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1 Introduction

Recently, we computed the corrections to Navier-Stokes (NS) equations due to the fermi-
onic superpartner of a non-extremal black hole in N = 2, D = 5 supergravity [1]. The
technique is based on seminal work [2, 3]. Here we consider the following situation: we
start form a AdSs-Schwarzschild black hole solution of D = 5 supergravity which breaks
all supersymmetries preserving only seven isometries of the AdS space; then using the
AdS-Killing spinors we perform a supersymmetry transformation of the metric where the
gravitino field is generated by the Killing spinors. The metric acquires new terms which
are proportional to the fermionic bilinears and in terms of those we computed the mod-
ifications to the classical relativistic NS equations for a conformal fluid on the boundary
of AdS space. Unfortunately, this is not enough to derive the complete non-linear NS
equations since a finite supersymmetry transformation is needed in order to compute the
full result. Again following [2, 3|, one has to construct the variation of the metric under a
finite isometry (or superisometry), which satisfies the Einstein equations, then allowing the
parameters of the isometry to become dependent upon the coordinates on the boundary,
one can derive the equations of motion corresponding to NS equations. To repeat the pro-
gram for supersymmetry, we have to construct a finite transformation, but in that case due
to the anticommuting nature of supersymmetry parameters, the series truncates after few
steps. The unconventional nature of fermionic hair prompted us to adopt the word “wigs”
to denote the Schwarzschild solution decorated with fermionic zero modes. The number of
needed steps depends upon the number of independent fermionic parameters entering the
supersymmetry transformations, therefore in our case it depends upon the number of the
independent parameters of the AdS Killing spinors.

We can change the perspective and we can look at the problem in the following way:
given a bosonic solution of supergravity field equations, one can compute the zero modes of
the fermionic field equations (3/2- and 1/2-spin fields). Those solutions are the components
of a supermultiplet and they trasform into themselves under supersymmetry transforma-
tions. This can be easily seen at the quadratic level, namely, by taking into account
fermionic quadratic terms of the action or, equivalently, linear fermionic field equations.
Nonetheless, those solutions can be extended at the non-linear level by considering all terms
of the lagrangian and by expanding the solution in terms of fermionic fields. That has an
incredible advantage over the a solution with bosonic hair (see for example for a recent



development along that line [16]) since the fermionic wigs are automatically trimmed by
their fermionic nature.

Based on [17-21], we construct the complete solution of the supergravity equations.
We start from a Schwarzschild-type solution, breaking all supersymmetries and preserving
7 isometries of the AdSs background. The metric depends upon the coordinate r measuring
the distance between the center of AdSs5 space and the boundary. We choose a flat D =4
boundary. Notice that Lorentz symmetry is manifestly broken by our solutions since the
time is treated differently from 3d space coordinates. With the factorization of the metric
into a 2d space-time (r,t) and 3d space (z'), we can factorize the spinors into corresponding
irreducible representations. We compute the AdSs Killing spinors and we see that there are
two independent choices which are relevant for our study. Then, we compute the variation
of the gravitino fields under the supersymmetry where the parameters are replaced by the
Killing spinors. That produces the first term of the fermionic expansion of the gravitino
solutions to the Rarita-Schwinger equation of motion. The next step is to compute the
second variation of the metric in terms of fermionic bilinears (A, N, K;). That is achieved
by computing the second supersymmetry variation of the metric. At this stage one can
check whether the Einstein equations are indeed satisfied. We compute then the effect of
the interactions to the RS equations due to fermions and to the coupling of fermions to
bosons. Already at this step, the usage of Fierz identities to rearrange the bilinears is
essential to reduce all possible terms. The iteration proceeds until the number of indepen-
dent fermions truncates the series. In the process, the gauge field (the graviphoton), which
has been set to zero from the beginning, is generated and its field is proportional to the
fermion bilinears. We check also the Maxwell equations order-by-order.

The computation of the Killing spinors reveals that there are essentially two structures
to be taken into account (in the text we denote those contributions as 79 and 7;). In the
first case the complete solution obtained by resumming all fermionic contributions is rather
simple since the dependence upon the boundary coordinates is very mild. On the contrary
the computations of the complete metric in the case of 7, is rather length since all possible
structures are eventually generated. In addition, the two structures, at a certain point,
start to mix and therefore a long computation has to be done. This is due to the fact
that by breaking Lorentz invariance from the beginning all terms of the spin connection,
of the vielbeins and of the gauge fields are generated. Therefore we cannot use covariance
under Lorentz transformation to cast our computation in an elegant and compact form
and, generically, all components are different from zero. Technically, in order to re-sum all
contributions we compute the full solution using Mathematica®. The result is provided
in a form which is still difficult to read (the electronic notebook with the D=4 and D=5
solutions is provided as ancillary files of the preprint publication). Nevertheless, we make
some remarks regarding the results and we give the explicit formulas for the simplest cases.

Our construction has different purposes. First of all, we will use the present results for
deriving the complete non-linear Navier-Stokes equations with fermionic contributions [1].
That would be the natural final aim of the present work, but since the results are indepen-
dent from that, we decided to present the derivation of NS equations in a separate paper.
Second, the natural question is whether the same analysis can be done also in the case of



BPS solutions. For that we refer to the first step given in [13] and we will complete their
constructions by our algorithm. Another question is the case of D = 4. In that case a
complete explicit solution is attainable and we will publish this result elsewhere. Finally,
an issue that can be addressed with our computation is the presence of ghost modes in
construction of [22].

In section 2, we summarize the main ingredients of D = 5 and N = 2 supergravity
and we list the choices we made to build our complete solution. Notice that the solution
we are considering is suitable also for D = 4 and N = 2 and therefore we provide the
complete solution also in that case. We also provide some comments about spinor relations
and supersymmetry transformations. In section 3 we discuss the Killing vectors of AdSs
in our coordinate system and the boosted solution and some considerations regarding the
choice of the coordinate system. In section 4, according to the precedent section we com-
pute the Killing spinors. Finally, in section 5 we discuss the algorithm and in section 6 we
compute the metric wigs. There, we show that even though the metric explicitly depends
upon the fermion bilinears, some macroscopic quantities such as the ADM mass do not.
The complete computation is obtained in the case for n;. In section 7, we compute the
boundary stress-energy tensor as the starting point for the NS equations. In appendices
we collect some auxiliary material.

