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ABSTRACT: We use the embedding tensor method to construct the most general maxi-
mal gauged/massive supergravity in d = 9 dimensions and to determine its extended field
content. Only the 8 independent deformation parameters (embedding tensor components,
mass parameters etc.) identified by Bergshoeff et al. (an SL(2,R) triplet, two doublets
and a singlet) can be consistently introduced in the theory, but their simultaneous use
is subject to a number of quadratic constraints. These constraints have to be kept and
enforced because they cannot be used to solve some deformation parameters in terms of
the rest. The deformation parameters are associated to the possible 8-forms of the theory,
and the constraints are associated to the 9-forms, all of them transforming in the conju-
gate representations. We also give the field strengths and the gauge and supersymmetry
transformations for the electric fields in the most general case. We compare these results
with the predictions of the Ej; approach, finding that the latter predicts one additional
doublet of 9-forms, analogously to what happens in N =2 d = 4,5,6 theories.
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The discovery of the relation between RR (p+ 1)-form potentials in 10-dimensional type II

supergravity theories and D-branes [1] made it possible to associate most of the fields of

the string low-energy effective field theories (supergravity theories in general) to extended

objects (branes) of diverse kinds: fundamental, Dirichlet, solitonic, Kaluza-Klein etc. This



association has been fruitfully used in two directions: to infer the existence of new super-
gravity fields from the known existence in the String Theory of a given brane or string
state and wvice versa. Thus, the knowledge of the existence of Dp-branes with large val-
ues of p made it necessary to learn how to deal consistently with the magnetic duals of
the RR fields that were present in the standard formulations of the supergravity theories
constructed decades before, because in general it is impossible to dualize and rewrite the
theory in terms of the dual magnetic fields. The existence of NS-NS (p + 1)-forms in the
supergravity theories that could also be dualized made it necessary to include solitonic
branes dual to the fundamental ones (strings, basically). It was necessary to include all
the objects and fields that could be reached from those already known by U-duality trans-
formations and this effort led to the discovery of new branes and the introduction of the
democratic formulations of the type II supergravities [2] dealing simultaneously with all
the relevant electric and magnetic supergravity fields in a consistent way.

The search for all the extended states of String Theory has motivated the search for all
the fields that can be consistently introduced in the corresponding Supergravity Theories,
a problem that has no simple answer for the d-, (d — 1) and (d — 2)-form fields, which are
not the duals of electric fields already present in the standard formulation, at least in any
obvious way. The branes that would couple to them can play important roles in String
Theory models, which makes this search more interesting.

As mentioned before, U-duality arguments have been used to find new supergravity
fields but U-duality can only reach new fields belonging to the same orbits as the known
fields. To find other possible fields, a systematic study of the possible consistent super-
symmetry transformation rules for p-forms has been carried out in the 10-dimensional
maximal supergravities in refs. [2-7] but this procedure is long and not systematic. The
conjectured F1; symmetry [8-10] can be used to determine the bosonic extended field con-

tent of maximal supergravity in different dimensions.!

Thee results have been recently
used to construct the U-duality-covariant Wess-Zumino terms of all possible branes in all
dimensions [12, 13]. In this approach supersymmetry is not explicitly taken into account,
only through the U-duality group.

Another possible systematic approach to this problem (that does not take supersym-
metry into account explicitly either) is provided by the embedding-tensor formalism.? This
formalism, introduced in refs. [17-21] allows the study of the most general deformations of
field theories and, in particular, of supergravity theories [22-30]. One of the main features
of this formalism is that it requires the systematic introduction of new higher-rank poten-
tials which are related by Stiickelberg gauge transformations. This structure is known as
the tensor hierarchy of the theory [20, 21, 27, 31-33] and can be taken as the (bosonic)
extended field content of the theory. In Supergravity Theories one may need to take into
account additional constraints on the possible gaugings, but, if the gauging is allowed by
supersymmetry, then gauge invariance will require the introduction of all the fields in the

associated tensor hierarchy and, since gauge invariance is a sine qua non condition for su-

!Smaller Ka¢-Moody algebras can be used in supergravities with smaller number of supercharges such
as N = 2 theories in d = 4,5, 6 dimensions [11].
2For recent reviews see refs. [14-16].



persymmetry, the tensor hierarchy will be automatically compatible with supersymmetry.
Furthermore, if we set to zero all the deformation parameters (gauge coupling constants,
Romans-like mass parameters [34] etc.) the fields that we have introduced will remain in
the undeformed theory.

This formalism, therefore, provides another systematic way of finding the extended
field content of Supergravity Theories. However, it cannot be used in the most interesting
cases, N = 1,d = 11 and N = 2A, B,d = 10 Supergravity, because these theories cannot
be gauged because they do not have 1-forms (N = 1,d = 11 and N = 2B,d = 10) or
the 1-form transforms under the only (Abelian) global symmetry (N = 2A,d = 10). Only
N = 2A,d = 10 can be deformed through the introduction of Romans’ mass parameter,
but the consistency of this deformation does not seem to require the introduction of any
higher-rank potentials. The dimensional reduction to d = 9 of these theories, though, has
3 vector fields, and their embedding-tensor formalism can be used to study all its possible
gaugings and find its extended field content.

Some gaugings of the maximal d = 9 supergravity have been obtained in the past by
generalized dimensional reduction [35] of the 10-dimensional theories with respect to the
SL(2,R) global symmetry of the N = 2B theory [36-38] or other rescaling symmetries [39].3
All these possibilities were systematically and separately studied in ref. [41], taking into
account the dualities that relate the possible deformation parameters introduced with the
generalized dimensional reductions. However, the possible combinations of deformations
were not studied, and, as we will explain, some of the higher-rank fields are associated to
the constraints on the combinations of deformations. Furthermore, we do not know if other
deformations, with no higher-dimensional origin (such as Romans’ massive deformation of
the N = 2A,d = 10 supergravity) are possible.

Our goal in this paper will be to make a systematic study of all these possibilities
using the embedding-tensor formalism plus supersymmetry to identify the extended-field
content of the theory, finding the role played by the possible 7-, 8- and 9-form potentials,
and compare the results with the prediction of the 1, approach. We expect to get at least
compatible results, as in the N = 2,d = 4,5,6 cases studied in [30] and [11].

This paper is organized as follows: in section 2 we review the undeformed maximal
9-dimensional supergravity and its global symmetries. In section 3 we study the possible
deformations of the theory using the embedding-tensor formalism and checking the closure
of the local supersymmetry algebra for each electric p-form of the theory. In section 4
we summarize the results of the previous section describing the possible deformations and
the constraints they must satisfy. We discuss the relations between those results and the
possible 7- 8- and 9-form potentials of the theory and how these results compare with those
obtained in the literature using the F1; approach. Section 5 contains our conclusions. Our
conventions are briefly discussed in appendix A. The Noether currents of the undeformed
theory are given in appendix B. A summary of our results for the deformed theory (de-
formed field strengths, gauge transformations and covariant derivatives, supersymmetry
transformations etc.) is contained in appendix C.

