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ABSTRACT: The conventional S-matrix approach to the (tree level) open string low energy
effective lagrangian assumes that, in order to obtain all its bosonic o’ N order terms, it is
necessary to know the open string (tree level) (N +2)-point amplitude of massless bosons, at
least expanded at that order in o/. In this work we clarify that the previous claim is indeed
valid for the bosonic open string, but for the supersymmetric one the situation is much more
better than that: there are constraints in the kinematical bosonic terms of the amplitude
(probably due to Spacetime Supersymmetry) such that a much lower open superstring
n-point amplitude is needed to find all the o/ N order terms. In this ‘revisited’ S-matrix
approach we have checked that, at least up to o/ 4 order, using these kinematical constraints
and only the known open superstring 4-point amplitude, it is possible to determine all the
bosonic terms of the low energy effective lagrangian. The sort of results that we obtain
seem to agree completely with the ones achieved by the method of BPS configurations,
proposed about ten years ago. By means of the KLT relations, our results can be mapped
to the NS-NS sector of the low energy effective lagrangian of the type II string theories
implying that there one can also find kinematical constraints in the N-point amplitudes
and that important informations can be inferred, at least up to o’ 4 order, by only using
the (tree level) 4-point amplitude.
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1 Introduction

The low energy effective lagrangian in String Theory is a very old subject, dating back to
the beginnings of the theory, when it became clear that, in the limit of very low energies,
it reproduces the (tree level) scattering amplitudes of General Relativity and Yang-Mills
theories. More precisely, it was known that it adds o’ correction terms to the lagrangians
of these theories [1], where o is the string fundamental constant.

In the mid-eighties , after the understanding that consistency conditions of String The-
ory (quantum conformal invariance) demand that the extrema of the low energy effective
action be related to the zeroes of the Sigma model beta function [2, 3], interest arised
in calculating exactly the first o/ correction terms in the low energy effective actions of
superstrings [3, 4]. One of the amazing results that was found by that time is that the
Born-Infeld lagrangian (and its corresponding supersymmetric version, in the case of super-
strings) is the low energy effective lagrangian for abelian open strings, as long as F},,, is kept
constant [3, 5]. This result was reproduced afterwards as well, independently, in [6-8].!

Unfortunately, in the nonabelian case there is not such a nice result. There does exist
a ‘Symmetrized Trace’ proposal for the nonabelian Born-Infeld lagrangian [10], and this
proposal indeed works at o/? order, but is clear from the [D,D]- = [F,-] identity (see
eq. (A.8)), that covariant derivative terms are as important as the ones without derivatives
and, therefore, they cannot be ignored as it happens in the abelian theory. Also, it is clear
that the Symmetrized Trace prescription does not work already at o 3 order since the usual
Born-Infeld lagrangian only contains even powers of o’ and it is known that the o’ 3 terms
are not zero in the nonabelian low energy effective action [11-16].

Another approach that could be used to obtain the low energy effective action is x-
symmetry. Although this approach works in the abelian case, it was seen in [17] that in
the nonabelian case it fails at o> order. So, for the nonabelian case, besides the results
obtained in [18] and [19], there does not exist an all o order result (like the Born-Infeld

one, in the abelian case).?3

'Recently, using a pure spinor framework, the abelian supersymmetric Born-Infeld theory has been for-
mulated by means of a polynomial lagrangian which, besides the free term, contains only 4-point interaction
terms [9].

2The results in [18] and [19] have been obtained using 4 and 5-point amplitudes and, therefore, only
determine terms of the nonabelian lagrangian which are sensible to those n-point amplitudes. For example,
the o/*F® terms are not present in these references.

3A later and independent calculation of the D*"F* terms, at every o order, was done in [20], also
considering the open superstring 4-point amplitude.



In the mid-nineties, after the discovery that D-branes participate in String Theory as
non-perturbative objects [21] and that D-brane effective actions can be obtained equiv-
alently by means of low energy limit of open superstring interactions [22], new interest
arised in the calculation of terms of the low energy effective lagrangian (see [14, 23-26], for
example). Before the work in [16], the S-matrix approach for the o’ correction terms in the
low energy effective action had been only used with knowledge of 4-point amplitudes [12],
which was already insufficient to determine all the o 3 terms. Alternative methods, mainly
based on Supersymmetry, arised to obtain the complete list of nonabelian terms at each
order in o/, whenever possible [13, 15, 27-34]. In some cases these methods obtained the
complete superinvariant at a given order in o/, either in component fields [29, 30, 33, 34]
or in terms of superfields [28, 31] (in the case of D=4). In some other cases these methods
could only obtain some of the bosonic and fermionic terms, like in [15], but they were
capable of proving that there is a unique superinvariant at that o/ order. The thing is
that, in order to go to higher orders in o/, these Supersymmetry based methods usually
require to know, at some moment, all the bosonic and fermionic terms of the lagrangian at
a lower order in o, and this demands an enormous effort. In order to get contact with the
open superstring low energy effective lagrangian (OSLEEL) all these methods required at
some moment information from the (tree level) open superstring 4-point amplitude.

There is an additional alternative method that was not mentioned in the previous
paragraph because it is not directly related to Supersymmetry, but it has the virtue of
obtaining the bosonic terms of the OSLEEL correctly [14] without having to deal with
the fermionic ones. Besides the o/ terms, the results obtained by this method have been
checked at o/ order [16, 35] and there is evidence, in the self consistency of its calculations
and also when considering its abelian limit, that its bosonic o/* terms are also correct [25].
This method consists in working with BPS configurations in the deformed Yang-Mills
lagrangian [36] and it is due to Koerber and Sevrin.

Actually, a complete low energy description of D-branes not only depends on the
Dirac-Born-Infeld lagrangian (which already describes interactions between open and closed
strings), but also on the Wess-Zumino lagrangian (which considers the interactions between
open strings and the Ramnod-Ramond sector of closed strings; see, for example, the intro-
duction of [37] for a recent review on the subject and references [38, 39] for several attempts
with non-BPS branes.). A revival on S-matrix calculations to determine the D-brane low
energy effective lagrangian terms (besides the pure gauge field ones) and also to determine
the Wess-Zumino lagrangian terms is been going on this year [40, 41].

In this work we will focus only in gauge boson string interactions. We propose a
‘revisited” S-matrix approach to obtain the bosonic terms of the (tree level) OSLEEL. We
have called it ‘revisited’ in order to distinguish it from the ‘conventional’ one because it
consists in a convenient way of dealing with the S-matrix calculations. The procedure
takes into account an important kinematical constraint that arises in the calculations of
the scattering amplitudes of open superstrings, namely, the absence of (¢ - k)N terms in
the N-point scattering amplitude of gauge bosons. This constraint is not expected to



be present in the corresponding calculations with open bosonic strings.* It leads to a
set of conditions that the coefficients of the OSLEEL should obey, reducing enormously
the number of unknown ones present in that lagrangian at a given order in o’. These
conditions are such that, at least up to o’ 4 order, all bosonic terms of the OSLEEL can
be determined by purely using the known open superstring 4-point amplitude. No higher
N-point amplitude from Open Superstring Theory is required® and this is the main remark
of our revisited S-matrix method. This is the same type of result obtained by the method
of BPS configurations [25].

The structure of this work is as follows. In section 2 we do a brief review of the
conventional S-matrix approach to the low energy effective lagrangian in Open String
Theory. We present enough material to claim that the way this method works, when
considered at the level of the bosonic terms of the low energy effective lagrangian, it
apparently makes no difference between the bosonic and the supersymmetric open string
calculations. In section 3 we present the ‘revisited’ S-matrix method approach to the
OSLEEL, explaining its main difference with the conventional one. As concrete examples
of the ‘revisited” S-matrix method, in sections 4 and 5 we apply it to the determination of
the OSLEEL up to o’ * order.S In section 6 we end this work by giving a brief summary
of our work and also mentioning future contributions that will come out as results that
arose from our present investigation. We also comment there on the implications that our
results have for the NS-NS sector of the type II String Theories once one considers the
KLT relations [43].

The main body of this work is complemented with a series of appendices which are
important to support claims and intermediate calculations which were omitted on it.

Through out this work all our scattering amplitude calculations are tree level ones
and, therefore, the terms of the low energy effective lagrangian that we deal with are only
‘single’ trace ones. Every time that we refer to a scattering amplitude it is understood that
it is a tree level one (unless explicitly specified something different).

2 Brief review of gauge boson scattering amplitudes and low energy
effective theory in Open String Theory

In this section we briefly review the conventional S-matrix approach to the low energy
effective lagrangian in Open Superstring Theory.

4As will be seen on this work, it is a confirmed fact that the constraint does not appear in 3 and 4-point
amplitudes and, based on a general argument, it is not expected to appear in higher N-point amplitudes,
as well.

5Notice that, since the bosonic terms at o’* order have the general form F®+ D?F® 4+ D*F*, in order to
find explicitly those terms the ‘conventional’ S-matrix method would require an open superstring 6-point
amplitude, expanded at that o order.

5We remind the reader that o’* is the highest order for which the nonabelian bosonic terms of the
OSLEEL have been completely obtained explicitly up to this moment [25]. In ref. [34], using a spinorial
cohomology approach (which is related to the pure spinor formalism in D=10), a proof has been given for
the existence of o’ superinvariant as a deformation of the o % one and an algorithm is provided to find all
its terms, but there it is not given an explicit expression of the bosonic o'* terms.

In the case of the abelian theory at ot order, a supersymmetric version of it has been obtained in [42].



2.1 Tree level gauge boson interactions in Open String Theory

Tree level scattering amplitudes of bosonic states in (non-abelian) Open Superstring Theory
are given by a sum of (color ordered) subamplitudes [44]:

permutations
(2.1)
where the subamplitude A(1,2,...,N) is given by an integrated vacuum average of vertex

Ay =i 2m) 0610k + ...+ kN) [tr(A“lA“?...)\“N) A(1,2,...,N)+ ( non — cyclic > }

operators inserted on the boundary of a disk in the ordering (1,2,...,N) [45, 46]:
A(l, 2,..., N) = ngZ /d,u,(z) < Vl(zl, ]{71)‘72(22, ]{72) - VN(ZN, kN) >, N>3. (2.2)

In (2.2) g is the open string coupling constant and du(z) is the SL(2, R) invariant measure
associated to the coordinates z1, 22, ..., 2N-

In formula (2.1) Ax has been written as a sum of (N — 1)! contributions, each of them
containing a trace color factor. In the case of Bosonic Open String Theory these factors
terms are generally independent, but in the case of Supersymmetric Open String Theory
the gauge group matrices A%’s are in the adjoint representation (see eq. (A.4)) and this
implies that in those (N — 1)! trace factors only half of them are independent, because in
that representation it is valid that

tr(AINT2 L AW) = (—1)Nr( NIV NIV N3 (2.3)

This fact will be of importance in the results that we will present in section 5 (based on
the calculations the we explain in appendix F).

In the case of the open superstring, described in the Fj picture (old covariant ap-
proach) [45],7

V(C? kv Z) =A: (C ' 8X(Z) - Z(QO/)(C ' &)(k : 1&)) eik.X(Z) o (24)

and after introducing convenient Grassmann variables 6; and ¢;, (2.2) may be proved to

become®

Q

N—-2 TN-1 TN-—2 T3
A(1,2,...,N) =2 ; 2(xN_1—x1)(xN—x1)/ de_Q/ de_g.../ dl‘g X
(2a) 0 0 0

N
X / doy ... don_o [ [(zg — xp — 040,)% 7" x / dgy ...don
p<q
N

xexp | > (2a)1(0; — 0:)0; (¢ - ki) — 1/2 (20/) ¢9i(G5 - Gi)

l“j — Ty — 9]92

(2.5)
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"The factors A\, which appears in (2.4), is a constant which depends on o’ and may be explicitly deter-
mined by demanding unitarity relation for the N-point amplitude to be satisfied [46].