2 Truncated N = 2, D = 5 gauged supergravity

We provide some useful ingredients for our computation based on papers [4-8, 12, 13]. We
consider the model N = 2, D = 5 gauged supergravity, but we truncate the spectrum in
order to deal with the simplest solution in AdSs for the present paper.

2.1 Action

The N =2, D = 5 gauged supergravity action was constructed in [4-8], coupling the pure
supergravity multiplet with vector and tensor multiplets. In this paper we consider a con-
sistent truncation of that action, in order to deal with Schwarzshild solution in AdS5. We
consider the pure supergravity multiplet, formed by the vielbein eﬁ, two gravitini %\4 and
the graviphoton AQ,, and N — 1 vector multiplets composed by vector fields Al , gauginos
A1 and scalar fields qf A

To gauge the U (1) subgroup of SU (2) R-symmetry group, we consider a linear com-
bination of vector fields A%, and graviphoton Ay;: Ay = Vi AL, where {V;} are a set of
constants and index I labels the graviphoton and the N — 1 vector fields. The gauging
procedure introduces a potential in the action which depends on the scalar ¢’. In order to
simplify this AdS5 model we set the potential and the scalars to constant, and the gauginos

to zero. The resulting action is then
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where ¢ is the U(1) coupling constant. Indices {F),..., K} are the special geometry ones,
{L,M,N,...} are the curved bulk indices and {A, ..., D} labels flat bulk directions. The
quantities Q, Cryx, trs%, P, hy are related to special geometry (see [6-8]). Notice that

when the i spinorial indices are omitted, northwest-southeast contraction is understood,
e.g. Yohp = &ng p. We define the supercovariant field strengths F' ;’1 g such that

- . V6 -
Fip = Fip = Yulpe’ + =5 idavph?,
Fin = 200 AN + 9fix"ALAL (2.2)
We define also P = h! ]5}. The covariant derivative reads
i o 1 AB i AI ij .
Duvy = | Ou + qwn™ Tap | ¥ — g4y Proon;. (2.3)
This action admits the following N = 2 supersymmetry:
1
den = Sel M,

, . i~ R T
51”\4 = D#(w)el + mh[FINR(FMNR — 4gMNFR)€Z — %IQPUFMEJ‘,

0AL, = —*fihfew. (2.4)
We also denoted
Dy (@)t = Dar(@)e — gAY PPe;, (2.5)
where w indicates the spin connection defined through vielbein postulate, as we will see in
the forthcoming sessions.

2.2 Spinors relations

For our purpose, we find convenient to work with Dirac spinors instead of symplectic-

2 Therefore we dedicate the present subsection to illustrate and remind the

Majorana.
reader the translation table.
For 5 dimensions SM spinors A* with i = {1,2}, the complex conjugate is defined

through
(A" = CTo\, (2.6)

*Dirac spinors are also used in [12, 13] while symplectic-Majorana ones are present in [4-8].



the bar is the Majorana bar
= (\HTe, (2.7)
where C is the charge conjugation matrix satisfying
¢l =—c, Ccr=-C, cl=clc=1,
(CTa) = —CTyy, i, =cryct. (2.8)
Thus, the following expressions are real
iNap; NT e (2.9)

Notice that the index ¢ is raised and lowered by the antisymmetric tensor €;;.
For our purpose, we need Dirac spinors € and the bar represents the Dirac adjoint

E=¢Ty. (2.10)

It is possible to construct one Dirac spinor from two SM: one has ¢ = A; + i\y. For
consistency then we have € = \; — i)a.
Using the above relations we express the quantities (2.9) in terms of Dirac spinors

iXep; = Re (e1)) , NT b = Re (—iel'pp1h) | (2.11)
where Re(x) denotes the real part of x.

2.3 Susy transformations
The supersymmetry transformations (2.19) for N =2, D = 5 gauged supergravity written
with Dirac spinors are
1
ety = —5Re (el 5y
1 -
degMN = —5Re (i€l (a 6Y ny)

. i .
Sethns = D (©) € + —=€% hi FTPC (T ype — 4naple) e,
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V6

S AL = —=; Re (evarh’) (2.12)

where

. N
Fip=Fip+ Tw[wg]hf,
Dy (&) = Dy (@) — gAL, Py,
1
4

NG

In order to compare this with the AdS covariant derivative

Dy (@) = Oy + =3 PTap — —gPTy . (2.13)

1 1
D (@) = Oy + Zw;‘WBFAB + 5eAMFA : (2.14)



we set

gP :%Vé. (2.15)

From the special geometry construction, h! satisfies
hrhl =1, (2.16)

then, in our particular case, where the gauge fields are generated only from susy transfor-
mation (2.12) while the zero-order is zero, we define the gauge field as

Al = Ayn! (2.17)

Doing so, all the indices I and the quantity h! disappear from the equations. Moreover,
using eq. (2.15), the A-part in the covariant derivative becomes

—gAL, P = —%\/EAM . (2.18)
Finally, the simplified susy transformations now read
1
deeqy = —5Re (ieT 5y
1 .
(5€gMN = —iRe (ZGF(M(S'IﬂN)) s

7
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0cAn = —\ZERG (E@bM) R (2.19)

dethapr = Doy (W) e+ e FPY (Tape — 4napTo)e,

where
A V6 -
Fap =Fap+ —Ya¥p,
Dy (@) = Dy (@) = 5V6 An |

1 1
Dy (&) = Oy + ZwﬁBFAB + Zeﬁm . (2.20)
As last remark, notice that torsion is not zero:
de? +wip neB = iz/;FAz/z, (2.21)

then, the spin connection w is written in terms of both vielbein and gravitino bilinears.
Moreover, the abelian field strength reads

1 -
Fyn =Dy Ay — DNAjy = Oy AN — ONApyg + Zzﬂ)[MFAT[)N}AA . (2.22)

We are left with the vielbeins, the gauge field and the Rarita-Schwinger (RS) field, which
form the N =2, D = 5 pure supergravity. Now, we can truncate to the bosonic sector and
we consider a Schwarzschild-type solution which is asymptotically AdS. Of course there
are also more intricated solutions with non-constant scalar fields or gauge fields, but we do
not take these cases into account in the present work.



