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1 Introduction

Recently, we computed the corrections to Navier-Stokes (NS) equations due to the fermi-

onic superpartner of a non-extremal black hole in N = 2, D = 5 supergravity [1]. The

technique is based on seminal work [2, 3]. Here we consider the following situation: we

start form a AdS5-Schwarzschild black hole solution of D = 5 supergravity which breaks

all supersymmetries preserving only seven isometries of the AdS space; then using the

AdS-Killing spinors we perform a supersymmetry transformation of the metric where the

gravitino field is generated by the Killing spinors. The metric acquires new terms which

are proportional to the fermionic bilinears and in terms of those we computed the mod-

ifications to the classical relativistic NS equations for a conformal fluid on the boundary

of AdS space. Unfortunately, this is not enough to derive the complete non-linear NS

equations since a finite supersymmetry transformation is needed in order to compute the

full result. Again following [2, 3], one has to construct the variation of the metric under a

finite isometry (or superisometry), which satisfies the Einstein equations, then allowing the

parameters of the isometry to become dependent upon the coordinates on the boundary,

one can derive the equations of motion corresponding to NS equations. To repeat the pro-

gram for supersymmetry, we have to construct a finite transformation, but in that case due

to the anticommuting nature of supersymmetry parameters, the series truncates after few

steps. The unconventional nature of fermionic hair prompted us to adopt the word “wigs”

to denote the Schwarzschild solution decorated with fermionic zero modes. The number of

needed steps depends upon the number of independent fermionic parameters entering the

supersymmetry transformations, therefore in our case it depends upon the number of the

independent parameters of the AdS Killing spinors.

We can change the perspective and we can look at the problem in the following way:

given a bosonic solution of supergravity field equations, one can compute the zero modes of

the fermionic field equations (3/2- and 1/2-spin fields). Those solutions are the components

of a supermultiplet and they trasform into themselves under supersymmetry transforma-

tions. This can be easily seen at the quadratic level, namely, by taking into account

fermionic quadratic terms of the action or, equivalently, linear fermionic field equations.

Nonetheless, those solutions can be extended at the non-linear level by considering all terms

of the lagrangian and by expanding the solution in terms of fermionic fields. That has an

incredible advantage over the a solution with bosonic hair (see for example for a recent
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development along that line [16]) since the fermionic wigs are automatically trimmed by

their fermionic nature.

Based on [17–21], we construct the complete solution of the supergravity equations.

We start from a Schwarzschild-type solution, breaking all supersymmetries and preserving

7 isometries of the AdS5 background. The metric depends upon the coordinate r measuring

the distance between the center of AdS5 space and the boundary. We choose a flat D = 4

boundary. Notice that Lorentz symmetry is manifestly broken by our solutions since the

time is treated differently from 3d space coordinates. With the factorization of the metric

into a 2d space-time (r, t) and 3d space (xi), we can factorize the spinors into corresponding

irreducible representations. We compute the AdS5 Killing spinors and we see that there are

two independent choices which are relevant for our study. Then, we compute the variation

of the gravitino fields under the supersymmetry where the parameters are replaced by the

Killing spinors. That produces the first term of the fermionic expansion of the gravitino

solutions to the Rarita-Schwinger equation of motion. The next step is to compute the

second variation of the metric in terms of fermionic bilinears (λ, N, Ki). That is achieved

by computing the second supersymmetry variation of the metric. At this stage one can

check whether the Einstein equations are indeed satisfied. We compute then the effect of

the interactions to the RS equations due to fermions and to the coupling of fermions to

bosons. Already at this step, the usage of Fierz identities to rearrange the bilinears is

essential to reduce all possible terms. The iteration proceeds until the number of indepen-

dent fermions truncates the series. In the process, the gauge field (the graviphoton), which

has been set to zero from the beginning, is generated and its field is proportional to the

fermion bilinears. We check also the Maxwell equations order-by-order.

The computation of the Killing spinors reveals that there are essentially two structures

to be taken into account (in the text we denote those contributions as η0 and η1). In the

first case the complete solution obtained by resumming all fermionic contributions is rather

simple since the dependence upon the boundary coordinates is very mild. On the contrary

the computations of the complete metric in the case of η1 is rather length since all possible

structures are eventually generated. In addition, the two structures, at a certain point,

start to mix and therefore a long computation has to be done. This is due to the fact

that by breaking Lorentz invariance from the beginning all terms of the spin connection,

of the vielbeins and of the gauge fields are generated. Therefore we cannot use covariance

under Lorentz transformation to cast our computation in an elegant and compact form

and, generically, all components are different from zero. Technically, in order to re-sum all

contributions we compute the full solution using Mathematica R©. The result is provided

in a form which is still difficult to read (the electronic notebook with the D=4 and D=5

solutions is provided as ancillary files of the preprint publication). Nevertheless, we make

some remarks regarding the results and we give the explicit formulas for the simplest cases.

Our construction has different purposes. First of all, we will use the present results for

deriving the complete non-linear Navier-Stokes equations with fermionic contributions [1].

That would be the natural final aim of the present work, but since the results are indepen-

dent from that, we decided to present the derivation of NS equations in a separate paper.

Second, the natural question is whether the same analysis can be done also in the case of
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BPS solutions. For that we refer to the first step given in [13] and we will complete their

constructions by our algorithm. Another question is the case of D = 4. In that case a

complete explicit solution is attainable and we will publish this result elsewhere. Finally,

an issue that can be addressed with our computation is the presence of ghost modes in

construction of [22].

In section 2, we summarize the main ingredients of D = 5 and N = 2 supergravity

and we list the choices we made to build our complete solution. Notice that the solution

we are considering is suitable also for D = 4 and N = 2 and therefore we provide the

complete solution also in that case. We also provide some comments about spinor relations

and supersymmetry transformations. In section 3 we discuss the Killing vectors of AdS5
in our coordinate system and the boosted solution and some considerations regarding the

choice of the coordinate system. In section 4, according to the precedent section we com-

pute the Killing spinors. Finally, in section 5 we discuss the algorithm and in section 6 we

compute the metric wigs. There, we show that even though the metric explicitly depends

upon the fermion bilinears, some macroscopic quantities such as the ADM mass do not.

The complete computation is obtained in the case for η1. In section 7, we compute the

boundary stress-energy tensor as the starting point for the NS equations. In appendices

we collect some auxiliary material.

2 Truncated N = 2, D = 5 gauged supergravity

We provide some useful ingredients for our computation based on papers [4–8, 12, 13]. We

consider the model N = 2, D = 5 gauged supergravity, but we truncate the spectrum in

order to deal with the simplest solution in AdS5 for the present paper.

