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ABSTRACT: We study the relation between a heterotic T°/Zg orbifold model and a com-
pactification on a smooth Voisin-Borcea Calabi-Yau three-fold with non-trivial line bundles.
This orbifold can be seen as a Zs quotient of T%/Z3 x T?. We consider a two-step reso-
lution, whose intermediate step is (K3 x T?)/Zs. This allows us to identify the massless
twisted states which correspond to the geometric Kahler and complex structure moduli.
We work out the match of the two models when non-zero expectation values are given to
all twisted geometric moduli. We find that even though the orbifold gauge group contains
an SO(10) factor, a possible GUT group, the subgroup after higgsing does not even in-
clude the standard model gauge group. Moreover, after higgsing, the massless spectrum is
non-chiral under the surviving gauge group.
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1 Introduction

An important corner of the space of string vacua is populated by string orbifold compact-
ifications [1-3]. In recent years, a landscape of phenomenologically interesting heterotic
orbifold models has been constructed, which contain gauge group and chiral matter of the
supersymmetric standard model. A large class of these models is based on the Eg x Eg
heterotic string compactified on the T°/Zg_;; orbifold [4-9]. Employing worldsheet con-
formal field theory techniques the spectrum and some couplings in the effective low energy
action have been computed.

On the other hand, these models also have ‘unwanted’ features such as a large num-
ber of massless states which form real representations with respect to the standard model
gauge group but are chiral with respect to the full orbifold gauge group. To obtain real-
istic models one has to move away from the orbifold by higgsing part of the gauge group,
which also generates masses for the vector-like part of the spectrum. In practice, this is



rather cumbersome and the obtained results suffer from the fact that the exact form of the
superpotential is unknown.

The appearance of vector-like massless fields might be an artifact of the construction at
the orbifold point where generically additional symmetries and additional massless states
appear. Therefore it is of interest to move away from the orbifold locus and construct
the theories at generic points in their moduli space. Geometrically, this corresponds to
blowing up the orbifold singularities and identifying smooth Calabi-Yau compactification
manifolds. In this way, one may hope to relate the massless vector-like fields to geometric
moduli and obtain a better understanding of their mass generation and the stabilization
of the geometry.

The relation between heterotic orbifold models and their smooth counterparts has
been actively investigated in recent years [10-16]. First it was studied from a local point
of view: The orbifold singularity was blown up using toric methods [17] and then the
match of the spectrum with the corresponding smooth compactification was established.
Subsequently this was generalized to globally defined, compact orbifold backgrounds by
gluing together patches related to different singularities to a Calabi-Yau three-fold with
a gauge bundle [14]. Starting from standard model-like orbifold models on T°/Zg_;y, it
was found that the hypercharge U(1) gauge boson always becomes massive in the blow up
process. In [15], this problem could be avoided by considering the orbifold T°/(Z)? where
one of the Zy factor acts freely on T%. Recently, also Gauged Linear Sigma Models have
been used to construct resolutions of toroidal orbifolds [18-20].

In this paper we study a specific 7°/Zg_r; orbifold model which was previously an-
alyzed from the perspective of grand unification in six dimensions [21, 22]. The orbifold
under consideration can be viewed as the space (T*/Zs3 x T?)/Zy, with an intermediate
six-dimensional theory corresponding to the compactification on 7%/Z3. For an anisotropic
compactification, with the size of T* small compared to the size of T2, the latter can be
related to the scale of grand unification. The four-dimensional theory is then obtained by
further compactifying on 72/Zs. For an example with non-zero Wilson lines it was shown
that this two step procedure leads to the same spectrum as the direct compactification on
TC/Ze_11 [21]. To simplify the analysis we turn off all Wilson lines in the present paper.

Our goal is to identify a smooth manifold corresponding to the T%/Zg_;; orbifold and
to determine its properties. In order to do so we again employ a two-step analysis. First
we resolve T*/Zs3 to a smooth K3 surface and use the fact that the match of the spectra
has already been established in [10]. In a second step we compactify on T2 and divide out
the Zso action. This gives the singular space (K3 x T?)/Zs which can be resolved to obtain
a smooth Calabi-Yau three-fold termed Voisin-Borcea manifold [23, 24].

In the orbifold under consideration the original Eg x Eg gauge group is broken by a
specific gauge twist. In the smooth compactification this corresponds to the presence of
a non-trivial gauge bundle. From the structure of the gauge bundle one can infer which
twisted states correspond to geometric moduli and furthermore see that the transition
from the orbifold to the smooth manifold is equivalent to a motion in the field space of
twisted states. If these states are charged with respect to the gauge group at the orbifold
point, spontaneous symmetry breaking occurs leaving a smaller gauge group in the smooth



compactification. This allows us to identify which massless twisted states correspond to
geometric Kéhler moduli. This procedure differs from [14], where some Kéhler moduli were
identified with massive twisted states. Using properties of the Voisin-Borcea manifold we
are also able to determine which twisted states of the orbifold correspond to geometric
complex structure moduli.

We find that the vacuum expectation values (VEVSs) needed to blow up the orbifold
completely, break the orbifold gauge group to a small subgroup. In fact, to go to a smooth
point in moduli space, all massless twisted states which correspond to geometric moduli
have to acquire non-zero VEVs. Giving VEVs to all of these states breaks the orbifold
gauge group, reducing consistently its rank. It turns out that the resulting light spectrum
is mon-chiral with respect to the unbroken gauge group. This perfectly matches with the
results obtained for smooth compactifications.

The paper is organized as follows. In section 2 we review the correspondence between
compactifications on the T /Z3 orbifold and a specific K3 background with a line bundle.
In this example we describe the techniques involved in matching the two backgrounds. In
section 3 we turn to the four-dimensional backgrounds and use similar techniques to show
the correspondence between orbifold and smooth compactifications. We first describe how
to resolve the singular space Yy = (K3 x T?)/Zsy to a smooth Voisin-Borcea Calabi-Yau
three-fold. After the identification of the proper gauge bundle, we give the map between
the geometric moduli and the corresponding twisted states. We show that the resulting
gauge group is the same and that the non-Abelian massless spectrum also matches. The
three appendices give further details on K3 surfaces and blow-up of singularities, and on
the massless spectra in four dimensions, for orbifold and Calabi-Yau three-fold.

2 Heterotic compactifications to D = 6

In this section we consider the Eg x Fg heterotic string compactified on a four dimensional
internal space. Specifically, we first study the compactification on the orbifold 7%/Z3 with
a particular gauge twist but without Wilson lines. Subsequently we analyze the com-
pactification of 10D supergravity on the resolved K3 surface with an appropriate gauge
background. These backgrounds and the corresponding matching was studied in [10] and
here we briefly discuss their results.

2.1 Heterotic compactification on 7T*/Z3

In absence of Wilson lines, a heterotic orbifold model is completely specified by the action
of the orbifold group on the internal geometry and on the gauge bundle. Let us start with
the geometry.

Geometry of T%/Zs. The action of a Zy orbifold group on a four dimensional torus
T* is specified by the twist vector v = (v1,v2), where N -v; € Z. The v;—1 2 determine the
transformation of the two complex coordinates z; = x; + 7;y; of T*:

0: zrs ™y (2.1)



Figure 1. Zs fixed points on T% = T2 x T?. The 2-torus on the left is labelled by z;, while the
2-torus on the right is labelled by z,.

where 7; denote the two complex structure parameters of 7¢. To have a supersymmetric
background the v; must satisfy v; +wv2 = 0 mod 1. In the following we consider the specific
case N =3 and v = (—%, %) . In order to have a Zs symmetric 7%, 7 and 7 are fixed to
generate the Lie algebra lattice of G x SU(3).

The resulting geometry is a singular space with nine C?/Zs orbifold singularities (see
figure 1) at

(21, 22) = (25, 25) with a=1,3,5 and 8=1,2,3. (2.2)

These are the points of 7% left fixed by the Zs action.
Furthermore, there are four two-cycles of T surviving the orbifold projection. Ex-
pressed in terms of their Poicaré dual two-forms they are given by

II; = PD[3d{L‘2 AN dyg] , ©1= PD[—dl‘l VAN (le'g + dyg) — 3dy1 A dl‘ﬂ ,

2.3
Il = PD[SdCEl AN dyl] , Oy = PD[d.CCl AN (da,’g — dyg) — 3dy1 A dyg] s ( )

where PD[-] indicates the Poincaré dual of the two-form in the bracket. IT; and Iy are the
two T2 spanned by z; and 2. The other two two-cycles are combinations of the integral
two-forms constructed from dx1, dy; of the first T’ 2 and dxs, dyo of the second T’ 2. One can
check that all four two-cycles are invariant under Zs which acts on the 1-forms of 7% as

dxy — —2dx1—3dyy , dyy — dx1+dy dxy — dys , dyy — —dxo—dys. (2.4)
The four two-cycles given in (2.3) have the intersection matrix:

03

50 (2.5)

where the first block contains IIj, Il while the second contains ©1,0s. Note that the
normalization of (2.5) is set by fT4 dxidyidrodys = 1. Finally, the Kéhler form j and the
holomorphic two-form €2, are given by

j =tidzi A dyy + todxre A dys , Qo =dzy Ndzy, (2.6)

where ¢ 2 are two Kéhler parameters of T,



Gauge twist and massless spectrum. The Zy orbifold group also acts on the Fg x Eg
gauge degrees of freedom by means of the twist vector

1

V=< (e ons)(no, i) (2.7)

where the first (second) bracket acts on the first (second) Eg factor and all ng—1,. 16 are
integers or half-integers. States with weight vector w transform under the orbifold action
with the phase €™ Modular invariance of the worldsheet partition function requires a
relation between V' and the vector v defined in the previous section

16 2
N (Z V2~ ZU?) =0 mod 2. (2.8)
a=1 i=1

For the T%/Z3 orbifold at hand, one can choose the gauge twist

V= (()2, % 05) @ 07) : (2.9)

which breaks the gauge group from Eg x Eg to
G =S50(14) x U(1) x SO(14) x U(1). (2.10)
The two U(1)’s have the following generators:
T = (0%,2,0%)(0%), Ty = (0%)(2,07). (2.11)

The massless spectrum can be organized in 6D N = 1 supermultiplets. In the untwisted
sector of the orbifold one finds hypermultiplets in the gauge representations

(64,1)10 + (14,1)_29 + (1,64)p1 + (1,14)9 2 + 2(1,1)00, (2.12)

where the first (second) entry corresponds to the first (second) SO(14) factor and the
subscripts denote the two U(1) charges. In addition one obtains the usual supergravity
and dilaton multiplets, including the antisymmetric tensor B, and two hypermultiplets
containing the ‘radion’ fields of the two tori. The twisted states are localized at the nine
fixed points (2§, 22’3 ). At each fixed point there is a twisted spectrum with representations

(14,1) 25 + (1,14)s 2 + 2(1,1)1 4 (2.13)

win

The 6D low energy theory around this orbifold vacuum contains a D-term potential

for the scalars in the hypermultiplets. For canonically normalized scalars it reads
1 o . .
V=3 > DDA, where D" = &! o'T4 @, . (2.14)
i, A

Here the ®,, are doublets of complex scalars (¢, qzn), o' are the Pauli matrices and T4
the generators of the gauge group. If the gauge group contains U(1) factors, then the
corresponding generators are T4, = ¢ 0,



As we will see shortly, the correspondence with the smooth K3 compactification can be
established by giving a VEV to a particular flat direction of the potential. Anticipating the
result let us consider the singlets of SO(14) x SO(14) whose potential is solely determined
by the D-terms of U(1) x U(1) . From (2.13) we see that at each singularity (z{, zg) there
are two states @gﬁ and @?ﬁ in the representation (1,1),/34/3 which are charged under
both U(1)s. This implies that flat directions of the potential are

(057, 657)) = (v°7,0), (657, 677)) = (0,v°7), (2.15)

which break U(1) x U(1) to the diagonal U(1), leaving SO(14) x SO(14) x U(1) as the
unbroken gauge group. The vector multiplet of the broken U(1) eats one hypermultiplet in
the singlet representation of the unbroken group to give a massive vector multiplet. Note
that there are also other flat directions which break SO(14) x SO(14) x U(1).

In order to facilitate the comparison with the smooth compactification in the next
section, it is convenient to define new field variables @?ﬂ by the transformation

af ~ af
gbg‘ﬂ = p¥Pef0 | q[)?ﬂ = p¥Pef1 | (2.16)

If the ¢8"B have charge ¢ and transform linearly under the U(1) gauge transformation
¢8‘B > eiqxgﬁg‘ﬁ , then the field gogﬂ transforms non-linearly with a local shift

06" 0" +igx. (2.17)
This gauged shift symmetry gives mass to the corresponding U(1) vector. The “axionic”
fields 4,0?6 can also be used to redefine the other fields in the associated (o, 3)-twisted sec-
tor. This redefinition changes their charge with respect to the broken U(1). For example,
multiplying the hypermultiplet @?1[? 14y With charges (4/3,-2/3) by 6*90?5, one obtains 14-
plets with charges (0,-2). After analogous redefinition and including the untwisted states,
one obtains the spectrum:

(64,1)10 +10(14,1) 50 + (1,64)0; +10(1,14)o—2 + 20(1,1)o0. (2.18)

Below the scale of symmetry breaking the unbroken gauge group only contains the
diagonal U(1) with charges

(64,1); +(1,64)_; +10(14,1) 2+ 10(1,14) 12 + 19(1,1)o, (2.19)

where furthermore one singlet was removed by the Higgs mechanism.

