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1 Introduction

Two years ago, Steven Weinberg [1] argued that the use of Dirac’s projective lightcone
realization for compactified four-dimensional (4D) Minkowski space [2] greatly simplifies
the calculation of Green’s functions in conformally-invariant field theories (see also [3]).
Clearly, this was not the first paper in which (d + 2)-dimensional methods were used
to study conformal theories in d dimensions, see, e.g., [4-12]. Nevertheless, Weinberg’s
work has stimulated some renewed interest in Dirac’s construction [2] and its implica-
tions. In particular, ref. [13] considered a 4D N = 1 supersymmetric extension of the
projective lightcone formalism of [2]. A generalization of [13] to the case N' > 1 was at-
tempted in [14]. Specifically, refs. [13, 14] suggested to describe conformally compactified



N-extended Minkowski superspace, M4V in terms of graded two-forms on the dual su-
pertwistor space. Here we demonstrate how to derive such a description starting from the
standard supertwistor realization for M**V | see [15] and references therein. Our discussion
is more complete and differs in some details.

We also present a new realization for compactified 4D N = 2 harmonic/projective
superspace building on the formulation given in [15]. Finally, we generalize our construction
to the case of conformally compactified 3D N -extended Minkowski superspace M3V and
its harmonic/projective extensions [16] (see [17] for an alternative construction).

This paper is organized as follows. Section 2 is devoted to non-supersymmetric warm-
up exercises. Here we describe three different realizations for conformally compactified
Minkowski space in four dimensions, M*, and prove their equivalence. In section 3 we
start by recalling the standard supertwistor realization for M**V. Then we introduce
a novel bi-supertwistor realization for M4*V. After that we prove the equivalence of
these two realizations. Section 4 is devoted to a new realization for compactified 4D
N = 2 harmonic/projective superspace, M8 x CP!. In sections 5 to 7, we generalize the
construction to three space-time dimensions. Concluding comments are given in section 8.
The main body of the paper is accompanied by a technical appendix devoted to spinors in
4 + 2 dimensions.

2 Compactified 4D Minkowski space

In this section we describe three different realizations for conformally compactified Minkowski
space in four dimensions.

2.1 Dirac’s realization in d space-time dimensions

We start by recalling the projective light cone formalism of [2] (see also Weyl’s book [18]).
Consider a flat space R%? parametrized by Cartesian coordinates

X = (x9o, x4 xd+2) a=0,1,...,d—1 (2.1)

and endowed with the metic 7,; = diag(—1,+1,...,+1,~1). Let us inroduce the cone C
in R%? defined by

N XOXP =0 (2.2)

The space of all straight lines belonging to C and passing through the origin of R%? is
known as Dirac’s conformal space [2] or compactified Minkowski space, M¢. Tt can be
defined as the quotient space of C — {0} with respect to the equivalence relation

X® ~ AX% XeR-{0} (2.3)

which identifies all points on a straight line in R%*2. The conformal group in d dimensions,
0(d,2)/ 7, with Zg = {+1442}, naturally acts on M? It may be seen that M? is a
homogeneous space of the connected conformal group, which is SOg(d, 2) if d is odd and
SO(d,2)/Zs if d is even.



It follows that the global structure of M? as a topological space is
M¢ = (891 x S /zZ, . (2.4)

Indeed, the constraint (2.2) and the ‘gauge’ freedom (2.3) can be used to choose X% such
that
d—1
(X0)2 + (Xd+2)2 — Z(Xz)Z + (Xd+1)2 —1. (2'5)
i=1
For such a choice, the equivalence relation (2.3) still allows us to identify X @ and —X9,
which is the reason for Zy in (2.4). In four dimensions, M* is the same topological space
as the group manifold U(2). In three dimensions, M can be identified with U(2)/0(2).
Minkowski space M¢ = R%~L1 can be identified, e.g., with the open dense domain of
M? on which X! 4 X9+2 £ 0.1 This domain can be parametrized by variables
Xa

= Xa g xR (26)

which are invariant under the identification (2.3). In terms of these coordinates, one obtains
a standard action of the conformal group in M. Thus z® can be identified with Cartesian
coordinates for Minkowski space.

In the remainder of this section our consideration is restricted to the case d = 4.

2.2 Twistor realization

Here we recall the so-called twistor realization? of compactified Minkowski space M* as
the set of null two-dimensional subspaces in the twistor space, C*, equipped with the inner
product

(1,8)=TtQs, Q= 0121 (2.7)
1y 0

for any twistors 7,8 € C* The components of a twistor T and its dual T := TTQ are
denoted as

f o _
T =(Ta) = (hg . T=(TY=(h"f,) . (2.8)

By construction, the inner product (2.7) is invariant under the action of the group
SU(2,2) which is the two to one covering of the group SO¢(4,2), which in turn is the two
to one covering of the connected conformal group, SOg(4,2)/Zs. The elements of SU(2,2)
will be represented by block matrices

5 A iB
— (g~ P) = L(4,C fQg=0 2.

'The closed subset Cs := M? — M? can be identified with a lightcone in R*~%!. Indeed, the points of
C5 can be uniquely parametrized by (D + 2)-vectors of the form X% = (2%, f%, %), where 2% € R¥H1 s
null, 2%z, = 0.

2This realization has been known since the 1960s, see [10, 19-23] and references therein.



where A, B,C and D are 2 x 2 matrices. Under the action of SU(2,2), the twistor T and
its dual 7% transform as follows:

7o 5 Thg™1),% . (2.10)

Td — gd’gTA 3

B?

These two representations are inequivalent.

