orbifold of non-linear sigma model with a superpotential.
The geometric phase is related to toric geometry, where well developed techniques are
available. Models with non-Abelian gauge groups, on the other hand, had not yet been
studied much. One reason is that such models typically have phases where a simple gauge
group is unbroken, but the nature of the low energy behaviour of such theories had not been
well understood. In [2], David Tong and the author attempted to understand the nature
of a class of theories with special unitary gauge groups, and the result is applied to linear
sigma models. In the present work, we study more about non-Abelian gauge interaction,
with emphasis on orthogonal and symplectic gauge groups, and apply our findings to linear
sigma models relevant for string compactifications. We hope that this work will eventually
lead us to expand our perspective concerning the above questions.

One problem in theories with simple gauge groups is that there is often a non-compact
Coulomb branch which makes it impossible to have a sensible conformal field theory with
discrete spectrum in the infra-red limit. Coulomb branch is interesting in its own right,
especially in relation to six dimensional theories associated with Neveu-Schwarz fivebranes.
However, its presence is problematic in order to obtain theories relevant for string compact-
ifications. This motivates us to look at regular theories, where Coulomb branch is lifted
by quantum correction.

Let us describe the main results of this paper.

We first describe the result for the O(k) or SO(k) gauge theory with N massless fields
in the vector representation, x1,...,zy, with vanishing superpotential (k = 1,2,3,... and
N =0,1,2,3,...,). For k > 3, since these groups have Z, fundamental group, we need to
specify the mod 2 theta angle [3]. Also, an O(k) theory can be regarded as a Zs orbifold of
an SO(k) theory, and there are two possibilities additionally, denoted by O (k) and O_ (k).
The theory with k > 2 is regular when N — k is odd and the mod 2 theta angle is turned
off, or when N — k is even and the mod 2 theta angle is turned on. For N < k — 2, whether



regular or not, the theory has no normalizable supersymmetric ground state. That is, the

supersymmetry is spontaneously broken. The rest applies only to regular theories. For

N =k — 1, the SO(k) and O_(k) theories flow in the infra-red limit to the free theory of
k

the scalar products, (z;z;) = > ,_; z{z§, the “mesons”. The O, (k) theory flows to two

copies of such free theory. For N > k, we propose that there is a duality:

O (k) «— SO(N — k+1)
SO(k) +— OL(N —k +1) (1.1)
O_(k) «— O_(N —k+1).

The theory with gauge group on the left hand side flows to the same infra-red fixed point as
the theory with gauge group on the right hand side with N vectors z',...,Z" and w

singlets s;; = s;; with the superpotential

N

W= s;(@). (1.2)

ij=1

The mesons in the original theory correspond to the singlets in the dual, (z;z;) = s;j.
The symmetry Zy = O(k)/SO(k) in the SO(k) theory corresponds to the quantum Zs
symmetry of the dual O4 (N — k + 1) theory (regarded as a Zg orbifold). In particular,
the “baryons” [z;, - - - x;,] = det(zf,) in the SO(k) theory correspond to twist operators in
the dual O(N — k + 1) theory. There are similar correspondences between Zo symmetries
in the other dual pairs. The duality is tested against non-trivial checks, including 't Hooft
anomaly matching, flow by complex mass deformation, vacuum counting with twisted mass
deformation, comparison of (¢, ¢) and (a, ¢) chiral rings.

We next describe the results for the USp(k) gauge theory with N massless fundamen-
tals, x1,..., 2y, with vanishing superpotential (k = 2,4,6,... and N = 0,1,2,3,...). It
is regular if and only if N is odd. For N < k, there is no normalizable supersymmetric
ground state in both regular (N odd) and irregular (N even) theories. For N = k + 1, the
low energy theory is the free conformal field theory of the mesons, [z;z;] = Zi,b:l x?Jabxé’-,
where J is the symplectic structure defining the gauge group. For higher odd N > k 4+ 3,
there is a duality:

USp(k) +— USp(N —k—1). (1.3)
That is, the theory is dual to the USp(N — k — 1) gauge theory with N fundamentals
z', ..., 7N and W singlets a;; = —a;; with the superpotential
N . .
W= ay[@). (1.4)
ij=1
The mesons in the original theory correspond to the singlets in the dual, [z;z;] = a;j.

Again, the duality is tested against non-trivial checks.
For completeness, we record the results obtained in [2] for the SU(k) gauge theory
with N massless fundamentals, x1,..., 2y, with vanishing superpotential (k = 2,3,4,...



and N =0,1,2,...). The theory is regular when there is no k distinct N-th roots of unity
that sum to zero. For NN < k, there is no normalizable supersymmetric ground state.
For N = k + 1, the low energy theory is the free conformal field theory of the baryons
[z, -+~ x;,]. For N > k + 2, there is a duality between regular theories:

SU(k) +— SU(N — k). (1.5)

That is, the theory is dual to the SU(N — k) gauge theory with N fundamentals 7', ...,z
and vanishing superpotential. [2;, -+ @i, ] = €y igjyjn_p 27! - - ZN-F] is the relation of
the variables. This duality itself was not explicitly stated in [2] but can be proven rather
trivially based on the relation G(k,N) = G(N — k, N) of Grassmannians, just as in the
series of dualities found in [2]. In a way, this is the most fundamental case from which
the members in the series follows by addition of superpotential. It would be interesting to
study SU(k) gauge theories with N fundamentals and M anti-fundamentals. We postpone
the discussion of such theories for future works.

This pattern looks strikingly similar to the results found in A/ = 1 gauge theories in
3 + 1 dimensions [4-6] and [7, 8]; supersymmetry breaking for low (but non-zero) flavors,
quantum deformed moduli space for a “critical” flavor, and duality for supercritical flavors:

SU(k) «— SU(N — k)
SO(k) +— SO(N — k +4) (1.6)
USp(k) +— USp(N — k — 4).

For special unitary groups, the number of fundamentals must be equal to the number of
antifundamentals to avoid the gauge anomaly. For symplectic groups, N must be even to
avoid the global anomaly. There is also a similar pattern in A’ = 2 gauge theories in 2 + 1
dimensions [9-14]. In particular, for supercritical flavors, there is a duality between the

following gauge groups:

U(k) +— U(N — k)
O(k) +— O(N — k +2) (1.7)
USp(k) «— USp(N — k — 2).

There are also versions of duality between theories with Chern-Simons terms. The shift in
rank for the orthogonal and symplectic groups decreases as +4,+2,+1 as the dimension
is reduced from four to two. This suggests an interpretation of our duality in terms of
brane construction, as the charge of orientifold planes decreases by a factor of 2 for each
reduction of dimension by 1.

The present work is motivated by recent development in mathematics concerning equiv-
alences of derived categories (see for example [15] for an introduction). In fact, the direct
motivation came from the paper by Hosono and Takagi [16] in which the authors suggested
an equivalence of the derived categories of two distinct Calabi-Yau manifolds, X and Y, of
dimension three. X is the intersection of five symmetric quadrics in CP* x CP* divided
by the exchange involution, while Y is a double cover over the degeneration locus of the



Figure 1. The quantum Ké&hler moduli space for Hosono-Takagi example.

associated quadratic form on CP* (a determinantal quintic in CP*) which is ramified along
a curve of higher degeneration. This suggests existence of a quantum Kéahler moduli space
of (2,2) superconformal field theories, which has a corner corresponding to X and another
corner corresponding to Y. X naturally leads us to consider a linear sigma model with a

non-Abelian gauge group
U(1) x O(2)

ESESH)Y (18

In the opposite phase, an O(2) subgroup of the gauge group is entirely unbroken, and we
are forced to understand the low energy behaviour of such a quantum gauge theory. We
managed to understand it to some extent, and the result tells us that we indeed have a
ramified double cover over the determinantal quintic, but does not tell us how to construct
it globally. This again forced us to have a better understanding and led us to discover the
non-Abelian duality. In the dual model with gauge group (U(1) x SO(4))/{(£1,+£14)}, the
global ramified double cover Y emerges naturally and completely classically. The dual pair
of linear sigma models play complementary roles at both of the two corners corresponding
to X and Y. If the gauge symmetry is unbroken and a non-trivial quantum analysis is
necessary in one theory, the gauge symmetry is completely Higgsed and purely classical
analysis suffices in the dual theory.

Figure 1 shows the structure of the quantum Kahler moduli space obtained by the
dual pair of linear sigma models. There are three singular points at which Coulomb branch
emerges. One point is special in that there are two copies of a one-dimensional Coulomb
branch. Comparing with the result of [16], this seems to be related to having two BPS
particles that become massless at this point.

The example of Hosono-Takagi can be regarded as a sister of the example of
Rgdland [17] which was the motivation of the work [2]. In that work, we studied a linear



sigma model with gauge group U(2), that is,!

U(1) x USp(2)

(1, 11,)] (1.9)

In this paper, we apply the duality also to this model and find a new picture. We will
also apply the duality to linear sigma models relevant for intersection of quadrics, which
was studied in mathematics [15, 21-23] as the basic example of non-trivial equivalence
of derived categories. This exercise was also useful in refining our understanding of Zg
orbifolds and that resulted in shaping up the duality in the present form.

2 O(1) theories

In this section, we study several two-dimensional (2, 2) supersymmetric gauge theories with
gauge group O(1) = {1, —1}, i.e., orbifolds by the group Zs = Z/2Z.

We start with making general remarks concerning the definition of Zs orbifolds in
supersymmetric field theories.

2.1 General remarks on Zs, orbifolds

Let us consider a (2,2) supersymmetric quantum field theory in 1 + 1 dimensions with
an involutive symmetry 7 commuting with the supercharges. We would like to define an
orbifold with respect to Zo = {1, 7}.

For g,h € {1,7}, we denote by 7 % the g-twisted Witten index on the unprojected h-
twisted Ramond-Ramond (RR) sector. It is equal to the partition function on a torus with
h-twist in the “space” direction and g-twist in the “time” direction. As usual, it receives
contribution only from supersymmetric ground states, and does not depend on the metric
of the torus nor on the distinction between the space and time directions. In particular,

-] = ”=1|;| = -] (2.1)

T 1

we have

This provides constraints and relations concerning the action of 7 and (—1)f" on the twisted
and untwisted sectors.

As an important example, let us consider a theory in which there is exactly a single
supersymmetric ground state in each of the untwisted and the twisted sectors. The first
equality (2.1) means that the twisted ground state must be 7 invariant and hence survives
the orbifold projection. The second equality means that, if 7 acts as the sign &, on the
untwisted ground state, then the action of (—1)f" on the twisted and untwisted sectors are
related by

(=17 = er(-)" . (2.2)

The untwisted ground state survive the projection if €, = 1 but is projected out if e, = —1.
The sign e, is a part of the data of the orbifold which has such a significant effect.

'Tt is interesting to see that the two simplest non-Abelian groups, USp(2) and O(2), appeared in this
way. This reminds us of their réle in discovering the M-theory lift of orientifold six planes [18-20].



In general, Z, orbifolds of theories with spinors always come in pairs — if we can
define an orbifold by a symmetry 7 then we can also consider the orbifold by (—1)f7,
where (—1)* is the operator that acts as the sign flip of all states in the untwisted RR
sector. This was emphasized for superconformal field theories in [24, 25]. It follows from
the operator product rule

NSNS, x NSNS, — NSNS,
NSNS, x RR, — RRy, (2.3)
RR, x RR, — NSNS,

that the switch from 7 to (—1)fs7 does not change the orbifold projection in the untwisted
NSNS sector but reverses the one in the twisted NSNS sector. For later use we record
the effect:

2.4
—1 in twisted NSNS and untwisted RR. (2.4)

(1) { 1 in untwisted NSNS and twisted RR
Dressing by (—1)%* is different from the discrete torsion, which is absent for the orbifold
group Zo as H%(Zy, U(1)) is trivial.

There is a “canonical” choice of orbifold in a class of theories. Let us consider the su-
persymmetric non-linear sigma model with a target Kéhler manifold X. The spectral flow,
or A-twist, provides a linear isomorphism between the space of RR ground states and the
underlying space of the (a, ¢) ring, which is a deformation of the de Rham cohomology ring
Hgr(X,C). Suppose X has an involutive holomorphic isometry 7, with which we would
like to define an orbifold. In the untwisted sector, there is a canonical choice of orbifold
projection: the identity operator must be kept and hence, in the the untwisted (a, ¢) ring,
those corresponding to the T-invariant cohomology classes must remain. Now, the “canon-
ical” choice would be the one that keeps the linear isomorphism between the untwisted
RR ground states and the space of untwisted (a, ¢) ring elements. The non-canonical one
would select the RR ground states corresponding to the anti-invariants in Hqg (X, C). We
shall sometimes denote the orbifold group by Zs(—1)* for the non-canonical choice. As an
important example, let us consider the case where 7 is the identity map of X. In this case,
the unprojected twisted sector is isomorphic to the space of states of the original sigma
model. For either choice of orbifold, the untwisted NSNS and twisted RR sector must
survive the projection entirely. The untwisted RR as well as twisted NSNS sector survive
entirely for the canonical choice, while they are all projected out for the non-canonical
choice. Thus, the canonical orbifold X/Zs is isomorphic to the sigma model whose target
space is the disjoint union of two copies of X, while the non-canonical one X/Zo(—1)s is
isomorphic to the original sigma model on X.

In the course of the paper, we shall introduce the notion of “canonical” or “standard”
Zs orbifold for other type of theories. This will also be extended to the definition of
gauge theories with O(k) gauge group, which can be regarded as Z, orbifolds of SO(k)
gauge theories.



2.2 Massive fields

As the first example, we study an orbifold of the theory of massive chiral multiplets
with respect to the sign flip. Our main interest will be the spectrum of supersymmet-
ric ground states.
One way to give a mass to a chiral multiplet (z,14) is to introduce a superpotential
W= %:c?. (2.5)
An alternative is twisted mass [26] which is given by the following procedure: gauge the
phase rotation symmetry of z, give a value —m to the scalar component of the gauge
multiplet, and then turn off the gauge interaction. A superpotential mass shall be called
a complex mass. Note that a twisted mass is possible only when the phase rotation is a
symmetry. In particular, we cannot give both complex and twisted masses at the same
time, since the phase rotation is not a symmetry of (2.5). To be more explicit, the complex
mass term reads

Loy = —|mP|z> —myp g —mgp_ip,, (2.6)
while the twisted mass term is
Li = —|maf’ — my_ —my_y. (2.7)

Let us consider a Zj orbifold of the theory of (x,14) with the usual kinetic term plus
either of the two mass terms, by the sign flip symmetry,

T (x7w:|:) - (—.%, _wzl:)' (28)

At first sight, the two orbifold theories, one with a complex mass and the other with a
twisted mass, are isomorphic, as one can switch from one Lagrangian to the other by
exchanging ¢_ and 1)_. However, we would like to define the orbifolds with respect to a
common T action on the common space of states. That is, we define them as two different
mass deformations of a given orbifold of a massless chiral multiplet. Then, as we will see,
the two are not isomorphic.

Each of the two theories have one untwisted and one twisted supersymmetric ground
states before the orbifold projection. Let us compare the ground state wavefunctions in the
two theories. There is literally no difference in the dependence on the bosonic field x and
hence our focus will be the fermionic fields 4. The fields, both bosons and fermions, are
integer (resp. half-integer) moded in the untwisted (resp. twisted) RR sector. Let us first
focus on the zero modes in the untwisted sector. The (fermionic part of) Hamiltonians of

the two systems read

Hm = m¢+0¢—0 + m@—(}@—i—m (29)
Hp, = 0¥ _o + M-t 4o (2.10)
The lowest energy states are respectively
m_
0)o + 91 0¥ 0|0)o, (2.11)
m|
_ m—
U 10l0)o + Ww_om)m (2.12)



where |0)g is the state annihilated by 1o and 1)_g. The state |0)) is transformed by 7
to itself up to a sign, since the defining property is 7 invariant. Therefore, 7 transforms
the two ground states, (2.11) and (2.12), to themselves but with opposite signs, as it flips
the sign of 1, 4. Non-zero modes are decoupled into infinite sectors labeled by the absolute
value of the momentum. The lowest energy states in each sector are again different between
the two theories but the Zs orbifold action on them are the same. Therefore, the Zs actions
on the untwisted sector RR ground states are opposite between the two theories, while the
actions on the twisted sector RR ground states are the same. The same computation can
be used to study the Zy action on NSNS sector states, where the fermions are half-integer
(resp. integer) moded in the untwisted (resp. twisted) sector. The Z, actions on the
untwisted sector NSNS ground states are the same between the two theories, while the
actions on the twisted sector NSNS ground states are the opposite.

As remarked in the previous subsection, the twisted sector RR ground state must
survive the orbifold projection, in each of the two theories. On the other hand, whether
the untwisted sector RR ground state survives or not is up to our choice. There are two
possibilities (let [Q)gp resp. ](~2>RR be the untwisted ground state of the theory with a
complex resp. twisted mass): |Q)py is invariant and |§~2>RR is anti-invariant, or [Q)pp is
anti-invariant and ‘Q>RR is invariant. In the rest of the paper, we shall take the latter as our
“standard” convention for the Z, orbifold of a chiral multiplet by the sign flip. Namely:
| rpr is anti-invariant and is projected out, while |§>RR is invariant and survives the
projection. Note that |Q2)pp and |§VZ>RR have opposite statistics, as can be seen from (2.11)
and (2.12). Let us assume that |2)pp is fermionic, and hence |§V2)RR is bosonic. Then, it
follows from the general constraint (2.2) that the twisted ground states in the two theories
are both bosonic. Therefore, under this assignment, we have

Tr(—1)F = { 1 for complex mass (2.13)

] 2 for twisted mass.

What about the NSNS sector? As always, the NSNS ground state in the untwisted sector
is invariant and survive the projection in each of the two theories. To determine the action
in the twisted sector, we note that the theory with a twisted mass has one twisted and one
untwisted supersymmetric ground states. This requires existence of a twist operator in the
infra-red limit. On the other hand, we do not need such an operator for the theory with a
complex mass. From this we conclude that the twisted NSNS ground state is anti-invariant
and is projected out in the theory with complex mass while the one in the theory with
twisted mass is invariant and survives the projection.

The definition and the result for theories with several massive multiplets is obtained
simply by tensor product: let us consider the orbifold of N fields (i.e. NV chiral multiplets)
with complex masses and M fields with twisted masses, by the simultaneous sign flip of all
the N + M fields. Then it has one supersymmetric ground state from the twisted sector if
N is odd, while it has two supersymmetric ground states, one twisted and one untwisted,
if IV is even. The states are all bosonic, and in particular,

Tr(—1)F = 1 if N is odd (2.14)
2 if N is even.



This result can be extended to the following periodicity phenomenon. We know that
simply adding a massive field to a system does not change the infra-red behaviour. Does it
hold also in orbifolds? Suppose we have a Zs orbifold of a 2d (2, 2) supersymmetric quantum
field theory A by its involutive symmetry 74. Let us add to A a single chiral multiplet x
with a complex or twisted mass and mod out the combined system by 7 = (7.4, 7,) where
T, is the sign flip symmetry considered above. At energies below the mass of z, relevant
states in each sector are the tensor product of states of the A system with the ground
state of the x system in that sector. By the transformation property of the ground states
learned above, we find that the orbifold projection in this theory is the same as the one for
A/74 if z has a twisted mass. On the other hand, if  has a complex mass, the projection
is the same as A/74 in the untwisted NSNS and twisted RR sectors but is opposite to
A/T4 in the twisted NSNS and untwisted RR sectors. This lead us to claim that (at low
energies) the combined orbifold theory is equivalent to the original orbifold A/T4 when x
has a twisted mass, while it is equivalent to the other orbifold A/(—1)¥>74 when x has a
complex mass. A similar conclusion holds if we combine A with N fields with complex
mass and M fields with twisted mass: the combined orbifold system is equivalent at low
energies to A/74 if N is even and to A/(—1)Fs74 if N is odd.

Embedding into linear sigma models. We now show that the above “standard” choice
of Zy orbifold appears naturally as a part of linear sigma models. Let us consider a U(1)
gauge theory consisting of a field p of charge —2 and fields z1,...,zy5 of charge 1. First
let us set W = 0 and give no twisted mass. When the Fayet-Iliopoulos (FI) parameter 7 is
negative, the D-term equation —2|p|? + Efi | |i|?> = r requires p to have a non-zero value,
breaking the U(1) gauge group to its Zg subgroup. In the limit » — —o0, only x’s remain
as massless degrees of freedom and we obtain the free orbifold CV /Zy by the simultaneous
sign flip of x1,...,xn. We study deformations of this linear sigma model that correspond
to giving complex and twisted masses to x’s in the orbifold.
Let us first consider turning on the superpotential

W =p(x?+---+2%). (2.15)

The theory at » — —oo is now the Landau-Ginzburg (LG) orbifold of the variables
x1,...,zy with superpotential W = 22 + .- + a:?v by the simultaneous sign flip. That
is, a Zo orbifold theory where all N variables have complex masses. The main question is:
is it the “standard” one or the other one? To see this, let us analyze this linear sigma model
in detail. In the regime r > 0, z’s have non-zero values, breaking the gauge group com-
pletely, and the theory reduces to the non-linear sigma model on the quadric hypersurface
QN2 ={2?+ - +2% =0} of CP"~!. We may also have Coulomb branch vacua. The
effective twisted superpotential for the scalar component o of the U(1) vector multiplet is

Wer = —(—20)(log(—20) — 1) — No(logo — 1) — to, (2.16)
for t = r — 0 where 6 is the theta angle. The Coulomb branch vacua are found by solving
OsWegg = 0 (mod 27iZ), i.e.,

oN7Z = 4e 7t (2.17)



The detail of the theory depends on N. Let us begin with the case N = 2, where the axial
U(1) R-symmetry is anomaly free and the FI parameter r does not run. We expect that the
Witten index is constant if we move r from r < 0 to r > 0 as long as we avoid the point
e! = 4 (which supports a non-compact Coulomb branch). At r > 0, we have the sigma
model on the quadric Q° = {z# + 23 = 0}, which is the set of two points. Its Witten index
is of course 2. Hence our LG orbifold at r — —oo should also have Witten index 2. Let us
next discuss the case N = 1, in which the FI parameter runs from negative to positive under
the renormalization group (toward longer distances). The theory describes a flow from the
LG orbifold. The quadric Q=1 = {2? = 0} is empty, but we have a single Coulomb branch
vacuum at o = e'/4. Thus the theory has a unique supersymmetric ground state. Finally,
we discuss the case N > 2 where the FI parameter runs from positive to negative. The
theory is a flow from the sigma model on QV~2 to our LG orbifold or to one of the N — 2
Coulomb branch vacua. Hodge number A%/ of the quadric Q=2 is (see, for example [21])

2 0 otherwise.
0 otherwise,

1 i=j# 82 o

Neven: { 2 i=j=%2 " Nodd: {1 e (2.18)
In particular, the total number of supersymmetric ground states of the sigma model is N
for even N and N — 1 for odd N. Subtracting the number N — 2 of the Coulomb branch
vacua, we obtain 2 for even N and 1 for odd N. To summarize, for all N, the result of
the linear sigma model agrees with the result, e.g. (2.14), for our Zs orbifold. This means
that the Zs orbifold that appears at the r — —oo limit of the linear sigma model is the
“standard” one in our convention.