2.1 Action

The N = 2, D = 5 gauged supergravity action was constructed in [4–8], coupling the pure

supergravity multiplet with vector and tensor multiplets. In this paper we consider a con-

sistent truncation of that action, in order to deal with Schwarzshild solution in AdS5. We

consider the pure supergravity multiplet, formed by the vielbein eAM , two gravitini ψi
M and

the graviphoton A0
M , and N − 1 vector multiplets composed by vector fields AĨ

M , gauginos

λi Ĩ and scalar fields qĨ .1

To gauge the U (1) subgroup of SU (2) R-symmetry group, we consider a linear com-

bination of vector fields AĨ
M and graviphoton AM : AM = VIA

I
M , where {VI} are a set of

constants and index I labels the graviphoton and the N − 1 vector fields. The gauging

procedure introduces a potential in the action which depends on the scalar qĨ . In order to

simplify this AdS5 model we set the potential and the scalars to constant, and the gauginos

to zero. The resulting action is then

e−1L =
1

2
R(ω)− 1

4
aIJ F̂

I
MN F̂

JMN − 1

2
ψ̄RΓ

RMMDMψN + 4g2 ~P · ~P

+
1

6
√
6
e−1εMNLRSCIJKAI

M

1Index i labels the two spinor fields in symplectic-Majorana representation.
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×
[
F J
NLF

K
RS + fFG

JAF
NA

G
L

(
−1

2
gFK

RS +
1

10
g2fHG

KAH
RA

G
S

)]

− 1

8
e−1εMNLRSΩI′J ′tIK

I′tFG
J ′

AI
MA

F
NA

G
L

(
−1

2
gFK

RS +
1

10
g2fHG

KAH
RA

G
S

)

−
√
6

16
ihIF

CDI ψ̄AΓABCDψ
B + g

√
3

8
iPijψ̄

i
AΓ

ABψj
B +

1

8
ψ̄AΓBψ

Bψ̄AΓCψ
C

− 1

16
ψ̄AΓBψCψ̄

AΓCψB − 1

32
ψ̄AΓBψC ψ̄

AΓBψC +
1

32
ψ̄AψBψ̄CΓ

ABCDψD. (2.1)

where g is the U(1) coupling constant. Indices {F, . . . ,K} are the special geometry ones,

{L,M,N, . . . } are the curved bulk indices and {A, . . . ,D} labels flat bulk directions. The

quantities ΩIJ , CIJK , tIJ
K , ~P , hI are related to special geometry (see [6–8]). Notice that

when the i spinorial indices are omitted, northwest-southeast contraction is understood,

e.g. ψ̄CψD = ψ̄i
CψiD. We define the supercovariant field strengths F̂ I

AB such that

F̂ I
AB = F I

AB − ψ̄[AΓB]ψ
I +

√
6

4
iψ̄AψBh

I ,

F I
MN ≡ 2∂[MA

I
N ] + gfJK

IAJ
µA

K
ν . (2.2)

We define also ~P ≡ hI ~PI . The covariant derivative reads

DMψ
i
N =

(
∂M +

1

4
ωM

ABΓAB

)
ψi
N − gAI

MPI
ijψNj . (2.3)

This action admits the following N = 2 supersymmetry:

δeM
A =

1

2
ǭΓAψM ,

δψi
M = Dµ(ω̂)ǫ

i +
i

4
√
6
hI F̂

INR(ΓMNR − 4gMNΓR)ǫ
i − 1√

6
igP ijΓM ǫj ,

δAI
M = −

√
6

4
ihI ǭψM . (2.4)

We also denoted

DM (ω̂)ǫi = DM (ω̂)ǫi − gAI
MP

ij
I ǫj , (2.5)

where ω̂ indicates the spin connection defined through vielbein postulate, as we will see in

the forthcoming sessions.

2.2 Spinors relations

For our purpose, we find convenient to work with Dirac spinors instead of symplectic-

Majorana.2 Therefore we dedicate the present subsection to illustrate and remind the

reader the translation table.

For 5 dimensions SM spinors λi with i = {1, 2}, the complex conjugate is defined

through

(λi)∗ = CΓ0λ
i , (2.6)

2Dirac spinors are also used in [12, 13] while symplectic-Majorana ones are present in [4–8].
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the bar is the Majorana bar

λ̄i = (λi)TC , (2.7)

where C is the charge conjugation matrix satisfying

CT = −C , C∗ = −C , C2 = C†C = I ,

(CΓM )T = −CΓM , ΓT
M = CΓMC−1 . (2.8)

Thus, the following expressions are real

iλ̄iψi , λ̄iΓMψi . (2.9)

Notice that the index i is raised and lowered by the antisymmetric tensor εij .

For our purpose, we need Dirac spinors ǫ and the bar represents the Dirac adjoint

ǭ = ǫ†Γ0 . (2.10)

It is possible to construct one Dirac spinor from two SM: one has ǫ = λ1 + iλ2. For

consistency then we have ǭ = λ̄1 − iλ̄2.

Using the above relations we express the quantities (2.9) in terms of Dirac spinors

iλ̄iψi = Re (ǭψ) , λ̄iΓMψi = Re (−iǭΓMψ) , (2.11)

where Re(x) denotes the real part of x.

2.3 Susy transformations

The supersymmetry transformations (2.19) for N = 2, D = 5 gauged supergravity written

with Dirac spinors are

δǫe
A
M = −1

2
Re

(
iǭΓAδψM

)
,

δǫgMN = −1

2
Re

(
iǭΓ(M δψN)

)
,

δǫψM = DM (ω̂) ǫ+
i

4
√
6
eaMhI F̂

I BC (ΓABC − 4ηABΓC) ǫ ,

δǫA
I
M = −

√
6

4
Re

(
ǭψMh

I
)
, (2.12)

where

F̂ I
AB = F I

AB +

√
6

4
ψ̄[AψB]h

I ,

DM (ω̂) = DM (ω̂)− gAI
MPI ,

DM (ω̂) = ∂M +
1

4
ω̂AB
M ΓAB − i√

6
gPΓM . (2.13)

In order to compare this with the AdS covariant derivative

DM (ω̂) = ∂M +
1

4
ω̂AB
M ΓAB +

1

2
eAMΓA , (2.14)

– 5 –



J
H
E
P
1
0
(
2
0
1
3
)
0
6
5

we set

gP =
i

2

√
6 . (2.15)

From the special geometry construction, hI satisfies

hIh
I = 1 , (2.16)

then, in our particular case, where the gauge fields are generated only from susy transfor-

mation (2.12) while the zero-order is zero, we define the gauge field as

AI
M = AMh

I . (2.17)

Doing so, all the indices I and the quantity hI disappear from the equations. Moreover,

using eq. (2.15), the A-part in the covariant derivative becomes

−gAI
MPI = − i

2

√
6AM . (2.18)

Finally, the simplified susy transformations now read

δǫe
A
M = −1

2
Re

(
iǭΓAδψM

)
,

δǫgMN = −1

2
Re

(
iǭΓ(M δψN)

)
,

δǫψM = DM (ω̂) ǫ+
i

4
√
6
eAM F̂

BC (ΓABC − 4ηABΓC) ǫ ,

δǫAM = −
√
6

4
Re (ǭψM ) , (2.19)

where

F̂AB = FAB +

√
6

4
ψ̄[AψB] ,

Dµ (ω̂) = Dµ (ω̂)−
i

2

√
6AM ,

DM (ω̂) = ∂M +
1

4
ω̂AB
M ΓAB +

1

2
eAMΓA . (2.20)

As last remark, notice that torsion is not zero:

deA + ωA
B ∧ eB =

i

4
ψ̄ΓAψ , (2.21)

then, the spin connection ω̂ is written in terms of both vielbein and gravitino bilinears.

Moreover, the abelian field strength reads

FMN =DMAN −DNAM = ∂MAN − ∂NAM + i
1

4
ψ̄[M ΓAψN ]AA . (2.22)

We are left with the vielbeins, the gauge field and the Rarita-Schwinger (RS) field, which

form the N = 2, D = 5 pure supergravity. Now, we can truncate to the bosonic sector and

we consider a Schwarzschild-type solution which is asymptotically AdS. Of course there

are also more intricated solutions with non-constant scalar fields or gauge fields, but we do

not take these cases into account in the present work.
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2.4 Background setup

We choose a AdS5 solution of pure Einstein gravity as background

ds2 = −r2dt2 + 1

r2
dr2 + r2

3∑

i=1

dx2i , AM = 0 , ψM = 0 , (2.23)

where the metric is given in the Poicaré patch. Notice that in this initial set up the gauge

field and the Rarita-Schwinger fields are set to zero [14] and AdS5 radius is set to 1. The

associated non-zero vielbein components are

e0t = r , e1r =
1

r
, eai = rδai ; (2.24)

while the non-zero spin connection components are

ω01
t = r , ωa1

i = rδai . (2.25)

Notice that we will use capital latin letters to indicate bulk directions (i.e. M,N run from

0 to 4) leaving greek alphabet to boundary ones (i.e. µ, ν run from 0 to 3) furthermore

{t, r, i} are curved indices and {0, 1, a} represent flat ones.