3 An SO(2)-gauged version of the theory was directly constructed in ref. [40].



2 Maximal d = 9 supergravity: the undeformed theory

There is only one undeformed (i.e. ungauged, massless) maximal (i.e. N = 2, containing
no dimensionful parameters in their action, apart from the overall Newton constant) 9-
dimensional supergravity [42]. Both the dimensional reduction of the massless N = 2A,d =
10 theory and that of the N = 2B,d = 10 theory on a circle give the same undeformed
N = 2,d =9 theory, a property related to the T duality between type IIA and IIB string
theories compactified on circles [43, 44] and from which the type II Buscher rules can be
derived [45].
The fundamental (electric) fields of this theory are,

{eua, o, T=X+ ieﬂb,AIu, Biu,,, Crvps Yy, A, A, } . (2.1)

where I = 0,1, with i,j,k = 1,2 and 4,5,k = 1,2.* The complex scalar 7 parametrizes an
SL(2,R)/U(1) coset that can also be described through the symmetric SL(2,R) matrix

7|2 _ 1 -
Mze¢<|x| >1<>, M IE€¢<_X |7_|>§> (2.2)

The undeformed field strengths of the electric p-forms are, in our conventions®®
FI = qA”, (2.3)
H' = dB" + 16%(A° A F' + AV A FY), (2.4)
G = d[C — JeyA) — ey FU A (BT + Lo754%) | (2.5)
and are invariant under the undeformed gauge transformations
onAl = —da!, (2.6)

SABI = —dA' + &y [AiFO +AOF 4] <A° A Sy AL+ Al A 5AA0)} . (27)
OAIC = Loy A] = —dh — o5 (FP AN + N A HT = 5y AT\ B
+%6jjA0i/\5AAj> . (2.8)
The bosonic action is, in these conventions, given by
S = /{ — R+ Jdp N*dp + 5 [dgzs A *dgp + 2Pdy /\*dx} + éefﬁ"FO A *FO
FLevr P (M) Fi A %S + Le™ V¥ (MY H A SHT + Levi?G A G
—3 |G+ eyt n (BT = 3574 A FO)| A [ G ey AT A (T = L7541 A FO)| A A0
_— <H 5 AT A FO) A (Bj - ;aijAOJ) } } . (2.9)
“Sometimes we need to distinguish the indices 1,2 of the 1-forms (and their dual 6-forms) from those

of the 2-forms (and their dual 5-forms). We will use boldface indices for the former and their associated

gauge parameters.
®We use the shorthand notation A’/ = A’ A A7, B¥* = B* A B’ A B* ete.
®The relation between these fields and those of refs. [37] and [41] are given in appendix A.2.



The kinetic term for the SL(2,R) scalars ¢ and y can be written in the alternative
forms

dT N\ *dT

! [dqa A xd + €20dx A *dx] (S

= 3 Tr [dMM ™ AxdMM ™, (2.10)

the last of which is manifestly SL(2,R)-invariant. The Chern-Simons term of the action
(the last two lines of eq. (2.9)) can also be written in the alternative form

—%d [C — é&ijAOij — 5iin A Bj] A {d [C — é&ijAOij — 5iin A Bj] A A°

O , . (2.11)
eyd (B — L5, A%) A (BT — 157;4%)} |
that has an evident 11-dimensional origin.
The equations of motion of the scalars, derived from the action above, are

3 . .

dxdp— 7 2 ovr?FO A S — 2j7ew“’(M—1)ijF1 A *F?
L e VIR MY H ARHT — L evi PG ARG = 0 (2.12)

2V/7 K V7 ’ ’
dr dr A *dT 1 : : , ,

‘ [*(SmT)J - (Smr7)3 — O (M) [Fl A*E+ H N | =0, (2.13)
and those of the fundamental p-forms (p > 1), after some algebraic manipulations, take
the form

<ew *F0> —e VI MG P AKHT + LG NG, (2.14)
(ew“’M *FJ> — —e VTP MG FO A *H + eyyevi P HI AXG, (2.15)

d (e VIEM HJ> eV E A xG — e HI NG, (2.16)
(e\/7 ) FONG+ JeyyH N HY . (2.17)

2.1 Global symmetries

The undeformed theory has as (classical) global symmetry group SL(2,R) x (R*)2. The
(R*)2 symmetries correspond to scalings of the fields, the first of which, that we will
denote by «,” acts on the metric and only leaves the equations of motion invariant while
the second of them, which we will denote by 3, leaves invariant both the metric and the
action. The [ rescaling corresponds to the so-called trombone symmetry which may not
survive higher-derivative string corrections.

One can also discuss two more scaling symmetries v and §, but  is just a subgroup of
SL(2,R) and ¢ is related to the other scaling symmetries by

4 8 1s
g — 3B —7—30=0. (2.18)
"This discussion follows closely that of ref. [41] in which the higher-dimensional origin of each symmetry

is also studied. In particular, we use the same names and definitions for the scaling symmetries and we
reproduce the table of scaling weights for the electric fields.



RY e,* e* e x A AY A® B* B C A A e L
a 9/T 6/VT 0 0 3 0o 0 3 3 3 9/14 —9/14 —9/14 9/14 9
B0  7/4 3/4 —=3/4 1/2 —=3/4 0 —1/4 1/2 —1/4 0 0 0 0 0
v 0 0 -2 2 0 1 -1 1 -1 0 0 0 0 0 0
) 8

8/7 —4/YT 0O 0 0 2 2 2 2 4 4T —4)T —4)1 47

Table 1. The scaling weights of the electric fields of maximal d = 9 supergravity.

We will take o and 3 as the independent symmetries. The weights of the electric fields
under all the scaling symmetries are given in table 1. We can see that each of the three
gauge fields A’ . has zero weight under two (linear combinations) of these three symmetries:
one is a symmetry of the action, the other is a symmetry of the equations of motion only.
The 1-form that has zero weight under a given rescaling is precisely the one that can be used
to gauge that rescaling, but this kind of conditions are automatically taken into account
by the embedding-tensor formalism and we will not have to discuss them in detail.

The action of the element of SL(2,R) given by the matrix

(Q) = <ZZ> . ad—be=1, (2.19)

on the fields of the theory is

7= ertd’ Mi; = QM Q4

AV = QAT B = Q;'BJ, (2.20)
= ey, A =e3l),
5\’:67;5\, ¢ = esle.

where
2l CT* + d
6 pr—

ct+d -’
The rest of the fields (%, , A%, C,y,), are invariant under SL(2,R).
We are going to label the 5 generators of these global symmetries by T4, A =1,--- ,5.
{T1, T, T3} will be the 3 generators of SL(2,R) (collectively denoted by {T,,}, m = 1,2,3),
and Ty and Ty will be, respectively, the generators of the rescalings a and 3. Our choice
for the generators of SL(2,R) acting on the doublets of 1-forms A! and 2-forms B’ is

(2.21)

T1: ;0’3, TQZ %O‘l, T3:§O'2, (222)
where the ¢™ are the standard Pauli matrices, so
[TI, T2] = T3 ) [TQa T3] = _Tl 3 [T3, Tl] = _T2 . (223)

Then, the 3 x 3 matrices corresponding to generators acting (contravariantly) on the 3
1-forms A’ (and covariantly on their dual 6-forms A to be introduced later) are

@ =1y 5] @n=3(fh). @n-1(0%).