Next, let us consider another deformation. Instead of turning on the superpotential,
we give twisted masses with twisted masses 0,m1,...,my to p,z1,...,xx. In the limit
r — —00, the theory reduces to the Zsy orbifold where all N fields have twisted masses. In
the r > 0 regime, the classical vacuum equations read

N
—20p> + > |
=1

= 7’”
op=(c—mq)ry == (c —my)zry =0, (2.19)
op = (5—%1)$1 == (E—%N)xN = 0.
If the twisted masses are distinct, there are N solutions at o = mq, ..., my, each of which

breaks the gauge symmetry completely. The vacuum equation on the Coulomb branch
reads 0, Weg = 2log(—20) — Zfil log(c —m;) —t =0, or

40% = el(oc —my) -+ (0 — my). (2.20)

Let us first analyze the system with N = 1, which describes a flow from our Zs, orbifold.
The equation (2.20) has two solutions, both of which go indeed to o = 0 in the ultra-violet
limit ¢ — —oo. In the infra-red limit ¢ — 400, one solution goes to o = m and the other
solution goes away to infinity as o ~ e'/4. The former supports the vacuum at r > 0
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corresponding to the single solution to (2.19), while the latter is a Coulomb branch vacuum.
The theory indeed has two bosonic ground states. Next, let us consider the case N = 2
where 7 does not run. In the r > 0 regime, we observed two classical vacua solving (2.19).
Let us check if that is everything. The equation (2.20) has two solutions (except at et = 4);
at r > 0 the two solutions are at o ~ mq and ms and indeed correspond to the two classical
vacua, and at r — —oo the two solutions both go to ¢ = 0 which is the right value for our
Z- orbifold theory. Therefore, we did not miss anything and can conclude that the Witten
index is 2 at any value of ¢ (except e’ = 4) and in particular at t — —oo. For N > 2, the N
solutions to (2.20) are at o ~ m; in the ultra-violet limit ¢ — 400 and indeed correspond
to the N classical vacua solving (2.19). In the infra-red limit, two of them go to ¢ — 0
while other (N — 2) go away to infinity. This again confirms that our Zs orbifold has two
bosonic supersymmetric ground states. To summarize, for all NV, the result of the linear
sigma model agrees with the result for our Zy orbifold. This ought to be the case as we
have already confirmed that the Zs orbifold that appears at r — —oo limit of the linear
sigma model is the “standard” one in our convention.

2.3 Corank 1 degeneration — branched double cover of C or its orbifolds

Let us next study the LG orbifold of (N + 1) variables, x1,...,zy and z, with the super-
potential
W =za? + 224+ + 2%, (2.21)

modulo the Zqy generated by
T:(z,21,...,aN) — (2, —21,...,—ZN). (2.22)

By the periodicity mentioned earlier, the low energy behaviour of the theory depends only
on N mod 2. The superpotential is quadratic in x;’s with coefficients depending on z. At
z # 0 it is non-degenerate, i.e. the Hessian matrix is of maximal rank, but as z approaches
0 the rank goes down by 1. In the region where |z| is large enough, the fields x; are massive
and can be integrated out first. This system of z’s, as we have learned, has a single (N
odd) or two (N even) massive vacua. Thus, in the region of z away from the origin z = 0,
we have the theory of the variable z without potential if N is odd. If N is even, we have
two copies of the free theory of z, that is, the sigma model whose target space is a double
cover of the z-plane. Of course this argument does not tell anything about the behaviour
near z = 0, which will be the main point of the discussion.

Even N. Let us first study the N even case. We take N = 2 for simplicity. We employ
a certain deformation of the linear sigma model introduced in the previous subsection: the
U(1) gauge theory with four fields of the following charges

p T T2 Z

2.23
-2 1 1 0 ( )

with the superpotential
W = p(za? + 23). (2.24)
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The vector and axial U(1) R-symmetry exists and the FI parameter r does not run in this
theory. In the limit r — —o0o, we recover the Zs orbifold under discussion. In the positive
r regime, we have a sigma model whose target space is the hypersurface

zx? 4+ 22 =0 (2.25)

in CP'xC = {([z1 : 2], 2)}. The equation (2.25) and the D-term constraint —2|p|?+|z|> =
r > 0 requires that x; must be non-zero, and we may use an inhomogeneous coordinate
Z = ixe/x1. The equation (2.25) then reads

z =7 (2.26)

This means that z provides a global coordinate of the hypersurface. In particular the hy-
persurface is the complex plane C as a complex manifold. The metric is smooth everywhere
and has an asymptotic form ds? o |ZdZ|? as |Z] — oo, which shows that the Euler density
integral is —1, i.e., the curvature is mostly negative. We expect that the metric flattens
under the renormalization group, and the theory flows to the free conformal field theory of
the variable z. This holds for any large positive values of r and hence for all values of r by
the absence of singularity except at a point in the FI-theta parameter space. Therefore we
conclude that the LG orbifold for even N flows in the infra-red limit to the free conformal
field theory of a single complex variable Z that is related to z via (2.26). Note that the
z-plane is indeed a double cover of the z-plane in the region away from z = 0. It is a
branched double cover with the branch point z = 0. That there is a branched double cover
was also argued in [28] using Berry’s phase.

As in any other Zs orbifold, our LG orbifold has the quantum Zy symmetry. If we take
the orbifold by this symmetry, we must get back the LG model before the orbifold (see,
for example [27]). In that theory, the (x1,z2) system for a given non-zero z has a unique
zero energy ground state with a mass gap. Thus, we expect a single cover of the z-plane
at least away from z = 0. This is achieved only when the quantum Z, acts on z as

z— —Z (2.27)
In particular, the variable Z is a twist field of the orbifold theory.

Unfolding the Zs. At this occasion, let us discuss more about the LG model before the
orbifold. In the absence of orbifolding, the models for all N are equivalent at low energies.
Thus, we may assume N = 1 where we write © = x;. From what we have just seen, we
can say that it is dual to the orbifold of the free theory of Z by (2.27). However, as always,
we need to specify the orbifold action in the untwisted RR sector. We claim that it is the
non-standard one: the LG model of variables = and z with superpotential W = zx? flows in
the infra-red limit to the free orbifold conformal field theory C/Zo(—1)Fs. Or equivalently,
it is dual to the Zo orbifold of the theory of two variables, z without mass and y with a
complex mass, by the simultaneous sign flip (Z,y) — (=2, —7).

This can be derived as follows. We have seen that the LG orbifold (W = z2? +23)/Z-
is dual to the free theory of C = {Z} with the relation z = 22. Let us add one variable
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¢ and perturb the system by the superpotential AW = (z = (Z2. This changes the free
theory of Z to the LG model with superpotential W = ¢z2. In the LG orbifold side, we
have the superpotential W = zx? 4+ 22 + z(. If we integrate out z, we obtain the constraint
¢ = —z% and we are left with the orbifold theory of z1 and x5 with superpotential W = z3.
With the notation change (z, () — (z,2) and (z1,x2) — (iz,y), this is the claimed duality.

Let us do some consistency checks. First, let us give a complex mass to z. This changes
the dual theory to the LG orbifold (W = z2+%2)/Zs which has two supersymmetric ground
states. In the LG side, this corresponds, under z = z2, to deforming the superpotential
to W = za? + z. We find two critical points, (z,2) = (0,i) and (0, —i), which means that
there are two supersymmetric ground states, agreeing with the dual result. Next, let us
give a twisted mass to z. The dual orbifold theory, which has one field with a twisted
mass and another with a complex mass, has one supersymmetric ground state. In the LG
side, we give twisted masses associated with the symmetry where z has charge 2 and = has
charge —1. The scalar potential is

U =222 + |2°|° + |-ma|* + |2mz]?. (2.28)

It has a classical vacuum at the origin (x,z) = (0,0). Let us see what happens when we

turn off the superpotential W = 222

, 1.e., turn off the first two terms. The potential still
has just one classical vacuum at the origin — the vacuum at the origin before turning off W
stays there, and no other vacuum comes in from infinity. Thus, we expect that the number
of ground states does not change if we set W = 0. We know that the W = 0 theory has a
unique RR ground state and hence we expect that the number of supersymmetric ground

states is one in the theory with W = za?

as well. This is confirmed by an exact analysis
in appendix A. We again find that the result matches with the one in the dual. If we had
chosen the dual to be the one without the massive field 3, we would have faced a problem:
the number of ground states would be one (resp. two) if we give a complex (resp. twisted)

mass to z, which does not match with the LG result.

Odd N. Let us next discuss the N odd case. We take N = 3 and employ a chain of
duality and standard relations as follows. We denote by Ay the system of the variables
(z,21,...,2xN) with the superpotential (2.21) equipped with the symmetry (2.22), by Ax /7T
its orbifold equipped with the quantum symmetry 7, by B the system of one massless
variable Z and one variable y with a complex mass equipped with the symmetry 7 : (2,y) —
(—=Z,—7), and by C the system of one massless variable z equipped with the symmetry
7 :Z — —z. We denote by Hglstsg (A) resp. H;rslﬁsg(A) the space of invariants resp. anti-

invariants in the g-twisted NSNS sector of a system A, and similarly for the RR sectors.
Then, we have the following equalities,

HEI;NS1(A3) - %Elstm(AQ) - HEISVNS1(A2/T) - HEISVNM(B) - %?;NS1(C)
i, (A9) = PR (D) = PG (Ao/r) = P35, (B) = i, 00 o
Hpw (As) = HI(A2) = HIY (As/1) = Hiv (B) = HIY (C)
HIY (Ag) = HI (As) = HEI(A/r) = HI(B) = H (C)
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The first equality comes from the relation (As,7) = (Ag,(—1)%*7). The second equal-
ity is the standard relation between an orbifold (A, 7) and its quantum symmetry orb-
ifold (A/7,7) (see, e.g. [27]). The third equality follows from the duality found above,
(A2/7,7) = (B, 7). The fourth equality comes from the relation (B,7) = (C, (—1)**7). The
conclusion is that our LG orbifold with N = 3 (and hence for any odd N > 1) flows in
the infra-red limit to the free orbifold conformal field theory C/Zy (the standard one). It
matches with the expectation that the theory is a free theory of z = Z? in the region away
from z = 0. Note that the twisted and untwisted sectors are exchanged in the RR sector.
This means that the quantum symmetry of the LG orbifold corresponds in the dual orbifold

C/Z> to the quantum symmetry combined with the symmetry (—1)¥ which is defined by

1 in the NSNS sector
_NF = 2.
(=1) { —1 in the RR sector. (2.30)
2.4 Corank 2 degeneration — conifold with r =0 and 0 =«
As the final example in this section, we consider the Zs LG orbifold
W = az? + 2cay + by? (2.31)
(xayaav b7 C) — (—l', —Y,a, ba C)' (232)
As long as (a, b, ¢) is away from the degeneration locus
ab = 2, (2.33)

the fields (z,y) are massive an can be integrated out: the result of section 2.2 tells us that
the sector of (z,y) mod Zy has two massive vacua. That is, we have a double cover of
the open subset ab # ¢? of the (a, b, ¢)-space. Near the degeneration locus (2.33) but away
from the origin (a,b,c) = (0,0,0), we may find a coordinate change, (z,y) — (2/,y’), so
that the superpotential is expressed as

W = (c* — ab)2”? + . (2.34)

The result of section 2.3 then tells us that the double cover is branched at the locus (2.33),
i.e., of the form
¢ —ab=d>. (2.35)

The main question is the behaviour of the theory near the origin. Note that the equa-
tion (2.35) is the one for the conifold. Thus we expect that the theory is related in some
way to that of the conifold. This is also what is observed in [28]. We would now like
to know the precise relation to the conformal field theory associated with resolution or
deformation of the conifold.

We consider a U(1) gauge theory with six fields of the following charges

p Ty
g (2.36)

a b ¢
-2 000
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with the superpotential
W = p(az? + 2czy + by?). (2.37)

In the r — —oo limit, we recover the LG orbifold under question. The theory is singular
at the value of t = r — i where there is a non-compact Coulomb branch. The latter
exists when te = 9, Weg vanishes modulo 27iZ, where Weg (0) = —(—20)(log(—20)—1) —
20(logo — 1) — to. The singular point is therefore

el = 4. (2.38)
In the r > 0 regime, we have a sigma model whose target space is the hypersurface
az® + 2cxy + by* =0 (2.39)

in CP! x C? where z, y are the homogeneous coordinates of the first factor CP! and (a, b, ¢)
are the coordinates of the second factor C3. This is indeed a resolved conifold: there are
two solutions for (z,y) if (a,b,c) is away from (2.33) and one solution if it is at (2.33)
except at the origin (a,b,c) = (0,0,0) where arbitrary (x,y) solves the equation. That is,
the entire CP! sits on the hypersurface at the origin of C3. More explicitly, if we set

d:{aac/y—i-c y#0 (2.40)

—by/x—c x#0,
then, a, b, c,d satisfy the conifold equation (2.35). Thus, we conclude that the LG orb-
ifold (2.31)-(2.32) belongs to a one parameter family of theories that also includes a large
volume limit of the resolved conifold.

At this point, we recall that there is another one parameter family that includes a
large volume limit of the resolved conifold — in fact two large volume limits. It is obtained
from the following U(1) gauge theory with vanishing superpotential with the following

matter content:
up uz vV U2

1 1 -1 -1 (2.41)
This one parameter family has one singular point
el =1. (2.42)
r > 0 and r < 0 are the two large volume regimes. If we set
a=uvy, b=usvy, c= M, d= w (2.43)

then, a, b, ¢, d obey the relation (2.35).

Now let us ask whether the LG orbifold (2.31)-(2.32) belongs to the second family.
We propose that it is the theory at et = —1. We give two evidences for this proposal. One
is existence of a discrete symmetry. What is special about the theory at e! = —1 is that it
has an extra Zo symmetry. Let us consider the transformation

(u1,U2,U1,U2,V) — (U17U27u17u27_v)7 (244)
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where V' is the vector superfield for the U(1) gauge symmetry. This reverses the FI-theta
parameter, r — —r, § — —6, and hence is a symmetry of the theory only at (r,8) = (0,0)
and (0,7). But (r,0) = (0,0) is the singular point, see (2.42). Thus, the theory at
(r,0) = (0,m) (i.e. e® = —1) is the only regular theory that possesses the Zs symmetry.
Note that it acts on the U(1) invariants (2.43) as

a—a, b—b c¢c—ec, d— —d. (2.45)

We propose to identify this Zs symmetry with the quantum Zs symmetry of the LG
orbifold (2.31)-(2.32). Indeed, as discussed in section 2.3, the quantum symmetry acts
as the exchange of the two sheets over the (a,b,c) space away from the degeneration
locus (2.33). That is, it must exchange the two solutions for d of the equation (2.35),
which is nothing but the transformation (2.45).

To provide another evidence, let us discuss the relation between the two families. We
write ¢ (resp. ta) for the Fl-theta parameter of the first (resp. second) family. Recall that
the singular points are at e‘* = 4 in the first family and e’ = 1 at the second family.
We first find the relation between t; and to by assuming the proposal. We expect that
the relation is generically one to two, where one value of ¢; corresponds to two values of
to related by to — —t5. This requires the relation of the form eft = f(e'2 + e~2) for
some rational function f(x) of degree 1. The relation between the singular points, large
volume limits, and the Zy symmetric points requires the function f(z) to satisfy f(2) = 4,
f(00) = 00 and f(—2) = 0 respectively. This fixes the relation as

e = e+ e 42, (2.46)

The main point of the second evidence is that this relation can be supported by the Picard-
Fuchs equation for the central charges of B-type D-branes. Recall that the central charge
is expressed as the period integral of some differential form for the corresponding A-branes
in the mirror system, and satisfies Picard-Fuchs differential equation [29, 30]. The mirror
for the second family is known and the equation reads as

d2
— 11 = 0. 2.47
i (2.47)
The mirror for the first family is not known but the dualization of the charged sector as
in [30] leads to the following equation

d? d d
—H=e"(2——-1)2—IL 2.48
de? ¢ ( dty > dty (248)

The two equations (2.47) and (2.48) are equivalent provided that t; and ¢o are related
by (2.46). This is a strong support for the relation (2.46), and in particular the proposed
identification of the LG orbifold (2.31)—(2.32) as the theory of the second family at
ez = —1.
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3 O(2) theories
The group O(2) is isomorphic to the semi-direct product
0(2) =2 S0(2) x Zy, (3.1)

where Zs is generated by the reflection 7 with respect to the first axis,

10
T:<0_1> (3.2)

which acts on SO(2) = U(1) by the group inversion. By this, an O(2) gauge theory can
be regarded as a Zg orbifold of a U(1) gauge theory. For example, if the O(2) theory
consists of N fields in the fundamental representation (i.e. the doublet, 2), z; = (z},22)"
(i = 1,...,N), then, u; = z} +iz? and v; = x} — iz? have U(1) charges +1 and —1

respectively, and the generator 7 of the orbifold group acts on the fields as
T (up,v1,. .., un, N, V) — (v1,u1, ..., 08, un, —V). (3.3)

To be precise, the U(1) gauge theory is specified only when its FI-theta parameter ¢t = r—i6
is specified. But (3.3) reverses its sign, t — —t. Therefore, it is a symmetry only at ¢t = 0
or t = mi (mod 27miZ). But one of them is a singular point in the one parameter family
of U(1) theories because of the emergence of a non-compact Coulomb branch. By looking
at the effective twisted superpotential, we find that the singular point is t = 7N (mod
2miZ). We decide not to consider such a theory with a non-compact flat direction. Thus,
we take the other value

t=mi(N+1) mod 27iZ. (3.4)

This applies whether or not there is a superpotential for the matter fields. When N is
odd, we can take t = 0 as the tree level FI-theta parameter. When, N is even, we should
take t = mi (mod 2miZ). Alternatively, in the latter case, we may take ¢ = 0 but introduce
one additional doublet x4 with a superpotential W = 3 (zyy12n41), as a regulator
to prevent the singularity due to Coulomb branch. This works no matter how the mass
m is large.

As always, we need to and will specify the Zs orbifold action on the space of states.
As an important point, the Zs action depends on the choice of “regularizations” for the
even N case — (i) setting t = mi without introducing xx41 or (ii) setting ¢ = 0 while
introducing xn41. Switching from one to the other has an effect of dressing the generator
by (—1)fs as we have learned.

3.1 Yang-Mills theory and QCD with complex mass — supersymmetry break-
ing
Let us first study the theory without a matter field, i.e., the O(2) “Yang-Mills” theory.

According to our definition, it is the orbifold of the Maxwell theory with r =0 and 8 = =
by the Z5 that flips the sign of the vector multiplet fields V' = (v, o, A). (Definition using
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a regulator field will be included in the massive QCD below.) We formulate the theory
on the circle of length L. Let us first consider the untwisted RR sector, where we impose
the periodic boundary condition on all fields. The energy spectrum from the U(1) gauge
field v, is

2L (1 2
En:e<—2+n>, neZ, (3.5)

where e is the gauge coupling. This is interpreted as the energy from the electric field
e? (=3 +n), where —e?/2 is the background value associated with 6 = 7 [31] and e®n is
from the conjugate momentum for the Wilson line. The remaining degrees of freedom,
o and A, has the usual free massless Lagrangian. Thus the states of the Maxwell theory
is decomposed into sectors labeled by n € Z. The orbifold generator 7 must reverse the
electric field, e? (—% + n) — —e? (—% + n) Thus, it acts on the sectors as

7:(n,0,\) — (—n+1,—0, —A). (3.6)

Note that the sectors are permuted and none of them is invariant. In particular, there is
no subtlety concerning the definition of the Zs orbifold action. The orbifold theory may
be identified as the sum of sectors with the label n running only over

n=0,1,23,.... (3.7)

All the states have strictly positive energies. Let us next consider the twisted RR sector,
where we impose the anti-periodic boundary condition for all fields. Gauss law constraint
requires that the electric field is constant. Together with anti-periodicity, this means that
the electric field is constantly vanishing. However, this is in conflict with the definition
of §# = 7 as providing the background electric field €?/2 (mod e?Z). That is, there is no
twisted sector for this choice of the theta angle. To summarize, the theory has no zero
energy state. In particular the supersymmetry is spontaneously broken.

Let us next consider “QCD” with quarks with complex masses, i.e., the theory with N
fundamental matter fields, x1, ..., zN, with a non-degenerate quadratic superpotential, say,

W = (xlxl)—i—---—i—(xNxN). (3.8)

Since all fields are massive, they can be integrated out and we are left with the O(2) “Yang-
Mills” theory. Note that the theta angle for the U(1) has changed from the ultra-violet
value (3.4) to the infra-red value f.g = 7. The treatment of the untwisted RR sector is
as in the Yang-Mills theory. In particular, there is no zero energy state there. Unlike in
the pure Yang-Mills, the theory does have a twisted RR sector. Gauss law constraint now
takes the form

1
o) (€2F01) =4° (3.9)

where 59 is the charge density. We may have a configuration as depicted in figure 2 that is
compatible with Gauss law constraint, the anti-periodic boundary condition, and f.g = 7.
All of such configurations have strictly positive energies. Hence, the supersymmetry is
spontaneously broken.
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Figure 2. A consistent profile of the electric field in the twisted sector.

