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1 Introduction

In the application of string theory to cosmological model-building, moving D-branes have
played a distinctive role. For a probe D-brane in nonrelativistic motion in a fixed supergrav-
ity background, the Dirac-Born-Infeld and Chern-Simons actions govern the evolution, and
the dynamics is well-understood. However, violent motions of branes, including relativis-
tic collisions, are commonplace in cosmological models, and relativistic D-brane scattering
differs in important ways from the scattering of point particles or of strings. In particular,
massless bremsstrahlung from an extended object is qualitatively different from that from
a point particle, and pair production of massive open strings stretched between colliding
D-branes can substantially alter the dynamics.

In this paper we study ultrarelativistic D-brane scattering, incorporating closed string
exchange, radiation of massless closed strings, and pair production of massive open strings.



We find that supergravity interactions of widely-separated D-branes induce modest accel-
eration, which then triggers intense bremsstrahlung of massless closed strings, leading to
rapid deceleration. Open string pair production [1-3] generally sets in at much smaller sepa-
rations than bremsstrahlung, and can therefore be neglected early in the scattering process.

One interesting implication of our findings is that bremsstrahlung provides an impor-
tant source of dissipation in the DBI scenario [4, 5], and can alter the evolution of the
background and perturbations. We find that for a range of reasonable parameter values,
bremsstrahlung dramatically affects the trajectory. However, there are also controllable
parameter regimes in which bremsstrahlung can be neglected and the DBI model receives
no corrections from our considerations.

The organization of this paper is as follows. In section 2 we determine the rate of energy
loss from bremsstrahlung for a k-dimensional extended object undergoing an accelerated
motion in a D-dimensional spacetime (for D even). Then, in section 3 we compute the
effect of bremsstrahlung on relativistic D-brane scattering, and demonstrate that a very
small acceleration induced by velocity-dependent interactions triggers massive energy losses
to closed string radiation. In section 4 we discuss implications for DBI inflation, and
we conclude in section 5. In appendix A we characterize open string pair production,
which can become important if the scattering D-branes reach a small separation while
remaining relativistic. In appendix B we present a few details of the calculation of the
critical frequency for synchrotron radiation in an even-dimensional spacetime.

2 Bremsstrahlung from extended objects

Two D-branes approaching each other at relativistic speeds experience a radial potential
from closed string exchange (see section 3). As we shall see, the mild acceleration that re-
sults triggers intense bremsstrahlung! in the forward direction, substantially decelerating
the branes. In this section we will characterize this effect in general, determining the rate
at which energy is lost to bremsstrahlung when a k-dimensional extended object moving
in a D-dimensional spacetime undergoes a specified acceleration. In generic situations in
which the forces in the directions parallel to and transverse to the direction of motion are of
the same order, radiation due to transverse acceleration is dominant, as in synchrotron ra-
diation in four dimensions. However, in certain cases the force can be nearly parallel to the
velocity — for example, this arises in DBI inflation with a purely radial potential, see sec-
tion 4 — and in this situation the radiation due to longitudinal acceleration can dominate.
In this work we will consider both purely transverse and purely longitudinal acceleration.

There are several important differences between the present problem and the familiar
case of synchrotron radiation in four-dimensional electromagnetism: scalar and gravita-
tional radiation play an important role, the accelerated source is a k-dimensional? extended

"We remark that the process termed ‘brane bremsstrahlung’ in ref. [6] corresponds to production of open
string modes as a consequence of the masses of these modes being time-dependent. In the present work
bremsstrahlung has the standard meaning of radiation emitted by an accelerated object.

2Radiation in four dimensions from particles corresponding to D-branes wrapping cycles of a toroidal
compactification has been studied in ref. [7], while here we determine the radiation from spatially extended
D-branes.



object, and the ambient spacetime is D-dimensional. Even so, to provide intuition we will
make extensive use of comparisons to electromagnetism.

We begin in section 2.1 with the general formalism for spin-s radiation by a point
particle, determining the total power and spectral distribution. In section 2.2 we use
this information to obtain the contribution of high-frequency radiation to the total power
radiated by a k-dimensional extended object, considering the special cases of transverse
and parallel acceleration in an even-dimensional® Minkowski spacetime. It turns out that
in the ultrarelativistic limit the radiation is phase-space suppressed, necessitating a careful
treatment of the low frequency spectrum, which we present in section 2.3. Finally, in
section 2.4 we consider the emission of massive strings by an accelerating D-brane.

Throughout our analysis, the primary large number in the system will be the Lorentz
factor v = coshn, where 7 is the rapidity. Correspondingly, a key task is to determine the
scaling with ~ of the radiated power density dP/dVj:

dP/dVy, o yOPks) (2.1)

where the exponent © may depend on k, D, and the spin s of the field being radiated, and
Vi denotes the volume of the extended object.

2.1 General formalism for rank s radiation from a point source

The first step is to determine the total power that a point source moving on a general
trajectory in D dimensions loses to radiation of integer spin s. Consider a field A, ,,, that
is sourced by a point of charge e moving along some given trajectory r#(7) with D-velocity
vM = 9;rt, where 7 is the source’s proper time. Following ref. [8, 9], the corresponding

wave equation can be written

DA (@) = Jo(@),  Ju(a) = / dr 5P — a() o, - v, (2.2)

The solution to eq. (2.2) is given in terms of the D-dimensional retarded Green’s function
D,(x —r) as

Ay (@) = e/dT Di(x —1r)vy, .. vy, . (2.3)

Up to an overall D-dependent prefactor, which we will suppress throughout, the retarded
Green’s function in even dimensions is

Dy(x —r) = 0(zg — 10)6P/>72 ((z—1)?) . (2.4)

30dd-dimensional spacetimes present additional technical complications, essentially due to the fact that
the Green’s function has support in the interior of the past light cone, and will not be treated here. Although
we assume Minkowski spacetime throughout this work, our results remain valid for more general spacetimes
with curvature radii that are large compared to the typical wavelength of the radiation.



where the exponent (D/2 — 2) on the delta function denotes a corresponding derivative
with respect to the argument. For the field A,, . ,, one finds

Am...us(x) = e/dT 0(1‘0 — TO)ME(S(D/Q_E]) ((x _ T)Q)

4 (x —r)2dr
__ € 1 d b/2-2 Vpy v Vg (2.5)
2D/2=1 \ R-vdr R-v '

where we performed D /2 — 2 partial integrations, and defined R* = (z —7)* = (R, Rn). In

our conventions, the R in any dot product refers to the D-vector R*, while R = |x —r| oth-

erwise. Note that any contribution from derivatives of the Heaviside step function involves

a factor d(xg—rg). Combined with the second delta function, there is no contribution unless

R=2x9—1r9=|x—r|=0, so that we can ignore this contribution away from the source.
In a similar way one can show that to leading order in 1/R,

5 A B e 1 d D/Q_lvm...vus
i@ = =55 B\ goar) TR (2:6)

To examine the stress energy tensor, we work in the Lorenz gauge, defined by 0#<A,,, . =
0. At leading order in 1/R and neglecting derivatives of R (see also ref. [8]),

1 g \P/r21
oM Ay =€ <R vd7> Vpy - Upy_, 70 fors>2. (2.7)

This indicates that for s > 2 the forces responsible for driving the particle on the assumed
trajectory r#(7) will have significant backreaction on the total power. This effect is well-
known in general relativity; our result agrees with refs. [10, 11], where the amount of
gravitational radiation due to stresses on the source is found to be comparable to the
radiation from the source itself.

Neglecting for the moment the radiation due to forces acting on the source, we find
the stress-energy tensor

2
1 d\"* ', v
T:, = R,R, || —— e 2.8
o = € <R-vdr> R-v (28)
The power radiated per unit solid angle is given by
dPD s . D—2 ; R Y
=~ = lim R Toin' 2.9
dQD_Q RI—I;(;O [ 0t ] R’}/ ’ ( )
which reduces to the well-known Larmor formula for s = 1.
To find the spectrum, note that the total energy radiated, 1%7 o obeys?*
drd, . ) Do ,
o= / dt lim RV [Tom']
~ Jim RD/dw leAp(w)[2, (2.10)

“See also refs. [12, 13].



where we have defined

Ap(w) = /dt et

1 d b/2-1 Vpy + - Vpg (2.11)
R-vdr R-v t' ’

The spectrum of radiation is then given by

2710
s _ lim RP|eAp(w)|?. (2.12)
dwdQD_Q R—o00

To bring this into a useful form, we recall that the derivatives are evaluated at the retarded
time t =t + R(t') ~ ' + x — n - r(¢). Changing variables of integration, we have® [8]

1 d b/2-1 Vpy -+ - Vg (2.13)
R-vdr R-v ' '

To obtain the energy spectrum in any even dimension we perform D /2 — 2 partial integra-
tions in eq. (2.13) and use d/dr = vd/dt' to arrive at®

R-v
YR

Ap(w) = [ a et

; ’ / d v )
A _ (D—4)/2R1—D/2/dt/ iw(t'—nr(t)) 4 Vu - Vps 914
p(w) =w ¢ ir R-v (2.14)
The remaining integral is, up to angular dependence, just the Fourier-transformed ampli-
tude in four dimensions. Combining eq. (2.14) and eq. (2.12), we find the energy spectrum

d?1?,

s . D—4 2

—— = lim w eAy(w 2.15

dwdQD_g R—o0 [ 4( )] ’ ( )
which relates the energy spectrum radiated in four dimensions to the energy spectrum in
any even dimension, up to angular dependence and numerical prefactors. Note in particular
that the critical frequency above which the spectrum decreases exponentially is independent
of the spacetime dimension D.”

