PUBLISHED FOR SISSA BY €} SPRINGER

1
=

Y

RECEIVED: July 25, 2013
ACCEPTED: September 9, 2013
PUBLISHED: October 10, 2013

Gauged supergravities and non-geometric Q/ R-fluxes
from asymmetric orbifold CFT’s

Cezar Condeescu,”’ loannis Florakis,” Costas Kounnas? and Dieter Liist®®
@Sezione INFN e Dipartimento di Fisica, Universita di Roma “Tor Vergata”,

Via della Ricerca Scientifica 1, 00133 Roma, Italy
b Department of Theoretical Physics,

“Horia Hulubei” National Institute of Physics and Nuclear Engineering,

P.O. Box MG-6, Magurele — Bucharest, 077125, Jud. Ilfov, Romania

¢ Max-Planck-Institut fir Physik, Werner-Heisenberg-Institut,
Féhringer Ring 6, 80805 Miinchen, Germany

4 Laboratoire de Physique Théorique, Ecole Normale Supérieure,
24 rue Lhomond, F-75231 Paris Cedex 05, France

¢ Arnold Sommerfeld Center for Theoretical Physics,
Fakultdt fir Physik, Ludwig-Mazimilians- Universitat Minchen,
Theresienstr. 37, 80333 Munchen, Germany
E-mail: condeescu@roma2.infn.it, florakis@mppmu.mpg.de,
kounnas@lpt.ens.fr, dieter.luest@lmu.de
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1 Introduction

String theory provides a framework in which the concepts of classical geometry are gener-
alized in rather intriguing ways. These generalizations are very interesting not only due to
their rich mathematical structure, but also because they turn out to have important phys-
ical consequences. At short distances, namely at scales of the order of the string length,
the very notion of Riemannian geometry is lost and is replaced by a new kind of stringy
quantum geometry. One expects that this stringy geometry will eventually provide new
insights into the physics of the Big Bang, into the nature of Black Holes and the resolution
of space-time singularities. In fact, stringy geometry can be described by various differ-
ent approaches. From the point of view of the string, classical geometry, dimensionality
and even topology become effective notions, emerging only in the limit of low curvatures
(low energy) (see e.g. [1, 2]). The fully-fledged string theory is described in terms of an
exact conformal field theory (CFT). In this context the background geometry in which the
string propages is replaced by a two-dimensional field theory on the worldsheet, that is
highly constrained by (super-) conformal invariance as well invariance under large (super-)
reparametrizations at all genera (modular invariance). Early examples of CFT construc-
tions were given in terms of bosonic covariant lattices [3, 4], fermionic constructions [5, 6],
Gepner models [7] as well as symmetric [8, 9] and asymmetric [10, 11] orbifold CFT’s.
At length scales sufficiently larger than the string length, it is indeed sometimes possible
to recover a geometric interpretation of the CFT constructions, e.g. in terms of compact
Calabi-Yau spaces or spaces with orbifold singularities. However, the description of stringy
geometry in geometric terms is generically not possible.

Let us recall three important lessons that we have learned about stringy geometry so
far. First, it became clear that duality symmetries play a decisive role in the study of
stringy geometry. Contrary to the naive field theory intuition, seemingly different descrip-
tions of string background geometries may turn out to be fully equivalent from the string
perspective. This striking equivalence (duality) reflects the fact that the propagation of
the string only depends on the underlying CFT, which may have different equivalent back-
ground realizations [1, 2]. Indeed, consider the example of an SU(2);, WZW model which
may be realized as an S® sphere at radius R = vk with k units of H-flux. At k = 1 the
system is equivalent to a ¢ = 1 system (free boson) on a circle S! at the self-dual radius.

The most prominent example of this equivalence among different classical geometries
is the celebrated T-duality symmetry. It implies that there is no absolute (i.e. no in-
variant) notion of geometry or even topology in string theory. Indeed, it turns out that a
string can consistently propagate in non-geometric backgrounds, whose transition functions
are not given by standard diffeomorphisms but, rather, also involve non-trivial T-duality
transformations. These spaces are often called T-folds [12], still being Riemannian mani-
folds locally; however, globally, these spaces are characterized by non-trivial monodromies,
where certain jumps in the background fields, the metric G n(X) and Kalb-Ramond field
Byn(X), correspond to stringy symmetry operations. This behavior can be formulated
in terms of non-geometric fluxes, namely in the case of T-folds, by the so-called Q-fluzes.
These spaces themselves are often T-dual to geometric spaces with geometric “fluxes”,



namely w- and/or H-fluzes. Even more dramatic are backgrounds with non-geometric
R-fluzes, which no longer admit a local description in terms of Riemannian spaces [13—
15]. Formally, R-flux spaces can be obtained from Q-flux backgrounds by applying T-
duality transformations over non-isometry directions of the background. As it became
clear over the last few years, effective actions of T-folds and non-geometric spaces with
Q/R-fluxes [16-24] can be conveniently described using the formalism of double geome-
try and double field theory [25-32] (for reviews see [33, 34]). Non-geometric backgrounds
can also arise as heterotic duals of F-theory constructions [35, 36]. In addition, there is a
close relation between non-geometric string backgrounds and non-commutative and non-
associative geometry [37-43] (see also [44] for a discussion in connection to matrix theory).

The second key observation, which will be important for this paper, is that closed
strings can consistently propagate in asymmetric “spaces” that look different for the left-
and right-moving coordinates of the string. Asymmetric orbifolds constitute such classes of
background CFT’s. Moreover, a careful investigation of non-geometric backgrounds with
Q- or R-fluxes shows that these spaces also exhibit left-right asymmetry, in the sense that
their monodromies act asymmetrically on the left- and right-moving string coordinates. In
fact, as was discussed in [43, 45-50], there is a close relation between asymmetric orbifolds
and non-geometric string backgrounds. In particular, the consistent asymmetric orbifold
CFT’s constructed in [43] correspond to T-folds with non-geometric Q-flux at special points
of moduli space. It is important to note that the relevant orbifold action is freely-acting;
namely, a momentum shift along some particular coordinate X, identified with the base of
the associated fibration, is accompanied by an (a)symmetric discrete rotation M of the
remaining fiber coordinates X .

The third important point for our paper is the observation that geometric as well
as non-geometric fluxes are closely related to the gauge algebra of the effective super-
gravity theory, which is obtained after dimensional reduction on the associated geometric
or non-geometric string backgrounds. In general, the corresponding effective flux super-
potentials [51-70] become T-duality covariant functions only after including all possible
H,w,Q, R-fluxes (see also [71] for reductions with U-duality twists). Moreover, the su-
perpotentials and the gauged supergravity algebra can be derived from the double geom-
etry formalism [72-78], as well as from the intersection of geometric and non-geometric
branes [24]. However, in this context, there still remains a partially unresolved puzzle.
Namely, the gauged supergravity algebra typically allows for a larger variety of simultane-
ously non-vanishing fluxes, compared to the number of fluxes that can actually be turned
on when looking at specific (non)-geometric background spaces. For instance, the simulta-
neous appearance of Q- and R- fluxes, although allowed within the effective supergravity
theory, could not be obtained so far by dimensional reduction on non-geometric spaces or
double field theory.

In this paper we elaborate on all three items mentioned above. Concretely, the main
points of discussion in our paper are as follows:

e The first part provides an explicit mapping between freely-acting orbifolds and fluxes.
In section 2, we explore the connection between (non-) geometric flux compactifica-



tions and their (a)symmetric orbifold limits, from the point of view of the effec-
tive gauged supergravity. In section 3, we derive in a systematic way the algebra
of gaugings including H,w, @), R-fluxes from the vertex operator algebra of freely-
acting asymmetric orbifolds. Recalling the standard construction of geometric fluxes
from left-right symmetric Scherk-Schwarz orbifolds, we show that asymmetric orb-
ifold CFT’s indeed provide a very natural way of studying non-geometric spaces with
R-flux at the full string level, setting them on equal footing with the spaces involving
geometric or @-fluxes. Indeed, whereas (J-fluxes originate from a momentum shift
in the base together with an associated asymmetric M = My x Mg group action
in the fiber, we explicitly demonstrate that the T-dual R-fluxes are obtained from
a winding shift in the base, accompanied by an asymmetric M = M x Mp group
action in the fiber. Here the group elements My, M, act on the left-moving fiber
coordinates X 1{, whereas the M g, Mg act on the right moving fiber coordinates X }I%.
Hence, a T-duality transformation along the base direction of the asymmetric orb-
ifold CFT maps Q- and R-fluxes into each other. In addition, we will also see that
the same T-duality maps geometric w-fluxes into non-geometric @-fluxes and vice
versa. We further generalize this construction by considering combined momentum
and winding shifts, which possess a left-right asymmetric M x M group action in the
fiber directions and we show that the resulting gauge algebra contains at the same
time both non-geometric Q- and R-fluxes.

In the second part of the paper, we provide several explicit orbifold constructions
that realize the general gauge algebras including geometric and non-geometric fluxes.
In particular, in section 4, we study the chain of T-dualities in the fiber and base
directions, which connect the geometric flux to the - and R- flux frames. At the
orbifold point the T-dualities we perform are exact at the string level, including in
particular the T-duality in the base direction. Furthermore, in section 5 we present
examples of inherently non-geometric - and R- string backgrounds which cannot
be T-dualized to geometric ones. In particular, we demonstrate the explicit real-
ization of the above-mentioned combined momentum and winding shift and, hence,
provide the proof of the conjecture [15] for the existence of these backgrounds in
string theory. Complementary to the orbifold CFT constructions, in section 6 we
also derive the target space background fields for various cases of interest. In this
way, we also derive novel, more general non-geometric T-fold backgrounds with Q-
and even R-fluxes that are not T-dual to any geometric compactification, since the
corresponding asymmetric orbifolds are also not T-dualizable to any symmetric orb-
ifold construction. The method of providing the map from the orbifold CFT’s to the
T-folds with non-constant background fields G, B, relies in the faithful embedding of
the discrete orbifold group M x M into the O(d,d) duality group that acts on the
background parameters G, B of the fiber space. Using this information, one may de-
rive the modular transformation rules of the fiber background fields, as one encircles
the base coordinate X. As a result, in the case of Q-fluxes, the background fields
become periodic functions of the base coordinate X, i.e. G(X), B(X), whereas in the



case of R-fluxes, they depend on the dual coordinates, G(X), B(X). Finally, in the
more general case of combined momentum and winding shifts, the fiber background
depends on both the base coordinate and its dual, G(X, X), B(X, X).