In addition to the flat direction considered so far there are other flat directions which
break the orbifold gauge group to smaller subgroups. The following example is useful in
order to understand the matching between orbifold compactifications with K3 compactifi-

cations. The vacuum is now characterized by expectation values of the non-Abelian singlet
fields CIDS"B and @?ﬁ as well as @7

(1,14)°
<(¢857 ~8‘5)>\le = (V20,0), (( ?Bv ~(1)éﬁ)>|5:2,3 = (0,), (2.20)
<(¢'(115714)7 ¢?1[?14))>‘ﬂ:1 = (\/ﬁf}, 0) s <(¢?514); ¢?15714))>|5:273 = (0, {/) ;



any component of the 14-plet may be chosen to have non-zero VEV. As we shall discuss in
more detail in section 3.1, each component is characterized by a vector which is the sum of
the shift vector V and a root vector, e.g. p = V + (08)(—1,1,0°). One easily verifies that
this configuation represents a flat direction. One of the SO(14) factors is now broken to
SO(12), and the surviving gauge group reads

SO(14) x SO(12) x U(1). (2.21)

In the above example the same component of the 14-plet acquires a VEV at all fixed points.
Choosing VEVs for different components on different fixed points one can achieve breaking
to smaller subgroups.

The VEVs given in egs. (2.15) and (2.20) correspond to directions in field space which
lead away from the orbifold point into a smooth compactification. As we will see in the
next section, the corresponding twisted states can be identified with the moduli controlling
the sizes of collapsed cycles in the singularity. One expects that by giving large enough
VEVs this procedure can be continued into a regime where the supergravity approximation
of the heterotic string can be trusted.

2.2 Heterotic compactification on K3 with line bundles

In this section we briefly recall compactifications of 10D supergravity on smooth K3 man-
ifolds in presence of a non-trivial gauge bundle [10, 25-27]. The goal is to find a set of
backgrounds with appropriate flat direction that contain the orbifold 7%/Z3 as a limit in
the K3 moduli space.

K3 moduli space. The metric of K3 is defined by the overall volume v together with
a three-dimensional subspace ¥ of the second cohomology group H?(K3) (see [28] for a
review). H?(K3) is a 22-dimensional vector space equipped with a natural scalar product
of signature (3,19) defined as

(v-w) z/ vAw, Vou,we H(K3) . (2.22)
K3

This product must be positive definite when restricted to X.
Taking three orthonormal vectors wy, we, w3 spanning the subspace X, one can define
the Kéhler form j and the holomorphic two-form §g:!

7 =V2vws, Qo = wy + tws . (223)

The motion in moduli space can be parametrized by the motion of the positive norm
three-plane ¥ inside H?(K3), i.e., by

S0O(3,19)

Mz = SO(3) x SO(19)

IThis definition is not unique: there is an S? of possible complex structures and associated Kihler forms
with each of them defining the same metric.
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Figure 2. From T*/Z3 to a smooth K3.

My has 57 moduli, that together with the volume give the 58 geometric moduli of K3.
Adding the 22 B-field moduli (i.e., the periods of the two-forms B along the 22 harmonic
two-form of K3), one obtains 80 moduli. These belong to 20 hypermultiplets of the 6D
N =1 supergravity coming from compactifying the heterotic theory on K3.

The position of ¥ in H2(K3,7Z) determines what cycles have zero size: If a two-cycle
is orthogonal to X, it is shrunk to zero. If a set of two-cycles with self-intersection —2 (i.e.,
two-spheres) shrink, an orbifold singularity appears. These singularities are classified by
ADE-groups that are subgroups of Fg x Eg. K3 develops an ADE-singularity of type G if
the shrinking two-spheres have an intersection matrix equal to minus the Cartan matrix
of the ADE group G.

From T%/Z3 to a smooth K3. T%/Zs is a singular K3 that is elliptically fibered over the
base T2 /73 (see figure 2). Over the singular points z; = 2¢ of the base (spanned by z1), the
fiber (spanned by z;) degenerates to T?/Zs. T*/7Z3 has nine A, singularities (i.e., C?/Z3
singularities). This corresponds to the limit of a smooth K3 in which a set of cycles have
shrunk to zero size. More precisely, each As singularity is generated by two shrinking two-

cycles e((f[; and esg where a3 specifies the fixed point. Their intersection matrix is given by?

-2 1
( : _2> : (2.24)

with all intersections between cycles at different singularities vanishing.

There are two two-cycles at each of the nine singularities resulting in a total of 18
shrinking two-cycles, all of them orthogonal to the 3-plane Y. Since H?(K3) is 22-
dimensional, ¥ still has the freedom to move in a four dimensional space with signature

2In the following we identify two-forms and two-cycles of K3, going from one to the other by Poincaré
duality. On the space of two-cycles (two-forms) there is a natural inner product given by the intersection
form or (2.22) respectively.



(3,1). Thus the number of geometrical moduli left is four which correspond to the overall
volume and the parameters controlling the residual motion of X.

At the T*/Zs3 point of the moduli space, the lattice of cycles orthogonal to the holo-
morphic two-form € (the Picard lattice Py) is (see [29])

Px = U@ (—Es) & (—Eg) & (—Eo) with U= <(1’ é) (2.25)

and (—Fg) denoting the Cartan matrix of Fg.3> Therefore Py is a space of signature (1, 19).
If j stayed along the U part of the lattice, then the shrunken cycles would generate three
Eg singularities (remember that a cycle is shrunk to zero size if it is orthogonal to both j
and €3). To have nine A, singularities instead, j must be orthogonal to the lattice?

AP = (—Ap)®9 . (2.26)

In fact, j is a combination of the two tori II; and Ily, with intersection matrix

03
(o9). -

that can be shown to be orthogonal to the As cycles. They are linear combinations of the
U-block and the Fg cycles.

So far we have listed only 20 independent two-cycles of the 22 cycles of K3: IIy, Ilo,
and the 18 As cycles. These span a sublattice of Py with the same rank. The orthogonal
complement in Hy(K3,7Z) is generated by the two cycles that span the Qs-plane, i.e., the
two cycles ©1 and O of T? left invariant by Zs.

To go away from the orbifold point, ¥ has to move inside the space spanned by the
cycles e((f[;, eslg, in such a way that they are no more orthogonal to it. In terms of the Kéhler
form and the holomorphic two-form, this means that they have non-zero components along
the space spanned by egg, 685)'

Fluxes on K3. In supergravity compactifications an additional constraint arises from
the Bianchi identity of the B-field, which is given by®

dHs =trRANR+trF A F. (2.28)
Integrated over K3 it yields
1 1
/ ngzx(K3)+/ trEANF =0, (2.29)
2 Jks 2 Jks

3We see the appearance of the Cartan matrix of Fs in figure 2: The Eg cycles are the P! located at, for
example, a = 1 on the right side of the figure. We see that their intersection matrix is actually the same
as the Cartan matrix of Fg.

“In order to have a A, singularity, the corresponding lattice must be primitively embedded in Px (a
lattice embedding ¢ < L is primitive if L/{ is torsion-free).

®We use Hermitian generators.



where

X(K3) = / trRAR =24 (2.30)
K3

is the Euler characteristic of K'3. Eq. (2.29) implies that there has to be a non-trivial back-
ground gauge bundle on K3 which can either be non-Abelian (an instanton background) or
Abelian (a flux background). In the following we consider Abelian fluxes and review how
they generate the orbifold twist in the orbifold limit [14]. The specific background we are
interested in is the model IIIb studied in ref. [10].

The Yang-Mills equation of motion plus the Bianchi identity imply that the field
strength F' is harmonic. Therefore we can expand the Abelian background field strength as

F=flen, I=1,...,22, (2.31)

where {1} is a basis of H?(K3,7Z) and f! are constant flux parameters in the Cartan sub-
algebra of Fg x Eg. In the following we only consider fluxes that match with the orbifold
data in the orbifold limit.

As explained in [13], the flux is related to the twist vector V' defined in (2.7) and (2.9).
kV gives the non-trivial boundary conditions around the fixed locus of % defined in (2.1).
At the orbifold point, this is equivalent to making the boundary conditions trivial, but at
the price of switching on a nonzero background gauge field A, that has zero field strength
over all the space except on the singular points. This is done by performing a non-single
valued gauge transformation (see [30] for a simple example). The resulting A is given by

kvEf A—/ P (2.32)
Yok Dk

where Dy is a disk containing the singularity, and ‘=" means ‘modulo vectors belonging to

0

the Eg x Eg root lattice’. In the resolved space, this integral can be written as the inter-
section of two two-cycles: the two-cycle which is Poincaré dual to the flux F', that has zero
size in the orbifold limit, and a smooth cycle of K3 that in the orbifold limit contains the
singularity. The flux related to the twist is then proportional to the exceptional two-cycles
(the new finite size cycle after resolution of the orbifold singularity). In particular, the flux
related to the twist (2.9) can be chosen as

1

where
1 0
S (el — el (2.34)
a=1,3,5 4=1,2,3
1
gf = V> f = (02a 27 05)(27 07) : (235)
wrp is an integral two-form, written in terms of the Poincaré dual two-cycles. f labels an

element of the Cartan subalgebra of Eg x Eg, which breaks Eg to SO(14) x U(1). It is
written in terms of an orthonormal basis with the convention trg,« g, fifo = (f1 - f2).

,10,



The flux satisfies the tadpole cancellation condition (2.29):

1 1 1
—/ trF/\F:—VQ/wF/\wF:—><8><(—6):24, (2.36)
2 Jk3 2 2

where we used that the intersection matrix of the 18 shrinking cycles generating the nine
Z3 singularities (—Asg)®Y.

We now compute the massless spectrum given by this choice of flux (see [25]). The
number of hypermultiplets transforming in the representation R, associate to the bundle
W, is given by the index (Riemann-Roch-Hirzebruch theorem [31])

(W )ks = /K ch(W)TA(KB) = 20+ cha(). (2.37)

where ch(W) = r + ¢1(W)+cha(W) + ... is the total Chern character of the bundle W, r
is its rank and Td(K3) = 1+ c2(K3) + ... the Todd class of the tangent bundle of K3.
In our case the connection on the vector bundle is Abelian and the representation is char-
acterized by the charge ¢q. In particular the number of hypermultiplets in a representation
of charge ¢ is

nr =1+ (=3 — ¢*cho(L)) =1+ 3(¢* - 1). (2.38)

The flux background (2.34) breaks each Eg to SO(14) x U(1) with the adjoint 248 repre-
sentation of Fg decomposing as

248 = 91¢ + 1o+ 14_5 + 64, + 145 + 64_1 (2.39)

where 91 is the adjoint representation of SO(14). Using (2.38) one computes the multi-
plicities of the charged hypermultiplets to be

Ne4,1)10 = 1, n(1,64)01 = 1, n14,1)_, = 10, n(1,14), _, = 10. (2.40)

Comparing with (2.19) we see that we have a match between the charged massless spectrum
in the orbifold and K3 background.

In [25, 27] it was shown that an Abelian flux also gauges the shift symmetry of the
B-field with respect to the “fluxed” U(1). Through the Stiickelberg mechanism, the vector
boson of this U(1) becomes massive by eating one of the 20 hypermultiplets parameterizing
the K3 moduli space. For the case at hand, the flux is switched on only along one direction
in the Cartan subalgebra of Eg x Eg. Hence only one combination of the two U(1)s is
massive and the surviving gauge group is

SO(14) x SO(14) x U(1), (2.41)

which indeed coincides with the unbroken gauge group in the orbifold background after
giving a VEV to the scalars corresponding to the sizes of the blown up cycles.

One can also find fluxes which break Eg x Eg to smaller subgroups. A set of fluxes
generalizing the above example can be written as

1
F=z(fowd+haeuwl), (242)
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where

2 1 4 0
w}) = Z Z e((xb)), w%) = e(aﬂ), (2.43)
a=1,3,55=1,2,3 a=1,3,5 f=1,2,3
with fo = (02,2,0%)(—1,1,05) and f; = (0%, —2,0%)(—2,07). One easily verifies that this
flux satisfies the tadpole cancellation condition. The unbroken group is now

SO(14) x U(1) x SO(12) x U(1)?. (2.44)

This group coincides with the unbroken gauge group of the second vacuum considered in
section 2.1, and one can check that also the massless spectra match.
It is instructive to write the flux in the form of the matching condition (2.32):

1
§f2 =V +pa, p2 = (0%)(—1,1,0%), (2.45)

1
§f4 =2V + D4, b4 = (027 _27 05)(_27 07) . (246)

It is intriguing that the root vector ps is identical to the root vector of the twisted state
which acquires a VEV in the corresponding orbifold vacuum. The root vector p4 is parallel
to the twist V. For comparison, in the first example discussed in this section, where both
SO(14) factors remain unbroken, the root vector ps is the same whereas po = 0. The
connection between the root vectors appearing in the matching conditions (2.32) for fluxes
and the root vectors of twisted states acquiring VEVs has been observed in many examples,
although a deeper theoretical understanding needs further investigations.

The fluxes generate a D-term potential for the geometric moduli [25, 27] which vanishes
for (cf. (2.23))

FAw =0, (2.47)

i.e., when F' is orthogonal to the Kéahler form j and the holomorphic two-form 2. In our
case, an example of a flat direction solving (2.47), with F' given by (2.33), reads

=30+ 3 (B + )
af
(2.48)
0 = 0 + 322 () 4 e9) + | 23000 ] 5O,
af

v
af

where t*% and 2P are geometrical moduli fields and j(© and Q;O) are the Kéahler and
holomorphic two-form at the singular point (i.e., when t*? = 2% = (). When j and Qs
have the forms defined above, the two-cycles 6&0,62 and egﬁ) have the same size.5

We have switched on a flux that corresponds to the orbifold twist. This flux generates

a D-term that leaves some flat directions. The corresponding orbifold twist also generates

SThe size of a two-cycle C of K3 is given by vol(C) = 32_, | [ wal|?, where {w,} is the orthonormal
basis of 3.
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a D-term leaving some flat directions. This allows us to relate the moduli on both sides: In

(0) (1)

particular we can relate the moduli controlling the size of e o and e o O the smooth side

with the respective scalars in the hypermultiplets @8‘6 and @‘fﬁ in the twisted spectrum on

the orbifold side. Giving VEVs to @?5 corresponds to making the cycles eg% have finite

size. The D-term condition says that the size of egg must be equal to the size of esﬁ).