2.2 Radiation by a k-dimensional source in D dimensions

Having understood radiation from a point particle in D dimensions, we now characterize
the power density dPg s/dVy, of spin s radiation from a k-dimensional extended object in
D dimensions.

To obtain the energy spectrum radiated from an extended object we need to integrate
the Fourier-transformed field, eq. (2.6), over the k spatial dimensions parallel to the object:

DAy (@) = / Vi psinfw(t + o(ri)| RuAp(w) (2.16)

®Useful relations for this evaluation are R-v = Ry(1 —n-3()) and dt/dt’ =1 —n - B(t').

5One subtlety is that eq. (2.14) only applies when the integration is taken over all time, so that the
boundary terms in the partial integration vanish. This is a legitimate assumption for transverse acceleration
of a source that remains on a circular orbit, but is not appropriate for a purely longitudinal acceleration:
see section 2.2.2.

"We have checked this result by numerically evaluating the power spectrum for scalar and vector radiation
in diverse spacetime dimensions. Further analytical evidence comes from a WKB approach to the radiated
power spectrum, following ref. [14], as detailed in appendix B.



where ¢ is a phase, r; parameterizes the position along the extended object, p is the
charge density of the source, and Ap is the radiation amplitude in frequency space given
in eq. (2.13). The resulting radiated energy spectrum is

PIh,
= Jim B[V (10,40 (2.17)

where the brackets indicate a time average. Now let ry parameterize the position of an
arbitrary fixed point on the extended object, so that we can write r = ro(t') + ry. The
time average of the squared amplitude then takes the form

<|(9uAm...us (w)l2> (2.18)

2
1 d b/ Upy + - Vpg
R-vdr R-v '

Considering radiation that is peaked in the forward direction, we can model the angular

B

_ % 2 / : / iw(t'—n-r(rg,t’)
B}l—{%op <‘/dt dVy sin[w(t' +¢(rk))]e R

dependence of the amplitude by the dimensionless function f(2) ~ e 101/%  where 6, is
the angle beyond which emission is negligible, and we assume isotropic radiation along the
parallel directions. Denoting the solid angle within which emission occurs as €., we have

2> : (2.19)

where we have kept the leading terms in wry. The time average in eq. (2.19) can be

)

(2.20)

(10 Ao @) = [pAD )0, <\ [ v sinfott + o)) @)

evaluated in spherical coordinates, using ¢(rx) ~ r/(2R) and 6 ~ r/R:

2> = < / dQ_1drr*Lsin {w (t-i— \/W)]efam/ec
Vi

_ARF
~

<’/de sin(w(t + ¢(ri))) f(2)

Combining the time average in eq. (2.20) with eq. (2.17) and approximating the angular

distribution as uniform for # < 6., we find that for w > 9227”,

I, N pdl}
dVidw ~ 20k €2 dw

(2.21)

with A = 27 /w. The result eq. (2.21) is physically sensible: two points on the brane that
are separated by a distance d radiate coherently at wavelength A if and only if d < A.
Thus, the full power radiated at wavelength A is the sum of the power radiated by patches
of volume \*, leading to the factor of A¥ in eq. (2.21).® The dependence on the critical
angle arises by observing that interference effects do not depend on 6., so that a factor %
from the point particle angular distribution remains in the final result.

8We thank H. Tye for helpful explanations of this point.



2.2.1 Circular trajectories

In the previous section we obtained general expressions for radiation from sources on arbi-
trary trajectories. We now use these results to characterize the spectrum of scalar, vector
and gravitational synchrotron radiation emitted by an ultrarelativistic source on a circular
trajectory of radius rp in D dimensions. Note that there are additional subtleties for the
case of gravitational radiation, as the gauge-fixing condition eq. (2.7) is not satisfied (see
also ref. [11]).

The spectrum of spin s radiation from an accelerated point particle of charge e in
four-dimensional spacetime is well known and can be summarized as [10, 11, 14]:

dpPo 1-2s/3
4.5 — 620.)[)')/ (w> 6720.)/(30.)0) , (222)
dw

C

where wq is the angular frequency of the circular trajectory, and the critical frequency is
given by w, = v3wp. The critical angle . within which most of the radiation is emitted is

wo 1/3 f .
6, ~ (w) or wyp K w K We (2‘23)
vt for w ~ we.

Combining eq. (2.22) with eq. (2.15), the power spectrum of a point particle in an even-

dimensional spacetime is

dP° 1-2s/3
Dys _ e2w09£_4wD_47 (w) e~ 2w/ (Bwe) (2.24)
dw We

Integrating over all frequencies, we have

PRy~ e (yPwo)P 7, (2.25)

which is just the D-dimensional Larmor formula. Equipped with the power spectrum
eq. (2.24) for a point particle we can use eq. (2.21) to obtain the power spectrum of a
k-dimensional extended object:

5 O,w)P 4 [ £ ~2w/(Bwe) 2.26
dViedeo 5 wolfew) T\ we ‘ (2:26)

Finally, to obtain a lower bound on the power density radiated by an extended object we
will only take the high frequency” contribution into account:

dP} ©  d’Pg ©  d?P}
D,s _/ dw D;s Z/ dw D,s ]
dVy 0 dVydw wo dVidw

Using egs. (2.22), (2.23), and (2.21) in eq. (2.27) we find that the power density lost to
radiation is (omitting numerical coefficients)

dPk 00 1-2s/3
Ds pQ’YWO/ dw (HCW)D—ZL—IC <w> e—2w/(3wc)

We

(2.27)

~ p?(Yiwe)P7Ek. (2.28)

9The power density from low-frequency radiation is not necessarily insignificant, but is more subtle, as
we will explain.



This is a key result for our analysis: the power of ~ that appears in eq. (2.28) controls
the importance of bremsstrahlung in relativistic D-brane dynamics. Note that the power
density emitted from a k-dimensional object in D-dimensional space scales exactly like
the power from a point particle in D — k dimensions, as expected from the symmetries
of the problem.

2.2.2 Linear acceleration

Having understood the comparatively straightforward case of circular motion, we now turn
to computing the total power radiated by an extended object undergoing linear acceleration,
as well as the cutoff frequency w,. of this radiation and the critical angle 6. within which
the radiation is confined.

We consider a particle with constant acceleration as measured in the comoving frame:
this could be a particle in a constant electric field, as considered in ref. [15]. The potential
is given by

V(z) = Vix. (2.29)

The resulting hyperbolic trajectory is given in terms of the proper time 7 as

T = % <cosh <’7"72> — 1> , t= %sinh <T‘2> . (2.30)

In particular, the acceleration is a = Vi /(m~?).

To understand some of the subtle aspects of linear acceleration emission, consider a
non-relativistic particle that enters a linear potential at ¢ = 0 with velocity v(0) and leaves
it with velocity v(T') at time ¢t = T. Following ref. [16], the spectral distribution of the
energy radiated by this particle is given by

g, 221
This leads to the spectral distribution

dIf;  8e* V2 1\.2<wT> (2.32)

dw 3w m2w? 2

Only frequencies of order w, ~ 1/T contribute to the spectrum. In particular, in the limit
of constant acceleration, T' — oo, one has w. — 0, which corresponds to a constant electric
field, rather than to radiation. Even so, the total energy radiated per unit time is

L(L],l _ 262 Vl2 _ 262 9

T =3 3 (2.33)
which is just the Larmor formula. As Schwinger put it, “Facetiously, we may say that
a uniformly accelerated charge radiates because it is not uniformly accelerated” [16]. This
summarizes an important (and long-studied) subtlety of linearly accelerated systems: as the
acceleration and rapidity change constantly, one cannot assign an instantaneously radiated
power — the spectrum crucially depends on the whole history of the particle’s trajectory.