We denote by Mﬁf the space of null two-planes through the origin in C*. Given such a
two-plane, it is generated by two linearly independent twistors, T# = (T, T?), subject to
the null conditions

(TH, TV =TFT" =0, v =1,2. (2.11)
The basis chosen, {T*}, is defined only modulo the equivalence relation
{T"} ~ {T*}, TF=T"C,H, CeGL2,0). (2.12)

The two bases, {T"} and {T*}, define one and the same two-plane in C*.
Minkowski space, M* = R%*! can be embedded into M4T as a dense open subset.
Consider the open domain of M4T consisting of those null two-planes which have the form

(Ts™) = (g‘i;) : det(F,") #0 . (2.13)

Then, choosing C' = F~1 in (2.12) and making use of the null condition (2.11) leads to the
basis

B . .
(Téé M) = <_iiZﬁ> ) xaﬁ = xm(&m)aﬁ’ ™ = (l‘m)* . (214)

The group element (2.9) acts on & = (z%%) by the fractional linear transformation
i = (C+ Di)(A+ Bi)™*, (2.15)

which is a standard conformal transformation in Minkowski space M*. Therefore the open
domain of M4T introduced can indeed be identified with Minkowski space.

Let us show that Mflr is equivalent to the compactified Minkowski space introduced
in the previous subsection. Using the two twistors T#, which describe a point in Mﬁlr, we
define the following 4 x 4 matrix:

Yd,é = TdHTBll&wj, Euv = —Eup, €12 = —1. (216)

This matrix is antisymmetric,

Y., =Y (2.17)

& Ba

and defined modulo the equivalence relation

Y5 ~ Y5, c=det(Cs”) e C— {0} . (2.18)



It is characterized by the algebraic properties

Y[&BY’?]g =0 — Y'[dBY&S] =0. (2.19)

Using the dual twistors T, we can define
Yo =g, TraTvh (2.20)

The matrices Y = (Y, 5) and Y = (Y48 are related to each other as follows

Y =-—avia. (2.21)
As a consequence of (2.11), we have
Y4Y.5=0. (2.22)
Introduce six-vectors Y% and Y@ defined by
X 1 . . . 1 . .
Y .= Z(za)myﬁﬁ Ye .= Z(za)myﬂv, (2.23)

with V&8 .= %55‘3%1%5. These six-vectors are mutually null,

YOV = VOV = YOV = 0. (2.24)

The first two relations follow from (A.36), while the third is a consequence of (2.22).
Moreover, it follows from (2.22) that
YOYh(E ;)50 =0, (2.25)
and therefore the mutually conjugate six-vectors Y% and Y% = (Y%)* are linearly depen-
dent. This means that
Yo =¥ X% Yo =e v xe peR, (2.26)
for some real null six-vector X%. By construction, X% is defined modulo the equivalence
relation (2.3). In summary, we have defined an injective® map F : Mt — M*. This

map is in fact onto, and therefore one-to-one. To prove this, we associate with X@ the
antisymmetric matrix

Xap = X"(Za)ss - (2.27)
For its conjugate X = (X &b ) defined according to (2.21) we obtain
U T "
_ L apréy
X9 = e X 5= X8 (2.28)

The matrices X5 and Xab obey the properties (2.19) and (2.22). It turns out that X,
defines a null two-plane in C*. This follows from the discussion below.

3For completeness, we prove that the map F is injective. Suppose this is not true and there exist
two different two-planes that are mapped by D to the same point of M*. Then we can choose the bases
T" = (T,8) and T"" = (T",S’) for the two-planes under consideration such that A S = T' A S’ (here
we think of Y,; defined by (2.16) as an element of A2C*). Let us introduce a basis for C* consisting
of T" and two additional vectors W*. Without loss of generality, we can choose T” and S’ such that
T =T+t,W" and S' = S+ s, W", for some complex parameters ¢, and s,. Now, since 7" and W* are
linearly independent, the condition T'A S = T’ A S tells us that ¢, = s, = 0. As a result, 7" and T"*
define one and the same two-plane, which contradicts the assumption.



2.3 Bi-twistor realization

There exists an alternative realization for M4T. Let us denote by L the set of all non-zero

complex antisymmetric matrices Y, 5= _Yéd which obey the algebraic constraints
Y[dBAY’yS} = 0, (2.293,)
YOY, 5 =0, YV:i=-Qv'Q. (2.29b)

We introduce the quotient space M4BT = L/~, where the equivalence relation is defined by
Yaé ~ ché, ce C—-{0} . (2.30)

We will show that M%T can be naturally identified with M‘lT.
It follows from (2.29a) that Y ; is decomposable, that is

Y5 =TaS; — T3S, (2.31)

for some linearly independent twistors Ty and Ss, see e.g. [23] for the proof. Now,
eq. (2.29b) is equivalent to

YOV 5 = T{(S,T)8; — (8, 9)T3 | + ST, )T, — (T, T)S} =0 (2.32)

Since T% and S¢ are linearly independent dual twistors, the expressions in figure brackets
must vanish. Since Ty and Sy are linearly independent, we conclude that

and therefore the two-plane in C* associated with T, and Sy is null. We finally choose
T = (T,9).
3 Compactified 4D Minkowski superspace

Supertwistor space C*W was introduced by Ferber [24] as a supersymmetric extension of
the twistor space. The elements of C*V are called supertwistors. We use capital boldface
letters, T', S, ..., to denote supertwistors, for instance

T_(TA)_<:;‘?>, i=1,...,N . (3.1)

