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1 Introduction

It is known that the low-energy effective theory for a single D-brane in slowly varying

approximation is described by the Dirac-Born-Infeld (DBI) action. Although it is derived

from the analysis of disk amplitudes in string worldsheet theory [1–5], it is not obvious

why such an action appears from the target space viewpoint. It is an interesting question

whether the DBI action can be characterized from the geometrical set up and symmetry

principle without referring to string theory.

In the field theory, the spontaneous symmetry breaking and its non-linear realization

is a powerful method to determine a low energy effective action. In the presence of an

extended object like a D-brane, the invariance under the Poincaré transformation in the

target Minkowski space is broken, and the scalar fields describing transverse displacements

can be identified as Nambu-Goldstone (NG) bosons [6, 7] for the broken translational

symmetries. The full Poincaré group symmetry is then non-linearly realized on the scalar

fields, and their effective theory is governed by the Nambu-Goto action with derivative

corrections [8–11].

Recently, this kind of argument is extended to include a U(1) gauge field on a D-

brane. In [12], the transformation law of the gauge fields under the full Poincaré symmetry

was found, and it was argued that the DBI action is the unique invariant term under the

broken Lorentz symmetry in the lowest approximation. In [13], this transformation law

was explained using compensating diffeomorphisms to keep the static gauge, and it was

shown that the gauge field is a covariant field under the broken Poincaré symmetry. Thus,

in their approach the gauge field does not appear as a NG boson and in this sense it does

not explain why gauge fields should appear in the low energy theory.

In this paper, we formulate the D-brane in the framework of the generalized geometry,

we show that not only the scalar field but also the gauge field on the D-brane naturally

appears as a NG boson, and the DBI action is characterized as a generalization of the

Nambu-Goto action.

The basic idea is quite simple. Since a T-duality transformation exchanges a scalar

field and a component of a gauge field, we would expect that the latter should also be a NG

boson for some broken symmetry. On the other hand, T-duality mixes the metric and the

B-field in the bulk, as well as their associated symmetries (generalized isometry). Thus,

these considerations suggest that a gauge field is a NG boson for a spontaneously broken

gauge transformation for a B-field. To formulate an effective theory following this idea, we

need an appropriate framework to incorporate the properties of T-duality together with

the symmetry and its spontaneous breaking into a geometrical picture. The generalized

geometry proposed by Hitchin provides such a framework [14].

The generalized geometry is a generalization of differential geometry, in which a pair

consisting of a tangent and a cotangent bundle is regarded as a single generalized tangent

bundle. As a result, vector fields and 1-forms are combined into generalized vector fields,

where the Lie bracket of vector fields is generalized to the Courant bracket. Despite of the

simplicity of the idea, this generalization unifies various distinct structures as follows: a

generalized complex structure unifies both a complex structure and a symplectic structure,
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and a generalized Riemannian structure unifies a Riemannian metric and a B-field. These

unifications are the reflection of the properties of the closed string and the T-duality in

superstring theory.

Several approaches have been proposed that describe D-branes in the framework of the

generalized geometry [15–18], (see also [19], a nice review on this subject.). However, they

are not sufficient for our purpose. Thus, we need to develop a formulation of D-branes in

generalized geometry further, and that is another purpose of this paper. Here, we seek for

a formulation where we do not need to impose any extra condition from string theory, like

T-duality, by hand. In such a formulation, all these stringy informations should be built

in the geometrical framework a priori. The advantage of such an approach shed some light

on the properties of the effective theory as we see in the following.

This paper is organized as follows. The first part of this paper is devoted to the

geometrical formulation of the D-brane valid for arbitrary spacetimes, not restricted to

Minkowski spacetime. After a preparation for some facts on the generalized geometry

in section 2, we start with introducing a Dirac structure as a local description of a D-

brane in section 3, where the gauge field and the scalar fields are treated on an equal

footing. We emphasize that this structure characterizes a spacetime admitting D-branes

independent of closed string structure as a generalized Riemannian structure. Then we

study the symmetry transformation of Diff(M)⋉Ω2
closed(M) associated with the generalized

tangent bundle and its action on the Dirac structure in section 4. Using this formulation,

we derive the non-linear transformation law for gauge and scalar fields in a purely geometric

way. This non-linear transformation law will lead us to the interpretation of the gauge field

as a Nambu-Goldstone boson for broken B-field gauge transformations. Restricting to the

Poincaré symmetry, our result coincides with the non-linear transformation found in [12].

Next, in addition to the Dirac structure, a generalized Riemannian structure is con-

sidered in section 5. By introducing the notion of the metric seen by the Dirac structure,

remarkably, we obtain a Buscher-like rule of a generalized metric without using T-duality.

In section 6, we study the invariance of the DBI action under the non-linear transfor-

mation given in this paper. We also discuss how the DBI action is characterized by the

full symmetry. By specializing to the Minkowski spacetime, this analysis also shows the

difference between broken translational symmetries and broken Lorentz symmetries, where

the NG bosons appear associated only with the former. We also conclude that the gauge

field is interpreted as a Nambu-Goldstone boson.

2 Preliminary

In this section, we briefly review basic facts on generalized geometry, proposed originally

by Hitchin [14] and developed by Gualtieri [15] and introduce notations used in this paper.

Further details are found in [20–22]. Review articles for physicists are for example in [19,

23, 24].

– 3 –



J
H
E
P
1
0
(
2
0
1
2
)
0
6
4

2.1 Generalized tangent bundle

Let M be a smooth D-dimensional manifold corresponding to a target spacetime. A

generalized tangent bundle over M ,

TM = TM ⊕ T ∗M (2.1)

is a sum of the corresponding tangent bundle and cotangent bundle. We denote a section

of a generalized bundle as a formal sum v + ξ ∈ Γ(TM), where v = vM∂M ∈ Γ(TM)

(M = 0, · · · , D − 1) is a vector field and ξ = ξMdxM ∈ Γ(T ∗M) is a differential 1-form.

The space of sections, Γ(TM) is equipped with

- an anchor map π : Γ(TM) → Γ(TM), given by a projection onto vector fields

π(v + ξ) = v, (2.2)

- a fiberwise non-degenerate symmetric bilinear form (canonical inner product)

〈u+ ξ, v + η〉 = 1

2
(ıuη + ıvξ) =

1

2

(

u

ξ

)T (

0 1

1 0

)(

v

η

)

, (2.3)

- the Dorfman bracket

[u+ ξ, v + η] = [u, v] + Luη − ıvdξ, (2.4)

where the first term in the r.h.s. is the ordinary Lie bracket of vector fields, ıu is an

interior product , i.e. ıuη = uMηM and Lu is the Lie derivative along a vector field u.

These structures (together with their compatibility conditions) make Γ(TM) a Courant

algebroid [25, 26]. It is a natural generalization of the Lie algebroid structure on vector

fields Γ(TM). We sometimes abbreviate the symbol Γ(TM) as TM in the following.

Due to the canonical inner product (2.3), the generalized tangent bundle has the

structure group O(D,D). A structure group GL(D) of TM is a subgroup of O(D,D).

Note that we work with the Dorfman bracket rather than the Courant bracket which

is the anti-symmetrization of the Dorfman bracket. In the presence of closed 3-form (H-

flux), it is known that the Courant algebroid structure is modified either by replacing the

bracket by its H-twisted version, or by twisting the generalized tangent bundle glued by

using B-field transformation (see below) in addition to diffeomorphism. In this paper, we

will concentrate on the case of vanishing H-flux for simplicity, but it is possible to include

an H-flux.

2.2 Symmetry of the Courant algebroid

As the tangent bundle TM has the diffeomorphism Diff(M) as its symmetry, the general-

ized tangent bundle possesses the symmetry Diff(M) ⋉ Ω2
closed(M), a semi-direct product

of the following two transformations:
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- Diff(M): for a diffeomorphism f : M → M of the base manifold,

f∗ ⊕ f∗−1 : TM → TM, u+ ξ 7→ f∗(u) + f∗−1(ξ), (2.5)

is induced on TM , where f∗ : TM → TM and f∗ : T ∗M → T ∗M are a pushforward

and a pullback, respectively. It is called a generalized pushforward and denoted by

the same symbol f∗ = f∗ ⊕ f∗−1.

- B-field transformation: for a closed 2-form B ∈ Ω2
closed(M), it is defined as

eB : TM → TM, u+ ξ 7→ u+ ξ + ıuB, (2.6)

which shift a 1-form.

It is shown that these two transformations form the automorphism group of the Courant

algebroid [15]. The corresponding infinitesimal version, the derivation Der(TM), is gener-

ated by a pair of a vector field and a 2-form (X,B) ∈ TM ⊕ ∧2T ∗M . A generalized Lie

derivative L(X,B) acting on TM is defined as [27]

L(X,B)(u+ ξ) = LX(u+ ξ) + ıuB, (2.7)

where LX is the ordinary Lie derivative. Note that if B = −dΛ is an exact 2-form written

by a 1-form Λ, the above generalized Lie derivative reduces to the Dorfman bracket. We

denote this case by L(X,−dΛ)(u+ ξ) = LX+Λ(u+ ξ) = [X + Λ, u+ ξ]. Thus, the Dorfman

bracket (2.4) is a sum of an ordinary Lie derivative (first two terms) and a NS-NS B-field

gauge transformation (last term).

2.3 Dirac structure

A skew-symmetry is absent for the Dorfman bracket due to the second and third terms

of (2.4). We can find a subbundle in which the Dorfman bracket becomes the Lie bracket.

A Dirac structure [25] is defined as a subbundle L ⊂ TM of rank D such that

- isotropic: L is self-orthogonal L = L⊥, i.e. 〈a, b〉 = 0 for ∀a, b ∈ Γ(L)

- involutive: L is closed under the Dorfman bracket, i.e. [a, b] ∈ Γ(L) for ∀a, b ∈ Γ(L).

Obviously, a Dirac subbundle L has the structure of a Lie algebroid, where the anchor map

ρ : L → TM is ρ = π ◦ ι with ι being the inclusion of L into TM . For the general theory

of Lie algebroids, see [28]. The simplest examples of Dirac structures are TM with ρ = id.

and T ∗M with ρ = 0. It is known that any Lie algebroid defines a (singular) foliation.

Note that if both a subbundle L ⊂ TM and its dual bundle L∗ are Dirac structures

and the generalized tangent bundle TM splits as TM = L ⊕ L∗, it is called a generalized

product structure [16, 19]. Historically, the notion of Courant algebroid, given in [26] with

its primary example, is a Lie bialgebroid A⊕A∗ given by a pair of Lie algebroids A and A∗.