In the following, we will carefully take this into account.



For simplicity we will give explicit results for the power spectrum and angular dis-
tribution of scalar radiation from linearly-accelerated point particles. The generalization
to vector radiation is straightforward, but as noted above, the extension to gravitational
radiation is nontrivial: one cannot consistently neglect radiation from the stresses that
cause the acceleration.

The power radiated per unit solid angle is given by eq. (2.9) with the energy momentum
tensor eq. (2.8). Combining these two results for linear acceleration, we find that in four
dimensions!?

dP£0 ~ e?cos?(6) cos?(0) 52
dQ2 42 (1 — cos(6;) cos(62)B3)°

(2.34)

Using eq. (2.34) we can solve for the critical angle 6, within which most of the radiation
is confined in the ultrarelativistic limit: we find 6, ~ v/2/T — B & 1/~. It is easy to check
that the total power agrees with the Larmor formula:

APy,

ho = 02 o €72 3%y 72 = €275, 8° . (2.35)
9 |0,

Note that the critical angle can depend on the frequency. Using intuition from the case

of transverse acceleration, we expect that the critical angle increases significantly at low

frequencies. Furthermore, the radiation of scalars is peaked in the forward direction for

any even spacetime dimension. This is different from vector radiation, which vanishes in

the strictly forward direction but is still constrained to lie within a critical angle 6. ~ 1/~.
To obtain the power spectrum we need to evaluate

d1?
20— lim RYleA(w)|?, (2.36)

dwdf)s  R—oo
1 a\Y*' 1
<R~vd¢) R-v

Note that unlike the transverse acceleration case, we need to introduce a time cutoff 1" at

where

T .
Aso(w) = / gt et —nr(e) B . (2.37)
t

-0 YR

which we evaluate the radiation. This is because the spectrum constantly changes while
the particle is accelerated. We therefore consider a particle that accelerates linearly for
0 <t < T, and evaluate the spectrum at time 7. We find

dIf, 2

dwdQy

2

T
/ dt' COS(Gl) COS(92) eiw(t’fcos(Ol)cos(92)x(t’)) (238)
0

7 (cos(6) cos(2)8 — 1)2

To illustrate the spectrum of vector and scalar radiation from a point particle, one can
evaluate eq. (2.38) numerically for linear acceleration in four dimensions. The resulting
spectrum is shown in figure 1.

A direct analytic evaluation of the integral in eq. (2.38) is difficult. Let us therefore
examine the Fourier transform in the limit v > 1 at #; = 6, = 0 and change variables to

%0ne readily finds analogous results in any even dimension.
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Figure 1. Radiated power spectrum from a point particle in four dimensions, eq. (2.38). The solid
blue line represents vector radiation, while the dashed red line represents scalar radiation.

integration over . This gives

) ‘ 9
dlz(l)(] _iwm ___dwm iwmlI’ [O, %} iwomDl |:0’ 2Vzlu’;ym }
Y 162 |—e 2V V1 yman . - . 230
e T M (2:39)

diIg
Evaluated at w = 0 we have g 55-| = 16e%42,.. On the other hand, expanding the

power spectrum at high frequencies gives

dlgo ~ 6462V127;1nax

~ 2.40
dwd) m2w? ( )
Now solving
Iy 1 dIf
o I (2.41)
dwng We 2dwdQ2 w=0
gives the critical frequency
4V;
We ~ Wl’ymax =dayt ., (2.42)

where we inserted the acceleration from above. To perform a consistency check we can
compute the total radiated power,
dymax d dIé(L),O 1 W Vi

2 2.6 2
~ 5 Ymax € Ymax ™ , 2.43
dt d/)/max deQQ We fyrznax m7 a m€ Tma € 'ymaxa ( )

0 . n2
P470 Necwc

and recognize that this agrees precisely with the Larmor formula.

Finally, we are in a position to obtain a lower bound on the radiation emitted from
extended objects. As in the previous section, we will only take into account high frequency
radiation. However, due to the fact that the whole trajectory contributes to the radiation
at a time T" and we cannot take 7" — oo, the result for the spectrum eq. (2.15) of a point
source in higher dimension has limited applicability, and we do not have a simple expression

,10,



for the critical angle 0.(w) at small w. Due to these limitations we only consider frequencies
w 2 We, as this contribution does not depend parametrically on the precise form of the

~

spectrum at low frequencies. We find

APy [~ d2PDs> © &Ph, _ (dPf, el
dvj, _/0 AVidw ™ /w dVidw — \ dV,

~ 0% (Tmax@)” 2, (2.44)

where we have used the facts that dPBs/dw oc e720/Bwe) g (we) = 1)y and w, = ayi .
We have checked numerically that these results hold for other, nonlinear potentials.

2.3 Validity of the classical approximation

Until now we have considered classical radiation from a source on a fixed background
trajectory. For a point particle, the approximation of classical radiation breaks down when
the energy carried by the emitted radiation w. becomes comparable to the total energy!!
Enax = ym of the source [15, 17], so that the source recoils substantially upon emitting one
high-frequency quantum. A useful parameter to characterize the importance of quantum
effects is ( = we/Fmax. When ( < 1, the classical approximation is applicable without
correction, for the entire range of frequencies in which the radiation is substantial. On
the other hand, for ¢ > 1 there is substantial radiation at frequencies where quantum
effects are important, and a proper treatment requires quantizing the fields and computing
the appropriate matrix element for radiation emission, including the phase space factors.
Such a calculation is beyond the scope of the present work. Instead, we will evaluate the
classical amplitude at low energy, where it applies, and cut off the radiation spectrum
below the energy scale E.x = ym where quantum effects become significant. This leads
to a conservative lower bound on the radiation emitted.

Let us therefore place a lower bound on the total power emitted by an extended object
undergoing linear acceleration in the regime ¢ > 1, where the classical approximation of
section 2.2 breaks down.'? We cut off the energy spectrum at the maximum energy Fpax,
which in general depends on the frequency. Using eq. (2.15), one finds that the energy
spectrum of a point particle at time 7T is approximately

a1y . o TV 9B >
WM NRl_IgOW [6 4( )] [ max(w) —w]. ( . )

The total power radiated is then given by

Emax
Py, =or / dw / dQpp lim WP [eAy(w, T)]?. (2.46)

=0 — 00

HEor an extended object the relevant energy scale depends on frequency, and is given by Emax = yu\*,
where p is the tension of the object in its rest frame.
12The case of transverse acceleration is conceptually similar and omitted for brevity.

— 11 —



log (AP} ,/dw)

10 ‘ 00 1000
v

Figure 2. Power spectrum at low frequencies as a function of 7. The dashed red lines indicate the
numerical evaluation of eq. (2.46), while the solid blue lines represent the estimate eq. (2.47), up
to a constant factor, for D = 4,6, 8.

Because the spectrum is approximately flat at low frequencies, and Ey.x < w. in the
regime of interest, we can approximate the integral in eq. (2.46) as

od | .. _
Plo),s = Emaxch 2d7T I%I_Ig()wd 4 [€A4(W,T)]2

w=Fmax
~ Epaxe2aP3~3(0=2)~4, (2.47)
where we used the fact that the emission cone has opening angle 6., which is evaluated at
energy Fnax. To confirm the scaling with v we have evaluated the integral numerically:
the numerical result is shown along with eq. (2.47) in figure 2.
Combining eq. (2.47) and eq. (2.21), we find that the power density emitted by an
extended object takes the form

Pos [ agp s [ qo L TP 2.48
vy, "’/ ’”/wzo Y OFOF dwdQp_s (2.48)

To obtain a very conservative!® parametric estimate of the power density, we may perform
a small slice of the integral, in a region wy < w < Fpax, which gives

dprk . d
LR ) XQD_Q_ki li D—4—k A T 2
de maxVY¢ dT Rl_{réow [p 4(&), )] .
dP?
~ Emax0 P EE D8 (2.49)
maxVe ma; dw w_EmaX

13The estimate is parametrically correct for all k, but is conservative only for k > 1.

— 12 —



We conclude that in the ultrarelativistic!? limit, the power density emitted by a
linearly-accelerated object with k spatial dimensions has the parametric scaling

k 1—k £\ high
dPD,s > F 1 pQGD—373(D—2)—4 _ Erax dPD,s
dVvi ax E{;axef (Emax) We dVy we

: (2.50)

v\ (dPh O\ M
~ w(l:chl v,

where the high-frequency contribution was defined in eq. (2.44), and we have used

We

0c(Emax) ~ 1/v. For k > 1 the power in low-frequency radiation is parametrically larger
than the power in high-frequency radiation, as a result of coherence effects. Note, however,
that this conclusion is valid only if the timescale over which the trajectory of the radiating
object changes significantly is much longer than the wavelength of the radiation. Thus, the
above estimate breaks down for very long wavelengths.