((Tx) ;') = diag(3,0,0), ((T5),") = diag(1/2,-3/4,0). (2.24)



)

We will sometimes denote this representation by Tf’ . The 2 x 2 matrices corresponding to

generators acting (contravariantly) on the doublet of 2-forms B* (and covariantly on their
dual 5-forms B; to be introduced later) are

(1)) = 30°, (1)) = 30t (1)) = 507,
((Tw);") = diag(3,3),  ((I3);") = diag(—1/4,1/2). (2.25)

We will denote this representation by Tf). The generators that act on the 3-form C
(sometimes denoted by TE)) are

TV =T,=Ty=0, T,=3, T5=-1/4. (2.26)

We will also need the generators that act on the magnetic 4-form C (see next section), also
denoted by TE)
T1=T,=T3=0, Ty=6, T5=1/4. (2.27)

We define the structure constants f4g¢ by
[Ta,T) = fas°Te . (2.28)

The symmetries of the theory are isometries of the scalar manifold (R x SL(2,R/U(1)).
The Killing vector associated with the generator T4 will be denoted by k4 and will be

normalized so that their Lie brackets are given by
[ka, kp] = —fABC/{:C . (2.29)

The SL(2,R)/U(1) factor of the scalar manifold is a K&hler space with Kahler potential,
Kahler metric and Kéahler 1-form, respectively given by

K=-logSmr =¢, G x=0;0+K= iez‘é , 9= 21Z (0 Kdr —c.c.) = %eqbdx. (2.30)

In general, the isometries of the Kahler metric only leave invariant the Kahler potential

up to Kéhler transformations:
Lr, K = kp, 0-K 4+ c.c. = A\ (1) + cc. Ly, Q= —;d)\m , (2.31)

where the )\, are holomorphic functions of the coordinates that satisfy the equivariance
property
Lrdn — LrnAm = = frnAp . (2.32)

Then, for each of the SL(2,R) Killing vectors k,,, m = 1,2,3, it is possible to find a

real Killing prepotential or momentum map P,, such that

kMT* = gT*Tka = iaT*Pm,
ke TOC = Prn + Aon s (2.33)
£km7)n - _fmnppp-



The non-vanishing components of all the Killing vectors are®

kT=1,  kT=50-7"),  kT=50+7%), k=0, kT=-07. (239

and
ky? =6/V'7, ks? =\/7/4. (2.35)
The holomorphic functions A, (7) take the values

and the momentum maps are given by:
Pi=iefx,  Pa=if-[rP), Pa= i) (237)

These objects will be used in the construction of SL(2,R)-covariant derivatives for
the fermions.

2.2 Magnetic fields

As it is well known, for each p-form potential with p > 0 one can define a magnetic dual
which in d — 9 dimensions will be a (7 — p)-form potential. Then, we will have magnetic
4-, 5- and 6-form potentials in the theory.

A possible way to define those potentials and identify their (8 — p)-form field strengths
consists in writing the equations of motion of the p-forms as total derivatives. Let us take,
for instance, the equation of motion of the 3-form C eq. (2.17). It can be written as

oL

Ay = d{eV27“’*G — |G+ eyl A (B~ L6754 A FO)| A A0

+hey (H' = 64 AT A FO) A (BT~ §5J'J~A03>} ~0. (2.38)

We can transform this equation of motion into a Bianchi identity by replacing the combi-

nation of fields on which the total derivative acts by the total derivative of a 4-form which

we choose for the sake of convenience?

A[C—CnA ey a0 N BI] = VP4 G = [G ey Al A (BT — 1740 A FO)] 2 A0
ey (H = 54 A A FO) A (B = 17;4%) | (2.39)
where C' will be the magnetic 4-form. This relation can be put in the form of a duality

relation

v G =@, (2.40)
where we have defined the magnetic 5-form field strength
G=dC+CONF"— J e A ANFY — ¢ (H - YdB") A B (2.41)
The equation of motion for C' is just the Bianchi identity of G rewritten in terms of G.

8The holomorphic and anti-holomorphic components are defined by k = k"0, + c.c. = kX0 + k0.
9With this definition G will have exactly the same form that we will obtain from the embedding tensor
formalism.



0 1 2 3 4 5 6 T 8 9
ja Al B C C B A AL A Ay
Fl' H' G G H F F} Fy

Table 2. Electric and magnetic forms and their field strengths.

Rt C B By Ay, A Ao
a 6 6 6 9 9 6
g 1/4 —1/2 +1/4 0 +3/4 —1/2
v 0 1 -1 1 -1 0
5 4 6 6 6 6 8

Table 3. The scaling weights of the magnetic fields of maximal d = 9 supergravity can be deter-
mined by requiring that the sum of the weights of the electric and magnetic potentials equals that
of the Lagrangian. The scaling weights of the 7-, 8- and 9-forms can be determined in the same
way after we find the entities they are dual to (Noether currents, embedding-tensor components
and constraints, see section 4).

In a similar fashion we can define a doublet of 5-forms B; with field strengths denoted by
H;, and a singlet and a doublet of 6-forms Ag, A; with field strengths denoted, respectively,
by Fy and F}. The field strengths can be chosen to have the form

Hy = dB; = 687 1 G + 650 N F 4 Loy (A° A PS4 A3 A FO)

+ %5ij€k1Bjk /\Fl, (2.42)
Fy=dAg+ 1CAG =&, Fi A <5jkék —2pi /\C)

— 118€ij14ij VAN (é —F°rC - %e’:‘lek AN Hl>

— e ANA <Bj ANG—CANHI = 259,C NF3 — gy BIF AF‘) : (2.43)
F =dA; + 65 <Bj + 1785jkA0k> NG —87F° AN Bj — 16y <8A° AFI 4+ A A F°> AC

— Yi€um <Bj + ééjkAOk) AB'ANH™ — Loieiq (A ANH) — BI A FO) A AR A B

— éAO AFOA 5ij <;AJ ANC + 5jk61mAlm AN Bk) , (2.44)

and the duality relations are

H,=e «79"/\451 *x HY | (2.45)
~ 4

Fy=evi®xF, (2.46)
~ 3 .

Fi=evi?* M7 % I, (2.47)

The situation is summarized in table 2. The scaling weights of the magnetic fields are

given in table 3.



This dualization procedure is made possible by the gauge symmetries associated with
all the p-form potentials for p > 0 (actually, by the existence of gauge transformations
with constant parameters) and, therefore, it always works for massless p-forms with p > 0
and generically fails for 0-form fields. However, in maximal supergravity theories at least,
there is a global symmetry group that acts on the scalar manifold and whose dimension is
larger than that of the scalar manifold. Therefore, there is one Noether 1-form current ja
associated with each of the generators of the global symmetries of the theory T4. These
currents are conserved on-shell, i. e. they satisfy

dxja =0,

on-shell, and we can define a (d — 2)-form potential /Nlél_z) by

dA(}i_Q) =GB« jg,

GAB is the inverse Killing metric of the global symmetry group, so that the conser-

where
vation law (dynamical) becomes a Bianchi identity.

Thus, while the dualization procedure indicates that for each electric p-form with p > 0
there is a dual magnetic (7 — p)-form transforming in the conjugate representation, it tells
us that there are as many magnetic (d—2)-form duals of the scalars as the dimension of the
global group (and not of as the dimension of the scalar manifold) and that they transform
in the co-adjoint representation. Actually, since there is no need to have scalar fields in
order to have global symmetries, it is possible to define magnetic (d — 2)-form potentials

even in the total absence of scalars.tY

According to these general arguments, which are in agreement with the general results
of the embedding-tensor formalism [29-31, 33|, we expect a triplet of 7-form potentials

A% associated with the SL(2,R) factor of the global symmetry group [37] and two singlets

flf‘?),fl‘?n associated with the rescalings «, 3 (see table 2).