3.2 Twisted mass — defining the Zs orbifold

Let us next discuss the O(2) gauge theory with N doublets z1,...,zy now with twisted
masses mi,...,my. Our focus will be the spectrum of supersymmetric ground states.
Through the course of the analysis, we specify the precise definition of the Zs orbifold (for
the massless theory as well).

The classical vacuum equation reads as follows:

N N
D lul* =3 loil,
=1 i=1
(U - ﬁzz)uz = (—(T — 77%)1}1 = 0, V’i, (3.10)

(5 — %l)u, = (—E — fﬁz)vz =0, Vi

We choose m; to be generic. In particular, we assume m; +m; # 0 for all ¢ and j. Then,
there is no value of ¢ at which both u and v can be non-zero, and hence u = v = 0 is
enforced by the first equation. In particular, the doublets are all massive at every value of
0. Hence we can integrate them out and study the effective theory for the vector multiplet.
The effective twisted superpotential for o is

Wer = — > (0 —my)(log(o — ;) — 1) = > (—0 — my)(log(—0 — i) — 1)
i=1 i=1
(N + 1)o, (3.11)

and the vacuum equation reads

N N
[1(o =) = (DN T (~0 — ). (3.12)
=1 1=1

The equation is of order N and is symmetric under the Zs orbifold action
o o (3.13)

If m; are generic and in particular m; + m; # 0, the solutions are distinct and are away
from the forbidden region o = +m,; where (3.11) cannot be trusted.

When N is even, there are % pairs of non-zero solutions. Since these solutions break
the Zy orbifold symmetry (3.13), there no need to consider the twisted sector, nor enters
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the subtlety of defining the Zs orbifold. Thus, quite simply, there are % supersymmetric

ground states.

When N is odd, there are % pairs of non-zero solutions, and one solution at o = 0 at
which the orbifold group is unbroken. There are % supersymmetric ground states from
the Zs breaking solutions. The main issue is the spectrum at the Zs symmetric solution

o = 0. The effective superpotential near that solution is

Weff:<~1+--~+~1>o2+--~ (3.14)
mq my

where the ellipses stand for a constant and higher order terms. Even though we are
considering the U(1) gauge multiplet, we can effectively treat the system as the Zy orbifold
of just a single twisted chiral multiplet of this superpotential. Before the orbifold projection
there are two supersymmetric ground states, one twisted and one untwisted. As always,
the one in the twisted sector is invariant and survives the orbifold projection. On the
other hand, we must make a choice concerning the projection in the untwisted sector.
We shall call the orbifold “standard” if the untwisted RR ground state is invariant and
survives and “non-standard” if it is anti-invariant and is projected out. We shall denote the
corresponding gauge group O (2) for the standard orbifold and O_(2) for the non-standard
one. Under this definition, the total number of ground states is

N -1 N +3
L 49— NES in O4(2) theory
2 2 (3.15)
N -1 N+1 .
5 +1= —— n O_(2) theory.

This definition of orbifolds for odd NV can be extended, by continuity, to the theories where
the twisted masses are turned off and then the superpotential is turned on. In particular,
we have a definition for the theory with even N plus an additional doublet with a complex
mass (the “regulator”).

Embedding into linear sigma models. This definition can be compared with a ge-
ometrical setting where the notion of canonical or non-canonical orbifolds already exists
(see section 2.1). This is done via a linear sigma model. Let us consider for odd N the
theory with gauge group (U(1) x O(2))/{(£1,£12)} consisting of a field p in the repre-
sentation (—2,1) with zero twisted mass and fields xj,..., 2y in the representation (1,2)
with twisted masses my1,...,my. In the regime where the FI parameter 7y ;) for the U(1)
factor is negative, the field p must have a non-zero value and breaks the U(1) to {1}, that
is, breaks the gauge group to simply O(2). In the limit ry(;) — —o0, the theory reduces to
the O(2) gauge theory we are discussing. We would like to study this linear sigma model
and in particular look what we have at the other regime ry) > 0.

We can write the gauge group as (U(1) x U(1))/{(£1,£1)} x Zy. The FI-theta pa-
rameter of the first U(1) is unconstrained but the one for the second U(1) must be zero
since we have an odd number of doublets. We shall reparametrize the continuous part of
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the group as

U(1) x U(1)
{(£1,£1)}

[(g. )] +— (gh,gh™")

The FI-theta parameters must be equal between U(1); and U(1)y and are denoted by

>~ U(1); x U(1)s. (3.16)

t =r —i#; r is a free parameter of the theory when N = 1 while it runs from positive to
negative when N > 2. The matter fields are p of charge (—1,—1), u;’s of charge (1,0) and
v;’s of charge (0,1) with respect to U(1); x U(1)s. The symmetry 7 acts as the exchange
of U(1); and U(1)2 as well as u’s and v’s.

At r > 0, the classical vacuum equations for the scalar fields are

—lp* + [ul* = —|p* + [v]* =,
(01 — ﬁzl)uz = (02 — mz)vz =0 Vi, (01 -+ 02)}9 =0, (3.17)
(o1 — my)u; = (G2 —m;)v; =0 Vi, (1 +02)p =0, (3.18)

where o1 and o9 are the scalar components of the vector multiplets for U(1); and U(1)q. If
m; are distinct, there are N2 solutions: (01, 09) = (M4, M4,) With |u;, |? = |vs,|? = 7 and all
other u’s and v’s and p are zero. Note that the Zy orbifold group is broken at the N? — N
solution with i1 # io while unbroken at the N solutions with iy = is. Each pair of broken
solutions yields one supersymmetric ground state while each unbroken solution yields two
vacua (one twisted and one untwisted) for the canonical orbifold and one twisted vacuum
for the non-canonical one, in the sense of section 2.1. Thus, the total number of vacua is

2 _
u + 2N for the canonical orbifold,

3.19
N2 N (3.19)

2
If m; are not distinct, say all equal (write it m), then, there is a continuum of solutions
at 01 = o9 = m with |u|?> = |v|*> = r and p = 0. The solution space is CPV~1 x CPV !
on which the Zs orbifold group acts as the exchange of the two CPN~! factors. The

+ N for the non-canonical orbifold.

supersymmetric ground states in the untwisted sector are in one to one correspondence
with invariant resp. anti-invariant cohomology classes of CP™Y =1 x CPY~! for the canonical
resp. non-canonical orbifold. If Hy and Hs denote the hyperplane classes of the first and
the second CPV~! factor, invariant resp. anti-invariant cohomology classes are of the form
H{Hg + H{Hﬁ resp. H{H% - H{H%, with 0 < 4,5 < N — 1. An elementary count finds
that the total number of such classes is & 22+ N resp. N 22_ N On the other hand, the twisted
sector ground states are in one to one correspondence with the cohomology classes of the
diagonal CP™~! (there are N of them), for both orbifolds. Thus, the total number of
ground states is

N2+ N
e + N for the canonical orbifold,
2
(3.20)
N2 _-N
— + N for the non-canonical orbifold.
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The result of course matches with (3.19), including the separation into twisted and un-
twisted sectors.

In order to compare this result with the O(2) gauge theory at r — —oo, let us look
into the Coulomb branch vacua. The effective twisted superpotential is Weff = —(—01 —
o2)(log(—o1 —02) —1) = >, i(0a —m;)(log(oq — m;) — 1) — (01 + 02), and the extremum

equation reads,
N N

H(0'1 — T?LZ) = H(O’Q — T?LZ) = —eit(O'l + 0'2). (3.21)

i=1 i=1
The are N? solutions — N of them have o7 = o9 (Zo preserving) and N2 — N of them
have o1 # 09 (Z2 breaking). In the limit r — 400, the solutions behave as o1 — my,
and o9 — m,;, for some i; and i3. Thus, they all correspond to the classical vacua at
r > 0 studied above. At r — —o00, some of the solutions have o1 4+ 09 — 0 and correspond
to vacua of the O(2) gauge theory under consideration, while the others have divergent
values of o1 + 02 and have nothing to do with the O(2) gauge theory. Among the Zy
preserving solutions, one of them goes to (0,0) as o1 = 03 ~ —3 € 1Y, (—;), while the
other N — 1 diverge as 0¥ ~! ~ —2e~*. Among the Zo breaking solutions, (N — 1)? of
them are divergent as oy ~ woy (WY = 1,w # 1) and o' ' ~ —e7(1 + w), while the rest
(N — 1 solutions) are finite and hence has o1 + 02 — 0 in the limit » — —oco. Among the
ground states in (3.19) or (3.20), those from the solutions with o1 + o2 — 0 in the limit
r — —00 are

NT_ + 2 for the canonical orbifold,

N% + 1 for the non-canonical orbifold.

This is in perfect agreement with (3.15), provided that the “standard” O, (2) theory cor-

(3.22)

responds to the canonical orbifold in the geometric setting at » > 0 and “non-standard”
O_(2) theory corresponds to the non-canonical orbifold.

3.3 Massless QCD — a dual description

Single flavor. Next, let us consider the massless “QCD” with one flavor, i.e., the theory
with a single fundamental matter field z = (2!, 22)7 with no superpotential nor twisted
mass. It is a Zy orbifold of the U(1) gauge theory with » = # = 0 consisting of fields u, v

of charges 1, —1. We have a single generator of the O(2) invariants
a = (zx) = (") + (2%)? = v, (3.23)

which is also the generator of the U(1) invariants.

Let us first study the U(1) theory before the Zs orbifold. It has no Coulomb branch
since the effective potential at large |o| is €272 /2 by the one loop theta angle. Let us study
the Higgs branch. The D-term equation reads

lul? = |v|?. (3.24)

We find a one-dimensional Higgs branch, parametrized by the invariant a = wv, whose
metric is classically of the form ds? = |dal?/|a|. It is the cone C/Zs and has a conical
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singularity at the origin ¢ = 0. The singularity appears because the metric is obtained by
integrating out the gauge field which is classically massless at a = 0. However, the Coulomb
branch is lifted by the non-zero value of the effective theta angle and the gauge field may
not be massless at a = 0. We propose from this that the conical singularity is smeared in
the quantum theory and that the theory flows in the infra-red limit to the free conformal
field theory of the single complex variable a. That is, the sigma model whose target space
is the complex a-plane C. Relevant mathematical fact is that the ring of C*-invariant
polynomials of v and v is generated by the invariant a = wv, which obeys no relation,

Clu,v]¢” = Cld]. (3.25)

The situation is quite similar to the case of SU(k) QCD with (k + 1) flavors [2], where it
was argued that it is the free theory of baryon variables. Relevant mathematical fact there
was again that the the ring of SL(k, C)-invariant polynomials of (k + 1) fundamentals is
the polynomial ring (with no relation) of the baryonic variables [32].

Let us come back to the O(2) theory, which is obtained by taking a Zs orbifold of the
U(1) theory. In the effective description obtained above, the symmetry 7 acts trivially on
the variable a. Thus, the orbifold is either the sigma model on the disjoint union of two
copies of C = {a} or C = {a} itself (see section 2.1). We claim that our standard choice
yields the former and the non-standard one the latter,

O4(2) with one massless doublet — C LI C (3.26)
3.26
O_(2) with one massless doublet —  C.

This can be shown by the embedding into the linear sigma model discussed in section 3.2:
if we set m; = 0 in the N = 1 model, then the r > 0 theory is the Zy orbifold of
the sigma model whose target space is the total space of the line bundle O(—1, —1) over
“CP" x CP" (i.e. a complex line over a point), where the orbifold acts trivially. The
O (2) theory corresponds, as we have learned, to the canonical orbifold and hence to two
copies of the line C while the O_(2) corresponds to the non-canonical one and to a single
copy of C.

Two flavors. Let us next consider the massless “QCD” with two flavors, i.e., the theory
with two fundamentals, z = (z!,22)” and y = (y',y%)”, having no superpotential nor
twisted mass. It is defined as a Zsg orbifold of the U(1) gauge theory with r =0 and § = =
consisting of fields wuy,us,v1,v9 of charge 1,1,—1,—1. The theory before the orbifold is
something which we have already encountered in the present paper — it is the theory which
is identified with the Zy LG orbifold (2.31)-(2.32) discussed in section 2.4. Furthermore,
the Zs orbifold symmmetry is identified as the quantum symmetry of the Zs LG orbifold.
To be precise, there are two distinct orbifolds, corresponding to O4(2) or O_(2), and only
one of them has that property. Without identifying which is the one, let us proceed for
now assuming that the Zs orbifold symmetry does correspond to the quantum Zs of the
LG orbifold (2.31)-(2.32). Then, the orbifold theory is the LG model before the orbifold

i.e., (changing the notation to avoid possible confusion) the LG model of five variables
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Z,v,a, E,E with the superpotential
W = ai? + 2z + by (3.27)
The relation to the O(2) invariants (zz), (zy), (yy) are

_ ~ ~ Upv2 + ugv
a=uv = (zx), b = ugva = (yy), c= % = (ay). (3.28)
The quantum Zs symmetry (for the orbifold by the Zs = O(2)/SO(2)) acts on the dual

variables as

(Z,7,a,b,¢) — (=%, —7,a,b,0). (3.29)

This is because the quantum symmetry of the quantum symmetry orbifold is the original
orbifold symmetry, which was (2.32) in the previous notation. In particular, the variables
z and y are twist fields with respect to the Zy = O(2)/SO(2).

To find which of O4(2) or O_(2) we are discussing, let us perturb the system by
giving a mass m to one of the two fundamentals, say y, by the tree level superpotential
W = m(yy). In the dual theory, this corresponds to deforming the superpotential to

W = az? + 2623 + bj? + mb. (3.30)

If we integrate out g, then we obtain the constraint 7> 4+ m = 0, which has two solutions
y = +iy/m. For each of them, plugging the value back to (3.30), we may integrate out ¢
yielding the constraint & = 0, which leaves us with the free theory of the single variable
a that corresponds to the invariant (zz). That is, after the mass perturbation, we obtain
the sigma model whose target space is two copies of C. In view of (3.26), we see that this
result is consistent if our theory was the O4(2) theory, i.e., the O4(2) theory with two
massless doublets, = and y, and one regulator doublet z3 with a complex mass. Indeed,
if that is the case, after the mass perturbation, we have one massless doublet z and two
doublets y and z3 with complex masses. Addition of two fields with complex masses have
no effect whatsoever, both in the theta angle and in the Z, orbifold action. Thus, we are
left with the O4(2) theory with a single massless doublet x, whose low energy theory is
indeed two copies of the free theory of the singlet (xx).

To summarize, we found that the O, (2) theory with two massless doublets = and
y s dual to the Landau-Ginzburg model of five variables X, v, 5,5,5 with the superpoten-
tial (3.27). T and y are twist fields with respect to the Zy = O4(2)/SO(2) and the other
variables are the gauge invariant composites, @ = (zx), b = (yy) and ¢ = (zy).

Using the chain of duality and standard relations as in (2.29), we find the dual of
the other theory as well: the O_(2) theory with two massless doublets is dual to the
Zo(—1)Fs orbifold of the Landau-Ginzburg model of five variables T, g,’d,Z,’c“ with the
superpotential (3.27), where the orbifold generator is (z,vy, 5,5,6) = (=z, -7, E,E,a
combined with (—1)%s.

Let us draw some conclusions from these duality relations.
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3.4 Corank 1 degeneration — two or one massive vacua

We consider the theory with N doublets x1,...,xn and a singlet z with superpotential
W =z(x1z1) + - + (zyaN). (3.31)

By the definition of the O (2) theory, the low energy behaviour does not depend on N as
long as N > 1: if N is odd, the theory is defined as it is. If NV is even, it is defined as the
O+ (2) theory with one additional massive field (a regulator). Changing N by one either
does not change anything (i.e. the regulator is reinterpreted as a physical massive field, or
vice versa) or add/subtract two doublets with complex masses, which does not change the
low energy behaviour.

Let us take N = 1 for simplicity. If z is fixed at a value away from zero, the super-
potential for xq is regular and we have supersymmetry breaking. The question is what
happens in a neighborhood of z = 0 and when the fluctuation of z is taken into account.
To see this, we use the dual description. For the theory with gauge group O4(2) (resp.
0O_(2)), the dual is two copies (resp. one copy) of the LG model of two variables, z and a,
with the superpotential

W = za. (3.32)

This superpotential has a unique critical point z = a = 0. Hence the theory has two (resp.
one) massive supersymmetric ground states, with the expectation values

(z2) =0, ((x1z1)) =0. (3.33)

One may also consider the theory with N = 2 and apply the duality obtained above.
The O, (2) (resp. O_(2)) theory is dual to the LG model (resp. Za(—1)F LG orbifold) of
six variables, T,7,a,b,¢ and z, with the superpotential

W = a7% + 2655 + bi* + 2a + b. (3.34)

There are two (resp. one) critical points, T = a = b=¢=2z=0and y = +i. That is, there
are two (resp. one) massive supersymmetric ground states, with the expectation values

(z) =0 and ((z121)) = ((w232)) = ((z122)) = 0.

3.5 Corank 2 degeneration — ramified double cover of C? or its orbifolds

Let us now consider the theory of two doublets, x and y, and three singlets, a, b and c,
which are coupled via the superpotential

W = a(zx) + 2¢(zy) + b(yy) (3.35)
At values of (a, b, c) away from the degeneration locus
ab = ¢, (3.36)

the superpotential gives masses to both x and y. As we learned in section 3.1, there is no
zero energy state in such a theory. Therefore, the low energy theory will concentrate near
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the degeneration locus (3.36). Near that locus but away from the origin, (a, b, c) = (0,0, 0),
we may change the variables to make the superpotential into the form

W = (c* — ab)(2'2') + (/). (3.37)

The result of section 3.4 then tells us that, for the gauge group O4(2) (resp. O_(2)) we
have two (resp. one) zero energy states along the locus (3.36), as far as (a, b, c) is away
from the origin. Thus, we expect to have some kind of double (resp. single) cover over the
degeneration locus (3.36). We would like to find what really is the low energy theory.

Let us apply the dual description for the O4(2) theory. It is simply the LG model of
five plus three variables, z, ¥, a, E,E and a, b, ¢, with the superpotential

W = ai? + 2657 + by? + ad + 2¢¢ + bb. (3.38)

Integrating out a, b, ¢, we obtain the constraints a = b=7¢=0 and we are left with the
theory of T and ¥y only, with vanishing superpotential. Thus, we obtain the conformal field
theory of just two variables x and y, with no constraint and no superpotential. Extremizing
W with respect to a, Z, ¢ finds the relations

a= -3 b=—7>, c=—77. (3.39)

Such an (a, b, ¢) indeed satisfies the equation (3.36). Conversely, for each non-zero (a, b, ¢)
obeying (3.36), the equation (3.39) has two solutions for (z,y), related by the sign flip
(z,y) — (—z,—y). That is, the (Z,y) space is a double cover of the degeneration locus
ab = 2, as expected. Recall that ab = ¢? is the equation defining the A; surface singularity,
which is known to be realized by C2/Zs, and the relations (3.39) exhibit that realization,

C? — C?/Z,. (3.40)

Recall that this Zy symmetry is the quantum symmetry of the orbifold by the
Zy = 04(2)/SO(2) (and hence x and y are twist fields). See (3.29). Note also that a = b =
¢ = 0 means

(zz) = (yy) = (zy) = 0. (3.41)

We conclude that the O4(2) theory flows in the infra-red limit to to the free conformal
field theory of two twist variables, T and y, i.e., the sigma model with the target space C2.
The singlets a, b and ¢ are related to T and y by (3.839). The O(2) invariants, (zx), (yy)
and (zy), vanish in the infra-red fized point theory.

We may unfold the Zy = O4(2)/SO(2) by orbifolding the associated quantum symme-
try. Also, we may use the chain of duality and standard relations as in (2.29). These lead
us to conclude that the SO(2) (resp. O_(2)) theory flows in the infra-red limit to the free
orbifold conformal field theory C?/Zo (resp. C?/Zy(—1)Fs). Here, “the SO(2) theory” of
course stands for the U(1) theory with » =0 and 6 = 7.
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4 Orthogonal groups

In this section, we study low energy behaviour of theories with the orthogonal gauge group,
O(k) or SO(k), with N chiral multiplets in the fundamental representation, i.e., the vector
representation k. We denote the chiral matter fields as x1, ..., xy where each x; is a column
vector of length k, z; = (2¢)q=1,. k. Our main focus will be the theory with vanishing
superpotential for z1,...,2y. The group O(k) is the semi-direct product SO(k) x Zg for
even k, as in O(2) discussed in the previous section, and the direct product SO(k) x Zs
for odd k, where {1} x Zg corresponds to the subgroup generated by the central element
—1j. In either case, the O(k) gauge theory can be treated as a Zs orbifold of the SO(k)
gauge theory. As always, there are two versions of the orbifold, related by (—1). As the
final important point, the groups O(k) and SO(k) have a non-trivial fundamental group

71 (0(k)) = 11 (SO(k)) = Zs  for k > 3. (4.1)

This means that there is a mod 2 theta angle: on a closed two-dimensional manifold, there
are two topological types of principal G bundles for G = O(k) or SO(k), the trivial and the
non-trivial. And the mod 2 theta angle assigns a phase (—1) to the path-integral weight
for the non-trivial G bundle.

4.1 The space of classical vacua

Let us first describe the space of classical vacua — the space of scalar fields that annihilate
the classical potential. We denote the scalar component of the vector multiplet by o. It is
a k x k antisymmetric complex matrix. We write x for the & x N matrix (z¢). The vacuum
equation reads

[0,07] =0,
zat = (xxh)T, (4.2)

or = olx = 0.