Hence, we see that we can go away from the orbifold point by giving a VEV to @?6
along the flat direction. For large enough VEVs, we can match this flat direction with a
flat direction in the geometric space of smooth compactifications of heterotic string theory,
with a non trivial gauge background corresponding to the orbifold gauge twist.

3 From 6D to 4D compactifications

In this section we construct four-dimensional theories by appropriately compactifying the
six-dimensional backgrounds discussed in the previous section. On the orbifold side, we
consider the space T°/Zg_;; which can be seen as the two-step quotient of T% x T2

(T*/Zs) x T*

T%/Z6-11 = 7

(3.1)
Therefore we compactify the T*/Z3 orbifold discussed in section 2.1 on 7?2 and then mod
out by a further Zy. This will introduce a new twisted sector coming from the Zo quo-
tient. For a specific choice of Wilson lines the equivalence of this approach with the direct
compactification on the six-dimensional orbifold has been shown in ref. [21].

On the smooth side, we consider the singular space

K3 xT?

Y.
S Z2 Y

(3.2)

and study the heterotic compactification on its resolution. As in D = 6, we will show
that the orbifold background can be viewed as a singular limit of an appropriate smooth
compactification. Let us first discuss the orbifold theory.

3.1 Heterotic compactification on 76/Zg_;;

To construct the orbifold 7°/Zg_;; we consider the six torus 76 = R®/27A, where A is
the Zg_r; symmetric Lie algebra lattice of G x SU(3) x SO(4). The Zg¢_rr action 6 on the
three coordinates z;—1 23 of the 76 is given by
i 1 11
0: 2 — e>™% z; with Vg = <—6, 3 2) . (3.3)

This orbifold has the following fixed loci [4, 6] (see figure 3):
e 0 has 12 fixed points at (z1, 29, 23) = (zf‘zl,zg,zg) with §=1,2,3and vy =1,...,4,

e 02 has 6 fixed planes at (z1,22) = (zf‘,zg) with = 1,3,5 and 8 = 1,2, 3, where
a =3 and a = ) are identified after the orbifold projection,

,13,
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Figure 3. Fixed points and fixed planes of T%/Z¢_; orbifold for twists 8. #: 12 fixed points
(upper row); 6%: 6 fixed planes (middle row); §3: 8 fixed planes (lower row) (from [14]).

e 03 has 8 fixed planes at (21, 22) = (2§, 2;) with @ = 2,4,6 and v = 1,...,4, where
a =2, o =4 and a = 6 are identified after the orbifold projection.

An important observation is that the orbifold twist vg is the sum of a Zs and a Zs

twist vector. The first one acts only on (21, 22), while the second one acts only on (z1, 23)

vg = —v3 + Vs, where v3 = 204, v9 = 3vg . (3.4)

This allows us to reconstruct the 7' /Ze—11 orbifold in two steps by first acting with the
Zs projection and then with the Zy projection as indicated in eq. (3.1).
The orbifold twist is embedded into the gauge group by the gauge twist

Vo = <;;;05> (;,07> : (3.5)
Also the gauge twist is a sum of a Zg twist and a Zo twist,
Ve=-Vs+ Vs, where V3 =2V, Vo =3Vs. (3.6)
With this twist and vanishing Wilson lines, the unbroken gauge group is
SU(2)% x SO(10) x U(1) x [SO(14) x U(1)], (3.7)

where the factor in brackets descends from the second Eg. The two U(1) generators are

T = (0%,2,0°)(0%),  Tp = (0%)(2,07). (3.8)

One can check that only one linear combination of these two U(1)s is non-anomalous. The
anomalous and non-anomalous U(1) factors are generated by

Thon—an = 371 + T Tonom = —141 + 375 . (39)
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Massless states are characterized by the twist number k£ and by momentum vectors ¢
and p. They specify the Lorentz and gauge quantum numbers of the string states and are
elements of the SO(8) weight lattice and the Eg x Eg root lattice. States of the heterotic
string are given by a direct product of the right-moving and left-moving parts. A basis in
the Hilbert space of the quantized string is obtained by acting with creation operators on
the ground states of untwisted and twisted sectors |q, p) ) = |¢+kve)®|p+kVs), k =0...4.
The vectors p = p + Vi are called shifted momenta. The excited states obtained by acting
with creation operators on the ground states are referred to as oscillator states.

Massless states of the untwisted and twisted sectors satisfy the mass equations

1 1 .
gL =P —1+N+N" =0, (3.10)
1 1 N _

gL = 30+ kVe)* —146cM + wl® N+ Ny =0, (3.11)

where

1
5e® = 13w (1wt (3.12)

with wgk) = (kvy); mod 1, 0 < wgk) <1, and ﬁ}gk) = (—kwvy); mod 1, 0 < u‘;l(k) < 1;
N , N ) N; and NZ-* denote various oscillator numbers. In addition physical states have to
satisfy projection conditions which relate the vectors ¢ and p.

As an example consider twisted matter fields of the T} sector. With 6¢(!) = 11/36 they

satisfy the masslessness condition for the shifted momenta p = p + Vj,

25

P+ V) = 5 (3.13)

A solution for p + Vg is given by

1 1\°\ /1 .
p—i—‘/ﬁ = 0,0,—6,0dd :l:§ §,0 y (314)

where “odd (41/2)%” denotes all combinations containing an odd number of minus signs.
These states form a 16-plet of SO(10).

A standard calculation (see e.g. [32, 33]) yields the massless spectrum listed in table 1.
The unwisted sector corresponds to k = 0, the twisted sectors are labeled by k£ = 1,2, 3, 4.
a, 3, denote which fixed point locus the twisted sectors live on (see figure 3). For exam-
ple, for « = 1, § = 1, v = 1, the corresponding twisted states are localized at the point

(217 22, ZS) - (2%217 Zﬁ:lv Z’y:l)

. For fixed planes, one of the indices is blank, meaning that
the twisted states live on the whole corresponding plane. Some more explanations are
needed for the index a: When it takes values ‘3 +5’ (‘3 —5’), this means that the physical
states are even (odd) combinations of the 6D twisted states spanning the planes at o = 3
and a = 5. Analogously, states labeled by ov = 2+ %4 + %56 (k = 0,1,2, v = e~ 2™/3) are
linear combinations with the phases (1, 2% 1?*) of twisted states coming from the planes
at . =2,4,6.
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Multiplet |k « I} ~y T | Th
(1,1,1;64) |0 — — — 0 1
(2,2,10;1) |0 — — — 0 0
(1,2,16;1) |0 — — — 1 0
(2,1,16;1) |0 — — — 11 0
(1,1,1;14) |0 — — — 0 2
(1,1,10;1) |0 — — — 2 0
(2,2,1;1) {0 — — — 210
(1,1,16;1) |1 1 1,2,3(1,2,3,4/—-1/3| 2/3
(2,1,1;1) |1 1 1,2,3(1,2,3,4| 2/3 | 2/3
(2,1,1;1) |1 1 1,2,3(1,2,3,4| 2/3 | 2/3
(1,2,1;1) |1 1 1,2,3(1,2,3,4/-4/3| 2/3
(1,1,1;1) |2 1 1,2,3| — | 4/3|4/3
(2,2,1;1) |2 1 1,2,3| — |-2/3]| 4/3
(1,1,1;1) |2 3+5 1,2,3] — | 4/3]4/3
(2,2,1;1) |2 3+5 1,2,3| — |-2/3]| 4/3
(1,1,1;1) |2 3-5 1,2,3| — | 4/3]4/3
(1,1,10;1) |2 3—5 1,2,3| - |-2/3]|4/3
(1,1,1;14) |2 3-5 1,2,3| — | 4/3|-2/3
(1,1,1;1) |4 1 1,2,3| — |-4/3|-4/3
(1,1,10;1) |4 1 1,2,3| — |2/3|-4/3
(1,1,1;14) |4 1 1,2,3| — |-4/3]2/3
(1,1,1;1) |4 345 1,2,3| - |-4/3|-4/3
(1,1,10;1) |4 3+5 1,2,3| - |2/3|-4/3
(1,1,1;14) |4 3+5 1,2,3| — |-4/3]2/3
(1,1,1;1) |4 3-5 1,2,3| — |-4/3|-4/3
(2,2,1;1) |4 3—5 1,2,3| — | 2/3|-4/3
(1,2,1;1) |3 1 — 11,2,3,4| 0 2
(1,2,1;1) [3| 2+4+6 - 11,2,3,4| 0 2
(1,2,1;1) (3|2 +v4+0v26| — [1,2,3,4] 0 | =2
(1,2,1;14) (3|12 +v24+v%6| — |1,2,3,4] 0 0

Table 1. Quantum numbers and localization of orbifold massless spectrum: representations w.r.t.
SU(2)2 x SO(10) x SO(14) with U(1) charges Ty and Ty. Untwisted states (k = 0) are not localized.
Twisted states are localized in all planes for k = 1; they are not localized in the SO(4) plane (vy) for
k = 2,4 and in the SU(3) plane () for k = 3, respectively. In the G5 plane («) linear combinations
of states occur for the considered Zg twist.
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Flat directions on the orbifold side. In a 4D supersymmetric gauge theory with an
anomalous U(1), vanishing of the D-terms requires

D= "¢lT; =0,

' 3.15
gM} (3.15)
19272

Danom = Z q;nom‘¢i|2 + tr(Tanorn) =0.

7
To satisfy the last equation one needs non-zero VEVs for fields that carry opposite charges
with respect to the one of the Fayet-Iliopoulos term.

The D-term conditions can be satisfied if there exists a monomial (¢;) of fields that
is invariant under the non-anomalous U(1)’s and charged with respect to the anomalous
U(1), with sign opposite to that of trTapem (in our case trTanom = 480). The fields entering
the monomial are those that get non-zero VEV [34-37],

oI .
5) = cléh). (3.16)

where (...) denotes a VEV and c is some constant. Consequently, for a monomial

{

I(gi) = o7 ... 9" (3.17)
the various VEVs satisfy the relation
¢l _ o]

Such flat directions indeed exist for the considered orbifold. Since we want to realize a

(3.18)

complete blow-up, we are interested in vacua with non-vanishing VEVs at the locations of
all fixed points and all fixed planes, therefore involving at least 26 different fields. As we
shall see, depending on the nature of the singularity, even more than one field acquires a
VEV. Such configurations turned out to be difficult to find and were searched for by means
of a special computer code.

An example involving 42 fields is listed in table 2, where the shifted momenta, i.e.
the gauge quantum numbers of the massless fields with non-zero VEVs, are given. The
corresponding monomial reads

2

1) = (TLe8 ) (TT(¢8aess) (¢505) (ei0d )
By B

(M) (4)'). 319

Y

where qﬁfva denotes a scalar field with quantum numbers specified by the shifted momentum
ﬁgl, with k, «, f and v specifying twist and location, respectively. If the dependence on

one localization index is trivial, this index is omitted.
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Multiplet k o B 0 Shifted Momenta p = (p + kVs)
el e @k b b koD G0
L6 sz (1) 1 L2325 (0% - 6,+2,+2, 5 =33) (5:07)
1 1 1,2,3) 3 |57 (0% -4 41, -1 1+l 1) (4,07)
1 1 1,2,3 4 |p* (02,—%,—§,+§,+§,+2,+%) (3,07)
(LLL1)sa |2 1 1,23 — by |(0,0,2,0,0,0,0,0) (2,0,0°)
(LLLDas |20 345  |1,2,3] - P51 (0,0,2,0,0,0,0,0) (2 006)
(LL,5;14)s 2|2) 3-5 1,23 — |5 [(0,0,3,0.0,0,0,0) (—5,+1,0°)
(1,1,1;14)_s » |4 1 1,23 — | #,](0,0,-2,0,0,0,0,0) (3, 1,09
(LL114)_s2]4] 345 1,23 - Prt [(0,0,-2,0,0,0,0,0) (~2,0,09)
(LL1;1)_s _s/4] 3-5 |1,2,3] - Py [(0,0,—2,0,0,0,0,0) (—2,0,0)
(1,2,1;1)02 |3 1 — |1,...,4|p3, |(+3,—3,0,0,0,0,0,0) (1,0,0°)
(1,2,1;1)02 (3] 2+446 | — [1,...,4/p%, [(—3.+35,0,0,0,0,0,0) (1,0,0°)
(1,2,1;1)0,2 |32+ v4+2v%6] — | 1,2 |3, |(+35.— %,0,0,0,0,0,0) (—1,0,0)
312 4+ vd + 26| — 3,4 |p3,|(—3,+3,0,0,0,0,0,0) (—1,0,0)

Table 2. Orbifold blow-up: 42 twisted multiplets with non-zero VEVs along a D-flat direction.

Switching on these VEVs breaks the orbifold gauge group SU(2)? x SO(10) x U(1) x
SO(14) x U(1) to the subgroup

SU(2) x SU(3) x [SO(12)], (3.20)

where the unbroken SU(2) is one of the two SU(2) factors. In this process five U(1) factors
from the first Fg and two from the second Eg become massive by the Higgs mechanism.
The massless spectrum given in table 1 can now be expressed in terms of representations of
the unbroken gauge group (3.20), and it turns out to be non-chiral (see appendix B). Part
of the spectrum will become massive due to superpotential couplings. Knowledge of these
couplings is also needed to find out whether the considered D-flat direction contains points
in field space where all F-terms vanish, which is required for a vacuum with unbroken
supersymmetry.