2 Gauged supergravity and non-geometric fluxes

2.1 Gaugings and fluxes

In this section, we discuss the connection between gauged supergravity and compactifica-
tions with non-geometric fluxes. Let us first consider the Kaluza-Klein reduction of a ten
dimensional theory consisting of a metric tensor G, two-form field B and a scalar (dilaton)
® described by the following action

S = /dl% —Ge? {72+ (VD)2 — %%2 : (2.1)

where R and H are the ten-dimensional Ricci scalar and three-form field strength H = dB,
respectively. One can think of this as a subsector of Type II or Heterotic string theory;
that is, the bosonic part of the A" = 1 supergravity multiplet contained in each of them.
Compactification on a torus TP yields a reduced theory with O(D, D) global symmetry
and abelian U(1)?P gauge symmetry. The action of the reduced (10 — D)-dimensional
theory can be written in manifestly O(D, D) invariant form

S = / 40Py =g {R +(Ve)? — 1—12HWpH’“”’
(2.2)

1 1
+§LabV#KbchdV“Kd“ — Fo Lap K" Lea P

The Latin indices from the beginning of the alphabet a,b, ¢, d running from 1 to 2D are
associated to the fundamental representation of the O(D, D) global symmetry, whereas the
Greek indices starting from pu,v, p=1,...,10— D label the 10 — D non-compact directions
of space-time. The scalar fields in the reduced theory take values in the coset %
and are parametrized by a symmetric matrix K, satisfying Tr (LK) = 0, where L is the

standard O(D, D) invariant metric
0171
L= 2.3
<1 O) , (23)

with I being the D-dimensional unit matrix. The 2D gauge bosons Af, = (VMM , Bun)
arise from the reduction of the metric and of the B-field respectively, with the index M =
1,...,D. If M € O(D, D) is an arbitrary element of the group, then the corresponding
transformation of the gauge bosons A% and of the scalars K is given by A% — M%, Ab
and K% — M My K.

One can now gauge a 2D dimensional subgroup G C O(D, D). Denoting by Z;; the
generators corresponding to the gauge bosons VM and by XM the ones corresponding to
By, one obtains a general gauge algebra of the form [15]:

[ZM,ZN] :wﬂNZp—i-HMNpXP, (2.4)



120, XN = —od pX T + QY 2p, (2.5)
(M AN = QYN a4 RMNP zp, (2.6)

If the corresponding gauged supergravity follows from the (geometric) reduction of a higher
dimensional supergravity theory, then the 2D vector fields follow from the reduction of the
metric G and B-field. The structure constants H,w,Q and R have the interpretation of
integrated geometric/non-geometric fluxes from the point of view of the compactification
of a higher dimensional theory. In geometric compactifications of ten dimensional super-
gravity one may only turn on the fluxes H and w and, thus, a general gauging containing
also @ and/or R terms cannot be obtained by a geometric compactification of a higher
dimensional supergravity theory. However, from the lower-dimensional point of view, such
gaugings of supergravity do exist and can also be realized in the full string theory. For
instance, a compactification with (elliptic) duality twists can be described at particular
points of the moduli space by a freely-acting asymmetric orbifold [43], hence, providing
a string realization of a )-background. The presence of the @-flux is associated to the
asymmetry in the generalized fiber of the compactification. Furthermore, as we shall see,
introducing an asymmetry also in the base, that is, considering an orbifold with asymmetric
twists and shifts, yields a string realization of an R-background.

2.2 Non-abelian gaugings from reductions of higher dimensional theories
2.2.1 Reduction on a twisted torus with flux (Scherk-Schwarz)

Here we briefly consider the reduction of the action in eq. (2.1) on a twisted torus 7.2 in
the presence of three-form fluxes (for more details see [15, 79]). These constructions are
also known as Sherk-Schwarz compactifications [80, 81]. The internal manifold has a basis
of one-forms n™ such that the metric and B-field are given by

1
dS2:GMN’I7M77N, B:§BMNT]M/\77N+QO, (27)

such that Gy/n and Bj;ny do not depend on the internal coordinates X M and, thus, give
rise to d? scalar fields in the reduced theory. Furthermore, the exterior derivatives of the
one-forms n™ and of the two-form ¢ are
M L'y N, P 1 M N . P

™ = —gwypn AT do =~ Hynp ™ A A (2.8)
The compactification is determined by the constants wf\\,/lp and Hp;nyp which do not result
in further moduli of the reduced theory. The twisted torus compactification is very similar
to the Kaluza-Klein toroidal reduction considered in the previous section with the following
replacement dX™ — n™ . Notice that on the torus the twists w are automatically zero since
the exterior derivative is a nilpotent operator of order two d? = 0. However, in contrast to
the case of toroidal Kaluza-Klein reduction, the gauge algebra for such a compactification
becomes non-abelian. Explicitly, it is given by

[XM’XN] =0, (2.9)



[Zar, XN] = —wppX 7, (2.10)
[ZM,ZN] :w]ﬁ/NZp—i-HMNPXP, (2.11)

with the generators Zy; and XM resulting from the reduction of the metric and the B-field,
respectively. Notice that the symmetry generated by the gauge bosons coming from the
B-field is always abelian in geometric compactifications.

2.2.2 Reduction with T-duality twists (T-folds)

We consider string theory compactified on a T-fold locally described by 7% x S*. The coor-
dinates on this space are then decomposed as follows X = (X', X) with the coordinates
X' associated to the “fiber” and the coordinate X associated to the base space S'. The
theory reduced on T has T-duality symmetry O(d,d;Z). The further reduction on the
circle further includes a twist by an element of the T-duality group. Explicitly, the fields
are taken to depend on the circle coordinate X in the following way

P, X) = exp (;‘fji) B, (2.12)

with R being the radius of the circle S' and ¢ denoting an arbitrary field in the theory.
Hence, as X — X+27 R, the fields acquire non-trivial monodromy, given by the monodromy
matrix M

M=expM € 0(d,d;Z). (2.13)
It is useful to introduce the following notation for the gauge generators
To= (25, X% Ta) To = (21, X7), (2.14)

where the indices are a =1,...,2D, a=1,...,2d and I = 1,...,d. The gauge algebra for
this reduction then takes the form

(2%, Ta] = Mo T, (2.15)

with all other commutators vanishing. For elliptic monodromies the compactifications
above admit (freely-acting, symmetric or asymmetric) orbifold descriptions at particular
points in the moduli space. Moreover, the orbifold point corresponds to a minimum of the
scalar potential even in the asymmetric (elliptic) case. For parabolic monodromies, on the
other hand, this is no longer true as, in general, these backgrounds do not admit orbifold
fixed points, and their possible description in terms of an exact CFT is highly non-trivial.

The form of the gauge algebra in eq. (2.15) will be derived in section 3, by making use
of the exact CF'T description available at the orbifold point. The matrix M, determining
the dependence on the internal circle coordinate X and encoding the fluxes present in the
compactification, generates an order-n rotation M which, in turn, precisely induces the
action of the orbifold on the bosonic and fermionic worldsheet degrees of freedom (d.o.f.).



In order to compare with the general gauge algebra of egs. (2.4)—(2.6), it is convenient
to parametrize M in the basis T = (27, XT) as

Wil Uy
M,P = , 2.16
( VIJ _(Hft)IJ ( )
where the d x d matrices satisfy Uyy = —Uy; and VY = —V/! with W’ unconstrained,

as required in order for M to be in the Lie algebra of O(d, d). By making use of eq. (2.15),
the gauge algebra decomposes in the following way

[2x, 21) =W Z; + Uy X7, (2.17)
[Zx, X = W, X7 + vz, (2.18)
(27, 21] =0 Xl x’ll=o, (2.19)
(X%, Zm] =0, (X% Xy =0, (2.20)

where we have used the notation Zy; = (27, Zx) and XM = (X1, X*). Notice that the
gauge algebra above is of the same form as the one obtained in the case of Scherk-Schwarz
compactifications given in eqs. (2.9)-(2.11) if and only if the matrix V!/ vanishes

vl =o. (2.21)

In other words compactifications with non-zero V!7 are non-geometric. The fluxes may
be easily identified by comparing with the general gauging in eqs. (2.4)—(2.6). Indeed, the
non-zero components of the fluxes are readily found to be

wity = gy = Wi, Hxry=Urs, QY =vI7. (2.22)
Even though these compactifications do not contain terms with non-trivial QJI‘SI N or RMNP
fluxes, they can be “truly” non-geometric, in the sense that, for generic choices of V, U and
W, they are not T-dual to any geometric compactification. On the other hand, @ or R
terms can arise by performing a T-duality in the base circle S'.

2.2.3 T-duality and non-geometric fluxes

It is instructive to investigate the action of T-duality in connection with geometric and
non-geometric fluxes (see also the discussion in [82-84]). Let us consider again the stringy
compactification on a T-fold locally described by a space T% x S' with monodromy twist
M € O(d,d; Z). In particular, geometric fibrations can be described in this way, by making
use of monodromies lying in the geometric subgroup GL(d;Z) C O(d,d;Z). The fluxes con-
tained in such a compactification are encoded in the algebra generator of M, parametrized
by the matrix M. There are two kinds of T-dualities one may consider, depending on
whether they act in the fiber or the base directions. The T-duality in the 7¢ fiber is
described by a matrix O € O(d, d;Z) such that the fluxes contained in M transform as

M =0MO™!. (2.23)



Making use of the O(d,d) invariant metric L in eq. (2.3), one can find the inverse of the
T-duality matrix, O~' = LO'L. The metric G(X) and Kalb-Ramond field B(X), which
depend on the base coordinate X, transform according to the Buscher rules [85-89]

£'(X) =(4AE(X) + B) (CE(X) + D) ', (2.24)

where we defined £(X) = G(X) + B(X) and the T-duality matrix O and its inverse O~!

are parametrized by
A B _1 Dt Bt
= = ) 2.2
© (CD)’ © (Ct At> (2.25)

The d-dimensional matrices A, B, C, D are subject to the constraints
A'C+C'A=0, B'D+D'B=0, A'D+C'B=1I. (2.26)

For simplicity, let us consider the case of a geometrically fibered space with monodromy
generated by the following flux matrix M

w 0
we (00 .

parametrized as before in the basis T, = (27, X1) with off-diagonal elements U = V = 0.
The only fluxes present in this compactification are w and @. After performing the T-
duality O, one arrives at the transformed flux matrix

t_ tot t t At
A (AWD BW'Ct AWB BWA) (228)

CW D! — DWtCt CW Bt — DWtA?!