2.4 Background setup

We choose a AdSs solution of pure Einstein gravity as background

3
1 Z
=1

where the metric is given in the Poicaré patch. Notice that in this initial set up the gauge
field and the Rarita-Schwinger fields are set to zero [14] and AdSs5 radius is set to 1. The
associated non-zero vielbein components are

e =r, e = —, ey = 1oy ; (2.24)
while the non-zero spin connection components are
01 __ al __ a
wi =r, wit =rdf . (2.25)

Notice that we will use capital latin letters to indicate bulk directions (i.e. M, N run from
0 to 4) leaving greek alphabet to boundary ones (i.e. u,v run from 0 to 3) furthermore
{t,r,i} are curved indices and {0,1, a} represent flat ones.

In presence of a uncharged, irrotational black hole eq. (2.23) becomes

3
7 1
ds? = — (r2 + 772) A 4 g dr? 12 Y da?, (2.26)

o
2 i=1
in this case the non-zero vielbein components are
2 H 1 1 a a
e =4[+ = €y = ———— el =rof ; (2.27)
r2 + 5

and the non-zero spin connection components are

w?lzr—%, wf1:~/r2+rﬂ26§1. (2.28)

Convenient coordinates are the Eddington-Finkelstein ones. They are defined through the
following change of variables:

1
t=v+—, (2.29)
r
thus we get

3
d%g = —r2dev? + 2drdv 4 2 Z dz? . (2.30)

i=1

In this case the non-zero vielbein components are

1 1
eV =r, e = —— el =— ey =ro; ; (2.31)



while the non-zero components of spin connection are

1
Wil =7 Wl == wil = o8 (2.32)
r

Eq. (2.26) in this coordinates system is
3
ds? = — (7"2 + 7%) dv? 4 2drdv + r? Z dz? (2.33)
i=1
where we used the following change of coordinates
1
t:v—/wdr. (2.34)

3 Killing vectors for AdSs

The basis [2, 3] for deriving the boundary equations of motion is the analysis of the isome-
tries of AdS space. On a second step one can evaluate which of those isometries are pre-
served by the black hole solutions and in terms of the broken isometries one can build local
transformations, where the parameters are replaced by local expansion on the boundary
coordinates.

We would like to underlying here that the supersymmetry transformations, viewed
from the boundary point of view, can be separated into supersymmetry and superconformal
transformations. The latter would not introduce new degrees of freedom on the holographic
fluid on the boundary, nonetheless it is simpler to take into account all possible deformations
and at the level on Navier-Stokes equation it will become evident which combinations of
parameters can be compared with fluid d.o.f. (see also [1], for further discussion).

Even though we are interested here only in the fermionic wigs, we present the form of
bosonic Killing vectors. That will turn to be useful in the forthcoming analysis.

The Killing vectors for metric (2.23) read

2
K" =rtc+r(zjej +e),

1 1
K'=— <+M>C—t<$j€j+€)_zxjij—i-de:j—i-da

2
K'= <2i2 = t2> L —tate+td + %a:j:cjei —z'zjel —ale +wx; + R, (3.1)
where the 15 infinitesimal parameters are interpreted as follows: {d;} are the boundary
boost parameters, {d, h;} represent translations in {t, x’} directions, e is the dilatation,
{c,e;} are associated to conformal transformations and {wj;} is the antisymmetric tensor
responsible of the 3 rotations in {x;}.

The variation of the black hole metric in the Eddington-Finkelstein coordinates (2.33),
generated by these Killing vectors with all the conformal parameters set to zero reads

ds? = 2dvdr — A2 (r) dv? 4 r?da;d '+



2 . .
— 2b; (1 — hg(r)) da’ dr — 2b; (r* — h* (r)) da’ dv + 4u1%dv2 : (3.2)

where h (r) = |/r? 4+ %5. In the work [2, 3] it has been chosen a different frame, and that is
achieved by setting © = —1 and by a change of coordinate generated by the following vectors

/f dr +w :/U‘7+dZ

=& =0, (3.3)

where f%(r) = 2b; 1 G ; is an antisymmetric matrix and d’ is a constant. We get

ds? = 2dvdr — A2 (r) dv? + r2da;d 2+

— 2b;da’ dr — 2b; (r* — B* (r)) da’ dv — 47%1@2 : (3.4)

4 Killing spinors for AdSs

Here we compute AdS Killing spinors. We found that there are two independent solutions.
These are obtained by first factorizing the Dirac spinors into a 2d spinor and a 3d spinor
in their irreducible representations.

Notice that, since we are interested into the complete solution — namely all powers
of fermions — we have to deal with the fermionic nature of the spinor fields. Therefore,
factorizing the spinors into a product of spinors in lower dimensions, we have to declare
the statistic of each part. As a matter of fact, we saw that the map between the original
fermion € and its decomposition € ® n spoils the correct number of degrees of freedom
only if all possible choices are taken into account. Namely, we have to choose first € to be
anticommuting and 1 commuting and subsequently ¢ commuting and 7 anticommuting:

e=¢ela®nlc+elc®@na - (4.1)

The generalization to an arbitrary number of dimensions is straightforward. As we will
see, in the present case € has only one degree of freedom. This allows us to consider just
e =¢lc ®n|a. In the forthcoming we will drop indices A, C.