The first equation means that ¢ must lie in the complexification of the Lie algebra of a
maximal torus. That is, up to gauge transformations, it is of the form

-0
—01
g1

i resp. @ h , (4.3)
—oy

—oy

oy

o

0

for k = 20 resp. k = 2¢ + 1. The second equation means that zz! is a real symmetric
matrix, and hence it can be diagonalized using the gauge symmetry. With an appropriate

— 27 —



U(N) flavor rotation, we can write the solution as

x = or h (4.4)
Qg

depending on N < k or N > k. The final equation requires that if the number of non-zero
04’8 18 s, then the number of non-zero a;’s is at most k — 2s. Let Cs (resp. H,) be the set
of gauge equivalence classes of solutions for o of rank 2s or less (resp. x of rank r or less).

It has complex dimension s (resp. Nr — T(g;l)) The space of classical vacua is

M= CJ (CS X Hk_gs), (4.5)

§=Smin

where spin = 0if N > k — 1 and Spin = [@} if N <k—2. When N > k — 1, there
is a Higgs branch Cy x Hj in which x is generically non-zero and breaks the gauge group
completely (or to a Zy subgroup for the O(k) theory with N = k—1). When £k is even, there
is a Coulomb branch Cy x Hy in which o generically has the full rank k. Other components
are the mixed Coulomb-Higgs branches where both z and o are generically non-zero.

4.2 Regularity

Classically, the gauge theory reduces at low energies to the non-linear sigma model whose
target space is the classical vacuum moduli space (4.5). This space is singular and non-
compact, and hence we do not know if we have a sensible theory in the infra-red limit, or at
least the fixed point theory must be described by something very much different from the
sigma model for (4.5) [33, 34]. Here we would like to discuss the possibility that quantum
corrections lift all non-compact flat directions in o, i.e., Coulomb and all possible mixed
branches. We shall refer to such a theory as a reqular theory. Regularity is judged by the
effective twisted superpotential Weﬁ‘ for 0,’s. By non-renormalization theorem, this is not
affected even if the superpotential for the matter multiplets is introduced. In particular, if
the theory is regular, by introducing a superpotential that lifts the Higgs branch, we can
obtain a (2,2) superconformal field theory with discrete spectrum at the infra-red fixed
point. We would like to compute Weﬁr and find a criterion for regularity.

Let us first consider the Coulomb branch Cy x Hy for the k even case (k = 2¢). If o,’s
are chosen so that |o,| and |0, £ 04| for a # b are all non-zero, we have either massive
multiplets or the massless vector multiplets for the maximal torus U(1)¢. To obtain the
effective theory for the latter, we integrate out the massive modes, consisting of the chiral
multiplets z; and the “off-diagonal” vector multiplets V¢,. Let us first consider the vector
multiplets. The contribution to Weg can be found [35] by looking at the mass terms for
the gaugino,

- (X_ [0y Ay] + Ay o, /\_]>. (4.6)
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For a # b, those which are charged under U(1), x U(1), are in the 2 x 2 block, V¢, for
¢ =2a—1,2a and d = 2b — 1,2b, and have masses +o0, + 0}, (all the four possible sign
combinations). The contribution to Wegt of these four multiplets is mi(oq—0p) +mi(0q+0p)
which vanishes modulo 27¢ times o,’s. Computation of the contribution from the massive
chiral multiplets is standard, —>_, ,o4(logo, — 1) — >, ,(—04)(log(—0,) — 1), which is
miN )", 04, again modulo 27i times o,’s. The total is

4
Wegt = miN Y _ 04, (4.7)
a=1

Let us next consider the k odd case (k = 2¢ + 1) and look at the mixed branch
Cy x Hy. In this case, computation depends on the location of = in Hy. If it is zero, then,
the entire gauge group, O(k) or SO(k), is unbroken and we can do the computation as
usual. If it is non-zero, the gauge group is broken to its proper subgroup, O(k — 1) or
SO(k — 1), and we need to take into account the Higgs effect. Let us first consider the
former, expanding x around xz = 0. The last components x’f, . ,x’fv are massless and we
leave them in the effective theory. Integration over massive modes can be done in the same
way as above, except that now, for odd k, we have the right-most off-diagonal components,
Ve fore=1,...,k—1. For ¢ = 2a — 1, 2a, they are charged only under U(1), and have
masses +o0,. They yield the non-trivial contribution mio, to We{-f. Contribution from other
massive modes are the same, and the total is

y4
Wer = mi(N + 1)) oa. (4.8)

a=1

Let us next perform computation around a Higgsed point, say,

0 0

r1 =" =IN-1= : s IN — : . (49)

In this case, we must treat the super-Higgs multiplet, consisting of the right-most off-
diagonal vector multiplets V% and the complexified gauge orbit directions z%;, as one
block. This block gives no contribution to Weff — the one from vectors and the one from
chirals cancel against each other. The rest is as in O(k —1) or SO(k — 1) theory with N —1
fundamentals. Note that k£ — 1 is even and the above result (4.7) can be used. The result
is Wegg = mi(N — 1) > 0a, which is equal to (4.8) modulo 27 times o,’s. Actually, we
did not have to do the two computations in view of the decoupling between the chiral and
twisted chiral multiplets — the result for Weg should not depend on where in H; you do the
computation. Nevertheless, the fact that we indeed obtained the same result is gratifying.

Computation in various mixed branches should be obvious by now, thanks to the
exercise given above that involves the super-Higgs multuplet. We obtain (4.7) or (4.8)
depending on whether £ is even or odd, where the sum over a must be reduced appropriately
(for example, the sum is over a € {1,...,s} on Cs X Hi_os).

— 29 —



The result is that we have an effective theta angle

TN k even
Ooir = ’ 4.10
& {ﬂN+1)ko&L (4.10)

for each U(1) factor on the classical Coulomb or mixed branch. If it is zero modulo 27,
the energy density is zero and we do have non-compact Coulomb and mixed branches. If it
is non-zero modulo 27, then the energy density is e%;(c)/8 times the number of unbroken
U(1) factors, where eqq(o) is the effective gauge coupling at the given value of o. The
latter approaches the classical value e as |o,| and |o, & 03| for a # b are all much larger
compared to e. Thus, the non-compact Coulomb and mixed branches are all lifted in this
case. To summarize, the theory is reqular if and only if N — k is odd.

Mod 2 theta angle. In the analysis so far, we have implicitly assumed that the mod
2 theta angle is set equal to zero. Let us now see its effect. First, the universal cover of
the group SO(k) is Spin(k) which is realized as the subset of the Clifford algebra C(R¥),?
generated multiplicatively by elements of the form exp (Za <b tabeaeb). The conjugation
action of Spin(k) on R* ¢ C(RF) induces an isomorphism SO(k) = Spin(k)/Zo where Z
is the subgroup consisting of +1 € C(R*). That is why SO(k) has the fundamental group
Zs. An example of non-trivial loop in SO(k) is

cos(t) — sin(t)
teR/21Z — g = | sin(t) cos(t) € SO(k). (4.11)
1o

Indeed it lifts to a path gy = exp (%6162) from go = 1 to gar = —1 in Spin(k). A topo-
logically non-trivial SO(k) bundle over a closed surface ¥ is the one having the transition
function g; along a circle in ¥ parametrized by ¢t € R/27Z that separates 3 into two
connected components. The mod 2 theta angle assigns the phase (—1) to such a principal
SO(k) bundle. By this exercise, we see that it yields the theta angle

0=, (4.12)

for the subgroup U(1) = SO(2) C SO(k) of 2-dimensional rotations for each orthogonal
decomposition RF = R? @ RF~2. In particular, it yields a contribution 7 to the theta
angle for each U(1) factor on the classical Coulomb or mixed branch. We can now state
the complete criterion:

When N — k is odd (resp. even), the theory is reqular if and only if the tree level mod
2 theta angle is turned off (resp. turned on).

Thus, the theory with NV — k even, which is not by itself regular, can be made regular
by turning on the mod 2 theta angle. Alternatively, we may consider adding a fundamental
chiral multiplet with a complex mass m, as a regulator. In fact, in the limit |m| — oo the
effective action for the vector multiplet obtained by integrating it out is nothing but the

Tt is generated by 1 and the basis e, ..., ex of R”* which obey the relation eqep + epeq = —204,. Note
that exp(teqep) = cos(t) + eqep sin(t) for a < b. In particular, exp(mweqep) = —1 and exp(2mweqep) = 1.
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mod 2 theta angle. This can be seen by noting that it yields the theta angle # = 7 for each
SO(2) subgroup of 2-dimensional rotation. When we consider the theory with gauge group
O(k), the regulator field also has the effect of inverting the definition of the Zsy orbifold,
i.e., dressing the generator by (—1). The situation is exactly the same as what we have
seen in the O(2) gauge theory.

In what follows, unless otherwise stated, we shall always assume that the theory is
regular. When N — k is even, either the mod 2 theta angle is turned on or a regulator field
is introduced.

4.3 Twisted masses

Before discussing the theory with massless fundamentals x1, ..., xy, let us study the theory
in which they have twisted masses m1,...,my. Along the way, we introduce a notation
that distinguishes the two orbifold projections for the case where the gauge group is O(k).
We assume that the masses are generic and in particular satisfy

Then, the Higgs branch is lifted, and the theory is well behaved in any direction. Our focus
is the spectrum of supersymmetric ground states of this regularized system.

We integrate out the fundamentals as they are massive in any field configuration.
We also stay in the generic locus on the Coulomb branch and integrate out the massive
off-diagonal components of the vector multiplet. The resulting effective twisted superpo-

tential is
Wet = — Y _(0a — i) (log(ca — ) — 1) = Y _(—04 — ;) (log(—0q — ;) — 1)
+mik Y oq+mi(N —k+1)) o (4.14)

The first line is from the chiral multiplets, while the term 7ik ) 0, on the second line is
from the massive vectors — as we have seen in the previous section, we have a non-zero
contribution mi ), o if and only if k is odd. The last term 7i(N —k +1) >, 04, which is
non-zero when N — k is even, is from either the mod 2 theta angle or the regulator field.
The vacuum equation reads

N N
[I(e =) = (=D)N T (~o — M), (4.15)
i=1 i=1

for 0 = o01,...,04. The solutions are identified under the action of the Weyl group: per-

mutations of o,’s as well as the sign flips

e1---eg=1 SO(k), k even,

. . (4.16)
no condition otherwise.

Oq ? €q0a, {

Note that the reflections with €;---€¢, = —1 is allowed for O(k), k even as well — they
are from the disconnected component of O(k) and represent the Zy orbifold generator. We
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require the solutions to obey

o4 # +m;,
Oa # +op, a#b, (4.17)
0q # 0 Va if k is odd.

In the forbidden region, there are massless degrees of freedom other than the U(1)* vector
multiplets, and the effective twisted superpotential (4.14) can not be trusted. We do not
have to worry about the first condition, o, # +m;, as 0 = +m; are not among the roots
of (4.15) thanks to the condition (4.13). We simply ignore solutions violating the other
conditions. Namely, we assume that there is no supersymmetric ground state supported
in the forbidden region. This point was examined in [2] in a specific class of models and
consistent picture has emerged.

Let us first study the case where k is even (k = 2¢) and N is even. The equation (4.15)
have % pairs of non-zero roots. Solutions for oy, ..., 0y obeying the condition (4.17) exists

N
if and only if % > (. For O(k) gauge group, the number of inequivalent solutions is (g)

For SO(k) gauge group, the number is twice as much, 2(%), because of the constraint
€1---€, = 1 on the Weyl group elements. As the Weyl group is completely broken at each
of these solutions, these are the number of supersymmetric ground states. For the same
reason, for the O(k) theory, the result does not depend on the choice of the orbifold.
When k is even (k = 2¢) and N is odd, the equation (4.15) has Y5 pairs of non-
zero roots and one root at o = 0. Solutions for o,’s obeying (4.17) exists if and only if
% + 1 > £. The count from solutions for which o,’s are all non-zero is as in the case

above: (%) for O(k) and 2(%) for SO(k). Let us consider solutions where one o,

vanish, say, o1 = 0 (there are ( 431) inequivalent solutions of this type). For SO(k) gauge

N-1
group, the Weyl group is completely broken and we obtain (Z) as the number of ground
states. For O(k) gauge group, exactly one Weyl group element is unbroken. It is the one
that acts as the sign flip of o1 only, and is represented by

-1

(4.18)

The spectrum of supersymmetric ground states from this sector is sensitive to the definition
of the orbifold. As in the O(2) theory discussed in section 3.2, we denote the gauge group
by O (k) if we receive two supersymmetric ground states (one twisted and one untwisted),

and by O_ (k) if we receive one twisted supersymmetric ground state. The total number of
N-1 N-1
states of this type is Q(Z) for O (k) theory and (Z—Tl) for O_(k) theory. To summarize,
N—-1 N—-1
the number of ground states for even k£ and odd N case is (T) + Z(E) for O4(k),

L
N-1 N—1 N—1

() + () = () for 0_(k), and 25 ") + (2, for SO(k).



Let us next study the case where k is odd (k = 2¢+1). Note that there is one component
of each vector x; that is neutral with respect to the maximal torus. If we choose the torus as
in (4.3), then it is the last (k-th) component. Thus, the variables zf, ..., 2%, are decoupled
from the rest of the degrees of freedom on the generic locus of the Coulomb branch. Note
that O(k) and SO(k) differ in the presence/absence of the group element

, (4.19)

that flips the sign of these components. For SO(k), the last component system is simply the
model of N variables with twisted mass (possibly with one additional regulator field). This
sector hence provides a unique supersymmetric ground state. For O(k), the last component
system is the Zs orbifold thereof. The spectrum in this sector again is sensitive to the choice
of orbifold. We denote the gauge group by O (k) if the number of supersymmetric ground
states is two for even N and one for odd N, and by O_ (k) if opposite, i.e., one for even N
and two for odd N. We now turn to the sector of the first &k — 1 = 2/ components.

We first consider the case where IV is even. The equation (4.15) has % pairs of non-zero

roots. Solutions obeying (4.17) exist if and only if % > ¢, and the number of inequivalent
N

ones is (%) This is for both O(k) and SO(k) since they share the same Weyl group when
k is odd. Since the Weyl group is completely broken at each of them, this is the number of
vacuum states from this sector. Combining with the last component sector, the total num-
ber of supersymmetric ground states is 2(%) for Oy (k), (%) for O_(k), and (%) for SO(k).

Next, we consider the case where N is odd. The equation (4.15) has % pairs of non-
zero roots and one root at o = 0. According to (4.17) we need to avoid the one at o = 0

when k is odd. The solutions exist if and only if % > {, and the number of inequivalent

) for both O(k) and SO(k). Since the Weyl group is completely broken at each
of them, this is the number of vacuum states from this sector. Combining with the last

. N—-1
ones 1s ( %

component sector, the total number of supersymmetric ground states is (%) for O4(k),
2("2) for O_(k), and ("7 ) for SO(k).

The definition of orbifold for Oy (k) can be extended by continuity to the theories
where the twisted masses are turned off and then, possibly, the superpotential is turned
on. For k even, this is defined originally for odd N and then is extended to the even N case
via the regulator field. For k odd, this is already defined for both even and odd N, and we
would like to check whether the two are continuously connected. We can focus on the last
component sector in which the choice of orbifold is relevant. Let us start from the even IV
case, with no mod 2 theta angle nor the regulator field. The number of ground states is 2
for O4(k), and this is the number in the “standard” Zs orbifold in the sense of section 2.2.
We then turn off the twisted mass for, say, xx, and give it a complex mass. Then we have
Neg = N — 1 (odd) fundamentals with a regular field z. According to section 2.2, the
number of supersymmetric ground states is 1, which is indeed the number we are assigning
for Oy (k) with odd Neg. This shows the continuity of our definition.
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To summarize, for N < k — 2 there is no supersymmetric ground state. For N > k—1,

the number of supersymmetric ground states is given by:

group | kK | N number group | k£ | N | number

N
odd|even| 2 <k31>

oidon] ()
(451)

O, (k) |even|even

N

Y
VESENT - ESINT b4
N————
o
+
=

N—
°
—~
P?‘
~—

O_(k) |even|even

SO(k) |even|even SO(k) |odd|even

]
N

iz o]

(4.20)

O4 (k) |even|odd

)
<,§2_1> 0. (k) |odd|odd <k2_11>

N+l N-1
O_(k) |even|odd ( ; ) O_(k) |odd|odd 2( 31>
2

7N\
| w‘?
—
S~
+
)

N-1 N-1 N1
SO(k) |even|odd 2< i ) + <k 2 ) SO(k) |odd|odd <k31>
2 2

4.4 N <k — 2: supersymmetry breaking

Let us consider the (regular) theory with massless fundamentals where the number N is in
the range 1 < N < k — 2. The observed fact that there is no supersymmetric ground state
when the twisted masses are turn on implies that there is no normalizable supersymmetric
ground state in the massless theory either. This is because [2], if there were a normalizable
zero energy state in the massless theory, that would stay in the spectrum even if the masses
are turned on, since the masses would only make better the behaviour of states at infinity
in the field space.

In fact, there is no normalizable supersymmetric ground state also in irregular theory
with 1 < N < k — 2 as well as in the pure Yang-Mills theory (regular or not) for k > 3.

To see that, let us continue from the previous subsection and take the limit where some
of the twisted masses are sent to infinity. If an odd number of m;’s are sent to infinity,
the behaviour of the superpotential (4.14) at large values of o,’s is changed and a regular
theory becomes an irregular theory. If an even number of m;’s are sent to infinity, the
behaviour does not change and a regular theory becomes another regular theory. Note
that a pure-Yang-Mills theory is obtained by sending all twisted masses to infinity — the
regular one if IV is even and the irregular one if NV is odd. Let us look closely into the
equation (4.15). If one twisted mass, say my, is sent to infinity, then one pair of non-zero
roots go away to infinity. To see that we rewrite the equation as

<1 + f) Nl:[l(o i) = (1 - ﬁ;) Jﬁl(a + ). (4.21)

m
N/ = i=1
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We see that the equation has a limit as my — oo. It is an equation of order (N —2). Since
the order has decreased by 2, two roots must have gone away to infinity. If two twisted
masses, say my_1 and my, are sent to infinity, the same argument shows that still one
pair of non-zero roots go away to infinity.

This and the analysis of the previous subsection lead us to conclude that the irregular
theory in the range 1 < N < k — 2 has no supersymmetric ground state, when generic
twisted masses are turned on and hence also when they are turned off. We also find that
the pure Yang-Mills theory with & > 3, whether regular or not, has no supersymmetric
ground state.

4.5 N =k — 1: free conformal field theory

Let us now consider the theory with N = k — 1 massless fundamentals. In the regular
theory, the Coulomb and mixed branches are lifted and we are left with the Higgs branch
Hi = Hjp_1 only. As a complex manifold, the Higgs branch is isomorphic to the affine
space CWTM since the chiral ring of gauge invariants is isomorphic to the polynomial ring
of the @ scalar products (z;z;) (the “mesons”) with no relations, see [32]

Clat, ..., op1)50®0) = C[(wixj) ’ 1<i<j<k- 1] (4.22)

The classical metric is singular at the roots of Coulomb and mixed branches where parts
of the gauge symmetry is unbroken. However, the singularity is expected to be smeared as
these branches are lifted by quantum corrections. We claim that the theory flows in the
infra-red limit to the free theory of the mesons. This is just as in the U(1) theory discussed
in section 3.3 and in the SU(k) theory with N = k + 1 massless fundamentals discussed
in [2]. To be precise, this is for the gauge group SO(k). In the O(k) case, we must take the
orbifold with respect to the Zo symmetry that acts trivially on the mesons. This will make
either two copies or one copy of the Higgs branch. We claim that the former is the case
for the O (k) theory and the latter is the case for the O_(k) theory. We do not provide a
proof of this here, but consistency will be seen in what follows.

To summarize, we claim that the O4 (k) resp. O_(k) resp. SO(k) gauge theory with
N = k — 1 massless fundamentals flows in the infra-red limit to two copies resp. one copy

resp. one copy of the free conformal field theory of the k(kgl) mesonic variables.

4.6 N > k: duality

Finally, let us consider the theory with N > k massless fundamentals. We claim that there
is a duality, where the correspondence of the gauge groups is

04 (k) «— SO(N — k+1)
SO(k) «— O4(N —k+1) (4.23)
O_(k) «— O_(N —k+1).

The theory with the gauge group on the left hand side and N massless fundamentals
T1,...,xN flows in the infra-red limit to the same fized point as the theory with the
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gauge group on the right hand side and N fundamentals, T',..., T, plus N(ZgH) singlets,

sij = sji (1 <1i,7 < N), having the superpotential

N

W= s;@). (4.24)
i,j=1

The mesons in the original theory correspond to the singlets in the dual,
(l’il‘j) = Sij- (425)

The baryons [z;, - - - x;,| in the original SO(k) theory correspond to twist operators in the
dual O4(N — k + 1) theory regarded as a Zy orbifold. More fundamentally, the order
2 symmetry O(k)/SO(k) of the original theory corresponds to the quantum symmetry of
the dual. Likewise for the baryons [T - .- Z'N-++1] and the order 2 symmetry of the dual
SO(N — k + 1) theory. The quantum symmetry of the O_(k) theory corresponds to the
quantum symmetry combined with (—1)¥ in the dual O_(N —k+1) theory, and vice versa.

The claimed relation is indeed a duality. L.e., the dual of the dual is the original. Let us
start from O (k) with N massless fundamentals. The dual has gauge group SO(N —k+1)
and its dual has O4 (N — (N —k+ 1) + 1) = O4 (k). The latter has N fundamentals, i,

and 2% singlets, 5 and s;j, having the superpotential

W = Z gij (525]) + Z Sijgij. (4.26)

The second term comes from the first dual superpotential and the relation (7'77) = 5. If
5 is integrated out, we obtain the constraints s;; = —(55]) The resulting theory is sim-
ply the O, (k) gauge theory with N fundamentals %Z and no superpotential, which is indeed
the theory we started with. Note that the constraints on s;; and the meson/singlet corre-
spondence implies the relation (z;z;) = —(%Z%]) The minus sign is typical for duality. The
case where we start from SO(k) or O_(k) is the same. Another way to see the duality na-
ture is to couple the original system to singlets 5%/ via the superpotential W = >~ 59 (x;x;).
This corresponds in the dual theory to the superpotential W = Y s;;(Z%7) + >_ 5.
Integrating out ¥ eliminates s;; and we have the theory of the fundamentals z' only. Note
that we have the relation $% = —(7'27), which is the singlet/meson correspondence (4.25)
again up to a sign.
In what follows, we shall provide several evidences of the claimed duality.