8In (2.5) it is only understood that Oy _1 = @5 = 0. We will afterwards set z1 = 0, zy_1 = 1, zx = +00.
Formula (2.5) has been taken from eq. (2.2) of [16] and then a rescaling in the ¢; variables, by a factor of
(2a’)™/4, has been done.



The subamplitude A(1,..., N), given in (2.5), satisfies important symmetries, such as (on-
shell) gauge invariance, cyclic symmetry and twisting (world-sheet parity) symmetry [44].
These symmetries provide a non trivial test that the explicit kinematical expression of
A(1,...,N) should obey.

Recently, it has been proved that the set of all N-point color ordered subamplitudes,
in bosonic as well as supersymmetric Open String Theory, can be expanded in a minimal
basis of (N — 3)! subamplitudes [47, 48].

In the next subsection we will explicitly see that the open string coupling constant g
may be identified with the Yang-Mills coupling constant, gynm.

2.1.1 3 and 4-point amplitudes

On kinematical basis it may be argued that the 3-point amplitude, A3, for massless external
states is zero, unless all three momenta are collinear. Along the formulas we presented in
the previous subsection this can be seen in equation (2.1), since for N = 3 (and k} = k3 =
k3 = 0) we have that §1°(k; + ko + k3) = 0.

But the 3-point subamplitude, A(1,2,3), is not zero. Its expression is important, for
instance, in the determination of the low energy effective lagrangian.

Using formula (2.5) in the case of N = 3 leads to [44]

A(1,2,3) =29 [ (C1-k2)(Ca-¢3) + (2 k3) (¢ - C1) + (G- k1) (- G2) ] (2.6)

that is, it agrees exactly with the corresponding Yang-Mills 3-point subamplitude, after
identifying g with gywm.

Now, in the case of N = 4, the expressions for the gauge boson subamplitude is given
by [44]

2 l(—a/s)T(—a't)
I'(1—a's—a't)

A(1,2,3,4) =8 ¢° K(Ci, k15 o, ko3 C3, k35 Cay ka) (2.7)

where K is the 4-point kinematic factor (which contain no poles) given in formula (C.1) of
appendix C.
The s and t appearing in (2.7) are part of the Mandelstam variables:

s = —(k)l + k2)2 , = —(k)l + ]C4)2 , u= —(kl + k3)2 . (2.8)
These variables satisfy the condition
s+t+u=0. (2.9)

Using momentum conservation, the physical state and the mass shell conditions (¢;-k; = 0
and k:j2 = 0, respectively), it is not difficult to see that the 3 and 4-point subamplitudes that
we have presented in this subsection satisfy (on-shell) gauge invariance, cyclic symmetry
and world-sheet parity (that in ref. [19] we have called ‘twisting’ symmetry).

9Unless k! = 0 for one of the three states, which really means that there are only two physical states
at all.



2.2 Explicit structure of the low energy effective lagrangian up to o’ 3 order

In this subsection we will concentrate on the bosonic terms of the OSLEEL. Here we will
not give the details of how to construct a complete list of independent terms at each order
in o in Leg. It is well known that the procedure to do so involves using integration by
parts, the Bianchi identity, (A.9), and the [D, D]- = [F, ] identity, (A.8). In the literature
this has been done up to o’! terms (see [10, 14, 26] and [25], for example). We will quote
a reference whenever we need this list of terms at some order in o’.

It is important to remark that the explicit structure of the terms of the low energy
effective lagrangian will not just be the one that one arrives to following the procedure
mentioned up to here since this lagrangian needs only to reproduce on — shell scattering
amplitudes. It turns out that some terms of the lagragian are not sensible to S-matrix
calculations, or equivalently, their coefficients will not remain unchanged under field redef-
initions, so they are of no importance for the low energy effective lagrangian. Those terms
will be discarded after being identified.

2.2.1 Low energy effective lagrangian up to o’? terms

The calculation on the nonabelian Born-Infeld lagrangian up to o’ 2 terms has been done
in many places in the literature. We will follow section 7 of Tseytlin’s paper [10], where
it was found that one possibility of writing down the lagrangian as a sum of independent
terms is the following:

1 1

Lo = g—Qtr [ = P F + (2a/)* (alFM’\F)\”Fy“ + aQDAFA“Dpr#) +
(20)? (a3 F* FSF, P Fyp + PR, FYP Fy + a PP By Y B, +
agF" FMF,, Fy, + a7 F*" D F,, DP F,\ + agD Fy, D F,,, " +

agD”D’\F/’\’DpD"FW) +0((2))%) ] . (2.10)

It was seen in [10] that, after examining the possibility of field redefinitions, the coefficients
{az,a7,as, a9} remain arbitrary and thus are not sensible to any S-matrix calculation, so
they may be chosen to be zero, leading to

1 1
Lo = thr[ - ZFWF“” + (20)'a  F P\ F +

(20/)2 (agF“’\F”,\FMpFVp +ayF" F ) FYF,, +

asFM F,, FAFy, + QGFWFAPFWFAP) +0((22/)*) } . (2.11)

2.2.2 Low energy effective lagrangian at o’ 3 order

In [14], for the o/ terms in (2.11) it was found a 36-dimensional basis (containing 6 £
terms, 24 D?2F* terms, 5 D*F3 terms and 1 D®F? term). After discarding the terms which



are sensible to field redefinitions, in [14] it was seen that that the remaining lagrangian has
the following 13 terms:
L@ = QO PV EARPEE dan FYEFPESE. 4ay FYF EIFE7 4
eff 1 = 92 108, £y £y £y By 115y Ly X Lo Lp 12 5y Ly Lo '\ p
a3F,'F,F F,*F\" +a14F,'F\F\'F,°F,’+a5F," F,"F," F\'F,+
ar(DpF,) (D' F\")F,"F," +a17(D, F, ) F,” (DFF\*)F,” +
ars(DpF,) (D" F\")F,°F,’+a19(D,F, ) F, (D" F\")F," +
azo (Do F,")F\' (D'F ) F," +an F,” (DFF, ) F,7 (Do F\) +
anF," (D"F\) (D, F,NE,7|.
(2.12)

2.3 Basics of the conventional S-matrix approach to the low energy effective
lagrangian

The conventional S-matrix method consists in determining the coefficients of the low energy
effective lagragian using the known expression of the on-shell scattering amplitudes from
String Theory. More specifically, in the case of the bosonic terms, in order to determine
the o/ order terms in Leg it is necessary to know the previous a’* order terms of it
(k =1,...,N — 1)1 and it is also necessary to know the (N + 2)-point gauge boson
amplitude (where N > 1) from Open String theory, expanded at that order in o/. For
example, to determine the (2a/)F? terms it is necessary to know the 3-point amplitude,
to determine the (2a/)2F* terms it is necessary to know the 4-point amplitude, and so on.
What one does is to compute the (N + 2)-point gauge boson subamplitude from the o’ N
order terms of Leg and then compares this expression (which is a linear function of the
unknown coefficients a;) with the corresponding one coming from String Theory at that o/
order. This determines uniquely those coefficients. For example, in the case of the 3-point
subamplitude that comes from Leg in (2.11), using Feynman rules it is easy to arrive at

the following expression for it:!!

A(1,2,3) = Aym(1,2,3) +6i ay g (2a/)" (C1 - k) (G- ks) (G - Fn) - (2.13)

Comparing this expression with the one for A(1,2,3), given in (2.6), respectively, we
find that a; = 0 for the supersymmetric open string. In this case there is only one
equation for a;.

It is known that the analogue procedure in the case of the 4-point subamplitude,
leads to [3]

a3 = 2/12, a4 =7?/24, a5 = —7*/48, ag = —7>/96 . (2.14)

An important fact, about the determination of the previous coefficients, is that the linear
system of equations for them is overdetermined (consistently). This means that it is not

10T the case of the open superstring it is only necessary to know the previous o'" order terms, with
k=1,...,N—2.
11 Along this work Aym(1, ..., N) will denote the tree level Yang-Mills N-point subamplitude.



necessary to know the complete expression of the amplitude in order to find the coefficients.
For example, in the case of the 4-point amplitude it is sufficient to compare the (¢ - ¢)?
terms of (2.7) with the corresponding ones of A(1,2,3,4), at o/ and o/* order [3]. What
happens is that the terms of the amplitude that were not considered to find the coeflicients
a; can all be determined from the first ones by demanding (on-shell) gauge invariance and
cyclic symmetry.

For N > 5, at first sight, there arise two complications in the S-matrix computations
of Open Superstring Theory:

1. The number of terms that appear in the N-point subamplitude grows considerably.

2. The determination of the numerical coefficients of each kinematical term of the sub-
amplitude is not straight forward (as in the N = 4 case).

For example, in the case of N = 5 direct application of formula (2.5) leads to an expression

which has more than 140 terms, of the following form:'?

A(1,2:3,4,5) = 2 g° (20){La(G1 - @) (G- C0) (G5 - k) (k- ko) +
(44 (¢- O*C¢-k) (k- k) terms) +
Ko(Cr- Ca)(Cs - ko) (G2 - k1)(C3 - ka) +
(99 (¢-QO)(¢- k)3 terms)}. (2.15)

In this last formula Ls and K3 are momentum dependent factors (which also depend on
o) given by double integrals:

1
! !
{ } /dxg/ dl‘gl’Za ai2 1 x2)2a ag4x§o¢ alg(l $3)2a s34 (l’g x2)2a 93 { acga:g(ll—a;g) },

x2(1—.’L’3)

(2.16)
where a;; = k;-k;. They can be calculated in terms of Beta and Hypergeometric functions.
Although not immediately, the coefficients of the first terms of their o/ expansion can be
obtained,'? for example [16]

1 1 Q5] (12 — 19 (34 + Qi34 @
K2: { }_C(2){ 51 ¢¥12 12 &34 34 45}+

(2a/)? | a12 as4 Q12 Q3q

<(3)(2a,){a%20451—04§4Oé12+0@2150é34+04§10412—a%2a34+04;2>,40445—2041204230434}+
Q12 34

O((2a/)%). (2.17)

The complication mentioned above, in item 1, has been recently circumvented in ref. [51]
by finding a general compact formula for the open superstring N-point subamplitude: it
can be shortly written in terms of a basis of (N — 3)! Yang-Mills subamplitudes, each of

12See eq. (5.29) of [16] for the complete detailed formula.
3 These coefficients can be calculated, for example, using techniques of Harmonic Polylogarithms [49] or
Harmonic Sums [50], which are nowadays perfectly understood.



them being multiplied by an identified (N — 3)-dimensional multiple integral.!* So this
avoids enormously dealing with long expressions like the one in (2.15), but still, in order
to obtain the (2a/)N~2F" terms of the low energy effective lagrangian, it is necessary to
compute the o N=2 coefficients of the mentioned (N — 3)-dimensional multiple integrals
(like the ones in (2.16) and (2.18)).

For example, besides the case of Ky (mentioned in (2.16) and (2.17)), in the case of the

6-point amplitude, one of the many triple integrals that appears is the following [52, 53]:

1 T4 T3
_ 20/ o 20’ 20/ o14—1 2a’ aip3—1 20’ oy
13—/dfv4/ dws/ dxg 19" M2 pz=@ NS gy TN (p3—1x9) (w4 —2) -
0 0 0

(x4_x3)2a’a34—1(1_x2)2a/0lz5—1 (1_1_3)20/0[35(1_1.4)20/&45
(2.18)

which has an o/ expansion which begins like [54]'°

12 = (ot (i * nctn) * Csvraron ™ )|
3 p—
(2a/)3 | \ aozauigtass  asaasetoss a3416to34  (r23Q56t234
2 « a 1 1 oY « 1 1
st | (oo ") ()~ (e ) )~
(2a/) ao3tozs  to340u3g ase (6 togase  t2340r16 a3 34
(6% (0% (0% 8] (0% 8]
< 2 34)_( 12 45>_< 56 16 >_
togar1s 1234056 Qs34 (23016 Qo3ta34  to340x34
( t345 1123

+ )] + 0((2")Y), (2.19)

34016 Q230056

where, besides oj; = k; - kj, in (2.19) we are calling t;;, = auj + o + ag; [52].