The Killing spinor equation for AdS reads

1 1
<8M + Zwﬁ/bffab + 26‘}\41“a> e=0. (4.2)
with 'y, = % (TeI'y — T'py). In components we have
6te—i—gF0(F1 —1—]1)6:0,

1
Ore+ —I'1e=0,
2r

Bie + gri (T1+1)e=0. (4.3)



We can divide the 5 dimensional space in two parts: {¢,r} and {$’} using the following
gamma matrices parametrization

T'p =i09 ® g, 'y =01 ®0g, I'y=03®06,, (44)

where og is the identity matrix in 2d. Hatted matrices refer to z’ space. In this way, the
solution of eq. (4.2) is

1
e=|—=—trog)eo@m — Vrozeo @12, (4.5)
VT

where

2 =2"&pm + o, (4.6)

and 7y, o are 2-dimensional complex spinors (and so contain 8 real dof’s) while ¢ is a
real 2-dimensional spinor with only one dof. The total number of degrees of freedom is
then 1 x 8. The solution (4.5) can also be written as

1 . N . R
€=—00® 600 @M — /13 ® (t60 + 2'6;) €0 @ M — /T3 ® 600 @ Mo - (4.7)

\/;

Notice that €['Me reproduces the Killing vectors (3.1) as expected.

5 Algorithms

To build the BH wigs, we use the following algorithm. We expand in powers of fermionic
bilinears. Notice that we could have performed a finite supersymmetry transformation,
however it turns out to be more convenient dealing with an iterative procedure due to the
anticommuting character of fermions.

5.1 Generalities for algorithms

The algorithms are based on the perturbative expansions in fermionic bilinears (for the
bosonic quantities) or spinors (for fermionic ones). Then, every quantity is labelled by an
integer index between square brakets [N = 1---] denoting the perturbative order.

More in detail:

A [jM

[1]AB
e ¢ ,e, andwy,

contain zero bilinears;

[2]A  [2]M [2]AB . . _
ey > €y and wy;  contain one bilinear;

[NJA [N]M [N]AB
€

, € and w;, contain N — 1 bilinears;

but
° 6[1]gMN, S A, contain one bilinear;

e WM gun, 6N Ay, contain N bilinear;

e 6M4)y; contains one spinor (1/2 bilinear);

e 6Ny contains 2N — 1 spinors (N — 1/2 bilinears).

,10,



5.2 Inverse vielbein ei‘(’

To compute the inverse vielbein e% , we use the definition

eﬁegf = 5§, (5.1)

expanding the vielbeins we get

( ma 24 s )( [1] M +€[21M+6[31M) =54 (5.2)

We then obtain one equation for each perturbative order

(5B eg\l/}Ae%} ,
0= 65\14}146[2} +e [2]A [1]M7
(1]A [3]M

2]A [2]MJr 34, [1]M

0=ey eg +e[ (5.3)

The first one is solved as usual by inverting the vielbein eﬁ. The other equations are solved
by

M _ _ M {e[zlAe[l]R] ’
M _ —e[j]M[ 24 RIR | B4 [HR} ' (5.4)

In general we have, for N > 1

NIM _ _ l11n N4
N—-1
VIV = S elprtid i rf (5.5)
p=1
AB

5.3 Spin connection wj;

The spin connection wf/[B is defined by the vielbein postulate (2.21)
de? +wig nePf = %@FAw : (5.6)
Extracting the 1-form basis {dxM}, it becomes

7 -
s €n) + Wing nBe €S = Zw[MrAsz} . (5.7)

As in the case of inverse vielbein, we expand in perturbative order. We obtain the following

result

)

WE\ZV]DC _ €E\14]A [Q[N} DCL,A _ INJCA,D _ [N]AD ,o}

QINIDC A _ JINID [1IMC]

Nfl
X 8[M€N]A+Z N=pl AB nBC e[ﬁ;]rl]o ZUAB#;%FB#J[NN]ip] (5.8)

— 11 —



5.4 Gravitino

Using definitions (2.19), (2.20), and (2.22) we get

1.
dethyr = <8M + ZwﬁBFAB +

1 ,
56?411,4 = ;\/EAM> €+

7 / /
+ ——=ei; (Capc —4Anaplc) en®P n°C [ef ef.] x

46
- ) \/6 -
OrAs — 0sAR + %%R Tatg ™ Ap + - VrYs)| - (5.9)

In order to compute the gravitino variation wg\]/}ﬂ order by order we separate the expression
above in different pieces

o D[ } (W)e = (8[N] + }‘AE\]JV}ABF AB + %eE\JZ]AFA - %\/EAE\JZ_”) €: this part contains

“2N —1 spinors” (short way to say N — 1 bilinears and one spinor). Notice that 8}@“6
is simply zero for N > 1;

egg]A: contains N — 1 bilinears (2 (N — 1) spinors);

o (B) 5o = Tapc —4napl'c) e: this term contains always only one spinor €;

RS N
o (OM) e = [efet]™:

N
D} )RS:aRA[S} 25 AR,

(V]

(
o« (D) =—ildmTavg]™:
(

= [(Dl)RS A AA’] [N];

¢ (PAY) =i vs) ™

With these definitions, (5.9) becomes

(Nprs = DIV (2 v N\ BD cE
5Ny, = DI (w)6+4\/6 (e )M(B)ABC (c >DE’7 nCE x
[Np]
x [D0—4D2+ ‘4[ ] . (5.10)
RS

To obtain the correct perturbative order [N] for 5£N} s the quantites N, Ng, No and Np
must take the value as shown in the following table.
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N N, | Ng | No | Np
(1] (1/2) | [1](0) | (1/2) [ [1](0) | ©
2] (3/2) | 1] (0) | (1/2) | [1] (0) | [1] (1)
3] (5/2) | [1] (0) | (1/2) | [1] (0) | [2](2)
2] (1) | (1/2) | [1] (0) | [1] (1)
(1] (0) | (1/2) | [2] (1) | [ (1)
[4] (7/2) | [1] (0) | (1/2) | [1] (0) | [3] (3)
2] (1) | (1/2) | [1] (0) | [2](2)
(1] (0) | (1/2) | [2] (1) | [2](2)
2] (1) | (1/2) | [2] (1) | [1] (1)
(3] (2) | (1/2) | [1] (0) | [1] (1)
(1 (0) [ (1/2) [ 3] (2) | A1 (1)

The numbers in square brackets are the perturbative order of the various pieces (see sec-
tion 5.1) while the ones in round brackets are the numbers of bilinears in the term, with

the convention that 1/2 bilinear = 1 spinor.
Now, we have to give explicit algorithms to compute CV, DgN], DgN] and D[gN}.