We emphasize that the complexity of the flat direction (3.19) is due to the used match-
ing conditions (2.32) and the constraints imposed by the Bianchi identities on fluxes as
discussed below. Without these constraints, much simpler flat directions can be found,
which leave the GUT group factor SO(10) in (3.20) unbroken.

3.2 Heterotic compactification on Voisin-Borcea CY three-folds

Let us now turn to the smooth side and try to identify a Calabi-Yau three-fold that has
T/Zg_r1 as an orbifold locus in its moduli space. To construct this space, we view the
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Figure 4. Z, action on the Z3 fixed points of T*: o = 1 is fixed, while a = 3,5 are exchanged.

orbifold as a two-step quotient as in eq. (3.1) and use the fact that 7%/Z3 can be resolved
to a smooth K3, as we saw in section 2.2. This leaves us with the singular space

K3 xT?

Y.
s Zo

: (3.21)
where Zs acts as a z — —z involution on 72 and as a non-symplectic involution on K3 [39-
42]. The action on T2 is independent of the resolution of the 7*/Zs factor. Thus we are left
to understand which involution on the smooth K3 extends the Zs involution on 7%/Z3. An
analogous analysis for the 7% /Zs limit of K3 was done in [38], where the studied involution
was the Enriques involution of K3 that extended a free action on T*/Zs.

Zo involution. Let us first discuss the Zs action on T* /Z3. 1t acts on the complex
coordinates of T* as
(2’1, ZQ) — (—21, 22) . (3.22)

From eq. (2.6) we see that under this action the holomorphic two-form €29 is odd while the
Kahler-form j is even,
i +7, Qo — —Qy. (3.23)

Thus the Zs acts non-trivially on 7% /Zs, and if we preserve this condition in the resolution
we get a non-symplectic involution (see appendix A.1 for further details). The fixed loci
of the Z, action are:

e The set of points {(z1,22)| 21 = 2§='}. This is a T?/Zg inside T*/Z3, and it therefore
has the topology of a two-sphere.

e The set of points {(21, 20)| 21 = 2072 V 21 = 2074 V 21 = 2§70}, This set is connected
and forms a T2 inside T*/Zs.

Let us now determine the action of Zy on the singular points of 7%/Zs and on its
two-cycles. Looking at figure 4, we see that inverting z7, one position on the Gy torus of
the singular points (2.2) is fixed, while the other two are exchanged:

(87 20) = (071 2), (7 A) o (o170, 4), (3:24)

while applying (3.22) on the four two-cycles defined in eq. (2.3) we obtain
I — +11y 1o — +1Is, O~ —0q, Oy = —0Os. (325)
We can resolve the orbifold singularities by moving the Kéahler form inside the e((j/)g-

block (defined in section 2.2), while keeping Qo fixed. In this way the cycles e(a% have
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a=1
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a=3

Figure 5. Zs fixed locus on the smooth K3. For a detailed description, see appendix A.3.

non-zero size and belong to Hj 1(K3). The algebraic description of how to resolve any
singular point by a Kihler deformation is given in appendix A.2. There it is also shown
that from the transformation (3.24) of the singular points one can understand how the

shrinking cycles ec(;% transform under the Zy involution (see figure 5),

0 0 1 0 0 1
egﬁ) — egﬁ), egﬁ) — egllg), 65(35) “ eéﬂ), ez(,)llg) “ eéﬂ). (3.26)

The transformation of the remaining cycles is the same as in (3.25). Therefore, we
have 14 independent Zs even two-cycles:
K3 . 0 @ (0 o @, 1
Ciree I, Mo, ej5, €15, €35 te55, €35 +€55 - (3.27)
Thus the rank of the even sublattice is equal to 14. Furthermore, the fixed point locus Cgy
of Zsy acting on the smooth K3 is given by the following components:

e one T? at z; = 207>%0 that we call C*, and one P! at 20=, that we call C5* (these

are the fixed loci of T*/Z3 described above);
e three P!s in the homology classes e%) that we call ng (see appendix A.3).

With this information we are able to determine the non-symplectic involution corre-
sponding to the orbifold Zs. As explained in appendix A.1, a non-symplectic involution of
K3 is characterized by its action on the lattice of integral cycles. These involutions are clas-
sified in terms of the even sublattice S4(r, a,d), where r =rk(Sy) [39-42]. The fixed locus is
the disjoint union of k P!’s and one curve of genus g where k = £ (r—a) and g = 3(22—r—a)
holds. The fixed locus found above determines k& and g and thus r and a to be

k=4, g=1 = r=14, a=6. (3.28)
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Note that r = 14 was independently derived in egs. (3.26), (3.27) from the transformations
of the K3 cycles.

So far we have kept the holomorphic two-form € fixed at the T#/Zs3 point. We did this
to make the cycles egg holomorphic and thus algebraically describable. On the other hand,
the most generic symmetric point in the moduli space corresponds to j being expanded

along even cycles and € along odd ones. Their generic forms are then

1 3
J=t11l1 +t21lx + ZZ [tzmegzﬂ) +15° (6%’ + 6;2)] ’
=0 =1

1 3 . .
0, :g?@1+§§9@2+2265’8 (ez(azﬁ)*egﬁ)) :
i=0 f=1

(3.29)

Altogether we have 14 Kéahler moduli ¢ and 6 complex structure moduli (. Note that §1@
and ¢§ are fixed in terms of the Cio‘ﬁ by requiring [ Q3 =0 and [Q AQy = 1.

Cycles in Y;. Once we have identified the involution that acts on K3, the space Y; =
(K3 x T?)/Zy in (3.21) is determined. Since the Zs involution has fixed points, Y is
singular. Before blowing up these singularities, let us describe the finite size cycles of Y
that are inherited from K3 x T?. These cycles are products of K3 cycles with 7% cycles
that are not projected out by Zs. There are no 1-cycles (and 5-cycles) surviving the Zo
projection. The surviving two-cycles are the r = 14 even two-cycles of K3 and the even
T2, i.e. there are r 4+ 1 = 15. The surviving three-cycles are the product of the 22 — r odd
two-cycles of K3 and the 2 odd 1-cycles of T2, i.e. there are 2(22 —r) = 16. The four-cycles
are K3 itself (that we call R3 in the following to match the notation of ref. [14]) and the
products of even two-cycle CI3 of K3 (given in (3.27)) with 7

(CE3 % 12%)/7,. (3.30)
This is a singular four-dimensional submanifold if C’f?) has fixed points under Zs.

From Y, to a smooth Voisin-Borcea manifold. So far we discussed the singular
space Yy and thus the next step is to construct from it a smooth Calabi-Yau three-fold
Y. We discuss this process keeping r, a, k and g generic. We use the fact that Y can be
viewed as an elliptic fibration over K3/Zs where at a generic point of the K3/Zy base the
fiber is a T2 [43].7 Over the Zo-fixed locus Cpgy inside K3, the fiber is the singular 72 /7,
(see figure 6 on the left) with singularities being of type Aieﬂ‘.

Now we can blow up the A; singularities to get the smooth CY three-fold Y. After
the blow-up, the fiber over Cg, is a collection of five (four independent) P!’s intersecting
like the extended Dynkin diagram of SO(8) [43] (see figure 6 on the right). The Hodge
numbers of Y are determined by r and a or alternatively by k and g to be [24, 43|

PAY)=5+3r—2a=r+1+4(k+1), (3.31)
2N (Y) = 65 —3r —2a =1+ (20 — ) + 4g. (3.32)

These numbers can be understood in the following way:

7Y, can also be understood as a K3 fibration over 1772 /Z,.
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N o

resolution

Figure 6. Resolution of the C2 /Zo-singularities along the Zs-fixed locus of K3.

e hl! counts the number of four-cycles. We have (r + 1) four-cycles determined above
together with four four-cycles from the four blown-up IP’% (y=1,...,4) fibered over
the Zo-fixed curves Cgy. Since we have (k + 1) such curves, we expect 4(k + 1) new
four-cycles from the blow-up. This matches with the expression (3.31).

e h2! is related to the number of three-cycles b3 via by = 2(h%! + 1). Above we
determined the number of “bulk” three-cycles to be 2(22 — r). After the blow-up,
additional three-cycles arise as the product of the 2g one-cycles in C, and the four
independent two-cycles over Cy, i.e., altogether 8g three-cycles. In total we then
have by = 2(1 + h?!) = 2(22 — r) + 8¢, which matches (3.32). We can alternatively
understand h*! by counting complex structure moduli of Y. There is one complex
structure modulus of 72 and (20 — ) possible complex structure deformations of €.
(Recall that €5 can be moved only in the space of odd cycles.®) Moreover there are
g complex structure deformations of the four C, x IP’% (y=1,...,4).

Inserting (3.28) into (3.31) and (3.32) we obtain
RM(Y) =35, R (Y) =11. (3.33)

These are indeed the same Hodge numbers as obtained in the resolution of 7 /Z¢—11 in
ref. [14]. In the following we will also see that the Voisin-Borcea manifold Y is part of
the possible triangulations given in [14]. We shall explicitly construct the h'1(Y) = 35
four-cycles (divisors of Y) by following the two-step blow-up procedure outlined above, and
we shall then connect them to the “sliding divisors” and the exceptional divisors obtained
by toric resolution in [14].

Divisors in Voisin-Borcea CY three-fold. After the blow-up, the cycles (3.30) give
rise to smooth four-cycles in Y. Let us briefly discuss their topology that depends on which
even cycle Cf? is considered among the ones in (3.27):

8The number of moduli is determined by the motion of a positive norm two-plane in a space with
signature (2,20 — r), and then is equal to the dimension of SO(2,20 — r)/SO(2) x SO(20 — ).
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° CEK?’ = 2I1;: C’ng is given by two points on the T?/Zs3 base of the elliptically fibered
K3 which are exchanged by Zs. We call the corresponding four-cycle Ry. It has the
topology of T2 x T2.

° le(?’ = Il5: Before the blow-up, the corresponding four-cycle is given by 7% /Zs. We
call its blow-up Ro. It is a K3 surface.

CK3 = eg%): Before the blow-up the corresponding four-cycles are (P! x T?)/Z,. After

the blow-up, they are called E4 15 and have the topology of an Enriques surface.
° CZK 3 = eglﬁ): The corresponding four-cycles, called E ;, have the topology of P! x P!

° Cgﬁ = egoﬂ) + eé%), egg + eélﬂ): The corresponding four-cycles, called E4 35 and Es 33,
have the topology of P! x T2.

To these divisors, we have to add the K3 divisor R3 and the cycles that come from
blowing up the Zs singularities. They are given by the product

CX x P, (3.34)

where v = 1,...,4 labels the four P!'’s arising by the blow-up (see figure 6), and C,fjx are
the K3 two-cycles fixed under Zs shown in figure 5. We recall that for h = 0, C’{Lix is
the two-torus over z; = 2" :2’4’6, for h =1,2,3 C}?X are the fixed two-spheres located at
21 = 2§~ (in the homology class e%)), and for h = 4 it is the singular fiber over z; = 2§~}
(see also appendix A for details). The topology of these cycles is easy to determine, as it

follows from the topology of C* and (3.34):

e When h = 0, the corresponding four-cycles, that we call Es3 2., have the topology of
T? x P

e When h = 8 =1,2,3, the four-cycles, that we call £y g, are P! x PL.
e When h = 4, the four-cycles called E3 1, are P! x PL.

We summarize the divisors of Y in table 3 including the expected topology by spec-
ifying the Euler characteristic y = h'! 4 2(1 — 2h1? + h20) and the holomorphic Euler
characteristic xg = 1 — h%? + h?9 (that are computed used the knowledge of the Hodge
numbers of 72, P! K3 and Enriques surface).

Above we have denoted the constructed divisors with the same names used in [14, 17]
for the exceptional and inherited divisors in the one-step toric resolutions of T°/Zg_;;.
R1, Ro, R3 have been constructed in the same way and the exceptional divisors Fj .. have
the same origin in the toric resolution [14, 17]:

o F518, Fq18, 238, F433 come from resolving the Zs singularities (fixed planes span-
ning the third torus). In our construction they actually come from the K3 cycles ob-
tained resolving the Z3 singularities; in particular, in both constructions E» 33, E4 35
are combinations of cycles in &« = 3 and cycles in @ = 5 like in our construction.
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Divisor| K3 origin|Topology| x |xo
Ry 2I; | T?xT?|0|0
Ry IT, K3 |24]2
R K3 K3 |24]2
Eigy | CF | P xP! 1
Eyig | e [P xP'[4]1
Eiis | € |Enriques|12| 1
By |eS) +eS) | PLx T% [0 0
Eyz |ef) + )| PLx T% |0 0
Es51, Chix | PLxP' |41
Esoy | CB [ T2xP|0]|0

Table 3. The 35 ordinary and exceptional divisors of Y. In the second column we list the K3
two-cycles from which the divisors are constructed. The last three columns contain the topology of
the divisors, Euler characteristic x and holomorphic Euler characteristic xo.

e F3 1+, F39, come from resolving the Zy singularities (fixed planes spanning the second
torus). In our construction they come from finite size cycles of T%/Zs3 fixed by Zs.

e [ g, come from resolving the Zg singularities (fixed points on av = 1 and spanned
by B3,7). In our construction they come from K3 cycles that were shrunk before the
first blow up and then were at singular points of 7°/Zg_;;.