In the new duality frame, we now have both geometric and non-geometric fluxes present,
H,w,& and (). However this is not a “true” Q-background as it is T-dual to a geometric
one. In view of the above, we will call “true” Q-backgrounds, those ones for which the
matrix M generating the monodromy M of the compactification does not belong to the
conjugacy class of Mgeom, defined as

W U
Mgeom = ( 0 —Wt> . (229)

Notice that the rules for performing T-duality used in the arguments above can be justified
at the level of the gauged o-model [85-89]. This is no longer the case when one tries to
perform a T-duality in the base direction. The reason is that, in this case, there is no longer
an isometry that one can gauge, due to the explicit dependence of the background fields
on X. Hence, for a fully-fledged flux compactification, the T-duality in the base cannot be
performed in the usual way. However, at the orbifold point, because the dependence on X
enters only through boundary conditions, the T-duality can still be carried out exactly at
the CFT level and a subsequent deformation away from the orbifold point could be used to
define the new background consistently. In this way, the gauge algebra in eq. (2.15) becomes

(X%, T, = M, Ts, (2.30)



effectively interchanging the generators Zx <> X'*. Notice that, starting from a compacti-
fication described by Mgeom and performing a T-duality in S 1 the resulting non-vanishing
fluxes are @, Q, Q. Therefore, in order to obtain an R-flux background, one needs to start
from a non-geometric fiber with @Q-flux (i.e. work in the non-geometric Q-frame). Namely,
starting with a generic matrix M with all W, V, U # 0, the T-duality in the base direction
leads to a compactification with @, Q, Q, R fluxes. Specifically, the fluxes are mapped as
follows

H-o, w—=0Q, ®—Q, Q—R. (2.31)

In the next section we investigate “true” R-backgrounds with asymmetric orbifold descrip-
tions.

2.2.4 R-backgrounds from orbifolds with asymmetric twists and shifts

Freely-acting asymmetric orbifolds provide a powerful tool for studying the properties of
compactifications with non-geometric fluxes. With this in mind, one may construct “true”
R-backgrounds (i.e. where the R-flux cannot be eliminated by any T-duality) as orbifolds
with asymmetric twists and shifts. Finding well-defined asymmetric actions is, however, a
non-trivial task, due to the difficulty in satisfying the constraints of (multi-loop) modular
invariance [10, 11, 90] (see also [91, 92] for examples of asymmetric constructions). As we
have seen in the previous section, the presence of Q-flux was related to the asymmetry
in the 79 “fiber”. A further generalization of this, is to introduce an asymmetry also in
the base space S, in the form of asymmetric shifts in X7, X. Concretely, we consider an
orbifold of the form Z,, X Z,, with the matrix M generating the rotation of order n and the
matrix M similarly generating the order-m rotation. Furthermore, the matrices M and M
are taken to commute with one another. The action of Z,, is accompanied by a shift in the
coordinate X, whereas the action of Z,, is accompanied by a shift in the dual coordinate
X, thus ensuring the asymmetry of the base. Performing a T-duality in the base S' then
effectively interchanges the two orbifold rotations

Lo 5 T . (2.32)
The gauge algebra in this case will have the form [15]

[Zx, Tal = Mo T3, (2.33)
(A%, T0] = Mo T3, (2.34)

which suggests the following non-local dependence of the fields on the internal non-
geometric circle S*

(", X, X) = exp <ﬁ> exp (ﬁ) p(ah). (2.35)

The dependence of the fields on both X and X is a generic feature of “true” R-backgrounds
(see also the discussion in section 6.5). The above equation was proposed in [15] and we

,10,



shall argue its validity from the CFT derivation of egs. (2.33), (2.34) in section 3.5. It is
again instructive to decompose the algebra above in the basis T, = (21, X1), according to

Wil Uy ~ WIJ UIJ
M. = (VIJ —whl, | M. = VI (Wl ) (2.36)

Making use of the above parametrization, the non-zero commutators are found to be

(2%, Z1] = W' 25, + U X7, (2.37)
[ZX, Xl = —WJIXJ +viiz,, (2.38)
(X%, 2] = W TZy+Ux7, (2.39)
(A%, Xf] = -—w,ilx/ +vtiz;. (2.40)

One may then compare with in eqs. (2.4)—(2.6) in order to obtain the explicit identification
of the fluxes

wé} = Qg = Wi, Hxry=Urs, QY =v1, (2.41)
&fy = U, H=-QF =-w’, R — vyl (2.42)

It is straightforward to see that in these models the R-flux terms in the gauge algebra cannot
be T-dualized away. These compactifications are quite general, since they contain all the
fluxes simultaneously. We shall provide an explicit example for this type of background,
based on a Z4 X Zso orbifold in section 5.2.

3 Freely-acting orbifolds and gauged supergravity

In order to obtain a systematic identification of the fluxes involved in freely-acting
(a)symmetric orbifold models, it is important to make contact with the effective super-
gravity description. The integrated fluxes can be described [51-70] as gaugings of the
supergravity theory and, in this section, we derive the corresponding gauge algebra for
a generic class of freely-acting (a)symmetric orbifolds.! In particular, we will not limit
ourselves to orbifolds which are connected to symmetric ones by a chain of T-dualities, but
rather consider quite generic cases which may lie in different conjugacy classes of the T-
duality group, than the symmetric ones. These are the “truly” non-geometric backgrounds
which cannot be cast into a geometric frame by any T-duality transformation and for which
explicit examples will be given in section 5.

3.1 Generic shift in the base

Let us start by discussing the structure of the generic freely-acting orbifolds we will consider,
from the point of view of the base. For simplicity, we will focus on freely-acting (T'¢ x
SY)/Zy orbifolds, whose action takes the form:

G =L 5, (3.1)

'Examples of freely-acting asymmetric orbifolds and their relation to “gravito-magnetic” fluxes have
also been discussed e.g. in [93-96] in the context of string thermodynamics and string cosmology. In the
latter context, a T-fold description of a parafermionic CFT was presented in [97].
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where 9,5 is an order-N shift along the base S Land F, 1.k are the generators of the orbifold
rotation on the fiber coordinates X!. The asymmetry in the fiber is then characterized by
Fr, Fr, with Fr # Fg corresponding to an asymmetric action. Of course, we assume that
the choice of the orbifold action in eq. (3.1) corresponds to a well-defined string vacuum,
consistent with the constraints of modular invariance and unitarity.

We now focus on the base direction X and its action under the generic shift d,;. Its
partition function is given by a shifted lattice sum F(Ll)[g] of order N which, in the
Hamiltonian representation, reads:

. H 2 . H 2
9miG am-thn inT (m+by E _anT m+bﬁ_ E
Ze Nexp |- < 7 —|—<’L—|—CLN R S5 |7 g n—l—aN R) |. (3.2)

m,neL

The shift? along S! is parametrized by the vector A = (7> %), with a, b defined modulo N:

R
X, = Xp 4 am + b
. N NR
ab R : (3.3)
Xp = Xp+ a— — b
R N 'NR
or, in terms of the circle coordinate and its dual:
27T R
X=X+ a%
dap - or (3.4)
X > X+ b
NR

The case (a,b) = (1, 0) clearly shifts the coordinate X, while leaving its dual X invariant and
corresponds to what is called a momentum shift,® recognized by the phase exp(2mim/N)
in the Hamiltonian representation of the lattice in eq. (3.2). This is the case for the
geometric (Scherk-Schwarz) compactification. Under T-duality in the base S!, one obtains
(a,b) = (0,1) which shifts the dual coordinate X, while preserving X unshifted. This is the
case of the winding shift, recognized by the phase exp(2min/N) in the Hamiltonian lattice,
and we will show in the following sections that, whenever the fiber also carries asymmetric
monodromy, it corresponds to the stringy origin of the R-flux.

Finally, there is the more interesting case of combined momentum and winding shift,
where both the coordinate and its dual are shifted. It corresponds to “inherently” asym-
metric constructions for which the asymmetry on the base cannot be geometrized by any
T-duality action. They will be shown in the following sections to correspond to “truly”
non-geometric string backgrounds involving both @- and R- fluxes.

2This can be seen from the vertex operator V = exp(iPrXr + iPrXRg) contribution to the lattice sum.

3Notice that the terminology momentum /winding shift is slightly counter-intuitive from the point of view
of the Hamiltonian lattice eq.(3.2). Indeed, inspecting the physical mass, a momentum shift a = 1,6 = 0 is
characterized by an H-shift in the winding number n, whereas a winding shift a = 0,b = 1 is accompanied
by an H-shift in the momentum quantum number m. This terminology has its origin in the corresponding
Scherk-Schwarz picture, where the freely-acting orbifold is represented as a momentum or winding boost in
the charge lattices, as discussed in the following sections.
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3.2 Momentum shift, the algebra of gaugings and Q-flux
We now address the problem of determining the algebra of gaugings for a consistent freely-
acting Zy-orbifold with pure momentum shift:

g = eQﬂ(FL—i_FR) 51’0 . (3.5)

The starting point relies on the key observation [98-102] that the above orbifold action

can be realized as an % boost in the fermionic and bosonic charge lattices by a

Zn-quantized boost parameter. We focus on the fermionic charge lattice, together with
the S! lattice of the base:

Q) — QL —&L.(PL — Pp)
Qr — Qg — Er(PL — Pp)

1
PLO—>PLO+€L'QL—€R'QR—5(5%—512%)(PL0—P1%) ’

PI%%P]%+€L'QL*fR‘QR*%@%*f}%i)(PLO*P}%)

\

where §£7 r are the quantized left- and right- moving boost parameters and the index i
labels the (left- or right- moving) chiral bosons H* arising after the bosonization of the
(complexified) worldsheet fermions in the internal directions. The generic vertex operator
for the ground states of the theory contains the internal part:

V(z, %) = ' QL-HL(2)+iQr-Hpr(2) einXL(Z)-HP]%XR(f) ) (3.7)

On this generic vertex operator the boost (3.6) acts as:

V(z,2) = exp [iQ(Xy + Xg)] V(z, %), (3.8)
where: 1
szL‘QL—fR'QR_5(5%_5%2)(P2_P}%)a (3.9)
and:
V(z,7) = exp [—i(Pf — PR) (.- Hi + &r - Hr)| V(2, ) . (3.10)

The relation to the Scherk-Schwarz reduction in field theory can be seen immediately by
considering the supergravity limit of the above equations for the associated gauge bosons.
For these states, Pg—i—PI% ~m/R =0, PB—PI% ~ nR = 0 and the boost has the simple effect:

V(z,2) = exp[iQX(z,2)] V(z,2). (3.11)

For the ground states present in the effective supergravity, one may consider iL,Q%
to be identified with the charges of the left- and right- moving worldsheet fermions
wi, %{37 respectively. Notice that a state V, with definite 1, Qr charges will be boosted
accordingly, with boosting parameters &,&r. Upon a state which is not necessarily an
eigenmode, the boost acts as:

Va(z,2) — |6 Qr—ErnQ@r)X , Vs(z,2) . (3.12)
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Hence, there is a one-to-one map between the transformation matrices [¢!(¢2-@L _gR'QR)}QB
and the 2d gauge bosons {e/@LHLtiQ@rHrY — fyn)l g opTipi} of the toroidal O(d,d)
reduction of supergravity, determined by their helicity charges Qr,Qr. As a result, for
a given (quantized) choice of the boosting parameters &1, &R, specified by the particular
orbifold in question, eq. (3.12) precisely corresponds to the field-theoretic Scherk-Schwarz
reduction in eq. (2.12).