In presence of a uncharged, irrotational black hole eq. (2.23) becomes

ds2 = −
(
r2 +

µ

r2

)
dt2 +

1

r2 + µ
r2
dr2 + r2

3∑

i=1

dx2i , (2.26)

in this case the non-zero vielbein components are

e0t =

√
r2 +

µ

r2
, e1r =

1√
r2 + µ

r2

, eai = rδai ; (2.27)

and the non-zero spin connection components are

ω01
t = r − µ

r3
, ωa1

i =

√
r2 +

µ

r2
δai . (2.28)

Convenient coordinates are the Eddington-Finkelstein ones. They are defined through the

following change of variables:

t = v +
1

r
, (2.29)

thus we get

d2g = −r2dv2 + 2drdv + r2
3∑

i=1

dx2i . (2.30)

In this case the non-zero vielbein components are

e0v = r , e0r = −1

r
, e1r =

1

r
, eai = rδai ; (2.31)

– 7 –
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while the non-zero components of spin connection are

ω01
v = r , ω01

r = −1

r
ωa1
i = r δai . (2.32)

Eq. (2.26) in this coordinates system is

ds2 = −
(
r2 +

µ

r2

)
dv2 + 2drdv + r2

3∑

i=1

dx2i , (2.33)

where we used the following change of coordinates

t = v −
∫

1

r2 + µ
r2

dr . (2.34)

3 Killing vectors for AdS5

The basis [2, 3] for deriving the boundary equations of motion is the analysis of the isome-

tries of AdS space. On a second step one can evaluate which of those isometries are pre-

served by the black hole solutions and in terms of the broken isometries one can build local

transformations, where the parameters are replaced by local expansion on the boundary

coordinates.

We would like to underlying here that the supersymmetry transformations, viewed

from the boundary point of view, can be separated into supersymmetry and superconformal

transformations. The latter would not introduce new degrees of freedom on the holographic

fluid on the boundary, nonetheless it is simpler to take into account all possible deformations

and at the level on Navier-Stokes equation it will become evident which combinations of

parameters can be compared with fluid d.o.f. (see also [1], for further discussion).

Even though we are interested here only in the fermionic wigs, we present the form of

bosonic Killing vectors. That will turn to be useful in the forthcoming analysis.

The Killing vectors for metric (2.23) read

Kt = −
(
t2

2
+

1

2r2

)
c− t (xjej + e)− 1

2
xjxjc+ djxj + d ,

Kr = rtc+ r (xjej + e) ,

Ki =

(
1

2r2
− t2

2

)
ei − txic+ tdi +

1

2
xjx

jei − xixje
j − xie+ wijxj + hi , (3.1)

where the 15 infinitesimal parameters are interpreted as follows: {di} are the boundary

boost parameters, {d, hi} represent translations in
{
t, xi

}
directions, e is the dilatation,

{c, ei} are associated to conformal transformations and {wij} is the antisymmetric tensor

responsible of the 3 rotations in {xi}.
The variation of the black hole metric in the Eddington-Finkelstein coordinates (2.33),

generated by these Killing vectors with all the conformal parameters set to zero reads

ds2 = 2dv dr − h2 (r) dv2 + r2dxidx
i+

– 8 –
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− 2bi

(
1− r2

h2 (r)

)
dxi dr − 2bi

(
r2 − h2 (r)

)
dxi dv + 4µ

b

r2
dv2 , (3.2)

where h (r) =
√
r2 + µ

r2
. In the work [2, 3] it has been chosen a different frame, and that is

achieved by setting µ = −1 and by a change of coordinate generated by the following vectors

ξi =

∫
f i (r)

r2
dr + ŵi

jx
j + d̂i ,

ξr = ξv = 0 , (3.3)

where f i (r) = 2bi
r2

h2(r)
, ŵi

j is an antisymmetric matrix and d̂i is a constant. We get

ds2 = 2dv dr − h2 (r) dv2 + r2dxidx
i+

− 2bidx
i dr − 2bi

(
r2 − h2 (r)

)
dxi dv − 4

b

r2
dv2 . (3.4)

4 Killing spinors for AdS5

Here we compute AdS Killing spinors. We found that there are two independent solutions.

These are obtained by first factorizing the Dirac spinors into a 2d spinor and a 3d spinor

in their irreducible representations.

Notice that, since we are interested into the complete solution — namely all powers

of fermions — we have to deal with the fermionic nature of the spinor fields. Therefore,

factorizing the spinors into a product of spinors in lower dimensions, we have to declare

the statistic of each part. As a matter of fact, we saw that the map between the original

fermion ǫ and its decomposition ε ⊗ η spoils the correct number of degrees of freedom

only if all possible choices are taken into account. Namely, we have to choose first ε to be

anticommuting and η commuting and subsequently ε commuting and η anticommuting:

ǫ = ε|A ⊗ η|C + ε|C ⊗ η|A . (4.1)

The generalization to an arbitrary number of dimensions is straightforward. As we will

see, in the present case ε has only one degree of freedom. This allows us to consider just

ǫ = ε|C ⊗ η|A. In the forthcoming we will drop indices A,C.

The Killing spinor equation for AdS reads

(
∂M +

1

4
ωab
MΓab +

1

2
eaMΓa

)
ǫ = 0 . (4.2)

with Γab =
1
2 (ΓaΓb − ΓbΓa). In components we have

∂tǫ+
r

2
Γ0 (Γ1 + 1) ǫ = 0 ,

∂rǫ+
1

2r
Γ1ǫ = 0 ,

∂iǫ+
r

2
Γi (Γ1 + 1) ǫ = 0 . (4.3)
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We can divide the 5 dimensional space in two parts: {t, r} and
{
xi
}
using the following

gamma matrices parametrization

Γ0 = iσ2 ⊗ σ̂0 , Γ1 = σ1 ⊗ σ̂0 , Γa = σ3 ⊗ σ̂a , (4.4)

where σ0 is the identity matrix in 2d. Hatted matrices refer to xi space. In this way, the

solution of eq. (4.2) is

ǫ =

(
1√
r
− t

√
rσ3

)
ε0 ⊗ η1 −

√
rσ3ε0 ⊗ η2 , (4.5)

where

η2 =x
kσ̂kη1 + η0 , (4.6)

and η1 , η0 are 2-dimensional complex spinors (and so contain 8 real dof’s) while ε0 is a

real 2-dimensional spinor with only one dof. The total number of degrees of freedom is

then 1× 8. The solution (4.5) can also be written as

ǫ =
1√
r
σ0 ⊗ σ̂0 ε0 ⊗ η1 −

√
rσ3 ⊗

(
tσ̂0 + xiσ̂i

)
ε0 ⊗ η1 −

√
rσ3 ⊗ σ̂0 ε0 ⊗ η0 . (4.7)

Notice that ǭΓM ǫ reproduces the Killing vectors (3.1) as expected.

5 Algorithms

To build the BH wigs, we use the following algorithm. We expand in powers of fermionic

bilinears. Notice that we could have performed a finite supersymmetry transformation,

however it turns out to be more convenient dealing with an iterative procedure due to the

anticommuting character of fermions.