So, at the end, in order to calculate the coefficients of the open string low energy
effective lagrangian at a given order in o/, the main difficulty that nowadays exists is
the one mentioned above, in item 2, namely, finding the explicit o/ expansion of certain
(N — 3)-multiple integrals (for N > 7).

So this is the basics of the conventional S-matrix method. Although here we only men-
tioned the scattering amplitudes of gauge bosons, in the case of Open Superstring Theory
it applies exactly in the same way to obtain the fermionic terms of the OSLEEL, by con-
sidering the scattering amplitudes of bosons and fermions. We have called it ‘conventional’
in order to distinguish it from the ‘revisited’ one, that we will present in this work.

What we would like to remark at this point is that, independently of working in
Bosonic or in Supersymmetric Open String Theory,'® as long as we are considering only

1n fact, the result of ref. [51] is much more complete, in the sense that the whole N-point subamplitude
(the one that includes gauge bosons and gauginos) has been calculated in terms of Super Yang-Mills N-point
subamplitudes, using a Pure Spinor formalism.

5Tn the literature, the o’ expansions of tree level 6-point integrals seem to have first appeared in ref. [52].
On this reference a detailed study of the open superstring 6-point amplitude was done. It was also explained
there how to compute the coefficients of the kinematical terms using Euler sums, but due to the lengthness
of the formulas, not all of the o’ expansions were explicitly given. The result we have cited for eq. (2.19),
namely ref. [54], has calculated this expansion independently of the calculations of ref. [52], using Harmonic
Sums techniques [50].

16The N-point amplitude for gauge bosons in the case of Bosonic open String Theory has a known
expression, similar to the one we have reviewed in eq. (2.5).



interactions of gauge bosons, the conventional S-matrix approach to the low energy effective
lagrangian makes no difference between the calculations done with done with A(1,..., N)
in the bosonic or in the supersymmetric theory: in both cases one has to deal with o/
expansions of (N — 3)-multiple integrals and with kinematic expressions and one has to
match these amplitudes with the ones that come from the same general low energy effective
lagrangian, that is, the one that is given by eqs. (2.11) and (2.12), and higher order o’ terms.
Apparently, there is no peculiarity (besides dealing with extra Grassmann variables) in
computing gauge boson interaction terms when one deals with a supersymmetric theory.

3 Revisiting the S-matrix approach to the low energy effective lagrangian

From the list of methods to arrive to the nonabelian low energy effective lagrangian that
were mentioned in the Introduction (section 1), for Open Superstring Theory, only the
S-matrix approach and the one that deals with BPS configurations (due to Koerber and
Sevrin) are capable of finding the bosonic terms without having to deal directly with the
fermionic ones. In this section we will present our revisited S-matrix approach.

The main observation of our revisited S-matrix approach is that, even if we are only
dealing with pure gauge boson interactions, there is difference in the calculations between
the S-matrix approach (at tree level) to Leg in the bosonic and the supersymmetric theory
of open strings. We will see that in the case of the supersymmetric theory of open strings
the a; coefficients of L.g satisfy constraints that come from the kinematical structure of
the gauge boson N-point amplitude, A(1,...,N).

The constraints for the a; coefficients of L.g that we will refer to in the next sub-
section are similar, if not the same, to the ones found in [14, 25] by the method of BPS
configurations.

Due to the fact that the equations for the a; coefficients are overdetermined (as we
mentioned in the previous subsection), the constraints that we have just mentioned will
diminish the number of unknowns, at a given o order, and it will not be necessary to
calculate o/ expansions of multiple integrals like the ones in (2.16) and (2.18) (or even
more complicated ones which appear in higher N-boson subamplitudes, with N > 7) to
determine the value of the a;’s. Our method seems to need only 4-point subamplitudes to
fix the a; coefficients. At least we have confirmed this up to o/ % terms, just like in [14, 25].

3.1 The basic idea of the method: an important constraint arises in the gauge
boson amplitudes of Open Superstring Theory

If we consider the N-point subamplitude of gauge bosons in the open superstring (see
eq. (2.5)), it is easy to see that the (¢ - k)" terms will only come out from integrating on
the z; variables a term of the following type:

N NG — 0D (o N DY
T ~ /d@l...dON_g/dqbl...dqﬁN Py (z,0) (Z (2¢/) (ejx' 2@(@ k:z)> G
i#j g

Here Py (z,8) corresponds to the f expansion of the product of terms (x4 —x, —0,0,)>* *r*a

in (2.5), where O_1 = 65 = 0.17

17See the second footnote on page 5.
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From the point of view of the ¢; Grassmann variables in (3.1), after expanding the ()"
term, it is easy to see that the coefficient of ¢1¢s ... ¢n (which is the only nonzero product
of N ¢; variables) only contains products of N 6;’s. Since Oy_; = 6y = 0 this coefficient
is always zero and, therefore, T' = 0.

So our main conclusion is that

A(1,...,N) does not contain (¢ - k)" terms, (3.2)

where A(1,...,N) is the N-point gauge boson amplitude in Open Superstring Theory.

It is easy to check that the 3 and 4-point amplitudes in Bosonic Open String Theory
do not satisfy the constraint in (3.2),'® respectively, and from the general formula for the
N-point gauge boson amplitude in this theory [44] we do not expect that the (¢ - k)Y
terms to cancel among themselves, so we really expect that the constraint in (3.2) does
not happen in the case of Bosonic Open String Theory and that it is only a peculiarity of
Open Superstring Theory. "’

It is this constraint that makes all the difference between the ‘conventional’ and the
‘revisited’ S-matrix approach to the low energy effective lagrangian in Open String Theory.
We will use it to find relations between the different coefficients of the bosonic terms
presented in egs. (2.11) and (2.12), at each order in o/. We will do this in section 4 and we
will then determine the a’* terms of the low energy effective lagrangian in section 5.

3.2 How the method works

Let us consider the bosonic part of the low energy effective lagrangian L.g. At order o”

(p > 2) its general term consists of (p — 1) subterms D*—2FP+3=% (; =1 ... p—1):
1
LP) = —(2a/)P | FP*2 4 D2 PPl 4 DARP 4 4 DAY (3.3)
g

As explicited in some cases in subsection 2.2, each subterm D2 FP+3= really means a lin-

ear combination of independent terms of that type (with, up to now, unknown coefficients).

In order to determine ng)f) our ‘revisited’” S-matrix method works in two steps:

1. Reduction from the general basis to the constrained basis. In this step is where we

demand the constraint (3.2) in the N-point subamplitude calculated from /Jg;f) at

order a'?,?0 where N = 4,...,(p+ 2). This will lead to strong constraints between

the unknown coefficients of the lagrangian. These constraints consist on a system

21

of (N — 2)" linear equations for the a; coefficients.?! For increasing N (starting

18See, for example, ref. [3] for the 3-point amplitude and ref. [43] for the 4-point amplitude.

19The fact that a cancellation of the ¢ k)N terms, among themselves, might happen, is already known
to occur in the case of the 4-point amplitude. In appendix C, in equations (C.1) and (C.3) we have written
the kinematic factor of this amplitude in two different, but on-shell equivalent, ways: the first one with no
(C - k)* terms, but without manifest gauge invariance, and the second one containing (¢ - k)* terms and
being manifestly gauge invariant.

2From p = 4 onwards, the method requires also the knowledge of £2), ..., £%™% in order to compute
the o’? contribution on the N-point subamplitude.

21 After using momentum conservation to eliminate, say ky in terms of the other k;’s, and demanding
the physical state condition, there are only left (N — 2)V different (¢ - k)™ = (1 - kiy) ... (Cnv - kiy ) terms.
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from N > 6, for example) this number of equations grows extremely rapidly, but it is
guaranteed that it always has nonzero solutions for at least some of the a; coefficients
because, in particular, the N-point amplitudes coming from the OSLEEL obey it and
it is known that in this lagrangian the a/? D?’~*F4 terms are non zero.?> The previous
lines imply that the equations coming from demanding absence of (¢-k)" terms in the
N-point subamplitude should not be all linearly independent. In fact this is expected
to happen because the full subamplitude satisfies, among various properties, cyclic
invariance and (on-shell) gauge invariance, and this relates the coefficients of its
kinematical terms (in particular implying that the coefficients of the (¢ - k)" terms
are not all independent; that is, if some of the coefficients of these terms are zero,
then cyclic and gauge invariance can be used to derive that necessarily some other
coefficients of these type of kinematical terms are also zero).

Anyway, the solution to these constraints is such that at the end only a few of the a;
coefficients will still remain unknown, according to the following table:?

p | Dimension of the general basis | Dimension of the constrained basis
at order o/? at order a/”
1 1 0
2 4 1 (3.4)
3 13 1
4 96 0

On the previous table we understand by ‘dimension’ the number of independent
terms, at a given o’ order, whose coefficients are not sensible to field redefinitions.
The column saying ‘general basis’ specifies the number of coefficients that the ‘con-
ventional’ S-matrix approach would require to determine at that order, by means
of a (p + 2)-point open string amplitude.?* The column saying ‘constrained basis’
specifies the number of coefficients that the ‘revisited” S-matrix method requires to
determine.

221t is well known that the o’ expansion of the 4-point amplitude has non zero coefficients from p = 2
onwards.
*3There are some observations with respect to the table in (3.4):

1. We have included the case of p = 1, not considered in eq. (3.3), which simply states that there are no
F? terms at order o’" in the constrained case.

2. The informations about o’* order have been taken from [25], which we expect to agree completely
with our results.

3. At first glance, the fact that for p = 4 the constrained basis has dimension 0 might seem surprising
since this number is less than the corresponding one for p = 2 and p = 3. In section 5, in the second
paragraph after eq. (5.4) we explain the reason for this: it has to do with the fact that from p = 4

(»)

eff

onwards, the constraint in eq. (3.2) makes the a; coefficients of Lz dependent on the ones from

ng), . ,Ei’f_}_z), as mentioned in footnote 20, on page 11.

24The dimension of the general basis in the case of p = 1,2,3 is precisely the number of undetermined
coefficients found in subsections 2.2.1 amd 2.2.2.
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Notice that on this step we are indeed using the open superstring N-point subampli-
tude, given in (2.5), where N = 4,..., (p+2), as the ‘conventional’ S-matrix approach
does. The important detail is that, due to the redundancy of information on that
formula we do not need to explicitly compute the complete expression for the scat-
tering subamplitude: we only use the part of it which is convenient to us, that is,
the absence of the (¢ - k) terms. We do not expect that demanding the constraint
in (3.2) for N > p + 2 will lead to new (linearly independent) conditions for the a;
coefficients at /" order.?®

Having accepted that the kinematical constraints in (3.2) lead to non trivial solutions
for the a; coefficients it is natural to raise the question of how many undetermined
coefficients we are left with, or stated in another way, what is the dimension of the
constrained basis. In the table in (3.4) we see that for low values of N this number
is 1 or 0, but at this moment we do not have a clear answer about this dimension for
higher orders of o/.

II. Determination of the coefficients of the constrained basis. After step I the remaining
free coefficients in ﬁggf) would have to be determined using the explicit expression of a
lower open superstring N-point subamplitude (N < p+2) at o’? order. For example,
in the next two sections we will see that knowledge of the open superstring 4-point
subamplitude is enough to find not only the o/ 2 (as it happens with the conventional
S-matrix approach) but also the o 3 and the o/* terms of the low energy effective

lagrangian.?

4 Applying the revisited S-matrix approach to obtain L. up to o’® order

4.1 Low energy effective lagrangian up to o’ 2 order

In this subsection we will reproduce, once again, the results mentioned in table (2.14) for
the lagrangian in (2.11) (in the case of Open Superstring Theory), but this time strictly
following the two steps of the ‘revisited’” method, mentioned in subsection 3.2.

We start considering the 3-point subamplitude. We already saw in subsection 2.3 that
the absence of (¢ - k)3 terms on it imply the constraint a; = 0 for the o ! term. Since there
are no more cubic terms in L.g there are no more constraints for the a; coefficients coming

from the 3-point subamplitude.