At this stage, it will be instructive to provide a stringy derivation of eq. (2.15), that
admits a straightforward generalization to the more general cases that we will encounter in
the following sections. To this end, we define the U(1) charges associated to the S* base:

d
Q"= (@) + Q) Q4= § 5 ox
% : ”d_ . (3.13)
Q-j@-ah  |eh--f5 ox

These are precisely identified with the generators Zx = Q°, X% = QO of eq. (2.14). Their
action on the remaining gauge bosons is then readily obtained using the operator product
expansion (OPE) of the above vertex operators:

20Tl =5 | f 5 0%~ § 57 K| Tu= (61 Q- - Qas T
~ (3.14)
(X% 73] 1 [%dz ox + ¢ &2 éx] To =0
2 27 27
Notice that a tensor sum is assumed in the r.h.s. of the above equation,® since Q, and Qg
act on the diagonal O(d)r, x O(d)r C O(d,d).
Furthermore, it is clear from eq. (3.12) that a shift in X induces precisely the orbifold
action on the remaining worldsheet d.o.f. . Hence, we can parametrize them in terms of

the flux matrices Fp, Fr, generating the left- and right- moving boosts:

Fp=¢&-Qr, Fr=—¢r QRr. (3.15)

In order to obtain the precise match between the left- and right- moving flux matrices
Fr,Fr on the one hand, and the flux matrix M of the twisted reduction in eq. (2.12)
on the other, we simply need to express I, g in terms of the (X1, X'I)—basis of the fiber
coordinates and their duals

1

MzU‘WE‘Uz( (3.16)

Fi + Fg FL—FR>
2 )

Fr, — Fr FL + Fgr

where F = F, @ Fg is the tensor sum of the left- and right- moving flux matrices and:

1 (1 1
(), .

4Similarly, one may also derive the commutator [T,,Ts] using the OPEs of the massive gauge bosons

after the boost (necessarily with opposite charge Q). However, it turns out that they produce higher
oscillator states carrying masses of the order of the string scale and, hence, we can effectively truncate the
algebra by assuming that [To, T3] = 0 in the supergravity limit.
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is the 2d x 2d matrix taking us from the basis (X', X) to the basis (XF, XL). Explicitly,
the gauge algebra takes the form:

1 1
(Zx, Z1] = i(FL +Fr)’ 25 + i(FL — Fr)1sX7

1 1 '
[Zx, X1 = _§(FL + Fr)tx? + 5(FL - Fr)z;

(3.18)

Comparing with egs. (2.4)—(2.6), one may read off the presence of Q-flux, provided the
action of the orbifold on the fiber is asymmetric, F1, # Fg.

3.3 Winding shift and R-flux

We now move on to the T-dual case with respect to the base, corresponding to a freely-
acting orbifold with winding shift:

g = 627T(FL+FR) 50 1- (319)

In this case, it is straightforward to see that the boost takes the T-dual form:
Q1 — Q1 — &,(PL + PR)
QR — Qk — Er(PL + PR)

1

P = P +€0-Qr—&r- Qn— 5(8} — R) (PR + FR) (8:20)

\P}%_>PI%_(gL'QL_gR'QR)+%(§%_512%)(PL0+P1%)

As in the previous section, the action of the boost on the vertex operators is given by:

A~

V(z,z) = exp [1Q(Xr — XR)] Val(z,2), (3.21)

where the operator Q, associated to the fermionic helicity charges, now becomes:

O =6 Qu—tr Qn—5(& ~ )P+ PY), (3:22)

and:

V(z,2) = exp [—i(PL + P) (€ - Hi + &r - Hr)| V(2, 7). (3.23)
Again, for the gauge bosons, P) + Pp ~ m/R = 0, P} — P} ~ nR = 0, so that the
Scherk-Schwarz boost becomes:

Va(z,2) = [ei@L'QL—ﬁR'QRﬁﬂ , Va(=2), (3.24)

now involving the T-dual coordinate X = X, —Xp of the base. Working in a similar way as
in the case of the momentum shift, one may derive the algebra of gaugings of the effective
supergravity using the OPEs:

Zy, Ta] = 0
[XT]:( (3.25)

XX T = (€ QL —€rR - QR)as Tp
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Explicitly, in terms of the flux matrices Fr, Fr parametrizing the action of the orbifold on
the fiber, the gauge algebra takes the form:

1 1
(X%, 2] = §(FL + Fp)’ 25 + §(FL — Fr)1sXx7
. 3.26)
1 1 (
(Xl = —§(FL + Fg),/ a7 + 5(FL —Fr)l’z;

Comparing with eqs. (2.4)—(2.6), one may identify in this gauging the presence of non-zero
R-flux, provided the action of the orbifold on the fiber is also asymmetric, F, # Fg.

3.4 Simultaneous momentum and winding shift

Let us now consider the more general case of a freely-acting asymmetric orbifold where the
shift in the base is also asymmetric, corresponding to a combined shift in both momenta
and windings:

g = 627T(FL+FR) 51’1 . (3.27)

In this case, due to the simultaneous momentum and winding shift, the asymmetry of the
base induces an irreducible non-locality into the background and has drastic effects on
the algebra of gaugings. Here, it will be more convenient to work directly in the orbifold
representation.

We focus on the states corresponding to the gauge bosons before the gauging. These
lie in the untwisted sector h = 0 and come with definite fermion charges Qr,Qgr. In the
partition function, the boundary conditions of the fermions are twisted as:
e Ll

Bi — 261G ’

A (3.28)
i—left Bj = 25]RG

j—right

where «;, 5; correspond to the spin-structures. Summation over G € Zy then projects onto
the states invariant under the orbifold and yields the constraint:

m+n=NE¢-Q (mod N), (3.29)

where € - Q =& - Qr — Er - Qr and m,n € Z are the momentum and winding quantum
numbers, respectively. Furthermore, level matching of the S'-lattice imposes the constraint
(P)* — (Pg)* ~ mn = 0, since the gauge bosons in the original (ungauged) theory already
come level-matched with fermionic oscillator weight (A, A) = (4,1). The solution of the
above constraints takes the form:

A% e {m=N¢-Q, n=0}, A%y {m =0, n=N¢-Q}, (3.30)

where A7} and flfj are the gauge bosons carrying non-trivial momentum and winding charge,
respectively. The above non-trivial charges completely fix the algebra of gaugings. The
gauge bosons in the gauged theory acquire a mass, since their internal part now involves
the S* contribution:

A% 45 exp [igf X} , A% & expli(¢- Q)N?RX] (3.31)
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respectively, and we display explicitly the radius dependence on the gauge bosons in order
to stress the difference in their masses:

2
M?[A%] :(?) , MP?[A%) = (£-Q)*(N?R)*. (3.32)

There are three cases of interest, corresponding to the possible values of the Scherk-Schwarz
radius® R:

e R > 1/N: the gauge bosons A carrying non-trivial winding charges decouple, as
they acquire a mass much larger than the mass of the gauge bosons A carrying
momentum charges. In this case, the relevant algebra of gaugings involving A is
effectively truncated to the one in the case of pure momentum shift in eq. (3.18).

e R < 1/N: in this case, it is the gauge bosons A carrying non-trivial momentum
charge which decouple and the relevant algebra of gaugings involving A is effectively
the one corresponding to pure winding shift in eq. (3.26).

e R = 1/N: in this region, both the gauge bosons carrying momentum A as well as
those carrying winding charge A acquire the same mass. In this case, the gauge alge-
bra at the level of the effective supergravity theory is enhanced, involving generators
T, and T, (resp. ZI,EI,XI,)EI):

1 1
(Zx, Z1] = §(FL + Fp)7 25 + i(FL — Fp)psX’

1 1
[Zx, XT] = _§(FL + Fp) X7 + 5(FL - Fr)z;
B o g (3.33)
(X%, 2] = §(FL + FRr)1”Z5+ §(FL — FR)igX

- - 1 -
(X% X = ——(Fp + Fr) /' X7 + 5(FL — Fp)l’z;

1
2
Aside from this effective doubling of the generators, there is no gauge-symmetry
enhancement with respect to the base, provided that the orbifold action preserves at
least one supersymmetry from the left- and one from the right- moving sector. In
cases when the (global) N = 2 SCFT on the worldsheet is broken down to N =1
(either in the left- or right- movers), the U(1) associated to the base S can be
enhanced to a non-abelian gauge symmetry at special values of the radius and the
structure of the algebra in eq. (3.33) may drastically change.