5.1 Generalities for algorithms

The algorithms are based on the perturbative expansions in fermionic bilinears (for the

bosonic quantities) or spinors (for fermionic ones). Then, every quantity is labelled by an

integer index between square brakets [N = 1 · · · ] denoting the perturbative order.

More in detail:

• e
[1]A
M , e

[1]M
A and ω

[1]AB
M contain zero bilinears;

• e
[2]A
M , e

[2]M
A and ω

[2]AB
M contain one bilinear;

• e
[N ]A
M , e

[N ]M
A and ω

[N ]AB
M contain N − 1 bilinears;

but

• δ[1]gMN , δ[1]AM contain one bilinear;

• δ[N ]gMN , δ[N ]AM contain N bilinear;

and

• δ[1]ψM contains one spinor (1/2 bilinear);

• δ[N ]ψM contains 2N − 1 spinors (N − 1/2 bilinears).
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5.2 Inverse vielbein eM
A

To compute the inverse vielbein eMA , we use the definition

eAMe
M
B = δAB , (5.1)

expanding the vielbeins we get
(
e
[1]A
M + e

[2]A
M + e

[3]A
M

)(
e
[1]M
B + e

[2]M
B + e

[3]M
B

)
= δAB . (5.2)

We then obtain one equation for each perturbative order

δAB = e
[1]A
M e

[1]M
B ,

0 = e
[1]A
M e

[2]M
B + e

[2]A
M e

[1]M
B ,

0 = e
[1]A
M e

[3]M
B + e

[2]A
M e

[2]M
B + e

[3]A
M e

[1]M
B . (5.3)

The first one is solved as usual by inverting the vielbein eAM . The other equations are solved

by

e
[2]M
B = −e[1]MA

[
e
[2]A
R e

[1]R
B

]
,

e
[3]M
B = −e[1]MA

[
e
[2]A
R e

[2]R
B + e

[3]A
R e

[1]R
B

]
. (5.4)

In general we have, for N > 1

e
[N ]M
B = −e[1]MA V

[N ]A
B ,

V
[N ]A

B =
N−1∑

p=1

e
[p+1]A
R e

[N−p]R
B . (5.5)

5.3 Spin connection ωAB

M

The spin connection ωAB
M is defined by the vielbein postulate (2.21)

deA + ωA
B ∧ eB =

i

4
ψ̄ΓAψ . (5.6)

Extracting the 1-form basis
{
dxM

}
, it becomes

∂[M eAN ] + ωAB
[M ηBC e

C
N ] =

i

4
ψ̄[M ΓAψN ] . (5.7)

As in the case of inverse vielbein, we expand in perturbative order. We obtain the following

result

ω
[N ]DC
M = e

[1]
M A

[
Ω[N ]DC ,A − Ω[N ]CA ,D − Ω[N ]AD ,C

]
,

Ω[N ]DC ,A = e[1]N [D e[1]M C]

×


∂[M e

[N ]A
N ] +

N−1∑

p=1

ω
[N−p]AB
[M ηBC e

[p+1]C
N ] − i

4

N−1∑

p=1

ηAB ψ̄
[p]
[M ΓBψ

[N−p]
N ]


 (5.8)
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5.4 Gravitino

Using definitions (2.19), (2.20), and (2.22) we get

δǫψM =

(
∂M +

1

4
ω̂AB
M ΓAB +

1

2
eAMΓA − i

2

√
6AM

)
ǫ+

+
i

4
√
6
eAM (ΓABC − 4ηABΓC) ǫ η

BB′

ηCC′ [
eRB′ eSC′

]
×

×
[
∂RAS − ∂SAR +

i

4
ψ̄[R ΓA ψS] η

AA′

AA′ +

√
6

4
ψ̄[RψS]

]
. (5.9)

In order to compute the gravitino variation ψ
[N ]
M order by order we separate the expression

above in different pieces

• D[N ]
M (ω̂) ǫ =

(
∂
[N ]
M + 1

4 ω̂
[N ]AB
M ΓAB + 1

2e
[N ]A
M ΓA − i

2

√
6A

[N−1]
M

)
ǫ: this part contains

“2N−1 spinors” (short way to say N−1 bilinears and one spinor). Notice that ∂
[N ]
M ǫ

is simply zero for N > 1;

• e
[N ]A
M : contains N − 1 bilinears (2 (N − 1) spinors);

• (B)ABC = (ΓABC − 4ηABΓC) ǫ: this term contains always only one spinor ǫ;

•
(
C [N ]

)RS

B′C′
=

[
eRB′ eSC′

][N ]
;

•
(
D

[N ]
0

)
RS

= ∂RA
[N ]
S − ∂SA

[N ]
R ;

•
(
D

[N ]
1

)
RS A

= −i
[
ψ̄[R ΓA ψS]

][N ]
;

•
(
D

[N ]
2

)
RS

=
[
(D1)RS A ηAA′

AA′

][N ]
;

•
(
D

[N ]
3

)
RS

= −i
[
ψ̄[RψS]

][N ]
.

With these definitions, (5.9) becomes

δ[N ]
ǫ ψM = D[N ]

M (ω̂) ǫ+
i

4
√
6

(
e[Ne]

)A

M
(B)ABC

(
C [NC ]

)RS

DE
ηBD ηCE×

×
[
D0 −

1

4
D2 +

i
√
6

4
D3

][ND]

RS

. (5.10)

To obtain the correct perturbative order [N ] for δ
[N ]
ǫ ψM the quantites Ne, NB, NC and ND

must take the value as shown in the following table.
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N Ne NB NC ND

[1] (1/2) [1] (0) (1/2) [1] (0) 0

[2] (3/2) [1] (0) (1/2) [1] (0) [1] (1)

[3] (5/2) [1] (0) (1/2) [1] (0) [2] (2)

[2] (1) (1/2) [1] (0) [1] (1)

[1] (0) (1/2) [2] (1) [1] (1)

[4] (7/2) [1] (0) (1/2) [1] (0) [3] (3)

[2] (1) (1/2) [1] (0) [2] (2)

[1] (0) (1/2) [2] (1) [2] (2)

[2] (1) (1/2) [2] (1) [1] (1)

[3] (2) (1/2) [1] (0) [1] (1)

[1] (0) (1/2) [3] (2) [1] (1)

The numbers in square brackets are the perturbative order of the various pieces (see sec-

tion 5.1) while the ones in round brackets are the numbers of bilinears in the term, with

the convention that 1/2 bilinear = 1 spinor.

Now, we have to give explicit algorithms to compute C [N ], D
[N ]
1 , D

[N ]
2 and D

[N ]
3 .

5.4.1 C[N ]

Using the conventions given in section 5.1 we obtain the following result

(
C [N ]

)RS

B′C′

=
[
eRB′ eSC′

][N ]
=

=
N∑

p=1

e
[p]R
B′ e

[N−p+1]S
C′ . (5.11)

5.4.2 D
[N ]
2

To obtain theD
[N ]
2 term we needD

[N ]
1 and the gauge field with flat index A

[N ]
A =

[
eRAAR

][N ]
.