The supertwistor space is equipped with the inner product

01, 0 a0
(T,8)=T"'QS, Q=[1,0 0 :< ) (3.2)
0 —1x
0 0 —1u

This inner product is invariant under the A-extended superconformal group SU(2,2|N)
spanned by supermatrices of the form

g=(g94") €SLUN), g Qg=0. (3.3)



Associated with a supertwistor T, eq. (3.1), is its dual

T.=TQ=(T" =T -T"), T :=(T)". (3.4)

The superconformal group acts on T'4 and T4 as follows:
A =B, _
Ta — ga"Tp, T - T (9 ")s". (3.5)

3.1 Supertwistor realization

In complete analogy with the bosonic construction described in the previous section, com-
pactified Minkowski superspace? M44V is defined to be the space of null two-planes through
the origin in Cev [25, 26]. Given such a two-plane, it is generated by two supertwistors
TV = (T 4"), with u = 1,2, such that (i) the bodies® of T4 ! and T4 ? are linearly inde-

pendent twistors; and (ii) these supertwistors obey the equations
(", Ty =T"T" =0, v =1,2. (3.6)
The basis chosen, {T#}, is defined modulo the equivalence relation
{T"y ~ {T"}y, T'=T"C/, CeGL(2C). (3.7)

The two bases, {T"} and {T"}, define one and the same two-plane in C*V. It may be
shown that M**V is a homogeneous space of SU(2, 2|\).

The standard A -extended Minkowski superspace, M4*V or more traditionally R4V,
NN

can be identified with a certain open domain of on which the upper 2 x 2 matrix

block of the supermatrix

T,"
(Ta¥) = | T (3.8)
T; "

is non-singular. The freedom to choose the basis, eq. (3.7), can be used to fix To" = 04 *.
In this gauge, the supermatrix (T'4 #) takes the form have

5 . .
(Tak) = —ia:?f_ﬁ ; xiﬁ = a0 (3.9)
26,

Due to (3.6), the bosonic Z4 = (xdﬁ) and fermionic # = (;%) variables obey the reality
condition

i, —i_=4i0"0, = (i)". (3.10)

It is solved by )
oy =2 200 0% =(00), il=1, (3.11)

4The case N' = 4 is known to be somewhat special. Since off-shell supersymmetric theories exist for
N = 1,2, 3, here we do not dwell on the special features of N' = 4.
5See [27] for the necessary information about infinite dimensional Grassmann algebra Aco.



with z = (%, 0% 5;) the coordinates of N-extended Minkowski superspace R**V. We

YY)
see that the supertwistors in the Minkowski chart (3.9) are parametrized by the chiral
coordinates 29 and 6*. More details on the supertwistor construction for M4V can be
found, e.g., in [15].

We can elaborate on implications of the construction presented. Using the two super-
MAHAN

twistors T*, which describe a point of , we define the following supermatrix

Yap:=Ta'"Tp"em, Eu = —€up s €19 = —1. (3.12)
It is graded antisymmetric,
Yap=—(—1)4BYpy, (3.13)
and defined modulo the equivalence relation
Yap ~ cYap, c=det(C3P)eC—{0}. (3.14)
The important property of this supermatrix is
YuYoyp=0 <— YupYepy =0, (3.15)

where [...} denotes the graded antisymmetrization of indices.

It should be emphasized that the supermatrix Y 4p defined by (3.12) is non-zero, and
so is the body of its bosonic block Y, A This follows from an easily verified statement: if
T 4 and S 4 are two supertwistors such that the bodies of Ty and S are non-zero, then it
holds that

T[ASB} =0 «— Ts=)Sa. (3.16)

If the bodies of T's and Sy vanish, however, it is easy to construct two supertwistors 7"y
and Sy4 such that T4 Spy = 0 but T4 # AS 4 for any A.
In the Minkowski chart, choosing the gauge (3.9) gives

Eas —izyo” 20a;
. . l .B . ) - . . '
Yap= | 0| 2Ty | T AR (3.17)
— 29,‘5 2i QMZL‘JF/é'Y 49@'9]'
Using the dual supertwistors T" allows us to define another supermatrix
ARSI i S (3.18)
The supermatrices Y = (Y 45) and Y = (YAB) are related to each other as
Y =-QY'Q. (3.19)
where the definition of ¥ is the same as for ordinary matrices. The null conditions (3.6)
give
YYep=0. (3.20)



3.2 Bi-supertwistor realization

We give an alternative realization of compactified Minkowski superspace M4V 1n the
space of all complex graded antisymmetric matrices, Y gp = —(—1)“4“BY p4, we consider
a surface £ consisting of those supermatrices which obey the algebraic constraints

Y[ABYCD} = 0, (321&)
Y*Yep =0, (3.21b)

and satisfy the following condition: for each supermatrix Y € £, the body of its bosonic

block Y 4 defined by
Y.: Y
Y=[_%_ % (3.22)

is a non-zero antisymmetric 4 x 4 matrix. Our goal is to show that the superspace M4V
can be identified with the space of equivalence classes in £ with respect to the equivalence
relation

Yaiag ~ cYap, CE(C—{O}. (3.23)

It is natural to think of Y 45 as a graded two-form on the dual supertwistor space.
Let us first demonstrate that eq. (3.21a) implies that Y 45 is decomposable provided
the body of Yd 4 is non-zero. This means that Y 45 can be represented as

Y ap=TaSp — (—1)ABT5S ., (3.24)
for some supertwistors T'4 and S 4. It follows from eq. (3.21a) that
TY sy = 0, (3.25)

where T 4 := VEBY g4, for any dual supertwistor V4. Since the body of Y, 5 is non-zero,
it is possible to choose V4 such that the body of T'; is non-zero. The properties of T'4 and
Y 4p are such that we can apply a generalization of Cartan’s lemma.® This generalization
states that the condition (3.25) implies the validity of (3.24), for some supertwistor S4
such that the body of S is non-zero. It is clear that the bodies of Ts and S4 are
linearly independent twistors. Since Y 4 is defined modulo arbitrary re-scalings, eq. (3.23),
one can see that the two supertwistors T# := (T, S) are defined modulo the equivalence
relation (3.7).