A more familiar structure is a generalized complex structure, where a subbundle and

its dual belong to the complexified generalized tangent bundle T
CM , but we do not use it

in this article.
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2.4 Generalized Riemannian structure

A generalized Riemannian structure (generalized metric) is defined as a positive definite

subbundle C+ ⊂ TM of rank D of the generalized tangent bundle, i.e., the canonical inner

product restricted to C+ is positive definite, 〈A,A〉 > 0 for all non-zero sections A ∈ Γ(C+).

By defining C− as the orthogonal complement of C+, which is a negative definite subbundle,

the generalized tangent bundle splits as TM = C+ ⊕ C−. Thus specifying the generalized

metric C+ is equivalent to a reduction of the structure group from O(D,D) to O(D)×O(D).

Since C+ ∩ T ∗M = {0}, the generalized metric can be also written as the graph of the

map E = g +B : TM → T ∗M , namely C+ is written as

C+ = {V+ = v + (g +B)(v) | v ∈ TM}, (2.8)

where g is an ordinary Riemannian metric and B is a two-form identified as a NS-NS B-

field. Indeed, one has
〈

V+, V
′
+

〉

= g(v, v′) and C+ is positive definite, i.e., the canonical

inner product restricted to C+ defines an ordinary Riemannian structure. Correspondingly,

the negative-definite subbundle C− is given by the graph of the map −g +B as

C− = {V− = v + (−g +B)(v) | v ∈ TM}. (2.9)

The generalized Riemannian structure is also specified by a self-adjoint orthogonal

endomorphism G : TM → TM such that G2 = GTG = 1 and 〈A,GA〉 > 0 for all

A 6= 0 ∈ Γ(TM). Then, the subbundles C± are expressed as the ±1-eigenspaces of G, i.e.

C± = Ker(1∓G). Solving the eigenvalue equation

GV± = ±V± (2.10)

for V± ∈ Γ(C±) given in (2.8), (2.9), the generalized metric G is given by

G =

(

−g−1B g−1

g −Bg−1B Bg−1

)

(2.11)

as a matrix of a map Γ(TM ⊕ T ∗M) → Γ(TM ⊕ T ∗M).

As we have seen, there are various ways to characterize a generalized Riemannian

structure, that are mathematically equivalent. However, physically it is not apparent which

part of the generalized metric such as g, g −Bg−1B, or G should be used in a Lagrangian

or a Hamiltonian of the effective theory. In a first quantized string, or in the double

field theory [29], G plays a primary role. In this paper, after studying D-branes without

imposing this structure, we give another way to describe a generalized metric suitable for

D-branes.

3 D-branes as Dirac structures

In this section, we describe a D-brane as a Dirac structure, in which the scalar fields and

a gauge field on the D-brane are treated on an equal footing.

Starting with a conventional description of a D-brane as an embedding of a worldvol-

ume into a target spacetime, we rewrite it as a leaf of a foliation of that spacetime. This
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description is easily generalized to incorporate a gauge field by using a diffeomorphism and

a B-field gauge transformation. We will see that this process can be also understood as a

construction using a generalized connection.

3.1 Embedding of a D-brane and foliations

Let us first describe the conventional picture for a D-brane. A worldvolume Σ of a Dp-brane

is a (p+1)-dimensional manifold embedded into a D-dimensional target space M by a map

ϕ : Σ →֒ M . In addition, a D-brane is associated with a complex line bundle V → Σ with

a connection. The possible embedding maps and the possible choices of connections are

regarded as the dynamical degrees of freedom associated to a D-brane. Here we focus on

embedding maps and reformulate them in a form such that the relation to the generalized

geometry is apparent.

Here, we take the worldvolume Σ = R
p+1 and a target space M = R

D as Euclidean

spaces for simplicity, but our argument is applicable to any curved manifold if we consider

its local structure.

Let us recall the notion of the static gauge in some detail. For given coordinates σa

(a = 0, · · · , p) on a worldvolume Σ and xM (M = 0, · · ·D− 1) on a target space M , a map

ϕ : Σ →֒ M is specified by D functions xM (σ) on Σ. Among them, we fix a reference map

ϕ as (xa(σ), xi(σ)) = (σa, 0) (a = 0, · · · , p, i = p+1, · · · , D−1) such that the submanifold

ϕ(Σ) is a hypersurface in M represented by xi = 0, which is called the static gauge.1 This

enables us to identify the coordinates of the worldvolume Σ and the embedded submanifold

ϕ(Σ), i.e., xa = σa. Note that the map ϕ induces a pushforward (dϕ)p : TpΣ → Tϕ(p)M on

corresponding tangent spaces. A vector va∂/∂σa ∈ TpΣ at a point p ∈ Σ also maps to a

vector va∂a ∈ Tϕ(p)M at ϕ ∈ M with abbreviation ∂a = ∂/∂xa.

A D-brane can fluctuate around a fixed configuration. In the static gauge, such dy-

namical degrees of freedom are transverse displacements represented by scalar fields Φi(σ)

on the worldvolume Σ. They give a new embedding map

ϕΦ : Σ →֒ M, (xa(σ), xi(σ)) = (σa,Φi(σ)). (3.1)

It is equivalent to a new hypersurface xi = Φi(xa) in M . Similarly, its pushforward is

(dϕΦ)p : TpΣ → TϕΦ(p)M, va
∂

∂σa
7→ va(∂a + ∂aΦ

i∂i). (3.2)

The scalar fields determine both the position of the D-brane as well as the basis of tangent

vectors.

We would like to rewrite these settings purely on the target space M , without recourse

to the worldvolume Σ. For this, it is useful to think of a foliation of the target space

M , by considering infinitely many copies of submanifolds simultaneously (see figure 1). A

submanifold ϕ(Σ) ≃ Σ wrapped by a D-brane is considered as a leaf of this foliation. It is

1Note that it is always possible locally for any manifold M : For a point on a submanifold p ∈ ϕ(Σ),

one can choose a open cover {Uα} of M and local coordinates xM such that ϕ(Σ) ∩ Uα is represented by

(xa, xi = 0) in the neighborhood of p. Then, by using a diffeomorphism on the worldvolume Σ, we can

choose coordinates σa on Σ as σa = xa.
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Figure 1. Schematic picture of the foliated structure, where a D-brane is identified with a cer-

tain leaf.

equivalent to specify a subbundle ∆ ⊂ TM over M , where ∆ = {va(x)∂a} is a set of vector

field tangent to leaf directions.2 Its restriction to a particular leaf is ∆|Σ = TΣ. For this

we demand that the global existence of the foliation structure, which is equivalent to the

condition that the submanifold Σ is a leaf of the foliation and is an integrable submanifold

of M . In the case of the Minkowski spacetime, this assumption is valid for any point p.

Similarly, the map ϕΦ defines another foliation on M .

Now the change of embedding caused by the scalar fields is written in the target space

M , without recourse to the worldvolume Σ. Let Φ = Φi(xa)∂i ∈ TM be a vector field

defined on the whole target space M , whose coefficient functions are xi-independent.3 It

generates a diffeomorphism as a Lie derivative −LΦ. Its action on the subbundle ∆ is

e−LΦva(xa, xi)∂a = va(xa, xi − Φi(xa))(∂a + ∂aΦ
i∂i), (3.3)

which relates two subbundles ∆ = span{∂a} and e−LΦ∆ = span{∂a + ∂aΦ
i∂i}.4

In summary, a D-brane is described as a leaf of a foliation, and a transverse fluctuation

of a D-brane corresponds to a deformation of the foliation. This target space picture of

D-branes is easily extended in terms of generalized geometry to include gauge fields as we

will see next.

3.2 Generalized embedding and Dirac structure

Here we extend the previous formulation of D-brane to the framework of generalized geom-

etry. Given a target space M with its local coordinates (xa, xi) and its generalized tangent

2(dϕ)p is extended to a pushforward of vector fields ϕ∗ : TΣ → TM |ϕ(Σ), when restricted on the

submanifold, but it is not defined on the whole M .
3We sometimes call a vector field Φ = Φi∂i made out of scalar fields Φi as “scalar fields”. This termi-

nology originates form the viewpoint of the worldvolume Σ. Do not confuse!
4Note the minus sign in the argument. If va(xa, xi) is a function on M peaked at xi = 0,

va
(

xa, xi − Φi(xa)
)

has a peak at xi = Φi(xa).
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Figure 2. Fluctuations can be described by using a diffeomorphism generated by a vector field

defined by the scalar field Φi.

bundle TM , let us define a subbundle L = span{∂a, dxi} ⊂ TM over M . A section has

the form

VL = va(x)∂a + ξi(x)dx
i ∈ L. (3.4)

It is a generalization of a subbundle ∆ ⊂ TM as L = ∆⊕Ann(∆), where Ann(∆) ⊂ T ∗M

denotes an annihilator of ∆ in TM .5 The sections of the dual bundle L∗ = span{∂i, dxa} =

Ann(∆)∗ ⊕∆∗ have the form

VL∗ = vi(x)∂i + ξa(x)dx
a ∈ L∗. (3.5)

It is easy to show that both subbundles L and L∗ are Dirac structures and they define a

generalized product structure TM ⊕ T ∗M = L⊕ L∗.

Conversely, a generalized product structure TM ⊕T ∗M = L⊕L∗ is a structure added

on the target space that admit a D-brane as a leaf of a foliation [16, 19]. The subbundle

L plays the role of the static gauge, as we have discussed. Our proposal in this paper is

that all the geometric information realized on a D-brane is seen by this Dirac structure L.

To demonstrate this proposal, we will consider the fluctuations on the D-brane (Φi, Aa),

non-linearly realized symmetries and a metric seen by D-brane and show that they can be

characterized geometrically by using the notion of the Dirac structure.

The fluctuations are also incorporated into our formulation as follows. We can combine

the scalar fields Φ = Φi(xa)∂i and the one-form gauge field A = Aa(x
a)dxa into a general-

ized vector Φ+A ∈ L∗. We assume here that their coefficient functions are xi-independent.

It is then natural to consider a generalized Lie derivative LΦ+A for a diffeomorphism and

a B-field gauge transformation. By acting it on L, we have another subbundle LF

LF = e−LΦ+AL ⊂ TM, (3.6)

5Ann(∆) := {ξ ∈ Γ(T ∗M)|∀V ∈ Γ(∆), 〈ξ, V 〉 = 0}.
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Figure 3. The schematic picture of the basis along the leaf LF and normal to the leaf.

with its sections having the form

V = va(x)(∂a + ∂aΦ
i∂i+Fabdx

b) + ξi(x)(dx
i − ∂aΦ

idxa), (3.7)

where Fab = ∂aAb − ∂bAa. Here F in our notation LF denotes a generalized field strength

corresponding to a generalized vector Φ +A. (see the next subsection.)