Next, we consider the 4-point subamplitude. Using the corresponding Feynman rules

Z5This is similar to the fact that, after knowing the explicit expression of the open superstring (p+ 2)-
point subamplitude at o'” order, any information obtained from a higher N-point amplitude at that o’
order is redundant.

26Tn [25] it was also seen that the 4-point subamplitude is enough to find the o't terms, once the BPS
constraints in the bosonic terms are taken into account.
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from Leg in (2.11) (with a3 = 0) it leads to
A(1,2,3,4) = Aym(1,2,3,4) + g2 (za’)2< asKM(1,2,3,4) + ay KV (1,2,3,4) +

asKV(1,2,3,4) + ag KV (1,2, 3,4) ) o)), (4)

where the K ](-4)(1, 2,3,4)’s (j = 3,4,5,6) are known 4-point kinematical expressions given
in appendix D.

In that appendix we see that demanding the absence of ({ - k)* terms in the o2
contribution to A(1,2,3,4) implies that a3, a4, as and ag should satisfy the following

constraints:
asz = —8(16 , A4 = —4(16 , a5 = 2(16 . (4.2)

So, the conclusion of step I of our procedure (see subsection 3.2) is that the only possible
deformation of the bosonic part of the D=10 Super Yang-Mills lagrangian, allowed by Open
Superstring Theory, is given by:

1 1

Lo = —5tr [ — ZFWFW + ag (20/)2( -8 F“)‘FVAFMPFVP -
[
A v v A
4 FRF,\F"PF,, +2 F"F,, F*F), +

i F/\PFWF,\p> +0((2a")%) } : (4.3)

Notice that this is in perfect agreement with the well known fact that D=10 SYM has a
unique deformation at o/? order [30, 55]. Also, it is important to mention that the result
we have arrived to in (4.3) is completely equivalent to the one obtained by the method of
BPS configurations [14].

Now we go to step I1 of our procedure. Using the constraints in (4.2) and the 4-point
kinematical expressions of K§4)(1,2,3,4)’s (j = 3,4,5,6) (see appendix D), comparison
with the 4-point subamplitude (2.7) at order o/ 2 (after using momentum conservation and
the physical state condition) leads to

7.{.2

96’ (4.4)

ag — —
which is the known o/ correction to the D=10 Yang-Mills lagrangian coming from Open

Superstring Theory [3, 4].

4.2 Low energy effective lagrangian at o’ 3 order

In appendix E we show that the absence of (¢ - k)* terms in the 4-point subamplitude
of Leg®, given in (2.12), implies that the coefficients of its D2F* terms are constrained
to satisfy

—2a16 = —2a17 = 8aig = —agy = a2,
alg = a1 = 0. (4'5)
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Figure 1. Feynman diagrams associated to the 5-point amplitude at o’ 3 order.

Also in appendix E, we show that the absence of (¢-k)° terms in the 5-point subamplitude of
[,eﬁr(3) implies, besides (4.5), that the remaining coefficients of its F® terms are constrained

to satisfy

a1l = a1z = —2a15 = —1 as,

ajg — a1 = a4 — 0. (4.6)

So, step I of our procedure leads us to only one possible deformation of the bosonic part of
the D=10 Super Yang-Mills lagrangian at order o/ 3, allowed by Open Superstring Theory:

(20/)3 aso N %
Lg® = 2 tr| i F, Fu/\FApFaqua +i kb, FPJFV/\FJMFAP N
i By . ]_ by o
3 BB B RS 4 5 (D) (DR R,
1 1
5 (DuEE (DVEY)E, — < (DuF, ) E, (DVFY)F, +

—

DoF,")F\' (D' E)E,” = FY (D'EY) (Do) E,7 |
(4.7)

This result is also in perfect agreement with the fact that at o’ 3 there is a unique super-
symmetric deformation of the D=10 SYM lagrangian [15]. Koerber and Sevrin arrived to
this same result (4.7) in [14].

Demanding the 4-point subamplitude of the D?F* terms in (4.7) to agree with the
corresponding open superstring 4-point amplitude (2.7) at o/ 3 order, leads us to

azx =2 ¢(3) . (4.8)

An interesting aspect, that we have verified in appendix E, is that only demanding absence
of (¢ -k)? terms in the 5-point subamplitude of Leg® (and not worrying about the absence
of the (¢-k)* terms in the 4-point subamplitude, as we did to obtain the relations in (4.6)) is
enough information to arrive to the whole set of relations in (4.5) and (4.6) and, therefore,
to the expression of Leg®) given in eq. (4.7).

The results in (4.7) and (4.8) were first correctly obtained in [14] for the D=10 case.
They were confirmed by a 5-point open superstring amplitude calculation in [16].
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5 The low energy effective lagrangian at o’* order

o/t is the highest order for which all the bosonic terms of the OSLEEL have been explicitly
obtained in the literature up to this moment [25]. Since the method that has been used

27 is not directly a String Theory one (like the conventional S matrix

to obtain these terms
or the Sigma model methods) it is of much importance to see how the revisited S matrix
method deals with them. We do this in the present section.

Since the calculations to obtain Leg* are quite extense, we will not present here the
explicit list of a full basis of terms (with arbitrary coefficients) like we did in egs. (2.11)
and (2.12), at lower orders in o. We will just mention that this basis contains 96 terms [36],
we will present the final expression that we have obtained for Leg™ and we will leave the
details of the calculations to appendix F.

The expression that we have obtained for Log™ is the following:

20/ 47T4
ﬁeff(4) = i (ﬁFG + Lp2ps + Lpapa ), (5.1)
where
1
*CFG = m t/(‘«1127/)1/1«2V2//43V3M4V4N5V5N6V6 tr (mel FMV2 FM3V3 F,u4V4Fu5V5 F,usl/ﬁ) ’ (5'2)
56 ¢ "
£D2F5 = 446080 tttll(;’)mwz% 3UAVAUS VS tr (mel Fygyg F,LL31/3 DaF;L4V4DaF;L5V5) 4 (5‘3)
1
16080 (77 . t(s))ﬂ1V1#21/2H3V3M4V4#5V5 tr(— 169 DaF/uul FWV2 Fu3l/3 F;},4V4DOLF}L5Z/5 +
68 Dame DaFquzFu3V3FM4V4FM5V5 +
237 F#1V1 DQFH2V2DQF#3V3FM4V4FH5V5 +
237 Fiy D F o Fligvs Do F g, Flusvs +
267 F#1V1 F#2V2DaF#3V3DaFu4V4FM5V5 +
16 F/L1V1FM2V2F#3V3DQF/L4V4D0¢FM5V5 ) -
i 5 Vs
% tétg)l/lﬂ2l/2#31/3#4l/4 {17 tr (Duamel FugunggugD QF#4V4FM5V5) +
+ 2 tr(Fﬂll/lDMSF#QVQDV5FM3V3F#4V4FH5V5)} )
1 1% 1% 1% V.
Lpips = 11520 téLSI) HHaratatapa tr(Dasz/lD(aDﬁ)Fu2v2DﬂFu3V3Fu4u4 +

+8 D*Fyy 0, DaFyuyu, D Flyry D Fuyuy ) - (5.4)

As expected, a new 12-index tensor #(;9) (characteristic of 6-point scattering) has arisen. Its
explicit expression, as a sum of products of 6 7,,’s, can be obtained from formula (B.8) in
appendix B.4. 7-#(g) and (1) are 10-index tensors that already appeared in our expression
for the open superstring 5-point amplitude [19]. In appendices B.2 and B.3 we recall how to
construct them, respectively. ¢(g) is, of course, the well known 8-index tensor that appears
in 4 open superstring scattering [44]. In appendix B.2 we also recall how to construct it.
All these tensors are antisymmetric under the interchange of indices p; and v;.

2"The method of BPS configurations.
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Figure 2. Feynman diagram that contributes to the 6-point amplitude at o/ * order. This diagram
is responsible for fixing all the a; coefficients of Eéﬁf) without using any explicit information from
Open Superstring Theory.

It is quite remarkable that we have obtained all coefficients and terms in the lagrangian
in (5.1) without using any scattering amplitude information from Open Superstring The-
ory at o’* order (not even the 4-point amplitude). We have just demanded the (¢ - k)Y
terms to be absent in the N-point amplitude of the general lagrangian at o/ * order (with
N = 4,5,6) and this has fixed all its coefficients. One might think that the best scenario
could have been that this last condition fixed the lagrangian coefficients up to a global
factor, as it happended with the o/? and o/® order contributions (see egs. (4.3) and (4.7),
respectively) and then it should have been necessary to use information from the open su-
perstring 4-point amplitude at o/ * order. But what in fact happened is that even the global
coefficient has now been fixed by the condition of absence of (¢ - k)® terms in the 6-point
amplitude.?® The reason for this is that, at o 4 order, the 6-point amplitude not only re-
ceives contributions from Feynman diagrams constructed with the Yang-Mills propagator,
the Yang-Mills vertices and the o/ * order vertices (and these last ones contain the originally
unknown a; coefficients), but it receives as well contributions from diagrams which contain
the o/ order vertices (which coefficients are all known and proportional to 72). So the
linear system of equations for the unknown coefficients of Leg™ is not homogeneous and it
happens to have a unique solution, which leads to our result in eq. (5.1) (see more details
in appendix F).

The fact of finding all the o/ * terms of the low energy effective lagrangian without
needing to use any information from Open Superstring Theory at that o’ order also hap-
pened in the method of BPS configurations [25, 36]. It means that L.g*) (and its fermionic
completion) is the o/* supersymmetric deformation of Lgyas + (2¢/)2£32) (where £ is
the known first supersymmetric correction to the D=10 SYM lagrangian [29, 30]). In fact,
in [34] it was proved that this o/ * supersymmetric correction should exist (but it was not
computed explicitly) and Lez™ should match the bosonic part of the one given by the
algorithm of that reference.

In appendix F we have verified that our lagrangian in (5.1) bypasses the following tests:

1. The abelian limit of the £z agrees with the corresponding F© terms of the (super-
symmetric) Born-Infeld lagrangian [3, 42].

28Gince the coefficients of all a’* terms have been determined, that is the reason of why in the second
column of the table in eq. (3.4), for p = 4 we have written that the dimension of the constrained basis is 0.
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2. The 5-point amplitude obtained from Lp2ps + Lpapa agrees exactly with the corre-
sponding one coming from Open Superstring Theory, obtained by us in [19], at o/ 4
order.

3. The 4-point amplitude obtained from Lp1p4 agrees with the corresponding one ob-
tained from the open superstring one, eq. (2.7), at o’ % order. In particular, this means
that the abelian limit of £psza should agree with the 9*F* terms of [42, 56] since
those terms agree with the abelian 4-point amplitude of Open Superstring Theory.

These tests guarantee that our expression for Leg™ is correct up to terms which are
sensible to 6 and higher n-point amplitudes. They also confirm that the abelian 6-point
amplitude that comes from our low energy effective lagrangian is correct at o * order. But
there is still an additional nonabelian test for the F% terms, which is extremely important
and comes from the very nature of our revisited S-matrix method. This test makes direct
contact with Open Superstring Theory calculations at o * order: the 6-point amplitude
at o’* order that can be computed from Leg, expanded up to o/* order, where Log® is
the one that we have found in eq. (5.1) (with the corresponding expressions in (5.2), (5.3)
and (5.4)), and the corresponding amplitude from Open Superstring Theory, agree in the
fact that both of them have no ({-k)% terms. At this point, we claim that our expression for
Eeﬂr(4) is in complete agreement with the nonabelian 6-point amplitude at o 4 order because
of the uniqueness of the expression that we have found for it (up to terms which are not
sensible to S-matrix calculations).?? It should happen that the remaining (¢ -k)*(¢-¢) and
(¢-k)2(¢-¢)? terms of the nonabelian 6-point amplitude agree with the ones that come from
the corresponding open superstring 6-point amplitude or otherwise the N-point formula in
eq. (2.5) would be incorrect in the case of N = 6 (and we clearly do not believe this since
the vertex operator formalism in Open Superstring Theory leads to expressions for the
scattering amplitudes which respect basic properties like unitarity and gauge invariance).