Special cases. Special cases of the duality for small values of k and N had already been
encountered and established in the earlier sections:

SO(1)/0+(1), N = 1[SO(2), N = 2|0+ (2), N = 2|SO(1)/0+ (1), N = 2
2.3 2.4 3.3 3.5

In fact, the author used these cases as hints to find the general duality. The top row
shows the left hand sides of the duality, and the number below shows the section in which
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the duality appeared. We define Oy (1) resp. O_(1) theories as the standard resp. non-
standard Zs orbifold when N — 1 is odd, and the definition is continued to the N — 1 even
case by introducing a “regulator” field. In other words, by periodicity, O (1) = Zs resp.
Zo(—1)Fs and O_(1) = Zo(—1)* resp. Zy when N is even resp. odd.

From O, /SO duality to O_ duality. The duality between O_(k) and O_(N —k+1)
can be derived using the chain of standard relations and the duality between O (k) and
SO(N —k+1), asin (2.29). To see this, replace (As, 7) in (2.29) by the SO(k) gauge theory
with N fundamentals equipped with the Zs symmetry to define the O_(k) theory. Then,
(A2, 7) should be replaced by the same theory equipped with the Zy symmetry to define
the O4 (k) theory. (Az/7,7) is now the O (k) theory with N fundamentals equipped with
the quantum Zy symmetry. According to the Oy /SO duality, this is equivalent to the dual
SO(N —k+1) theory equipped with the symmetry 7 € O(N —k+1)/SO(N —k+1), which
replaces (B, 7). Finally, the same theory equipped with 7(—1)fs replaces (C, 7). The end
result is the dual O_ (N — k + 1) theory, with the exchange of the twisted and untwisted
sectors in the RR sector. The exchange shows that the quantum symmetry 7 in the O_ (k)
theory corresponds to the symmetry (—1)¥7 in the O_ (N — k + 1) theory.

Central charge. The dual pair of theories have the same symmetry other than the Zs
symmetry which was already mentioned: the U(N) or SU(N) x U(1)p flavor symmetry and
the vector and axial U(1) R-symmetries. Charge assignment compatible with the duality
statement is

SU(N) U(1)p U(1)y U(1)a
v N ! 0 0 (4.27)
i N -1 1 0
s S 2 0 0

The R-charges could be modified by the U(1)p charge. The above choice is the unique
one that assigns vanishing R-charges to x, and only with this choice, the two U(1) R’s
can become parts of the (2,2) superconformal symmetry in the infra-red fixed point of the
original theory. The latter follows from the following argument [33]: for large values of =
where the semi-classical sigma model analysis is valid, the R-currents can be chiral only if
x does not rotate under the R-symmetries.

Assuming that these R-symmetries indeed become the parts of the superconformal
symmetry, one can compute the central charge of the fixed point [2, 36-38]: each Dirac
fermion with vector R-charge ¢ and axial R-charge F1 contributes by —¢ to the normalized
central charge ¢ = ¢/3. Recall that the fermionic component of a chiral multiplet of vector
R-charge @ has ¢ = @@ — 1, and that the gaugino normally has ¢ = 1. The central charge
of the infra-red fixed point of the original theory is
k(k—1)
—
Note that this is the dimension of the Higgs branch Hj. This is consistent with the fact
that the sigma model on a Kéhler manifold of dimension d is classically a conformal field

e=kN — (4.28)
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theory with central charge ¢ = d. One the other hand, the central charge of the dual

theory reads

—_— N(N2 +1) (N-k +21)(N k). (120)

The two, (4.28) and (4.29), indeed agree. This comparison can be regarded as the 't Hooft
anomaly matching for U(l)%, which is the only non-trivial one.

The dual theory in some detail. Let us study the low energy behaviour of the dual
theory. We first look at the classical flat directions. The D-term equations are as in (4.2),
and we also have the F-term equations from the superpotential (4.24),

(@F) =0 ¥(i,]), (4.30)
5T =0 Y(i,a). (4.31)
The first equations and the D-term equations require 7' = --- = ¥V = 0, which makes

the second equation vacuous. Thus, the space of classical vacua is just the space Sy
parametrized by the singlets s;;. It is the space of all symmetric N x N matrices and has
dimension w

The gauge group is entirely unbroken everywhere in the flat directions, and therefore,
quantum effects of gauge interactions should be taken into account. Let us first consider
the case where the original gauge group is Oy (k) and the dual gauge group is SO(E),
with k = N — k + 1. As we have done many times in sections 2 and 3, we work in the
Born-Oppenheimer approximation, treating the singlets s;; as slow variables and SO(E)
gauge fields and the fundamentals ' as fast variables. From this view point, we may
regard s = (s;;) as a mass matrix for ¥’s, and its corank (N minus its rank) is the
effective number Nqg of massless fundamentals. We have learned that, if Neg < k— 2, the
supersymmetry is spontaneously broken, i.e., there is no zero energy state. Thus, unless
the supersymmetry is entirely broken, the low energy dynamics will concentrate on the
locus of s;;’s where the matrix s has corank k—1 or higher. That is, rank N — (E -1)=k
or lower,

SN <k = {5 € SN ‘ rank(s) <k } (4.32)

Let us look at the behaviour of the theory near such a locus. For concreteness, let us look
at the region of Sy where the last k x k block of (s;;) has rank k. We separate Z'’s into
two groups: the first N — k of them, z¢ for a« = 1,..., N — k, and the last k£ of them, z*
foru=N—k+1,...,N. Fields from the latter group are massive and can be integrated
out. This leaves us with the superpotential

N—k N
W = Z 508 — Z Saus s,p | (@°F7) (4.33)
a,f=1 pw,v=N—k+1

In the above, (s*) is the inverse of the last k x k block (su,) of (s;;). At this point, we

again use what we have learned: the SO(k) theory with Neg = N — k = k — 1 massless
fundamentals is the free theory of the mesons at low energies. Then, the composites (2Z°)
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in (4.33) should be regarded as elementary fields and can be integrated out. This yields
the constraints so3 = ) saus""s,8, which means that s is of rank & since

. AT A|B . 1N_k‘BC_1 ON—k‘ 1N—k‘
st (A1) - () (ol ) (112l )

Therefore, the low energy theory is the sigma model whose target space is the submanifold

SN <k, in the region of the field space where the rank of s is at least k. The space Sy <k

w in Sy,% and that explains the central charge (4.29). It can

has codimension
be regarded as the same space as the the Higgs branch Hy = Ho, n of the original theory,
in the sense that both spaces are parametrized by N x N symmetric matrices of rank k
or less: (x;x;) for Ho),n and s;; for Sy <k, which indeed correspond to each other under
the duality (4.25).

The analysis for the case where the original gauge group is O_(k) and the dual group
is O,(E) proceeds in the same way. We find that the singlet s;; is constrained to be in
the subspace Sy < and the dual theory reduces to the sigma model on Sy < in the open
domain of rank exactly k. Of course, this dual pair is different from the one above. In the
original side, they differ in the orbifold projections in the twisted NSNS and untwisted RR
sectors. In the dual side, the non-standard orbifold should be at work in the O_(%) theory.

Finally, let us study the case where the original gauge group is SO(k) and the dual
group is O+(E). The analysis of the dual theory proceeds in the same way until the point
where we use the low energy description of the theory with Neg = k—1. In the present
case, where the gauge group is O+(E), there are two copies of the free theory of invariants
(z*z”). Therefore, we have a double cover of Sy <}, at least over the open subset consisting
of matrices s of maximal rank k. The two sheets are exchanged under the Zo quantum
symmetry of the orbifold. Let us compare it with the Higgs branch of the original theory,
Hy, = Hgo(k),n- Since the Higgs branch for the O(k) theory is obtained by a Z quotient
of the one for the SO(k) theory, Hgox),n is indeed a double cover of Hqy v The baryons
[z, - - - x;, | are the ones that distinguish the two sheets above Hor),n, and they are indeed

claimed to be twist fields in the dual theory.

Flow by complex mass. Let us consider the Oy (k) resp. SO(k) resp. O_(k) gauge
theory with N fuandamental matter fields with a superpotential mass term for one of them,
say the last one, W = (zyxn). This introduces a term sy in the dual superpotential,

N
W = Z Sijfifj + SNN- (4.35)
ij=1

@: to choose

3The subspace of Sy consisting of matrices of corank i or higher has codimension
such a matrix, we first choose a subspace of codimension i and then choose a symmetric bilinear form
in that subspace. The first choice involves (N — i) parameters, as it corresponds to choosing a point of

the Grassmannian G(N — 4, N), and the second choice involves W

codimension is w — {i(N —i) + (N—i)(é\’—i+l)} _ i(i;—l).

parameters. Therefore the
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If we integrate out sy, we obtain the constraint (zV)? 4+ 1 = 0 which can be solved by
V=1 1. (4.36)

It breaks the dual gauge group to the subgroup SO(k —1) resp. O, (k—1) resp. O_(k—1).
Note that the solution is unique except in the case where k =1 and the dual gauge group
is SO(1) = {1}, i.e., N = k and the original gauge group is O4(k), in which the two
solutions +i and —i are inequivalent. Plugging (4.36) to the superpotential we have terms
of the form :|:2isj/N§c%/ for j =1,..., N —1. Integrating out s; n, we obtain the constraint
5% = 0. Thus, we are left with the SO(k—1) resp. O (k—1) resp. O_(k—1) gauge theory
with N — 1 fundamentals @'%,...,7N~! and M singlets s;;/, having the remaining
superpotential. This is indeed the dual of the O4 (k) resp. SO(k) resp. O_(k) theory with
N — 1 massless fuandamentals.

For the case where the starting point is N = k, the dual gauge group SO(1) or O(1)
is trivial or completely broken by (4.36) and the “fundamentals” 7’ "’s are completely gone.
If the original gauge group is SO(k) or O_(k) (the dual group O4 (1) or O_(1)), we have
the free theory of only the singlets s;;7, which correspond to the mezons (zyx;) in the
original. If the original gauge group is Oy (k) (the dual group SO(1)), then, since the two
solutions (4.36), i.e., TV = =i, are inequivalent, we have two copies of the free theory of
the singlets. To summarize, the duality reproduces the effective theory for the N =k — 1
theory obtained in section 4.5.

Vacuum counting with twisted mass. As another test of duality, let us compare the
number of supersymmetric ground states, or more precisely the Witten index, of the dual
pair perturbed by twisted masses. The counting for the original theory, where z1,...,zx
are given twisted masses my,...,my, has been done in section 4.3 under the genericity
assumption including (4.13). As this is associated with the U(1) C U(NV) global symme-
try, this corresponds in the dual side to giving twisted mass m; + m; to s;; and —m; to Z°.
Note that the masses for s;; are all non-zero under (4.13). We discussed in section 2.3 the
vacuum counting problem in such a system. As argued there, the spectrum of supersym-
metric ground states, or at least the Witten index, is expected not to change if we turn
off the superpotential, since no vacuum runs off to nor come in from infinity. (This was
confirmed in a simple example by an exact analysis in appendix A.) Then, since the singlet
sector provides “one” as the number of ground states, the total number is the same as the
theory of ’s only. For this the result of section 4.3 is applicable, though of course for the
dual group. Thus, the comparison is a straightforward task — just stare the table (4.20).
A complete match!

4.7 Chiral rings

We discuss the chiral rings, both (¢, ¢) and (a, c¢) rings, of the models we are studying. In
some cases, the duality can be used to determine them. In some other cases, we can deter-
mine the rings in both sides of the dual pair and the result can be used to test the duality.
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The (¢, c¢) ring. The classical (¢, ¢) ring is the ring of gauge invariant polynomials of the
chiral multiplet fields. For the O(k) theory (in the untwisted sector) and for the SO(k)
theory, it is respectively [32]

C[xl,...,xN]o(ka) = C[(:L‘Z.%j)]/Jl, (4.37)
and
Clzi,...,an]30"O = C[ (zi2)), iy - x4] ] /(J1, T, T3), (4.38)
where Ji, Js, J3 denote relations of the form
(:Eioxjo) (wioxjk)
Jy det : : =0, (4.39)
(xikxjo) (xlkxjk)
(xhle) (xilxjk)
J2 [, -+ @iy J[w, - -2, ] = det : : . (4.40)
(xikle) (xlkx]k)
k
Js: Y (=Dl e Ty o) (wiag) = 0. (4.41)
p=0

These relations must be satisfied in the semiclassical regime where the gauge group is com-
pletely broken, and hence must be the exact chiral ring relations, as a potential parameter
of correction does not exist. In the dual side, the corresponding relations are not visible in
the classical theory and appear only in the infra-red limit of the quantum theory. Indeed
the relations Jj are consistent with the constraint rank(s) < k obtained in the paragraph
including (4.32)—(4.34). In the case of O(k) gauge group, we also have (¢, ¢) ring elements
from the twisted sector. For the O, (k) theory, the twist fields correspond to O(k)/SO(k)
anti-invariants in the dual theory and are generated by the baryons [Z°! - - - il%] We can find
the relations involving these fields using the above relations Jo as well as the classical con-
straint from the F-term equations (4.30)—(4.31). These lead to the following conclusions.
We write s;; = (z5x;), biy..i), = [Ti, -+~ T3, ], b = [ ... 7] whenever appropriate.
The (c,c) ring of the O (k) theory is the polynomial ring of s;; and b1 modulo
the relations
Sigjo " Siojk N
det | Lol =00 PUEREIR =0, ) s bR =0. (4.42)

. g J1=1
Sixjo Sinir

The (c,c) ring of the SO(k) theory is the polynomial ring of s;; and b;,..;, modulo the
relations
Sigjo " Siog Sirjr 0 Siagy
det : : =0, biy-iy bjy...j = det : : ,
Sirio * " Sinje Sipii * Sinje
k

D ()P, by o =0, (4.43)
p=0
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The (¢, c) ring of the untwisted elements of the O_(k) theory is the polynomial ring of s;;
modulo the relations
Sigjo " Siogk
det [ .| =o. (4.44)
Sikjo """ Sirg
The (a,c) ring. Classically, the (a,c) ring is the ring of gauge invariant polynomials of
the scalar components o of the gauge multiplets, which is isomorphic to the ring of Weyl

invariant polynomials of the components oy, ...,0, for the maximal torus. Examples of
elements are

coi =tr(c¥) =) 02, py=Pf(o) =010y (for SO(20)). (4.45)

As the generators, we can take ca,...,co for SO(2¢ + 1), O(2¢ + 1) and O(2¢), and
€2y ..., Cop—2,pp for SO(2¢). There are no relations among them and thus the ring is the
polynomial ring of these generating variables. The underlying vector space is of course
infinite dimensional.

The story is different in the quantum theory. Coulomb branch is lifted by quantum
corrections if the theory is regular. This implies that the underlying vector space of the
(a, ¢) ring of the infra-red conformal field theory is finite dimensional. Thus, we expect to
have quantum relations among the generators, co, ..., cop, Or co,...,Co_o,pp. In addition,
we also have (a, ¢) ring elements from the twisted sector in the theories with gauge group
O(k) or O(k). In the SO(k) and O (k) theories, where we have the spectral flow between
(a,c) ring elements and RR ground states, the dimension is expected to be equal to the
number (4.20) of supersymmetric ground states in the model perturbed by twisted masses.

The key to find the quantum relations is the relations (4.15) for the mass deformed
system. In the massless limit, m; — 0, they become

()N =0 a=1,...,L (4.46)

From these we would like to extract relations among the gauge invariants. Analogous
problem has been discussed in [39] (see also [30, 35]). We apply the “change of variables
method” from that reference to the case when IV is odd, which proceeds as follows. The
relations (4.46) are the Jacobi relations of the function ﬁ(a{vH + -+ o)), which is
invariant under the SO(k) and O(k) Weyl group when N is odd. We express this function

in terms of the generators of the SO(k) Weyl invariants, and call it W

1 ( Nl N+1) B { Wi(ea,...,cor—2,p) Kk even, (4.47)

N1ttt W(ca, ..., ca0) k odd,

For the SO(k) theory, the (a,c) ring is identified with the Jacobi ring of W, that is,
the (c,c) ring of the Landau-Ginzburg model with the superpotential W. For the O4 (k)
theory, the (a,c) ring is identified with the (c,c) ring of the Landau-Ginzburg orbifold
with the superpotential W with respect to Oy(k)/SO(k) = Zs. We are not claiming
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that the conformal field theory is dual, or mirror to be precise, to the Landau-Ginzburg
model/orbifold. We are simply identifying the (a,c) ring of our theory with the (¢, ¢) ring
of the LG. The two theories cannot be mirror to each other as the (¢, ¢) ring of our theory
is infinite dimensional while the (a, ¢) ring of the LG is finite dimensional.

This applies both to the original O(k) or SO(k) theory and to the dual O(k) or SO(k)
theory. Let us compute the ring in some examples, and check against the duality.

SO(2), N = 5 versus O4(4), N = 5. The (a,c) ring of the SO(2) theory is the Jacobi
ring of W = %p?, i.e. the polynomial ring of p; modulo the relation

P =0. (4.48)

Under the Zs = O(2)/SO(2), three elements, 1,p? p*, are even and two elements, p,p>,
are odd. The (a,c) ring of the O, (4) theory is the (c,c) ring of a LG orbifold with the
superpotential W = %cg - %pgcz with respect to Zgy : (c2,p2) — (c2,—p2). The spectra
of (¢,c) elements and RR ground states for the two cases are as follows (We follow the
notation of [25]. In particular, K, € Z/2Z is the parameter that distinguishes two possible
orbifold projections): for K, = 1, the states surviving the orbifold projection are

1 1 210\ 1 o
(.0 |0>(c,c)’ 62|0>(c,c)7 c2|0>(c7c) from unjcwmted (4.49)
\0>(TC &)’ c2|0)7. 0 from twisted
0)k, c2|0)k, ¢3]0)f f twisted
RR - | >5, o )5, c5|0)R rom un'W1s e (4.50)
|0)R, c2|0)Rk from twisted.
For K = 0, the surviving states are
(c.0) - |0>%C’C), cﬂO)%c’c), c%|()>%c7c) from untwisted (451)
none from twisted
p2|0)t from untwisted
RR : R . (4.52)
00k, 2|00k from twisted.

We see that we need to take K, = 1 for the O (4) theory, in order to have 3 untwisted and
2 twisted (c, ¢) ring elements, as expected from the vacuum counting in section 4.3. (Then
K; = 0 should correspond to the O_(4) theory. Note that the number of RR ground states
also matches with (4.20) also for O_(4).) The ring relation is standard for the untwisted
sector elements. Relations involving twist operators can be found using the recent result
by Krawitz [40].* Let 1, be an element corresponding to the state |0>7(-c,c)' The ring relation
is then

-1, = —¢, c3-1,=0, (4.53)

in addition to C?Q’ = 0 that comes from the Jacobi relations c% = p%, pacy = 0. The rings for
the dual pair are indeed isomorphic under the correspondence

1717172?%71)?72941L S 17 17’7 —C2, —C2 - 17’703' (454)

“See Definition 13, eq. (2.7). We thank Tyler Jarvis for instruction on the ring structure and also
pointing out that arXiv:0906.0796 has an error in Definition 2, eq. (10).
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We can also perform the test for the other versions of dual pair: O4(2) versus SO(4) as
well as O_(2) versus O_(4). The ring of O1(2) is again found from [40]. It is generated
by 1, and p? which obey the relations p? - 1, = 0 and 1, - 1, = p}. The ring of SO(4) is
the Jocobi ring of W = ¢3/6 — p3ca/2, i.e., the polynomial ring of ¢y and ps modulo the
relation ¢3 = p3, paco = 0. The two rings are isomorphic under

Lpl, 1r,pi ¢ 1,2, p2, 65. (4.55)

The ring of O_(2) is the ring of even polynomials of p; modulo p; = 0 while the ring of
O_(4) is the ring of polynomials of ¢y with ¢3 = 0. They are obviously isomorphic.

SO(3), N = 7 versus O4(5), N = 7. The (a,c) ring of the SO(3) theory is the Jacobi
ring of W = %0‘21, that is, the polynomial ring of ¢z modulo the relation ¢3 = 0. The
(a,c) ring of the O4(5) theory is the (c,c¢) ring of the orbifold of the LG model with
W = %0504 + 1—1602 - 1—160‘21 by the Zs that acts trivially on the variables. In order to be
consistent with (4.20), the orbifold must be the one which is isomorphic to the model
without the orbifold. The ring is therefore the polynomial ring of ¢ and ¢4 modulo the
relation ¢3 + ¢4 = ¢3 — cacq = 0, that is, the polynomial ring of ca modulo the relation
¢3 = 0. The two rings are indeed isomorphic to each other. Nothing changes for the dual
pair O4(3) versus SO(5). For the pair O_(3) versus O_(5), the ring is doubled on both
sides — for each untwisted element, there is a copy in the twisted sector, and the ring
relation is the obvious one. The two rings are isomorphic to each other.

In this paper, we do not try to give full rational for the above procedure to determine
the (a,c) ring for odd N case, nor even to propose the ring for even N case. Also, we
do not attempt to prove the isomorphism for general dual pair. It is possible that the
would be proven isomorphism is related to the level-rank duality for the fusion ring of the
Wess-Zumino-Witten models or for the chiral ring of Kazama-Suzuki models. We postpone
the full account on these for future work.

5 Symplectic groups

In this section, we study low energy behaviour of theories with the symplectic gauge group
USp(k) with N chiral multiplets, x1, ..., 2y in the fundamental representation k. Here k
is an even integer, k = 2/, for £ = 1,2,3,.... We recall that the group USp(k) is the group
of k x k unitary matrix that preserves the symplectic structure defined by the matrix

Jp = (u _”) . (5.1)

That is, USp(k) consists of k x k matrix g satisfying g'g = 1 and ¢ Jpg = Ji. It is simply
connected and hence any principal USp(k) bundle on a closed surface is topologically trivial.
In particular, there is no room for theta angle.