C3 /73 can be torically resolved by five triangulation [14, 17]. We now identify which of
the five triangulations is the one corresponding to our construction. In our case, the cycles
E3 do not intersect the cycles E. In fact, they are just the product of P! with Zs-fixed loci
in K3 that do not intersect: F; ~ P! x C’gx and E3 ~ P! x C* (see table 3); from figure 5
it is manifest that they do not intersect. There is only one triangulation that is compatible
with this fact (the triangulation (v) in [14, 17] at each fixed point, whose diagram is shown
in figure 7). This allows us to use the result in [14, 17] for the intersection numbers of
divisors and the characteristic classes of Y.? The nonzero intersection numbers are:

RiRoR3 =1, R2E§,17 =-2, R2E§,27 =6,
R3E15E413 =1, R3E3 3=-2, RsEj 5= -2, (3.35)
RsBp33F135 =2, R3B3as=—4, R3Bigs=—4,

where we use the abbreviation D;D;Dj, = fy D; N Dj A Dy, and use the same symbol for
the divisors and the Poincaré dual two-forms. The intersections (3.35) are triangulation

9These cycles do not form an integral basis, in the sense that the lattice H4(Y,Z) has also elements that
are rational combination of them.
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Es

Dy Ey Es Dy

Figure 7. Triangulation (v) of C3/Zg corresponding to the Voisin-Borcea resolution. The vertices
correspond to divisors. Two of them intersect each other if connected by a line (from [14, 17]).

independent, i.e. they occur also for different toric resolution that are not related to our
construction.'® The intersection numbers corresponding to our construction are:

EvpyE1pEsip =1, Eip,E315=-2, E}zEy15=-2,
E315Es18=—2, E3, Fy13=-2, E} g, =8, (3.36)
Eg,lﬁ = 87 Eg,l’)/ = 8 .

Note that the intersection between E3 and Fj is zero, as it must be.

Using toric geometry, one can also compute the characteristic classes of Y. Since Y is
Calabi-Yau we have trivially ¢;(Y) = 0. For c2(Y") one has [14, 17|

25 ) 5 2 1
aY) = -3¢ > Eig, - 18 > ErpyBap — 9 > EigyEip — 3 > By Euas
B By By By

7 4
9 > B35+ Ejis+ ESa5+ Ejzg) — 9 > (Ba1pEs1p + EagsFazs)
8 8
3
_Z Z(E??,l’y + E?%,Z'y) : (337)
-

Once integrated on the divisor, c2(Y') gives the curvature contribution to the tadpole can-
cellation condition.

We can check that these data are consistent with the two-step construction: Using
c2(Y) and the intersection numbers, one can derive the Euler characteristic x and the
holomorphic Euler characteristic xo of the divisors (see [17] for these definitions):

1

()= [ a$)=amsts’,  x®)=1

[P ex() =15 (8™+x(S) . (338)
S

where we used ¢ (S) = —S and ¢3(S) = ca(Y) +5%. The numbers that one obtains through
these formulae are the same we have given in table 3.

10We can understand these intersection numbers also in our construction. Y can be seen as a K3 fibration
over T2/Z2. Let us consider R3E5>18E4,13 = 1, as an example: Rj3 is one point in the base TQ/ZQ; Es 1
and F4,13 intersect on a two-cycle that is one point in the K3 fiber and wraps the base. It is then easy to
see that this two-cycle intersects R3 once.
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3.3 Fluxes on the Voisin-Borcea manifold

In this section we determine the flux which is necessary to match the orbifold shift (3.5).
We follow the same strategy as in the K3 analysis, i.e., the flux will be a linear combination
of the exceptional two-forms with coefficients given by the gauge twist of the corresponding
singularity. Going to the intermediate step of (K3 x T?)/Zs, the flux reduces to a flux on
K3 plus a gauge twist on the singularity of Y;. Following [14], the Ansatz for the flux is:

1
F ZEZJGBW@ELBW
By
+ (f215 ® Boip+ 117 ® Eis + 7 © Eagp+ /i @ E4,3B) (3.39)

+

N~ W~

B
Z (fg}ﬂY ® E314 + fg?ﬂY ® E3,2'y> ;

v
where the coefficients f correspond to elements of the Cartan subalgebra. We now assume
the matching conditions (2.32) [14]:

L gy _ Lag_lusg_ Lag_ 1.3

: - f27 =3V, (3.40)
where V' is the orbifold shift given in eq. (3.5). These conditions also ensure the integrality
of the flux.

If the flux coefficients f were as in (3.40) but with ‘=" instead of ‘=’, then the flux
would break Eg X Fg to the orbifold gauge group (3.7). This would correspond to switching
on only singlet VEVs in the non-Abelian factors. On the other hand, switching on fluxes
that break the gauge group to some subgroup of (3.7) corresponds, on the orbifold side, to
giving VEVs to twisted states that are charged under the non-Abelian part of (3.7). This
correspondence has to work at any singularity: A flux along the exceptional cycle Fj that
breaks the gauge group further should correspond to a VEV of a twisted state in the sector
k, that is in a representation of the non-Abelian part of the orbifold group and that leads
to the same breaking. The precise prescription is given in [14, 15]: The shifted momentum
Py (cf. (3.13)) of the twisted state ¢y, ;) taking a VEV, and localized at the singularity
(i), is identified with the coefficient of the flux along the exceptional divisor Ej ;.

In the following we analyze the consistency conditions one has to impose on the flux
in a smooth compactification. In searching for fluxes that solve these conditions, we only
allow for fluxes that can be related to the corresponding shifted momenta. In particular,
they have to realize the same breaking of the gauge group.

Let us first analyze the consistency conditions imposed by the Bianchi identities. Since
the field strength H of the two-form field B has to be globally defined one has

/dH:—l/trF/\F—/CQ(Y):O, Vs, (3.41)
s 2 /s s
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where S is any divisor of Y. We see that (3.41) relates fluxes and geometry. The divisors
that give non-trivial conditions are S = Ra, R3, E1 gy, F2 15, E314, E415:

1.4 1 o |7
Ry : Z H2 3] +3H2 5| | =24, (3.42)
Y
1 a5 1
Ry : > K )+2 ( - jﬁﬂ =24, (3.43)
5 3723
2
1
Brsy —4H " H3 55‘ SIS = Ay
. 18 15 (18 Logy (2.8 1 ap
Esqp: —4 §f2 +§f2 fy —|—ng1 "\ 372 374 —4, (3.45)
Fs 1y : —4H Zfé” P=—4,  (346)
1 1,14
Eyap: H 2 +Z H 187 5+H2f37 1212; (3.47)

where we used (3.39), (3.37), the intersection numbers (3.35) and (3.36), tr(V1Va) = (V1-142)
and the definition

(vsw) = [o]]* + [[wl® — v w. (3.48)

As we shall see, solving these conditions puts severe constraints on the fluxes.

Eq. (3.42) limits the form of the coefficients of E3 i, and Ej32, since it is a sum of
positive norms. If one also considers the constraints (3.40), the minimal value of such
norms is 3/2 which, in fact, saturates the sum. The possibilities for the coefficients of f3
are quite restricted,

Lo (kb ) (a1, 549

where the notation means that in the second Fg the flux can only have one coefficient equal
to +1 or —1, while all the others must be equal to zero.

The condition (3.43) requires for (% f23 % f4) the minimal value 8/3, which again satu-
rates the sum. Therefore we consider

1 2 2

§f2 - (0707 3705> <3707> + ($17 cee 7'7:8) (xgv cee 7:1:16) ’

1 2 2

~f1=1{0,0,—-,0°) [ —=,07 .
3f4 < g > ( 3’ )+(y17 73/8) (y97 73/16)

When all x; and y; are equal to zero, we have (% fo; % f4) = %. This value is also realized

(3.50)

when x3 or xg is equal to —1 and/or at least one of the ys,y9 is equal to +1. Because
of (3.40), we want (x1,...xg8)(x9,...,2z16) and (y1,...,ys)(yo,...,y16) to be elements of
the Fg x FEg root lattice. Then, when z3 = —1, one other coefficient among the x; must
be equal to £1; the same holds when xg, y3 and yg are different from zero.
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Remember that we are only considering fluxes which correspond to the orbifold data
in the orbifold limit. The flux along Ej can only generate a breaking corresponding to a
non-zero VEV of one twisted state in the sector k. Moreover, we require that only massless
twisted states acquire non-zero VEVs. So the flux coefficient can only be among the shifted
momenta of the twisted states given in table 1. This information is crucial for the solution
of the Bianchi identities.

Consider now the eq. (3.46). Looking at k = 3 and o = 1 in table 1, we see that the

only choices for f;v are:

11y 1 1 6 7
=f3 = %x5 Fx 1 51

as the only twisted state is a doublet of SU(2) with charge +2 with respect to the U(1)
generated by T5. This is consistent with the general solution of (3.42). On the other hand,
consider £ = 4 and a = 1. All of the three states are consistent with the constraints on fy
given above. The only choice that satisfies eq. (3.46), with f;fy given in (3.51), is

1 18 2 2 5 1 6
— =(0°,—=,0 —,+1,0 i 3.52
2 ( ) 37 37 ) bl B? ( )

which corresponds to the state (1,1,1;14) in table 1.

Now we apply analogous considerations to condition (3.44). In the sector &k = 2 and
a = 1, there are only two possible states (both consistent with the constraints on f3). In
the sector k = 1 and o = 1 there are four multiplets. Using eq. (3.44), we see that the only
states that give a solution belong to the multiplet (1,1, 16;1); all the other choices would
correspond to fluxes that violate eq. (3.44). Eq. (3.47) is automatically satisfied by this
choice, while eq. (3.45) is a linear combination of (3.44) and (3.47).

On the orbifold side, we found a flat direction by giving VEVs to the set of twisted
states of table 2. One can check that the Bianchi identities'! are solved by fluxes corre-
sponding to the shifted momenta of these twisted states,

1 ) 1 _
G B — 5 vB, 4, 3 =L, Vv,
1 ) 1 _
Jh =y 8. Sf” =Pl forvp,

3.53
Liss _ 8y Las_ 58 ooy (359
52 =Py B, § =Dy, lOr B,

1.4 _ 1.3 _
5]837:10%;1 v, §4B:pi+ VB

here ﬁgl are the orbifold shifted momenta of the twisted states in table 2. Hence, we can
indeed match the flux solving the Bianchi identities with the shift vectors of the twisted
states whose generic VEVs satisfy the D-term conditions (3.15). Thus the flux (3.53) leaves
the following gauge group unbroken

SU(2) x SU(3) x U(1)® x SO(12) x U(1)2. (3.54)

HTn particular, we see that if we take the anisotropic limit in both directions (K311 X TQ)/ZQ and
(K311, x T?)/Zs, the flux on the cycles that remain large (K3 cycles) is that given in models ITIb and ITh
of [10]. Actually the flux in the first case is the one we discussed as the second choice for IIIb.
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The above flux is a linear combination of several linearly dependent generators. If we
express it in terms of independent generators, it takes the form

F=>" fnFm, (3.55)

where the f,, are the generators T1(1)7T1(2), 1(3),T2,T3,T2,T4 of the seven U(1) factors
in (3.54), given in appendix C, and the F,, are the corresponding coefficients, which are
integral two-forms living in the space spanned by the Poincaré dual of the exceptional
divisors Ej.

Using this expression we have checked that the flux also satisfies the K-theory con-
straints

> (L) =Y Fm € HNT,2Z), (3.56)

which says that the second Stiefel-Whitney class of the gauge bundle has to vanish [44-47]
(see also ref. [48] for a review).

3.4 Geometric moduli vs twisted states

Let us now determine the correspondence between the twisted states of the orbifold back-
ground and geometric moduli which govern the size of cycles that are blown up when
moving away from the orbifold locus. If these states are flat directions one can blow up
the orbifold completely and arrive at a smooth Calabi-Yau space.

As explained in refs. [14, 15], for a given choice of flux one can identify the twisted
states which have non-zero VEV. The prescription is the following: Take the flux (3.39)
that is a linear combination of the (Poincaré dual of the) exceptional divisors. Their co-
efficients are vectors in the weight space of Eg x Eg. The twisted state in the twisted
sector k that takes a non-zero VEV is the one that has the shifted momentum equal to
the coefficient fi of the exceptional divisor Fj. It is then straightforward to identify the
twisted Kéhler moduli ¢, using the flux (3.39) with f; given by (3.53). The tg, are the
volumes of the 32 twisted states shown in table 4.

In addition we also want to identify the complex structure moduli. In a smooth back-
ground with Abelian fluxes the complex structure moduli are not fixed. Therefore we look
for flat directions among the twisted states on the orbifold side. In our example we have 10
“twisted” complex structure moduli. From our treatment of the resolution of the 70 [ZL6—11
orbifold through two steps, we know that six of them are the complex structure moduli of K3
that survive the Zs projection, and the remaining four come from the complex structure de-
formations of the four-cycles arising after the blow-up of the Zs singularities (see discussion
below eq. (3.32)). Since the holomorphic two-form K3 is odd under Zs its deformation must
be chosen from odd combinations of the twisted sectors corresponding to a = 3 and o = 5.
These deformations are related to the twisted geometric moduli of the resolved T*/Z3 and
hence, they must be in the £ = 2 and k = 4 sectors in table 1, labeled by a = 3 — 5.