5.4.1 CIN]

Using the conventions given in section 5.1 we obtain the following result

((jUV]>1%S e el ]UV]__

BCr €pr €c =
N
=3 el el s (5.11)
p=1
5.4.2 DLV
To obtain the D[QN} term we need DEN] and the gauge field with flat index AE‘V] = [efiAR] N,
For the former we have
[NV] — il N _
(Dl )RSA =~ Tavs]™ =
a N
. - —p+1
= —iy P Tayly Y, (5.12)
p=1
while the latter reads
N
AT [eB )™ =
N
=3 el Al (5.13)

p=1

Then, DgN] becomes

(D[QN])RS - {(DI)RSA A Ax e
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N-1

( )RSA pAA AN (5.14)
p=1

5.4.3 D
Last, in analogy with (5.12) we have

(D:[,,N]>RS [%D[Rws] =

. “lp] [ [N—
- ﬂztb[@wﬂ Il (5.15)
p=1
5.5 Vielbein and metric
The vielbein is obtained as in eq. (2.19)
1
beely T = = CRe (ierul)l) (5.16)
2
then, the metric becomes
Ngnn = 613\]4'4 []]VV) vt Piap . (5.17)

=1
5.6 Alternative metric

The metric is obtained from the susy transformation eq. (2.19)

1 . N
M grn = —5Re [lfT(Mle)][ !
L S~ BlAn N
o . — Ir —p+1
_—§Re ZPZZ;GB(M LCatdy, . (5.18)

5.7 Gauge field
Gauge field follows directly from eq. (2.19)

=5

SN Ay = ——Re (edJ[N]) . (5.19)

6 Results

In this section we collect the results obtained from the algorithms described in the previous
section.? First, we present the AdS5 wigs constructed from one of the two Killing spinors
1o and n1. Since each of them contains 4 real degrees of freedom, the series truncates after
the second order in bilinears.

The wig which depends only on 79 turned out to be too simple: we show that it gives
no contribution both to the ADM mass and to the boundary stress-energy tensor.

3Notice that Fierz transformations (see appendix B) are used throughout the computation.

— 14 —



m # 0, no = 0 case is more interesting: the explicit dependence on the boundary
coordinates leads to a modification to BH Killing vectors. Furthermore, the boundary
stress-energy tensor is not trivial and it will be discussed in section 7.

In order to present the result in different ways, we give the full wig and two particular
limits of it, expanding in one case around small p and in the other one around large r. The
former limit allows us to study a simplified, but a complete, metric while the latter shows
the near boundary geometry.

The most general wig, obtained taking into account both ng and 7y, is derived. The
degrees of freedom are now 8, then the algorithm has to be iterated to the fourth order in
bilinears. The full expression is really cumbersome, even in the small ;4 and large r limits.
Then, we do not write it in this work, but the interested reader can find an electronic
version in the ancillary files.

We repeat the procedure described above for the AdS; wigs. Apart from numerical
coeflicients, we find no substantial differences from the AdSs case. For this reason we
present only the simplest results, leaving the complete wigs in the ancillary files. Last
remark, all wigs computed are asymptotically AdS.

6.1 Results for D =5: 5y =0 and 19 # 0
In this section we compute the finite BH wig choosing 171 = 0 and ny # 0. We introduce
the following bilinears

M = —infn , V= —inféimo, A = eheo, (6.1)

with these definitions, M and V; are real numbers.

6.1.1 Complete wig

The metric at first order is

Wy— __H
g TZh(T))\Mdrdt, (6.2)

where we defined h (r) = |/r? 4+ ;. The metric at second order is

69 = —32% (=302 + ur® (=7r + 10h(r)) + 1207 (r — h(r))] A> M di>+

+ W [ur (147 — 3h(r)) + 167° (r — h(r))] A2 M2 A7+

+ 3% (rh(T))?’/Q [/u“ (14r — 15h(r)) + 10r° (r — h(r))] A2 M2 dr2t

- ﬁ [ (3r + h(r)) + 8% (r — h(r))] > MV, dtdz" . (6.3)

The gauge field is zero at every order.
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6.1.2 Expansion

The complete metric result is now presented here in large-r expansion and this coincides
with the small-p expansion.

2 _ 2 , M 2 L p 2, 272 K
i = (1 ) 0t (g Jg ) art et AN

B oo o Bl 9. 9 o U o9 19 3M2
— — A" M-~dt — N\ M*dz* — N M dr® — —
32 * 32 T 1604 " T 394

6.1.3 ADM mass

M MVdtdz' . (6.4)

Following the procedure outlined in [13, 15] we compute the ADM mass for the 7y # 0,
m = 0 case. The ADM mass is defined as

1

where N = /gy is the norm of the timelike Killing vector d;, © is the trace of the extrinsic
curvature of a spacelike, near-infinity surface ¥ and ©g is © computed in the background
AdSs5 geometry. Using the definition of extrinsic curvature we can rewrite eq. (6.5) as

1
Eapy = _RN (n# — né‘) 8MAZ, (6.6)

where n* is the vector normal to X and Ay is the area of ¥. In order to consider a near infin-
ity space-like surface, we use the large—r metric eq. (6.4). We define a new radial coordinate

0t =r?+ %‘AQ M?, (6.7)

thus, the area of ¥ is simply p3V;,, with V), the coordinate volume of the surface parametrized
by z!. The ADM mass is then

1
EADM__167TG+O<p> , (6.8)

which is the result for Schwarzschild black hole. The wig constructed by bilinears only in
7o gives no contribution to the ADM mass.

6.1.4 Boundary stress-energy tensor

Using the prescription given in section 7 we compute the stress-energy tensor for the black
hole wig. The result is

T, = —g (At + Ny (6.9)

where u* = (1,0,0,0) is the fluid velocity in the rest frame of the fluid. In this case, we
have no contribution from the BH wig.