Note that USp(k) and SU(k) coincide at k = 2. Some of the results below for the
k = 2 case had been obtained in [2] as results for SU(2) gauge theories.
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5.1 The space of classical vacua

Let us first describe the space of classical vacua. We denote the scalar component of the
vector multiplet by o. It is a k x k matrix such that Jio is symmetric. We write x for the
k x N matrix (z¢), and denote by x4 and x| its upper and lower ¢ x N submatrices. The
vacuum equation reads

[0,67] =0,
xTﬂ = (ximi)T, xTx:[ = —(xTxDT, (5.2)

ox =olz=0.
The first equation means that, up to gauge transformations, o is of the form

01

¢

(5.3)
“on

—oy

Let us introduce £x N quaternion matrix x = z4+jz|. The combination xx is a self-adjoint
quaternion matrix and can be diagonalized using a U(HF) = USp(k) conjugation. By the

equations on the second line, this means that (after the gauge rotation) xT.ﬂ = (z i*TDT

is a real diagonal matrix and 33?951 vanishes. This implies that, with an appropriate U(N)

flavor rotation, the solution can be made into the form

ai

Qm

ai

Qm

where r = 2m can range over even numbers from 0 to min{k, N} (resp. min{k, N — 1})
for even (resp. odd) N. The final equation requires that if the number of non-zero o,’s
is s, then the number of non-zero a;’s is at most ¢ — s. Let Cs (resp. H,) be the set of
gauge equivalence class of solutions for o of rank 2s or less (resp. = of rank r or less). It

has complex dimension s (resp. Nr — W) The space of classical vacua is
¢
M = (CS X Hk_gs), (5.5)
S$=Smin
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where spin = 0 if N >k and spin = [%] if N <k—1. When N > k there is a Higgs
branch Cy x Hj. There is always a Coulomb branch Cy x Hy. Other components are the
mixed Coulomb-Higgs branches.

5.2 Regularity

We are interested in regular theory where all the Coulomb and mixed branches are lifted by
quantum corrections. The computation of the effective twisted superpotential is very simple
compared to the orthogonal groups. Let us consider the classical Coulomb branch, Cy x H.
The massive vector mutiplets give no contribution to the twisted superpotential — there are
four multiplets that are charged under U(1),xU(1); and yields wi(o4+0p)+mi(0s—0p) = 0.
The massive chiral multiplets give the usual contribution, and the result is

¢
Weit = = _ 0a(logaa — 1) = > (—04)(log(—04) — 1) = 7N Y _ 0o, (5.6)
2,a 1,0 a=1
Computation on the mixed branches gives the same result except that the sum is over
a=1,...,s for C5 x Hg_os. The conclusion is that the theory is reqular if and only if N
18 odd.

The theory with even N is not regular. Unlike in the orthogonal groups, the symplectic
group is simply connected and does not allow any theta angle. Also, the trick using complex
mass does not work here — the gauge invariants [x;z;] are antisymmetric in i <+ j and any
mass reduces the degrees of freedom by even number.

5.3 Twisted masses

Let us give twisted masses myq,...,my to the chiral matter fields z1,...,zy, and study
the spectrum of supersymmetric ground states. We assume genericity of m;’s including
m; +mj; # 0 so that the Higgs branch is lifted everywhere on the o-space. The effective
twisted superpotential is

Wer = = > (00 — i) (log(00 — ) — 1) = Y (=04 — i) (log(~0a — ) — 1).  (5.7)

,a i,a
and the vacuum equation for ¢ = o1, ..., 0, reads
N N
[I(e =) = (DN [ [(—o — ). (5.8)
i=1 i=1

The solutions are identified under the action of the Weyl group: permutations and inde-
pendent sign flips of o,’s. We require the solutions to obey

o4 # Tmg,

0q # 0p a#b, (5.9)
oa+op #0  V(a,b).

The same remark made for the O(k) or SO(k) gauge theory after (4.17) applies here without
modification.
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The equation (5.8) has a single root at o = 0 and % pairs of non-zero roots. There

are solutions for o,’s obeying (5.9) if and only if % >/, i.e., N > k+ 1. The number of

(%1) (5.10)

The Weyl group is completely broken at each solution, and hence this is the number of

inequivalent solutions is

supersymmetric ground states.

5.4 N < k: supersymmetry breaking

By the result of the previous subsection and applying the same argument as in the orthog-
onal gauge groups, we conclude the following: there is no normalizable supersymmetric
ground state in pure USp(k) Yang-Mills theory (an irregular theory) as well as in the
theory with N < k massless fundamentals, for both N odd (regular theory) and N even
(irregular theory).

5.5 N =k + 1: free conformal field theory

Let us now consider the theory with N = k 4+ 1 massless fundamentals. In the regular

theory, the Coulomb and mixed branches are lifted and we are left with the Higgs branch
(k+1)k
Hj, only. As a complex manifold, the Higgs branch is isomorphic to the affine space C 2

since the chiral ring of gauge invariants is isomorphic to the polynomial ring of the (kérl)

symplectic products [z;z;] (the “mesons”) with no relations,
Clz1,. .., xppq)PRC) = C[[xixj] ‘ 1<i<j<k+1 (5.11)

The metric is singular at the roots of Coulomb and mixed branches, but the singularity is
expected to be smeared as these branches are lifted. We claim that the USp(k) gauge theory
with N = k 4+ 1 massless fundamentals flows in the infra-red limit to the free conformal

field theory of the W mesonic variables.

5.6 N > k+ 3: duality

Finally, let us consider the theory with an odd N > k+ 3 massless fundamentals. We claim
that there is a duality:
The USp(k) gauge theory with N fundamentals x1,...,xn flows in the infra-red limit

to the same fized point as the USp(N —k—1) gauge theory with N fundamentals, T, ..., TV,
and N(A;l) singlets, a;j = —aj; (1 <1i,5 < N), having the superpotential
N
W= a;[@7]. (5.12)
ij=1
The mesons in the original theory correspond to the singlets in the dual,
[:L‘l'l‘j] = aij. (5.13)

It is a duality — the dual of the dual is the same as the original. We omit the detail
here, except showing the equality, N — (N —k—1) — 1 = k.
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The central charge. The two theories has the same symmetry: the SU(N) x U(1)p
flavor symmetry and the vector and axial U(1) R-symmetries:

SU(N) U(1)p U(L)y U(1)4
r N1 y 0 (5.14)
i N -1 1 0
s A 2 0 0

We have assigned vanishing R-charges to z, so that the two U(1) R’s can become parts
of the (2,2) superconformal symmetry in the infra-red fixed point of the original theory.
Assuming that they indeed do correspond to the parts of the superconformal symmetry,
let us compute the central charge of the original theory. The one for the original theory is

k(k+1)

c=kN — 5 (5.15)
which is also the dimension of the Higgs branch Hj. The one for the dual theory is
. N(N -1 N—-k—1)(N -k
ey = ) )( ). (5.16)

2 2
The two, (5.15) and (5.16), indeed agree.
The dual theory in some detail. Let us study the low energy behaviour of the dual

theory with gauge group USp(k), with k = N — k — 1. The D-term equations are like (5.2)
and the F-term equations from (5.12) are

[Z%] =0 (), (5.17)
ay@ =0 Y(i,a). (5.18)
They force ! = --- = ¥ = 0 but no condition on the singlets a;;. The space of classical

vacua is the space Ay = {(a;;)} = CYT Y Of Nx N antisymmetric matrices. The gauge
group is unbroken everywhere, and quantum effects of gauge interactions must be taken
into account. When we view a = (a;;) as the mass matrix for 7' and study the gauge sector
first, the nature of the low energy theory depends very much on the corank of a, as it is
equal to the effective number Nyg of massless fundamentals. If Nog < k— 1, there is no
zero energy state. Thus, the low energy dynamics will concentrate on the locus where the
matrix a has corank k + 1 or higher, i.e., rank N — (E + 1) = k or lower,

AN7§]€:{G€AN

rank(a) < k } (5.19)

Let us look at the behaviour of the theory near such a locus. For concreteness, let us look
at the region of Ay where the last k x k block of (a;;) has rank k. We separate 7'’s into
two groups: the first N — k and the last k£ of them, 2% and z#. Integrating out the massive
fields from the latter, we obtain the superpotential

N—k N
W= Z Ao — Z Gopat a,g | 7277, (5.20)
a,f=1 p,v=N—k+1
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where (a"”) is the inverse of the last k x k block (a,.) of (a;;). The USp(k) theory with
Neg = N—k = k+1 massless fundamentals is the free theory of the mesons at low energies.
Then, the composites [#*Z”°] in (5.20) can be integrate them out as elementary fields and
we obtain the constraints aqg = Y aauat”a,3. This means that a is of rank k since

_ pe—1pT A|BY 1ka‘BC*1 ON,k‘ 1Nk ‘
A=—-BC™ "B — (—BTC> —< ‘ 1, )( ‘C —CilBT‘lk . (5.21)

Therefore, the low energy theory is the sigma model whose target space is the submanifold

AN <k, in the region of the field space where the rank of a is at least k. The space An <i

w in Ay,®> which explains the central charge (5.16). It can be

has codimension
regarded as the same space as the Higgs branch Hy = Hygp) v of the original theory, in
the sense that both spaces are parametrized by N x N antisymmetric matrices of rank k or
less: [x;zj] for Hygpk),n and a;; for An <k, which indeed correspond to each other under

the duality (5.13).

Flow by complex mass. Let us consider the theory with a superpotential mass term
for two of the N fundamentals, say the last two, W = [zny_1zy]. This introduces a term
a(y—1)n in the dual superpotential,

N

ij=1

If we integrate out a(y_1)y, we obtain the constraint [z N=1ZN] + 1 = 0, which can be

solved by

0
V-l = <e5> , ZV = (W) where e = | - |. (5.23)

0, e 0

1
They break the dual gauge group to the subgroup USp(N k—3). Plugglng them back to
the superpotential, we have terms of the form a]/ng — aj(N— ):1:% for j/=1,...,N — 2.
Integrating out a;/(y_1) and aj , we obtain the constraint wa/ =0forj =1,...,N—2and
a = {,2¢. Thus, we are left with the USp(INV —k —3) gauge theory with N —2 fundamentals
', ..., 7'N2 and W—zgﬂ singlets a;/jr, having the remaining superpotential. This is

indeed the dual of the USp(k) theory with N — 2 massless fundamentals.

If the starting point was N = k+ 3, the dual gauge group USp(2) is completely broken
and the fundamentals are all gone. What remains is the free theory of the singlets a; ; for
i,j =1,...,k+ 1, which correspond to the mesons [z;z;]. The duality indeed reproduces
the effective theory for the N = k + 1 theory obtained in section 5.5.

i(i—1) .
T. tO

5The subspace of Ax consisting of matrices of an odd corank i or higher has codimension
choose such a matrix, we first choose a subspace of codimension 7 and then choose an antisymmetric bilinear

form in that subspace. The first choice involves i(N — i) parameters, as it corresponds to choosing a point

of the Grassmannian G(N — ¢, N), and the second choice involves W

(N 1) {’L( )+ (N— z)(N i— 1)} 7.(7. 1)

parameters. Therefore the

codimension is
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Vacuum counting with twisted mass. Let us compare the Witten index of the dual
pair perturbed by twisted masses. The counting for the original theory, where x1,...,zxN
are given twisted masses myq, ..., My, has been done in section 5.3 under a certain genericity
assumption. This corresponds, in the dual side, to non-zero and generic twisted masses
m; +mj for a;; and —m; for z'. We expect that the Witten index does not change as we
turn off the superpotential, since no vacuum runs off to nor come in from infinity, Then, it
is the same as the theory of z’s only. For this the result of section 5.3 is applicable, though
of course for the dual group. Thus, we only have to compare (5.10) for USp(k) and for
USp(N — k —1). They indeed agree with each other.

5.7 Chiral rings

The (¢, c) ring. The classical (c,c) ring is the ring of gauge invariant polynomials of the
chiral multiplet fields, which is known to be [32]

Clay, ..., an]P®0O) = C [ [z52;] } J(Jos T, o) (5.24)

where the relations are

Jo: Z (-1 [0 0 [0 Tio )] [y Ty ) = 0,
G€6k+1
!
Ji: Z (—1)H) (%50 Ti 0y (T2 i 1) | [T i )| [T 3y i )] -+ [T 1) T 0] = O
€611
(5.25)
Ji: Z (_1)1(0) [Ijoxia(c))][xhxigu)] T [‘rjkxio-(k)] =0.
oGp41

As these must be satisfied in the semiclassical regime and as there is no parameter for
corrections, this must be the (¢, c¢) ring of the theory. In the dual side, the corresponding
relations for a;; appear only in the infra-red limit. These are consistent with the constraint
rank(a) < k obtained in the paragraph including (5.19)-(5.21).

The (a,c) ring. The (a,c) ring of the classical theory is the ring of gauge invariant

polynomials of o, or equivalently, the ring of Weyl invariant polynomials of o1,...,0p. It
is the polynomial ring of the invariants co, ..., coy, where
o = tr(o?) = Z o2, (5.26)
a=1

The underlying vector space is of course infinite dimensional. In the quantum theory, since
the Coulomb branch is lifted if it is regular (i.e. for odd N), we expect to have relations
among co, . . ., Cog, SO that the underlying vector space has a finite dimension which is equal
to the number (5.10). The relations are found via the m; — 0 limit of (5.8),

(c)¥N =0 a=1,....¢, (5.27)
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which are the Jacobi relations of the function NL_H(J{V oy Uév 1), We express this

function, which is invariant under the Weyl group when N is odd, in terms of co,...,coy
and call it W. Then, the (a,c) ring is the Jacobi ring of W (ca, ..., cap).

Notice that it is isomorphic to the ring for the SO(2¢ + 1) or O (2¢ + 1) theory with
the same N. Of course this does not mean that the theory is equivalent to the SO or
O theories. They are different in many other ways, such as the central charge and the
(¢, c) ring.

This holds for both the original USp(k) theory and for the dual USp(E) theory. It is
straightforward to check that the rings for the dual pair are isomorphic to each other, at
least for low values of (k, N). We do not try to give a proof for general (k, N) in this paper.
(In fact, a proof in this case is equivalent to a proof in the SO(odd) or O4 (odd) theories
with odd N, by the isomorphism mentioned above.) It would be interesting to see if there
is a relation to level-rank duality in Wess-Zumino-Witten fusion rings or in the chiral rings
in Kazama-Suzuki models.

6 Motivation, test, and application

6.1 A linear sigma model including O, (2)

The present work started as an attempt to understand, from the quantum field theory
point of view, the relation discussed in [16] between two different Calabi-Yau manifolds.
One of the two naturally leads us to consider the following linear sigma model.
It is the theory with the gauge group G = (U(1) x O(2))/{(£1, +£12)}, with the mat-
ter fields o s s
p p P p p T1 T2 T3 T4 Ty

~~ (6.1)
(_27 1) (17 2)
and the superpotential
5
W= > SIpfa)). (6.2)
ij,k=1

S,ij = Sii are complex numbers which are generic in the sense specified soon. The theta
parameter for the SO(2) C O(2) is turned off for the theory to be regular, as we have 5
(odd) doublets. We often use the parametrization introduced in section 3.2:

U(1) x U(1)
(=1, +1)}
(I(g, h)], %) — (gh, gh™",%).

G = X Z2 = (U(l)l X U(l)g) X Z2 (63)

The FI-theta parameters for U(1); are equal to those of U(1)y and are denoted by (r,0),
or t = r —if. The matter fields are p*’s of charge (—1, —1), u;’s of charge (1,0) and v;’s of
charge (0,1) with respect to U(1); x U(1)2, and the superpotential (6.2) reads as

5
W= Z Sk (wiv; + viuy). (6.4)
i j k=1
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The generator 7 of Zy exchanges U(1); and U(1)y as well as u; and v;. The D-term
equations read

1ol + = —lpP + o =7 (63)

and the F-term equations are
Zs”uwj =0, k=1,...,5, (6.6)
ZS,?pku] = ngpkl}] i=1,...,5. (6.7)

The low energy theory at » > 0. Let us analyze the low energy theory at r > 0.
The D-term equations require u # 0 and v # 0, thus U(1); x U(1)2 is completely broken.
The space of (u,v) can be identified as CP* x CP* on which 7 acts by the exchange of
the two CP* factors. Let Xg be the subspace of CP* x CP* consisting of (u, v) satisfying
the first set of F-term equations, (6.6). We assume that X is a smooth submanifold of
CP* x CP* of codimension 5. Namely, we require that the differential of the five equations
has the maximal rank,

(C):  If (u,v) represents a point of Xg, then the 5 x 10 matriz (Su, Sv) is of rank 5.

Here, Su is the square matrix whose (k,4)™ entry is i S,ij uj. This condition also forbids
the exchange 7 to have a fixed point: a fixed point would be represented by (u,u) where
u # 0 satisfies ), ; S uju; = 0, but the matrix (Su, Su) has rank 4 or less, as Su has u in
the kernel, contradlctlng (C). In particular, the gauge group is completely broken. Again
by the condition (C), the second set of F-term equations (6.7) requires that all p*’s vanish.
We conclude that the vacuum manifold is the free quotient Xg = X 5/ 29, which may also
be written simply as

Xg = { z e (C?)%° ’ x#0, Zs,ij(xixj) =0 Vk }/(CX x 0(2,C))/Zy.  (6.8)

Xg and Xg are three dimensional Calabi-Yau manifolds, with hl’l()N( s) =2, h271()z 5) =52
and h'1(Xg) = 1, h*1(Xg) = 26 [16]. The modes transverse to Xg are all massive and
hence the low energy theory is the non-linear sigma model whose target space is Xg.

As always, we need to make a choice of the Zy orbifold, which is a part of the definition
of the O(2) gauge theory. We fix this by requiring the sigma model on Xg to be the stan-
dard one, where RR ground states are in one to one correspondence with the cohomology
classes of Xg, i.e., Zy invariant (rather than anti-invariant) cohomology classes of Xg, with
Hodge diamond

1
0 O
0 1 0
1 26 26 1 (6.9)
0 1 0
0 O
1

For this we need to choose the Zs orbifold to be the standard one. This is achieved if we
choose the O(2) factor of the gauge group to be the O (2).
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Singularity. Let us find the location of the singular points. We denote by o1 and o2 the
fieldstrength for the groups U(1); and U(1)3. They are exchanged by the symmetry T,

01 (L> g9. (610)

The effective twisted superpotential is Weg = 5(o1+ 02)(log(—o1 —o2) — 1) — 5oy (log oq —
1) —5og(log oy — 1) — t(o1 + 02). The theory is singular if there is a non-compact Coulomb
branch determined by the equations 0y, Weg = 0, Weg = 0 mod 27iZ, i.e.,
(o1 —02)° _ (—o1—02)
el = - = : (6.11)

5
01 09

27

There are three inequivalent solutions, (o1,092) < (1,1), (1,e75 ), (1, e%), for the values
of ¢t given respectively by

27 4mi

el = -2 —(1+e5 ), —(1+es ). (6.12)

Note that the first point is special in that the symmetry (6.10) is unbroken. There we must
take into account the Zy orbifold that acts trivially. Since we choose the gauge group to
be O (2), the Zy orbifold yields two copies of the Coulomb branch at e! = —2°. At each
of the symmetry breaking points, there is just one copy of Coulomb branch.

Location of singular points agree with the result of [16] (under the relation z = —e™*
to the parameter z of [16]). In that work, the monodromies of the Picard-Fuchs system

are also computed — at the three points they are conjugate to

(6.13)

The difference is clear. A spacetime interpretation would be that there are two massless
hypermultiplets of charge 1 at the first point, while there is just one massless hypermultiplet
of charge 1 at each of the latter two. This observation tempts us to make a

Conjecture: Suppose a linear sigma model gives rise to a family of 4d N = 2 compact-
ifications of Type II superstrings. If a disjoint union of n copies of Coulomb branch is
supported at a locus of the moduli space, then there are n massless hypermultiplets of the
same charge along the locus.

The low energy theory at r << 0. Let us now study the low energy theory at r < 0.
This time the D-term equations require p # 0. We then find that the equations |u|? = |v|?
and p- (Su, Sv) = 0 force u = v = 0 under the condition (C). The space of classical vacua is
therefore the space of p obeying |p|> = |r| modulo phase rotations, that is, a CP*. However,
the low energy theory is not just the sigma model on this vacuum manifold, since a non-
trivial subgroup of the gauge group is unbroken: non-zero values of p break the U(1) factor

to {£1} and hence the unbroken gauge group is ({£1} x 04+ (2))/{(£1,£12)} = 04(2). We
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may consider the theory as the O (2) gauge theory with five doublets, x1, ..., zs, fibred
over the CP*, with the superpotential (6.2), which may be rewritten as

5
W= 3 S (p) i), (6.14)
ij=1

where S%(p) = 22:1 S,ij p¥. The low energy behaviour of the O, (2) gauge theory for a
given value of p depends very much on the rank of the mass matrix S(p) = (S%(p)). It
follows from the condition (C) that S(p) has at least rank 3 if p # 0. That is, a possible
rank of S(p) is 3, 4 or 5. Let us put

Y = { [p] € CP* ‘ rankS(p) < 4 }, (6.15)

Cg = {[p] e cp?

rankS(p) =3 } (6.16)

Yy is a hypersurface of CP?* given by the equation det S(p) = 0. Cg is of codimension 3
in CP* and hence is a curve. Yy has A; singularity along Cyg (see section 3.5). The mass
matrix S(p) has corank 1 along Ys \ Cs and corank 2 along Cs. In this situation, we may
apply the analysis of section 3.4 and 3.5 concerning the O, (2) gauge theories with doublets
having superpotential with corank 1 and 2 degenerations. The result there implies that,
at least locally, the low energy theory is the sigma model whose target space is a double
cover of Yg ramified along C's — the cover is of the type C? — C2/Zy as in (3.40), in the
direction of Yg transverse to C's. The question is whether such a ramified double cover of
Ys exists globally. This is in fact proven to be the case in [16]. Thus, we can say that the
low energy theory is indeed the sigma model on that double cover.