It is straightforward to verify that LF is a Dirac structure, by using the Bianchi identity

dF = 0. We will also show that the dual L∗ remains unchanged under this operation. Their

sum reproduces the total space of the generalized tangent bundle, LF ⊕L∗ = TM , so that

the generalized product structure is intact. Therefore, fluctuations Φ+A can be regarded

as a deformation of a generalized product structure.

A Dirac structure is automatically a Lie algebroid. For our LF , its structure is specified

by the basis ea := ∂a + ∂aΦ
i∂i + Fabdx

b and ei := dxi − ∂aΦ
idxa as

ρ(ea) = ∂a + ∂aΦ
i∂i, ρ(ei) = 0, (3.8)

[ea, eb] = [ea, e
i] = [ei, ej ] = 0, (3.9)

where the bracket of the generalized vectors is understood to be the Dorfman bracket. Note

that this Lie bracket relation is the same as that of L where the fluctuations are absent

(Φ + A = 0). This is a special kind of Lie algebroid with vanishing structure functions,

which means that a deformed leaf of LF is still an integrable submanifold. In this case, the

basis of the Lie algebroid can be represented by a coordinate basis. Namely, if we define

new coordinates ya = xa and yi = xi − Φi(xa), where the D-brane is specified by yi = 0,

then the basis of the algebroid can be written by

∂

∂ya
:= ∂̃a = ∂a + ∂aΦ

i∂i, dyi = dxi − dΦi, (3.10)

At each point p ∈ M , the former span the directions along a leaf of LF , while the latter

span the directions normal to a leaf in T ∗
pM . See figure 3.

We close this section with a remark. In a general target space M and its covering

{Uα}, Φ + A may be defined only locally on each open set Uα. They may be globally

non-trivial, and we need to glue them in the overlapping region of an open covering.
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3.3 Generalized connections

Here we show that the combination A + Φ ∈ L∗ can also be regarded as a generalization

of a connection 1-form. Given a Lie algebroid L, one can formulate a differential calculus

(Γ(∧•L∗), dL) [26]. In our case, the exterior differential is locally written as dL = dxa∂a.

For a complex line bundle V → M , which is a L-module, a generalized connection D on a

vector bundle V is defined as a linear map

D : Γ(V ) → Γ(V ⊗ L∗), (3.11)

which satisfies the Leibniz rule D(sf) = D(s)f +s⊗ (dLf) for
∀s ∈ Γ(V ) and ∀f ∈ C∞(M).

Let D = dL+A+Φ be such a generalized connection (it is possible because A+Φ ∈ L∗).

In particular, directional derivatives along basis ∂a and dxi in Γ(L), we have

Da ≡ D∂a = ∂a +Aa, (3.12)

Di ≡ Ddxi = Φi. (3.13)

A generalized field strength is defined for V,W ∈ Γ(L) as (note [V,W ] = 0)

F(V,W ) = [DV ,DW ]−D[V,W ]. (3.14)

Then we have

Fab = Fab = ∂aAb − ∂bAa, F j
a = ∂aΦ

j , F i
b = −∂bΦ

i, F ji = 0. (3.15)

or equivalently,

F =
1

2
Fabdx

a ∧ dxb + ∂aΦ
idxa ∧ ∂i ∈ Γ(∧2L∗). (3.16)

With this field strength, the Dirac structure LF in (3.6) is now written as a graph of

the map F : L → L∗, that is, LF = {V + F(V ) |V ∈ L}. In fact, a section for this graph

is written for V ∈ L as

V + F(V ) = va(x)(∂a + ∂aΦ
i∂i + Fabdx

b) + ξi(x)(dx
i − ∂aΦ

idxa) ∈ Γ(LF ), (3.17)

which coincides with (3.7). Note that the dual L∗ is invariant under this deformation,

i.e., L∗
F = L∗, since F(L∗) = 0. As is clear from this construction, the gauge field A is

actually a U(1)-connection on leaves defined by L, and there is a U(1) gauge symmetry

A → A+ dLλ, which leads to the same Dirac structure LF . By pulling-back this to a leaf,

it is identified as a gauge field on a D-brane. On the other hand, the scalar field Φ is a

connection that lifts a curve in a leaf of L to a curve in a leaf of LF .

This is another construction of a Dirac structure, referred to as a deformation of

Dirac structures. In general, for an arbitrary Lie algebroid L and a tensor F ∈ Γ(∧2L∗),

the condition that a graph LF = {V + F(L) |V ∈ L} is a Dirac structure of a Courant

algebroid L⊕L∗ has been already obtained in [26] by dLF+ 1
2 [F ,F ] = 0, where the second

term is a Schouten bracket in Γ(∧•L∗). It turns out that our assumption that Aa and

Φi are xi-independent is too restrictive to define a possible Dirac structure, and can be
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relaxed. For an arbitrary fluctuation Φ + A, it reduces to two conditions ∂i(∂aΦ
i) = 0

and ∂̃aFbc + ∂̃bFca + ∂̃cFab = 0, proved in the appendix A.1. Our analysis in the following

sections is valid for Φ+A satisfying these two conditions. Note also that this construction

is globally well-defined for any manifold M as opposed to our previous description by Lie

derivative, LF = e−LΦ+AL, where Φ +A is locally defined. For LF to be globally defined

by this description, we need to glue the local generalized vectors Φ +A on an overlapping

region by a diffeomorphism and a U(1) gauge transformation. As a result, any Dirac

structure in TM has the form of a B-field transformation of a foliation L = ∆Φ⊕Ann(∆Φ)

as LF = eFL [15, 25].6

In summary, a spacetime which admits a D-brane is characterized by a Dirac structure

L, and the fluctuation on a D-brane is regarded as a deformation LF . We can formulate

this deformation either by an action of a generalized Lie derivative or by a graph of a

generalized curvature. This shows the symmetric role of scalar (embedding) and gauge

fields (connection). In any case, it defines a possible “shape” of a D-brane in the target

space. A choice of a leaf corresponds to the spontaneously symmetry breaking, that we

will elaborate on next.

4 Symmetry for Dirac structures

In this section, we study the role of the symmetry of the target space for a Dirac structure

LF corresponding to a D-brane, in terms of generalized geometry. We clarify the struc-

ture for the hierarchy of spontaneous symmetry breakings accompanied by the foliation

preserving and leaf preserving diffeomorphism and its generalization. Then we obtain the

non-linear transformation law for scalar and gauge fields for broken symmetries.

4.1 Symmetry preserved by a Dirac structure

The symmetry group of a generalized tangent bundle TM is Diff(M) ⋉ Ω2
closed(M), a

semi-direct product of diffeomorphisms and B-field transformations. Since the closed 2-

form is exact and in our case M = R
D, a B-field transformation reduces to a gauge

transformation. Thus, an infinitesimal transformation is labeled by the combination ǫ+Λ ∈
TM of a vector field and a 1-form, and it acts as a generalized Lie derivative −Lǫ+Λ on the

generalized tangent bundle TM . Note that an exact 1-form Λ = dλ does not generate the

transformation of any symmetry. In the following, it is also useful to decompose it w.r.t.

the generalized product structure TM = L⊕ L∗ as

ǫ = ǫ‖ + ǫ⊥ = ǫM∂M = ǫa∂a + ǫi∂i

Λ = Λ⊥ + Λ‖ = ΛMdxM = Λidx
i + Λadx

a.
(4.1)

Note that ǫ‖ + Λ⊥ ∈ L and ǫ⊥ + Λ‖ ∈ L∗.

We would like to find a subgroup of Diff(M)⋉Ω2
closed(M) that preserves L. i.e., ǫ+Λ

that satisfies L−Lǫ+ΛL = L. Thus we need the action of a generalized Lie derivative Lǫ+Λ

on a Dirac structure L. For a section of the Dirac structure L,

V = va(x)∂a + ξi(x)dx
i ∈ Γ(L), (4.2)

6Here ∆Φ = span{∂̃a}.
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the action of the generalized Lie derivative is obtained as

Lǫ+ΛV = (ǫM∂Mva − vb∂bǫ
a)∂a + (ǫM∂Mξi + ξj∂iǫ

j − vb∂[bΛi])dx
i

− vb∂bǫ
i∂i + (ξj∂aǫ

j − vb∂[bΛa])dx
a.

(4.3)

From this result, we observe that Lǫ‖+Λ⊥
V always lies in L, that is a consequence that L

is involutive. On the other hand, Lǫ⊥+Λ‖
V produces in general a L∗-component. It keeps

an element of L, iff ∂bǫ
i = 0 and ∂[bΛa] = 0.

The diffeomorphisms generated by (ǫa, ǫi) with ∂bǫ
i = 0 are nothing but the foliation

preserving diffeomorphisms, which we denote Fdiff(M,L). They map a leaf to another leaf

while preserving the foliation L. Therefore, assuming a Dirac structure on a target space

that admits a D-brane, breaks the symmetry from Diff(M) to Fdiff(M,L). To preserve

both L and L∗ of the generalized product structure L⊕ L∗, another condition ∂iǫ
a = 0 is

necessary. Note that Fdiff(M,L) includes a global symmetry of the transverse displacement

of leaves generated by ǫi = const. Specifying a particular leaf Lp at p ∈ M as a D-brane

corresponds to the spontaneous symmetry breaking of this symmetry. The scalar fields

Φi are the corresponding NG-bosons. In this case, Diff(M) is broken to a diffeomorphism

preserving the leaf Lp, which we denote LDiff(M,Lp),
7 and it is specified by a condition

ǫ⊥|Lp = 0.

B-field gauge transformations are accompanied by this structure of diffeomorphisms.

Fdiff(M,L) is paired with gauge transformations that are generated by (Λi,Λa) with

∂[bΛa] = 0, or equivalently dLΛ‖ = 0. Note that Λ‖ ∈ L∗ so that dLΛ‖ ∈ ∧2L∗. Therefore,

this condition says that the deformation of L by a tensor dLΛ‖ does not change L, i.e.,

L + (dLΛ‖)(L) = L. (On the other hand, LF = L + F(L) is a true deformation.) In

particular, the transformation by a constant Λa is a global gauge transformation, and a

gauge field Aa can be considered as a NG-boson corresponding to this symmetry. This

will become more apparent after deriving the non-linear transformation laws for scalar and

gauge fields in the next section. Note also that in the presence of the gauge field, hidden

transformations by exact 1-forms Λ = dλ become visible as a U(1) gauge symmetry.