We would like to point out that the first corrections computed by wig construction can
also be inferred by simple supersymmetry algebra relations. Indeed, we checked the very
first corrections by those means and they agree with the full computation presented here.*

“See also [14].
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6.2 Results for D =5: 71 0 and 1o =0

In this section we compute the finite BH wig choosing 171 = 0 and 19 # 0. As in the
previous case, we introduce

N = —inlno, K, = —inéino A = ggeo, (6.10)

where again N and K; are real. Notice that in order to present the results we write the
first terms in the large-r expansion.

6.2.1 First order in p

As a first check, we want to determine only the effects due to gauge field and not to
bilinears in the gravitino field. For this reason we consider the first order in the expansion
around p = 0 neglecting the contributions coming from bilinears in the gravitinos, since
they contribute to order O (,uQ).

The metric at first order is

A A A .
ollg = L5 (Nt + Kia') a? + 22 [~ N (£ + 2%) — 20, K] dedr+
’f’
pA A o
(tK; + 2;N) dtda’ +—K drdat — % (Nt—i— kak) 5 daidad .
(6.11)

UA
22

The metric at second order is
69 = — LI N (220 K (441 (£ 4 2%)) + N (1477 (12 - 32%))] de*+
—~ %‘v N [N£? + 22" K; (¢ + 72)] dr?+
~ LNN[IN (247 (£ - 2%)) +2' K, (1427 (3¢ + )] dedr+
+ NN [2% (3N + 20 K;) + K (1+17 (=3¢ +37))] deda'’+
— S5 VN [ (N + 827 K;) + K, (—1 4207 (1 = 37))] drda'+
AN Np (1402 (12 4+ 37)) 6y + 4rta Ko (<1402 (22 + 7)) 0+
—2Nriz,z; + rite; K| da'da’ . (6.12)
In this limit, the gauge field is zero at cach order.

6.2.2 Large r expansion

Here we compute the large-r expansion of the metric corrections.
At first order, we have

ol = —GA[EN+2' K] d = DA 260 K + N (£ +2)] dedr (6.13)

2T2A(tK +; N) ded +LK drda —%A (tN+kak) 5ij dzidad .

,17,



The metric at second order is
oPg = —pN*Nta' K; (% + %) dt*+
- Q%A%i NK; (* +7%) dr’+
T
- GVN[EN((£ - 2%)) +20'K, (3¢ + 2°)] dedr+
+ 5NN |22 (3Nt + 200 Ky ) + K (=362 + 72)) ] deda'+
— T%AQ N [4t2xixkkk + K; (£ - 52)} drdz’+

1 o
+ ,U,)\Z N [tl‘k K, (t2 + l_‘Q) (Sij + 272 (tl‘i Kj — 2inxj)} dz'dx? . (6.14)
T

(2]

The only non-zero components of the gauge field are the A,

A2 _ 3V6w?
E 25676

Nejpa! NK* (2 4 27) . (6.15)

6.2.3 Complete

Here we present the complete wig depending on 7 bilinears. The first order is

Mg =—LXn () N+ 2 K] d? — — L N [(£ - 22) N+ 2t2' K] dtdr+

73 r2h (r)
A (r— b () [ K + 25 N] deda — Thl(r) (r— h(r) K; drdzi+
+ Ar (r—h(r) [t N+ 2" K;] 6;; da'da’ . (6.16)
The second order is
o — LN 2121 K (30 (1L 447 (24 ) 4 3r (9.4 40% (24 ) +
+2urh (r) + 200 (=3 + 4% (2 + 2%)) (r* —rh(r))) +

N (2 (114 6t (12 + 72 42 (13 - 312%) ) +
200 (=34 61" (=2 4+ 3%)” 12 (<252 + 113%) ) (=r + 7 (1)) +
b (25 (2 +2) =60 () 4 (1T 42 (24 22) () +

—r% (8rt*h (r) + &2 (37 + 8r&®h (r)) — t* (31 + 16720 (r)))))] dt*+
1

~ 16r5h (1) )
4 (22rh (r) + r? (—21+5 (t2 - i‘Q) (—7“2 +4rh(r))))) +

+2' K; (107" (=1 + 12 (3t + 22)) (—r® + rh (r)) + p (14rh (r) +
472 (7+9 (3152 + 53'2) (—7“2 +4rh(r)))))] dtdr+

N2 [Nt (27* (31 + 72 (82 — 22)) (=2 +rh(r)) +

+ N [4r%ts K; 28 — 2P5h (1) +
87 (h (1)) [ ( (r)

+u (=rh(r) + 1% (2 — (£ +2%) (=r* +5rh(r))))) +
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+N <2r4 <5 +2r? (% + 72) + 20 (% + 57’2)2> (r* —rh(r)) +
+u <5r6 (—t2 + 52)2 — 5rh (1) + 2r? (5+r (—5t2 + 52) h(r))+
r (3rt4h( )+ 3r@th (r) — 2% (=4 4 3rZ®h (r)))))] dr*+

+ 32—5 NA? [Ky (ur (6 + r* (362 +72) + 37" (=t + 2%)) +
+2r% (34 1% (9¢% — 55%) + 4r' (—t* + 7)) +

—2r3z, (N (13u — 27“4) t+ ' K; (—147‘4 + 8r¢ (3752 ) +
(14307 (32 + 7%)))) — (Kq (0 (=14 2r% (362 + 72) +
+rd (t4 — 54)) +2r4 (3 + 72 (9752 552) + 474 ( tr+ 7 )))
+2r2 (2N( Wt )t—i—fL‘ZK (14r4—8r6 (3t2 )+

+ 1 (2 + 72 (3t2 ))))) T ] dtdz’+

1

T 500 (h(r))?
+N (11 + 2500 (—82 + 2) + 2+ 977 (-2 +2%)))) +

+ Kt (13r* + p (4472 (72 = 97%)) — 0 (567 + 72))) +

—r% (Kqt (—26r" + 200 (5¢% + 7%) + p (=29 + 7% (7¢% + 327))) +

+x1 (2a:i K;r? (9u + 147’4) t+

+ N (22r4 + 5078 (—t2 + :Z"Z) + i (23 + 4372 (—t2 + :E’Q))))) h (r)] drdz’+
e NOZ = (1) (— 4" Kot (130 + g (14 50% (12 + %)) +
N (4 (rt = a0 (2 = ) 4+ 3% (# - )°)

N2 [—2 (,u +r ) (—xl (2aji K;r? (—15,u + 77“4) t+

)
(6450 (2 = )7 407 (-1162 4 322))
+r (-

+N (4t - — ) 438 (12 = 7
—i—,u(4+11r( —52)2+r2(—15t2+23 ))))h(r)éij—i—

— () (+ (- Nu+ 82" Kyr? (u+ 20%) 1)

+ (Kizj+ Kjz) t (p (=3 447 (£ = 22)) + 2" (T+ 47 (2 - 27)))) +
4 ((—5 N+ 162F Kyr? (u+ %) t) i+

+2 (Kl.’EJ -+ K].SCZ) t (4,LL (1 + r? (t2 - fQ)) +
r (74472 (2 = 7%)))) h(r)] da'da’ .