Starting from the graded antisymmetric supermatrix (3.24), we introduce its conjugate
YAB, eq. (3.19), and compute the left-hand side of (3.21b). Then eq. (3.21b) becomes

equivalent to
Y% op = T{(S.T)Sp - (S, 5)T5

+SA{<T, S\Tp — <T,T>sB} ~0. (3.26)

SFor completeness, we recall the formulation of Cartan’s lemma, see e.g. [23, 28]. Consider a finite
dimensional vector space V. Let w € APV be a p-vector, and ¢ € V be a non-zero one-vector such that
@ Aw = 0. Then there exists a (p — 1)-vector 7 such that w = ¢ A 7.



Since the bodies of T and S% are linearly independent, we conclude that the two ex-
pressions in figure brackets must vanish. Since the bodies of Ts and S4 are linearly
independent, we end up with the null conditions

(T, T) = (T, S) = (S,T) = (S,8)=0. (3.27)

As a result, we have demonstrated that the bi-supertwistor realization introduced is com-
pletely equivalent to the standard supertwistor realization of M4V described in the pre-
vious subsection.

The constraints (3.21a) and (3.21b) for N' = 1 were identified in the third version
of [13]. Ref. [14] closely followed the first version of [13] and did not provide the correct
constraints. The constraint (3.21a) and a considerable part of the bi-supertwistor construc-
tion for general N, including eq. (3.17), were known to Siegel in the mid 1990s [35, 36].
The equivalence between the supertwistor and bi-supertwistor formulations was not proved
in [13, 35, 36].

4 Compactified 4D N = 2 harmonic/projective superspace

As is well known, all N/ = 2 supersymmetric theories in four dimensions are naturally for-
mulated in the superspace R*® x CP! introduced for the first time by Rosly [29]. Depending
on the specific superfield methods employed to construct off-shell N’ = 2 supersymmetric
theories, this superspace is called harmonic [30, 31] or projective [32-34]. Here we start
by describing the conformally compactified version of R4® x CP? following ref. [15] which
built on the earlier publications [37-39]. After that we introduce a new bi-supertwistor
realization for this compactified superspace.
Ordinary supertwistors introduced by Ferber [24],

(T4) = (?‘*) , (4.1)

are characterized by the following Grassmann parities of their components:

0 A=a

6(111“):6“:{1 A=

Such supertwistors are often called even. One can also consider odd supertwistors,
(Ba) = (;a) ; (4.3)
—1

E(EA) =1+4e¢€y (mod 2) . (4.4)

with opposite Grassmann parities

Both even and odd supertwistors should be used [37, 38] in order to define harmonic-like
superspaces in extended conformal supersymmetry.

,10,



Now, we accompany the two even supertwistors T#, which occur in the construction
of the compactified A = 2 superspace M*®, by an odd supertwistor = such that the body
of E; is non-zero. These supertwistors are required to obey the null conditions

(", 1") = (T",8) =0, pv =12, (4.5)

and are defined modulo the equivalence relation

(BT ~ (2,17 (i CS“) 7 (;l g) € GL(1]2), (4.6)

with p, anticommuting complex parameters. The superspace obtained can be seen to be
M*® x CP!. Tt is a homogeneous space of SU(2,2[2).

To understand the global structure of the superspace introduced, it is convenient to
restrict our consideration to its Minkowski chart defined the same way as in the previous
section. The freedom to perform equivalence transformations (4.6) allows us to choose T#
and E to look like

30" 0
(Tat)=| =iz |, (Ba)=|20%v; |, wvieC—{0}. (4.7)
2 02'6 (3

The isotwistor v; is defined modulo the equivalence relation
v; ~ dv;, dE(C—{O}. (4.8)

This shows that the superspace under consideration is indeed M8 x CP!.

We are in a position to formulate a bi-supertwistor realization for M4® x CPL. Tt is
given in terms of complex variables (Y ap, =4), where Y 45 obeys the conditions given in
subsection 3.2, while Z is an odd supertwistor such that (i) the body of Z; is non-zero;’

and (ii) 2 obeys the condition

YAB

[

B=0. (4.9)

The variables (Y 45, Z24) are defined modulo the equivalence relation

_ —_ —_ d 0
(B4, Ya) ~ (B, Yiup) = (Ea,Yac) <pC 0503> : (4.10)

where ¢,d € C — {0}, and p® is an odd dual supertwistor.
Let us introduce a superfield of the general form (n > 0):

By,

B1

[
[l

Aq. A Y W= —
GO b p (YY) B, By, (A1)

[

~—

=
—(

(Y, Y, E,E) =)
pr

"This condition implies that the body of 2= is non-zero, that is (ECEC)_1 is well defined.