3.5 Zn X Zpg orbifolds with momentum and winding shift

We finally examine a further possibility, first proposed in [15] in the context of non-
geometric backgrounds, involving freely-acting (a)symmetric Zx x Zjps orbifolds, where
the first factor generates an order-N momentum shift and the second factor an order-M
winding shift along the base S'. Here, we will derive the general gauge algebra, whereas

Recall that the Scherk-Schwarz radius R differs from the radius in the freely-acting orbifold picture by
a rescaling, Ro., = NR.
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in section 5 we will provide an explicit example of a consistent string vacuum of this type,
based on an asymmetric Z4 X Zo orbifold.
The action of the Zy x Zjs orbifold can be represented in the following way:

g _ 627r(FL+FR) 51 0
’ 3.34
G = 2n(FL+Fp) 3 1’ ( )
where Fr,, Fip are the generators of order-N rotations in the left- and right- moving coordi-
nates of the fiber, associated to Zy, and 1 o is an order-/N momentum shift along the base
S1. Similarly, F, Fp, are the order-M rotation generators associated to Zj; and (5()71 is an
order-M winding shift in the base. The boundary conditions of the fermions can again be
read from their contribution to the partition function:

IT v

i—left

[ai —26L H — 261 H' aj — 26 H — 265 H' (3.35)

S A
Bi = 281G =26, G j—right Bi = 25§%G - 25%2 G’
We again focus on the invariant states corresponding to gauge bosons, coming from the
untwisted sector H = H’' = 0. The projection onto invariant states is enforced upon
summation over G' € Zy and G’ € Z); and yields the constraints:

m = N¢-Q (mod N) (3.36)
n=M¢ - Q (mod M) ‘

where £-Q =¢&1,-Qr —&r-Qrand £ -Q = &) -Qr — &k - Qr. The solution of the constraints
then implies that the gauge bosons acquire an internal part:

A% ¢ exp ig'RQXH'(g’ ‘Q)NMRX|, (3.37)

which precisely coincides with the ansatz in eq. (2.35), conjectured in [15].
The gauge bosons have their lowest mass at the self-dual (Scherk-Schwarz) radius
R=(NM )*1/ 2 and the algebra of gaugings takes the form:

1

1
[Zx, 21) = = (FL + Fr)[’ 25 + i(FL — Fr)1sX7

2
1 1
[Zx, X1 = —(Fp + Fp) ;X7 + Z(FL — Fr)"' 2,
1 2 . 2 . (3.38)
(X%, 2] = §(F£ + FRp)i’ 25+ §(F£ — Fp)Xx’
1 1
(5 ah) = —§(F£ + FR) s X+ §(Fi —Fp)’z;

For a generic consistent choice of the flux matrices Fr, Fg, F}, Fp,, the string background
is “truly” non-geometric and contains at the same time w, @, @, Q, H and R fluxes, as can
be verified by comparing with eqs. (2.4)—(2.6).
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4 Orbifolds with Q/R-flux via T-duality

Having discussed the general framework which allows one to identify the fluxes through
the gauging of the effective supergravity theory corresponding to (generically) asymmetric
freely-acting orbifolds, we are now ready to study the fluxes appearing in various explicit
examples. In this section, we will follow a chain of T-dualities which take us from the
geometric flux, to the Q-flux and, finally, to the R-flux frame. The analysis based on
freely-acting orbifolds has the advantage that, at each stage, one is dealing with an exactly
solvable CF'T, and the T-duality transformations can be followed exactly at the full string
level. The main result is that an asymmetric action on the fiber (which parallels the
asymmetric monodromy in the formalism of twisted reductions) is characterized by the
presence of Q-flux, whereas an additional asymmetric action on the base gives rise to R-flux.

4.1 General setup

Consider a compactification of Type II string theory on (T° x S')/Z4. The freely-acting
orbifold we will consider is the Type II analogue of the permutation orbifold originally
studied in [103] and is generated by:

G =™ FLtR) g, (4.1)

where 91 is an order-4 momentum shift and F7,, Fr are the generators of rotations acting
on the left- and right- moving coordinates, respectively. This class of orbifolds was later
generalized to asymmetric versions in [43] and we will adopt the notation of the latter.
For the purposes of the discussion, we will factorize the fiber T? as T% x SV, with SV
being a spectator circle, so that the orbifold acts symmetrically on the left- and right-
moving T4 x S' coordinates:

Zt —iz! 7% —iz? ™

2z gt T (4.2)
where Z1234 are complex coordinates on 7%, related via complex conjugation Z2 = Z!
and Z* = Z3. On the other hand, X is the coordinate of the base, where the orbifold acts
as a shift. The action on their fermionic superpartners is similar. The structure of the
orbifold on the internal 7% space is that of a K3 orbifold and, hence, preserves half of the
left- and right- moving supersymmetries, giving rise to an Ny = 4 theory.

The partition function of the theory can be written in the Scherk-Schwarz formalism

as a fibration:

Z = Z % Z (_1)a+b192 [Z]ﬁ[g—lg]ﬁ{ﬁﬂ; Z

mmneZ  a,b=0,1 N a,b=0,1

h TR? _
x T'(4,4) [g] R exp [—7_2|m + Tn|2] F(Ll)(R/)

with (h,g) = %(n, m). Here, n,m € Z are the winding numbers parametrizing the wrapping
of the worldsheet torus around S'. Furthermore, the spectator circle S 1 of radius R’ con-
tributes the I’ (1,1)(R/ ) spectator lattice. The lattice sum I'(4,4) associated to the directions
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of the fiber 7% on which the Z4 orbifold acts non-trivially is given at the fermionic point by:
hl 1 ~v—nh v v+ h v —2h
Haa [9]2 2 0[5—9}ﬁ{5}0[5+9}ﬁ{5—29

7,0=0,1
Following [43], the orbifold action can be related to the monodromy matrix of twisted

2
(4.4)

reductions by expressing the permutation action on the left-moving part of the fiber X/:

0-10 0
1 00 O
I — (2mFNT
(PL)'; = 0 00 1 = (e*mFr)l (4.5)
0 01 0
in terms of the left-moving flux matriz:
0-70 0
1
7 000
YYo= 4 4.6
00740

Since we are dealing with a symmetric orbifold, the action on the right-movers is identical,
(Fr)! ;= (Fr)!; = F!;. The flux matrices correspond precisely to the left- and right- mov-
ing data encoded into the monodromy matrix M appearing in the twisted reduction (2.12)
and, hence, they define a flat gauging of supergravity based on the algebra:

(Zx, 21) = Fi’/ 25

: 47
[Zx, X = —F,"x’ il

Comparing with the general form of the algebra of gaugings in eqs. (2.4)—(2.6), one
may verify that the model indeed corresponds to a geometric fibration and is, hence, an
example of an w-flux background, with the identification wslg g = L:);Ig g = —F1;.

4.2 T-duality in the fiber

We will now perform a number of T-dualities, in order to investigate the manifestation
of Q-flux and R-flux from the worldsheet perspective. It should be noted that the naive
application of Buscher rules is not valid for a generic compact manifold and the T-duality
transformations typically need to be a/-corrected order by order [104, 105]. We will not
be concerned with such issues here, since our construction is based on an exactly solvable
CFT and the T-dualities we perform can be exactly realized at the o-model level.

The first step will be to perform a T-duality in the fiber directions. Let us first
express the T* coordinates Z523% in a real basis X 1234

1 ) 1 .
Zhp= §(X1 +iX*)Lr Z} g = §(X3 +iXY) R

2 , 2 . (4.8)
Zi g = §(X1 —iX*)L R Zip= §(X3 —iXY R
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The monodromy of T4, as the base coordinate closes a full circle X — X + 27 R, acts as a
permutation X' — —X2, X2 - X!, X3 & —X* X* — X3, which reproduces precisely
the orbifold action in eq. (4.2). Now let us perform a simultaneous T-duality on the
coordinates X2, X4 € T of the fiber. Since the sigma model is flat toroidal, the T-duality
action reads simply Xi — Xi, XII12 — —X]{z and eq. (4.8) becomes in the dual theory:

1 1
Zi = 5(X1 +iX?)p Zh = 5(Xl —iX?)p

1 1
72 = 5(Xl —iX?) Z% = 5(X1 +iX?p

. ; h . (4.9)
7% = 5()(3 +iXh, 7Z% = 5(X3 —iXYp

1 1
Zi = 5(X3 —iXYy Zh = 5(X3 +iXhHR

Hence, in the T-dual theory, the monodromy becomes asymmetric between the left- and
right- movers:

71 — +iZ] Zp — —iZg

Zi — —iZ} 7% — +iZg (4.10)
73— +iZd 7y — —iZ3, '
Z} — —izZ} Zp — +iZp

Of course, the partition function remains unchanged in the T-dual theory. The space-
time interpretation, however, is now different. Due to the asymmetric monodromy
(Fp)!; = —(Fr)!; = F!,, one expects the model to contain Q-flux. This can be best seen
by inspecting the algebra of gaugings:

[Zx, 21 = Fr;x7

, 4.11
(Zx, X1 = F1 2, (4-11)

from which one may infer the presence of a combination of both H- and Q- flux,
Hxry = Fry, Q¥ = —F".

4.3 T-duality in the base

In order to investigate the worldsheet interpretation of the R-flux, we will now perform a
T-duality in the base S'. Of course, for a generic twisted torus, such an operation is not
allowed because the moduli of the fiber depend explicitly on the base coordinate X and the
U(1)-shift along the base is not an isometry of the background. On the other hand, in the
special case where the fibration is realized at the orbifold point, the shift symmetry along
the base is still present, since the twist of the fiber depends on the winding around the
base S! only through non-trivial boundary conditions of the worldsheet fields. This allows
one to perform the T-duality in an exact way at the level of the o-model.
We start from the flat o-model action, ignoring the dilaton:

S = % /d% (Gr;0X10X7 + R?OXOX) + ..., (4.12)
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where we only display the relevant bosonic fields. For the symmetric Z4-orbifold of the
previous section the radii of the 7% can be taken to lie at the fermionic point, Gy = %5 IJ-
In the full path integral, one has to supplement this with a set of non-trivial boundary
conditions. To illustrate these boundary condition assignments, it is more convenient to
rewrite the partition function in the orbifold representation, by redefining the windings as
n—4dn+ H, m — 4m + G with n,m € Z, H,G € Z4 and using the periodicities of the
Jacobi J-functions to decouple the winding dependence of the latter:

ﬂQaﬂafHﬂa+H 1§2@1§@_H1§@+H
Sy i ce ] i PR ALl =)
H,GEZy ~ a,b=0,1 a,b=0,1
2
% Ta) [Z} 4R exp [—”(f) ‘m+j+7(n+lj)ﬂ Tan(R).  (413)

m,nez

This representation® of the partition function illustrates the boundary conditions of the
various worldsheet fields. The path integral on the worldsheet torus for the base coordinate
X is performed by splitting the latter into a classical (instantonic) part, encoding the
boundary conditions, and a quantum part Xquant with trivial boundary conditions which
gives rise to the string oscillator contribution:

H
X(O’l, 02) =27 [(n + 4)01 + (Th + f)aQ] + Xquant - (4.14)

The flat worldsheet o-model has a local isometry under translations in the base direction
X with conserved Noether currents J = (4R)?0X, J = (4R)20X. This isometry can be
gauged [85-89] by introducing a term [ (AJ + AJ) in the worldsheet action, coupling
the currents to appropriate gauge fields A, A. However, the new term still varies under
the gauge transformation and gauge invariance can be ensured by adding a quadratic term
[(4R)?AA in the gauge fields, together with a term [(AJY — AJY), involving an additional
real scalar Y. The gauged action then reads:

[ / d’c {GI 70X10X7 + (4R)?9X0X
Am . (4.15)
+ [(4R)28X - a\z{] A+ [(4R)25X + 5Y} A+ (4R)2AA }

The quantum equivalence of the gauged action S’ to the original one can be seen by carefully
integrating out Y on the topology of the worldsheet torus which, in turn, forces A to be a
pure gauge [85-89]. The dual action, on the other hand, is obtained by instead integrating
out the gauge fields:

A=—-0X+(4R)720Y , A= -0X— (4R)720Y. (4.16)
Substituting these into S’ then leads to the dual action S:
S = 4i / d*o [G1,0XT0X7 + (4R)20YOY + (0YOX — 0X0Y)] (4.17)
7r

Notice the effective rescaling of the radius R — 4R, which takes place when one goes from the Scherk-
Schwarz representation to the orbifold picture.
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with Y being interpreted as the T-dual coordinate of the base. Notice that the original
base coordinate X still appears in the dual action, through its coupling to Y via a
total-derivative term:

Sxy = ﬁ / d?c (9YOX — 0X0Y). (4.18)

On a worldsheet with the topology of a sphere this term would simply drop out, leading to
the standard T-dual action. In the case of the worldsheet torus, however, the extra term in
eq. (4.18) does contribute through the classical part of X, Y. Using the torus derivatives:

T = 1
8 = ﬁ('ral — 82) s a = \/76(—7—81 + 82) s (419)

together with the classical part of X, given in eq.(4.14), and that of Y:
Y(O‘l, 02) =27 (n'al + ’ﬁ’L/O'Q) + Yquant (4.20)

one obtains the non-trivial contribution to the partition function:

M)] . (4.21)

exp[—Sxy] = exp [Qiﬂ( 1

Hence, the windings n, m of the original base coordinate X drop out and, hence, the phase
in eq. (4.21), together with the standard kinetic term of Y in the dual o-model form the
T-dual S! lattice:

H] (4R)™! m(4R)7%, _, 2 .. (mH—-1'G
F(l’l)[G] = N m/zn;ezexp[ T‘m —|-7'77,‘ + 2im — 1

(4.22)

Similarly, path integration over the remaining worldsheet bosons and their fermionic
superpartners yields the remaining pieces of the partition function of the T-dual theory:

EDIEDS e [z]ﬁ[%ng}ﬁ[ﬁg}; s 7 [%W[‘Z;g}@[iig}

H,GeZs  a,b=0,1 a,b=0,1

H] 1 7(4R)™2, _, 2 .. (MH-n'G
G]KLR Z exp[m’m +7’n’ + 2 1

XF(4’4) F(l,l) (R,) . (423)

m/ ,n' €L

Notice that the above representation of the partition function could have been directly
obtained from eq. (4.13) by Poisson-resumming first in the m- and then in the n- winding.
The interpretation of the T-dual theory is most clear in the Hamiltonian representation of
the S'-lattice:

H 4
T(m)[G} = N T TR G2 (4.24)
m,ne’
with
1 (m+ 4
Prp=— 4 + 4R 4.25
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from which one recognizes a winding shift (see section 3.1). Hence, the effect of T-duality
in the base S' is to turn the original freely-acting orbifold with momentum shift along
S1 into a freely-acting orbifold with identical action on the fiber, but with winding shift
along the base. The winding shift involves an asymmetric action of the orbifold on the
base and, in the case when the action on the fiber is also asymmetric, corresponds to the
R-flux frame. Let us make this identification explicitly in the two relevant cases:

e Starting from an orbifold with momentum shift, which acts symmetrically on the fiber
(Fp, = Fg = F), and performing a T-duality in the base S!, yields a non-geometric
background corresponding to the gauge algebra:

X% 21 = Fi7 2,

. 4.26
(X% xl = -’ (4.26)

The resulting gauging of supergravity corresponds to Q-flux only, with the identifi-
cation Q}IU = —Q%I = F;7.

e If on the other hand, we first perform a T-duality in the fiber directions, so that
the action of the orbifold is asymmetric on the fiber (F;, = —Fr = F), then the
subsequent T-duality in the base S* yields:

(X%, 2] = Fryx’

. 4.27
(% ) =Fz, 2

This case is characterized by a combination of both w- and R-flux, with the identifi-

RXI J

cations &J}S = Fry, = F17 respectively.

5 Asymmetric orbifolds without symmetric T-duals

In the previous section, we started from the simple example of a freely-acting, symmetric
orbifold and studied a chain of T-dualities which effectively turned the action on the fiber
and on the base into an asymmetric one. By studying the algebra of gaugings of the
corresponding effective supergravity theory, we were able to identify the w, H,Q and R
fluxes present in each case. These string backgrounds lie inside the same conjugacy class
of O(D, D;Z) as the geometric fibration and, hence, constitute a description of the same
(initially geometric) theory in different duality frames. On the other hand, at the level of
the supergravity theory there is a plethora of possible gaugings which have no geometric
origin. These are theories which lie outside the geometric conjugacy class of O(D, D;Z)
and, hence, their underlying string theoretic description is non-trivially and inherently
non-geometric. In this section, we will study such “truly” asymmetric constructions at
the string level in terms of explicit examples.

5.1 Inherently asymmetric Z4 orbifold

Consider now the freely-acting Z,4 orbifold:

g = 627TFL 5a,b7 (51)
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where the orbifold acts as a rotation F7, only on the left-moving coordinates of the fiber,
accompanied with a generic shift ¢, along the base S L. This is an “extremely” asymmetric
analogue of the Z4 orbifolds discussed in the previous section. The asymmetry of the fiber
cannot be removed by any action of the T-duality group and, in the case a = b = 1
corresponding to a combined momentum and winding shift, the base also acquires an
inherent stringy asymmetry. The modular invariant partition function corresponding to
the left-moving flux matrix Fy, given in eq. (4.6) is:

2 | o a—H/2 a+H/2 A ra
7= ! B i Kl o PN )
! Z 9 Z (=1) ni2 ) ?
H,GeZy  «,p=0,1 @,b=0,1 : (5‘2)
H i|a — - irGmatnb 1 p2 1p2
x T4 [G] Py () (2rlabHG/A—(HG=SM)/s N 2inGreget 1p g4 r
m,neZ

where the left- and right- moving momenta along the base are given by:

m+ b

H
PrRp= 444 =. .
L.R AR R<n+a4> (5 3)

The asymmetrically twisted I'(44)-lattice associated to the T* fiber, now reads (at the
fermionic point):

o) =3 X o [imanl Gl [iian)o e 7B e

There are three cases of interest, corresponding to pure momentum shift 41 o, pure winding
shift dp,1 and a combined momentum and winding shift 6; ;. It will be instructive to display
explicitly the algebra of gaugings in each of these cases.

e Orbifold with pure momentum shift 1 o:

1 1
(Zx,21) = = F1' 254+ —Fr;x7

2 2 . (5.5)
[Zx, X1 = —§FJIXJ + 5F”ZJ

Hence, the theory contains a combination of w, H and @ flux, given by: wé ;= d)é ;=
sF7, Hxpy = $Fy and Q¥ = i1,

e Orbifold with pure winding shift d¢ ;:

1 1
(X%, 21 = SF7 25+ S FryX/
2 2 . (5.6)
XX,XI :—EFJIXJ—FEFIJZJ
2 2

This corresponds to the T-dual of the previous case with respect to the base and

contains w, () and R flux. The precise identification is given by: 5@% = %F 7T Q?,U =
_Q§§J — %FIJ and RXIJ — %FI‘].
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e Orbifold with momentum and winding shift 61 1:
1 J 1 J
[Zx, Z1] = §FI Zy+ §FIJX

2
5 1 T ;
(X%, 2] = §FIJZJ + §FIJXJ

1 1
(25, X1 = = F) X7 + D FY 2,

- 1 - 1 -

(X% X1 = —iFJIXJ + 5FUZJ
As discussed in section 3.4, the enhancement of the algebra is an inherently stringy
phenomenon with no geometric analogue and corresponds to a gauging involving
simultaneously w, H, @ and R flux.

For simplicity we defined F;, = F. Notice that, due to the asymmetry of the rotation,
the effective quantization of the rotation angles in the flux matrix F' (as it appears in
the algebra) is in units of 1/(2N), unlike in the case of a symmetric action where the
quantization is in units of 1/N. This is a generic phenomenon arising in such “extremely”
asymmetric constructions where the action of the orbifold rotation acts chirally either only
on the left- or right- moving fiber coordinates.

5.2 Z4 X Zgo orbifold with momentum and winding shift

In this section we discuss a generalization of this class of orbifold backgrounds to freely-
acting, asymmetric Z4 X Zs orbifolds, with the Z, factor acting on the left-moving fiber,
accompanied with an order-4 momentum shift in the base and the Zy factor acting on the
right-moving fiber coordinates, together with an order-2 winding shift on the base:

G =¥t g

o (5.8)
gl — e?T(FR (5(/)71

The modular invariant partition function is given by:

o [s2] o[z

192
1 1 1 i [5 8-Gj2| Y | B2
Z=7 5 2. 5 2. D iz
HGELy ~ H',G'€Zs ~ a,=0,1
1§2 a 5 aﬁ—H’/2 ﬁ q+H’/2
1 4 [,3] [57@/2 B+GY /2
x5 Z (=1) ni2

a,8=0,1

T 1)(R’) eni[iHG;‘SHf#—H’G’] Z p2im[Gm/4-G'n/2) quf (ﬁpﬁ, (5.9)

m,ne”

«T H,H'
(4,4) G,G
where the left- and right- moving momenta along the base are given by:

H/
_m=5 H
Prr= iR +4R <TL—|— 4> . (5.10)

— 26 —



The asymmetrically twisted I'(44)-lattice associated to the T* fiber, now reads (at the
fermionic point):

O A g (A S e e
(5.11)

The orbifold action on the fiber is parametrized through the flux matrices Fy,, Fy,, where F,
is the generator of the Z4 rotation on the left-movers given in eq. (4.6) and Fp is given by:

0-30 0
1
5 0 0 0
Fr)'s =10 o ot (5.12)
2
1
00350
In this case, the resulting algebra of gaugings becomes:
1
[Zx, 21] = §(FL) TZr+ < (FL)JJX
1
[Zx, X1] = —*(FL)JIXJ + *(FL)UZJ
) (5.13)

(X%, 2] = (FR) T2+ < (FR)IJXJ
(%, xT) = —§(F1/L2)JIXJ + §(FE)UZJ

and corresponds to “true” (- and R- backgrounds with non-trivial w,w, H .Q,Q and
R fluxes. It is important to stress that the fluxes appearing in the above algebra are
effectively quantized in units of 1/8 for Fr, and 1/4 for F}, and this necessitates the
distinction between w, @ and Q, Q.