Finding or just determining the possible magnetic (d — 1)- and d-form potentials in a
given theory is more complicated. In the embedding-tensor formalism it is natural to expect
as many (d—1)-form potentials as deformation parameters (embedding-tensor components,
mass parameters etc.) can be introduced in the theory since the role of the (d —1)-forms in

I The number

the action is that of being Lagrange multipliers enforcing their constancy.
of deformation parameters that can be introduced in this theory is, as we are going to
see, very large, but there are many constraints that they have to satisfy to preserve gauge
and supersymmetry invariance. Furthermore, there are many Stiickelberg shift symmetries
acting on the possible (d — 1)-form potentials. Solving the constraints leaves us with

the independent deformation parameters that we can denote by my and, correspondingly,

19See refs. [29, 30] for examples.

"'The embedding-tensor formalism gives us a reason to introduce the (d — 1)-form potentials based on the
deformation parameters but the (d — 1)-form potentials do not disappear when the deformation parameters
are set equal to zero.

,10,



with a reduced number of (d — 1)-form potentials fl% d—1) on which only a few Stiickelberg

symmetries (or none at all) act.!?

The d-form field strengths F| (ﬁ ) are related to the scalar potential of the theory through
the expression [29-31, 33]
F( Q= 2% omy

Thus, in order to find the possible 8-form potentials of this theory we need to study its

(2.48)

independent consistent deformations my. We will consider this problem in the next section.

In the embedding-tensor formalism, the d-form potentials are associated with con-
straints of the deformation parameters since they would be the Lagrange multipliers en-
forcing them in the action [26]. If we do not solve any of the constraints there will be many
d-form potentials but there will be many Stiickelberg symmetries acting on them as well.
Thus, only a small number of irreducible constraints that cannot be solved!'? and of associ-
ated d-forms may be expected in the end, but we have to go through the whole procedure
to identify them. This identification will be one of the main results of the following section.

However, this is not the end of the story for the possible 9-forms. As it was shown in
ref. [30] in 4- 5- and 6-dimensional cases, in the ungauged case one can find more d-forms
with consistent supersymmetric transformation rules than predicted by the embedding-
tensor formalism. Those additional fields are predicted by the Ka¢-Moody approach [11].
However, after gauging, the new fields do not have consistent, independent, supersymmetry
transformation rules to all orders in fermions,'* and have to be combined with other d-
forms, so that, in the end, only the number of d-forms predicted by the embedding-tensor
formalism survive.

This means that the results obtained via the embedding-tensor formalism for the 9-
forms have to be interpreted with special care and have to be compared with the results
obtained with other approaches.

The closure of the local supersymmetry algebra needs to be checked on all the fields
in the tensor hierarchy predicted by the embedding-tensor formalism and, in particular, on
the 9-forms to all orders in fermions. However, given that gauge invariance is requirement
for local supersymmetry invariance, we expect consistency in essentially all cases with the
possible exception of the 9-forms, according to the above discussion. In the next section
we will do this for the electric fields of the theory.

3 Deforming the maximal d = 9 supergravity

In this section we are going to study the possible deformations of d = 9 supergravity,
starting from its possible gaugings using the embedding-tensor formalism and constructing
the corresponding tensor hierarchy [17-21, 31, 33] up to the 4-form potentials.

2The (d — 1)-form potentials that “disappear” when we solve the constraints are evidently associated
with the gauge-fixing of the missing Stiickelberg symmetries.

13Tn general, the quadratic constraints cannot be used to solve some deformation parameters in terms of
the rest. For instance, in this sense, if a and b are two of them, a constraint of the form ab = 0 cannot be
solved and we can call it irreducible.

The insufficience of first-order in fermions checks was first noticed in ref. [6].
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If we denote by Af(z) the scalar parameters of the gauge transformations of the 1-forms
A" and by o the constant parameters of the global symmetries, we want to promote

ot — AM(z)9 4, (3.1)

where 974 is the embedding tensor, in the transformation rules of all the fields, and we are
going to require the theory to be covariant under the new local transformations using the
1-forms as gauge fields.

To achieve this goal, starting with the transformations of the scalars, the successive
introduction of higher-rank p-form potentials is required, which results in the construction
of a tensor hierarchy. Most of these fields are already present in the supergravity theory
or can be identified with their magnetic duals but this procedure allows us to introduce
consistently the highest-rank fields (the d-, (d — 1)- and (d — 2)-form potentials), which
are not dual to any of the original electric fields. Actually, as explained in section 2.2, the
highest-rank potentials are related to the symmetries (Noether currents), the independent
deformation parameters and the constraints that they satisfy, but we need to determine
these, which requires going through this procedure checking the consistency with gauge
and supersymmetry invariance at each step.

Thus, we are going to require invariance under the new gauge transformations for the
scalar fields and we are going to find that we need new couplings to the gauge 1-form
fields (as usual). Then we will study the modifications of the supersymmetry transforma-
tion rules of the scalars and fermion fields which are needed to ensure the closure of the
local supersymmetry algebra on the scalars. Usually we do not expect modifications in
the bosons’ supersymmetry transformations, but the fermions’ transformations need to be
modified by replacing derivatives and field strengths by covariant derivatives and covari-
ant field strengths and, furthermore, by adding fermion shifts. The local supersymmetry
algebra will close provided that we impose certain constraints on the embedding tensor
components and on the fermion shifts.

Repeating this procedure on the 1-forms (which requires the coupling to the 2-forms)
etc. we will find a set of constraints that we can solve, determining the independent com-
ponents of the deformation tensors'® and the fermions shifts. Some constraints (typically
quadratic in deformation parameters) have to be left unsolved and we will have to take
them into account towards the end of this procedure.

As a result we will identify the independent deformations of the theory and the con-
straints that they satisfy. From this we will be able to extract information about the
highest-rank potentials in the tensor hierarchy.

3.1 The 0-forms ¢, 7

Under the global symmetry group, the scalars transform according to

datp = aka?, SaT = a’ka", (3.2)

5As we are going to see, besides the embedding tensor, one can introduce many other deformation
tensors.
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where the o are the constant parameters of the transformations, labeled by A =1,--- ,5,
and where k4% and ka7 are the corresponding components of the Killing vectors of the
scalar manifold, given in eq. (2.35) (eq. (2.34)).

According to the general prescription eq. (3.1), we want to gauge these symmetries
making the theory invariant under the local transformations

Sap = Ak ,% oaT = A9k, (3.3)

where Al(z), I = 0,1,2, are the O-form gauge parameters of the 1-form gauge fields A’
and 974 is the embedding tensor.

To construct gauge-covariant field strengths for the scalars it is enough to replace their
derivatives by covariant derivatives.

3.1.1 Covariant derivatives

The covariant derivatives of the scalars have the standard form
Do = dp + ALY k4%, D71 = dr + ALY k4T, (3.4)
and they transform covariantly provided that the 1-form gauge fields transform as
SAAT = —DAT + ZT AT (3.5)

where the A%, i = 1,2, are two possible 1-form gauge parameters and Z/; is a possible new
deformation parameter that must satisfy the orthogonality constraint

0zl =0. (3.6)

Furthermore, it is necessary that the embedding tensor satisfies the standard quadratic
constraint

IATy 50 — 929,58 fap” =0, (3.7)

that expresses the gauge-invariance of the embedding tensor.