2.4 Emission of massive strings

Our results so far have described the massless radiation from a general extended object
undergoing acceleration during ultrarelativistic motion. However, quanta of massive fields
of mass m can be emitted when the spectrum of massless radiation reaches frequencies

w > m. When the accelerating object is a D-brane,!?

emission of excited closed strings
could become significant if w. exceeds a critical value of order 1/ Vao! , as we now show.
(Note that since w. = 73wy, cf. appendix B, w. ~ 1/v/a’ corresponds to wy < 1/vo/,
and thus a < 1/V/a/, so that the accelerations in question are far below the string scale.)
To obtain the power spectrum of a scalar field with mass m we can use the results for

a massless field and substitute w — vw? +m2. The power radiated in a field of mass

m? = 4n/a’ therefore obeys'®
ee dP o dP

P> / dw — 2 / dw — . (2.51)
we Vwi+dn/o! dw

dw w—/w+4An /o’

Summing over the string spectrum, we obtain

> o dP

n W —, .

P>>d d (2.52)
n—0 VwZ4dn/a! dw

where the level degeneracy d,, for closed superstrings is (see ref. [18])

dy ~n 24TV g1 s 1 (2.53)
Using
dP 4n
— — 1+ — 2.54
d wW=we P ( + O[/Wc2> , ( )

" Note that ¢ oc v2.
5For simplicity we state the results here for an accelerating DO-brane, but the generalization is trivial.
18Tn this section we assume we < Frmay, 50 that quantum effects do not play a role.
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and comparing to eq. (2.53), we learn that the emitted power diverges when w, > wy,

where wy is given by
1 1

T e Vol

We recognize that wy is precisely equal to the Hagedorn temperature Ty for closed su-

WH (2.55)

perstrings. In this estimate we assumed that the classical radiation power spectrum is
valid, i.e. wy < Fnax, which corresponds to gs < 23(k+1)/27r1+k7 and does not pose a
strong constraint.

We conclude that a D-brane subject to an acceleration!”

1 Tha
a = —— =
H 2/2my3 3

sources a divergent power density of bremsstrahlung of massive closed strings. More physi-

(2.56)

cally, we expect that dissipation from bremsstrahlung will make it impossible for a D-brane
to reach the Hagedorn acceleration ay. On the other hand, for w. < wy the number of
massive strings emitted is negligible, and the leading contribution to the radiated power
comes from massless strings.

3 D-brane deceleration from bremsstrahlung

In the preceding section, we characterized bremsstrahlung from an accelerated extended
object compelled by an unspecified outside force to follow a fized trajectory: that is, we
neglected radiation reaction. We will now specialize to the case of a D-brane pair interacting
via velocity-dependent forces, and determine the radiation reaction force that results from
the emission of bremsstrahlung. We will find that radiation reaction dramatically alters
the dynamics of relativistic D-branes.

For simplicity, we will work in the regime where the classical emission spectrum is
valid, i.e. w; < Fmax, as discussed in section 2.3.

3.1 Interactions between moving D-branes

The first step is to characterize the interactions of D-branes in relativistic relative motion.
Consider a scattering process in which two Dk-branes approach each other with impact
parameter b and initial relative velocity v. As a first step we will study a simplified model
in which the relative velocity v remains constant, i.e. any energy loss due to bremsstrahlung
or other interactions is not incorporated. Of course, as our interest is in how losses affect
a D-brane scattering event, we will ultimately discard this approximation.

The system of moving D-branes at constant relative velocity can be mapped to a
pair of branes at rest that are misaligned by an imaginary angle ¢, which is related to
v by i¢p = tanh_l(v) = n. Evaluating the resulting annulus diagram is then a textbook

"The acceleration am given in eq. (2.56) is parametrically smaller than the critical acceleration for
fundamental strings obtained in ref. [19].
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problem [20]. T-dualizing as needed, one finds the following interaction amplitude for
DEk-branes that move relative to each other:

dt k)2 th? 011(nt/2m, it)*
_ _w 1
A=V [ G eXp< o ) Grx (ot iy (10 (3.1)

where Vpj is the volume of the Dk-brane, and we have set o/ = 1. We have used the

same definitions of the theta functions as in ref. [3], but we have denoted the Dedekind 7
function by 7np to avoid confusion with the rapidity 7.

The real and imaginary parts of eq. (3.1) correspond to massless'® closed string ex-
change and open string pair production, respectively. Closed string exchange becomes
significant at much larger separations than those relevant for open string pair creation,
and we defer a detailed treatment of open strings to appendix A.

To compute Re(A), we write A = [ dz A(z), and then consider a suitable closed
contour in the complex z plane. We take the contour formed by the segments 1, Vg, , and
YRes;,» Where the ray 71 is parameterized by Re', with R € (00,0) and € < 1; yr, = {z €
Ri\{n7m/n, n € N}}; and 7Res,; is a small semicircle above the ith singularity on the real
axis. Taken together with an arc at infinity, these segments parameterize a closed contour
around a region that contains no poles, implying that

0=TRe </M /m)dzA QMZRGSJGN[ (n)] . (3.2)

The residues of the poles along the real axis are purely real, so that

AdM@

+

Re = —Re U dz A(z)] = /Oo dR A(Re™), (3.3)

R=0

where the imaginary part of the last integral vanishes because lim,_,o Im[A(z + iy)] = 0
for © # nm/n, n € N. It remains to evaluate the integral over 7;, which is given by

mw:/mwﬂ

—ie/2(Q -2 \—k/2 :
e "/*(87%0) N < @7") 011(no/2m,ip)* C34)

V2m2R 011(ne/m,i0)np(it)?

where o = Re', and we have introduced dependence on a new variable, 7, with r? =
72 tanh?(n) + b2.
Following ref. [20], V(7) can be interpreted as the interaction potential in the frame

= /dT dR Vpy,

in which one of the D-branes is at rest. The integrand in eq. (3.4) decreases exponentially
with R, and the characteristic scale of this decrease is given by R. ~ 27 /r%. Moreover, the
first pole along the real axis appears at Rsing = 7/7. Thus, for n < 72 /2 — which we shall
assume throughout our analysis — the integral is well-approximated by integrating along
the real axis up to some R, with R. < R, < Rging.

8Massive closed string exchange is Yukawa suppressed, and can be neglected at distances large compared
to the string scale.
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Using the asymptotic expression

2
—Q—Wexp (—%—ti) fort <1, n < 1;

911(77t/71’, it) ~ \ii (n—2t ; (35)
— 7 eXp (—T;]) fort<1,n>1,
the potential V' can be written as
N ()3
V() ~ 922 p5/2-3k/2y 7— k| tan 7(71)77 (3.6)
| 2 | i
for n < 1, and
NI (e
V(r) ~ —2325/2-3k/2y T . | tan 7(_2)6 (3.7)
r

for 1 < n < r2. The nonrelativistic result eq. (3.6) matches the result given in ref. [20],
where the integrand is first expanded in small 7 and then integrated. However, the method
used above also allows us to obtain the potential in the highly relativistic case, given in
eq. (3.7).

3.2 D-brane deceleration

Equipped with an understanding of the forces between relativistic D-branes, we can now
determine the acceleration a of the scattering branes, and then use eq. (2.28) to compute
the power that is radiated into closed strings.

We work in the ‘fixed target’ frame in which one D-brane is at rest, and we orient
our coordinates so that the moving brane’s initial velocity is parallel to x, with impact
parameter by. As in the preceding sections, n denotes the rapidity, n = tanh_l(v), as-
sociated to the relative velocity of the two D-branes. The corresponding Lorentz factor
is v = coshn =~ %e”. We consider Dk-branes with 0 < k < 7, and set D = 10. Let
Pclosed = dPlk0 /dVi, denote the power density lost into radiation of massless closed strings,
let ppr = 7Ipyr denote the energy density of the moving D-brane, and let V' denote the
interaction potential given in eq. (3.7).

For small vy, the acceleration in the x direction can be approximated by a, ~ 4ne=2n
Using energy conservation one finds

- pclosed + V

PDk (3.8)

N~

The acceleration in the y direction is then fixed by angular momentum conservation, as we
now explain. We use a time variable 7, with 7 = 0 at the point of closest approach, and
define Tprem as the time at which the energy lost to bremsstrahlung becomes comparable
to the initial kinetic energy. A convenient parameterization is

Threm X eXp(A(k) 770) ’ (39)

where A(k) is a constant that depends only on k, and we retain only factors exponential in
the initial rapidity ng. Manifest in eq. (3.9) is the approximation that 7y, em is exponentially
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large, which we confirm below is self-consistent: see eq. (3.13). Specifically, we make the
consistent approximation that |Thpem| > 1, and that correspondingly V' < ppi. With these
preliminaries, one readily finds that

ay ~——— . (3.10)

Comparing a, and a,, we find that the former is suppressed by a factor of e =", so that
unless b < 7e2™ (corresponding to an exponentially small regime of parameters that we
will omit in the remainder), the acceleration in the transverse direction dominates.?