It would be nice to verify the equivalence between the o’* terms found by the method
of BPS configurations [25], ours and the ones proposed by the algorithm in [34], but this
would require huge additional calculations to be done. Koerber and Sevrin present their
o/* order result in terms of symmetrized traces and commutators of covariant derivatives,
which is in fact a very compact way of writing the terms, but it is different from our way
of presenting the result in eq. (5.1). Our main worry has not been to write the final answer
in a short manner, but to write the terms in such a way that it is clear which ones are
sensible at least to 4, 5 and 6-point amplitudes. We just mention here that the result of
Koerber and Sevrin [25] also satisfies the test mentioned in item 1 and the abelian part of
the test in item 3 and that their method is self consistent in the sense of finding a unique
solution for a linear system of equations (for the coefficients in Log™, for a given basis of
terms) which is overdetermined.

In appendix F we comment on the possibility of arriving to our result in egs. (5.1)—(5.4),
much in the same spirit that me mentioned at the end of subsection 4.2, that is, by just
demanding the absense of (¢ - k)® terms in the 6-point amplitude, while not imposing the
absense of (¢ - k)" terms in the 4 and 5-point amplitudes.

29 And this expression has been obtained by means of an S-matrix method.
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6 Final remarks and future prospects

In this work we have presented a ‘revisited” S-matrix approach to obtain the bosonic terms
of the open superstring low energy effective lagrangian (OSLEEL). It is just the well known
S-matrix approach, but we have called it ‘revisited’ because we have found a specific way
of using the information contained in open superstring scattering amplitudes, in such a
way that the calculations are simpler than the corresponding ones in the bosonic theory of
open strings. In order to obtain the OSLEEL o? order terms, the method usually proceeds
in two steps.>® The first step consists in demanding the absence of (¢ - k)" terms in the
N-point (tree level) gauge boson subamplitude (constraint in eq. (3.2)), in the field theory
side, for N = 4,...,p + 2.3! Using these constraints at each a/” order, this step reduces
enormously the number of unkowns coefficients in the OSLEEL (in comparison to the
number of coefficients existing in the general lagrangian; for example of this comparison
see the table in (3.4)). The remaining unknowns are determined in the second step of
the method by matching the field theory N-point amplitude with information from the
N-point amplitude of Open Superstring Theory at o’ order (where N is expected to be
much lower than p + 2; in fact, at least up to o/ * order terms, we have been able to obtain
the OSLEEL only using the N = 4 scattering amplitude of open superstrings). This is
the main difference with the ‘conventional’ S-matrix approach, in which it is generally
believed that an open superstring (p + 2)-point amplitude is needed (at least expanded
at o/” order) in order to fully determine the o/” order terms of the low energy effective
lagrangian (where p > 2).

Although we have not further studied the o’? order terms for p > 5, we expect our revis-
ited S-matrix approach to be capable, in principle, to determine completely the OSLEEL.
We will examine more carefully this issue on a forthcoming work [57] and we will also
examine there the possibility of the kinematical constraint in eq. (3.2) being valid in any
theory which consistently considers supersymmetric deformations of D=10 SYM theory,
not only Open Superstring Theory.

The sort of restrictions that arise for the coefficients of the bosonic terms of the
OSLEEL, in this ‘revisited” S-matrix method, are similar to the ones found in the method
of BPS configurations (due to Koerber and Sevrin [14, 25, 35]32). Both methods agree in
their results up to o/ 3 order and probably agree at o 4 order, as well (see section 5 for more
details about this last comparison).

39Here we have said ‘usually’ because at o'* order the first step is enough to determine all the coefficients
of the OSLEEL, but for any other o’ order we expect both steps to be required.
3'Here we have two observations:

1. The method applies also when N = 3, but the only case in which this has any relevance at all is
when proving that there are no o’ terms in the OSLEEL.

2. We have found that for the 5-point subamplitude (at o order), demanding this constraint just for
N = p + 2 is enough, but we are not sure if this also happens for the 6-point subamplitude at o’ 4
order.

32This method was firstly applied to the abelian case in [27].
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The constraint (3.2), which is the crucial part of our ‘revisited’ S-matrix approach,
seems not to exist in Open Bosonic String Theory.?* This suggests that the reason for it is
Spacetime Supersymmetry (an inherent symmetry of Open Superstring Theory) and that
is why the ‘conventional’ S-matrix approach (which treats the bosonic and the supersym-
metric theory of open strings, at least in the determination of the bosonic terms of the
OSLEEL, on the same footing) does not include it.

We end this work by mentioning that there is a natural extension of the require-
ment (3.2) and its consequences for the OSLEEL, to the case of the Closed Superstring
Low Energy Effective Lagrangean (CSLEEL) of the NS-NS sector of the Type II Theories.
This can easily be understood by means of the KLT relations [43]. A careful analysis of
the kinematics involved in these relations tells us that demanding the (¢ - k)Y terms to be
absent in gauge boson N-point amplitudes of Open Superstring Theory implies that in the

interactions of gravitons and Kalb-Ramond states, in the Type II theories,?*

the N-point amplitude contains neither (k ¢ k)™ nor (k ¢ ¢ k)' (k ¢ k)V=2 terms.
(6.1)

For example, if we consider the 3-point amplitude of gravitons and/or Kalb-Ramond states,
the constraints in (6.1) imply that terms like

(k2 C1 ko)(ks G G k1) = (koG k) (k3 pCo? Gonkr™) (6.2)
(ko C1 ko) (ks G k3) (k1 G K1) = (K2, G ko) (ks pCo™ ko) (k12 k1y) (6.3)

should not appear in the amplitude. It can be easily checked that these terms do indeed
appear in the 3-point amplitude in the case of Closed Bosonic String Theory, at o/ ! and
o? order, respectively. The fact that they should be absent in the supersymmetric case
implies that there should be no o/ ! and no o’? terms in the NS-NS sector of the low energy
effective lagrangian of the Type II String Theories, as it is well known.

The remaining dependence of the NS-NS sector of the CSLEEL can be simply obtained
recalling the result of ref. [59], where it was shown that, starting from the low energy
effective lagrangian of the pure gravitational sector of the Type II theories, the dependence
of it on the dilaton (¢) and the Kalb-Ramond field (B,,) can be directly inferred from the

first one by just replacing the curvature tensor by the combination
Ry = Ry + e Vi, H,Y - 6,7V, VAo, (6.4)

where H/W)\ = 8[;131/)\]'

So, if our revisited S-matrix approach is indeed capable of determining the complete
OSLEEL, it is likely to happen the same thing with the NS-NS sector of Closed Superstring
Theory.

33At least in the case of 3 and 4-point subamplitudes it is known not to happen and it is clear that in
the N-point subamplitude formula [44] the (¢ - k)" terms will show up, but we have not checked that for
N > 5 those terms do not cancel each other.

34We have made some change in eq. (6.1), with respect to the first version of this work that we sent to
the hep-th Arxive, due to an observation by M. R. Garousi. In the way that we have now written this
equation, it is consistent for N = 4 with the forbidden kinematical terms mentioned by him, after eq. (23)
of [58].
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A Conventions and identities

A.1 Metric, symmetrization and antisymmetrization over spacetime indexes

We use the following convention for the Minkowski metric:
N = diag(—,+,...,+) . (A.1)

The symmetrization and antisymmetrization convention that we use, on the spacetime
indexes of a product of two vectors A and B, is the following:

AlpY) = %(A“B” + AYB"), (A.2)
Al — %(AﬂBV _A"B") . (A.3)

A.2 Gauge group generators, field strength and covariant derivative

Gauge fields are matrices in the Lie group internal space, so that A, = A" A?, where the
A% are the generators in the adjoint representation,

(@Y — _ pabe (A4)
which satisfy the normalization relation

tr(AAb) = 590 (A.5)
The field strength and the covariant derivative are defined by3?

F,Lw - 8;1141/ - 81/14;1 - i[Aua Al/] 5 (AG)
Du¢ = u¢ - i[Auy ¢] ) (A'7)

and they are related by the identity
[DuvDV]d) = -1 [FMV7¢] . (AS)
Covariant derivatives of field strengths satisfy the Bianchi identity:

DHFYP 4 DPFH 4 DVFPH =) (A.9)

35In contrast to the conventions that we used in [19], now the coupling constant g does not come in the
definitions (A.6) and (A.7), neither in the identity (A.8): it comes as a global 1/¢* factor in the whole low
energy effective lagrangian. See, for example, egs. (2.11) and (2.12).
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B Vertices and tensors

B.1 Ya(rég-Mills vertices
VM 1 papis (ks k2, ks) = =il 1y uo (F1 = K2) s F 0021 (B2 = K3) s+ Mpgpr (K3 =k ) |,

(B.1)
4
V\SI\/)[ 141 42 43 b (kla k2v k?n k4) = *[ N peMuspa *277;“/13 Nuopa +77#4#1 77#2#3]' (B'Z)
B.2 tg) and 7 - () tensors

The #) tensor,?® characteristic of the 4 boson scattering amplitude, is antisymmetric on
each pair (uj,v;) (j = 1,2,3,4) and is symmetric under any exchange of such of pairs. It
satisfies the identity:3”

(8) M1V AM2V2 AU3V3 AMH4V4
tu1V1u2V2u3V3u4V4A1 A2 A3 A4 -

-2 (Tr(AlAg)Tr(A3A4) + TI‘(AlAg)TI‘(AQA4) + TT(A1A4)TI‘(AQA3)> +
(B.3)
+38 <Tr(z41z42143144) + Tr(A; A3 A Ay) + TI“(A1A3A4A2)> ;

where the A; tensors are antisymmetric and where ‘Tr’ means the trace over the spacetime
indexes.

A ten index tensor, which is also antisymmetric on each pair (45, ;), can be constructed
from the Minkowski metric tensor and the ¢g) one, as follows:

. H1VIH2V2 U3V UAVARSYS V3V gH3 4SS 1V 212 U3 4 fV3VARSVS IV 2V
(n t(S)) =1 t(g) +n t(g)

[3V4 V3 AU VS L1V 4212 V3 L4 1 H3VARE V5 L1V 1212
! e . (BA4)

-n -7

This tensor appears in the 5-point amplitude of the open superstring [19].3® It also changes
sign under a twisting transformation®’ with respect to index 1, that is,

(77 . t(g))#1V1H5V5#4V4#3V3u2l/2 — _(77 . t(s))#1111#21/2%1/3#41/4#51/5 ) (B.5)

It satisfies an identity similar to the one given in (B.3) for #(g):

(77 ) t(8))ulV1M2V2M3V3#4V4#5V5A§L1y1 ASQW AggygATMAgS% =
+ 2[Tr (A1 A2) Tr (A3A4A5)+Tr (AgAs) Tr (A1 AsAg)+Tr (A1 As) Tr (Ao A3Ay)] —
—6[Tr (A1 A5) Tr (A2 Ay Az)+Tr (A1 A2) Tr (A3 As Ay)+Tr (AgAs) Tr (A1 AsAs)] +
+4[Tr (A1 AgA4A3As) — Tr (A1 A2 AsAyAs) — Tr (A1 A2 A5 AsAy) +
+ Tr (A1 A2 A5 Ay As) — Tr (A1 A3 Ay Ag As) + Tr (A1 Ay AsAs As)] +
+12[Tr (A1 A4A3A5Ag) — Tr (A1 AsAgAs Ag) — Tr (A1 A5 As AsAy) +
+ Tr (A1 A5 Ay Ay As) — Tr (A1 A5 A3 Ay Ag) + Tr (A1 A5 Ay AsAg)] . (B.6)

36 An explicit expression for it may be found in equation (4.A.21) of [44].

3TFormula (B.3) has been taken from appendix A of [26].