As a general rule, all the deformation tensors have to be gauge-invariant and we can
anticipate that we will have to impose the constraint that expresses the gauge-invariance
of Z1;, namely

Xy'Z% - X772 =0, (3.8)
where

X]JK = ﬁ]ATAJK, XJZ'j = 79JATAZ'j . (39)

3.1.2 Supersymmetry transformations of the fermion fields

We will assume for simplicity that the supersymmetry transformations of the fermion fields
in the deformed theory have essentially the same form as in the undeformed theory but
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covariantized (derivatives and field strengths) and, possibly, with the addition of fermion
shifts which we add in the most general form:

L2

dethy = Dpe + fryue+ k’yue* + 8_12!6 Viad <?’y,/y(2) — 7(2)’m) FY
3 +1 «
—8_12!62\/790 2¢ <?7M7(2) — V(Q)fyu) (F1 — TF2)6

1
— e vt <?;%7(3) + 7(3)%) (H' — rH?)e"

1
— eV (1na® =19y, Ge, (3.10)
1 > 2 . 3 1
O\ = 1 Dpe" + ge + he® — \}7e*¢7“’ FO * _ 2.2?)!2\/76W7¢+2¢(F1 o F2)€
— 1oyl N . 1 »
~5avr® V7 2 — 7 HP)e PR o (3.11)
. 3 1
56)\ = _€¢ @Tﬁ* + ge + he* — 2_22!62\/730+2¢(F1 —r FQ)E
1 1
+ole 2RO — 7 e (3.12)

In these expressions, f,k,g,h, g, h are six functions of the scalars and deformation parame-
ters to be determined, the covariant field strengths have the general form predicted by the
tensor hierarchy (to be determined) and the covariant derivatives of the scalars have the
forms given above. Furthermore, in 4.1, € stands for the Lorentz- and gauge-covariant
derivative of the supersymmetry parameter, which turns out to be given by

Due = { Vit [Le8Don + AL 0, Po] + fyy 4191} € (3.13)
where P, 1,2,3 are the momentum maps of the holomorphic Killing vectors of SL(2,R),
defined in eq. (2.33) and given in eq. (2.37), V,, is the Lorentz-covariant derivative and

Dox = Oux — AT 00X (3.14)

is the derivative of y covariant only with respect to the 3 rescalings. It can be checked
that © e transforms covariantly under gauge transformations if and only if the embedding
tensor satisfies the standard quadratic constraint eq. (3.7).

An equivalent expression for it is

@uE = {VM + ; |:;e¢©MX - Aluvﬂlm%m)\m] + 194'7# AI79[4} €, (3.15)

where the \,,,, m = 1,2, 3, of SL(2,R) and defined in eq. (2.33) and given in eq. (2.36) and
where now
Dux = Oux + AL kaX, (3.16)

is the total covariant derivative of x (which is invariant under both the o and [ scaling
symmetries as well as under SL(2,R)).

The actual form of the (p+1)-form field strengths will not be needed until the moment
in which study the closure of the supersymmetry algebra on the corresponding p-form
potential.
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3.1.3 Closure of the supersymmetry algebra on the 0-forms ¢, 7

We assume that the supersymmetry transformations of the scalars are the same as in the
undeformed theory

dep = —iES\* + h.c., (3.17)
ST = —Le PN, (3.18)

To lowest order in fermions, the commutator of two supersymmetry transformations
gives

[0c1,0ey] 0 = £M'D o + Re(h)b — Sm(g)c + Re(g)d, (3.19)
[0c;,0e,| T = DT + e ® [g(c —id) —ihb] , (3.20)

where &* is one of the spinor bilinears defined in appendix A.1 that clearly plays the role
of parameter of the general coordinate transformations and a, b, ¢, d are the scalar bilinears
defined in the same appendix.

In the right hand side of these commutators, to lowest order in fermions, we expect a
general coordinate transformation (the Lie derivative £¢ of the scalars with respect to )
and a gauge transformation which has the form of eq. (3.3) for the scalars. Therefore, the
above expressions should be compared with

Bers0es) 0 = £eo+ N0 ka?, (3.21)
[5617 552] T = ££T + AIﬁIAkAT s (3.22)

from which we get the relations

Re(h)b — Sm(g)e + Re(§)d = (A — a9k 4%, (3.23)
gle —id) —ihb = e?(AT — a)9; k47, (3.24)

which would allow us to determine the fermion shift functions if we knew the gauge pa-
rameters AL, In order to determine the A’s we have to close the supersymmetry algebra
on the 1-forms. In these expressions and in those that will follow, we use the shorthand
notation

al = {“AIM, biu = {”Biw, cw =& Cpu, et (3.25)
3.2 The 1-forms Al

The next step in this procedure is to consider the 1-forms that we just introduced to
construct covariant derivatives for the scalars.

3.2.1 The 2-form field strengths F’

The gauge transformations of the 1-forms are given in eq. (3.5) and we first need to deter-
mine their covariant field strengths. A general result of the embedding-tensor formalism
tells us that we need to introduce 2-form potentials in the covariant field strengths. In
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this case only have the SL(2,R) doublet B? at our disposal and, therefore, the 2-form field
strengths have the form

Fl=dA" + 1X, AT N AR + 21,87, (3.26)
where X jx! has been defined in eq. (3.9) and Z/; is precisely the deformation tensor we

introduced in eq. (3.5). F will transform covariantly under eq. (3.5) if simultaneously the
2-forms B’ transform according to

SAB' = —DA — 2hp;' [N F7 4+ LAT Ay A7) + Z7A, (3.27)

where hr;* and Z' are two possible new deformation tensors the first of which must satisfy

the constraint
Xury' +Zhihgk' =0, (3.28)

while Z% must satisfy the orthogonality constraint
7.7t =0. (3.29)

Both of them must satisfy the constraints that express their gauge invariance:

X1 hyk? = 2X1; ey =0, (3.30)
X1 7' X;1;'77 =0, (3.31)

where
x; =027V (3.32)

3.2.2 Closure of the supersymmetry algebra on the 1-forms A’

We assume, as we are doing with all the bosons, that the supersymmetry transformations
of the 1-forms of the theory are not deformed by the gauging, so they take the form

. 2 . ~

5. A%, = ievi®e (% — G ) the., (3.33)
. 3 1 . . -

SAY, = izt avrTa? (g*qp“ — ey At jjgmv) the, (3.34)
.3 1 . . -

647, = je vl (@, — Loyt Bem A ) +he, (3.35)

The commutator of two of them gives, to lowest order in fermions,

0essbs) A% = € B0 =D (ev798) + 2evr? { [Re(h) — VT Sm(y)] &,
+ [ifﬁe(g) e %m(/g)} o+ [sm(g) — V7 zree(k)] pu} : (3.36)

[0cy s Ocy ] AIM _ fyFluu — 8, [6_2\3/7<P+é¢(xd+ e_%)}

AL, [(B9rt = 300 v 20 (xd + e70c) + L0 4+ 0p)e v 2] (3:37)
e sl tid {X [gm(k) +,3 Re(@)— glme(g)} +e? [—?Re(k)— 4o Sm(g)— i%m(g)} } 3
—2e Y 2 f[Re()— 8 Sm(h)+ ()| +ed [-Sm(r) - 3, Re() — ()],
C9e” 237s0+é¢{x [gm(f) + 5 Re(h) - }léRe(h)} +e? [—%e(f) — 3. Sm(h)— igm(h)]}aw
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and
[661’562] ,u = 5 F21/,u — 8 (672\3/7%0+é¢d>