The analysis leading to eq. (3.10) neglected the angular momentum stored in any open
string pairs that are produced, which is an excellent approximation: we show in appendix A
that the density of open strings is exponentially small. On the other hand, bremsstrahlung
does carry away angular momentum, but this effect cancels in eq. (3.10).

Combining eq. (3.10) with the closed string interaction potential eq. (3.7) and using
eq. (2.28), we finally obtain the rate at which energy density is lost due to bremsstrahlung:

ﬁclosed ~ U(k)GlOT]];;GbSikT(gik)(kia exp (2(8 - k)n) ) (311)

where o (k) ~ 2(’“*8)(2"‘*3)ﬂ(k*S)(3k*5)/2I‘[%}8*’“, and we remind the reader that we have
set o/ = 1. Equation (3.11) is one of our main results. The power density lost to radiation

scales with the Lorentz factor « in the fixed target frame as peioged X 72(8_]“)

, from which it
follows that bremsstrahlung provides an extremely strong dissipative effect in ultrarelativistic
D-brane scattering. Note that this result only provides a lower limit on the power density
radiated: only the high frequency part of the spectrum, with w > w., was used in obtaining
eq. (3.11). Moreover, we have not included acceleration induced by radiation reaction,
which will in general induce additional bremsstrahlung.

Knowing the power radiated in massless closed strings,?’ we can determine the
timescale for deceleration from bremsstrahlung, i.e. the time 7o at which the rapidity is

reduced by one: 7(Tprem) = 10 — 1. Integrating eq. (3.11) and setting n — 7o one finds?!

1
CEDICEES

20 (k) k—738—k (15—2k)(no—1
rem ~ — T 710 ) . 12
e = = (=50 g Ot e (312

We learn in particular that

15 — 2k

Alk) = B—k)(9—k) —1’

(3.13)

so that Tyrem s an exponentially long time in the ultrarelativistic limit, as anticipated in
eq. (3.9). Correspondingly, bremsstrahlung first becomes significant when the D-branes are
very widely separated.

19Note that the radiation due to transverse acceleration is dominant only for impact parameters b < 7e "0,
because of the higher power of v in the Larmor formula for linear acceleration.

20 As the acceleration is much smaller than the Hagedorn acceleration found in section 2.4, emission of
massive closed strings is negligible.

21Eq. 3.12, eq. (3.14), and eq. (3.15) hold for 7 >> b and receive corrections for 7 ~ b.
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The fact that a large amount of energy is radiated at Tyem does not imply that
the branes decelerate to nonrelativistic motion immediately. Instead, rapid losses due
to bremsstrahlung quickly decelerate the D-brane to the critical rapidity

1 8—k)(9—Fk)—1
~ k158 2 (k)

n(r) G Ty o8| BRI =1 (3.14)
for which the energy radiated in a given time interval is of order the D-brane kinetic energy
at the beginning of this interval. Thus, the rapidity n decreases as

B-RO-k-11

() 15— ok — (3.15)

We are now able to estimate the critical impact parameter b;y, above which the scat-
tering process does not lead to a significant loss of kinetic energy in bremsstrahlung. To
obtain an upper limit on the radiated energy density we note that a, < a, = mg—y) /ppK(T),
where the bound is saturated in the limit of large impact parameters. Using eq. (2.28) we
define by by

ee —k
/ dr GioTg; - (var (b= bim))8 =~ Tpr, (3.16)
from which we find
(15 — 2k)n
bin , 3.17
toceXp((8—1<:)(9—1<;)—1 (3.17)

which is exponentially large in the ultrarelativistic limit. Combining eq. (3.17) and
eq. (3.12), we conclude that ultrarelativistic D-branes experience rapid energy loss to
bremsstrahlung even when their transverse and longitudinal separations are very large
in string units.

Thus far we have neglected energy lost to open string pair production, emphasizing
the critical role of bremsstrahlung. This is a consistent approximation: for large initial
rapidity 7, bremsstrahlung becomes significant at distances .o that are exponentially
large in string units, and open string pair production is entirely negligible at such large
separations: see appendix A. Thus, closed string radiation dramatically decelerates the
D-brane pair long before open string pair production becomes significant.??

We have numerically evolved the system including the effects of gravitational
bremsstrahlung, finding excellent agreement with the analytic result eq. (3.14), as shown
in figure 3 for the parameter choice 79 = 26 and b = 10 1.

A further consideration is the possibility that, for impact parameters b smaller than
some critical value bpp(n), the final state of the scattering D-brane pair is a black hole. We
will not obtain a complete description of the late-time dynamics, but will estimate bpg(n)
using the cross section for black hole formation in high-energy particle scattering. The
cross section in the center of mass frame is given by opy ~ 7(R&)? [23, 24], where RY
is the Schwarzschild radius associated to the total energy E in the center of mass frame,

221t would be interesting to understand whether bremsstrahlung affects the closely related process of flux
discharge by pair production, as described in refs. [21, 22].
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Figure 3. Normalized energy, versus time measured in units of Tpyem, for 79 = 26 and b = 10ls. The
solid green curve shows the kinetic energy of the branes, while the dot-dashed blue curve indicates
the energy lost to closed string radiation. The dashed red line marks the analytical estimate,
obtained from eq. (3.14), of the kinetic energy of the branes.

FE ~ 2Tpiyvcom = Tpre™/2. Explicitly, we have [25]

RINTF 7k -
() a(or o

where s, = 20"k (=F)/2D((7 — k)/2). Thus, for b < RX (1), the final state is plausibly a
black hole.
One might object that bremsstrahlung dramatically reduces the kinetic energy of each

of the branes, and hence reduces R}. However, most of the bremsstrahlung is very for-
ward, and is contained within a cone of opening angle 6. ~ 1/ycom. Moreover, the
bremsstrahlung does not substantially outpace the D-brane that emitted it: at 7 = 0, the
longitudinal distance from the horizon of the moving brane to the leading edge of the radi-
ation it emitted at 7 = Tyrem is parametrically smaller than RSL. For b < by and ng > 1,
one finds from eq. (3.13) and eq. (3.18) that the majority of the energy radiated forms a
thin pancake of transverse size ~ Rﬁ- at 7 = 0. Thus, an order-unity fraction of the initial
energy of the system fits inside a region of maximum diameter ~ Ry.

We summarize the stages of the scattering process as seen from the center of mass
frame in figure 4, and in figure 5 we display the regions of the parameter space in which
our approximations are applicable.

4 Dissipation in DBI inflation

We have shown above that even a small acceleration of an ultrarelativistic D-brane leads
to efficient energy loss through bremsstrahlung. This effect may alter the dynamics of
inflationary models involving relativistic D-branes, most notably DBI inflation [4, 5]
(see also [26]). In this section we will consider the consequences of bremsstrahlung
for the DBI model.
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Figure 4. Stages of ultrarelativistic scattering. The dotted arcs indicate the separations at which
closed string radiation becomes relevant. As the branes approach each other, the rapidity de-
creases and the radii of the circles decrease. The green pancakes represent the D-branes and their
bremsstrahlung; the latter accounts for most of the initial energy, and does not substantially outpace
the corresponding source by 7 = 0.
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Figure 5. Regions of the parameter space. In the white region, the energy lost to bremsstrahlung
is insignificant. In the green region, bremsstrahlung is important and the approximations made in
our analysis are consistent. In the red region, the closed string exchange potential, eq. (3.7), breaks
down. The case g, = 0.1 and k = 3 is shown.

The best-understood realization of DBI inflation involves a D3-brane in a warped
throat region of a compactification, and for concreteness we will restrict our attention to
this scenario. The idea is that a strong potential impels the D3-brane to move radially
inward, toward the tip of the throat, at a speed that approaches the local limiting
speed. The result is a period of accelerated expansion, with distinctive signatures in the
primordial perturbations.
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A D3-brane in a compactification with stabilized moduli experiences a potential in-
duced by Planck-suppressed couplings to the moduli-stabilizing energy sources. For a D3-
brane in a warped throat region — for definiteness, let us consider a Klebanov-Strassler
throat [27] — the structure of this potential is well-understood [28]. The potential is a
function of all six coordinates of the throat, and in particular the potential in the angular
directions is nonvanishing.?®> The characteristic scale of the masses in the radial and angu-
lar directions is the Hubble scale H. For successful DBI inflation, one needs a vastly larger
radial mass, to drive the D3-brane to relativistic speeds. Although such a mass seems hard
to obtain [29] in the moduli potential computed in ref. [28], for the present analysis we will
grant the existence of a suitable potential in the radial direction.