4.2 Non-linear transformation law

Here, we derive a non-linear transformation law for scalar and gauge fields Φ + A under

the diffeomorphism and the B-field gauge transformations. The strategy is as follows. In

general, Diff(M)⋉Ω2
closed(M) is a Courant automorphism and it is guaranteed that a Dirac

structure is mapped to another Dirac structure. On the other hand, any Dirac structure

can be written as a graph such as LF = L+F(L). Combining these, a Dirac structure LF

is mapped to another Dirac structure LF ′ . This determines a transformation law for the

tensor F .

We derive the formula in a slightly more general context, since in the next section it is

also used when we consider a generalized metric. See also the appendix A.2 for details. Let

7It is not a subgroup of Fdiff(M,L) in general. There is another notion of a leaf preserving diffeomor-

phism, which is a subgroup of Fdiff(M,L) generated by ǫa (ǫi = 0) that maps each leaf to itself. But it is

too restrictive as a condition to keep a single leaf.
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Figure 4. The definition of the non-linear transformation δT of the tensor T defining the C+, and

δF of the tensor F defining LF . They are defined by the deviation from a section given by the

image of V + δV ∈ L.

T ∈ Γ(L∗ ⊗L∗) be a tensor and define a graph LT = L+ T (L), which need not be a Dirac

structure. On a section V + T (V ) ∈ LT with V ∈ L, consider an action of a generalized

Lie derivative Lǫ+Λ and rewrite it in the form (See figure 4)

−Lǫ+Λ(V + T (V )) = −Lǫ+ΛV − Lǫ+Λ(T (V ))

def.
= δV + T (δV ) + (δT )(V ).

(4.4)

Here δV ∈ L denotes the horizontal shift determined by projecting the transformed section

to the L-direction. Thus, the first two terms in (4.4) represent a shift along LT , and the

remaining part denoted by δT ∈ Γ(L∗ ⊗L∗) gives a net deformation of the graph LT . The

combination T ′ = T + δT is the desired tensor giving the transformed graph LT ′ .

Note that for a Dirac structure LF , we can also derive the same formula by noting

that LF = e−LΦ+AL. In this case, the calculation reduces to a commutator [Lǫ+Λ,LΦ+A].

From the result (A.14), we read off in the case of our Dirac structure LF :

δFab = −ǫM∂MFab − ∂aǫ
cFcb −Fac∂bǫ

c − ∂[aΛk]Fk
b + F k

a ∂[kΛb] (4.5a)

−F k
a ∂kǫ

cFcb + Fac∂kǫ
cFk

b −F k
a ∂[kΛl]F l

b + ∂[aΛb],

δF j
a = −δF j

a = −ǫM∂MF j
a − ∂aǫ

cF j
c + F k

a ∂kǫ
j −F k

a ∂kǫ
cF j

c + ∂aǫ
j , (4.5b)

or equivalently,

δFab = (∂[a + F j
[a ∂j)(Λb] − ǫcFcb] − ΛkFk

b])− (ǫk − ǫcF k
c )∂kFab, (4.6a)

δF j
a = (∂a + F i

a ∂i)(ǫ
j − ǫcF j

c )− (ǫk − ǫcF k
c )∂kF j

a . (4.6b)

When we evaluate them on the leaf of xi = Φi, using (3.15), they correspond to the

transformation law for a gauge field and scalar fields as

δAa = Λa − ǫcFca + Λk∂aΦ
k, (4.7a)

δΦi = ǫi − ǫc∂cΦ
i, (4.7b)
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Here the terms including ǫc and Λk represent unbroken symmetry, the ordinary diffeomor-

phism along leaves (worldvolume) and the unbroken B-field gauge transformation induced

on a leaf.8 These transformations of unbroken symmetry are linear in the fields Aa and Φi,

as desired. On the other hand, the first term in each line is inhomogeneous in the fields,

and it corresponds to the generators of broken symmetry. As we have discussed, the scalar

fields Φi is a NG-boson for the global displacement, and the formula above is exactly the

non-linearly realized transformation law for a NG-boson. In the same way, we conclude

that a gauge field is a NG-boson for a broken global B-field gauge transformation.

Note that these transformation laws are the extension of non-linearly realized Poincaré

symmetry in [12, 13]. They derived the formula in the context of a field theory on a

worldvolume Σ and a compensating diffeomorphism. We reproduce and extend their result

in purely geometric terms. In particular, it becomes possible to treat a gauge field in a

same way as scalar fields, since a gauge field is also cast into a geometry.

5 Adding generalized metric

In the previous section, we analyzed the geometrical structure which is associated with a

D-brane and the open strings from the physical point of view. Independently, there is a

generalized Riemannian structure coming from the closed strings, as reviewed in section 2.

In this section, we consider both structures.

5.1 Generalized metric seen by a D-brane

Recall that a generalized metric is given by a graph C+ = {X + (g + B)(X) |X ∈ TM}.
The main observation here is that the same argument can be applied not only to TM , but

also to any other Dirac structure L. This is possible because its dual Dirac structure L∗ is

also isotropic and the intersection L∗ ∩ C+ is the zero section only. Thus, the generalized

Riemannian structure is always written by a graph C+ = {V + t(V ) |V ∈ L} of some

appropriate tensor t ∈ ∧2L∗ viewed as a map t : L → L∗.

In our case, given a Dirac structure L, a section of C+ is thus written as

V+ = va(∂a + t j
a ∂j + tabdx

b) + ξi(dx
i + tibdx

b + tij∂j) ∈ Γ(C+). (5.1)

Since (5.1) and (2.8) are the expression of the same element in C+, they should be identified.

This determines the tensor t ∈ ∧2L∗, and we find the relations (for a proof, see sectionA.3)

tij = Eij , t j
a = −EakE

kj ,

tib = EikEkb, tab = Eab − EakE
klElb.

(5.2)

where Eji is the inverse of Eji, satisfying EkjEji = δki .

These relations (5.2) are similar to the Buscher rule [30, 31], i.e., the T-duality rule for

a background field E = g+B. However, this is not exactly a T-duality, since a T-duality is

in general a map between two different spacetimes, and is an operation which exchanges a

8The term −ǫcFca is rewritten as a ordinary tensor transformation by using a U(1) gauge transformation

Aa → Aa − ∂a(ǫ
cAc).
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basis of vector fields and a basis of 1-forms [32–34]. This means that the rule of exchanging

upper and lower indices lies at the heart of the T-duality rule.9 On the other hand, (5.2)

shows that the mixing of a metric g and a B-field B is already seen without T-duality.

This observation sheds some light on the question raised in section 2. There are at

least three kinds of symmetric tensors g, g −Bg−1B and g−1 that appear in a generalized

Riemannian structure. The first one is a positive definite metric defined on a graph u+(g+

B)(u) ∈ C+, which originates from closed strings. The others appear in the off-diagonal

elements of G in (2.11). Here g − Bg−1B is the restriction of G to TM , but TM is an

example of a Dirac structure, corresponding to a D9-brane in the case of 10-dimensional

spacetime M = R
10. Similarly, g−1 is the restriction to T ∗M , which is the Dirac structure

corresponding to a D-instanton. This suggests that the latter two symmetric tensors are

closely related to open strings.10

Coming back to our situation, let us write an endomorphism G in (2.11) as a matrix

in the basis of L⊕ L∗. By solving the eigenvalue equation (2.10), we get

G =

(

−s−1a s−1

s− as−1a as−1

)

, (5.3)

where s and a are symmetric and anti-symmetric parts of the tensor t = s+a. By restricting

it to L, we obtain s− as−1a, which is a candidate of the metric seen by a D-brane without

fluctuations.

The inclusion of the fluctuations is straightforward in this picture by using the general-

ized field strength F . Suppose that the generalized metric C+ is seen by a Dirac structure

LF = L + F(L) through a tensor tF ∈ L∗ ⊗ L∗. That is, C+ = LF + tF (LF ). Then a

section of C+ is written for V ∈ L,

V + F(V ) + tF (V + F(V )) = V + (tF + F)(V ), (5.4)

where we have used the fact that tFF(V ) = 0 since F(V ) ∈ L∗. The vector in eq. (5.4)

should be identified with V + t(V ), thus we have tF = t − F . Therefore, a generalized

field strength on a D-brane always appears as a shift of the tensor t when considering a

generalized Riemannian structure. This is also true when we write G as a matrix of a map

LF ⊕ L∗
F → LF ⊕ L∗

F , that is,

G =

(

−s−1(a−F) s−1

s− (a−F)s−1(a−F) (a−F)s−1

)

. (5.5)

By restriction of G to LF , the metric on LF is given by

sF
def.
= s− (a−F)s−1(a−F) ∈ Γ(L∗ ⊗ L∗), (5.6)

where the curvature F appears as a shift of the anti-symmetric part a ∈ ∧2L∗ of the

generalized Riemannian structure. This fact plays a central role when considering the DBI

action in section 6.
9The lowering of the indices i and j in (5.2) to form a tensor tMN (i.e., t ∈ Γ(∧2T ∗M̃) for the T-dual

manifold M̃).
10It is interesting that g−Bg−1B is the symmetric part of (g+B)−1, which is already referred to as the

“open string metric” in the literature.
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5.2 Symmetry transformations of generalized metric

Before proceeding with the discussion, we study the effect of the symmetry Diff(M) ⋉

Ω2
closed(M) on a generalized Riemannian structure C+ ⊂ TM .