For the former we have
(
D

[N ]
1

)
RS A

= −i
[
ψ̄[R ΓA ψS]

][N ]
=

= −i
N∑

p=1

ψ̄
[p]
[R ΓA ψ

[N−p+1]
S] , (5.12)

while the latter reads

A
[N ]
A =

[
eRAAR

][N ]
=

=
N∑

p=1

e
[p]R
A A

[N−p+1]
R . (5.13)

Then, D
[N ]
2 becomes

(
D

[N ]
2

)
RS

=
[
(D1)RS A ηAA′

AA′

][N ]
=
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=
N−1∑

p=1

(
D

[p]
1

)
RS A

ηAA′

A
[N−p]
A′ . (5.14)

5.4.3 D
[N ]
3

Last, in analogy with (5.12) we have

(
D

[N ]
3

)
RS

= −i
[
ψ̄[RψS]

][N ]
=

= −i
N∑

p=1

ψ̄
[p]
[Rψ

[N−p+1]
S] . (5.15)

5.5 Vielbein and metric

The vielbein is obtained as in eq. (2.19)

δǫe
[N+1]A
M =− 1

2
Re

(
iǭΓAψ

[N ]
M

)
, (5.16)

then, the metric becomes

δ[N ]
ǫ gMN =

N∑

p=1

e
[p]A
(M e

[N−p+2]B
N) ηAB . (5.17)

5.6 Alternative metric

The metric is obtained from the susy transformation eq. (2.19)

δ[N ]
ǫ gMN = −1

2
Re

[
iǭΓ(M ψN)

][N ]
=

= −1

2
Re


i

N∑

p=1

ǭ e
[p]A
(M ΓA ψ

[N−p+1]
N)


 . (5.18)

5.7 Gauge field

Gauge field follows directly from eq. (2.19)

δ[N ]
ǫ AM = −

√
6

4
Re

(
ǭψ

[N ]
M

)
. (5.19)

6 Results

In this section we collect the results obtained from the algorithms described in the previous

section.3 First, we present the AdS5 wigs constructed from one of the two Killing spinors

η0 and η1. Since each of them contains 4 real degrees of freedom, the series truncates after

the second order in bilinears.

The wig which depends only on η0 turned out to be too simple: we show that it gives

no contribution both to the ADM mass and to the boundary stress-energy tensor.

3Notice that Fierz transformations (see appendix B) are used throughout the computation.
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η1 6= 0, η0 = 0 case is more interesting: the explicit dependence on the boundary

coordinates leads to a modification to BH Killing vectors. Furthermore, the boundary

stress-energy tensor is not trivial and it will be discussed in section 7.

In order to present the result in different ways, we give the full wig and two particular

limits of it, expanding in one case around small µ and in the other one around large r. The

former limit allows us to study a simplified, but a complete, metric while the latter shows

the near boundary geometry.

The most general wig, obtained taking into account both η0 and η1, is derived. The

degrees of freedom are now 8, then the algorithm has to be iterated to the fourth order in

bilinears. The full expression is really cumbersome, even in the small µ and large r limits.

Then, we do not write it in this work, but the interested reader can find an electronic

version in the ancillary files.

We repeat the procedure described above for the AdS4 wigs. Apart from numerical

coefficients, we find no substantial differences from the AdS5 case. For this reason we

present only the simplest results, leaving the complete wigs in the ancillary files. Last

remark, all wigs computed are asymptotically AdS.

6.1 Results for D = 5: η1 = 0 and η0 6= 0

In this section we compute the finite BH wig choosing η1 = 0 and η0 6= 0. We introduce

the following bilinears

M = −iη†0η0 , Vi = −iη†0σ̂iη0 , λ = εt0ε0 , (6.1)

with these definitions, M and Vi are real numbers.

6.1.1 Complete wig

The metric at first order is

δ[1]g = − µ

r2h (r)
λM drdt , (6.2)

where we defined h (r) =
√
r2 + µ

r2
. The metric at second order is

δ[2]g = − 1

32r4
[
−3µ2 + µr3 (−7r + 10h(r)) + 12r7 (r − h(r))

]
λ2M2 dt2+

+
1

32rh(r)

[
µr (14r − 3h(r)) + 16r5 (r − h(r))

]
λ2M2 d~x2+

+
1

32
(rh(r))3/2

[
µr (14r − 15h(r)) + 10r5 (r − h(r))

]
λ2M2 dr2+

− 1

16r2
[
µr (3r + h(r)) + 8r5 (r − h(r))

]
λ2MVi dtdx

i . (6.3)

The gauge field is zero at every order.
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6.1.2 Expansion

The complete metric result is now presented here in large-r expansion and this coincides

with the small-µ expansion.

ds2 = −
(
r2 +

µ

r2

)
dt2 +

(
1

r2
− µ

r6

)
dr2 + r2d~x2 − µ

r2h (r)
λM drdt+

− 3µ

32
λ2M2 dt2 +

3µ

32
λ2M2 d~x2 − 3µ

16r4
λ2M2 dr2 − 3µ2

32r4
λ2MVidtdx

i . (6.4)

6.1.3 ADM mass

Following the procedure outlined in [13, 15] we compute the ADM mass for the η0 6= 0,

η1 = 0 case. The ADM mass is defined as

EADM = − 1

8πG

∫

Σ
N (Θ−Θ0) , (6.5)

where N =
√
gtt is the norm of the timelike Killing vector ∂t, Θ is the trace of the extrinsic

curvature of a spacelike, near-infinity surface Σ and Θ0 is Θ computed in the background

AdS5 geometry. Using the definition of extrinsic curvature we can rewrite eq. (6.5) as

EADM = − 1

8πG
N (nµ − nµ0 ) ∂µAΣ , (6.6)

where nµ is the vector normal to Σ and AΣ is the area of Σ. In order to consider a near infin-

ity space-like surface, we use the large–r metric eq. (6.4). We define a new radial coordinate

ρ2 = r2 +
3µ

32
λ2M2 , (6.7)

thus, the area of Σ is simply ρ3Vp, with Vp the coordinate volume of the surface parametrized

by xi. The ADM mass is then

EADM = − 3µVp
16πG

+O

(
1

ρ

)
, (6.8)

which is the result for Schwarzschild black hole. The wig constructed by bilinears only in

η0 gives no contribution to the ADM mass.

6.1.4 Boundary stress-energy tensor

Using the prescription given in section 7 we compute the stress-energy tensor for the black

hole wig. The result is

Tµν = −µ
2
(4uµuν + ηµν) , (6.9)

where uµ = (1, 0, 0, 0) is the fluid velocity in the rest frame of the fluid. In this case, we

have no contribution from the BH wig.

We would like to point out that the first corrections computed by wig construction can

also be inferred by simple supersymmetry algebra relations. Indeed, we checked the very

first corrections by those means and they agree with the full computation presented here.4

4See also [14].
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6.2 Results for D = 5: η1 6= 0 and η0 = 0

In this section we compute the finite BH wig choosing η1 = 0 and η0 6= 0. As in the

previous case, we introduce

N = −iη†0η0 , Ki = −iη†0σ̂iη0 , λ = εt0ε0 , (6.10)

where again N and Ki are real. Notice that in order to present the results we write the

first terms in the large-r expansion.

6.2.1 First order in µ

As a first check, we want to determine only the effects due to gauge field and not to

bilinears in the gravitino field. For this reason we consider the first order in the expansion

around µ = 0 neglecting the contributions coming from bilinears in the gravitinos, since

they contribute to order O
(
µ2

)
.

The metric at first order is

δ[1]g = −µλ
r2

(
Nt+ Kix

i
)
dt2 +

µλ

r3
[
−N

(
t2 + ~x2

)
− 2txiK

i
]
dtdr+

− µλ

2r2
(tKi + xiN) dtdxi +

µλ

2r5
Ki drdx

i − µλ

2r2

(
Nt+ Kkx

k
)
δij dxidxj .