31In ref. [19] we used a subindex ‘1’ for the 7 - ¢(s) tensor, as a reminder that the twisting relation that
it obeys, eq. (B.5), is realized with respect to the vertex ‘1’ on the disk, but on this paper we have omitted
that reminder and written that tensor with no subindex.

39See the third item of subsection 4.2 of [19] for further details about a twisting transformation on the disk.
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B.3 {(10) tensor

The #(10) tensor is another ten index tensor that appears in the 5-point amplitude of the

open superstring [19]. It is linearly independent to the (7 - t(g))1 one. This tensor also

satisfies an identity similar to the one given in (B.3) for #(g:

P avapssvapavapisvs AL AR AL AL ALY —
— 8[ Tr(A;As)Tr(A3A4As) + Tr(AyAs)Tr(As Ay As) + Tr(Ay Ag)Tr(As A3 As )+
+ Tr(Ay As) Tr(As Az Ag) + Tr(ApAs)Tr(Ay Ay As) + Tr( A Ag)Tr(A; A3 As)+
+ Tr(AsAs)Tr(A; A3 Ag) + Tr(A3Ag)Tr(Ay As As) + Tr(AzAs)Tr(A; Ay Ag)+

+Tr(AgA5)Tr(A; A2 As) |+ 48 Tr(Ay AsAsAsAs) +
+16] Tr(A1AyAsAsAy) + Tr(A1AsAgAsAs) + Tr(Ay AgAs AgAg)+
(A1 A2 Ay A5 As) — Tr(Ay AgAs AgAs) + Tr(Ay A3 Ay Ay As)—
— Tr(A1A3As AsAy) + Tr(A; AgAs Az As) + Tr(Ay A5 As AgAg)—
—Tr(Ay Ag Ay As Ag) — Tr(A1 As As AgAs) |,

(B.7)

where the A; fields are antisymmetric. From (B.7) an explicit expression of the (;qy tensor

may be obtained, once its symmetry properties are considered.

B.4 {(;12) tensor

Consider the 12-index tensor s(13) which is obtained by means of the relation

821121/)1M2V2M3V3M4V4H5V5N6U6 AP AR A§3ys A A/gsvs AgGVG =
—144 Tr (A Ag) Tr (A2 As) Tr (A3 Ay) — 1396 Tr (A Ay As Ag) Tr (A Ay) +
42260 Tr (A As Ay Ag) Tr (A3 Ay) — 2016 Tr (Ay A5 Ag As) Tr (A3 Ay) +
+4028 Tr (A Ag Az A5) Tr (A3 Ay) — 2172 Tr (Ay AgAs As) Tr (A3 Ayg) +
+104 Tr (A; Ag) Tr (A3 Ag) Tt (A5 As5) — 80 Tr (A3 Ag) Tr (AsAs) Tr (A3 Ag) —
—64 Tr (A1 Ag) Tr (A2 As) Tr (A4 As) + 304 Tr (A; As) Tr (Ay Ag) Tr (As4g) +
4300 Tr (A1 A3As) Tr (A A4 Ag) — 180 Tr (Ay AsAs) Tr (AzAgAy) —
—1210 Tr (A, Ay Ag) Tr (A3 A4 As) + 696 Tr (A3 Ay Ag) Tr (AsAsAy) +
+220 Tr (A; A3 Ay) Tr (A3 A5 Ag) — 4692 Tr (A3 AgAs) Tr (A3 As Ag) —
—660 Tr (A1 Ay Ay) Tr (A3AgAs) + 1980 Tr (A3 Ay As) Tr (A3 AgAs) —
—4032 Tr (Ay A3 Ag) Tr (A4 As Ag) — 4316 Tr (A4 Ag) Tr (A3 Az A3 As) +
+534 Tr (A3 Ag) Tr (A1 Ag A5 Ay) + 1602 Tr (A3 Ag) Tr (A Ay A5 Ay) —
—294 Tr (AsA5) Tr (A1 A3 Ay Ag) — 3124 Tr (A3 Ay) Tr (A3 A3 A5 Ag) +
—1228 Tr (AyAg) Tr (A; Ay A5 Ag) + 3684 Tr (A3 Ag) Tr (A AgAsAs) +
41228 Tr (AyAy) Tr (Ay A5 Az Ag) + 1228 Tr (A3 As) Tr (Ay A5 A3 Ag) +
43684 Tr (AgAy) Tr (A1 AgA3As) — 882 Tr (AsAs) Tr (A1 AgAsAs) —
—3684 Tr (ApA3) Tr (A; AgAs Ay) — 144 Tr (A Ag) Tr (As A3 A5 Ay) —
—432 Tr (A1 Ag) Tr (Ag Ay A5 As) + 8240 Tr (A; Ay A3 Ay As Ag) +

r
r

T
T

47680 Tr (A1A2A4A3A5A6) —8256 Tr (A1A2A5A6A3A4) +2624 Tr (A1A2A6A4A3A5)+
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49824 Tr (A1 A3 Ay Ay As Ag) — 432 Tr (A1 Ag Ay Ay AgAs) — T840 Tr (Ay As Ay As Ag Ay) +
49824 Tr (A1 A3 Ay Ay As Ag)+4032 Tr (Ay A3 Ay As Ag Az) — 4032 Tr (A Ag Ay Ag As Ag) —
256 Tr (A1 A3 A5 Ay Ay Ag)+1120 Tr (A1 A3 A5 Ay Ag Ag) +4032 Tr (A3 A3 A5 Ag Ay Ag) —
384 Tr (A1 A3 Ag Az A5 Ay) — 4032 Tr (A A3 Ag A5 Ay As)+9824 Tr (A1 Ay Ay A3 As Ag) +
49824 Tr (A1 Ay A3 Ay As Ag)+4032 Tr (A1 Ay A3 As Ag As)+4032 Tr (A Ay A5 Ag As Ay) —
4032 Tr (A1 AgAg A5 A3 Ay) —928 Tr (A1 As Ay A3 Ay Ag) — 9824 Tr (A As Ay Ay A3 Ag) —
—9824 Tr (A1 A5 A3 Ay Ay Ag) — 9824 Tr (A1 A5 A3 Ay Az Ag) — 9824 Tr (A As Ay Az A3 Ag) —
~0824 Tr (A1 A5 Ay A3 As Ag) +4032 Tr (A As Ag A3 Ay As)+4032 Tr (A As AgAs A3 As) |
(B.8)

where the A; tensors are antisymmetric (j =1,...,6).
The t(;9) tensor appearing in eq. (5.2) is given by an averaged expression of the s(;9),
such that the resulting tensor obeys the twisting relation (F.2) of appendix F:

1

t(12) — 8(12) +s 12 (B 9)
M1V 2V2 U3V3 4 VA5 V5 6 V6 2 M1V p2V2 U3 V3 4 V4 U5 V5 6 V6 H1V1 6 V6 U5 V5 ha VA U3 V3 2V2 | ° :

C The 4-point kinematical factor
The 4-point kinematic factor appearing in eq. (2.7) is given by [44]

K =~ [t5(6 )G )+ su(Go - G)(@ - o) + ut(Gr- @) (G - )] +

+ 55 kG k) (G )+ (G R (G )G o)+
+ (G ks) (Ga- k) (Go - Go) + (Go - k) (G- k) (G- )| +
5t k)@ k)G @)+ (G k(G R (G G) +
+ (2 ka)(Cr - F3)(C3 - Ca) + (3 - k) (Ca - k) (G2 - Cl)] +
+Sul(G )G k) (G @)+ (G k) (G k)G ) +
+ (Cu - ka)(Cz - ) (s - Ca) + (G3 - K2) (Ca - k) (G- 62)} (C.1)

and where {s,t,u} are the Mandelstam variables defined in (2.8).

Notice that the expression for K in (C.1) contains no (¢-k)* terms, but does not have
manifest (on-shell) gauge invariance. An alternative expression for it, which now has this
symmetry in a manifest way (due to the symmetries of the #g) tensor), is the following [44]:

v2

K = tél)VINZWNSVBMVALClltlki1<52k2 C33k§3Cﬁ4k334 : (0‘2)

When explicitly expanded it becomes
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This is just a mathematical artifact, in order to implement (on-shell) gauge symmetry in
a manifest way: when using momentum conservation and the physical state conditions all
— 95—

Notice that this expression does contain (¢ - k)* terms,® but the one in (C.1) does not.
(¢ - k)* terms disappear in (C.3).

408¢e, for example, the second term in the ninth line of eq. (C.3).




D «o'? kinematic calculations
Here we present the 4-point kinematical expressions introduced on equation (4.1)

K§4) = 2(C1.G3)(G-Ca)aty + (G1-Ca) (Co-k1)(Gaokr)anz + (C1-Ca) (Co k) (G oka ) ana —

—2(C1-k2)(C2.Ca)(C3- k1) ara + 2(C1-K3) (C2-Ca) (C3-k2) a1z — (C1-k3)(C2-K1)(C3.Ca)ana —
—(C1-k3)(C2-k3)(C3-Ca)anz — 2(C1-C3) (C2-k1) (Ca-kr)ana — 2(C1-C3) (C2-k3) (Ca-br)arz —
—2(C1-¢3)(Ca-k1 ) (Ca-ea)anz — (C1-k3)(C2-C3) (Ca-k2)ana + (C1-C2)(C3-k1) (Ca-ka) oo +
+2(¢1-G3)(C-Ca)asanz + (C1-€a) (C2-Ca)ads + (C1.Gs) (Ga-Ca) s + (C1-G2) ((3.Ca)afs +
+(C1-k2) (G2 kl)(Cs k1)(Ca-ker) + (Crok2)(Co-k3)(C3.k1) (Carker) — (Cu-k3)(Ca k1) (C3-K2) (Carker) —
—(C1-k3)(Ca-k3)(C3-k2)(Ca-kr) + (Cr-k2)(Co-K1)(C3-F1)(Cak2) — (C1-K3)(Ca-For ) (C3-K1)(Ca-ka) —
—(C1-k3)(C2-k3) (C3-k1) (Ca-2) — (Cr-k3) (Co-kr ) (C-k2) (Ca-k2) + (C1-Ca)(Co-ka ) (Ca-ka ) ans —
—2(C1-k2)(C2-Ca)(C3-F1) a1z — (C1-k3)(C2-Ca)(C3-F1)ans + (C1-Ca)(C2-k1)(¢3-ka)as +
+(C1-Ca)(C2-k3)(C3-k2)anz — 2(C1-k2)(C2.Ca) ((3-k2)ans + (C1.k2)(Ca-k1)(C3.Ca) 13 —
—(C1-k3)(C2-k1)(C3-Ca)ans + (Cr-k2) (C2-ks) (C3-Ca)ans — 2(C1-C3) (C2-k1) (Ca-kr)ons —
—(C1-k3)(C2-C3) (Ca-kr)ans + (C1-C2) (Ca-K1 ) (Ca-kr)ans — (C1-G3) (Ca-K ) (Ca-hz)ans +
+(C1-C3)(C2-k3) (Ca-kz)ans + (Cr-k2) (C2-C3) (Ca-kz)ons + 2(Cr-C2) (C3-k1 ) (Ca-kz)ons +
+(¢1-C2)(C3-k2) (Ca-k2) s (D.1)
K = (GG (GorGa)adat(1-62) (Gs-Ca)ada+ (GrCa) (Corer ) (G ki Jara+(Cr o) (Gorks) (Ga e oo+
+(C1-Ca)(C2-k3) (C3-k2)ar2 — (C1-k2) (C2-k1) (C3-Ca)anz — (Ci-k3) (Ca-K1)(C3-Ca)ara —
—(C1-k3)(C2-k3) (C3-Ca)arz — (C1-k2)(C2-C3) (Ca-br )z — (Ci-k3) (C2-C3) (Carkr)auna —
—(€1-€2)(C3-k1)(Ca-kr)anz — (C1-G2)(Ca-k2) (Ca-kr )z — (Gr-ks) (G- Cs)((4 ka)aia —
—(€1-G2) (G3-k2) (Caka) iz + 2(C1.G2) (G5-Ca)anznz + ((1.G2)(G3-Ca)ats —
—(C1-k2)(C2-k3)(C3-k1) (Ca-or) + (Crok2) (Co-kr ) (G-K2) (Carkr) + (Ca-kes) (G2-F1) (Ca-ho2) (Ca-For) —
—(C1-k2) (C2-k3)(C3-k2) (Ca-kr) + (Crok2) (C2-k1)(C-k2) (Ca-k2) + (Ci-kes) (Ca-k1) (Ca-h2) (Ca-k2) +
+(€1-C4)(C2-k1)(C3-k1)rs + (C1-Ga)(Ca k1) (C3-h2) 1z — (C1-k2) (C2-K1)(C3-Ca)anz —
—(C1.k3) (G- K1) (C3.Ca) 3 + (C1ko) (Co-E3) (C3.Ca)ans + (Crka)(Co.C3) (Cakr)ans —
—(¢1-G2)(Ca-k1) (Ca-kr)ans — 2(Ci-C2)(Ca-k2) (Ca-kn ) ans + (Crok2) (Co-C3) (Ca-k2) s
—(¢1-¢2)(C3-k2) (Ca-kz) s (D.2)
K§4) = ((1.€1)(Ca-Ga)aty + (C1-C2)(Ga-Ca)aty + 2(¢1.Ca) (Co-C3)anzana + (€1.Ca) (Co-C3)ads +
+(C1-Ca)(C2-k3)(C3-ka)ona — (3.Ca) (C1-F2)(Co-k1)anz — (C2-¢3)(Ci-k2)(Ca-k1)ara —
—(€2-G3)(C1-k3) (Ca-kr)anz — (C1-G2)(C3-K1) (Carkr )z — (Ci-C2)an2(Cs-k2) (Ca-hin) —
—(€1-G2)(C3-k1) (Ca-k2) oz — (€1.G2) (CGs-k2) (Ca-2) iz + (Cr-Ca)ans(Co-ks) (G k2) —
—(C2-G3)(C1-k2) (Ca-kr)ons — (C2.C3) (Cr-ks) (Ca-kr)ans + (Cik2) (Co-ka ) (C3 1) (Cakr) +
+(C1-k2) (Co-k1) (Cs-k2) (Ca-kr) — (Ci-k2) (C2-k3) (Ca-k2) (Ca-ker) — (Croks) (Co-k3) (Cs.k2) (Cakr) +
+(C1-k2) (C2-k1) (C3-K1) (Ca-k2) + (Cr-k2) (Ca-K1) (C3-h2) (Ca-K2) (D.3)
K(4 = ((1-¢3)(G2-Ca)ats — (Co.Ca)ons(Crks) (Cakr) + (CrGa)ons(Cokn) (Canka) + (D.4)