In light of our results so far, there are two natural questions concerning bremsstrahlung
in the DBI scenario. First, do the angular forces resulting from a natural moduli potential
necessarily cause the infalling D3-brane to accelerate transverse to its radial trajectory,
and thus to lose a large fraction of its energy in bremsstrahlung? Second, does the purely
radial potential itself lead to significant bremsstrahlung due to longitudinal acceleration?

To develop intuition for this problem we observe that there is a very well known
electromagnetic analogy: a charged particle accelerated along a curving trajectory by an
electromagnetic field, e.g. in a synchrotron, reaches a maximum velocity when the rate of
energy loss in synchrotron radiation balances the energy input from the electromagnetic
field. In the DBI example, the curving trajectory is a consequence of nonvanishing angular
gradients of the moduli potential, which as we explained above are unavoidable in stabilized
compactifications. Although the essential physical question is the same, the DBI problem
has important differences from the electromagnetic problem: the object in motion has
spatial extent; the four-dimensional spacetime is expanding; and the radiation spreads®?
in a six-dimensional compact space.

The significance of bremsstrahlung from either transverse or parallel acceleration can
be assessed by determining the limiting speed set by radiative losses, or equivalently the
limiting ~ factor Yprem, and comparing this to the « factor yppgr that is obtained by neglect-
ing radiation. When ~pem < vpBI, bremsstrahlung sets the most stringent upper limit on
the speed, and radiative losses control the dynamics. We now consider the transverse and
parallel contributions in turn.

4.1 Radiation from transverse acceleration

We will write the D3-brane potential in the form [28]

2
V(r, @) = TDBL? 4 it S o (9/0uv) @ fo (D)., (4.1)
Q

2This can be understood simply on symmetry grounds: the compact bulk cannot respect any exact
continuous isometries, and the corresponding lifting of the isometries that are present in the noncompact
limit leads to angular gradients of the supergravity fields in the throat region.

240ne can check that even the longest wavelengths used in our estimates of the total radiated power are
much smaller than the radius of the extra dimensions.
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where ¢ = +/Tpsr is the canonically normalized radial field, with r the radial coordinate;
¢yuv is the location of the top of the throat; and ¥ parameterizes the five angles.

The index @ represents possible quantum numbers under the angular isometries; A(Q)
is then related to the corresponding operator dimension, fgo(W) is an order-unity function
of the angles, and cg is the associated Wilson coefficient. The first term, m2DBI¢>2 /2,
is a significant mass term that controls the radial evolution. The remaining terms are
contributions from sources in the bulk of the compactification, and the scale u* measures
the significance of these effects.

We will consider only a single bulk contribution with A = 2,25 writing
P Lo 9 1 599
Vo, ¥) = 5MbBI¢” + 5mEY”, (4.2)

where 1[1 = ¢ 1 is the canonically-normalized field corresponding to the dimensionless an-
gular coordinate 1, and mp ~ p?/pyuy sets the scale of the bulk effects.

As demonstrated in ref. [4], the DBI model with a quadratic potential of the form
V(¢) = 3m¥p¢? leads to prolonged inflation if miy; > gsM2 /X, where X is the "t Hooft
coupling. The total number of e-folds that result in such a potential is [5]

(4.3)

We assume that the masses mp induced by compactification have the natural scale
mp ~ H < mppy, where H is the Hubble parameter. (This property has been checked in a
wide range of configurations and is explained in detail in ref. [28].) Thus, the angular motion
is not heavily damped by Hubble friction, and the angular acceleration is approximately

m% 10}
VIDb3y

The reader may wonder why the D3-brane does not slide to the minimum of the

~
~

(4.4)

angular potential and then proceed radially inward without undergoing further angular
acceleration. The point is that there are many contributions to the potential that scale
differently with the radial coordinate ¢, so that the location of the instantaneous minimum
in the angular directions depends on ¢. Thus, the simple model eq. (4.2) describes the
angular potential for a small range of ¢, and — unless mp = mppr, which is uncommon
— the D3-brane does not track the instantaneous minimum of the angular potential. The
resulting picture is rather similar to a wiggler in a synchrotron.

The rate at which bremsstrahlung dissipates energy, for a given Lorentz factor and
transverse acceleration a, is given by eq. (2.28) as

Pbrern = G10T1%3710a5 . (45)

#5n the case of the Klebanov-Strassler geometry, there are terms with A = 1 and A = 3/2 that correspond
to parametrically stronger angular forces, but for a conservative, general, and analytically simple estimate
we take A = 2.
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For a D3-brane experiencing a quadratic potential in a warped throat, the Lorentz
factor yppr is given, for N, > 1, by [4, 5]

4 MN\?
712)131 ~ WNE <¢p> . (4.6)

The maximum rate at which the radial potential can supply kinetic energy is
Pianl = ¢ 0V, (4.7)
while the speed limit set by the DBI kinetic term is
¢2

(Z.Smax = ﬁ ;/2(27‘-)3/27 (48)

where we use the conventions of ref. [30] for the DBI Lagrangian. Thus,

1/2
Pl = m2DBlgs/ (277)3/2
mra -
VA

We would like to understand whether, for some values of the parameters, Pprem 18

(4.9)

comparable to P, so that losses to bremsstrahlung can equal or exceed the rate of
energy input from the gradient of the radial potential. For this purpose, it will prove
useful to incorporate the COBE normalization, in order to specify the inflationary Hubble
scale H in terms of the remaining parameters.?® One can show that (see e.g. ref. [30])

H 4
= /PR, (4.10)

where Pr = 22 - (1.91-1075)2.
Now, setting mp ~ H and using eq. (4.4) and eq. (4.10) in eq. (4.5), and combining

this result with eq. (4.9), eq. (4.6), and eq. (4.3), we find that Phem(¢) =~ Pigan(¢) for

¢ < ¢y, where

N2

— . 11 .
¢p =4-10 peRTTYeTS

(4.11)

Because Pirem,trans < #° and Py o< ¢3, the dynamics is controlled by bremsstrahlung
for ¢ 2 ¢, while for ¢ < ¢, bremsstrahlung can be neglected. Because of the large
prefactor, ultimately arising from the COBE normalization eq. (4.10), we easily see that
eq. (4.11) does not present a meaningful constraint on the DBI scenario. In short, angular
forces of the natural magnitude do lead to dissipation through radiation from transverse
acceleration, but this dissipation is generally small compared to the energy supplied by the
steep radial potential.

260ur goal is to give a parametric description of dissipation in the DBI scenario, not to specify choices
of microphysical parameters that are consistent with all observations. Nevertheless, it is sensible to use the
COBE normalization in order to set the inflationary scale in the general range that is appropriate for a
large-field model.
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4.2 Radiation from longitudinal acceleration

Having seen that angular forces of the natural scale expected in a stabilized compactification
do not lead to dramatic losses due to transverse acceleration, we now turn to a very similar
analysis for losses due to longitudinal acceleration. At first sight one might expect radiation
from transverse acceleration to provide the dominant loss mechanism, and this expectation
would be correct if the radial and angular forces were comparable. However, in the DBI
scenario the radial potential is necessarily rather steep compared to the natural scale (which
is the Hubble scale H), and in fact we will find that longitudinal acceleration leads to
substantial losses.
We now have a purely quadratic potential,

1

V()= §m12)131¢2 ; (4.12)

leading to the acceleration

2
Mpp; ¢

a = . 4.13
VIb3y3 (4.13)

Using our result eq. (2.50) for the power radiated?” in longitudinal acceleration, we have
Porem = GroTily v*5/%a" . (4.14)

As in the case of transverse acceleration, Pirem long. O ¢° and Pga o< ¢, but now the
overall magnitude of the radiated power is larger: we find that Pyrem jong. & Pinfan at

A\L1/2

19/2 27/2
737/4g19/ a/SMI5N; /

e =2-1078. (4.15)

Radiation from longitudinal acceleration controls the dynamics for ¢ = ¢..

We conclude that a systematic treatment of bremsstrahlung is a prerequisite for
a reliable computation of the trajectory at ¢ = ¢.. On the other hand, neglecting
bremsstrahlung is not necessarily consistent in the complementary regime ¢ < ¢y in
obtaining eq. (4.15) we did not solve the fully backreacted equations of motion, and our

estimates of radiated power were conservative throughout.