(6.11)

The metric at second order is

δ[2]g = − µ

2r4
λ2N

[
2r2txiKi

(
4 + r2

(
t2 + ~x2

))
+ N

(
1 + r2

(
t2 − 3~x2

))]
dt2+

− 2µ

r6
λ2N

[
Nt2 + r2txiKi

(
t2 + ~x2

)]
dr2+

− µ

r5
λ2N

[
tN

(
2 + r2

(
t2 − ~x2

))
+ xiKi

(
1 + 2r2

(
3t2 + ~x2

))]
dtdr+

+
µ

4r4
λ2N

[
−2r2xi

(
3tN+ 2xj Kj

)
+ Ki

(
1 + r2

(
−3t2 + ~x2

))]
dtdxi+

− µ

2r5
λ2N

[
xi

(
N+ 8r2txj Kj

)
+ tKi

(
−1 + 2r2

(
t2 − ~x2

))]
drdxi+

+
µ

4r5
λ2N

[
Nr

(
−1 + r2

(
t2 + 3~x2

))
δij + 4r3txk Kk

(
−1 + r2

(
t2 + ~x2

))
δij+

−2Nr3xixj + r3txiKj

]
dxidxj . (6.12)

In this limit, the gauge field is zero at each order.

6.2.2 Large r expansion

Here we compute the large-r expansion of the metric corrections.

At first order, we have

δ[1]g = − µ

r2
λ
[
tN+ xiKi

]
dt2 − µ

r3
λ
[
2txiKi + N

(
t2 + ~x2

)]
dtdr+ (6.13)

− µ

2r2
λ (tKi + xiN) dtdxi +

µ

2r5
Ki drdx

i − µ

2r2
λ
(
tN+ xk Kk

)
δij dxidxj .
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The metric at second order is

δ[2]g = −µλ2NtxiKi

(
t2 + ~x2

)
dt2+

− 2µ

r4
λ2txiNKi

(
t2 + ~x2

)
dr2+

− µ

r3
λ2N

[
tN

((
t2 − ~x2

))
+ 2xiKi

(
3t2 + ~x2

)]
dtdr+

+
µ

4r2
λ2N

[
−2xi

(
3Nt+ 2xk Kk

)
+ Ki

((
−3t2 + ~x2

))]
dtdxi+

− µ

r3
λ2N

[
4t2xix

kkk + Ki

(
t2 − ~x2

)]
drdxi+

+ µλ2N

[
txk Kk

(
t2 + ~x2

)
δij +

1

2r2
(txiKj − 2Nxixj)

]
dxidxj . (6.14)

The only non-zero components of the gauge field are the A
[2]
i

A
[2]
i =

3
√
6µ2

256r6
λ2εijkx

j NKk
(
t2 + ~x2

)
. (6.15)

6.2.3 Complete

Here we present the complete wig depending on η1 bilinears. The first order is

δ[1]g = − µ

r3
λh (r)

[
tN+ xiKi

]
dt2 − µ

r2h (r)
λ
[(
t2 − ~x2

)
N+ 2txiKi

]
dtdr+

+ λr (r − h (r)) [tKi + xiN] dtdxi − 1

rh (r)
(r − h (r)) Ki drdx

i+

+ λr (r − h (r))
[
tN+ xiKi

]
δij dxidxj . (6.16)

The second order is

δ[2]g = − 1

16r8
Nλ2

[
2r2txiKi

(
−3µ2

(
−11 + 4r2

(
t2 + ~x2

))
+ 3µr4

(
9 + 4r2

(
t2 + ~x2

))
+

+2µr3h (r) + 2r6
(
−3 + 4r2

(
t2 + ~x2

)) (
r2 − rh (r)

))
+

+N
(
µ2

(
11 + 6r4

(
−t2 + ~x2

)2
+ r2

(
13t2 − 31~x2

))
+

+2r6
(
−3 + 6r4

(
−t2 + ~x2

)2
+ r2

(
−25t2 + 11~x2

)) (
−r2 + rh (r)

)
+

+µ
(
2r8

(
−t2 + ~x2

)2 − 6r3h (r) + r4
(
17 + 2r

(
t2 + ~x2

)
h (r)

)
+

−r6
(
8rt4h (r) + ~x2

(
37 + 8r~x2h (r)

)
− t2

(
31 + 16r~x2h (r)

))))]
dt2+

− 1

16r6h (r)
Nλ2

[
Nt

(
2r4

(
31 + r2

(
t2 − ~x2

)) (
−r2 + rh (r)

)
+

+µ
(
22rh (r) + r2

(
−21 + 5

(
t2 − ~x2

) (
−r2 + 4rh (r)

))))
+

+xiKi

(
10r4

(
−1 + r2

(
3t2 + ~x2

)) (
−r2 + rh (r)

)
+ µ (14rh (r)+

+r2
(
7 + 9

(
3t2 + ~x2

) (
−r2 + 4rh (r)

))))]
dtdr+

+
1

8r7 (h (r))3
Nλ2

[
4r2txiKi

(
2r6 − 2r5h (r)+

+µ
(
−rh (r) + r2

(
2−

(
t2 + ~x2

) (
−r2 + 5rh (r)

))))
+
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+N
(
2r4

(
5 + 2r2

(
−t2 + ~x2

)
+ 2r4

(
−t2 + ~x2

)2) (
r2 − rh (r)

)
+

+µ
(
5r6

(
−t2 + ~x2

)2 − 5rh (r) + 2r2
(
5 + r

(
−5t2 + ~x2

)
h (r)

)
+

−r4
(
3rt4h (r) + 3r~x4h (r)− 2t2

(
−4 + 3r~x2h (r)

))))]
dr2+

+
1

32r5
Nλ2

[
K1

(
µr

(
6 + r2

(
3t2 + ~x2

)
+ 3r4

(
−t4 + ~x4

))
+

+2r5
(
3 + r2

(
9t2 − 5~x2

)
+ 4r4

(
−t4 + ~x4

)))
+

−2r3x1
(
N

(
13µ− 2r4

)
t+ xiKi

(
−14r4 + 8r6

(
3t2 + ~x2

)
+

+µ
(
−1 + 3r2

(
3t2 + ~x2

))))
−
(
K1

(
µ
(
−1 + 2r2

(
3t2 + ~x2

)
+

+r4
(
t4 − ~x4

))
+ 2r4

(
3 + r2

(
9t2 − 5~x2

)
+ 4r4

(
−t4 + ~x4

)))
+

+2r2x1
(
2N

(
−µ+ r4

)
t+ xiKi

(
14r4 − 8r6

(
3t2 + ~x2

)
+

+µ
(
2 + r2

(
3t2 + ~x2

)))))
h (r)

]
dtdxi+

+
1

32r6 (h (r))3
Nλ2

[
−2

(
µ+ r4

) (
−x1

(
2xiKir

2
(
−15µ+ 7r4

)
t+

+N
(
11r4 + 25r6

(
−t2 + ~x2

)
+ µ

(
2 + 9r2

(
−t2 + ~x2

))))
+

+K1t
(
13r4 + µ

(
4 + r2

(
7t2 − 9~x2

))
− r6

(
5t2 + ~x2

)))
+

−r3
(
K1t

(
−26r4 + 2r6

(
5t2 + ~x2

)
+ µ

(
−29 + r2

(
7t2 + 3~x2

)))
+

+x1
(
2xiKir

2
(
9µ+ 14r4

)
t+

+N
(
22r4 + 50r6

(
−t2 + ~x2

)
+ µ

(
23 + 43r2

(
−t2 + ~x2

)))))
h (r)