— 11 —



where the Fourier coefficients @Bl.._BkAl'"AnJrk(Y,Y) have the following properties: (i)
they are homogeneous functions of Y’s and their conjugates,

®p, A (Y, EY) =R e R b, g, M A (YY), (4.12)

for some parameter A and A;
(i) they are graded antisymmetric in their A-indices and separately in their B-indices,

Dp,. g, A (YY) = ‘I’[Bl.,.Bk}[Al"'A"*k}(Y,Y) ; (4.13)
(i) they are tensors at the point (Y, Y") of M*8, that is

YCD‘I’DBQ...BkAl"'A”““(Y,Y) =0, (4.14a)

These tensor conditions guarantee that é(”)(Y,Y,E,E) changes under the equivalence
transformation (4.10) as follows:

oMy Y & E)=d"c e 2o (Y, Y, B 8. (4.15)

eq. (4.11) defines a superconformal Fourier expansion. Without loss of generality, the
Fourier coefficients in (4.11) can be subject to an irreducibility condition that a super-
trace of any A-index with a B-index vanish.

It should be mentioned that there exist two more equivalent realizations for the su-
perspace M*® x CP', which will be referred to as Type A and Type B formulations. Both
realizations are given in terms of complex variables (Y 45,24, X 4), where Y 45 obeys the
conditions given in subsection 3.2, while 2 and ¥ are odd supertwistors such that (i) the
bodies of E; and ¥, are non-zero; and (ii) = and X obey the null conditions

-AB

v*gp=0, Y*smz=0; (4.16)

(iii) the odd supertwistor Z is defined modulo arbitrary equivalence transformations (4.10).
The two realizations differ in additional conditions (iv) and (v) imposed on X. Let us
describe these conditions.

In Type A formulation, the odd supertwistor X is required to (iv) obey the additional
null condition

>PEp=0; (4.17)
as well as (v) be defined modulo the equivalence relation
Bu ~ By =4+ YackY, (4.18)

where f € C—{0}, and x© is an arbitrary odd dual supertwistor. It follows that the bodies
of E; and ¥; are linearly independent. One can see that no additional degrees of freedom
are associated with 3.

— 12 —



In Type B formulation, the odd supertwistor X is such that (iv) the bodies of E; and
3; are linearly independent; and (v) X is defined modulo the equivalence relation®

g o~ EAZfZA—i-gEA—i-YAC,‘QC, (4.19)

where f € C — {0}, g € C, and x© is an arbitrary odd dual supertwistor. As in the
previous case of Type A formulation, no degrees of freedom are associated with 3. Type B
formulation is the bi-supertwistor version of the so-called harmonic realization for M*® x
CP! introduced in [15].

5 Compactified 3D Minkowski space

In the remainder of this paper, we present three-dimensional analogues of the four-dimensional
results discussed in sections 2 to 4. The (super)twistor realizations for 3D compactified
Minkowski space and its supersymmetric extensions were developed in [16]. Here we will
build on the constructions presented in [16]. The interested reader is referred to that paper
for more details, including the spinor conventions in 3 + 2 dimensions.

5.1 Twistor realization

Consider a symplectic four-dimensional real vector space. We can think of it as R* equipped
with a skew-symmetric inner product:
Tra_ aB a8 0 I
<T‘S>J =T JS:T@J SB:—<S|T>J, J = (J ) = 1o 0 y (5.1)
—1s

for any vectors T, S € R*. By construction, this inner product is invariant under the group®
Sp(4,R). We refer to this vector space as the 3D twistor space. Its elements T, S € R* are
called 3D twistors.

The elements of the group Sp(4,R) can be represented by 4 x 4 block matrices

g=(gf)=<i _DB>€SL(4,]R), g Ig=17, (5.2)

where A, B,C and D are 2 x 2 matrices. The symplectic group Sp(4,R) is the two to one
covering of the connected component, SO (3, 2), of the conformal group in three dimensions.

A twistor looks like
T = (1) = (,{) , (53)

with the two-component vectors f, and h® being real commuting 3D spinors.

8Tf the equivalence relation (4.19) is replaced by (4.18), then we end up with a space M*® x T*CP!,
where T*CP*! denotes the cotangent bundle of CP'. One can think of 7*CP' as the complexification of
CP!. The importance of superspace R*® x T*CP?! in the context N = 2 supersymmetric sigma models has
recently been emphasized by Butter [40].

9This group was denoted Sp(2,R) in [16].
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A Lagrangian subspace of the twistor space is defined to be a maximal isotropic vector
subspace of R*. Such a subspace is necessarily two-dimensional. We denote by M% the
space of all Lagrangian subspaces of R?. One can show that Mﬁ} is a homogeneous space
of the group Sp(4,RR) and has the structure

M7 = U(2)/0(2), (5-4)

see, e.g., [16, 41] for technical details.

Conformally compactified 3D Minkowski space can be identified with M% Indeed,
given a Lagrangian subspace, it is generated by two linearly independent twistors T*, with
w = 1,2, such that

(THT?) ;=0 (5.5)

Obviously, the basis chosen, {T#}, is defined only modulo the equivalence relation
(T} ~ {T"}, T*=T"R/, REGL(R). (5.6)

Minkowski space M = R*! can be identified with an open dense subset of M3, consisting
of those Lagrangian subspaces which are described by 4 x 2 matrices of the form:

(T&u):<ffi’;> . detF#0. (5.7)

In accordance with the equivalence relation (5.6), we can choose F' = 1. Then the null
condition gives

(Tt = < 12) ) 2T =z = (%) € Mat(2,R) . (5.8)

—X

This is a standard matrix realization of 3D Minkowski space. The conformal transforma-
tion (5.2) acts on x as follows:

2’ = (C + Dx)(A+ Bx)™ ' . (5.9)

The Poincaré group corresponds to the subgroup of Sp(4,R) consisting of the matrices

M 0
9= <—aM (M‘l)T> ; a=a’ €Mat(2,R), M €SL(2,R). (5.10)

5.2 Bi-twistor realization

We now describe an alternative, bi-twistor realization of M. Let us denote by £ the set of

all non-zero real antisymmetric matrices X, 5= -X b which obey the algebraic constraints
X[&BX&S] =0, (5.11a)

XMJWXSB =0, (5.11b)

JPX 5 = 0. (5.11c)
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We introduce the quotient space M‘%T = L/~, where the equivalence relation is defined by
XOA&B ~ erB’ TER—{O} . (5.12)
The twistor and bi-twistor realizations are related to each other as follows:

Xdﬁ = T@“Tﬁ’jsw, Euv = —Eup s €10 = —1. (5.13)

The proof is left to the reader as an exercise.