6 On the relation between asymmetric orbifolds and T-folds

Besides deriving the (non-) geometric fluxes and the corresponding supergravity gaugings
from the CFT operator algebra, the relation between (a)symmetric orbifolds and (non-)
geometric fluxes can be also seen from a slightly different but eventually equivalent perspec-
tive, namely by viewing the orbifolds as particular points in the parameter space of a T-fold
compactification. The main idea is that T-folds are defined by non-constant background
fields, which are patched together either by standard diffeomorphisms (geometric spaces)
or, more generally, by stringy symmetries that correspond to discrete symmetry operations
of the orbifold CFT. Allowing for generic background parameters (moduli), the o-model
associated to the T-fold is not, in general, conformal and the equations of motion will re-
ceive an infinite tower of o/-corrections. However, choosing the moduli in such a way that
the symmetry transformations act as automorphisms on the background, i.e. going to the
(a)symmetric orbifold points of the T-fold moduli space, the correspond o-model becomes
conformal. Hence, there is a renormalization group flow in the moduli space of the T-fold
towards the directions of its orbifold points, where some (or all) of the moduli parameters
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are fixed to specific values.” It turns out that these fixed values of the moduli precisely cor-
respond to the minima of the gauged supergravity potential, consistently with the fact that
the gauging can be equivalently viewed as a compactification with (non-) geometric fluxes.

The D = (d + d')-dimensional backgrounds derd/ under consideration can be conve-
niently described in a uniform manner: they take the form of a fibration of a d-dimensional
torus Tjﬁl over a d’-dimensional base B in the remaining directions:

T — yitd oy gd (6.1)

For instance, the base space BY can be taken to be a d’-dimensional torus de/. We wish to
consider fibrations that are determined by the O(d, d) monodromy properties of the fiber
torus T]‘f, when going around homologically non-trivial loops in the base B,

Let us consider the case where, in the (a)symmetric orbifold language, the fibration
is specified by the Z% x Z orbifold rotations (My, Mg) acting on the left- and right-
moving fiber “coordinates” X! and X% (I =1,...,d). Namely, a shift in a base coordinate
X — X + 27 induces the following rotation on Xy and Xg:

XL—>MLXL, Xp —> MgpXpg. (6.2)

This defines a freely-acting orbifold space, since the fiber twist is always accompanied by a
shift along the base coordinate X. It corresponds to a geometric, symmetric orbifold when
M = Mg, whereas, otherwise, the underlying CFT corresponds to a non-geometric
asymmetric orbifold.

Let us now see how the above orbifold picture is related to a T-fold description. In the
T-fold picture, the background parameters corresponding to the metric and antisymmetric
tensor field are non-constant functions, varying over of the base coordinates X: gr; =
917(X), bry = br;(X). Consistency then requires, that the monodromy of the background
around closed loops in the base (i.e. X — X + 27), respects the stringy symmetries, which
are given in terms of discrete O(d,d) transformations. To illustrate the latter, we combine
the metric and the antisymmetric tensor of TJ‘? into a d-dimensional matrix as

SIJ(X) = g[J(X) + b[J(X) , (6.3)

in terms of which, the O(d, d) transformation of the background fields acts as

E(X +27) = Mo (X) = (AE(X) + B) (CS(X) + D) . (6.4)

Here, M(q4,4) is a group element of O(d,d) of the form

A B
Moa,a) = (C D) ; (6.5)

"In the interest of simplicity, we use in this discussion the example of T-folds. However, the arguments we

present remain valid even in the case of “generalized T-folds” where the description is inherently non-local,
namely for R-backgrounds.
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where the d-dimensional matrices A, B, C, D satisfy
A'C+C'A=0, B'D+D'B=0, A'D+C'B=1I. (6.6)

In order to match the orbifold symmetries, Mgo(4,4) must be identified with the rotation
group elements (M, Mg) of the Z& x Z%, orbifold. Therefore, the identification between
the T-fold and the freely-acting Z@ X Zﬁ orbifold is possible, provided that a faithful
embedding of Z% X Zﬁ into O(d,d) can be found. The general asymmetric case with
M, # Mp corresponds to a non-geometric T-fold, and the combined (Mp, Mp) rotation
forms a discrete element of the full O(d, d) group; i.e. the group Z% x Z% is a discrete
Abelian subgroup of O(d,d). On the other hand, in the case of a symmetric orbifold, the
symmetric rotation group with My = Mg is a subgroup of only the diagonal O(d). In
this case the associated T-fold describes a geometric compactification.

We will explicitly demonstrate this relationship by considering a three-dimensional
fibration, with a one-dimensional circle S' serving as the base and a two-dimensional torus
T? as the fiber. A T? torus with b-field is parametrized by two complex scalars known as the
complex structure 7 = % +1 g% and the complexified Kahler class p = —b1o +i V', where
V' denotes the volume of the two-torus. The O(2,2) group then decomposes as follows:

0(2,2) = SL(2), x SL(2), x Z; 7" x 757" (6.7)
Here the group factor SL(2), corresponds to the standard reparametrizations of the torus,
acting as
b
T With ad—be=1, (6.8)
cT+d

whereas SL(2), contains the shift in the b-field, p — p + ¢, as well as the T-duality
transformation (radius inversion), p — —1/p, the full action being
a/p + b/
C/p + d/ )
The embedding of SL(2), x SL(2), in O(2, 2) is then provided by the following identification
with the matrices A, B,C, D in eq. (6.5):

A:a’<zz>, B:b’<:ZZ), C:c'<_ac_bd>, D:d’(_db_ac>. (6.10)

6.1 Symmetric Z4 orbifold: geometric T-fold with one elliptic monodromy

with d'd —bcd =1. (6.9)

We first consider the case of a symmetric Z4-orbifold, where the shift in the base coordinate
X — X + 27 is accompanied by the following symmetric Z4 rotation in the fiber:

Xy —-X}, X}--X}.

MW
X¥ =Xj, X¥ = Xp.

(6.11)
This is indeed a left-right symmetric Z4 rotation, acting on the complex coordinates Zj, g =
Xi,R + iX%,R as

Z, =e 57y,

MO v
Z}% =e 2/R.

(6.12)
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In the base (X', X7) of the fiber coordinates and their duals, X2 = X}f —E—X}Z’Q and

X112 = Xi’2 — X}%’Z, the above Z4 transformation takes the form
v_ 2 v _ 2
M(l) : Xy = _XL ) XR - _XR )

X%/:Xllm XIQ%/:X}%?

and can be seen to correspond to the following discrete O(2,2) transformation:

0-100
1000
00 0-1
0010

MY = (6.13)

Using the explicit embedding of SL(2), x SL(2), inside O(2,2), given in eq. (6.10), one
finds that this transformation simply corresponds to an inversion of the complex structure:

MWD = (X 4 27) = — P = p(X+27) = p(X). (6.14)

1
T(X)’
The corresponding geometric background can then be constructed as a fibered torus with
the following non-constant complex structure [106]:

1o cos(fX) + sin(fX) 1
( )_cos(fX)—Tosin(fX)’ f€Z+Z’
p(X) = pg = const . (6.15)

Here 19 and py are arbitrary parameters (moduli) of the background. The background
possesses geometric w, w-fluxes, which can be readily identified with f. At the fixed point
of the transformation X — X + 27, 79 = 4, the geometric background reduces precisely
to the symmetric orbifold of section 4.1. Note that the monodromy acts as an order two
transformation on the background parameter 7(X), whereas its (symmetric) action on the
coordinates Z;, and Zpg is of order four.

6.2 Asymmetric Z4 orbifold: non-geometric T-dual T-fold with one elliptic
monodromy

We now start from the geometric background of the previous section and perform a T-
duality transformation along the X? direction of the fiber. This leads to a background,
where the shift in X is accompanied by the following left-right asymmetric Z4 rotation,
now acting on the complex coordinates Zr g as

, _in
ZL:€ 2ZL7

M3 (6.16)
Z}% =e2/Rp,
which corresponds to the following O(2,2) transformation:

00 0-1

0010
@ = 6.17
M 0-10 0 ( )

1000
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As expected by T-duality, using eq. (6.10), it is straightforward to see that the action on
the T2-background now involves the inversion of the Kihler parameter, while preserving
the complex structure unchanged

1
p(X)°

The corresponding non-geometric background is characterized by the following non-

MO = rX421) =7(X), p=p(X+2n1)=— (6.18)

constant Kahler parameter:

7(X) = 79 = const,
~ po cos(gX) + sin(gX)

1
X) = -+ 7Z. 1
PX) cos(gX) — po sin(gX) ’ g€yt (6.19)

The background is a non-geometric T-fold and it possesses both H-flux and non-geometric
Q-flux. At the level of the above construction, g should be thought of as a flux parameter
(analogous to the eigenvalue of the flux matrix F'), generating both the geometric H- and
the non-geometric Q- flux. The very fact that there exists one flux parameter g generating
both H and @, reflects the structure of the corresponding gauge algebra. At the fixed point
of the transformation X — X + 27, pg = ¢, the non-geometric background reduces to the
asymmetric Z4 orbifold of section 4.2.

6.3 Truly asymmetric Zs orbifold: non-geometric T-fold with two elliptic mon-
odromies

We are now ready to describe an asymmetric orbifold, where the rotation acts only on the
left-moving coordinates. As was already discussed in the previous sections, the resulting T-
fold will be “truly” non-geometric, in the sence that it cannot be T-dualized to a geometric
space.® Specifically, let us consider a background, where the shift in X induces the following
asymmetric Zs-rotation on the complex coordinates Z, r
Z/ - _ZL )

MO TF (6.20)
From the point of view of the (X I x1 ) basis, the orbifold action mixes coordinates and
dual coordinates as:

Xl/:_Xl XllZ—Xl

3) .
M) g S _ _y2 (6.21)
and can be seen to correspond to the following O(2,2) transformation:

0 0 -10

0 0 0 -1
B) = 6.22
M -10 0 0 (6.22)

0 -10 0

8This background was already mentioned in [107]. Genuinely non-geometric backgrounds and their
relation to double geometry will be further discussed in [108].
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Upon using eq. (6.10), one recognizes that this transformation simultaneously induces the
inversion both of the Kéhler parameter as well as of the complex structure:

b L
7(X) p(X)

The corresponding background can be constructed as a double elliptic fibration with the

MO = (X 4 27) = — p=pX+2m)=— (6.23)

following complex structure and Kéhler parameters:

_ 7o cos(fX) + sin(fX) 1
7( )_Cos(fx)—rgsin(fX)’ f€Z+Z,
_ po cos(gX) + sin(gX) 1
o= cos(gX) — po sin(gX) ’ ge T Z. (6.24)

As we have already mentioned, this background is not T-dual to a geometric one. From
the structure of the algebra in eq. (3.18), it follows that the background contains w, H
and @ flux. In the above construction, it is straightforward to identify w,& with the f-
parameter, whereas H, () are generated by g, consistently with the examples of the previous
subsections. At the fixed point of the transformation X — X + 27, 79 = pg = i, the T-fold
reduces to the corresponding asymmetric Zso orbifold.