]
drdxi+

+
1

16r6h (r)2
Nλ2

[
−
(
µ+ r4

) (
−4xk Kkr

2t
(
13r4 + µ

(
1 + 5r2

(
t2 + ~x2

)))
+

+N
(
4
(
r4 − 4r6

(
t2 − ~x2

)
+ 3r8

(
t2 − ~x2

)2)
+

+µ
(
6 + 5r4

(
t2 − ~x2

)2
+ r2

(
−11t2 + 3~x2

))))
+

+r3
(
−2xk Kkr

2t
(
26r4 + µ

(
23 + 2r2

(
t2 + ~x2

)))
+

+N
(
4
(
r4 − 4r6

(
t2 − ~x2

)
+ 3r8

(
t2 − ~x2

)2)
+

+µ
(
4 + 11r4

(
t2 − ~x2

)2
+ r2

(
−15t2 + 23~x2

))))
h (r) δij+

−
(
µ+ r4

) (
+
(
−Nµ+ 8xk Kkr

2
(
µ+ 2r4

)
t
)
xixj+

+(Kixj + Kjxi) t
(
µ
(
−3 + 4r2

(
t2 − ~x2

))
+ 2r4

(
7 + 4r2

(
t2 − ~x2

))))
+

+r3
((

−5Nµ+ 16xk Kkr
2
(
µ+ r4

)
t
)
xixj+

+2 (Kixj + Kjxi) t
(
4µ

(
1 + r2

(
t2 − ~x2

))
+

+r4
(
7 + 4r2

(
t2 − ~x2

))))
h (r)

]
dxidxj . (6.17)
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6.3 Results for D = 4: η1 = 0 and η0 6= 0

The AdS4 model is very similar to AdS5 one. For our purpose, the only relevant difference

is the Schwarzschild BH metric

ds2 = f(r)2dt2 + f(r)−2dr2 + r2d~x2 , (6.18)

where f(r) =
√
r2 + µ

r . Due to the fact that 2– and 3-dimensions spinors have the same

number of degrees of freedom, our algorithm can be applied with no modifications. Notice

also that the Killing spinors are written in the same way of eq. (4.7), where xi denotes only

x1 and x2.

Last remark, in 4d Γ5 is defined by dimensional reduction from 5d as

Γ5 = σ3 ⊗ σ̂3 , (6.19)

then, bilinears in η with σ̂3 are still present.

6.3.1 Complete wig

The first order is

δ[1]g = − 3µ

4rf (r)
λM drdt . (6.20)

The second order is

δ[2]g =
1

32r2
λ2M2

(
7r3 − 2µ

) [
µ+ 2r2 (r − f (r))

]
dt2+

− 1

64f
λ2M2

[
11µ2 + 14µr3 + r2

(
25µ+ 28r3

)
(r − f (r))

]
δijdx

idxj+

− 3

64
λ2MVi

[
4µr +

(
µ+ 8r3

)
(r − f (r))

]
dtdxi+

+
3

32rf (r)3
λ2N2

[
2µr +

(
3µ+ 4r3

)
(r − f (r))

]
dr2 . (6.21)

Notice that, as in the 5-dimensional case, the gauge field is zero at every order.

6.4 Results for D = 4: η1 6= 0 and η0 = 0

In this section we compute the finite wig choosing η1 = 0 and η0 6= 0. We introduce the

following bilinears

N = −iη†0η0 , Ki = −iη†0σ̂iη0 , λ = εt0ε0 , (6.22)

with these definitions, N and Ki are real quantities.

6.4.1 First order in µ

As in 6.2.1, we focus on effects due to gauge field and not to bilinears in the gravitino field,

considering only the first order in the expansion around µ = 0. The metric at first order is

δ[1]g = − λµ

2r2
(
Nt+ Kix

i
)
dt2 − λµ

4r4
[
6r2t

(
Kix

i
)
+ N

(
−1 + 3r2

(
t2 + ~x2

))]
dtdr
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−λµ
2r

(Kit+ Nxi) dtdx
i +

λµ

2r4
Kidrdx

i − λµ

2r

(
Nt+ Kkx

k
)
δijdx

idxj . (6.23)

The metric at second order is

δ[2]g = − µ

8r3
λ2N

[
2r2t

(
Kix

i
) [

7 + 3r2
(
t2 + ~x2

)]
+ N

[
1 + r2

(
t2 − 5~x2

)]]
dt2 +

−3µt

4r5
λ2N t

[
Nt+

(
Kkx

k
) [

−1 + r2
(
t2 + ~x2

)]]
dr2 +

− µ

8r4
λ2N

[
Nt

[
5 + 3r2

(
t2 − xix

i
)]

+ 2
(
Kix

i
) [

1 + 3r2
(
3t2 + ~x2

)]]
dtdr +

− µ

4r
λ2N

[
xi

(
3Nt+ 2Kkx

k
)
+ 2Kit

2
]
dtdxi +

− µ

4r4
λ2N

[
(Nxi − tKi) + r2t

[
3Ki

(
t2 − ~x2

)
+ 12xix

j Kj

]]
drdxi +

− µ

8r3
λ2N

[(
−1 + r2

(
t2 + 5~x2

))
δij + 6r2txk Kk

[
−1 + r2

(
t2 + ~x2

)]
δij+

−4r2Nxixj + 2r2txiKj

]
dxidxj . (6.24)

For both orders, the gauge field is zero.

6.4.2 Large-r expansion

Here we compute the large-r expansion of the metric corrections.

The first order metric is

δ[1]g = −λµ
2r

(
Nt+ Kix

i
)
dt2 − 3λµ

4r2
[
2t

(
Kix

i
)
+ N

(
t2 + ~x2

)]
dtdr +

−λµ
2r

(Kit+ Nxi) dx
idt− λµ

2r4
Kidx

idr +

−λµ
2r

(
Nt+ Kix

i
)
δijdx

idxj . (6.25)

The second order is

δ[2]g = −3µ

4
λ2Nrt

(
Kix

i
) (
t2 + ~x2

)
dt2 − 3µ

4r3
λ2Nt

(
Kix

i
) (
t2 + ~x2

)
dr2 +

− 3µ

8r2
λ2N

[
Nt

(
t− ~x2

)
+ 2

(
Kix

i
) (

3t2 + ~x2
)]

dtdr +

− µ

4r
λ2N

[
2Kit

2 + xi

(
xk Kk + 3tN

)]
dtdxi +

− 3µ

4r2
λ2Nt

[
4xi

(
Kkx

k
)
− Ki

(
t2 + ~x2

)]
drdxi +

+
µ

4
λ2N

[
3rt

(
Kkx

k
) (
t2 + ~x2

)
δij +

2

r
(tKixj − 2Nxixj)

]
dxidxj . (6.26)

The non-zero components of the guge field are the A
[2]
i

A
[2]
i =

√
6µ2

128r4
λ2εijx

j NK3

(
−t2 + ~x2

)
, (6.27)

where εij is the 2d antisimmetric tensor, with ε12 = 1.
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7 Boundary stress-energy tensor

We now proceed calculating the stress-energy tensor dual to the black hole using the

prescription given in [9, 10]. First of all we define the constrain that will allow to foliate

the spacetime in slices at constant r

Φ = r − c = 0 , (7.1)

with c ∈ R.5 The outward-pointing normal vector to the boundary M|r=c is defined as6

nM =
∂MΦ√

gRS∂RΦ∂SΦ
. (7.2)

Using nM we define the boundary metric γ:

γ̂MN = gMN − nMnN . (7.3)

In order to obtain a 4−dimensional metric we have to eliminate from γ̂ the first column

and the first row

γMN =



γrr γrt γrj

γtr
γµν

γir


 . (7.4)

In a similar fashion we calculate the extrinsic curvature ΘMN and then Θµν :

ΘMN = −1

2
(∇MnN +∇NnM ) . (7.5)

Finally we can define our (boundary) stress energy tensor as

Tµν =
1

8πG

(
Θµν −Θγµν − 3γµν − 1

2
Gµν

)
, (7.6)

where Θ is defined as the trace of Θµν and Gµν is the Einstein tensor7 build from γµν .