Recall that a metric g and a B-field B are dynamical fields of a rank 2 tensor in

the target space M . That is, an infinitesimal transformation of E = g + B is given as

δE = −Lǫ+ΛE by an action of a generalized Lie derivative, in components, as

δEMN = −ǫL∂LEMN − ∂M ǫLELN − EML∂N ǫL + ∂[MΛN ]. (5.7)

On the other hand, a generalized metric C+ is also defined as a graph of t : L →
L∗. Then, an action of a generalized Lie derivative Lǫ+Λ on C+ reduces to a non-linear

transformation for the tensor t ∈ Γ(L∗⊗L∗) as argued in section4.2. The result is (replace

T with t given in (A.14))

δtab = −ǫM∂M tab − ∂aǫ
ctcb − tac∂bǫ

c + ∂[kΛa]t
k
b + t k

a ∂[kΛb]

− t k
a ∂kǫ

ctcb + tac∂kǫ
ctkb − t k

a ∂[kΛl]t
l
b + ∂[aΛb], (5.8a)

δt j
a = −ǫM∂M t j

a − ∂aǫ
ct j

c + t k
a ∂kǫ

j + ∂[kΛa]t
kj

− t k
a ∂kǫ

ct j
c + tac∂kǫ

ctkj − t k
a ∂[kΛl]t

lj + ∂aǫ
j , (5.8b)

δtib = −ǫM∂M tib + ∂kǫ
itkb − tic∂bǫ

c + tik∂[kΛb]

− tik∂kǫ
ctcb + tic∂kǫ

ctkb − tik∂[kΛl]t
l
b − ∂bǫ

i, (5.8c)

δtij = −ǫM∂M tij + ∂kǫ
itkj + tik∂kǫ

j

− tik∂kǫ
ct j

c + tic∂kǫ
ctkj − tik∂[kΛl]t

lj . (5.8d)

At first sight, it is unexpected that such a non-linear law appears. However, it is consistent

with the tensor rule (5.7) above. In fact, the following diagram is shown to be commutative

(see appendix A.4 for detail):

E
ǫ+Λ

//

��

E + δE

��

t
ǫ+Λ

// t+ δt

(5.9)

Here the vertical arrow represents the map given by the relation (5.2). The appearance

of the inhomogeneous terms in δt is simply due to the fixing of a Dirac structure L as

a reference frame, where the transformation of L itself is absorbed into that of a tensor

t. Therefore, such a inhomogeneous law is a general feature valid for any tensor in a

target space.
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By combining two results (4.5) and (5.8), the transformation law for a combination

tF = t−F is obtained:

δtFab = −ǫM∂M tFab − ∂aǫ
ctF cb − tFac∂bǫ

c + ∂[kΛa]tF
k
b + tF

k
a ∂[kΛb]

− t k
a ∂kǫ

ctcb + tac∂kǫ
ctkb − t k

a ∂[kΛl]t
l
b (5.10a)

+ F k
a ∂kǫ

cFcb −Fac∂kǫ
cFk

b + F k
a ∂[kΛl]F l

b,

δtF
j
a = −ǫM∂M tF

j
a − ∂aǫ

ctF
j
c + tF

k
a ∂kǫ

j + ∂[kΛa]tF
kj

− t k
a ∂kǫ

ct j
c + tac∂kǫ

ctkj − t k
a ∂[kΛl]t

lj + F k
a ∂kǫ

cF j
c , (5.10b)

δtF
i
b = −ǫM∂M tF

i
b + ∂kǫ

itF
k
b − tF

i
c∂bǫ

c + tF
ik∂[kΛb]

− tik∂kǫ
ctcb + tic∂kǫ

ctkb − tik∂[kΛl]t
l
b + F ik∂kǫ

cFcb, (5.10c)

δtF
ij = −ǫM∂M tF

ij + ∂kǫ
itF

kj + tF
ik∂kǫ

j

− tik∂kǫ
ct j

c + tic∂kǫ
ctkj − tik∂[kΛl]t

lj , (5.10d)

Remarkably, inhomogeneous terms ∂bǫ
i and ∂[bΛa] in (4.5) and (5.8) cancel each other,

and do not appear in the combination tF = t − F . This is because tF represents a

difference between C+ and LF , which is independent of the fixed frame L. This will be

ultimately related to a similar kind of cancellation found in [12] for the case of a non-

linearly realized Poincaré transformation, where it comes only from F . Here we emphasize

that the appearance of a combination tF = t − F and a cancellation of inhomogeneous

terms have geometric explanations.

6 Dirac-Born-Infeld action

So far we have studied the characterization and symmetry of D-brane and its fluctuations

form a target space viewpoint in the framework of the generalized geometry. In this section,

we focus on a field theory on a D-brane worldvolume Σ. In particular, we study the DBI

action. First, we give a simple proof of the invariance of the DBI action under the non-linear

realized spacetime symmetries. In the successive section, we show how to construct the

DBI action merely from the knowledge of the geometrical information and the symmetry

without referring to the string.

6.1 Invariance of Dirac-Born-Infeld Action

First we give here the proof that the DBI action has a symmetry under the transforma-

tion given in (4.7) of full Diff(M) ⋉ Ω2
closed(M) transformation. This can be proven by

representing the DBI action as a product of the determinants of the two types of metrics

which we found in the analysis of the generalized Riemannian structure in the previous

section. As we see, their transformation under the generalized Lie derivative has a rather

simple form.

We first prove the following relation:

det
1
4 g det

1
4 sF =

√

det(ϕ∗
Φ(g +B)− F )ab. (6.1)
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where g is the Riemannian metric on TM , i.e., g ∈ T ∗M ⊗ T ∗M and sF is the metric on

LF , i.e., sF ∈ L∗
F ⊗ L∗

F given in (5.6). ϕ∗
Φ is the pullback of the embedding map defined

by the field Φ, ϕΦ : Σ →֒ M .11 Thus determinants on the l.h.s. are those of the D × D

matrices, while the determinant on the r.h.s. is that of the (p+1)× (p+1) matrix which is

distinguished by the index ab. The r.h.s. of (6.1) is the Lagrangian LDBI of the DBI action.

This equation can be proven by combining the following relations of various determi-

nants.

1. Let s be the symmetric part of t defined in eq. (5.2) and tij = Eij the inverse matrix

of Eij , then

det s = det g(det tij)2 . (6.2)

2. From the definition (5.6) of sF ,

det s det sF = (det tF )
2 . (6.3)

3. Using the explicit expression for tF ,

det tF = det tij det(ϕ∗
Φ(g +B)− F )ab . (6.4)

The derivation of these relations are given in the appendix A.6. Using these relations it is

straightforward to prove the representation of the DBI action given in eq. (6.1):

det
1
4 g det

1
4 sF =

1√
det tij

det
1
4 s det

1
4 sF

=
1√

det tij

√

det tF

=
√

det(ϕ∗
Φ(E)− F )ab.

(6.5)

Here we have used (6.2) in the first equality, (6.3) in the second equality, and (6.4) for the

last step.

The integral of this scalar density (6.1) agrees with the DBI action

SDBI =

∫

ϕΦ(Σ)

√

det(ϕ∗
Φ(g +B)− F )ab dx

0 ∧ · · · ∧ dxp, (6.6)

when evaluated on the leaf ϕΦ(Σ) of LF at xi = Φi(x). Manifestly, the DBI action is

invariant under the worldvolume diffeomorphism on the D-brane.

Now we can prove that the DBI action is not only invariant under the world volume

diffeomorphism but also under the full target space diffeomorphism and the B-field gauge

transformation. To this end, we rewrite (6.6) as an integral over the target space M as

SDBI =

∫

M

LDBI δ
(D−p−1)(xi − Φi(xa)) dx0 ∧ · · · ∧ dxD−1, (6.7)

11Precisely, ϕ∗
Φ here denotes the tensor structure of the pull-back as ϕ∗

Φ(E)ab = Eab+∂aΦ
iEib+Eaj∂bΦ

j+

∂aΦ
i∂bΦ

jEij and it is defined not only on Σ but on whole M .
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where LDBI is given in (6.1) and δ(D−p−1)(xi − Φi(xa)) is a Dirac’s delta function seen as

a distribution along xi-directions.

The infinitesimal transformation of the full diffeomorphism and the B-field gauge trans-

formation are parametrized by ǫ + Λ, and are studied in the previous section (also sum-

marized in the appendix A.5). The transformation of the integrand LDBI is obtained from

that of det g

δ det g = −ǫM∂M det g + det g
{

−2∂M ǫM
}

, (6.8)

and that of det sF

δ det sF = −ǫM∂M det sF + det sF

{

−2∂cǫ
c + 2∂kǫ

k − 4F k
c ∂kǫ

c
}

. (6.9)

The result is

δLDBI = −ǫM∂MLDBI − (∂cǫ
c + ∂cΦ

k∂kǫ
c)LDBI. (6.10)

Except for the first term, this depends only on ǫa, i.e., other parameters ǫi and ΛM are

absent. This is the expected result since LDBIdx
0 ∧ · · · ∧ dxp is a section of det(∆∗) as we

will explain in the next section. On the other hand, the delta function transforms as

δ[δ(D−p−1)(xi − Φi)]

=− ǫM∂M [δ(D−p−1)(xi − Φi)]− (∂kǫ
k − ∂kǫ

c∂cΦ
k)δ(D−p−1)(xi − Φi). (6.11)

By combining them, we obtain

δ
[

LDBI δ
(D−p−1)(xi − Φi)

]

= −∂M

[

ǫMLDBI δ
(D−p−1)(xi − Φi)

]

. (6.12)

Namely the transformation of the integrand in the DBI action (6.7) is a total derivative

and the DBI action is invariant under full target space diffeomorphisms and B-field gauge

transformations.

This invariance itself is in some sense trivial, because a generalized Riemannian struc-

ture g + B is also transformed. Since a shape of a leaf and a metric on a leaf is changed

simultaneously, its volume is unchanged. We stress that the non-trivial thing here is the

invariance within the static gauge.

6.2 Non-linear symmetry and effective action

In this section, we analyze how much the non-linearly realized symmetry restricts the form

of the effective action.

We would like to find possible ingredients to build an effective action for a D-brane,

that is made out of fields A+Φ on the worldvolume, as well as a generalized metric g+B.

Usually, an action is an integral over the worldvolume Σ, and its integrand is a scalar

density under the diffeomorphism on the worldvolume. In our setting, where a reference

generalized product structure is fixed (static gauge), such a worldvolume object is given

by restricting a target space object to a leaf, as seen in the following.

Recall that a scalar density in a target space M can be considered as a section of

the determinant bundle det(T ∗M) over M associated with the cotangent bundle T ∗M .
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It is equivalently seen as top forms ∧topT ∗M . For example, a Riemannian12 metric on

TM , g : TM → T ∗M (or equivalently a tensor g ∈ T ∗M ⊗ T ∗M) defines a volume form√
g :=

√
det gdx0 ∧ · · · ∧ dxD−1 as a section of det(T ∗M). Note that det g denotes the

determinant of a D ×D matrix gMN . The volume form
√
g transforms as a scalar density

under Diff(M) by construction, and is invariant under the B-field gauge transformation. In

fact, by acting a generalized Lie derivative −Lǫ+Λ on
√
g, we obtain a tensor transformation

law for its coefficient as

δ
√

det g = ∂M (ǫM
√

det g) (6.13)

while the base dx0∧· · ·∧dxD−1 is kept unchanged.This relation is used in (6.8). Note that

there is another choice of a section
√
E =

√
detEdx0 ∧ · · · ∧ dxD−1 ∈ det(T ∗M) defined by

a tensor E = g +B. It is also a scalar density but is not invariant under the B-field gauge

transformation.