22F Kyr?t (260" + pu (23 + 202 (¢

)
)
+
)’

,19,
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6.3 Results for D =4: 5y =0 and 19 # 0

The AdS4 model is very similar to AdS5 one. For our purpose, the only relevant difference
is the Schwarzschild BH metric

ds? = f(r)2de® + f(r)72dr? + r2da?, (6.18)

where f(r) = /72 + £. Due to the fact that 2- and 3-dimensions spinors have the same
number of degrees of freedom, our algorithm can be applied with no modifications. Notice
also that the Killing spinors are written in the same way of eq. (4.7), where 2* denotes only
x1 and x9.

Last remark, in 4d I'5 is defined by dimensional reduction from 5d as

I's =03 ® a3, (6.19)
then, bilinears in n with 63 are still present.

6.3.1 Complete wig
The first order is

slilg = — 3\ M drdt (6.20)

The second order is

1
olg = o AIME (7% = 2) [+ 202 (= £ ()] de*+

1 o
— @V M? [117% + 14pr® 4+ 72 (250 + 287%) (r — £ (r))] 6;5da’da? +

— ;—4)\2 MV, [dpr + (p+8r%) (r — f (r))] dtda’+

+ WV NZ [2pr + (3p+ 4r%) (r = f ()] dr? . (6.21)

Notice that, as in the 5-dimensional case, the gauge field is zero at every order.

6.4 Results for D =4: 1y #0and 19 =0

In this section we compute the finite wig choosing n; = 0 and 79 # 0. We introduce the
following bilinears

N = —indno, K; = —injéimo, A =eheo, (6.22)
with these definitions, N and K; are real quantities.

6.4.1 First order in p

Asin 6.2.1, we focus on effects due to gauge field and not to bilinears in the gravitino field,
considering only the first order in the expansion around p = 0. The metric at first order is

)\,u i )\,U i T
g = — 3% (N+ Kia)art = 305 [6r% (Kia') + N (<143 () e
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A o Y o
MKt + Nap)dtde' + 28 Kidrdz' — 22 (Nt + kak) §iydaidad . (6.23)
2r 2r4 2r

The metric at second order is

69 = — LN N [27% (Kia') [74 807 (12 + 2%)] + N [L4+0? (¢ = 52%)]] ae* +
3“tA2Nt [N+ (Kea®) [-14+02 (2 + 2] ar +
f@v [Nt [5+3r% (2 — z2)] 4+ 2 (Kya') [1+3r% (3¢ + 2%)] | dtdr +
_ﬂv N [x (3 Nt + 2 kak) +2 Kiﬂ dtdz’ +
—474% [(Nz; — tK;) + 7%t 3K, (¢ — 72) + 122;27 K;] ] drda’ +

—@/\2 N [(—1 + 7% (2 +53%)) 655 + 6rita" Ky [-1 + 2 (2 + 72)] 655+
—47‘2 inazj + 27’2?5.%‘ Kj] dxidxj .

(6.24)
For both orders, the gauge field is zero.
6.4.2 Large-r expansion
Here we compute the large-r expansion of the metric corrections.
The first order metric is
A 3\ ~
g = =55 (Nt + Ka') di? — 05 [2¢ (Kia') + N (# + ) dedr +
r
A >\ -
— 55 (Kit + Nay) da'dt — 25 Kido'dr +
_Au i
(Nt + K;z') §;;dz'da? . (6.25)
,

The second order is
2] _ Bk 0N (42 L 2\ 4.2 S o LAY (42 2 2
olg = )\Nrt(KZx)(t +x)dt 43)\ Nt(KZm)(t +x)d7"+
T
2 =2 i 2, =2
_ﬁ)‘ N [Nt (t — &) 4 2 (K;a') (3t° + 2°%)] dtdr +
— LN 2Kit? + 2 (2 Ky + 3¢N) | deaa’ +
”
—%V Nt 4o, (Kpa') - K (2 +f2)] drda’ +
-
+%)\2N [3rt (Kk:vk> (t2 )(52] + = (t Kiz; — 2Nuz;z;) dz'da? . (6.26)
The non-zero components of the guge field are the A?]

2 .
AP = ;2[8“ Nl NK; (—12 +72) | (6.27)

where ¢€;; is the 2d antisimmetric tensor, with 12 = 1.
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7 Boundary stress-energy tensor

We now proceed calculating the stress-energy tensor dual to the black hole using the
prescription given in [9, 10]. First of all we define the constrain that will allow to foliate
the spacetime in slices at constant r

@:7"—6207 (71)

with ¢ € R.5 The outward-pointing normal vector to the boundary M|, _, is defined as’

o ®
= Ou® (7.2)
vV gRsaRQ>85<I>
Using nas we define the boundary metric :
YMN = gMN — NMNN - (7.3)

In order to obtain a 4—dimensional metric we have to eliminate from 4 the first column
and the first row

Vrr|Vrt Vrj

YMN = Yir (74)
Vow
Yir
In a similar fashion we calculate the extrinsic curvature © sy and then ©,,:
1
@MNZ—i (VMnN+VNnM) . (7.5)
Finally we can define our (boundary) stress energy tensor as
THY _ 1 QMY — @y — 3y — lgw (7.6)
&G 2 ’

where O is defined as the trace of ©* and G*” is the Einstein tensor’ build from .