3 1 3 1
_Alu [%(1912 - 7913)€7W7¢+2¢(xd+ e %c) — 119[16*2we0+2¢>d

9 2vr ¥t 5¢[3m(k) +, 3 Re(3) — IRe(g ]
_ 3 1
—2¢" 27 [Re(f) — % Sm(h) + [Sm(h)] o,
_9e vt 5¢’[3m(f) + 3 Re(h) — IRe(h ] (3.38)

where o, and p, are spinor bilinears defined in appendix A.1.
The closure of the local supersymmetry algebra requires the commutators to take the
form

[0cy,0ey] ALy = £6AT, — D N + Z1A7, (3.39)
which will only happen if gauge parameters Al are given by
A0 = qY + ejﬁob,
Al — gt -|—e_2\3/7“"+5¢(xd+e*¢c), (3.40)
A2 = g2+ 672\3/7ip+%¢d,
and the 1-form gauge parameters A’ satisfy the relations

e

(h) = VTSm(f)| € + [Re(@) — VTSm(k)| o + [Sm(g) — VT Re(k)] py

VTe™vi? 20 [N, — (b — hyjial A7,)] (3.41)

{x [om(k) + 2. Re(g) — IRe(g)] + ¢ [~Re(k) — %, Sm(g) - [Sm(g)| } &,

+{x[-Re(f) = 3, 9m(h) + 13m()] + 7 [~Sm(f) — 5 Re(h) — IRe(h)] } oy

+{x[Sm(f)+ 2 Re(h) = IRe(h)] + ¢~ [=Re(f) = 3. Sm(h) - 1Sm(n)] } oy,

= —letau T2 [N (b, — hpsal A7) (3.42)
[Sm(k) + 3 Re(g) — [Re(9)| &+ [-Re(F) = 3, Sm(h) + {Sm(k)] p,
+[Smp) 4,3 Re(h) — {Re(h)] o

= —letavr®Ta% 2 [N, (b, — hysialA7,)] (3.43)

Using the values of the parameters A’ that we just have determined in the relations
egs. (3.23) and (3.24) we can determine some of the fermions shifts:

Re(h) = ﬂoAkA*"e\%‘p ( )
1
G = (917" + 99 kaPe 2vrT2? (3.45)
2
h = it kaTevr?t, (3.46)
(3.47)

3 1
g = 1k aTe 2 ¥ 20
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As a matter of fact, g is overdetermined: we get two different expression for it that
give the same value if and only if

(0147 + 92N ksT =0, (3.48)

which, upon use of the explicit expressions of the holomorphic Killing vectors k4" in sec-
tion 2.1, leads to the following linear constraints on the components of the embedding

tensor:
D9% + 1923 = 0,

012 4+ 913 + 2021 — 3955 = 0,
V2% — 923 — 2011 + 3915 = 0,
h?—9:% =0.

(3.49)

These constraints allow us to express 4 of the 15 components of the embedding tensor
in terms of the remaining 11, but we are only going to do this after we take into account
the constraints that we are going to find in the closure of the local supersymmetry algebra
on the doublet of 2-forms B’

The values of ¢, h.§,h and the above constraints are compatible with those of the
primary deformations found in ref. [41].

3.3 The 2-forms B!

In the previous subsection we have introduced a doublet of 2-forms B with given gauge
transformations to construct the 2-form field strengths F/. We now have to construct their
covariant field strengths and check the closure of the local supersymmetry algebra on them.

3.3.1 The 3-form field strengths H’

In general we need to introduce 3-form potentials to construct the covariant 3-form field
strengths and, since in maximal 9-dimensional supergravity, we only have C at our disposal,
the 3-form field strengths will be given by

H'=DB' — hyy'A" NdA? = X1, hy P AV R+ Z0C (3.50)

and they transform covariantly under the gauge transformations of the 1- and 2-forms that
we have previously determined provided if the 3-form C' transforms as

oAC = —DA+gp; [-ATH' — FT NN + 60 A" A B — Lhyg AT N6 AR + ZA . (3.51)

where gr; and Z are two possible new deformation parameters. ¢r; must satisfy the con-
straint
2hrs'Z7 i + X1 4+ Zlgr; =0, (3.52)

while Z must satisfy the orthogonality constraint

7'7 =0. (3.53)
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Both must by gauge-invariant, which implies the constraints

Xrbgni+ X19s5 — Xrgi = 0, (3.54)
(Xr—X1)Z =0, (3.55)

where )
X =07V (3.56)

Using the constraints obeyed by the deformation parameters and the explicit form of
the 2-form field strengths F! we can rewrite the 3-form field strengths in the useful form

H'=9B'—h1 /' AINF + Xy hey AT = X ATABI + 27 (C — S gr; AT ABY) . (3.57)

3.3.2 Closure of the supersymmetry algebra on the 2-forms B’

In the undeformed theory, the supersymmetry transformation rules for the 2-forms are
w o Lootie [« iz i ok 3 *
5631 =T 62\/74’0 ? |:6 r}/[ﬂqbl/] o 867;‘“’)\ - 8\/76 IYILLVA ]
1 0 i i 0
—0; (A [M(SEA V] + A [u\éeA ‘V]> + h.c., (358)
1 1 . . ~
5532 = 62‘/780—’—2(15 [E*V[Mwu} - é?}’uu}\ - 8\?76*7;,41/)\*}
2 0 i i 0
—0% (A M(SEA v + A M(&A M) + h.c.. (3.59)

The last terms in both transformations are associated with the presence of derivatives of
A and A? in the field strengths of B! and B? in the undeformed theory (see eq. (2.4)).
In the deformed theory, the terms — (A% A dA' + Al A dA°) are replaced by more general
couplings —hy;* A’ A dA7 and, therefore, it would be natural to replace the last terms in
5. B! uw by

—2h; AT 0A7 (3.60)

In the commutator of two supersymmetry transformations on the 2-forms, these terms
give the right contributions to the terms —2h;;'A’F/ of the gauge transformations (see
eq. (3.27)). However, these terms must receive other contributions in order to be complete
and it turns out that the only terms of the form —2h;;*A’F” that can be completed are
precisely those of the undeformed theory, which correspond to

hi! = — 16 . (3.61)

In order to get more general hr;'s it would be necessary to deform the fermions’
supersymmetry rules, something we will not do here. Furthermore, the structure of the
Chern-Simons terms of the field strengths is usually determined by the closure of the
supersymmetry algebra at higher orders in fermions and it is highly unlikely that a more
general structure of the Chern-Simons terms will be allowed by supersymmetry. Therefore,
from now on, we will set h7* to the above value and we will set the values of the deformation
tensors in the Chern-Simons terms of the higher-rank field strengths, to the values of the

undeformed theory. Using the above value of hr;% in the constraints in which it occurs will
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help us to solve them, sometimes completely, as we will see. Nevertheless, we will keep
using the notation hr;* for convenience.
Using the identity
§pHiplW — 2h]JiAIM££AJV = .ngiuy — QQM(bZM - h[JiaIAJM)]
—2hrsal F7,, (3.62)
+ZZ (c;u/ - g[jaIBjuV + gnghIKjaIAJKuu]) )
we find that the local supersymmetry algebra closes on the B's in the expected form (to
lowest order in fermions)

[561 ) 562] Bi,ul/ = £§Bi;w + 6ABiﬂy 5 (363)
where 5ABiHV is the gauge transformation given in eq. (3.27) in which the O-form gauge
parameters A’ are as in eqgs. (3.40), the 1-form gauge parameters Al u are given by

Ay =N, + b, — hpstal A7, (3.64)

where )