Note that we set RAdS = 1 as usual.

7.1 Stress-energy tensor for AdS5

Using the prescription given in the previous section we present the result obtained in AdS5.

The first-order corrections are the same both at 4 and 5 dimensions, while at second-order

one they are different. We decompose the contribution to the stress-energy tensor in the

perturbative form as

Tµν = −µ
2
(4uµuν + ηµν) + λµT [1]

µν + λ2µT [2]
µν , (7.7)

5We adopt the notation given in [11].
6This definition is valid as long as the surface is not null-like. In that case, the outward pointing normal

will be kM = −∂MΦ. See [11] for further details.
7A careful reader may have noticed a change of sign in front of the Einstein tensor with respect to [10].

This is just a matter of convention in the definition of the Riemann tensor.
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where uµ = (1, 0, 0, 0) is the fluid velocity in the rest frame of the fluid as usual, Bµ =

(−N, Ki) is the bilinear 4−vector. As usual, we define the projectors

P q

µν = ηµν + uµuν , P⊥
µν = −uµuν . (7.8)

The first order of Tµν is

T [1]
µν = −d

8

[
(B · x)(ηµν + d uµuν) + 4P q

(µρP
⊥
ν)σB

[ρxσ]
]
, (7.9)

where d refers to AdSd+1. Notice that the second term in eq. (7.9) resembles a vorticity

term. Actually, the relativistic vorticity term is defined as

∆µν = P q

µλP
q

ντ∇[λu τ ] . (7.10)

In our case the second spatial projector is actually an orthogonal projector, that in fact,

mixes space and time components as a result of the supersymmetry. B may be seen as a

“super-correction” to fluid velocity. However, a deeper analysis is due.

The second order reads

T [2]
µν = P⊥

µν

{
−1

2
(xB)⊥ (xB)q− 1

48
x2 (BB)⊥− 1

2
(B · x)

[
(xB)⊥+

5

12
(xB)q

]
− 1

4
(xB)q

2

}
+

+P q

µν

{
4 (xB)⊥ (xB)q +

1

2
x2 (BB)⊥ − 7

24
(B · x) (xB)q +

7

48
x2 (BB)q +

1

4
(xB)q

2

}

+
1

2
(B · x)2 (ηµν + 4uµuν) +

1

24
(BB)q x(µxν) −

1

12
(xB)qB(µxν) +

+P q

(µρP
⊥
ν)σ

{
x[ρBσ]

[
B · x− 1

3
(xB)⊥

]
+

1

36
xρxσ (BB)⊥ − 1

24
BρBσx2

}
(7.11)

with

(VW )⊥ = P⊥
µνV

µW ν , (VW )q = P q

µνV
µW ν , (7.12)

and we have used Fierz identities (see appendix B) to substitute

(B · x)2 =
[
2 (xB)⊥ (xB)q +

1

3
x2 (BB)⊥

]
. (7.13)

The coefficient y can be set in order to recast T [2]
µν in a more suitable form for differ-

ent factorization. For instance, we can analyse the coefficient associated to the tensor

(4uµuν + ηµν). For the perfect fluid, this coefficient is related to temperature T

Tµν ∝ T d (4uµuν + ηµν) . (7.14)

Setting y = − (d/4)2 we have

−µ
2

[
1 +

d

4
λ (B · x) + 1

2

(
d

4

)2

λ2 (B · x)2
]
∝ T d exp

[
d

4
λ (B · x)

]
, (7.15)

where we reconstructed the series in the bilinears B. Doing this, the temperature of the

fluid in d = 4 is modified as follows

T −→ T exp

[
1

4
λ (B · x)

]
. (7.16)
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7.2 Stress-energy tensor for AdS4

The computation for the AdS4 case is similar to the previous one. We consider the pertur-

bative expansion

Tµν = −µ
2
(3uµuν + ηµν) + λµT [1]

µν + λ2µT [2]
µν , (7.17)

where we have defined T [1] as before and

T [2]
µν = P⊥

µν

{
−37

64
(xB)⊥ (xB)q − 1

8
x2 (BB)⊥ − 1

128
(B · x)

[
9 (xB)⊥ + 5 (xB)q

]}
+

+P q

µν

{
1

2
(xB)⊥ (xB)q+

7

128
x2 (BB)⊥+

1

2
(B · x)

[
(xB)⊥+

7

8
(xB)q

]
+

1

16
(xB)q

2

}

+
9

32
(B · x)2 (ηµν + 3uµuν) +

1

64
(BB)⊥ x(µxν) −

1

16
(xB)qB(µxν) +

+P q

(µρP
⊥
ν)σ

{
x[ρBσ]

[
5

8
B · x− 1

4
(xB)⊥

]
+

3

64
xρxσ (BB)⊥ − 1

32
BρBσx2

}
(7.18)

Conclusions

In present work, we have constructed the complete supersymmetric extension of classical

solutions of the AdS-Schwarzschild type. We denote the complete solution as the fermionic

wig, to remind the reader that the anticommuting nature of this “hair”. We have provided

the exact analytical solutions computed by automatic elaboration and for that we have

described the algorithm based on iterative solution of supergravity equations. We are left

out several interesting applications that will be studied in the future such as BPS solutions

and their fermionic wigs and in particular the applications to fluid/gravity correspondence.
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A Definitions

In this section we set the notations.

Characters {A = 1, · · · , d} labels bulk flat directions, indices {M = 1, · · · , d} are bulk

curved ones. Lowercase latin letters {a . . . } indicates flat boundary indices while greek

lowercases {µ . . . } are associated to curved boundary directions.

The flat metric is η = {−,+,+, . . . }.
Products of gamma matrices are defined as follows

ΓA1···An
= Γ[A1

· · ·ΓAn] , (A.1)

and antisymmetrizations read

B[A1···An] =
1

n!
(BA1···An

+ antisymmetrizations) . (A.2)
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B Fierz transformations

In this appendix we present the Fierz transformations used in this work.

The spinors used are 3-dimensional Dirac spinors ηA with A labels the different spinors

(and so, repeated {A} indices are not summed). It is easy to show that

ηAηA
† = − 1

2
ηA

†ηAσ̂0 −
1

2
ηA

†σiηAσ̂
i . (B.1)

Using this, we get the following relations

ηB
†ηAηA

†ηB = −1

2
ηB

†ηB ηA
†ηA − 1

2
ηB

†σ̂iηB ηA
†σ̂iηA , (B.2)

ηB
†ηAηA

†σ̂iηB = −1

2
ηA

†ηA ηB
†σ̂iηB− 1

2
ηA

†σ̂iηA ηB
†ηB+

i

2
εijk ηB

†σ̂jηB ηA
†σ̂kηA , (B.3)

ηB
†σ̂iηAηA

†σ̂jηB = −1

2
ηB

†ηB ηA
†ηA δij +

1

2
ηB

†σ̂kηB ηA
†σ̂kηA δij+

− 1

2
ηB

†σ̂iηB ηA
†σ̂jηA − 1

2
ηB

†σ̂jηB ηA
†σ̂iηA+

− i

2
εijk ηA

†ηA ηB
†σ̂kηB +

1

2
εijk ηA

†σ̂kηA ηB
†ηB . (B.4)

If A = B this reduces to

η†σ̂iηη
†σ̂jη = −1

2

(
η†η

)2
δij . (B.5)
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