The remaining four twisted complex structure moduli must be in the k = 3 sector. We
can identify them by considering the orbifold T°/Z¢_;; as (T*/Zy x T?) /Z3. In this case
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Multiplet |k « 15} y Ty | 15
tg . — (1,1,16;1) |1 1 1,2,3[1,2,3,4|—1/3| 2/3
(2,1,1;1) |1 1 1,2,3(1,2,3,4] 2/3 | 2/3
(2,1,1;1) |1 1 1,2,3(1,2,3,4] 2/3 | 2/3
(1,2,1;1) |1 1 1,2,3[1,2,3,4|—4/3| 2/3
try ., — (1,1,1:1) |2 1 1,2,3] — |4/3]4/3
(2,2,1;1) |2 1 1,2,3| — |-2/3] 4/3
tha < (LLLL) |2| 345  [1,2,3] — | 4/3|4/3
(2,2,1;1) [2|  3+5 |1,2,3] — |-2/3]| 4/3
(1,1,1;1) |2| 3-5 |1,2,3] — |4/3]|4/3
(1,1,10;1) [2|  3-5 |1,2,3] — |-2/3| 4/3
¥y (1,1,1;14) 12| 3—-5 |1,2,3] — | 4/3|-2/3
(1,1,1;1) |4 1 1,2,3| — |-4/3]-4/3
(1,1,10;1) |4 1 1,2,3] — |2/3|-4/3
thys = (1,1,1514) |4 1 1,2,3| — |-4/3] 2/3
(1,1,1;1) |4 3+5 [1,2,3] — |-4/3]-4/3
(1,1,10;1) |4  3+5  [1,2,3] — |2/3|-4/3
tr,, = (1L,1,1;14) 4] 345 |1,2,8] — |-4/3| 2/3
s (1,1,151) |4 3-5 0 |1,2,3] - |—4/3|-4/3
(2,2,1;1) 4] 3-5 |1,2,3] — |[2/3|-4/3
tpy,, = (1,2,1;1) |3 1 — |1,2,3,4 0 | 2
tEs,, — (1,2,1;1) (3] 2+4+6 - [1,2,3,4] 0 2
s (1,2,151) (3|24 va+026| — [1,2,3,4] 0 | —2
(1,2,1;14) 3|12+ v24+ 04| — [1,2,3,4] 0 0

Table 4. Geometric moduli among the twisted states of the massless orbifold spectrum. 32 states
are identified as volume moduli ¢z, of the corresponding exceptional divisors Ey; (& ? Cgﬁ and ¢
denote 10 complex structure moduli.

T*/Zs is blown up to a smooth K3 and one should find a Zs symmetry of K3 to take the
last quotient. This is more difficult than finding an involution and we will not study this
procedure in detail. On the other hand, by analogy with the T*/Z3 case, we can make
an educated guess. In fact the holomorphic two-form ;= should transform with a phase
under the Z3 and therefore its deformation should exhibit the same phase. The states with
this property are labeled by o = 2+ v4 4+ 126 and a = 2 + 1?4 + 1?6 in table 1. Depending
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on the choice of the complex structure it will be one of the two states.?> The matching of
the geometric moduli with the twisted states is summarized in table 4.

3.5 The spectrum on the smooth Calabi-Yau
The flux given in eq. (3.53) induces the following breaking of the gauge group

Esx Bs  — SU(2) x SU(3) x U(1)® x SO(12) x U(1)?. (3.57)
The adjoint representations of the two Eg factors decompose according to
2481 = (1,3) @ (8,1) @ (1,1)° ® (RM @ RW),

_ 3.58
2482 =66 1910 (R® o R?), (3.58)

where the entries in the first line correspond to SU(2) x SU(3) while the second decom-
position is with respect to SO(12). R® and R® denote reducible representation of the
unbroken gauge group. The irreducible representations in R and in R(® are listed in
appendix C (tables 10 and 11). Since they are charged under the fluxed U(1)s, there can be
chiral states in these representation. The chiral multiplicity is given by an index theorem
(see for example [49]) . Following [12, 14], we can use the “number operator”

1 1
N_/ <F/\F/\F+F/\c2(X)>, (3.59)
6 /x 2

to compute the spectrum. The eigenspaces of N are the representations of the unbroken
gauge group and the corresponding eigenvalues give the multiplicity of these representa-
tions. Note that tracing the expression (3.59) over the representation R gives the index of
the Dirac operator indexg /2 in that representation.

Inserting the expression for the flux (3.39) into (3.59), one obtains:

4 4 4
N =3 20+ 3 20 + 3 3 () = 3 ) = 3w
By B ¥ By By

SR D DA T S R (3.60)
B By By
1 gy 1 18 1 1y 16
—gzvl —§ZV2 —ngs > Vi
By B K A

The V;-B 7 are elements of the Cartan subalgebra of Eg. They act on an element of the
adjoint representation of Eg labeled by the root « as

V7 va] = (@ V) va (3.61)

Then, if we know the roots corresponding to the decompositions of the adjoint of Eg x Eg,
we are able to compute the multiplicity of the given representation. We find

1 1 1 1 1
Vlﬁwzg lﬁv V37:§ L 1/45:§ 46. (3.62)

12With our choice of the orbifold action given in (3.3) the T4/Zg in question is along 21, z3. In the singular

181 g
) VYQ _§2a

limit, the holomorphic two-form is €75 ~ dz1 A dz3 and transforms under Zs as ;75 62”/39}53. This is

the transformation of the states labeled by o = 2 4 v4 + 26, where v = e 27/3,
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The Vi’g 7s can be written in terms of the generators of the U(1) factors in the unbroken
gauge group. Then the eigenvalues of the number operator are given in terms of the charges
of the representation R; with respect to the U(1) factors. The detailed computation of the
chiral spectrum is given in appendix C.

Switching on the flux (3.55) renders all the seven U(1) factors in (3.57) massive with
a Stiickelberg induced mass matrix (see e.g. [48] for a review),

1
g
J

where a; and M, appear in the axion part of the 4D effective action,

hl’l

S b2 A mFon , db? A xdb? . 3.64
C;)/RLM;MJ +a]/R 2 A xdb? (3.64)

1,3

F,, is the field strength of an unbroken U(1) factor and in our case m takes the values
m=1,...,7. b? are the 4D axionic two-forms coming from the expansion of Bg along the
harmonic four-form of the Calabi-Yau, plus the universal two-form By along the 4D space-
time. (Dualizing these two forms one gets the axionic scalars). We neglect the couplings
M, related to the universal axion and only consider

7
Mjm:;(fm'fn)/yfn/\nju (3.65)

where {n;} is a basis of H*(Y), f,, are elements of the Cartan subalgebra of Eg x Eg and
Fn € H?(Y,Z) is such that the flux is given by (3.55). One observes that with our choice
of flux the matrix Mj,, has maximal rank rk(Mj,,) = 7. This implies that all the seven
U(1) factors become massive due to the presence of the flux and the unbroken gauge group
reduces to

SU(2) x SU(3) x SO(12). (3.66)

This is indeed the same gauge group obtained on the orbifold side on the Higgs branch.

Note that the spectrum given in tables 10 and 11 is not chiral with respect to the sur-
viving gauge group (3.66). This makes the identification of the states more difficult than
in the 6D case. To match the two spectra, we still have to consider the charges under the
massive U(1)s. This forces us to redefine the states on the orbifold side, using the singlets
that acquire a VEV (see [13]).

Matching with the Higgsed orbifold spectrum. The spectrum on the smooth side
does not match with the one at the orbifold point. In fact a smooth compactification
corresponds to switching on VEVs for the twisted states which correspond to the geometric
moduli. This breaks the gauge group at the orbifold locus to the subgroup which is visible
on the smooth side via the Higgs mechanism. Some of the chiral multiplets are eaten by
the massive gauge bosons. Moreover, to achieve a match of the U(1) charges, it is necessary
to redefine the fields on the orbifold side as we did in eq. (2.16). In the T%/Zg case this
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qil) q@ Q§3) @2 g Q2 qa
11(3,1;1)]-13/3 5/3 5/3 0 —1/32/31/3
21(3,1:1)| 5/3 —1/3 5/3 0 —1/32/31/3
313,1;1)| 5/3 5/3 5/3 0 —1/32/31/3
413, 1:1)| 5/3 5/3 —1/3 0 —1/32/31/3
5((1,21) -1/3 —1/3 —1/3 0 2/3 2/31/3
6((1,2:1)| -1/3 —1/3 —1/3 0 2/3 2/31/3
71111 2/3 5/3 —1/3 0 —1/32/31/3
s|(1L.1:1)] 5/3 2/3 —1/3 0 —1/32/31/3
ol(L,1;1)| 2/3 2/3 2/3 1 —4/32/31/3
10/(1,1;1)] 2/3  2/3 2/3 —1-4/32/31/3
11,11 -1/3 —1/3 2/3 0 —1/32/31/3
12|(1,1;1)|~13/3 —13/3 5/3 0 —1/32/31/3

Table 5. The 22 states of the twisted sector k& = 1; states from the representation (1,1,16;1)
acquire a VEV, e.g. state #12.

is slightly more difficult than for the T°/Z3 orbifolds discussed in [13, 16]. The reason is
that states in different twisted sectors can mix due to the fact that for 7¢/Zg the singular
loci intersect each other. We have been able to find field redefinition which match the
charged states on both sides. For the singlets however, the possible redefinitions are less
constrained and therefore we do not attempt to match them in this paper. We do not
present the complete computation here but as a representative example go through the
sector k =1 with « = 1, § = 1, v = 1. The spectrum after higgsing is given in table 5.
The charges refer to the U(1)s along which the flux is switched on in the smooth case. The
field that gets non-zero VEV is #12, the last one in table 5, which corresponds to the one
in the first line of table 2. We call it ®1. It has the following shifted vector:

11 1 1 1 1 1
sz 1L 11 1IN gy 3.67
P11 < ) 6’ 27 2 9’ 2a 2> (37 ) ( )

To redefine the fields in the sector k =1, « = 1, 8 = 1, v = 1, the field ®; is not enough
to get the right match with the spectrum on the smooth side. We need to use fields from
other twisted sectors that live on subspaces intersecting the point-like singularity where
the states (5) live. These are the twisted states that take non-zero VEV in the other sector
after the blow-up. For the chosen twisted sector, in addition to the field ®; we need to
consider also the field ®5 from the sector k = 2, « = 1, § = 1, with shifted vector

2 2
ﬁQl = <O)O)37050505070> (350506) . (368)
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qi” CI§2) qf” 92 93 G2 Ga
113,114 4 20200
2((3,1;1)] -6 =6 6 0 0 0 0
31(3,1;1)| -6 6 0000
4/3,1:1)]-6 0 0 00 00
51(1,2,1)] -8 =2 4 0 0 0 0
6((1,2:1)) -8 —2 4 0 0 00
711,10 0 0 0 0 00
8((1,1;1)| -6 000 00
9/(1,1;1)|-7 =1 5 1 -10 0
10/(1,1;1)] -7 -1 5 1 1 0 0
1)(1,1;1)] 4 -2 4 0-200
12/(1,1;1)] 4 —2 —2 0 -2 0 0

Table 6. The 22 states on the smooth side, which correspond to the states of the twisted sector
k=1.

In particular, we redefine the first and the last two states in table 5 multiplying them by
DD, 1 and the other states by <I>f1. The charges of the new fields are given in table 6. We
end up with fields that now are charged only under one Eg and can therefore be matched
with the fields in the smooth sector. The states #2,3,4,8 have a complex conjugate partner
(with respect to the massive U(1)s) coming from other k& = 1 sectors, and then decouple
from the spectrum. The state #7 is the geometric modulus corresponding to the size of
the blown up four-cycle. The other states can be recognized to be among the states in
table 6. To have the right multiplicities, one has to consider the complete orbifold higgsed
spectrum. For example, states like state #1 in table 6 also appear in the sectors k = 1,
a=1,06=1,23,~v=1,2, with total multiplicity 6. It also appears with opposite chirality
(with respect to the massive U(1)s), in the untwisted spectrum with multiplicity 1, and in
the twisted k =4, a =1, g =1, 2,3 with multiplicity 3. The total number of chiral states
in this representation is n = 2, that matches with the multiplicity given in the table 10.
The same happens for all the fields in the non-trivial representations of the unbroken group.

4 Conclusions

We have studied the relation between a specific orbifold background and a smooth Calabi-
Yau compactification which contains the orbifold background as a singular locus in its
moduli space. Specifically, we considered the orbifold 7%/Z¢_;; = (T*/Z3 x T?)/Zs for
which we performed a two-step resolution. As a first intermediate step we resolved 1% /Zs
to a smooth K3 surface. For the compactification on K3 to six dimensions we discussed
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the line bundle corresponding to the chosen Zj3 orbifold gauge twist. We also identified the
twisted states which correspond to the geometric K3 moduli. After giving VEVs to these
states, the orbifold gauge group and its massless spectrum matched the gauge group and
spectrum of the smooth compactification.

In the second step we compactified to four dimensions and studied the resolution of
the singular space Yy = (K3 x T?)/Zs. In particular, finding how the Zy involution acts
on the K3 factor, we were led to consider heterotic compactifications on a specific smooth
Voisin-Borcea manifold. This manifold is a K3 fibration and in the limit of a large P!-base
one recovers the 6D compactifications on K3. The considered Voisin-Borcea manifold has a
specific intersection form which can be compared with the toric resolutions studied in [14].
The latter come from different triangulations that one can perform at each singularity of
T/Z¢_rr. With the help of this comparison we were able to identify which triangulation
corresponds to our specific Voisin-Borcea manifold.

In heterotic compactifications it is necessary to also identify the gauge bundle which
solves the Bianchi identities. Here we considered non-trivial line bundles (fluxes) on the
Voisin-Borcea manifold that in the orbifold limit reproduce the gauge twists up to vectors
of the Fg x Eg root lattice. It turned out that the fluxes are severely constrained by the
Bianchi identities. In particular, we found that some flux on the K3 fiber allowed in the 6D
background, no longer could be turned on. The resulting low energy gauge group is small,
even smaller than the standard model gauge group. We could show that for the unbroken
group the charged massless states match. However, the massless spectrum is non-chiral
with respect to the unbroken gauge group. Hence, we do not obtain the phenomenologically
interesting orbifold background as limit of a related smooth CY compactification.