Similarly, associated with Dirac structures L or LF , any tensor T ∈ L∗ ⊗ L∗ defines

a section of the determinant bundle det(L∗) of the form
√
T :=

√
detTdx0 ∧ · · · ∧ dxp ∧

∂p+1 ∧ · · · ∧ ∂D−1. Note that detT is still a determinant of a D ×D matrix, but with the

upper index for i and j:
(

Tab Ta
j

T i
b T ij

)

. (6.14)

The examples of the sections of det(L∗) can be constructed from the tensors that we

have encountered in the previous section. They are
√
t,

√
s,

√
s− as−1a,

√
tF and

√
sF .

Their transformation law is deduced from the non-linear transformation law studied in

section 5. Note that possible elements in det(T ∗M) or det(L∗) are not independent but

related through

detE =
√

det g
√

det(g −Bg−1B),

det t =
√
det s

√

det(s− as−1a),

det tF =
√
det s

√

det sF , (6.15)

which are easily shown (see appendix A.6) and used in (6.3). It is interesting in its own

right that the l.h.s. of eq. (6.15) is bulk (closed string) metric, while the r.h.s. is a product

of open string metrics (see comments in section 5).

On the other hand, a scalar density in the worldvolume Σ is a section of det(T ∗Σ).

Since Σ is a leaf of a foliation ∆ ⊂ TM (that is ∆|Σ = TΣ), we need an element of

det(∆∗) as a scalar density on leaves. To this end, it is useful to decompose sections of

det(T ∗M) or det(L∗) into a product of two sub-determinants. More precisely, under the

generalized product structure TM = L⊕L∗ with L = ∆⊕Ann(∆), T ∗M and L∗ are split

as T ∗M = ∆∗ ⊕Ann(∆) and L∗ = ∆∗ ⊕Ann∗(∆). Then one can write the corresponding

determinant bundles as

det(T ∗M) = det(∆∗)⊗ det(Ann(∆)),

det(L∗) = det(∆∗)⊗ det(Ann∗(∆)) = det(∆∗)⊗ det−1(Ann(∆)). (6.16)

12√− det g for a Lorentzian signature.
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The former corresponds to (the square root of) an identity on determinants

det

(

Aab Baj

Cib Dij

)

= det(A−BD−1C)ab detDij , (6.17)

valid for any D ×D matrix with an invertible submatrix D, where the two determinants

on the r.h.s. are that those for (p+1)× (p+1) and (D− 1− p)× (D− 1− p) submatrices,

respectively. For the latter, indices i and j should be raised. We give two examples

associated to the splittings of the determinant bundle in (6.16):

√
detE =

√

det tab
√

detEij ,√
det t =

√

detEab

√
det tij , (6.18)

which is shown by virtue of the relation (5.2). Note that Eij = tij . The identity (6.4) is

an analogue of these, and also used in [35].

As a consequence of (6.16), we have det(L∗) = det(T ∗M) ⊗ det−2(Ann(∆)). Corre-

sponding to this relation of the determinant bundle, we can find relations between the

determinants and among all there is an important identity

√
det s =

√

det g det tij , (6.19)

which we have used in the proof of the invariance of the DBI action in (6.2), proved in the

appendix A.6. Essentially the same identity appears in the context of T-duality in [36].

The most important decomposition relating to the invariant effective action is the

following combination

det(T ∗M)⊗ det(L∗) = det2(∆∗)⊗ det(Ann(∆))⊗ det−1(Ann(∆)), (6.20)

Using this type of combination of the determinants we can construct the object which

transforms as det(∆∗) and consequently has a desired transformation property, being

invariant under the worldvolume diffeomorphism, and a diffeomorphism transformation

generated by ǫ⊥ = ǫi∂i cancels. Therefore, an integrand of the effective action on the

worldvolume should belong to this bundle. Still there are many choices of sections on

det(T ∗M) and det(L∗). Any combinations of the one from (det g, detE) and the one from

(det t, det tF , det s, det(s−as−1a), det sF ) are the candidate. We listed in the appendix A.5

the transformation of all those determinants.

Among possible tensors, it turns out that
√
g ∈ det(T ∗M) and

√
sF ∈ det(L∗), where

sF is given in (5.6), are the correct tensors, that is, the last two factors in (6.20) are

canceled with each other as we saw in the previous section. Another good candidate is

to take det tF instead of det sF from the det(L∗) but it is not invariant under the full

diffeomorphism.

6.3 Non-linear realized Poincaré symmetry

Here we fix a generalized Riemannian structure, g + B, as a background. In this case,

only a generalized isometry, a subgroup of Diff(M) ⋉ Ω2
closed(M), acts as a symmetry.

– 22 –



J
H
E
P
1
0
(
2
0
1
2
)
0
6
4

A generalized vector ǫ + Λ ∈ TM is called a generalized Killing vector if Lǫg = 0 and

LǫB = dΛ (that is Lǫ+Λ(g + B) = 0) [32]. They generate a Lie algebra of the isometry

group.13 In the case of dB = 0, the B-field gauge parameter Λ is not independent, and is

determined as Λ = iǫB+dλ up to an arbitrary function λ. The Lie algebra relation is then

written as [Lǫ1+iǫ1B
,Lǫ2+iǫ2B

] = L[ǫ1,ǫ2]+i[ǫ1,ǫ2]B
. As already stated, the term dλ plays no

role in the generalized Lie derivative.

In order to reproduce the result of [12], take the Lorentzian signature here and fix g+B

to be the Minkowski metric g = η and B = 0, which is a vacuum for string theory. Then,

its isometry group is the Poincaré group ISO(1, D − 1). We parametrize an infinitesimal

transformation as

ǫ = ǫM∂M = (ρM + ωM
NxN )∂M , (6.21)

where ρM is a translation and ωM
N is a Lorentz transformation, satisfying ωMN+ωNM = 0.

In the presence of a generalized product structure, Diff(M) is broken to Fdiff(M,L)∩
Fdiff(M,L∗). Correspondingly, a generalized vector (6.21) satisfying the conditions ∂aǫ

i =

0 = ∂iǫ
a is an unbroken isometry. It leads to ωai = 0 and thus ISO(1, D − 1) is broken to

ISO(1, p)× ISO(D − 1− p) of the form

ǫ = (ρa + ωa
bx

b)∂a + (ρi + ωi
jx

j)∂i. (6.22)

Furthermore, by fixing a leaf at xi = 0 as a D-brane, (6.21) should satisfy ǫi(xi = 0) = 0.

These conditions kill translations ρi and we are left with the unbroken group ISO(1, p) ×
SO(D − 1− p), generated by

ǫ = (ρa + ωa
bx

b)∂a + ωi
jx

j∂i. (6.23)

As we have seen, a tensor with respect to the Dirac structure L transforms inhomoge-

neously under of Diff(M)⋉ Ω2
closed(M). This is still true for the Poincaré subgroup. This

is precisely the non-linearly realized Poincaré symmetry. In fact, by substituting (6.21)

in (4.7), we reproduce the result of [12]. In particular the broken symmetry given by ωai

and ρi is non-linearly realized.

Finally, we comment on the B-field gauge transformation. One may also fix only g but

take B as a dynamical field. Note that on a subbundle C+, a B-field gauge transformation

is also seen as a shift of B, that is, B → B + dΛ. This is why it is usually called a gauge

transformation for B. If, moreover, the L-preserving condition ∂[aΛb] = 0 is satisfied, then

the components of B along a leaf is invariant Bab → Bab. This is usually said that “Bab

cannot be gauged away.” It is the spontaneous symmetry breaking of the B-field gauge

transformation given by Λa. To restore the broken Λa transformation, we need to add a

gauge field Aa, which transforms according to (4.7).

7 Conclusion and discussion

In this paper, we describe a D-brane in the framework of generalized geometry by choosing

the static gauge and clarify the structure of the symmetry and its breaking. By introducing

13Generalized Lie derivatives satisfy in general [Lǫ1+Λ1
,Lǫ2+Λ2

] = L[ǫ1+Λ1,ǫ2+Λ2].
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a generalized product structure to formulate the static gauge in this framework, scalar fields

Φi and a gauge field Aa are unified into a single object Φ+A. This object can be regarded

either as a diffeomorphism and B-field gauge transformation parameter, or as a generalized

connection.

We have shown that both scalar fields and gauge field have a shift term in their trans-

formation law, from which we conclude that they are NG-bosons for broken translational

and B-field gauge transformation, respectively. We also found that the U(1) gauge sym-

metry appears as a trivial part of the B-field gauge symmetry. It is plausible that the

same conclusion can be justified in the language of field theory. There is already such an

analysis of the fluctuations around classical solutions in supergravity theory [37]. That a

gauge field is simultaneously a NG-boson is also known as the Stückelberg mechanism, and

in fact, there are discussions of spontaneously broken symmetry in the field theory of a

3-form H-field coupled with a U(1) gauge field given in the refs. [38–40]. Since they discuss

in the different setting, the relation to our result still has to be clarified.

We have focused on the DBI action in this paper, and shown its invariance under the

full spacetime symmetry and also discussed that these symmetries give some restrictions

on the combination of the determinant of possible metrics. The DBI action is used as a

starting point to study BPS condition for a D-brane in a generalized calibration in [41–45],

where the DBI action comes form string theory calculation. Our discussion here supports

this assumption within the generalized geometry.

Note that the non-linearly realized symmetry can determine the functional form for

Φ + A and g + B only. To determine the overall factor Tp (tension), the dilaton factor

e−φ and the factor 2πα′ in front of F , other inputs are needed. In some papers [32, 46] a

O(D,D) invariant dilaton d is introduced by

e−2d = e−2φ
√

det g (7.1)

where φ is an ordinary physical dilaton field which appears in string theory, and which

transforms under the T-duality as φ → φ− 1
2 ln detEij [36]. The new dilaton e−2d also serves

as volume element in the target space [46]. Thus, if we introduce the new dilaton instead

of det
1
4 g, then the correct dilaton term e−φ can also be recovered. Because our argument

does not take into account T-dualities, we cannot distinguish these two possibilities at this

stage. But in the Ramond-Ramond coupling to D-branes, the dilaton φ is naturally defined

as a part of an O(D,D) spinor [32].