6 Compactified 3D Minkowski superspace

Consider the graded symplectic metric on R4V

Je 0
J:(JAB):<O 15”), I,J=1,....N . (6.1)

The 3D N-extended superconformal group OSp(N]4,R) consists of supermatrices g of the

T| _~T

Here the even matrices A, D and the odd matrix B have real matrix elements, while the

form

odd matrix C' has purely imaginary matrix elements. Supermatrices g of this type are
called real, in accordance with [27].

The superconformal group OSp(A]4,R) naturally acts on supertwistor space RANV
spanned by elements of the form

Ja
T, 0 A
TE(TA):<‘ >: ha y E(TA):EA:{
101 . 1 A

191

1 (6.3)

and endowed with the graded symplectic two-form J = %J AB AT 5 A dT 4. This action
preserves J, and thus the symplectic inner product on RV defined by

(TS)y =T"TS=—(S|T)y, T"=(Ta,—iv1), (6.4)

with the graded symplectic matrix J defined in (6.1). Any element T € R*¥ is called an
even real supertwistor.

6.1 Supertwistor realization

A Lagrangian subspace of R*W is defined to be a maximal isotropic subspace of the su-
pertwistor space [16]. We denote by M3I2V the space of all Lagrangian subspaces of RV,
Given such a subspace, it is generated by two supertwistors T such that

(i) the bodies of T4 ! and T4 ? are linearly independent twistors;

,15,



(i) T and T? obey the null condition

(THT?) 7 =0; (6.5)

(iii) T and T? are defined only modulo the equivalence relation

{T"}y ~ {T"}, T'=T"R/}, ReGL2,R). (6.6)

A dense open subset M3I2V of MPI2V consists of those Lagrangian subspaces which are
described by supermatrices of the form

Fot
(Ta")=| H** |, det(Fo ") #0 . (6.7)
i,

Using the equivalence relation (6.6) allows us to choose F' = 1, and hence

5"
(TA “) = | -8+ %80‘692 , 2P =P 0% = 0%, . (6.8)
i\/ﬁ@[ﬂ

Here the bosonic 2% and fermionic 0¢ = 0;“ parameters are real. Therefore, the subset
MBIV« MBI2V introduced can be identified with R32V. This subset is a transformation
space of the 3D N-extended super-Poincaré group, B(3|N), which is a subgroup of the
superconformal group OSp(N|2,R), eq. (6.2), spanned by group elements of the form:

g = s(a,e) h(M), (6.9a)
5 0 0
s(a,e) = | —a®P + 3e%Fe? | 525 | —V2e%; |, (6.9b)
iv2e” [0 [ o
M 0 0
MM)y=1| 0 |MHT | o |, M € SL(2,R) . (6.9¢)
o] o |[in

In eq. (6.9b), the bosonic (a®® = a®*) and fermionic (€;* = €*; = €}) parameters are
real. Evaluating the action of B(3|N) on M3I2V shows that this space is 3D N-extended
Minkowski superspace.

6.2 Bi-supertwistor realization

We give an alternative, bi-supertwistor realization of compactified Minkowski superspace
M32V | In the space of all real graded antisymmetric matrices, X gp = —(—1)4“B X g4, we
consider a surface £ consisting of those supermatrices which obey the algebraic constraints

X[ABXCD} = 0, (610&)
(=) X 4cJPX pp =0, (6.10b)
JBAX 45 =0, (6.10c)
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and satisfy the additional condition: for each supermatrix X € £, the body of its bosonic
block X , i defined by

X o X,
X = (Xa{f X"‘J> (6.11)
1B 1J

is a non-zero antisymmetric 4 X 4 matrix. The supermatrix X must be real in the following
sense [27]

(Xap)" = (-1 ATBrABX yp . (6.12)

It turns out that compactified Minkowski superspace can be identified with the quotient

space Mg%/\[ = £/ ~, where the equivalence relation is defined by

Xap ~ rXaB, T‘ER—{O}. (6.13)
The supertwistor and bi-supertwistor realizations are related to each other as follows:
XAB = TA'MTBV{;“W,, E,LLV: _EWH 612:—1 . (614)

This can be proved in complete analogy with the four-dimensional case considered in sec-
tion 3.
In the Minkowski chart, choosing the gauge (6.8) gives

Eap —Taq" — %50/392 i\/§6aJ
«a isa a 6 : « «
e | |1 k) [ |
—i\/§9m iﬁ@]vw’yﬁ + %9]692 —2076;

7 Compactified N -extended harmonic/projective superspaces in three
dimensions

In [16, 17], new homogeneous spaces of the superconformal group OSp(N|2,R) were con-
structed that include MPI?V as a submanifold. Their general structure is M3V x Xﬁ{ ,
where XV is a compact manifold, for any integer 0 < m < [N/2].}° Such superspaces
are nontrivial and have interesting applications for N' > 2. The supertwistor formulation
for MBIV x XN given in [16] makes use of both even and odd supertwistors. An odd
supertwistor looks like

Y =(2,y) = (?{j) , €(Xa)=14¢€q (mod 2) . (7.1)

10 A5 usual, the notation [N/2] is used for the integer part of N'/2.

,17,



This supertwistor is called real if all the components 3 4 are real. The super-transpose of
3} is defined to coincide with the ordinary transpose,

=T = (34,%), (7.2)

compare with egs. (6.3) and (6.4). Here we present a bi-supertwistor formulation for the
superspaces M2V x XN but first we recall their supertwistor realization [16].