This result, in particular the breaking of the phenomenologically interesting SO(10)
GUT group down to SU(3), came as a surprise, and it is clearly important to understand its
origin. The matching conditions between fluxes and orbifold gauge twists involve Eg x FEjg
root vectors which are related to the shifted momenta of twisted orbifold states acquiring
non-zero VEVs. We only found solutions of the Bianchi identities where 16-plets of SO(10)
obtain VEVs. This immediately implies a strong breaking of the orbifold gauge group. It is
conceivable that we missed interesting solutions or that new solutions appear once discrete
Wilson lines are turned on. A further possibility is that the employed matching conditions,
which so far represent a conjecture, are too restrictive. In [14], the MSSM gauge group was
found, but only at the expense of assigning VEVs to massive twisted states which cannot
represent moduli. For the toy model with standard embedding in [15], a complete blow
up was achieved by giving VEVs to massless twisted states only. However, the unbroken
group does not contain the standard model gauge group and the massless spectrum is
non-chiral. Note that in this paper we have only studied a particular example and that
for other blown-up orbifolds chiral spectra may very well exist. Clearly, further studies are
needed to clarify the situation, and one may also consider the case of partial blow-up.

Our study also illustrates some conceptual problems which one faces in attempts to
embed the standard model into string theory. In orbifold compactifications one constructs
massless states of the free string at a particular point in moduli space. Information about
the couplings of twisted states located at different singularities is only contained in the
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D-terms of the unbroken 4D gauge group. For the considered orbifold, some information
on the superpotential is provided by string selection rules, but not enough is known to
rigorously check the vanishing of the F-terms. On the other hand, a detailed knowledge
of the superpotential is required to demonstrate the decoupling of the vector-like exotics.
Realistic models require to go away from the orbifold point by assigning large VEVs to
twisted states, and at present one cannot be sure whether the resulting gauge group and
spectrum really correspond to a string vacuum.

On the other hand, in Calabi-Yau compactifications one starts from the supergrav-
ity approximation in ten dimensions. The geometry of the compact space then provides
valuable information on possible breakings of the Eg x Eg gauge group and the related
massless spectrum via the Bianchi identities. However, since one is dealing with super-
gravity rather than string theory, the singular orbifold limit cannot be performed and one
can only compare gauge group and massless spectrum with an orbifold construction where
part of the gauge group is higgsed. There are intriguing relations between CY fluxes and
orbifold twisted states, but the precise matching conditions are presently unclear.

Embedding the (supersymmetric) standard model into string theory is a challenging
problem, even before addressing the question of supersymmetry breaking. In the long
run, the matching between orbifold constructions and supergravity compactifications on
Calabi-Yau manifolds may become a useful tool. The orbifold constructions can provide
some intuition to identify interesting geometries and fluxes, which yield the wanted chi-
ral massless spectrum. The corresponding smooth compactifications may then help to
understand the dynamical stabilization of the ground state.
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A  Geometric details

In this appendix we supplement the main text with additional material about K3. Let us
start by discussing non-symplectic involutions on K3 surfaces as used in section 3.2.

A.1 Non-symplectic involutions on K3 surfaces

A holomorphic involution of K3 is called non-symplectic when it reverses the sign of the
holomorphic two-form 2. These involutions have been studied and classified by Nikulin [39—
42], and we review here some of their properties.

The non-symplectic involutions ¢ of K3 are classified in terms of three parameters:
(r,a,d), which characterize the lattice S of even cycles which is a sublattice of the Picard
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lattice (as Qg — —€).13 r is the rank of S; while a is defined by the expression S* /Sy =
(Z)*.1* § can take two values: § = 0 if V(x,-) € S% (z,7) € Z, § = 1 otherwise.

The triplet of parameters (7, a,d) encodes information about the fixed point set in K3.
If (r,a,0) # (10,10,0) and (r,a,d) # (10,8,0), then the fixed point set is given by

k
U P; U Cy, (A.1)
i=1
i.e., it is a disjoint union of k rational curves (the P's) and one curve Cy with genus g.
k and g are in turn determined by r and a via

1 1
k::i(r—a), gzi(QQ—T—a). (A.2)

When (r,a,d) = (10,10, 0) the involution acts freely (called Enriques involution), while if
(rya,d) = (10, 8,0) the fixed point set is a disjoint union of two elliptic curves (two two-tori).

A.2 Blowing up the As-singularities

Let us now consider the geometric transition from 7 /Z3 to a smooth K3 from an algebraic
point of view. The nine As-singularities can be resolved by rotating the Kéahler form j into
the space of As-cycles such that they are no longer orthogonal to the ¥ plane and thus
have finite size.

From an algebraic point of view, the blow-up is described as follows (see [28] for more
details). Every As singularity is locally of the form C2/Zs. It is given by modding out
(&,m) ~ (e>T/3¢,e=2m/3y) from C2. Let us choose three coordinates invariant under Zs:

o :§37 1 :7737 €2 26777 (AB)

which obey
zoxy — 25 =0 (A.4)

in C3. This space has one singularity located at the origin. One could remove this singu-
larity by adding a term to the polynomial (e.g. by deforming eq. (A.4) into zox1 — 23 = €).
This would correspond to a complex structure deformation, i.e., to a rotation of €29 into
the As-cycles which then are of finite size. However, we are interested in a rotation of the
Kahler form, while keeping €29 orthogonal to the As-cycles. This corresponds to blowing
up the singularity. One introduces a P? parametrized by coordinates {sg, s1, s2}, subject
to the conditions

ToS1 = X180 , ToS2 = T2S0 , 1S9 = T251 . (A.5)

The s; are uniquely determined away from the origin x; = 0. On the other hand, at the
point x; = 0 Vi they are left undetermined. Let us choose the following path approaching

3The Picard lattice is the orthogonal complement of Q2 in Ha(K3,7Z).

MFor each lattice S, there exists a dual lattice S* =Hom(S, Z). Each element 8 € S* can be represented
by an element b € S ® R by identifying 5(-) = (b,), where (-,-) is the intersection bilinear form on S. It
can be shown that for S to be the even lattice under an involution on K3, it must satisfy S*/S = (Z2)* for
some a (i.e. it must be a 2-elementary lattice).
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the origin to find the exceptional divisor: z; = ¢;t, ¢t — 0. To be inside the space, the
following equation must hold:

cocp —tes =0 = 5051 = sacat (A.6)

which for ¢ — 0 becomes
S0S1 = 0. (A7)

We see that at z; = 0 there are two Ps, {sg = 0} and {s; = 0}, intersecting at the point
(20,1, T2; S0, S1,52) = (0,0,0;0,0,1). These are the cycles with intersection matrix given
in eq. (2.24). Moreover one can see that {sp = 0} intersects the plane {{ = 0} at the
point (xg, x1, x2; So, 51, 52) = (0,0,0;0,1,0) and does not intersect {n = 0}, while {s; = 0}
intersects the plane {n = 0} at the point (z¢, 21, x2; S0, $1,52) = (0,0,0;1,0,0) and does
not intersect {{ = 0}.

To summarize, we have an intuitive picture of the smooth K3 which arises from blow-
ing up the orbifold T#/Zs. This orbifold is an elliptic fibration over a P! with nine A,
singularities. Over a generic point on the base, the fiber is a 72. On top of three points we
have the singular fiber T2 /Zs3. After the blow-up, the singular fiber becomes a collection
of seven (six independent) P!’s with intersection matrix given by the extended Dynkin
diagram of Fg. At this point of the moduli space we have a large number of algebraic
cycles: the holomorphic two-form €2 is still orthogonal to the full lattice

Px =U® (—Es) & (—Eg) & (—Ee) - (A.8)

A generic smooth point in the K3 moduli space will have a smaller Picard group. For the
case at hand we allow 25 to move away from this symmetric point.

A.3 Involution on the resolution of T4/Z3

As we have just seen, an involution on K3 is known once the lattice of even cycles is known.
In the following we want to determine how the Zso involution on 7*/Z3 is promoted to a
non-symplectic involution on the smooth K3. To do so we use the known action of the Zs
on the orbifold and from this derive the transformation properties of the K3 cycles. In this
way we are able to determine the even lattice S and its properties.

For this purpose, we will view 7% /Zs as a singular K3 that is elliptically fibered over the
base 12 /Z3. Over the singular point of the base (spanned by z1) the fiber (spanned by zo)
degenerates to T2/7Zs. Let us call 2, 2%, 2§ the points where the singular fiber sits. The two
two-tori I and Il are described in the following way: the first is just a point in the base of
the elliptic fibration (i.e. it is homologous to the T? fiber), while the second is given by three
points in the fiber, exchanged by Zs (it wraps three times the base). After smoothing the
singularities like above, the 18 exceptional P'’s e&oﬁ), esﬁ) have finite size. The upper index is
(1) if the exceptional cycle locally corresponds to s; = 0 and (0) if it corresponds to sop = 0.

Let us recall that the Zs action on coordinates of T* is given by (21, 22) + (—21, 22).
Then the fiber of the elliptically fibered singular K3 is left invariant, while the Zs group
acts on the base and has two fixed points on it. Under Zs the locations of the singular fibers
behave as follows: 2873 <+ 287 while 20! is left fixed (see figure 4). Let us call the other
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fixed point on the base 2?22’4’6 (on the T2 spanned by 21 it is given by three points that are
exchanged under the Z3 transformation and that then are identified on the T?/Z3 base).
From here we see immediately that the two-cycles corresponding to the fiber and the

. . =2,4,6
base of the fibration are even. In particular we have a fixed two-torus over z; = 27 .

Moreover, the exceptional cycles corresponding to z; = z{=3

are exchanged with the ex-
ceptional cycles corresponding to z; = 2#=°. To understand how the cycles on z{ behaves
we have to use their algebraic description after the blow-up. These cycles are given by the
large singular fiber and the six exceptional cycles coming from blowing up the three C?/Zs
singularities on z; = 2¢~!. The singular fiber is given by the equation z; = 2¢=! and is left
fixed by Zs. Let us see the other cycles: In the local coordinates around z; = z{, the action
of Zy is given by (§,n) — (=&,n), where £ <> z; and 1 <> 2z9. This implies the following

transformation on the z; and s;:
(w0, 21, 25 S0, 81, 82) +> (—0, T1, —T2; S0, —51, 52) - (A.9)

We recall that the two P's at x; = 0 are determined by sp = 0 and s; = 0. From the
transformation above, we see that the first one transforms as the base of the elliptic fi-
bration, i.e., it is even, with two fixed points, while the second is left fixed by Zs. One of
the fixed points of {sp = 0} is the intersection point with {s; = 0}, while the other is the
intersection point with the singular fiber (£ = 0). As we have seen above, the base (n = 0)
intersects {s; = 0}, but neither the singular fiber nor {sp = 0}.

From these considerations we can determine both the even cycles and the fixed point
locus. The even cycles are linear combination of:

e the base and the fiber,

e the six exceptional cycles on zf‘zl,

e the six even combination of the exceptional cycles on 2{=3 and 2{=°.
As illustrated in figure 4, the fixed locus is given by

=246
e the two-torus at z; = 27~ ",

e the three Pls eglﬁ) at z1 = 2{ and locally s = 1.

B 4D orbifold spectrum after higgsing

Here we list the spectrum given in table 1, after the gauge group is broken to SU(2) x
SU(3) x SO(12). In the following table we also list the charges of the states with respect
to the broken U(1) generators given in (C.2) and (C.3).

C 4D spectrum in the smooth case

In this appendix we compute the spectrum of the heterotic Eg x Fg string compactified on
the Voisin-Borcea manifold Y which we discussed in section 3.5 together with the choice
of the flux given in egs. (3.39) and (3.53). The unbroken gauge group is

SU(2) x SU(3) x U(1) x SO(12) x U(1)?, (C.1)
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Multiplet |k] o | 8 v V]| @] s | @] @
(1,1;82) [0} |==—|==——| 0| 0] 0|0]|0]1

(1,1;32") [0|——|—=—=|—=—=| 0] 0| 010 1(-1
231 |0 |———|———| 3| 3|=3/0[1]0]o0
(2,3;1) o—|-———-——| 313 [-3/0|-1{0]0
2,3;1) |0|—|==—|——=——|=3|=3|3|0|1]0]0
2,31) |0 |- ——|-——=[=3]=3| 3 [0|-1]0] 0
211 lo|— |- — |- ———| -3 ol1]0]0
2.1;1) |o}———|———|————|-3| 3 |=3]0| 1 |0] 0
@211) |0 |———|————] 3 |-3| 3|0 1]0]0
211 |o——|-——|-——| 3|-3|-3|0|1]0]0
211 o] |———|————|-3| 3| 3 |o|-1]0] 0
2.1;1)  |o|——|———|-———|-3]| 3 |-3]0|-1]0] 0
211 |o——|-——|-——|3|-3]3]0o|-10]0
@11 |o— |- ——|———| 3|-3]-3]0|-1/0] 0
(1L31) |0—|———|———|=5| 1| 1|1]1 o]0
(173;1) o]—|———|———=| 1 |=5| 1 |1|1]0|0
(1,3;1) |0|—|=—=—|——=——|=5| 1|1 |1|-1]0]0
(1,3:1) o——|-——=|——=— 1 |-5| 1 |1[|-1/0]0
(173;1) o——|-——=|—-—=— 1 1|1 ]1[1]|0]0
(1.31) |o——|———|———| 1] 1 |-5[1]10]0
(1,3;1) oj(——|—-——|———| 1| 1|1 |1]|-1|/0]0
(173;1) o—|-——=|—-—=— 1|1 |-5|1|-1/0]0
(L1 |o——|———|———] 1| 7|=5/1]1 0|0
(1L,1:1) |o—|———|———|=5|=5| 7 |1|1]0]0
(1,1;1) |0)——|-——|————| 5|5 1111010
1,11 |o—|———|———| 7] 1]|=5|1|1]0]0
(1,1;1) ol |— — — |- — —— 7 1=511|=1{0|0
(1,1:1) |o— |- ——|————|=5|=5| 7 |1|-1]0] 0
(1,1;1)  |0]——|———|————| 5|5 11-1/00
1,11 |o—|———|———| 7| 1|=5|1|-1]0]0