We expect that our result on the non-linear transformations leads to some constraints

which can determine possible higher derivative corrections to the DBI action, and also

can be used to analyze the Chern-Simons term describing the RR-coupling. The study

on the RR-coupling in the context of generalized geometry is initiated by [17]. The non-

abelian extension of the present formulation, corresponding to the system with multiple

D-branes, is also an important open problem. For a minimal version of this, namely

imposing non-linearly realized Lorentz boosts on the action for coinciding D0-branes, has

been initiated in [47].

To write the DBI action, we used various identities on determinants. A similar kind of

fractional determinants is found in [48, 49] in the context of M-theory branes, where the

– 24 –



J
H
E
P
1
0
(
2
0
1
2
)
0
6
4

technique developed for the noncommutativity and Seiberg-Witten map was essential. It

is interesting whether our description of D-branes in terms of generalized geometry would

have some relation to the noncommutative geometry.

Although this paper is restricted to the local description, its global version can also

be considered, where the global existence of foliated structures will play an important role.

The classification problem of possible D-branes for a given target space in the context of

the generalized geometry is an interesting subject as well. In the presence of a generalized

complex structure, stable branes, called generalized complex branes, have been studied by

several authors initiated by [17, 50]. It should also be compared with the known charac-

terization of multiple D-branes by means of K-homology [51], which does not rely on the

complex structure.
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A Derivations and proofs

A.1 Condition for the Dirac structure

Here, we derive the condition that the graph LF = L + F(L) is a Dirac structure. As

stated in section3.3, this condition was already given in [26] and we reproduce it here using

the local coordinate.

Recall that the sections of the subbundle LF = L+ F(L) have the form

V = va(x)(∂a + ∂aΦ
i(x)∂i + Fab(x)dx

b) + ξi(x)(dx
i − ∂aΦ

i(x)dxi)

= eF (va(x)∂̃a + ξi(x)dy
i), (A.1)

where we allow components va and ξi as well as Φi and Aa to depend on both coordinates

xa and xi. In the second line, we used the notation introduced in section 2. Since LF is

maximally isotropic (almost Dirac structure), it is sufficient to require the Dorfman bracket

to be involutive in order to be a Dirac structure.

First, we examine the Lie-involutive condition. Namely, if LF is involutive, then under

the anchor map its image ρ : LF → TM should also be involutive with respect to the Lie

bracket of TM . For tangent vectors of the form

ρ(V ) = va(x)(∂a + ∂aΦ
i(x)∂i) = va(x)∂̃a, (A.2)
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the Lie bracket in TM is given by

[ρ(V ), ρ(V ′)] = [va∂̃a, v
′b∂̃b]

= (va∂̃av
′b − v′a∂̃av

b)∂̃b + vav′b[∂̃a, ∂̃b].
(A.3)

Since [∂̃a, ∂̃b] = (∂aΦ
j∂j∂bΦ

i−∂bΦ
j∂j∂aΦ

i)∂i is not proportional to ∂̃a, the last term should

vanish in order for ρ(L) to be closed under the Lie bracket. Therefore, the condition is

∂i(∂bΦ
j) = 0, (A.4)

i.e. the field ∂aΦ
i is independent of xi.

Keeping this in mind, we examine the Dorfman-involutive condition. The Dorfman

bracket between generalized tangent vectors of the form (A.1) is given by

[V, V ′] = [eF (va∂̃a + ξidy
i), eF (v′b∂̃b + ξ′jdy

j)]

= eF [va∂̃a + ξidy
i, v′b∂̃b + ξ′jdy

j ]− ιva∂̃aιv′b∂̃bdF

= eF [va∂̃a, v
′b∂̃b] + Lva∂̃a

ξ′jdy
j − ιv′b∂̃bd(ξidy

i)− ιva∂̃aιv′b∂̃bdF,

(A.5)

where we used the Courant automorphism for a B-transformation given by eF . The first

term lies in LF , since [∂̃a, ∂̃b] = 0 as is shown above. Since ιva∂̃ady
i = 0 and d(dyi) = 0,

the second and the third term are written as

Lva∂̃a
ξ′jdy

j − ιv′b∂̃bd(ξidy
i) = ιva∂̃ad(ξ

′
jdy

j)− ιv′b∂̃bd(ξidy
i)

= va∂̃aξ
′
jdy

j − v′b∂̃bξidy
i,

(A.6)

which is also an element in LF . By using the fact that the exterior derivative of an arbitrary

form ω is

dω = dxa∂aω + dxi∂iω = dxa∂̃aω + dyi∂iω , (A.7)

the last term in (A.5) can be written as

−ιva∂̃aιv′b∂̃bdF = −ιva∂̃aιv′b∂̃b ∂̃cFdedx
c ∧ dxd ∧ dxe − vav′b∂iFabdy

i. (A.8)

Although the second term lies in LF , the first term does not. Requiring the first term to

vanish for arbitrary va and v′b, we obtain the following condition:

∂̃aFbc + ∂̃bFca + ∂̃cFab = 0. (A.9)

The two equations (A.4) and (A.9) are the conditions to guarantee that LF is a Dirac

structure.

A.2 Derivation of the non-linear transformation law

Let T ∈ L∗ ⊗ L∗ be a tensor and define its graph by LT = L + T (L). Consider an action

of a generalized Lie derivative Lǫ+Λ(V + T (V )) on a section V + T (V ) ∈ LT with V ∈ L.

The first term, Lǫ+ΛV is already evaluated in (4.3). For the tensor T with the form

T = Tab(x)dx
a ⊗ dxb + T j

a (x)dxa ⊗ ∂j + T i
b(xi)∂i ⊗ dxb + T ij(x)∂i ⊗ ∂j , (A.10)
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the generalized Lie derivative acts on a tensor, like in the ordinary case, as

Lǫ+Λ(Tabdx
a ⊗ dxb) = ǫM∂MTabdx

a ⊗ dxb + ∂M ǫcTcbdx
M ⊗ dxb

+ Tac∂N ǫcdxa ⊗ dxN ,

Lǫ+Λ(T
j

a dxa ⊗ ∂j) = ǫM∂MT j
a dxa ⊗ ∂j + ∂M ǫcT j

c dxM ⊗ ∂j

− T k
a ∂kǫ

Mdxa ⊗ ∂M − T k
a ∂[kΛN ]dx

a ⊗ dxN ,

Lǫ+Λ(T
i
b∂i ⊗ dxb) = ǫM∂MT i

b∂i ⊗ dxb − ∂kǫ
MT k

b∂M ⊗ dxb

+ T i
c∂N ǫc∂i ⊗ dxN − ∂[kΛM ]T

k
bdx

M ⊗ dxb,

Lǫ+Λ(T
ij∂i ⊗ ∂j) = ǫM∂MT ij∂i ⊗ ∂j − ∂kǫ

MT kj∂M ⊗ ∂j − T ik∂kǫ
N∂i ⊗ ∂N

− ∂[kΛM ]T
kjdxM ⊗ ∂j − T ik∂[kΛN ]∂i ⊗ dxN .

(A.11)

By using these relations, Lǫ+Λ(V + T (V )) can be written in the form of (4.4), or more

explicitly, by splitting δV into the vector and 1-form as δV = δv + δξ

Lǫ+Λ(V + T (V )) = (−δva)(∂a + T j
a ∂j + Tabdx

b) + (−δξi)(dx
i + T i

bdx
b + T ij∂j)

+ va{(−δT j
a )∂j + (−δTab)dx

b}+ ξi{(−δT i
b)dx

b + (−δT ij)∂j}.
(A.12)

Here the first line is the part of the graph of the δV in the form of δV + T (δV ), with

δva = −ǫM∂Mva + vb∂bǫ
a + vbT k

b ∂kǫ
a + ξjT

jk∂kǫ
a,

δξi = −ǫM∂Mξi − ξk∂iǫ
k + vb∂[bΛi] − vbTbc∂iǫ

c + vbT k
b ∂[kΛi]

− ξjT
j
c ∂iǫ

c + ξjT
jk∂[kΛi].

(A.13)

The second line in (A.12) defines the non-linear transformation law for the tensor T , where

δTab = −ǫM∂MTab − Tac∂bǫ
c − ∂aǫ

cTcb + ∂[kΛa]T
k
b + T k

a ∂[kΛb]

− T k
a ∂kǫ

cTcb + Tac∂kǫ
cT k

b − T k
a ∂[kΛl]T

l
b + ∂[aΛb], (A.14a)

δT j
a = −ǫM∂MT j

a − ∂aǫ
cT j

c + T k
a ∂kǫ

j + ∂[kΛa]T
kj

− T k
a ∂kǫ

cT j
c + Tac∂kǫ

cT kj − T k
a ∂[kΛl]T

lj + ∂aǫ
j , (A.14b)

δT i
b = −ǫM∂MT i

b + ∂kǫ
iT k

b − T i
c∂bǫ

c + T ik∂[kΛb]

− T ik∂kǫ
cTcb + T i

c∂kǫ
cT k

b − T ik∂[kΛl]T
l
b − ∂bǫ

i, (A.14c)

δT ij = −ǫM∂MT ij + ∂kǫ
iT kj + T ik∂kǫ

j

− T ik∂kǫ
cT j

c + T i
c∂kǫ

cT kj − T ik∂[kΛl]T
lj . (A.14d)

A.3 Generalized metric as various graphs

Here we derive the formula (5.2), which relates two different tensors describing a same

generalized Riemannian structure. A generalized vector field V+ in the positive-definite

subbundle C+ is written either by using vM∂M ∈ TM ,

V+ = vM (∂M + EMNdxN ) ∈ C+, (A.15)
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as a graph of E = g +B : TM → T ∗M , or is written by using wa∂a + ξidx
i ∈ L,

V+ = wa(∂a + t j
a ∂j + tabdx

b) + ξi(dx
i + tibdx

b + tij∂j) ∈ C+, (A.16)

as a graph of t : L → L∗. By comparing (A.15) and (A.16), we obtain the following

relations

wa = va, (A.17)

wat j
a + ξit

ij = vj , (A.18)

watab + ξit
i
b = vMEMb, (A.19)

ξj = vMEMj , (A.20)

where we have used the independence of the basis {∂a, ∂i, dxa, dxi}. Substituting eqs. (A.17)
and (A.20) into eqs. (A.18) and (A.19), the above relations lead to

va(t j
a + Eakt

kj) + vi(Eikt
kj − δji ) = 0,

va(tab + Eakt
k
b − Eab) + vi(Eikt

k
b − Eib) = 0.