Note that we set Raqs = 1 as usual.

7.1 Stress-energy tensor for AdSs

Using the prescription given in the previous section we present the result obtained in AdSs.
The first-order corrections are the same both at 4 and 5 dimensions, while at second-order
one they are different. We decompose the contribution to the stress-energy tensor in the
perturbative form as

T = =5 (G, + 1) + T + X272 (7.7)

®We adopt the notation given in [11].

5This definition is valid as long as the surface is not null-like. In that case, the outward pointing normal
will be kar = —0m®. See [11] for further details.

"A careful reader may have noticed a change of sign in front of the Einstein tensor with respect to [10].
This is just a matter of convention in the definition of the Riemann tensor.
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where u# = (1,0,0,0) is the fluid velocity in the rest frame of the fluid as usual, B# =
(— N, K;) is the bilinear 4—vector. As usual, we define the projectors

Py = T + Uyt P = —uu, . (7.8)

The first order of T}, is

d
n _ _ % . I 1 lp..o]
T = -3 (B @) (s + duyw,) + 4P, P, B2 (7.9)

where d refers to AdS;y1. Notice that the second term in eq. (7.9) resembles a vorticity
term. Actually, the relativistic vorticity term is defined as

A = PPy, VP (7.10)

In our case the second spatial projector is actually an orthogonal projector, that in fact,
mixes space and time components as a result of the supersymmetry. B may be seen as a
“super-correction” to fluid velocity. However, a deeper analysis is due.

The second order reads

7=l {5 B (0B) Lo BB L (B0 [uB) 4 S 0B - o3y}
+Bl, {4 (+B)* («B)' + %gﬂ (BB)" — 214 (B-2) (+B)' + 418x2 (BB)' + i (xB)"’}
+% (B . x)z (77/“, + 4uuu,,) + 2714 (BB)H T(pTy) — % (:EB)H B(ul‘y) -+

1 1 1
1 L x =X e € PO 1L PRO .2
+F, P, {x B [B 2~ 5 (@B) } + z1'a% (BB)" — o BB } (7.11)

36
with
VW)t = Py VIW" (VW)' =P, VFW", (7.12)

and we have used Fierz identities (see appendix B) to substitute
1
B-2)? = [2 (2B)* (2B)" + §$2 (BB)L] : (7.13)

The coefficient y can be set in order to recast 771[3} in a more suitable form for differ-
ent factorization. For instance, we can analyse the coefficient associated to the tensor
(4upuy + Myuy). For the perfect fluid, this coefficient is related to temperature T°

Ty o T (duyy, + 1) (7.14)
Setting y = — (d/4)* we have

0

d 1/d\? , )
5 1+4)\(B-x)—|—2<> A (B- )

T o T4 exp [Z)\(B - m)} , (7.15)

where we reconstructed the series in the bilinears B. Doing this, the temperature of the
fluid in d = 4 is modified as follows

T — T exp [i)\ B :g)} . (7.16)
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7.2 Stress-energy tensor for AdSy

The computation for the AdSy case is similar to the previous one. We consider the pertur-
bative expansion

Ty = —% (Bupuy + M) + )\/ﬂ;[y + )\2;17;[,2/] , (7.17)
where we have defined 71! as before and

T2 - PL {—2’1 («B)* («B)"' - %:ﬂ (BB)* - 17;8 (B-2)[9(@B)" +5(«B) | } +

+Py, {; (zB)* (xB)”+1—g8x2 (BB)L+% (B - z) [(xB)L % (mB)] +% (xB)Q}

9 2 1 1 1 I
+33 (B . aj) (T]lw + 3uuu,,) + GZ (BB) T(puTy) — E (l’B) B(“xl,) +
5 1 3 1
P! P B |SB.x— = (aB)"| + —af2” (BB)" — BB’ 1
+P,, V)U{x [8 x 4(3& ) + 58 (BB) 3 x (7.18)
Conclusions

In present work, we have constructed the complete supersymmetric extension of classical
solutions of the AdS-Schwarzschild type. We denote the complete solution as the fermionic
wig, to remind the reader that the anticommuting nature of this “hair”. We have provided
the exact analytical solutions computed by automatic elaboration and for that we have
described the algorithm based on iterative solution of supergravity equations. We are left
out several interesting applications that will be studied in the future such as BPS solutions
and their fermionic wigs and in particular the applications to fluid/gravity correspondence.
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A Definitions

In this section we set the notations.

Characters {A =1,--- ,d} labels bulk flat directions, indices {M =1,--- ,d} are bulk
curved ones. Lowercase latin letters {a...} indicates flat boundary indices while greek
lowercases {f ...} are associated to curved boundary directions.

The flat metric is n = {—,+,+,... }.

Products of gamma matrices are defined as follows

Tapoay =Dy - Tay,s (A1)

and antisymmetrizations read

1
Bia,..a,) = ] (Ba,...a, + antisymmetrizations) . (A.2)
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B Fierz transformations

In this appendix we present the Fierz transformations used in this work.
The spinors used are 3-dimensional Dirac spinors n4 with A labels the different spinors
(and so, repeated {A} indices are not summed). It is easy to show that

1 N 1 i
nanal = — 577AT77AUO —~ 577ATUZ’77AUZ : (B.1)
Using this, we get the following relations
tp ot Lt matny — Lnnts tgi
np'nanalne = =g e na’na = gnp'Ginsna'ona, (B.2)
R 1 R 1 R ) s .
ng nanatémp = —iﬁATﬁA ng'Ging— inATUiUA np B+ SEijk ne &I npnatétna, (B.3)
) R 1 1 R .
np éinanatoing = —5773“73 nana dij + 5773T0k773 nal6%na 0ij+
1 T ~ T ~ 1 -I- ~ -i- ~
— 5'1B OB A OjNA = 5TB Oj1B 1A oina-+
7 N 1 .
— 5Eiik natnans'é*np + ik natefnansns . (B.4)
If A = B this reduces to
. . 1 2
nteimm'éem = -5 (n*n) 5ij - (B.5)
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