Table 7. Orbifold massless spectrum after Higgsing. Untwisted sector k& = 0.

where the generators of the five U(1)’s in the first Eg are chosen to be

TV = (0,0,—1,-3,-3,-3,-3,-3) , 7@ = (0,0,—1,43,+3,-3,-3,-3) ,
T® = (0,0,—1,43,-3,+3,+3,43) , Ty, = (0,0,2,0,0,0,0,0), (C.2)
Ty = (+1,-1,0,0,0,0,0,0),
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Multiplet/k| o | 8 | 4 | dV [ | &P | @ |e]e]d
(2,3;1) |0 ——|———|———| -4 | 2 2 | —1]o]o0]o0
2,31 (o} |—-——=|—-——| 2 | =4 | 2 | -1|0]0]0O
(2,3;1) |0]——|———|———] 2 2 2 | -1]0]|0]o0
(2,3;1) |0]——|———|———| 2 2 | =4 | -1]0|0]0
(2,1;1) |0]——|———|———| 2 8 | —a | -1]oflo]oO
(2,1;1) |0]——|———=|—=——| =4 | =4 | 8 | -1]0|0]0
(2,1;1) |0|——|———=|————| =4 | =4 | 2 | -1]0|0]0
2,1;1) o} |——=|—-=—| 8 2 | =4 | -1]0[0]0
(1,1;12) |0|]——|———|——=——| 0 0 0 | 0 |0|2]1
(1,1;1) |0]——|———|—=—=] 0 0 0 | 0 |0|2]4
(1,1;1) [0}——|—==|—=—| 0 0 0 0 |0|2|-2
(1,3;1) 0| |——=|———] 2 2 —4 | 2 |o]o]o
(1,3:1) [0)——|——=|—=—| =4 | -4 | 2 2 1000
(1,1;1) [0——|———=|—=—| =4 | 2 2 2 1000
(1,1:1) [o}——|-==|—-=—| =4 | 2 | =4 | 2 |o]o0]|oO
(1,1;1) [0|———|——=|— = —=] 2 —4 | 2 2 10]0]0
(1,1;1) [0)}——|——=|—=—| 2 4| -4 2 lolo]o
2,1;1) o} |——=|—-=——| 1 1 1 | —2|1]0]0
2,1;1) o} |——=|—-=——| 1 1 1 | —2|-1{0]0
(1,3:1) [1] 1 [1,2,3]1,2,3,4|-13/3] 5/3 | 5/3 |—1/3] 0 [2/3]1/3
(1,3:1) |1| 1 [1,2,3|1,2,3,4| 5/3 |-13/3| 5/3 |-1/3| 0 |2/3[1/3
(1,3;1) |1| 1 [1,2,3(1,2,3,4| 5/3 | 5/3 | 5/3 |-1/3| 0 |2/3[1/3
(1,3;1) |1| 1 [1,2,3(1,2,3,4| 5/3 | 5/3 |-13/3|—1/3| 0 |2/3[1/3
(1,1;1) |1| 1 [1,2,3(1,2,3,4| 5/3 | 23/3 |-13/3|—1/3| 0 |2/3[1/3
(1,1;1) |1 1 |1,2,3[1,2,3,4|-13/3|—13/3| 23/3 |-1/3| 0 |2/3|1/3
(1,1;1) |1 1 |1,2,3(1,2,3,4|-13/3|—13/3| 5/3 |-1/3| 0 |2/3|1/3
(1,1;1) |1 1 |1,2,3[1,2,3,4|23/3 | 5/3 |—13/3|—1/3| 0 |2/3|1/3
(2,1;1) |1 1 |1,2,3[1,2,3,4|-1/3| —1/3|—1/3|2/3 |0 |2/3|1/3
(2,1;1) |1 1 |1,2,3(1,2,3,4|-1/3| —1/3|—1/3|2/3 |0 |2/3|1/3
(1,1;1) |1 1 |1,2,3[1,2,3,4| 2/3 | 2/3 | 2/3 |-4/3| 1 |2/3]|1/3
(1,1;1) |1 1 |1,2,3(1,2,3,4| 2/3 | 2/3 | 2/3 |-4/3|-1|2/3|1/3
(1,1;1) [2] 1 |1,2,3] — |—2/3|—2/3|—2/3|4/3 |0 [4/3]2/3
(2,1;1) |2| 1 [1,2,3] - 1/3 | 1/3 | 1/3 |—2/3| 1 |4/3]2/3
(2,1;1) |2| 1 [1,2,3] - 1/3 | 1/3 | 1/3 |—2/3|—1|4/3]2/3
(1,1;1) [2]3+5[1,2,3] — |—2/3|—2/3]—-2/3]4/3 |0 [4/3]2/3
(2,1;1) |2/ 3+5|1,2,3] - 1/3 | 1/3 | 1/3 |-2/3| 1 [4/3|2/3
(2,1;1) |2|3+5(1,2,3| - 1/3 | 1/3 | 1/3 |-2/3|—1[4/3|2/3
(1,1;1) [2]3=51,2,3] — |[—2/3]—2/3]—2/3|4/3 |0 [4/3]2/3
(1,3:1) |2|3-5(1,2,3| — |10/3|10/3|—8/3|-2/3| 0 |4/3]2/3
(1,3:1) |2/3-5(1,2,3| — |—8/3|—8/3|10/3 |—2/3| 0 |4/3|2/3
(1,1;1) |2|3-5(1,2,3| — |—8/3|10/3|10/3 |—2/3| 0 |4/3]2/3
(1,1;1) |2/3-5(1,2,3| — |—8/3|10/3|—8/3|-2/3| 0 |4/3]2/3

Table 8. Orbifold massless spectrum after higgsing. Untwisted sector & = 0 continued; twisted
sectors k =1 and k = 2.
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Multiplet [k a Bl v 1 P | dP | @ |e] @] @

(1,1;1) |2 3—5 1,2,3] — 10/3 | —8/3 | 10/3 |-2/3| 0 | 4/3 | 2/3
(1,1;1) |2 3-5 1,2,3] — 10/3 | —8/3 | —8/3 |—2/3| 0 | 4/3 | 2/3
(1,1;12) |2 3-5 1,2,3] — | —2/3|-2/3|-2/3|4/3 |0 |-2/3|-1/3
(1,1;1) |2 3-5 1,2,3| — | -2/3|-2/3|-2/3|4/3 |0 |-2/3 8/3
(1,1;1) |2 3-5 1,2,3| — |-2/3|-2/3|-2/3|4/3|0 |-2/3|—-10/3
(1,1;1) |3 1 — 11,2,3,4] 0 0 0 0 | 1] 2 1

(1,1;1) |3 1 - 11,2,3,4] 0 0 0 0 |—1] 2 1

(1,1;1) [3] 2+4+6 - 11,2,3,4] 0 0 0 0 [1] 2 1

(1,1;1) 3] 2+4+6 - 11,2,3,4] 0 0 0 0 |—1] 2 1

(1,1;1) [3|2+vd+0v%6| — [1,2,3,4] O 0 0 0 [1|-2] -1
(1,1;1) |3|2+vd+v%6| — |1,2,3,4] 0 0 0 0 |-1] =2 | -1
(1,1;12) 3|12 +v24+v%6| — |1,2,3,4] 0 0 0 0 |1 0 0

(1,1;12) (3|2 +v24+v%6| — [1,2,3,4] 0 0 0 0 |[—1[ 0 0

(1,1;1) [3|12+v24+vi6| — [1,2,3,4] 0 0 0 0 |1] 0 3

(1,1;1) |32 +v24+v%6| — [1,2,3,4] 0 0 0 0 |—1/ 0 3

(1,1;1) |32 +v*4+v%6| — [1,2,3,4] 0 0 0 0 |1 0 -3
(1,1;1) |32+ v*4+v%6| — [1,2,3,4] 0 0 0 0 |—-1/ 0 -3
(1,1;1) |4 1 1,2,3] - 2/3 | 2/3 | 2/3 |—4/3]| 0 |—4/3| —2/3
(1,3;1) |4 1 1,2,3] - 8/3 | 8/3 |-10/3| 2/3 | 0 |—4/3| —2/3
(1,3;1) |4 1 1,2,3| — [-10/3|-10/3| 8/3 | 2/3 | 0 |—4/3| —2/3
(1,1;1) |4 1 1,2,3] — [-10/3| 8/3 | 8/3 |2/3 |0 |-4/3| —2/3
(1,1;1) |4 1 1,2,3| — |-10/3| 8/3 |—-10/3| 2/3 | 0 |-4/3| —2/3
(1,1;1) |4 1 1,2,3] - 8/3 |—10/3| 8/3 | 2/3 |0 |—4/3| —2/3
(1,1;1) |4 1 1,2,3] - 8/3 |—10/3|—10/3| 2/3 | 0 |—4/3| —2/3
(1,1;12) |4 1 1,2,3] - 2/3 | 2/3 | 2/3 |-4/3]0|2/3| 1/3
(1,1;1) |4 1 1,2,3 - 2/3 | 2/3 | 2/3 |-4/3| 0| 2/3 | 10/3
(1,1;1) |4 1 1,2,3] — 2/3 | 2/3 | 2/3 |-4/3] 0| 2/3 | -8/3
(1,1;1) |4 3+5 1,2,3] - 2/3 | 2/3 | 2/3 |—4/3]| 0 |—4/3| -2/3
(1,3;1) |4 3+5 1,2,3] - 8/3 | 8/3 |-10/3| 2/3 | 0 |—4/3| —2/3
(1,3;1) |4 3+5 1,2,3| — |-10/3|-10/3| 8/3 | 2/3 |0 |-4/3| —2/3
(1,1;1) |4 3+5 1,2,3] — |-10/3| 8/3 | 8/3 |2/3 |0 |-4/3] —2/3
(1,1;1) |4 3+5 1,2,3| — [-10/3| 8/3 |—10/3| 2/3 | 0 |—4/3| —2/3
(1,1;1) |4 3+5 1,2,3] - 8/3 |—10/3| 8/3 | 2/3 |0 |—-4/3| -2/3
(1,1;1) |4 3+5 1,2,3] - 8/3 |—10/3|—10/3| 2/3 | 0 |—4/3| —2/3
(1,1;12) |4 3+5 1,2,3| - 2/3 | 2/3 | 2/3 |-4/3] 0] 2/3 | 1/3
(1,1;1) |4 345 1,2,3] — 2/3 | 2/3 | 2/3 |-4/3| 0| 2/3 | 10/3
(1,1;1) |4 3+5 1,2,3] - 2/3 | 2/3 | 2/3 |-4/3| 0| 2/3|-8/3
(1,1;1) |4 3—5 1,2,3] — 2/3 | 2/3 | 2/3 |-4/3]| 0 |-4/3| —2/3
(2,1;1) |4 3-5 1,2,3] — |—=1/3|-1/3|—1/3|2/3 |1 |-4/3]| —2/3
(2,1;1) |4 3-5 1,2,3| — | -1/3|-1/3|-1/3|2/3 |-1|-4/3| —2/3

Table 9. Orbifold massless spectrum after Higgsing. Twisted sectors k = 2 (continued), k = 3 and
k=4.
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Table 10. Representation R(!) in the decomposition (C.4) of the first .

and the generators of the two U(1)’s in the second Eg are

(C.3)

(1,3,0,0,0,0,0,0).

Ty =

(2,0,0,0,0,0,0,0),

T =

We now list the spectrum which arises from the decomposition of the adjoint repre-

sentation of the two Eg factors,

(C.4)

248 = (1,3) @ (8,1) @ (1,1’  (RY o RW)

248 —66@w1@1a (R® o ROP).

(C.5)
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State|ga| s | n |State|Ga|Gs| n |State|Ga| Ga | n
3211| 2 |—-1] 12(2|1|-1 1(2|4 |-10
32/|1|—-1|—1| 12{0(3|3 1/2]-2| 8

Table 11. Representation R(?) in the decomposition (C.5) of the first .

Each state is given together with its charges under the U(1) generators (C.2) and (C.3).
Moreover, the chiral index is given for each state. It is obtained by applying the number
operator (3.59) to the state. Since the fluxes f are linear combinations of the above U(1)
generators, the chiral index will be give in terms of the charges. For the case under study,

the chiral multiplicity of a state of charges (qgl)7 q?), q§3), 42,93, q2,Ga) is

n 5243 + 302((4\")? + (@) + (¢ + @V + ¢ + ¢ + 242))

1
=105 |
+2((a") + @) + (@) — (@ + ol + Y + 202)°) + 108267 (C.6)

1
3
In tables 10 (11) we display the states which arise from the decomposition of the ad-
joint representation of the first (second) Eg. For the first Fg all of them have g2 = 0 and
G4 = 0, while for the second Eg all of them have ¢! = 0 and g = g3 = 0. The adjoint

+72q3 — 36(3q2 + 2g3)] [5G> + 25 + 34s — 3d5da] -

decomposes into the sum of the adjoint representations of the unbroken group, plus the
sum of the reducible representation R and its complex conjugate R. In both tables we
only list the irreducible representation coming from R.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License which permits any use, distribution and reproduction in any medium,
provided the original author(s) and source are credited.
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