Along with the two linearly independent even real supertwistors T'* and T obeying the
null condition (6.5), we also consider m odd complex supertwistors ¢, with i = 1,...,m,
such that (i) the bodies of 3¢ are linearly independent; (i) any linear combination of the
supertwistors T and Xt is null, that is

(TH|T") 5 = (T*=L) 5 = (B42d) 7 =0. (7.3)

The supertwistors T# and X! are defined modulo the equivalence relation

(TH, 2% ~ (T", 3) (%) : <%) € GL(2|m,C), Re€GL(2,R). (7.4)
J

We emphasize that the fermionic B,% and bosonic Dji matrix elements are complex. The
space MBIV Xﬁ{ is defined to consist of the equivalence classes associated with all possible
(T*, %) under the above conditions.

It is necessary to point out two important features of the construction under consid-
eration. Firstly, the invariant inner product (, ) y possesses the property

(T1|T2) g =—(=1)"T2T1) g, (7.5)

where €12 denotes the Grassmann parity of 771 2. Secondly, associated with the odd su-
pertwistors ¢ = (34 %) are their complex conjugates £* = (3 4 %) which possess analogous
properties

(T ;= (SEh ; =0. (7.6)
It can be seen that the 2m supertwistors X¢ and 7 are linearly independent,
det (SHE 5 £0. (7.7)

We are prepared to introduce a bi-supertwistor realization for MBI2V Xﬁ,\{ . It is
given in terms of pairs (X ap, X 4%), where the bi-supertwistor X 45 obeys the conditions
formulated in subsection 6.2. As to the odd supertwistors 3¢, they must be such that (i)
the body of the N x m matrix 3;Z has rank m; and (ii) the null conditions hold

(—1)PX 4pJ P8t =S5 TP Xca =0, B4 TPEpl=0. (7.8)

The superspace M3I2V XX/T\,{ is obtained by factorizing the space of all such pairs (X 4, X 4%)
with respect to the equivalence relation

(X4, Za) ~ (Xap,Bab), (7.9a)

,18,



where

Xap=rXap, reR-{0}, (7.9b)
Yab = (-1)PX apJP Bt + 24D, D eGL2,0), (7.9¢)

where Z¢ are two arbitrary odd supertwistors. This realization for MBIV X% is clearly

equivalent to the supertwistor one.

8 Conclusion

The bi-supertwistor realization for M44V is a natural supersymmetric extension of Dirac’s
projective lightcone construction for compactified Minkowski space. It was Ferrara [8]
who posed the problem of developing such a supersymmetric extension back in 1974. The
problem has finally been solved. The supertwistor realization for M4V can be viewed as
a square root of the bi-supertwistor one.

As shown in [13] (see also [42]) the bi-supertwistor realization for M/ allows one to
derive compact expressions for certain correlation functions in N/ = 1 superconformal field
theories. The adequate superspace setting for A/ = 2 supersymmetric theories is known to
be not the conventional Minkowski superspace R4, but rather its harmonic/projective ex-
tension R*® x CP!. We believe that the bi-supertwistor realization for M*/® x CP! proposed
in section 4 will be useful for (i) the calculation of correlation functions in N/ = 2 super-
conformal field theories; and (ii) the construction of a manifestly SU(2,2|2) invariant for-
mulation for N' = 2 superconformal field theories (compare, e.g., with non-supersymmetric
approaches [43, 44]). The superconformal Fourier expansion (4.11) is expected to be espe-

cially important in this context.
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A Spinors in 4 4+ 2 dimensions

In this appendix we collect the salient information about spinors in 4 + 2 dimensions. A
similar discussion can be found, e.g., in [10].
The gamma matrices in 4 + 2 dimensions, [', obey the anti-commutation relations

{F&’Fi)} = _217&13]18’ 7’][11; = diag(—l,—i—l,—l—l,—i—l,—i—l,—l) (Al)

and can be chosen to look like

0 3
we(2%). o

,19,



where the 4 x 4 matrices ¥; and 3, have the explicit form

Ya = (Eaa Y, 26) = (i7a>'757 ]14) = (E&)d[gv (A'3a)
Sa = (Za, 85, 26) = (—i7a, =75, La) = (2a)27 . (A.3b)
Here v, are the gamma matrices in 3 + 1 dimensions, and 5 := —ivgy1727y3. Our choice of

~a coincides with that adopted in [27, 45], specifically
0 o, I, O
= = A4
Ya <5_a 0 ) 3 V5 < 0 _]12> 3 ( )

0o = (12,3) = (04) 5> 0= (l2,—7) = (54)% . (A.5)

where

The matrices (A.3) obey the relations

E&ié + Ei)id = _277&13]14 , Sazg + 282@ = —277&8114 . (AG)
For the matrix I'7 := —il(I'1I'sI'3I's'g we obtain
1, O