1
)‘lu = 62\/7¢+2¢(XUM - 67¢Pu) )
1 (3.65)
)\2M = 62\/7%7,“
and the shift term is given by
z! [AHV - (CW’ - gljaIBj;w + :%,ngthjaIAJKW)]

= eavr¥ta? [(19m(g) — 4%e(k) + 1, Sm(3)) x

~ (3Relg) +43m(k) =}, Re(@) ) ] G (3.66)
z° [AHV - (CW’ - gljaIBj;w - :%,ngthjaIAJKW)]
— eavr¥tad (5gm(g) — dRe(k) + ;ﬁm(g)) € (3.67)

Now, let us analyze the constraints that involve hr;’. From those that only involve
the embedding tensor we find seven linear constraints that imply those in egs. (3.49) and
that can be used to eliminate seven components of the embedding tensor:

vl =0, V12 = 39,5, 913 = 39,5,
V1t = 301°, V2% = 3041°, 093 = =397, (3.68)
Vot = —300°,

leaving the eight components (a triplet of SL(2,R) in the upper component, a singlet and
two doublets of SL(2,R) in the lower components)

Y™, m=1,2,3, 95°, 0;*, 0, i=1,2, (3.69)

as the only independent ones. These components correspond to the eight deformation
parameters of the primary deformations studied in ref. [41]. More precisely, the relation

between them are

7907” = Mm, (m = 15273) 7914 = —mi1, 1915 = ’I’;’L4, (3 70)
— —136mHB, U2t = ma , V2% = my. '
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From the constraints that relate hr;* to Z1;, Z* and ¢;; we can determine all these
tensors, up to a constant ¢, in terms of the independent components of the embedding
tensor:

Zij = ﬁom(Tm)ji — 319055j151i, ZOZ' = 3’1914 + ;19;’,

(3.71)
g0i = 0, Gij = Eij -

The constant (¢ is the coefficient of a Chern-Simons term in the 4-form field strength
and, therefore, will be completely determined by supersymmetry.
Finally, using all these results in egs. (3.41)—(3.43) we find

R m*"+%¢(19147+z924), (3.72)
Sm(f) = 319 evr? (3.73)

Re(f) + ,5.Sm(h) = e\/7<p+¢{ (902 + 90%) + (Yo' — 390°) x
—5 (W00 = 9o°)|77} (3.74)

which determines almost completely all the fermion shifts. We find that, in order to
determine completely Re(f) and Sm(h), separately, one must study the closure of the
supersymmetry algebra on the fermions of the theory or on the bosons at higher order in
fermions. The result is
Re(f) = 114e«27“"q90’”7>m, (3.75)
m(h) = j7e¢27*"790m7>m. (3.76)

All these results are collected in appendix C.

3.4 The 3-form C

In the next step we are going to consider the last of the fundamental, electric p-forms of
the theory, the 3-form C', whose gauge transformation is given in eq. (3.51).

3.4.1 The 4-form field strength G

The 4-form field strength G is given by
G=9C—gy (F' = 12";B)) A B — Lhir'gn A" NdAR + ZC, (3.77)

and it is covariant under general gauge transformations provided that the 4-form C trans-

forms as

0AC = —DA — g1 [MG + C NGWAT + FI AN+ | grihi P ATVE A5y AF]
—Gij[2H AN — BEANSABY + 2hy ;' BI A Af A Sp A7)
—Gryx [BAFIE +2(FT — ZI;BY N AT Aoy AR — § X a7 ATEM A 5y AK]
+ZZA27

(3.78)
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where the new deformation tensors that we have introduced, gr,g;; = —gj; and gryx =
J(1JK), are subject to the constraints

912" 5+ Zgi; = 0, (3.79)
X;+9nZ'+ Zg = 0, (3.80)
hirs'9xyi — Zarox = 0, (3.81)

plus the constraints that express the gauge invariance of the new deformation parameters

X1Gs — X155k = 0, (3.82)
X1Gij — 2X 13" = 0, (3-83)
Xi1gsxr —3Xr M arrym = 0. (3.84)

3.4.2 Closure of the supersymmetry algebra on the 3-form C

Taking into account the form of §.C),,, in the undeformed case and the form of the field

strength G, we arrive at the following Ansatz for the supersymmetry transformation of the
3-form C:

- e i i
5ECWP:_§€ WWEV[W <1’Z)P] + 6\1/7>\ >+h'c'+35€AI[u| (gﬁB lvp] :%,hU gKiAJK\Vp]) - (3.85)

The last two terms are written in terms of the tensors g7; and hy;%. In the undeformed
theory these tensors have values which are determined by supersymmetry (at orders in
fermions higher than we are considering here) and that cannot be changed in the deformed
theory, as we already discussed when we considered the 2-forms for hr;*. Thus, hrj* is
given by eq. (3.61) and gy; is given by egs. (3.71) with ¢ = +1

Using the identity

& Gopvp + 3L AT [91:B g + 2his'gii AT ] =
= LeCp = 3D [(Cp) — 910" By + S955h0r a’ ATE )]
+gri [~a' H' yp = 3F ) (V') — huic'a? AT )]
+Z {eup — §10" Cpp + 353 B 0| (V) — hy?a’ AR ) — 12G151a’ A7 (,0, A%
+3h1s gija’ A7, B — 4 (his'gxige + 3X k™ Groar) o' ATRE ) (3.86)

one can see that the local supersymmetry algebra closes into a general coordinate trans-
formation plus a gauge transformation of C' of the form eq. (3.51) with

1 . .
AMV = e\/7<p§;w + (CMV — gjjaIB]W — ggjjh[KjaIAJKuy) , (3.87)
and with the identification
A {ANVP — 6ﬂyp + Qlalqu + 392]BZ[MV\ (b]|p] — hJKjCLJAK|p]) — 12§[JK(ZIAJ[M6VAKP]
—3Gijhrs'a’ A7, B, + Y (Grgrihes’ + 3Grin Xk ) at ATEL 0

= e vr¥ [%m( )+ 6\1/7§Re(h)] Cap - (3.88)
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Comparing eq. (3.87) with egs. (3.66) and (3.67) we find that
Z' = Xp = 392" — [95°, 7% = —Xq1 = -301" + (917, (3.89)

To make further progress it is convenient to compute the 5-form G since it will contain
the tensors gr, gij, grsx that appear in the above expression. These tensors cannot be
deformed (just as it happens with h;;*) and their values can be found by comparing the
general form of G with the value found by duality, eq. (2.41).

The generic form of the magnetic 5-form field strength G is

G=2C-gy[(F/ - 27;B)NC+ Lgrjhun? ATEM A dAN]

+2g;; (H' = YDBY) A BT — gyp (A N dAKL + 3 X nEPATMN A dAK)  (3.90)
+ZZBZ )
and comparing this generic expression with eq. (2.41) we find that

gr = —o1°, Gij = — 5€ij » grix = 0. (3.91)

Plugging these values into the constraints that involve Z eqs. (3.53), (3.55),
and (3.79)-(3.81) we find that it must be related to 9Jo° by

Z = —39,°, (3.92)
and that 9Jy° must satisfy the two doublets of quadratic constraints

9;%9,° = 0, (3.93)
9%90° = 0. (3.94)

Plugging our results into all the other constraints between deformation tensors, we find
that all of them are satisfied provided that the quadratic constraints

eV9;49° = 0, (3.95)
do™ (1205 + 59;°) = 0, (3.96)
05t (05 Tm)y? = 0, (3.97)

are also satisfied. This set of irreducible quadratic constraints that cannot be used to solve
some deformation parameters in terms of the rest in an analytic form, and with which the
9-form potentials of the theory may be associated as explained in section 2.2 is one of our
main results.