(A.21)

Since these equations must hold for arbitrary va and vi, we obtain the condition for the

tensor t ∈ L∗ ⊗ L∗ as:

tij = Eij , t j
a = −EakE

kj ,

tib = EikEkb, tab = Eab − EakE
klElb,

(A.22)

where Eij is the inverse of Eij satisfying EijEjk = δik, existence of which is guaranteed by

the positive definiteness of C+. These are the equations given in (5.2).

A.4 Consistency between linear and non-linear transformation laws

We show here the consistency,i.e.,the commutativity of the diagram (5.9) stated in sec-

tion5.2. To this end, we take the “right-down” route E → E + δE → t + δt, and then

compare with (5.8), which coincides with the “down-right” route.

The action of a generalized Lie derivative −Lǫ+Λ on the tensor E = g +B is

δEMN = −ǫL∂LEMN − ∂M ǫLELN − EML∂N ǫL + ∂[MΛN ]. (A.23)

This defines E + δE. We also need the action on the inverse Eij :

δEij = −EikδEklE
lj = Eik(ǫL∂LEkl + ∂kǫ

LELl + EkL∂lǫ
L − ∂[kΛl])E

lj , (A.24)

which is derived from δ(EikE
kj) = δEikE

kj + EikδE
kj = 0.
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Substituting E + δE to the relations (5.2), we obtain t+ δt, where

δtab = δEab − δEakE
klElb − EakδE

klElb − EakE
klδElb

= −ǫL∂LEab − ∂aǫ
LELb − EaL∂bǫ

L + ∂[aΛb]

− (−ǫL∂LEak − ∂aǫ
LELk − EaL∂kǫ

L + ∂[aΛk])E
klElb

− EaiE
ik(ǫL∂LEkl + ∂kǫ

LELl + EkL∂lǫ
L − ∂[kΛl])E

ljEjb

− EakE
kl(−ǫL∂LElb − ∂lǫ

LELb − ElL∂bǫ
L + ∂[lΛb])

= −ǫM∂M tab − tac∂bǫ
c − ∂aǫ

ctcb + ∂[kΛa]t
k
b + t k

a ∂[kΛb]

− t k
a ∂kǫ

ctcb + tac∂kǫ
ctkb − t k

a ∂[kΛl]t
l
b + ∂[aΛb],

δt j
a = −δEakE

kj − EakδE
kj

= −(−ǫL∂LEak − ∂aǫ
LELk − EaL∂kǫ

L + ∂[aΛk])E
kj

− EaiE
ik(ǫL∂LEkl + ∂kǫ

LELl + EkL∂lǫ
L − ∂[kΛl])E

lj

= −ǫM∂M t j
a − ∂aǫ

ct j
c + t k

a ∂kǫ
j + ∂[kΛa]t

kj

− t k
a ∂kǫ

ct j
c + tac∂kǫ

ctkj − t k
a ∂[kΛl]t

lj + ∂aǫ
j ,

δtib = δEikEkb + EikδEkb

= Eik(ǫL∂LEkl + ∂kǫ
LELl + EkL∂lǫ

L − ∂[kΛl])E
ljEjb

+ Eik(−ǫL∂LEkb − ∂kǫ
LELb − EkL∂bǫ

L + ∂[kΛb])

= −ǫM∂M tib + ∂kǫ
itkb − tic∂bǫ

c + tik∂[kΛb]

− tik∂kǫ
ctcb + tic∂kǫ

ctkb − tik∂[kΛl]t
l
b − ∂bǫ

i,

δtij = δEij = Eik(ǫL∂LEkl + ∂kǫ
LELl + EkL∂lǫ

L − ∂[kΛl])E
lj

= −ǫM∂M tij + ∂kǫ
itkj + tik∂kǫ

j

− tik∂k∂
ct j

c + tic∂kǫ
ctkj − tik∂[kΛl]t

lj .

These transformation rules agree with (5.8).

A.5 Non-linear transformation laws for various determinants

We here summarize non-linear transformation laws for various determinants, used in this

paper. For this end, we need the transformation law for the symmetric/anti-symmetric

part of the tensor t = s+ a, given by

δsab = −ǫM∂Msab − sac∂bǫ
c − ∂aǫ

cscb + ∂[kΛa]s
k
b + s k

a ∂[kΛb]

− s k
a ∂kǫ

cacb − a k
a ∂kǫ

cscb + sac∂kǫ
cakb + aac∂kǫ

cskb (A.25a)

− s k
a ∂[kΛl]a

l
b − a k

a ∂[kΛl]s
l
b,

δs j
a = −ǫM∂Ms j

a − ∂aǫ
cs j

c + s k
a ∂kǫ

j + ∂[kΛa]s
kj

− s k
a ∂kǫ

ca j
c − a k

a ∂kǫ
cs j

c + sac∂kǫ
cakj + aac∂kǫ

cskj (A.25b)

− s k
a ∂[kΛl]a

lj − a k
a ∂[kΛl]s

lj ,

δsib = −ǫM∂Msib + ∂kǫ
iskb − sic∂bǫ

c + sik∂[kΛb]

− sik∂kǫ
cacb − aik∂kǫ

cscb + sic∂kǫ
cakb + aic∂kǫ

cskb (A.25c)

− sik∂[kΛl]a
l
b − aik∂[kΛl]s

l
b,
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δsij = −ǫM∂Msij + ∂kǫ
iskj + sik∂kǫ

j

− sik∂kǫ
ca j

c − aik∂kǫ
cs j

c + sic∂kǫ
cakj + aic∂kǫ

cskj (A.25d)

− sik∂[kΛl]a
lj − aik∂[kΛl]s

lj ,

and

δaab = −ǫM∂Maab − aac∂bǫ
c − ∂aǫ

cacb + ∂[kΛa]a
k
b + a k

a ∂[kΛb]

− s k
a ∂kǫ

cscb − a k
a ∂kǫ

cacb + sac∂kǫ
cskb + aac∂kǫ

cakb (A.26a)

− s k
a ∂[kΛl]s

l
b − a k

a ∂[kΛl]a
l
b + ∂[aΛb],

δa j
a = −ǫM∂Ma j

a − ∂aǫ
ca j

c + a k
a ∂kǫ

j + ∂[kΛa]a
kj

− s k
a ∂kǫ

cs j
c − a k

a ∂kǫ
ca j

c + sac∂kǫ
cskj + aac∂kǫ

cakj (A.26b)

− s k
a ∂[kΛl]s

lj − a k
a ∂[kΛl]a

lj + ∂aǫ
j ,

δaib = −ǫM∂Maib + ∂kǫ
iakb − aic∂bǫ

c + aik∂[kΛb]

− sik∂kǫ
cscb − aik∂kǫ

cacb + sic∂kǫ
cskb + aic∂kǫ

cakb (A.26c)

− sik∂[kΛl]s
l
b − aik∂[kΛl]a

l
b − ∂bǫ

i,

δaij = −ǫM∂Maij + ∂kǫ
iakj + aik∂kǫ

j

− sik∂kǫ
cs j

c − aik∂kǫ
ca j

c + sic∂kǫ
cskj + aic∂kǫ

cakj (A.26d)

− sik∂[kΛl]s
lj − aik∂[kΛl]a

lj .

The non-linear transformation laws for various determinants are summarized as

δ det g = −ǫM∂M det g + det g
{

−2∂M ǫM
}

, (A.27a)

δ det s = −ǫM∂M det s+ det s
{

−2∂cǫ
c + 2∂kǫ

k − 4a k
c ∂kǫ

c − 4akl∂lΛk

}

, (A.27b)

δ det sF = −ǫM∂M det sF + det sF

{

−2∂cǫ
c + 2∂kǫ

k − 4F k
c ∂kǫ

c
}

, (A.27c)

δ det t = −ǫM∂M det t+ det t
[

−2∂cǫ
c + 2∂kǫ

k − 2a k
c ∂kǫ

c − 2akl∂lΛk

]

+ det t
[

(t−1)ba∂[aΛb] + (t−1) a
j ∂aǫ

j − (t−1)bi∂bǫ
i
]

, (A.27d)

δ det tij = −ǫM∂M det tij + det tij

[

2∂kǫ
k − 2a k

c ∂kǫ
c − 2akl∂lΛk

]

, (A.27e)

δ det tF = −ǫM∂M det tF + det tF

[

−2∂cǫ
c + 2∂kǫ

k − 2(a k
c + F k

c )∂kǫ
c − 2akl∂lΛk

]

.

(A.27f)

A.6 Identities on determinants

Here we prove 3 identities on determinants given in (6.2), (6.3) and (6.4) in section6.1 and

also used in section6.2. First we show the relation (6.2). We rewrite (5.2) as a matrix and
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decompose it into two matrices as

t =

(

Eab − EakE
klElb −EakE

kj

EikEkb Eij

)

=

(

δac Eak

0 Eik

)−1(

Ecb 0

Ekb δkj

)

def.
= m−1 · n,

(A.28)

where we defined two D×D matrices n and m. Then the matrix s, the symmetric part of

t, can also be written as

s =
1

2

(

t+ tT
)

=
1

2

(

m−1n+ nTm−1T
)

=
1

2
m−1 ·

(

nmT +mnT
)

·m−1T

= m−1 · g ·m−1T

(A.29)

By taking the determinant of (A.29), we have

det s = (detm)−2 det g = (det tij)2 det g. (A.30)

Next, we show (6.3). Let us decompose a matrix t = s + a into symmetric/anti-

symmetric parts. If the existence of s−1 is assumed, one can show

det t = (det(s+ a) det(s+ a))
1
2

=
(

det s(1 + s−1a) det(1 + as−1)s
)

1
2

= det s
(

det(1 + s−1a)(1− s−1a)
)

1
2

= det s
(

det(1− s−1as−1a)
)

1
2

= det s
(

det s−1(s− as−1a)
)

1
2

= det
1
2 s det

1
2 (s− as−1a). (A.31)

Applying this relation to tF , we obtain (6.3).

Finally, by using the formula (6.17), we find the relation (6.4) as follows:

det tF = det

(

Eab − EakE
klElb − Fab −EakE

kj − ∂aΦ
j

EikEkb + ∂bΦ
i Eij

)

= det
(

Eab + ∂aΦ
kEkb + Eak∂bΦ

k + ∂aΦ
iEij∂bΦ

j − Fab

)

detEij

= det tij det(ϕ∗
Φ(g +B)− F )ab .

(A.32)
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