'y = . A7

! ( 0 —114) (A7)

The Dirac spinor representation of the double covering group of SO¢(4,2) is gener-
ated by

1 .o 0

Jap = —7 M, Iyl = ( o o ) : (A.8)
4 0 2

where

1 ~ - X

Dap = —7 By — Tp¥a) = (Zai)a” (A.9a)

~ 1 =~ - ~ N

Edi) = _Z(E&Zi) — ZBZ@) = (E&I;)ig . (Agb)

The matrices ¥ ; are the generators of the group SU(2,2) defined by (2.9). The following
isomorphism holds: SO¢(4,2) = SU(2,2)/Z,.
The Hermitian conjugation properties of the gamma matrices are

(Fa)T =Tl T3 Tol's (A.10)
hence
(3,5)" =Tol6 3,3 Tols , (A.11)
This implies
(Za)" = 0%a0, (Za)" = 0Zar0, (A.12)

— 20 —



and hence
(EaB)T = —702370, (i@i,)T = 7053&13’70 . (A.13)

It can be seen that -y coincides with the matrix Q in egs. (2.7) and (2.9).
Given a Dirac spinor

i’z(i) ;=) ¢=(%). (A.14)
its Dirac conjugate is defined as follows:
W= —i Tl = (U0, ~¢"0),  who= @Y, ¢ho=(0a).  (AL5)
The infinitesimal SO(4, 2) transformation laws of these spinors are:
L b~
o = Jv 34, (A.16a)
. 1— i
0T = - Bw °3.5 - (A.16Db)

The Dirac spinor representation is a sum of two irreducible ones, one of which is the
twistor representation and the second is equivalent to its dual (contragredient). The twistor
representation is associated with spinors of the form

v, = (g) : Y= (Ya) (A.17)

such that I'y W, = Wy,. The Dirac conjugate of W,
U, = (9,0), =1l =Y (A.18)

transforms according to the dual twistor representation. The infinitesimal SO(4, 2) trans-
formation laws of ¥y, and Wy, are:

1 . R
s = §w0d(zég)aﬁ¢g, (A.19a)
. 1_s .5 )
S = _§¢ﬁwcd(zé D5t (A.19Db)
Explicit calculations give
1 ab iha
1 .; qw®oqp — Tl ‘ —ib%o,
§w“b2&5: — o , (A.20)
—ia%, ‘ w0 ap + Tl
where the parameters 7 = 1w, a® = $(w?® — W) and b* = (W 4+ w*®) generate a

dilatation, a space-time transaction and a special conformal transformation respectively.
As usual, the 2 x 2 matrices 0,5, and ., denote the Lorentz generators of the (1/2, 0) and
(0,1/2) representations of the Lorentz group in four dimensions [27],

1, . . 1, N
Oab i= —Z(Uaab — 0p04) , Oub i= _Z(Uaab — 0p0q) - (A.21)
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Since the matrices I'y and —I‘dT constitute two representations of the same Clifford

algebra, eq. (A.1), and these representations are necessarily equivalent, we have
¢ lr,e =17,

hence
e e - -3,

for some charge conjugation matrix €. It can be chosen as

0 ’)/50 o 0 Q:d @
Q: - = ~ 3
—C 0 ca g 0

with C' the charge conjugation matrix in 3 + 1 dimensions, which is defined by
C ' C=-y, — ClysC=r4

a

and can be chosen as

CZ(aa,B 0>, 0_1:<5a/5 O>.
0 o8 0 6(&3

Using the properties CT = CT = —C' = C! gives
¢f=¢.

The inverse of € is

Since € is symmetric, it holds that
el=els, (€=
Given a Dirac spinor W, its charge conjugate spinor defined by
s
transforms as a Dirac spinor,
Wy = %w&i’ﬁ

e -

The transformation laws of ¥, ¥ and ¥, show that

0% = (€71 ol = pl(e ),

(A.22)

(A.23)

(A.24)

(A.25)

(A.26)

(A.27)

(A.28)

(A.29)

(A.30)

(A.31)

(A.32)

(A.33)



transforms as a twistor. This means that the matrices (A.29) are invariant tensors of
SU(2,2) which can be used to convert all underlined twistor indices, @, é, ..., into twistor
indices, @, 3, ..., and therefore to completely get rid of the former.

The sigma matrices with twistor indices are

(Za)ap = Ca)as@ a (£a)* = (€H)*4(Za)7 . (A.34)
Since (I';€)T = —I';€¢, these matrices are antisymmetric,
Cadas = —Ca)zar  (Ba)® = —(Sa)fa (A.35)

The matrices (¥3),5 and (i&)dg obey the relations (A.6). The following completeness
relations hold:

1 SPNS
5%3&3(2 ) = (Ba)ag > (A.36a)
1 ap4s STV
57 (Ba)ss = (B9, (A.36b)
I «a
5(2 )&B(E&),ﬂyg = E&B,YS (A36C)

There is a one-to-one correspogdence between complex vectors in 4 + 2 dimensions ya
and bi-twistors V 5= _VBa or V&P = %6&’8&5‘/&8. It is described by the relations

é a  Lcavis
Vag = V(g5  Vi=70 ) Vs (A.37a)
P . . 1 : a2
VO = VS, V= Z(zd)véwS : (A.37b)

It is convenient to use the matrix notation V' := (V, 3) and V= (Vé‘ﬁ ). If V4 is the complex
conjugate of V4, then the corresponding bi-twistor matrices V := (V&B )and V := (V5)
are related to each other as in (2.21). Finally, if V@ is real, then V = V.
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