4.3 Constraints from bremsstrahlung

Thus far our calculation has not depended on specific properties of the compactification:
we have simply assumed that the radial and angular potentials are quadratic, and used
the natural relation mg ~ H. However, it is very instructive to impose the microphysical
constraints that arise in a warped throat region: in particular, the maximum value ¢yy of
the ¢ coordinate can be related to the volume of the compactification. Following ref. [30],
we write the total warped volume Vo' of the compactification as

N
VO/?) = (‘/Yﬁw)throat + (‘/Yﬁw)bulk = (1 + O-)(Vvﬁw)throat = (1 + U)ZGHJ ¢%V ) (416)

2TRecall that eq. (2.50) is a conservative estimate that includes only that portion of the radiated power
that is well-described by classical emission.
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where N is the D3-brane charge of the throat. Moreover, we have the usual relation

Mg = Va’3/G10, with
1
G = 5(27r)7g§o/4, (4.17)

so that N
M2 =(1+ a)qu%w : (4.18)

Finally, in a Klebanov-Strassler throat, we have A = %WgsN . Combining the above results,
the critical location ¢, can be expressed in the form

b 57 gLANS(140)1/2
T~ 10°".
duv N2T/2ps8

and we remind the reader that djf;v corresponds to the warp factor at the location ¢ = ¢x.

As an example, taking the conservative values®® g; = 0.5, N. = 60,V = 1000, N = 100, and
o = 10, we find ¢, /duy ~ 8-1073. In this case the warp factor decreases by about two

(4.19)

orders of magnitude before the (instantaneous) effect of bremsstrahlung can be neglected
as a correction to the dynamics. Moreover, even for ¢ < ¢, the actual trajectory will
differ from that computed by neglecting dissipation: the velocity at ¢, is diminished by
the history of dissipation.

We conclude that for DBI inflation driven by a quadratic potential in a warped throat
region, bremsstrahlung can provide a significant dissipative effect. In some parameter
regimes this presents a strong constraint, while in others it is self-consistent to neglect
radiative losses.

5 Conclusions

We have shown that in the ultrarelativistic limit, D-brane scattering involves extremely
rapid dissipation via bremsstrahlung of massless closed strings. The initial trigger for
this process is the velocity-dependent force arising from closed string exchange. Except
in special cases, the density of open string pairs remains small, with nearly all the initial
energy lost to bremsstrahlung.

In the course of our analysis, we characterized radiation from a k-dimensional ex-
tended object undergoing relativistic accelerated motion in an even-dimensional back-
ground spacetime. We obtained a lower bound on the rate of energy loss in this system due
to bremsstrahlung, and we determined the critical Hagedorn acceleration beyond which the
power radiated from a D-brane diverges due to emission of massive closed strings.

The intense dissipation experienced by ultrarelativistic D-branes has implications for
cosmological models involving D-brane motion. We have shown that bremsstrahlung pro-
vides a drag force in DBI inflation [4, 5], and that in reasonable compactifications this effect
can significantly alter the cosmological evolution. It would be worthwhile to understand
the implications of our results for models involving repeated interactions, such as trapped

ZEvidently, at weak coupling and large volume, holding N fixed, the impact of bremsstrahlung is dra-
matically increased.
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inflation [31] or unwinding inflation [22], which yield novel contributions to the primordial
scalar and tensor perturbations (see also refs. [32-36]). When the scattering events are
relativistic, bremsstrahlung will very plausibly increase the rate of energy loss, and could
lead to modified signatures.
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A Energy loss from open string pair creation

In this appendix we review the production of open strings in relativistic D-brane scatter-
ing, following ref. [3]. Considering D-branes on fixed trajectories and neglecting losses to
bremsstrahlung, we obtain the pair production rate and the time 7,pen at which the energy
stored in open string pairs is comparable to the initial kinetic energy. As |Topen| < |Threm|,
bremsstrahlung takes effect at parametrically larger distances than those relevant for open
string pair creation, so that it is consistent to neglect open string pair production for most
of the scattering process, as we have done in the main text. Even so, open string pairs may
become significant near the time of closest approach, for certain initial conditions.

We stress that neglecting closed string radiation is not generally a consistent approxi-
mation. With radiation losses turned off, relativistic scattering induces exponentially large
densities of open strings [3], but on trajectories decelerated by bremsstrahlung, radiation
of closed strings can absorb energy so quickly that a dense population of excited open
strings never arises. Nevertheless, focusing on open strings alone allows us to place an
upper bound on the rate of energy loss to open strings, which is required to establish the
consistency of the approximation of neglecting open string pair production that was made
in section 3.

We begin by examining the imaginary part of the amplitude eq. (3.1), following
refs. [1-3]. First, we evaluate the integral over the complex ¢ plane [2]:

V 34 7p/2 b2 9 . 2 .. 4
Im(A) = 273 Resjen |2 (M) exp< J ) 1 (i/2, ijm/n)
J

7 2na’ ) 0 (j,ijm/n)no (ijm/n)°
VDp e 1 ( n >P/2 ( b2j >94110 (072%) (A 1)
= - - exp| — : . :
(2m)P G 2o’ 2a/n 2 (z%)
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Recognizing the final ratio as the partition function Z as in ref. 3],

o() - 20

n TID(n

we can write Im(A) in the suggestive form

Ui

)) ZN esxp( - 2”2”j), (A.2)

p/2

= 8 5 () S enl s [ ) o

j=1,3,...

This expression is reminiscent of Schwinger’s famous formula [37] for the rate at which
electron pairs are produced in a constant electric field, with two novelties: eq. (A.3) contains
a sum over the string level n, weighted by the degeneracy N (n); and the factor of 1 in the
exponential is suggestive of relativistic corrections to the mass of the produced pairs. To
make this point precise, and to obtain the instantaneous rate?” of pair production of massive
open strings, we will relate the total pair production derived from the annulus calculation,
eq. (A.1), to the corresponding result in quantum field theory, where the instantaneous
pair production rate can be computed by standard methods. Thus, the idea is to describe
open string pair production in the field theory arising from level truncation. The primary
subtlety that arises is that the mass spectrum of open strings stretched between D-branes
in relativistic relative motion is rescaled in comparison to the spectrum of open strings
stretching between D-branes at rest. We now proceed to a careful treatment of this point,
building on and extending the results of ref. [3].
Consider the field theory described by the Lagrange density

1
L=~ ,@a é+ auxaﬂx— STXX (A.4)

A mode u with momentum k obeys the wave equation
[8,52 + k2 + mi] up = 0. (A.5)

To represent the string spectrum, we consider a collection of fields x,,, with

9> n
an = <47T20(/2 + J ) (AG)

where ¢(t) = ib + vt, and we take the number of fields y,, at level n to be N(n). We will
take the x,, to interact much more strongly with ¢ than with each other, so that the pair

production rates of each species are simply additive. For any finite maximum level 7y,
this quantum field theory corresponds to the level-truncated string field theory whose mass
spectrum is that of open strings between Dp-branes at rest at separation b.

290One might be tempted to state that by the optical theorem, the rate of production of open strings
stretched between the two branes is related to Im(.A). In fact, because of the Wick rotation relating branes
in motion to branes at a complex relative angle, Im(A) is related to the total number of strings produced
in the scattering process, rather than to the rate of production.
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With some foresight, we now introduce the rescaling

2
K +m? - % (K*+m3)) . (A.7)

We can now use the WKB approximation to find an approximate solution to the rescaled
wave equation, for a given n:

in b2 + V22 n
up' o< exp [—z/ \/k2 v a’) dt’] , (A.8)

where the integral is taken over a large semicircle below the real axis in the complex #’

plane. The integral in the exponential determines the ratio of the reflected and transmitted
amplitudes, corresponding to the particle density ng. At large ¢t we can expand,

v b2 4+ 0%t"?  n vt T (.5, b?
M‘“w%”mwf ol t e T ) (8.9

For a single species, this gives (see ref. [38] for a more detailed treatment of this point)

2 [, b?
ng = exp <_77 [/{: o + R ]) . (A.10)

Including the level degeneracy N (n), the total number of particles in p dimensions is thus

= 1 N \P/2 — o2 [ b2
= P = 0 =
Niot ngzoN(n) dPk ny, G (27“)/) nEZON(n) exp < » [47720/ +n|).

(A.11)
This field-theoretic result agrees precisely with the 7 = 1 term of the string theory result

eq. (A.3). The terms at higher j in eq. (A.3) correspond to multi-instanton effects (see e.g.
ref. [39]), and can likewise be obtained in field theory, though we will not do so here.