3)
+(C1-G) s (Ca-k3) (Ca-k2) — (Ci-ks)(C2-k1)(Cs-k1) (Ca-k2) — (Cr-k3)(Co-K3) (Ca-K1) (Ca-K2)
Now, demanding the absence of (¢.k)* terms in the following linear combination

asK$Y + ay KV + as K + ag (Y (D.5)
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we obtain a set of 11 relations among the four unknowns as, a4, as and ag, and we are left
with the following 3 independent equations:

ag+4a5=0
2&4—&3:0 (D.G)
az3+8ag =0

whose solution has already been shown at equation (4.2) and is rewritten here

a3 = —8ag, ag=—4ag, as=2ag . (D.7)

3 . . .
E «o'° kinematic calculations

In this appendix we give some details of the calculations related to the 4 and 5-point
subamplitude of 563(3), shown in (2.12). We do not consider the complete subamplitudes,
but we will take into account only the (¢.k)™ terms which are initially present in the
corresponding n-point subamplitude.

Here we will also adopt the convention

Q5 = ki . k?j . (El)
E.1 (¢-k)* terms
The (¢ - k)* terms presents in the 4-point subamplitude of Leg® are given by:

Ay = a1z (G k1) {(Ca - k2) [2(Ca - k1) (a21(Cr - k2) + (a16 — a17)(C1 - ks)) —
— (Ca - k2) (2(az20 — ag1 + a22)(C1 - k2) + (2a17 + a22)(C1 - k3))]
+(C3 - k1) [(Ca - k2) ((2(ar7 — ago + a21) — a22)(C1 - k2) + (a22 — 2(a17 + 8a1g))(C1 - k3)) +
+(Ca - k1) ((2(ar17 + a21) + a22)(Cr - k2) + 2(az20 + a22)(C1 - k3))]} +
+(C2 - k3) {(C1 - k) [(Ca - k1) (2017 + a22)(C3 - k1) + 2(4arg — a21)(Ca - k2)) —
— (€4 - ka) ((—2a16 + 2a20 + a22)(C3 - k1) + 2(agp + a22)(Cs - k2))] +
+2(C1 - k3) [(—a16 + a17 — 4aig + a21)(Ca - k1)(Ca - ko) + +
+(—a16 + a17 + 8a1g + az0)(Cs - k1)(Ca - k2)]}) +
taiz (G2 - k1) {(C - k2) [Bais(Ca - k2) ((Ca - k1) + (Ca - k2)) +
+(¢3 - k1) ((2a16 + 8a1s + a22)(Ca - k1) + (2a16 + 8ais — 2a20 — az2)(Ca - k2))] +
+(C1 - k3) [(Ca - k1) (2(azo + a22)(Cs - k1) + (2a16 + a22)(Ca - k2)) +
+(—2a16 + 2a20 + a22) ((¢3 - k1) + (Ca - k2)) (Ca - k2)]} +
+(C2 - k3) {(Ca - k2) [2(az0 + a22)(Ca - k2)(Cr - k3)+
+(Ca - k1) (8a1s(Cr - k2) + (2a16 + 8ais + az2)(Cr - k3))] +
+(C3 - k1) [(Ca - k2) ((4are — 2a20)(C1 - k2) + (2a16 + a22)(C1 - k3)) +
+(Ca - k1) ((2a16 + a22)(C1 - k2) + 2(az20 + a22)(C1 - k3))]}) (E.2)

Now, we demand that A+ = 0, which implies a set of 29 relations among the seven
coefficients aig, a17, aig, a19, a2, ao1 and ass. However, we have only 6 independent
relations, resulting in

- 2&16 = —2&17 = 8&19 = —agp = a22 and ajg = ag1 = 0, (E3)

which has already been shown at expression (4.5).
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E.2 (¢-k)® terms

Let us consider the (k)5 terms present in the 5-point subamplitude of Leg®). In this case,
we have to deal with an amplitude containing poles, which appears due to the presence
of 4-leg vertices produced by the terms D?F* in Log®. Therefore, we can separate the
contributions (¢ - k) into two kinds of terms:
o (poles)

A((~k)5 = ‘A(C k)® + 'A(C ) (E4)
where A g‘;ﬁ? and A(c.;ys denote the terms with and without poles in the (¢ - k) contri-
bution to the 5-point subamplitude, respectively. In a first step, we demand that

(poles)
A(C Ky = 0 (E.5)
and we obtain a set of 706 equations for the coefficients aig, . . ., ass. Solving this system,

we find the following relations among the coefficients:
— 2&16 = —2&17 = 8@19 = —agn = a2 and ajg — as1 = 0. (EG)

This is exactly the same result that we obtained when we demanded the absence of (¢ - k)*
terms in the 4-point subamplitude, eq. (E.3). Thus, requiring the absence of poles in the
(C - k)® terms which are present in the 5-point subamplitude is equivalent to demanding
the absence of (¢ - k)* terms in the 4-point subamplitude. Therefore, at o’® order, we
just need to work with the 5-point subamplitude. So, including the information about the
absence of poles, eq. (E.6), and requiring the elimination of (¢ - k)° terms, still present in
the 5-point subamplitude, we obtain a set of 95 relations among the remaining 6 coefficients
aio, - - -, a15 and the coefficient ass. Considering only the 6 linearly independent equations,
we obtain:

ajl] = aiz = —2a15 = —iCLQQ and ajp — a1 = a4 = O, (E7)

which is the result already presented in the main body of this work, in eq. (4.6).

F Some details of the a’* calculations of Leg

Here we present some details about the derivation of the Lagrangian shown in eq. (5.1).

F.1 Determining the F¢, D?F5 and the D*F* terms and their coefficients

It is known that using the fact that the gauge field matrices are in the adjoint repre-
sentation (A.4), integration by parts, the [D, D]- = —i[F, ] relation (A.8), Bianchi iden-
tities (A.9), then a basis of terms can be found for the a/* order terms, which has the

general form
mi m2 m3
£ - (20/)4u~[ S i (F%)+ > b (D*F); +Y ¢ (D'FY), } . (F.1)
i=1 i=1 i=1

From [36] we know that this basis of terms should be 96-dimensional, that is, it should
happen that m; + mgo + ms = 96 but, as we will see in the next lines, based on previously
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known expressions for the D?>F® and the D*F* terms, we will work with and o/ 4 expression
which contains only 53 unknowns.

The explicit form of the {FS D?F® D*F} terms that we have used in our calculations
is the following:
t#lV1#2V2M3V3M4V4M5V5H6V6

(12)
0 (Fiy iy Frigvo Frusvs Fruava Flsvs Fugrs ), where the t(15) tensor is antisymmetric on each

1. F'% terms. We have constructed them using the tensor structure

pair (u; ;) and also it satisfies the relation

M1V 2V U3V3 A VA5 V5 U6 VE M1V 6V U5 V5 L4 VA 3V3 U212
ta2) =+ Ly ) (F.2)
which corresponds to demanding invariance of the 6-point amplitude under a world-

sheet parity transformation (‘twisting’ on the disk with respect to index ‘1’).

The resulting (1) tensor contains 28 free coefficients, that is, there are 28 independent
FS terms (my = 28 in (F.1)).

2. D?F® and D*F* terms. For these terms we first recall that we have explicitly de-
termined them (and their coefficients) in egs. (5.16) and (5.17) of ref. [19], although
in that reference we did not worry in writing them in a reduced way (and we have
now confirmed that, in fact, this happens). So, in (F.1) we will use as an Ansatz the
complete list of groupped D?F? and D*F* terms of ref. [19], while keeping their b;
and ¢; coefficients free. By ‘groupped’ we mean that for the D?F® terms we have
used a list of 15 terms*! like tagy "2 I b (B 1y Figua Fugus D Fuyvy Do Flusws )
(77 ’ t(8))MlV1“2y2'u3y3#4l/4u5y5tr(F/tlm FMQVQDQFMSVSDCYFH4V4FM5V5) and t?él)’/4#5'/5#11’1#21’2
br(DH3 Eyyiy DY Fpiyun Figws Fliava Fusvs) -

Now, in the case of the D*F* terms of ref. [19] there is a subtlety: there we wrote
them as a group of 8 terms like tl(‘sl)'““zywww“”“tr(D2D2FmV1FMWFMSVBFMM),
t?g)V1H2V2N3U3M4V4 tl"( DaFull/l DO{FMV2 D’BF#?,VS DﬁFu4V4 ) and ttbg)lfluzl/zusl/3#4l/4
tr(D?Fyy 0y Flupry DPFiyus DgFpuyy). In that list of 8 terms only 2 of them do not
contain a ‘quadratic’ covariant derivative D? = D®D,,. The 6 remaining ones can be

rewritten in terms of F® and D?F® terms after using the identity
D2F,uzz = Da(DaF/w) = D,u(DaFau) - Dl/(DaFa,u) +21 [FamFua] . (F3)

In fact, in the next subsection F.2 we have written explicitly various of these relations.

At the end, we are left just with two type of D*F? terms which do not contain

‘quadratic’ covariant derivatives:

phVIHRV2SYS AV (DOF Do Fyye DP Flugyy DpFluy,)  and

(8)
t?g)ylu2y2u3V3“4y4 tr(DaF,ull/lD(BDa)FMVzDBF#?,VsFMM) : (F4)

“1See formula (5.16) of ref. [19] for more details.
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Now, with respect to the determination of the coefficientes {a;, b;, ¢;} in eq. (F.1), which we
have just seen that consists in a list of 28 + 15 + 8 = 51 numbers at all, we will determine
them consistently using our revisited S-matrix method.