6.4 Truly asymmetric Z4 orbifold: non-geometric T-fold with two elliptic mon-
odromies

We now consider the “truly” asymmetric Z4-orbifold with pure momentum shift, based on
the freely-acting asymmetric orbifold CFT discussed in [43], and constructed explicitly in
section 5.1. The shift in X now acts as the following “extremely” asymmetric Z4 rotation
on the left-moving complex coordinates of the fiber:

(s

Zr =e 27p,
MWD, 7L L (6.25)
Zp=2g.
The corresponding O(2,2) transformation now reads:
1 1 -11
1f{-11 -1-1
(4) — = . 6.26
M 21-11 1 1 (6.26)
-1-1-11

Note that (M®)* = T and also that the square of this matrix agrees with the O(2,2)
matrix in eq. (6.22) of the previous example: (M®)2 = M®) | as expected by the fact
that Zs C Z4. Furthermore, it should be noted that, although the entries of this matrix
are no longer integer-, but half-integer- valued, M® is an allowed O(2,2) transformation,
satisfying the constraints in eq. (6.6) and is a symmetry of the underlying CFT.

In order to determine how this O(2,2) transformation acts on the background fields 7
and p, we again use the embedding eq. (6.10) and obtain:

SL(2), - (i Z) _ \2 (_11 1) . SL(2),: (Z,/ Zﬁ) _ \}5 <_11 D . (6.27)
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The above transformations are not elements of SL(2,Z) and their action on the Kéhler
parameter as well as on the complex structure becomes:

1+ 7(X)
=

1+ p(X)
1—p(X)"

The corresponding T-fold background is again a double elliptic fibration with the following

T =7(X+271) = p=p(X+2m) = (6.28)

complex structure and Kéahler parameters:

1o cos(fX) + sin(fX) 1
(X) = cos(fX) — 7o sin(fX)’ /e 8 e (6.29)
~ pocos(gX) + sin(gX) 1 |
p(X) = cos(gX) — posin(gX) 7 cgtL

Similarly to the previous case, this background is not T-dual to a geometric one. Note
that the two functions 7(X) and p(X) in eq. (6.29) have similar form to those in eq. (6.24),
the difference being that the f- and g- fluxes are now quantized in units of 1/8 and the
transformation in eq. (6.29) is of order four, in contrast to the order two transformation
of eq. (6.24). Again, the interpretation of the flux parameters f,g is similar to that of
the previous subsection, with f being identified with the geometric w, @ fluxes, whereas g
generates the geometric H- and non-geometric - fluxes. At the fixed point of the order
four transformation X — X 4+ 27, 79 = pg = 4, the T-fold reduces to the asymmetric Z,
orbifold of section 5.1.

From the effective supergravity point of view, the explicit expressions in eq. (6.29) can
be cast in more intuitive form which reflects the asymmetric Scherk-Schwarz mechanism, by
performing holomorphic field redefinitions on the chiral scalar fields. To this end, consider
the following field redefinition on the field 7 (and similarly for p):

T—1
T+’

7= (6.30)
such that at the fixed point 7 vanishes: 7(7 = ¢) = 0. On the redefined field 7, it follows
that the SL(2) transformation in eq. (6.28) has a simple action as a rotation by m/2:

7 = F7(X +27) = i7(X) . (6.31)

Explicitly, in terms of the base coordinate:

#(X) = 2" exp(2ifX). (6:32)

To+ 12

It should be noted that in the T-dual case (with respect to the base) of a winding shift, in
which case the background contains R-flux, it is not possible to provide local expressions
for 7 and p, the monodromies would depend on shifts along the T-dual base coordinate X.

Before closing this subsection, it is interesting to remark on deformation of the o-model
action away from the conformal point. Expanding eq. (6.29) around 79 = pp = i, we may
treat this non-geometric background using conformal perturbation theory, by representing
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the o-model perturbation away from the orbifold point as an infinite series of irrelevant
operators:

S= S+ / d*o [(ro — i) sin’ 1 (fX) X 9207 + c.c.]

“! (6.33)

-i—Z/ng [(po — i) sin 1 (gX) ! 0HI9X 97207 + c.c.]
/=1

The validity of the approach relies on the fact that the operators appearing in the above
perturbation carry well-defined left- and right- moving conformal weights, being exponen-
tial functions of the free-boson X. Note that in the case of the geometric orbifolds studied
in the previous subsections, the corresponding deformation of the o-model action involves
only the complex structure 7, since the Kéhler (volume) modulus still corresponds to a
flat direction at the minimum (orbifold point) of the effective scalar potential.

The background we constructed in this section corresponds to the case of a pure mo-
mentum shift, which is clearly visible at the orbifold point and this is reflected by the fact
that the fluxes f, g only couple to the base coordinate X, but not its dual. The T-dual
version, with respect to the base, corresponding to the winding shift can be easily obtained
by replacing X — X. Of course, in this case the interpretation of the fluxes changes, ac-
cording to the map in eq. (2.31). The more interesting case of simultaneous momentum
and winding shift (e.g. with a single Z4-orbifold) is very similar to the Z4 x Zs background
we discuss in the next section, the main difference (at the level of this discussion) being in
the quantization of the fluxes.

6.5 Asymmetric Z4 X Zg orbifold: irreducible R-background with two elliptic
monodromies

Finally, it is interesting to consider the asymmetric Z4 x Zy orbifold, defined in section 5.2.
Since this background contains R-flux, one expects the description to be non-local and,
hence, cannot be described as a T-fold. As before, we will focus our attention on one of
the two T2-tori inside the T* fiber. The shift in X is accompanied a purely left-moving
Z4 rotation of the fiber, whereas the shift in X is accompanied by a Z, rotation of the
right-movers:

Z/ — 7?2 , Z/ — Z ,
M@, TSRO AL ey, TR AL (6.34)
corresponding to the following O(2,2) transformation:

1 1 -11 0010

11-11 —-1-1 0001
W=z 2 = . 6.35
M 21-11 1 1|’ M 1000 (6.35)

-1-1-11 0100
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Combining the results from the previous subsections, we may now write down the action
on the Kahler and complex structure moduli:

- 1+ 7(X,X) . + p(X, X)
7(X+2m,X) = —, p(X+2mX) = ~
- T(Xa X) - ,O(X, X)
(X, X 4 27) = — ! p(X,X +21) = — ! .
’ 7(X,X) ’ (X, X)

The corresponding background is again a double elliptic fibration in X, X, with the following
complex structure and Kéahler parameters:

o _ 1ocos(faX + foX) + sin(f1X + foX) 1
(X X) = cos(f4X + f2§§) — 7o sin(f4X 4+ f2§§) » Jooie 8 Tz
(
(

(6.37)

- pocos(gaX + goX) + sin(gsX + goX

p(X, X

) 1
-+ 7Z
)7 f2792€4+

cos(gaX + g2X) — po sin(gaX + g2X
Notice that the expressions for the Kéahler and complex structure moduli are inherently
non-local, as expected from the fact that the algebra of gaugings in eq. (5.13) contains
R-flux. The parameters fo, g2, f1, 94 generate the following irreducible combinations of

fluxes:
Parameter | Fluxes
Ja w,w
f2 Q. Q
g4 H,Q
g2 w, R

The above identification is consistent with the fact that the H-flux originates from
the Kéhler parameter p and with the general mapping of the fluxes under a T-duality in
the base, as in eq. (2.31).

At the fixed point of the order four- and order two- transformations X — X + 27,
X o X+27m, 7= po = ¢, and the background reduces to the asymmetric Z4 orbifold of
section 5.2. As before, one may perform the following field redefinition on 7 (and similarly

for p):
T—1
T = 6.38
TN (6.38)
in which case one obtains the doubled space analogue of the twisted reduction:
F(x)="2 - exp[2i(f1X + foX)] (6.39)
70+ 17 ’

in agreement with eq. (2.35).
Finally, a deformation away from the orbifold point can be formulated at the level of
the string o-model in terms of conformal perturbation theory. Namely, one may consider
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perturbing the o-model action at the conformal orbifold point by inserting the following
infinite series of irrelevant operators:

o ~
S =Som + Z / d’o [(7’0 — ’L')Z Sine_l(f4X + fQXQ) ei(1+€)(f4X+f2X2) YA + C.C.]
! . (6.40)
+ Z/d2a [(po — i)l sin® N (guX 4 oXy) e IHOX4a:X) 5757 4 c.c.
/=1

Here, the circle coordinate X and its dual X should be thought of as linear combinations of
X1, and Xpg. Since the perturbation depends on the left- and right- moving circle coordinates
only through exponential functions, the corresponding operators Oy, 4, ~ el XL+iqrXR
carry well-defined conformal weight and the deformation can be consistently defined at the
string level, for any circle radius R. It would be interesting to obtain an analogous formu-
lation of this deformation in terms of a double o-model, along the lines of [84, 109, 110].

7  Summary

In this paper we have explicitly constructed freely acting orbifold CFT’s that correspond to
non-geometric string backgrounds with @- and R-fluxes. The fluxes are identified from the
CFT operator algebras and by comparison with the associated flux algebras in the effective
gauged supergravity theory. In particular, we provide for the first time explicit backgrounds
with simultaneous @- and R-fluxes, obtained by combining shifts and rotations acting asym-
metrically both in the base as well as in the fiber directions. In this way we obtain general-
ized Q-flux (T-fold) and R-flux backgrounds that cannot be T-dualized to geometric ones.
In the case of “true” R-backgrounds, the corresponding fields of the fiber simultaneously de-
pend both on the momentum as well as on the winding (dual) coordinate of the base. We ex-
pect these inherently non-local backgrounds to admit a natural description in terms of dou-
ble field theory and it would be interesting for this connection to be made more precise [108].
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