We therefore conclude that the result of eq. (A.3) for open string pair production
in relativistic D-brane scattering is simply described by summing field-theoretic results
over the accessible species of open strings, provided that we use correct spectrum of string
states. Namely, the rate given in eq. (A.3) is precisely reproduced in a field theory in
which the energies of excited open strings are suppressed according to the rescaling of the

v [ n b2 40272
E(n)2 == ( +— | (A.12)

n°\ o A2

effective energy?’

so that pair production of highly-excited strings is substantially enhanced compared to a
naive computation based on the spectrum of strings stretched between branes at rest [3].
The rescaling eq. (A.12) can also be understood in the T-dual picture of open strings in
an electric field, as reviewed in ref. [40].

30This result is stated incorrectly in the JHEP version of ref. [3], but is stated correctly in the arXiv
version. We thank M. Kleban for drawing our attention to this discrepancy.
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We remark that the energy given in eq. (A.12) corresponds to the energy of an open
string as measured in the fixed target frame in which one of the branes is at rest, just as
the time variable 7 measures the time in that frame — this can be checked in the T-dual
electric field picture. This leads to a correction to the stopping length computed in ref. [3],
but the main conclusions of ref. [3] are unchanged.

Equipped with the total amount of string production, we now turn to determining the
time-dependent production rate that is consistent with the total string production eq. (A.1)
and with the non-adiabaticity ¢ = &/w?. The idea is to write a physically-motivated model
of the time-dependence and verify numerically, in the quantum field theory case where time-
dependent production can be computed directly, that the model gives dynamics in good
agreement with the full treatment. Following ref. [3], we write

J

- 0 (r-1)/2 04 (0,im
Im(A)Z/ dr CE3(7) . Yoy > 1( . >p exp (— (b2+U272)‘7> 10( Zn.>

27 (2m)P Pl i 27 2n ni2 (0, ZLW])

E/ dr I‘prod(T) ) (A13)

where a Gaussian dependence on the separation and a quadratic dependence on the non-
adiabaticity parameter ¢ = &/w? were introduced. The normalization constant ¢ can be
determined by stipulating that the total amount of open string production agrees with the
annulus calculation.

As explained above, bremsstrahlung leads to rapid deceleration even at large distances,
so that a D-brane pair undergoing scattering will generally have a nonrelativistic relative
velocity by the time that the separation is small enough for open string pair production
to be relevant. For the remainder of this appendix we therefore focus on open string
pair production in the case n < 1. (The case n > 1 is treated in ref. [3].) Using the
asymptotic relation

01, (0,is)
np (is)

for s > 1, the production rate I'pyq(7) may be written as

=16 4+ O(e2™) (A.14)

b2 4 0272
2v

16Vpy ( v )(p+1)/2

@rp \2r

Toroa(7) ~ CE4(r) 22 (o

exp (— > forn < 1. (A.15)
Knowing the production rate of open strings, it is straightforward to obtain the rate at
which open string production absorbs energy. The open string number density and energy

density are related by [3]

Vb2 + 0272
21

Vopen for V02 +v272 > 7). (A.16)

Popen ~

Using eq. (A.15) and eq. (A.16) we find that the rate of change of the energy in open
strings is

. () 2 1 2 (p—11)/2 b* + 7 2 0.2
pprodNW b2+ 127 exp [ n— o for Vb2 + 02712 > n. (A.17)
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Figure 6. Plot of the D-brane trajectories for the initial conditions vy = —1, x¢ = 10, yo = 0.3,
g = v20. The blue curve is the QFT solution from ref. [38], and the red curve is the solution
obtained from the analytical model, eq. (A.17), of the rate of energy loss to open strings.

Strong evidence for the energy loss rate given in eq. (A.15) comes from comparing a sim-
ulation based on eq. (A.15) to a simulation that directly incorporates the instantaneous
production rate, as in ref. [38]. We display the resulting trajectories, which agree very well
over many orbits, in figure 6.

The open string production rate given eq. (A.15) is strictly applicable only for tra-
jectories with constant rapidity: when 7 varies with time, the T-dual configuration used
in the derivation of the annulus amplitude no longer involves a constant angle. However,
figure 6 shows that interpreting eq. (A.15) as a function of varying 7 is an excellent ap-
proximation in the corresponding field theory model, and we expect it to be applicable in
level-truncated string field theory as well.

In scattering processes that lead to production of a high density of excited open strings,
the late-time dynamics is not amenable to analytic treatment: the full problem involves
quantum production, cascade decay, and annihilation of a diverse population of open
strings, as well as the growth of spatial inhomogeneities. Moreover, the angular momentum
stored in open strings can have a significant impact on the evolution. A rough expecta-
tion is that the D-branes will initially enter an elliptical orbit, but the orbital timescale
is often much longer than the Jeans time, so that the homogeneous approximation fails
before many orbits are completed. This is a system similar to Branonium, as described in
ref. [41], with the addition of a high density of strings stretched between the branes.

Thus far we have assumed that open string pair production can be described as a spa-
tially homogeneous process, but a finite density of pairs necessarily involves inhomogeneities
on short lengthscales. Consider the nucleation of a single open string pair at a given location
on an initially homogeneous Dp-brane that is moving relativistically toward another Dp-
brane, which we take to be fixed. The creation of the open string pair absorbs momentum
from a small patch of the moving Dp-brane, so that the Dp-brane cannot remain spatially
homogeneous. The resulting acceleration triggers bremsstrahlung, inducing further decel-
eration, so that a roughly spherical shock-wave of acceleration and bremsstrahlung prop-
agates outward (within the p spatial dimensions of the brane) from the nucleation point.
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Recalling that the critical acceleration given in eq. (2.56) is ag = (2v/2my3)~!, which is
very small in string units for an ultrarelativistic D-brane, we find that the creation of an
open string pair leads to an expanding shock that may be strong enough to trigger emission
of massive closed strings. A proper treatment of inhomogeneous pair creation would be
interesting, but is beyond the scope of this work.

B Critical frequency for D-dimensional synchrotron radiation

In this appendix we give a few details of the calculation of the critical frequency w. for
scalar and vector?! synchrotron radiation in a spacetime of even dimension D. We will
show that for «v > 1 the critical frequency w. does not depend on the spacetime dimension
D. Our analysis closely follows ref. [14], where the special case D = 4 was considered.
The wave equation for a massless scalar ¢ with coupling ap to the stress-energy of a

source takes the form
O¢(x,) = apT. (B.1)

The field ¢ can be written as (see ref. [42])

p—4 p_3

o
o(t,r,0;) Z Z Z Z /dw Gty tpy (T Hoy g sm(01, ..., 0p_2)e ™",

OEQ 0 ED 3= Om—_ZD 3
(B.2)

where 0; are the D — 2 angular directions {6; € [0,27) Vi < D — 2, Op_o € [0,7)}, and
Hy, 4, 4m are hyperspherical harmonics on SP=2 The D-dimensional d’Alembertian is

P (a0 1
0=— 2 )+ A ,
ETel +r or <7“ 87“) + TZASD 2, (B 3)

where the hyperspherical harmonics satisfy Agp—2Hp, ¢, om = —C1(l1+D—3)Hy, 1) sm-
Using the substitution ¢¢, ¢, om = uglngism/r(D_Q)/Q, the equation of motion for the
Fourier components takes the form

(az +w? - U(r))wlng_Sm —0, (B.4)

2 _ 02,2 _ 2
for r > rg, where w® = m-wg = m2v /ro,and

(b +D—-3) (D—4)(D-2)
r2 + 472 ’

Our goal is to obtain the critical frequency w. above which the spectrum falls off exponen-
tially, and we therefore take m > 1. A solution at rg can be obtained by the WKB method

(for w > wp):

ey 1y (o) = U(ml)_wQ exp <_ / " dr T = wz) | (B.6)

0

31 An explicit calculation of the tensor spectrum of an ultrarelativistic particle in a spacetime of arbitrary
dimension D is beyond the scope of this work.
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where 7, is the classical turning point: U(ry) = w?. The radiated power is related to

( ) 5 |u(/‘ O)| ? t t}lf lfadlllg 8::1: jllelltla‘l dep elld‘gll::e Cf t:ha p O S Sp eC tI um 1s
X eX[) 2 an l/ 1 w . Ig.l

It remains to evaluate the integral in order to find w.. We can solve U(r) = w? for r,:

m\/2€1+D/2—2_

ry R 1+... (B.8)

v m
(note that £; > m and m > 1, so r4 is real). Using this result in
T+ 1
[ dr VT =0 = o) V) - 2, (B.9)
o

we conclude that for £1 > 1 and m > 1, the leading contribution to the critical frequency
we is independent of the dimension D. Thus, in the relativistic limit the critical frequency
for radiation by a point particle is given by

we = woy® + O((D - 3)0.:072) , (B.10)

and the leading term takes the same form as in four-dimensional electromagnetism.
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