First of all, demanding absence of ({ - k)* terms in the 4-point subamplitude leads
to no restrictions for the D*F* terms because the two that appear in (F.4) satisfy this
requirement independently.

Then, when we demand absence of terms (¢ - k)® in the 5-point subamplitude of L'é?,
this procedure leads to a set of 471 non zero relations among the b;’s and the ¢;’s, from
which only 8 are linearly independent.

After that, we require the absence of (¢ - k)® terms in the 6-point subamplitude. This
procedure leads to a set of 2511 non zero relations among the a;’s, the b;’s, the ¢;’s and
di, from which 33 are linearly independent. Combining these 33 relations with those 8
independent relations coming from the 5-point subamplitude, we have reached a set of 41
independent relations. At this step there is an important subtlety that has to do with the
fact that the gauge group matrices A®’s are in the adjoint representation (see eq. (A.4)).
This implies that in the expression for the complete amplitude Ag (see in eq. (2.1)) there
are not (6 — 1)! = 120 terms, but only (6 — 1)!/2 = 60 ones, where the coefficient of
tr( AL a2 \a3 \ad \ad \ab) g not, just A(1,2,3,4,5,6), but A(1,2,3,4,5,6) + A(6,5,4,3,2,1).
So the absence of (¢ - k)% terms should be demanded in A(1,2,3,4,5,6) + A(6,5,4,3,2,1)
and not only in A(1,2,3,4,5,6).*

Our result is that, after this procedure is done, we arrive to a non homogeneous system
of linear equations for the {a;, b;, ¢;}’s which is consistently overdetermined. With it and
the one that we obtained before from the absence of (¢ - k) terms, we are able to find 39
coefficients and the remaining 12 ones remain completely arbitrary. After substituing this
solution in (F.1) the contributions of the 12 still arbitrary coefficients dissappear completely
due to identities like

tr(qul DmFu2V2Fu3v$Fu4V4DV1Fu5V5)t?g)ywwsmw%% =

— tr (DM2FH1V1 FM2V2DVQFMgl/sF,LL4V4FIL5Z/5)t?g)ygu4y4u5y5ulyl (F5)

and
fe% M1V 2V2 U3 V3 AVAUSVE
1 (Fy o Fpgws Fugus D FM4Z,4DQFM5,,5)t(1O) —

+ tr (F:ull/l FM2V2DQF#3V3DOAFM4V4F}L5V5)t?ll(;j)1#2y2ugy3u4y4usy5 (FG)

and more complicated ones (which, for simplicity, we have not written down here).

So, the conclusion is that, working with our Ansatz for the D?F® and D*F* terms,
our revisited S-matrix method leads to unique and completely determined lagrangian at
o't L’gg, given in eq. (5.1) (together with the auxiliary equations (5.2), (5.3) and (5.4)) of
the main body of this work. At the end, there is no arbitrary coefficient in ES;).

42Gtricitly speaking, this care should have also be taken with the absence of (¢ - k)* and (¢ - k)® terms,
in the 4 and 5-point subamplitudes, respectively, but we have checked that in those cases it has not made
any difference at all in the system of equations for the coefficients.
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(o) (5 e i) (e)

Figure 3. Feynman diagrams associated to the 6-point amplitude at o’ * order.

In the rest of this section of appendix F we give some further details about demanding
the absence of (¢ - k)% in A(1,2,3,4,5,6) + A(6,5,4,3,2,1) at order ot
First of all, in figure 3 we have drawn all type of 6-point tree level Feynman diagrams

that arise at o’? order.

i)

ii)

iii)

iv)

We have checked that the diagrams with two propagators ((d) and (e) in figure 3) do
not contain (¢ - k)% terms.

We have checked that the relations among the b;’s and the ¢;’s obtained by demanding
absence of terms (¢-k)® automatically avoid the presence of simple poles on the (¢-k)°
terms of A(1,2,3,4,5,6) + A(6,5,4,3,2,1), that is, the simple pole contributions to
the (¢ - k)% terms of diagrams (b), (¢), (d) and (e) of figure 3 is zero (after using
momentum conservation, the physical state and the on-shell conditions).

Let us analyze more carefully the diagram (c¢) in figure 3. That diagram has con-
tributions from vertices coming Ly + (2 )‘%g‘i s
gz, presented in eq. (4.3).*3 This
is a crucial point in our calculations. It is due to the contribution of these last

but it also has contributions

from 4-point vertices that come from (2a/)2L

terms that the linear system for the {a;,b;,¢;}’s is non homogeneous. This sys-
tem arises from demanding absence of (¢ - k)% in the contribution without poles in
A(1,2,3,4,5,6) + A(6,5,4,3,2,1).

We have checked that, within the scheme that we have proposed as basis for the

D?F® and the D*F* terms, in order to arrive to the final expression for ﬁ((:flf) we have

needed to use the information of both, absence of (- k)® terms and absence of (¢ -k)°

terms. If we only used the information that comes from demanding absence of ({-k)°

terms, this is not enough to a(rl;ive to our final solution: there would still be some
4

undetermined coefficients in ‘Ceff‘

We are not sure what might have happened if we had found a 96-dimensional basis of
FS D?F5 and D*F* terms and then only demanded the absence of (¢ - k)® terms: may be
that could have been a sufficient requirement to determine [,gflf) completely, in the same way

as demanding absence of (¢ - k)® terms in the 5-point amplitude was enough to determine

£$’f) completely (see the final part of subsection 4.2 in the main body of this work).

431t is not obvious to see, but it happens that the (¢ - k)% terms coming from the contributions of diagrams

(¢) constructed with these vertices are terms which have no poles at all (after using momentum conservation,

the physical state and the on-shell conditions).
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F.2 Identities involving quadratic covariant derivatives

In this section of appendix F we only mention some of the identities that we refered to in
section F.1.

Using the identity in (F.3) and disconsidering the terms containing D, F'** (which do
not contribute in the on-shell scattering amplitudes) it can be proved that

t'él)muzuzusl/:’,thr (DBFMIVID(QDIB)FMQVQ FusvsFu4V4> —
—itr (F.ull/l DMFMW FM3V3 FM4V4DV1 FH5V5) tl(182)"2“3V3ﬂ4V4M5V5

) 13 v3 H4V4 5 V5 L1V 212
it (D" i D F, Fragu Fpuawa Fsus)

—i (n- t(g))“1”1“2”2“3"3“4V4“5”5tr (Fuyvi DaFupvn DY F s Fryvy Frsus)

—i (n- t(g))“1”1“2”2”3”3“4”4“5”5tr (Fuyvi DaF v Frugvs DFpyvy Frsus) (F.7)
gy 12y (D D2 Fyy Fugun Figvy Fuavs) =

—2i (n- t(g))“1”1“2V2“3"3“4”4“5”5tr (Epyvn Frove Do Fys D Fyyy Flusus)

=2 (n-n- 75(8))1“11/1“2’/2“3VSMMWS115“61/thr (Fyuovn Fruavn Fuavs Fuava Fusvs Fuevs )

—2 (77 " 75(8))2mVlMVZMBV:}MMMSVSMGV6tr (FM1V1 Fu2V2FM3V3FM4V4FN5V5FM6V6) ’
(F.8)

t/@)m“wwwww‘ltr <D2me1 Fripus D/BFuslfs DﬂFu4V4) _

—i(n- t(8))mwawgV?)MMWSVStlr (Dﬁqul DBFM2V2FM3V3FM4V4FMSV5> ) (F.9)
t?g)”1“2y2ugy3“4y4tr (D2FMV1D2FM2V2 F#3V3Fu4l/4) _

(77 - t(8))3M1VW2V2M3V3M4V4M5VWG%tr (me FM2V2FM3V3FM4V4FM5V5FMGV6) ) (F.lO)
tﬂ81V1N2V2N3V3M4l/4tI‘ (DQmel Fu2u2D2Fu3u3FM4y4) _

®)
(n-n- 15(8))4/“VWQVW?’VBMMWSVWGVGtr (Flam FM2V2FM3V3FM4V4FM5V5FM6V6) , (F.11)

where the (77 - t)); 12-index tensors are defined by

(77 - - t(S))lﬂlV1M2V2M3V3M4V4M5V5M6V6 — 77#11/5nl/letl(lg.S)u6M2V2M3V3/.t4V4 +
7 terms coming from antisymmetrization
,  (F.12)
on (u1v1) (usvs) and (peve)
(77 - - t(S))2N1V1#2V2#3V3#4V4M5V5M6V6 — ,rlulllenu5u6t/il85)l/lﬂ21/2/i31/3,u,41/4 +

7 terms coming from antisymmetrization (F.13)
on (p1v1) (psvs) and (peve) ’ '

H1V1 22 H3V3 L4 VA VS U6 V6 nHsve

(41 12 $V5 e V1 V2 U3 V3 [haVy
) +

VRO
(15 terms coming from antisymmetrization) . (F.14)

on (puv1) (p2ve) (usvs) and (ueve)

MV h2V2 U3V3 HAVAUS VS GV _ o [5G 0 [2 43 4V5 V6 1 V1 V2 V3 UaVs
(n-n-ts))a = et Q) +

15 terms coming from antisymmetrization
. (F.15)
on (ugve) (u3vs) (usvs) and (peve)

~32 -



All these (n-n - t(g)) j 12-index tensors can be expressed as linear combinations of the 28
t(12) 12-index tensors mentioned in the previous subsection F.1, in the construction of the
FS terms (item 1).

F.3 Tests for the o’* terms

1. 4-point amplitude. We have checked that the 4-point amplitude, obtained from the
two D*F* terms mentioned in eq. (F.4), reproduces exactly (after considering the
coefficients that have been found for ng) ) the result from the open supertring 4-
point amplitude, eq. (2.7) of the main body of this work, at o/ * order.

2. 5-point amplitude. In our paper [19] we obtained that the open superstring 5-point
amplitude could be simplified to

A(1,2,3,4,5) = T - Ayni(1,2,3,4,5) + (20/)° K3 - Apa(1,2,3,4,5),  (F.16)

where the o/* contribution in the momentum factors T and (20/)?K3 is given by

(20)° K3 = (20/)" %C@)Q (1% + %152) + 19, (F.17)
T = (20) Se@? (104 I i 1), )

with
[ = o}y + 03y + o3, + ok + 0k, (F.19)
152) = Q12023 + 23034 + Q34045 + Q45051 + 510012, (F.20)
I:’Ez) = (12034 + 23045 + Q34051 + Qu5012 + Q51023 (F.21)

and
I§4) = a3ymo3031 + 333105 + Q24505 + Adsasials + aFalaans (F.22)
I%) = 04%20423051 + a%3a34a12 + a§40é45a23 + ai5a51ag4 + a§1a12a45 , (F.23)
Ig) = 06%206450451 + 043304510412 + a§4a12023 + 0?1504230434 + a§1a34a45 , (F.24)

Iﬁ) = (1120023340045 + 23034045 Qi5] + X34 045Qi51 (1 2 + Q5051 (1 223 + (51 (V] 2 (123 (X34

(F.25)

In formulas (F.19) to (F.25) we have used the convention a;; = k; - k;.

We have checked that the 5-point amplitude coming from the D?F® and the D*F*
terms agrees exactly with the one in (F.16) at o/ * order, once we have introduce the
known expressions of the Ayy(1,2,3,4,5) and the Apa(1,2,3,4,5) subamplitudes.

3. Abelian limit. We have checked that the abelian limit of our F terms is given by

1
L Abelian = (27”)/)4( - EFMP FuzuaFug4Fu55 FugG Fuem +

1
+ @FuﬁzFug?’FMSLALF;LTF#?GF#? -
1
- @F#PFuslFuéL‘lFufSFugGFugg)) ) (F.26)
which is the correct form for this limit as seen in the literature [25, 56].
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