However, it is quite unsatisfactory in that the local understanding cannot tell anything
about the existence of the global cover, let alone the construction of such a cover. It would
have been disastrous if there were more than one covers or if there were none (though neither
is the case fortunately). This was the actual motivation to look for the dual description
of the O(2) theory with more than two massless flavors, which resulted in the discovery of
the non-Abelian duality.

6.2 The dual linear sigma model including SO(4)

As described in section 3.3, the O (2) gauge theory with five doublets 1, ..., x5 is dual
to the SO(4) gauge theory with five quartets z',...,2° and fifteen singlets s;; with the
superpotential W' = 3, . s;; (2'27). The singlets are related to the gauge invariants by
sij = (x;xj). This duality can be incorporated into the full linear sigma model and leads
us to consider the following theory.

It is the (U(1) x SO(4))/{(£1,+14)} gauge theory with the following field content

ptp? pP pt B B B (sijhicicios
— (6.17)
(_27 1) (_174) (27 1)
and the superpotential
W = Z Sij (515]) + Z S,ijksij. (6.18)
2% 1,5,k
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The sum of U(1) charges vanish, —2 x 5 —1 x 20 + 2 x 15 = 0. Hence, the axial U(1)
R-symmetry is not anomalous and the FI-theta parameters (7, 6) is a free parameter of the
theory. As we will show later, we can normalize the latter so that the D-term equation for

the U(1) subgroup reads as
—2[p|* — |Z|* + 2|s|* = 27 (6.19)

Let us consider the theory at 7 < 0. The D-term and F-term equations require p # 0,
which breaks the gauge group to the subgroup ({£1} x SO(4))/{(£1,£14)} = SO(4).
Thus, we have an SO(4) gauge theory fibred over CP* = {p}. Since this fibration of SO(4)
theories is dual to the fibration of O4(2) theories discussed in the previous subsection, we
conclude that this linear sigma model at 7 < 0 is dual to the original one (6.1)—(6.2) at
r < 0. Comparing (6.19) and (6.5), we expect that 7 agrees with r in the limit r — —oc.
The precise relation will be determined momentarily.

The low energy theory at ¥ < 0. Let us further study the low energy behaviour of
this theory at 7 < 0. Integrating out the fields s;; we obtain the constraints

(@) + SY(p) =0 V(i,j). (6.20)

Since S(p) has rank at least three for p # 0 by the condition (C), we find that the 4 x 5
matrix (7%) has rank at least 3 if it obeys the constraints (6.20). This completely breaks the
residual SO(4) gauge group. We find that the manifold of classical vacua is the free quotient

C* x SO(4,C)

{(£1,+14)} (6:21)

Vs = {(n.3) € C* 0 (€Y |p £ 0, (6.20) }

If it is a smooth manifold, we identify the low energy theory as the non-linear sigma model
with this target space. Since our theory is dual to (6.1)—(6.2), this must be the double
cover of Yg which we were longing for! This is indeed the case, as we show now.

Since Z° are in the quartet 4, the 5 x 5 matrix (z°27) has at most rank 4. Thus, (6.20)
yields the constraint on p that S(p) must have rank at most 4. Il.e., we obtained the
constraint that p must represent a point of Yg, this time, by a completely classical argument.
Therefore, (p, ) — p defines a map

f:Ys — Y. (6.22)

Let us find the fibre of this map. A choice of p # 0 that represents a point of Yg breaks
the group of the quotient (6.21) to the subgroup ({£1} x SO(4,C))/Zs = SO(4,C). The
symmetric matrix S(p) can be diagonalized using the GL(5, C) coordinate change and we
may assume S(p) = —diag(cy, c2, c3,¢4,0), where three of ¢y, ..., cs must be non-zero. A
solution to the equation (6.20) for such S(p) can be made into the following form using the
SO(4, C) symmetry,

+./c1

. 5 +/c

(z',...,7°) = 2 ‘e . (6.23)
+/c1 0
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Even number of sign flip of the non-zero entries is a part of the SO(4, C) symmetry, while
odd number of sign flip is not a part of it if c1,...,cs are all non-zero — det(z' - --2%)
distinguishes the orbits. If one of ¢1,..., ¢4 vanishes, any number of sign flip is a part of
SO(4,C). Therefore, the fibre f~!([p]) consists of two points if rankS(p) = 4 while it is a
single point if rankS(p) = 3 (i.e. if [p] belongs to Cg). Let us look at the behaviour of f
near the curve Cg. For example, take a point p, where S(p,) = —diag(0,0,1,1,1). If we
assume that p, is a smooth point of Cg, we may assume that we can find three coordinates
(a,b,c) of CP* = {p} transverse to Cs so that

cb
S(p) = — 1 . (6.24)

1

(z',...,2°) = ! , E=a, n*=0b, n=c. (6.25)

This is indeed the expected local behaviour. Namely, we found that the forgetful map (6.22)
is a double cover of Yg ramified along the curve Clg.

We confirmed that the space Ys in (6.21) is the double cover of Yg which we were
looking for. Note that we were able to obtain the target space }75 by a completely classical
analysis in this dual model, since the gauge group is completely Higgsed. This construction
of )73 is strikingly explicit compared to the one given in [16] based on the relative spectrum

of a sheaf of algebra over Yg.

Smoothness of ?5. Let us discuss the condition for smoothness of }75. In view of
the fact that it is a double cover of Yg ramified over Cg, with the local structure as
above, it is smooth if Cyg is a smooth submanifold of CP*. The curve Cy is locally an
intersection of three hypersurfaces. To see this, take a point [p.] € Cg and choose a
coordinate system such that S(p.) = —diag(0,0,1,1,1). Then, Cg can be defined by
A11(p) = A12(p) = Agp(p) = 0 in the region where the matrix S(p)sss = (SY(p))s<i j<s
has rank 3. Here A;;(p) is the determinant of the 4 x 4 obtained by deleting i-th raw
and j-the column of S(p). The curve Cg is smooth if and only if the 5 x 3 matrix of the
differentials of these three equations has rank 3. The matrix is equal to (S}! S}2 S22) times
det S(p)sas # 0. Therefore, the condition for the smoothness of the curve Cg is

(D): If S(p«) is of the form (%) , the 5 x 3 matriz (SL* Si% S22) has rank 3.
*3

The condition (D) is also a necessary condition for the smoothness of Yg. To see this, let us
recall that Yy is defined by the free quotient (6.21). The number of variables is 5+ 20 = 25
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while the number of equations is 15 and the dimension of the group is 1+ 6 = 7. And the
difference 25 — 15 — 7 = 3 matches the dimension of Yg. Thus, Yy is smooth if and only
if the 25 x 15 matrix of differentials of the equations has rank 15. At the point p, in the
discussion above, and for ¥ given by (6.25) with £ = = 0, the matrix takes the form

0203  *20x12
(s ) (620
It has rank 15 only if the 5 x 3 part (S{!S1?S2%) has rank 3. In summary, (D) is the
condition for smoothness of EN/S.

This condition follows from the condition (C) for smoothness of Xs. To see this,
suppose (D) fails. That is, there is some p, such that S(p.) = —diag(0,0,1,1,1) but
(S} S}2 822) has rank 2 or less, i.e., there is some («,3,7) # (0,0,0) such that St +
BSE + vS{2 = 0 for all k. We can find (u1,u2) # (0,0) and (v1,v2) # (0,0) such that
a = uyvy, = ugvy and v = ujvy + ugvy. Then, u = (u1,u2,0,0,0) and v = (v1,v2,0,0,0)
represent a point of )ZS. Note that (Su,Sv) is annihilated by p. # 0, which means that
(Su, Sv) has rank 4 or less. Le., (C) fails.

The converse also holds if we assume that the 7 action on )~(s has no fixed point.
Suppose that (C) fails under that assumption. Then, there are linearly independent two
5-vectors u and v satisfying >, S]ijuivj = 0 for all k£ such that (Swu, Sv) has rank 4 or less.
That means that there is some p, that annihilates this 5 x 10 matrix. With a choice of
coordinates, we may assume u = (1,0,0,0,0) and v = (v1,1,0,0,0). That p, annihilates
(Su, Sv) means that the matrix S(p.) is of the form in the set-up of (D). However, the
equation }_, ; S,ijuivj = 0 reads S}'vi + S}? = 0, which means that (S}'S}? S72) cannot
have rank 3. Thus, (D) fails.

To summarize, “«x s is smooth” is equivalent to “175 is smooth and the 7 action on X, IS
is fixed point free”. X s, Xg and }75 are all smooth under the condition (C).

The FI-theta parameters. Let us now carry out the promise concerning the Fl-theta
parameters (T, 67) The Lie algebra of the gauge group is the direct sum of u(1) and
50(4), where a € u(1), regarded as a real number, generates the one parameter subgroup
{[(e"™,14)]}ter. We denote by Fy) the u(1) component of the curvature. On a closed
worldsheet 3, the flux [, Fy(1) obeys a certain quantization condition. For the usual U(1)
gauge group the condition is that the flux can take all values of 27Z. For the present gauge
group, it can take all values of 7Z. For example, we may decompose ¥ into two parts by a
circle S' parametrized by ¢ € R/27Z and consider the principal bundle determined by the
transition function along S!, given by [( e%, ht)], where h; is some SO(4)-valued function
such that hypor = —hy. Then, the flux for any connection of this bundle is +7 (the sign
depends on the orientation of ¥ versus that of S~1) Therefore, the theta term must be
of the form fz %Fu(l), rather than the usual fz %Fu(l), in order to have the periodicity

0=0+2r. The corresponding twisted superpotential is
Wiree = —2T0y(1), (6.27)

for £ = 7 — if. The FI parameter 7 enters into the D-term equation indeed as (6.19).
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Let us find the singular points in the parameter space, in order to find the
precise relation between (7,0) and (r,0). A maximal torus of the gauge group is
(U(1) x SO(2) x SO(2))/{(£1,£12,+15)} and we identify it as U(1)g x U(1)1 x U(1)q,
where the element [(z, h1, h2)] of the former group is identified with the element (go, g1, g2)
of the latter group by

go =2 g1==zhi, go=zho. (6.28)
Here we abuse the notation: the rotation of R? by an angle « is identified with the element
¢’ € U(1). The SO(4) Weyl group action (hy,hs) +— (ha, h1), (h{*, hy') corresponds to

(90,91, 92) — (90,92, 91)5 (90,9097 ", 9095 *)- (6.29)

By 2% = go, the tree level twisted superpotential (6.27) is written as the = —tog. The
fields have the following charges under U(1)g x U(1); x U(1)a:

pt p? PP pt PP 3 3P F B (sij)i<ici<s
~~ ~~ ~—
110 (6.30)
(_1’0’0) (7’1,0:1) (1’0’0)
(0,0,—1)

Writing down the effective twisted superpotential and extremizing it, we obtain the
equations determining the Coulomb branch,

(=00)°(=o0+ 01)° (=00 + 02)° _ 7 (=01)> (o)
(00)* T Coota)p (Cooto)p L (6.31)

t

The sign in —e" comes from integrating out the off diagonal components of the vector

multiplet, as in the mio, shift (4.8) in section 4.2. We need to avoid solutions such

that 01 = o9 and o9 = o1 + 09 at which the unbroken subgroup is bigger than the

maximal torus. By the second set of equations, we find o, = 11&, with w? = 1,

for a = 1,2, where wy; = wgd needs to be avoided. The Weyl group action (6.29) is

translated into (wq,ws) — (w2,w1), (W l,wg_ ). The are four inequivalent possibilities,
2mi 4mi _ 2mi 4mi 3 4mi

(wi,we) =(e5 ,e5 ), (e 5 ,e5 ), (1, e%), (1, 5 ). Correspondingly, ¢ has values

4 2mi

el =1, =1, =251 +e5 )5 —25(1+e5 )5 (6.32)

The Weyl group is completely broken at each of the four Coulomb branches. Therefore,
there are two copies of one-dimensional Coulomb branch at of = —1, while there is one at
each of the other two values of . Comparing it with (6.12), we find the relation between
t and t: it is et = 2° et~, ie.,

r=r+5log2, 6=280. (6.33)

We have reproduced, in a very different way, the observation that e/ = —2° has a double
Coulomb branch.
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The low energy theory at ¥ >> 0. Nothing stops us from studying the low energy
behaviour of the model in the opposite regime 7 >> 0. The D-term equation (6.19) requires
that s = (s;;) is non-zero. This breaks the gauge group to SO(4). We have an SO(4) gauge
theory fibred over CP' = {s}. The 5 quartets of this theory has mass matrix s;; and
the nature of the low energy theory depends on its rank. Analysis of such a system has
been carried out in section 4.6, which can be applied here without modification. By the
supersymmetry breaking for the SO(4) theory with Neg < 2, we find that the low energy
dynamics concentrates near the locus of CP'# where s;j is of rank 2 or less. The low energy
description of the theory with N.g = 3 in terms of composite mesons tells us that, inside
the open subset of CP'* where s has rank at least 2, the theory reduces to the sigma model
whose target space is the locus of rank exactly 2. In the present case, we also have the
F-term constraints

> Ssiy=0, k=1,...5 (6.34)
4,3
Thus, the low energy theory is a simple non-linear sigma model whose target space is
“ﬂeCPM‘mﬂs:Z msg}. (6.35)

To be precise, we may need to worry about the rank 1 locus. Here we simply assume
genericity of S,ij so that there is no rank 1 solution to (6.34). This is equivalent to the
assumption that no u # 0 solves Z” S,ijuiuj =0, i.e., the 7 action on )?5 is free, which is
guaranteed by the condition (C). The space (6.35) is isomorphic to Xg = Xg/Zy via the
correspondence s;; x (z;x;) — compare (6.35) with (6.8). We have reproduced the low
energy theory of the original linear sigma model at r > 0.

Summary. In the original (U(1) x O4(2))/Zy theory, the O4(2) gauge symmetry is
completely Higgsed and the classical analysis suffices in the r >> 0 phase while it is entirely
unbroken and its strong quantum effect is essential in the r < 0 phase. In the dual
(U(1) xSO(4))/Z2 theory, the SO(4) gauge symmetry is unbroken in the r > 0 phase while
it is completely Higgsed in the r < 0 phase. The exchange between Higgs/weak/classical
and confinement /strong/quantum is a typical feature of duality.

6.3 SO(2) and O_(2) versions

Purely from curiosity, we study the linear sigma model of section 6.1 in which the O4(2)
factor of the gauge group is replaced by SO(2) or O_(2).

SO(2). Let us consider the model with the gauge group (U(1) x SO(2))/{(£1,£12)} =
U(1); x U(1)2. The Fl-theta parameters ¢ and ty of the two U(1) factors are independent
in this model. The D-term equations read

— P+ [uf =ri,  —[pf*+ v]* =, (6.36)

and the F-term equations remain the same as (6.6)—(6.7). The model has three classical
phases: (I) 71 > 0, 7o > 0, (I) ro < 0, 71 > r9, and (III) 1 < 0, 1 < 9. The D-term
equations require u # 0 and v # 0 in Phase I, u # 0 and p # 0 in Phase II, and v # 0 and
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p # 0 in Phase I1I. The low energy theory in the respective phase is the sigma model with
the target space

X = {(u, v) € CP* x CP* | Y~ SJujv; = 0 Vk }

2
i,J

Xt = { (v,p) € CP* x CP* ZSlijpkvj =0Vi }
2

Note that X7 = )~(s and Xy1 = Xy1. Hodge diamond of RR ground states is
0 O

0 0
1 52 52 1 (6.38)
0 0
0 0

=N N

The quantum Kahler moduli space can be found by looking for Coulomb branch vacua.
Writing down the effective twisted superpotential and extremizing it, we obtain the vacuum
equations for o1 and o9, which read for z := 0y/0; as

e =—(142)° « e2=—(14+2z")" (6.39)

This provides a parametric representation of the singular locus. We indeed see the three
phase boundaries: the I-II phase boundary corresponds to z — oo where e!' — oo and
e'2 — —1, the I-III boundary corresponds to z — 0 where e’2 — oo and et — —1, and
the II-III boundary corresponds to z — —1 where e/t — 0, e’2 — 0 and et~z — —1.

Let us look at the locus

rr =10, and 60;=0,. (6.4())

It is on the classical II-I1I phase boundary but avoids the quantum phase boundary which
is the line on the opposite side §; — 03 = 7 (mod 27Z). The theory is regular and we may
apply our understanding of the low energy behaviour of the SO(2) gauge theory or its dual
O4(4) gauge theory. This tells us that the low energy theory is the orbifold conformal
field theory

Ys/Zo, (6.41)

where Yg is defined by (6.21) and Zs is the symmetry associated with O (4)/SO(4). Note
that the map f : Ys — Ys in (6.22) is the mathematical quotient with respect to this Zs.

We would like to make two remarks concerning the dual model with gauge group
(U(1) x O4(4))/{(£1,£14)}. The center of this group is U(1) and it may appear that
the model has just one Kahler parameter. This corresponds to the ¢ = to subspace of
the original quantum Kéahler moduli space. The missing exactly marginal (a,c) operator
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should come from the twisted sector with respect to the Zs = O, (4)/SO(4). Indeed, this
must be the twist operator denoted by 1. in the study of the (a,c) ring of the relevant
O (4) theory in section 4.7. Another remark is about the local analysis of the dual in the
7 > 0 phase. The difference from the SO(4) case occurs at the point where we use the low
energy description of the theory with Neg = 3 massless fundamentals: for SO(4) we had
one copy of the free theory of composite mesons but for O (4) we have two copies. This
gives us a double cover of (6.35), and that must be the double cover Xg of Xg.

O_(2). Next, we consider the model with the gauge group (U(1)xO_(2))/{(£1,£19)} =
(U(1)1 x U(1)2) x Zo(—1)Fs. This is a one parameter model, t; = t = ¢, with the same
D- and F-term equations as in section 6.1. The difference is that the orbifold group is
the non-standard one. Accordingly the low energy theory is the non-standard orbifold: at
r > 0 we have

Xs/Za(~1)", (6.42)
and at r < 0 we have
Vs/Zo(~1)"" (6.43)
Hodge diamond of RR ground states is
0
0 O
0 1 0
0 26 26 0 (6.44)
0 1 0
0 O
0

The singular points are e = —25 —(1+ e%)5 and —(1+ e%)5 as in (6.12) but this time,
there is only one copy of Coulomb branch at the first point as well as in the other two.

The dual model with gauge group (U(1) x O_(4))/{(£1,£14)} has no other ex-
actly marginal operator than the one that generates 6t. The orbifold with respect to
0O_(4)/SO(4) is opposite to that of O1(4)/SO(4) in the twisted NSNS sector, and we have
indeed seen in (4.51) that there is no twisted (a,c) ring element in the relevant O_(4)
theory. In the 7 > 0 phase, we find that the target space is (6.35), i.e. Xg, rather than
the double cover X, s, since the O_(4) theory with Neg = 3 massless fundamentals flows to
one copy of the free theory of composite mesons. It is not the standard sigma model as it
is obtained after the non-standard orbifold operated locally.

6.4 Rgdland’s example — USp(2) versus USp(4)

The linear sigma model studied in [2] has gauge group (U(1) x USp(2))/{(%, £12)} = U(2)
and the following matter fields, superpotential and twisted superpotential:

pl .. p7 xl e I‘r?
det ™! 2
7 ..
W= > AlpFlwizy), (6.46)
i k=1
W=—t troo. (6.47)
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Azj = —A?: are complex numbers which are generic in a suitable sense. The low energy the-
ory at 7 > 0 is the non-linear sigma model whose target space is the complete intersection
of seven planes in the Grassmannian G(2,7),

X4 = { [2] € G(2,7) ) > A lwia) = 0 Wk } (6.48)

The low energy theory at » < 0 is the non-linear sigma model whose target space is the
Pfaffian Calabi-Yau manifold,

Ya= { [v] € CP°

rankA(p) =4 } , (6.49)

where A (p) = Dok Aszk. This was demonstrated in [2] by finding and employing the low
energy description of USp(2) gauge theories with 1 or 3 massless fundamentals. Both X 4
and Y4 have Hodge diamond

1
0 O
0 1 0
1 50 50 1 (6.50)
0 1 0
0 O
1
but they are topologically and birationally inequivalent. Finally, the theory is singular at
el = (1+w)’, 1+, 14w, (6.51)

where w := e7 . There is a single one dimensional Coulomb branch at each point. Note
that (6.51) differs from [2] by a sign. This is because [2] missed the possible effect of
integrating out the off-diagonal components of the vector multiplet discussed in section 4.2.
In the present case, the effect is the 7 shift of the theta angle of the central U(1), which
contributes to the sign change.%

As in the model including O(2), we may employ the duality for the USp(2) part, and
consider the dual linear sigma model. It has gauge group (U(1) x USp(4))/{(+£, +£14)} and
the following matter fields, superpotential and twisted superpotential:

1 (! z’
plo T3 T M (6.52)
(-2,1) (-1,4)  (2,1)
7 7 ,
W= ay[@@]+ Y Alptay, (059
=1 i, k=1
W= oTen, (6.54)

At 7 < 0, the gauge group is completely Higgsed. We have F-term equations

[ 4+ AY(p) =0 V(i,)). (6.55)

5This effect was also missed in the first version of the present paper.
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The low energy theory is the non-linear sigma model whose target space is the free quotient

C* x Sp(4, C)
{(£1,£14)}

There is a map to Y4 given by (p, ) — p. Indeed if (p, T) solves (6.55), then A(p) has rank

{ (p,7) € C¥ @ (CH®7 | p£0, (6.55) } (6.56)

4. In fact it is an isomorphism. To see that, let us choose a point [p] € Y4 and use the
GL(7,C) coordinate change to make A(p) into the form

Jo
Jo . (6.57)
03

A solution to (6.55) is given by
T = (14,04x3), (6.58)

and any solution is in its Sp(4, C) orbit. Thus, the fibre of the map at each point of Yy
consists of a unique point. We have seen that (6.56) is another representation of the Pfaffian
variety Y4. It is obtained in a completely classical manner in this dual model, while (6.49)
is obtained by a very non-trivial analysis of the quantum theory in the original model.

At 7> 0, the D-term equation requires a # 0 and the gauge group is broken to USp(4).
This leaves us with a USp(4) gauge theory fibred over CP? = {a}. The 7 quartets have
mass matrix a;; and the nature of the theory depends on its rank. Analysis of such a system
has been carried out in section 5.6, which can be applied here without modification: by
the supersymmetry breaking for the USp(4) theory with Neg < 3 and by the low energy
description of the theory with Neg = 5 in terms of composite mesons, we find that the
theory reduces at low energies to the sigma model on the locus of CP?° where a;; has rank
2. (Note that a cannot have rank 0 as that would violate the D-term equation for the
U(1).) We also have the F-term constraints,

Y Ala;=0, k=1,...T. (6.59)
ij

The low energy theory is a simple non-linear sigma model with the target space

{ [a] € CP2°

ranka =2, (6.59) } (6.60)

This is isomorphic to X 4 under the correspondence a;; o [z;z;]. We have reproduced the
low energy theory of the original linear sigma model at r > 0.

Finally, let us identify the singular points and find the relation to the FI-theta param-
eters of the original model. Identification and parametrization of the maximal torus can
be done in almost the same way as in the model including SO(4). One difference is that
the Weyl group is slightly bigger, (h1,h2) — (h2,h1), (hfl, he), (h1, h;l), and there are
more forbidden loci: o9 = 207 and og = 209 in addition to o1 = 09 and o9 = o1 + 03. The
equation determining the Coulomb branch is

(=00) (=00 +01)"(—o0 +02)" 7 (—01)” (—o9)”

(00)™" =—c, oo+ o1) = oo+ 0a)7 =1 (6.61)
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t

The sign in —e" comes from the effect of integrating out the off diagonal components of

the vector multiplet. We find o, = , with wZ =1, for a = 1,2, where we need to avoid

g0
14+wa
w1 = 1 and w9 = 1 in addition to w1+ = wgcl. The Weyl group action becomes (wy,ws) —
(w2, w1), (Wit wa), (wi,ws ). There are three inequivalent possibilities (w1, ws) = (w,w?),
(w,w?) and (w?,w3) (again, w := e#), for which ef = (1 +w?)7, (14 w?)” and (1 + w)7
respectively. The Weyl group is completely broken and there is a single Coulomb branch
at each of these points. Comparing with (6.51), we may set

F=r, 0=0. (6.62)

To summarize, we obtained completely consistent results from the dual pair of linear
sigma models. The two play complementary roles. If the gauge symmetry is unbroken and
a non-trivial quantum analysis is needed in one theory, the gauge group is Higgsed and
the result is obtained by purely classical analysis in the dual. This happens both at r > 0
and r < 0.

6.5 Intersection of quadrics

Let Si(z), ..., Sa(z) be quadratic polynomials of N variables x = (x1,...,zy). We denote
by Qg the intersection of M quadrics in CPY !

Si(z) == Sy(x) =0. (6.63)

We assume that Qg is a smooth submanifold of dimension N —1 — M.
A linear sigma model for Qg is the U(1) gauge theory with fields p',...,p™ of charge
—2 and fields 1, ...,z y of charge 1, with the superpotential

W =p'S1(z) + - pM Sy (). (6.64)

For large positive values of the FI parameter, r > 0, the D-term equation forces = to have
non-zero values and the gauge group is completely broken. The theory reduces at low
energies to the non-linear sigma model whose target space is Qg. For r < 0, on the other
hand, p = (p',...,p") must have non-zero values, and the U(1) gauge group is broken to
the Zy subgroup. The low energy theory is the so called hybrid model. It is a Landau-

Ginzburg model on the Zy orbibundle (’)(—%)@N over CPM~1. The equation for Coulomb
branch vacua is

(—20)M joN = ¢t (6.65)

When N = 2M, where Qg is a Calabi-Yau manifold, the axial U(1) R symmetry is anomaly
free and t is a parameter of the theory. There is a singular point at e/ = 2¥. When
N > 2M, the theory is a flow from the sigma model on Qg to the r < 0 hybrid model
or one of the (N — 2M) Coulomb branch vacua. When N < 2M, the theory is a flow
from the r < 0 hybrid model to the sigma model on Qg or one of the (2M — N) Coulomb
branch vacua.
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Our main interest is the nature of the hybrid model at r < 0. (See [28] for an earlier
study.) We may rewrite the superpotential (6.64) as

N
W= SY(p)xz;, (6.66)

ij=1

where S¥(p) =3, S,ijpk for Sp(z) =32 S,ijxixj. The model can be regarded as the Zo
Landau-Ginzburg orbifold of  with this quadratic superpotential fibred over P := CPM~1,
We denote by P ;) the locus of p € P where S(p) has rank N —i. It has codimension w
Over the generic locus P q), the fields z; are all massive and can be integrated out. The Z
orbifold is the standard one, so that the number of zero energy states in the x sector is two
resp. one if N is even resp. odd (section 2.2). Thus, we have a double resp. single cover
over P g). Near the first degeneration locus Py (codimension 1), the result of section 2.3
can be applied: the double cover for the N even case is branched along P (;), while the cover
for the odd N case is of the form of the orbifold C/Zs in the transverse direction to P (y).
Near the second degeneration locus P(9) (codimension 3), the result of section 2.4 and 3.3
can be applied: in the transverse direction with coordinate (a,b,c), the double cover for
the N even case is the conifold ¢? — ab = d? with § = © where the Zs deck transformation
is d — =+d, while the cover for the N odd case is the Zy(—1)* orbifold thereof. We would
like to see how such local behaviour may be glued together and find a global picture. For
this purpose we turn to the dual model.

A key to find the dual is to rewrite the gauge group as

U(1) x O(1)

) = {(£1,£1)}’

(6.67)
and apply the duality to the O(1) sector that appears in the r < 0 hybrid model. Since we
have the standard Zsy orbifold with N fields that transform by sign flip, the O(1) is O4(1)
when N is even while it is O_(1) when N is odd (see Special Cases in section 3.3). For
even resp. odd N, the dual model has gauge group

U(1) x SO(N) U(1) x O_(N)
———  resp. ———————=, 6.68
[ESTEETY B (e W= (6.68)
the matter fields
1 M ~1 ~N
p P r - X <3i’)1<i<'<N
—_— (6.69)
and the superpotential
W= si;(@3)+ > S (p)si. (6.70)
JJ=1 4,j=1

The mod 2 theta angle for the SO(N) factor is turned on (as N —k = 0 (even)). We write
ﬂ(l) = Ty(1) — 10y(1) for the Fl-theta parameter for the U(1) factor.
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Let us be more precise about the theta angle. There is no subtlety for odd N since
the gauge group is simply isomorphic to U(1) x SO(N), as the element (—1, —1y) iden-
tifies the two connected components. In particular, the theta parameter has the stan-
dard periodicity 514(1) = 5 w(1) + 2m. For even N, the fundamental group of the gauge
group is isomorphic to Z & Zs but not canonically so. For example a loop associated to
(n,0) € Z @ Zy may be chosen as t € R/27Z — gy = [(e 2, hy)] where hy is represented
by hi = exp (Z(erea + -+ -+ en—1en))]) in Spin(N), but we could equally well choose the
one where the sign of egeq 1 in the exponent is ﬂipped To be specific, let us define 511(1)
so that the path-integral weight is given the phase e 30u) for the gauge bundle defined
by this particular transition function g;. It has the extended periodicity 9u(1) = 9 (1) +4m.
Recall that 26 in (6.27) also has the extended periodicity for the same reason. However,
unlike in that case, the theories with gu(l) and gu(l) + 27 are equivalent — the symmetry
7 € O(N)/SO(N) makes the shift

eu(l) — 511(1) + 27. (6.71)

To see this, note that conjugation by 7 changes h; by multiplication of a non-contractible
loop in SO(N). For example, if 7 is represented by diag(—1,1,...,1), then Ther1 =
exp ("Zt(—eleg + -+ eN_leN)) = exp (——eleg) ht. Since we have a non-trivial mod 2
theta angle for SO(N), the path-integral weight changes by (—1)"™. This change is nothing
but the shift (6.71). In the model of (6.27), the symmetry 7 € O(4)/SO(4) exists but does
not shift gu(l) = 20 since the mod 2 theta angle for SO(4) is turned off. Note that the
shift (6.71) is related to the ambiguity in the choice of isomorphism of the fundamental
group to Z @ Zs.

Let us now analyze the theory at 7,1y < 0. The D- and F-term equations require p to
have non-zero values, and the gauge group is broken to SO(N) (even N) or O_(N) (odd
N). Integrating out the fields s;; we obtain the constraints

(@37) + 87(p) =0 V(i, ). (6.72)

Suppose S(p) has rank at least N — 1 for all p # 0, i.e., P = P U P (), which would be
the case if dimP < 2. Then, z has rank at least N — 1 for every solution to (6.72). For
even N the residual gauge group SO(N) is completely broken at any solution to (6.72).
Therefore, the low energy theory is the sigma model whose target space is the free quotient

C* x SO(N, C)
{(£1, 1)}

Ps — {(p, 7) e CM g (CM)®N | p£0, (6.72) } (6.73)

The map (p,z) € 155 — p € P is a double cover that is branched along the degeneration lo-
cus P (7). This can be seen as in the argument to show that (6.22) is a ramified double cover.
Indeed, if S(p) = —diag(z,1,...,1), the solution to (6.72) is given by z = diag(z,1,...,1)
with z = Z2. For non-zero z, the two solutions with opposite signs of Z are distinct. f’s
provides an explicit global realization of the branched double cover that is expected in the
local analysis of the original linear sigma model. For odd N, the residual gauge group
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O_(N) is completely broken at maximal rank solutions over P ) but a Zz subgroup re-

mains unbroken at corank 1 solutions over P(qy. The low energy theory is the sigma model

on an orbifold

C* x O_(N,C)
{(£1, £1n)}

For S(p) = —diag(z,1,...,1) and T = diag(Z,1,...,1) with z = 22, the relevant unbroken

gauge group is O_(1) that acts on a single variable z as Z — —z. Therefore, the orbifold is

Pg = {(p,;z) e CM g (CM)®N | p£0, (6.72) } (6.74)

the standard one C/Z in the direction transverse to P (). Again, Pg provides an explicit
global realization of the orbifold that is expected in the local analysis of the original linear
sigma model. In a general case, especially when P has dimension three or higher, P ;) with
i > 2 are non-empty. At solutions to (6.72) over such higher degeneration locus, contin-
uous subgroups of the gauge group remain unbroken. In particular, the quotients (6.73)
and (6.74) are not smooth manifolds nor orbifolds, and we no longer have a sigma model
description of the low energy theory. But we do see what we have locally in the direction
transverse to P;): for even resp. odd N it is the SO(i) resp. O_(i) gauge theory with i
massless fundamentals, which flows to a superconformal field theory with central charge
c = @ The case i = 2 is indeed (orbifold of) the conifold at § = 7. It would be
interesting to understand the total system better, using the original and the dual models.

The model at 7,1y > 0 can be analyzed as follows. The D-term equation requires
s # 0 and the gauge group is broken to SO(N) (even N) or O_(N) (odd N). By the
supersymmetry breaking for the theory with N.g < N — 2 and the low energy description
of the theory with Neg = N — 1 in terms of the composite mesons, we find that the theory
reduces to the sigma model on the locus of s € CPM of corank N — 1, i.e., rank 1, so

that one may write

Sij = :L'il'j. (6.75)
We also have the F-term constraints
> 87si;=0, k=1,... M (6.76)
i

Namely, we have the sigma model whose target space is the complete intersection of the
quadrics (6.63).
Finally, let us analyze the Coulomb branch vacua.

Even IN. We use the following parametrization of the maximal torus of the gauge group;

U(1) x SO(2)1 x -+ x SO(2)%
{(£1,£1y,...,+19)}

(z,hl,...,h%) — (22,zh1,...,zh%).

I

U(l)o x U(1)g x -+ X U(l)% (6.77)

For the theta parameter gu(l) (period 47) as defined in the paragraph including (6.71), the
tree level twisted superpotential on the Coulomb branch is

N

N
2 2
Wiree = —tu(1)0u(1) + T > _(Tso(2)a — Ou(n)) = —tooo + 7 » _ 4. (6.78)
a=1

a=1
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Here we write 09 = 20y1) and 0, = 0y(1) + Og(2), following (6.77) and we put ty :=
%fu(l) + %m’ (period 27i). The i terms in (6.78) come from the mod 2 theta angle for the
SO(N) gauge group. The effective twisted superpotential is

N (N _
ﬁ/’eﬂzwwwo — M(—00)(log(—0g) — 1)

—-N Z{ —00 + 04)(log(—o0 + 04) — 1) + (—04)(log(—04) — 1)}

N(N +1) s

2
—#Uo(log o9 — 1) — tgog + i azz:l Oas (6.79)

where the first term results from integrating out the off diagonal components of the vector
multiplet. The vacuum equations read

N
MUY N N (X 1) N
( UO) GJ\T(%V(JH)JO + Ua) — (_1) 2 g eto’ 0—7‘1]\[ =_-1 Va. (680)
o. 2 (UO - Ua)
0

Writing o, = 0g (% + ua) (i-e., Uq := 0g0(2),/00), We see that each u, must solve

(;+U>N+(;—U>N:0 (6.81)

y £l N ¥y
A eI (§w) =0 e 6)

and og is then determined by

The equation (6.81) has % pairs of non-zero roots, and we must find solutions such that
ug # fup (a # b) modulo the SO(N) Weyl group action — permutations and sign flips
of u,’s preserving the product uy---u N There are two inequivalent solutions. When
N # 2M, the equation (6.82) for given u,’s has ‘M — %} solutions for og. Thus, there are
total of |[2M — N| solutions, matching with the result in the original linear sigma model.
When N = 2M, the equation (6.82) should be regarded as the one that determines the
location of singular points in the parameter space. Corresponding to the two solutions for
o ie., tog — tg -+ mi. Thus our
one parameter family of theories cannot be the same as the one parameter family from the

u,’s, we have two singular points, related by e’ — —e

original model which has one singular point (e* = 2%). At this point, we recall that we
have a symmetry 7 € O(N)/SO(N) which shifts tu(l) by 2mi (6.71), that is, tg — to + mi.
Thus, our dual family can be regarded as a double cover of the original family. A precise
covering map is given by

[z

mi(2a— 2N
e =2V [T (14 ™5 ”) o2, (6.83)

a=1

This also relates ¢ and ?u(1) via e?lo = el
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Odd N. This case is more straightforward as the gauge group is simply isomorphic to
U(1) x SO(N). We denote the scalar components of the vector multuplet by o for the
U(1) part and by o1,...,0~-1 for the maximal torus of SO(N). The tree level twisted

2
superpotential is

Wtree - _Zu(l)a + 7Ti((71 + -+ O'u). (684)

2

Again, the i terms come from the mod 2 theta angle of the SO(V) gauge group. Com-
putation of the effective twisted superpotential is straightforward and the vacuum equa-

tion reads
2M N N N N
(_20) (_U) Ha:l (_U + Ua) (_U — Ua) — et~u<1)7 (_G B Ua) =1 va. (685)
(20)N(N+1) (—o+0a)V
We see that each z, = 0,/0 must solve the equation
A+2)N -1 -2N=o, (6.86)
and o is then determined by
Nt
(—g)2M-Ng2M-N (N+1) H 1— 22N = — elu(n) (6.87)
The equation (6.86) has one root at z = 0 and YL pairs of non-zero roots. We look for

solutions such that z, # £z, (a # b) and z, # 0 modulo the SO(NN) Weyl group action
— permutations and independent sign flips of z,’s. There is a unique solution. Thus,
we find [2M — N| Coulomb branch vacua, matching with the result in the original linear
sigma model.

6.6 Equivalences of D-brane categories

As mentioned earlier, the present work is motivated by recent development in mathematics
concerning equivalences of derived categories of certain pairs of algebraic varieties. Such
categories are realized as the categories of B-branes in the supersymmetric non-linear sigma
models. If two varieties X and Y sits on a common quantum Ké&hler moduli space, it is
expected from the general principle of (2,2) supersymmetry that X and Y have equivalent
derived categories. Our task was to promote the equivalences found in mathematics to
statements in quantum field theories. Here we summarize the relevant equivalences, give
some references, and make some comments.

The study of section 6.1 and 6.2 is directly related to the work [16] by Hosono and
Takagi. The relevant equivalence is

DY(Xs) = DP(Ys). (6.88)

The proof is being done by the authors of [16].
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From the linear sigma model with gauge group (U(1) x SO(2))/{(£1,£12)} studied
in section 6.3, we have equivalences

NG
/ngz (Ys) (6.89)
Db(XIH)_

The two arrows on the left (i.e. those not involving the orbifold category D%Z(f{q)) as well
as the unwritten vertical arrow in the middle are already mentioned in [16]. They can be
promoted to the relations between N = 2 theories with boundaries [41].

From the linear sigma model with gauge group (U(1) x O_(2))/{(£1,£12)} studied
also in section 6.3, we have

DY, e (Xs) = Dy e (Vs), (6.90)

We invented a notation D%2(_1) r. (—) for the category of the non-standard Zy orbifold, not
knowing the well accepted notation in mathematics.
The equivalence relevant for section 6.4 is

Db(X 4) = Db(Yy). (6.91)

This was first pointed out by E. Witten as a consequence of the work [2]. Proofs are given
by Borisov-Caldararu [42] and Kuznetsov [43].

The study of section 6.5 is related to the following equivalences, found by Bondal-
Orlov [15, 22, 23]:

Db(QS)g<CSaOI7"'aON—2M> lfNZ2M7

(6.92)
(Bn-am, ..., B-1,D%Qg)) = Cs if N <2M,

where Cg is a category that corresponds to the linear sigma model at o) = 0 for r < 0.
For M < 3, Cg = Db(f’s) for even N and Cs = D%(Pg) for odd N. O; and B_; are
“exceptional objetcs” of the category on the other side of the equivalence. (—,—,...,—)
stands for “semi-orthogonal decomposition”. In fact, this equivalence for odd N was the
motivation to refine our understanding of Zs orbifolds at an earlier stage, and the refinement
resulted in finding the O_ duality (the earlier understanding gave us only the SO/O
duality). Linear sigma models relevant for the equivalence for the case N = 2M were
studied earlier in [28].

A point of view that seems to underlie all of these equivalences is projective duality
and its categorical counterpart proposed by A. Kuznetsov, called Homological Projective
Duality [44]. Indeed, comparison of the presentation (6.15) of Yg and (6.35) of Xg suggests
projective duality. Note that these two presentations have been found in two linear sigma
models which are dual to each other. The same applies to (6.49) of Y4 and (6.60) of X 4.
It would be interesting to see if there is a relation between the gauge theory duality and
projective duality at a more fundamental level.
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A Supersymmetric quantum mechanics with both superpotential and
twisted masses

We study the spectrum of supersymmetric ground states of the theory of two variables z
and x having the superpotential
W = za?, (A.1)

and twisted masses associated with the symmetry
z— A, oz A2z (A.2)

That is, x and z have twisted masses —m and 2m respectively.
For the purpose of finding the ground states, we may only consider the zero mode
sector. The supercharges are given by

o —z 0 —2 0 z 2 12 ~ —T ~ —z
Q, = 1/)+% + 1/)+£ - (22331/)_ + z%p® — mayp” + 2mz1j)_) (A.3)
o —z 0 — 0 z 2 2 = —=x - —z
Q_ —Qj)_%—{—zp_%—{—(sz/)_F—l—x ¢+—|—mm/)+—2mzd)+> (A.4)
T 9 z 9 L =277 = T =07
Qs+ = —w+% - @ZJJF% - (2,21‘1/)_ + 73257~z + 2mz¢)_) (A.5)
x 9 z 9 =L =277 ~ T ~ 1%
Q_ = —w_% — w‘@ + <2zxw+ + T, +mTyl — 2mz¢+) . (A.6)
Non-zero anticommutators are
{@+7Q+} = {@va*} =H, (A7)
{@-}—7 Q—} - ﬁ’LJ, {é—v Q+} - 777”]7 (AS)
where H and J are the Hamiltonian and the generator of (A.2) respectively,
He o & O o P 2Pt a2 (A.9)
0xdxT  020% ’
+ (220507 + 200507 4209507 )+ hee | + [ (=0T + 20500 ) + e ]
0 0 —a 0 0 — —z
=—|pg— 73— — T z 22— — 72— — z z . Al
The space of states can be chosen to be the space
2
H= QOP(C* AN"Tce) (A.11)
p,q=0
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of differential forms on C? = {(z, z)} with values in polyvector fields. The fermions are
represented on it as

i X 8

w++w,:df/\, wﬁ‘i_wx:Z(ax),
—x = 0

Y1 =yt = (dz), 7/1+_¢7:8*x/\7

and similarly for 17 and ﬂi
If we choose m to be pure imaginary, m 4+ m = 0, the operator Q = @+ + @Q_ obey
the relation,

Q*=0, {Q.Q"=2H. (A12)

In particular, there is a one to one correspondence between supersymmetric ground states
and Q-cohomology classes. Under the same condition, m +m = 0, Q is represented by the
operator QQ = 0 + Qo1 on the space H in (A.11), where

Qnol = (W) — mKA, (A.13)

with dW = 2zaxdr + 22dz and K = —x(% + 22%. Using the standard argument, one
can show that (Q-cohomology classes are in one to one correspondence with the Q-
cohomology classes where Q) is regarded as the differential on the space of holomorphic
polyvector fields,

2
Hhol = @Thol(CZ, NTe2). (A.14)
q=0
Note that
_ 0 0
V) = 7 (-5 + 255 ).
) 99 ) , 0 0

) =9 Iz — A — e A2

ol (8;1:) S R ol (3z> e N o

0 0 0 0
Qhol <al‘ A az> =T <—Iax + 2282) .

It is easy to see that there is only one cohomology class, which is represented by

o 0
m— N —. Al
x+ma$ A 0z (A-15)

This proves that the system has a unique supersymmetric ground state.
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