4 Summary of results and discussion

In the previous section we have constructed order by order in the rank of the p-forms
the supersymmetric tensor hierarchy of maximal 9-dimensional supergravity, up to p = 3,
which covers all the fundamental fields of the theory.
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As it usually happens in all maximal supergravity theories, all the deformation pa-
rameters can be expressed in terms of components of the embedding tensor. Furthermore,
we have shown that gauge invariance and local supersymmetry allow for one triplet, two
doublets and one singlet of independent components of the embedding tensor

Y™, m=1,2,3, 95°, O, 9, i=1,2. (4.1)

They can be identified with the deformation parameters studied in ref. [41]:

7907” = Mm, (m:15273) 7914 = —mi1, 1915 :7’7'1,4, (4 2)
9o° = —Ymug, U2t = mua 02° = my. .

This proves, on the one hand, that no more deformations are possible and, on the other
hand, that all the deformations of maximal 9-dimensional supergravity have a higher-
dimensional origin, as shown in ref. [41].

Furthermore, we have also shown that it is not possible to give non-zero values to
all the deformation parameters at the same time, since they must satisfy the quadratic
constraints

do™ (120;* + 50;°) = Q™; = 0, (4.3)
9i'® = Q% =0, (44)

0;700° = Q% =0, (4.5)

95t (05 T )y = Qi = 0, (4.6)
V9t9P = Q =0, (4.7)

all of which are related to gauge invariance.

Using these results, we can now apply the arguments developed in section 2.2 to relate
the number of symmetries (Noether currents), deformation parameters, and quadratic con-
straints to the numbers (and symmetry properties) of 7-, 8- and 9-forms of the theory. Our
results can be compared with those presented in ref. [12] (table 6) and ref. [13] (table 3)
and found from F7q level decomposition.

Associated with the symmetry group of the equations of motion of the theory,
SL(2,R) x R? there are 5 Noether currents j4 that fit into one triplet and two singlets
of SL(2,R) and are explicitly given in appendix B. Their weights are given in table 4.
They can be dualized as explained in section 2.2 into a triplet and two singlets of 7-forms
121(7) whose weights are given in table 7. In refs. [12, 13] the 3 rescaling has not been con-
sidered. As mentioned before, it corresponds to the so-called trombone symmetry which
may not survive to higher-derivative string corrections. The associated 7-form singlet 121?7)
does not appear in their analysis. The weights assigned in those references to the fields
correspond to one third of the weight of the a rescaling in our conventions.

Associated with each of the SL(2, R) multiplets of independent embedding-tensor com-
ponents there is a dual multiplet of 8-forms 121(8) (i.e. one triplet, two doublets and one
singlet) whose weights are given in table 7. The doublet and singlet associated with the
gauging of the trombone symmetry using the doublet and singlet of 1-forms are missing in
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RY j1 jo—Js Je+is Ja Js

a 0 0 0 0 0
3 0 +3/4 -3/4 0 0
v 0 =2 2 0 0
5 0 0 0 0 0

Table 4. Weights of the Noether currents.

RY  dl 992 =00 P02 +90> 91915 91t 02° 9°

a -3 -3 -3 0 0 -3
3 -1/2  —5/4 1/4 3/4 0 ~1/2
v 0 2 —2 ~1 1 0
5 0 0 0 —2 —2 0

Table 5. Weights of the embedding tensor components.

Rt 011 Q! 91273 02273 01213 Q227 014,01° 921, 02° 91 Q2 Q

a« -3 -3 -3 -3 -3 -3 -3 -3 -3 -3 0
g 1/4 —1/2 —-1/2 —5/4 1  1/4  1/4 —-1/2  1/4 —1/2 3/4
vo-1 1 1 3 -3 -1 -1 1 -1 1 0
§ -2 -2 -2 -2 -2 -2 -2 —2 -2 -2 -4

Table 6. Weights of quadratic constraints components.

refs. [12, 13], but the rest of the 8-forms and their weights are in perfect agreement with
those obtained from Fj;. Given the amount of work that it takes to determine which are
the independent components of the embedding tensor allowed by supersymmetry, this is a
quite non-trivial test of the consistency of the F;; and the embedding-tensor approaches.

Finally, associated with each of the quadratic constraints that the components of the
embedding tensor must satisfy Q;", Q;%, 9;°, 9y, Q there is a 9-form potential 121(9). The
weights of these potentials are given in table 7. If we set to zero the embedding-tensor
components associated with the trombone symmetry 9¥4°, the only constraints which are

not automatically solved are
Q™ = 12091 =0, Q; = U1 (I T) = 0. (4.8)

The first of these constraints can be decomposed into a quadruplet and a doublet:

rewriting Q;" in the equivalent form
Qi = Vi (95 Tm); "ewa (4.9)
the quadruplet corresponds to the completely symmetric part Qi) and the doublet to
Qi) = — i, (4.10)

which is precisely the other doublet. Therefore, we get the quadruplet and one doublet of
9-forms with weight 4 under «/3, while one more doublet is found in refs. [12, 13].

,25,



+ Am 14 15 Am 41 151 14 i i Ai Ai 1
RY Al A A Al Ay Ay A Aom AHos Aos Ao Ao
« 9 9 9 12 9 9 12 12 12 12 12 9

2

) 8 8 8 8 2 8 10 10 10 10 12

Table 7. Weights of the 7-, 8- and 9-form fields.

This situation is similar to the one encountered in the N = 2 theories in d = 4,5,6
dimensions [30]. In those cases, the Kac-Moody (here E1;) approach predicts one doublet of
d-form potentials more than the embedding-tensor formalism [11]. However, it can be seen
that taking the undeformed limit of the results obtained in the embedding-tensor formalism,
one additional doublet of d-forms arises because some Stiickelberg shifts proportional to
deformation tensors that could be used to eliminate them, now vanish. Furthermore, the
local supersymmetry algebra closes on them as independent fields.

By analogy with what happens in the N = 2 theories in d = 4,5,6 dimensions, the
same mechanism can make our results compatible with those of the Fj; approach (up
to the trombone symmetry): we expect the existence of two independent doublets of
9-forms in the undeformed theory but we also expect new Stiickelberg transformations
in the deformed theory such that one a combination of them is independent and the
supersymmetry algebra closes.

This possibility (and the exclusion of any further 9-forms) can only be proven by the
direct exploration of all the possible candidates to 9-form supersymmetry transformation
rules, to all orders in fermions, something that lies outside the boundaries of this work.

5 Conclusions

In this paper we have applied the embedding-tensor formalism to the study of the most
general deformations (i.e. gaugings and massive deformations) of maximal 9-dimensional
supergravity. We have used the complete global SL(2, R) x R? symmetry of its equations of
motion, which includes the so-called trombone symmetry. We have found the constraints
that the deformation parameters must satisfy in order to preserve both gauge and super-
symmetry invariance (the latter imposed through the closure of the local supersymmetry
algebra to lowest order in fermions). We have used most of the constraints to express
some components of the deformation tensors in terms of a few components of the embed-
ding tensor which we take to be independent and which are given in eq. (4.1). At that
point we have started making contact with the results of ref. [41], since those independent
components are precisely the 8 possible deformations identified there. All of them have a
higher-dimensional origin discussed in detail in ref. [41]. The field strengths, gauge trans-
formations and supersymmetry transformations of the deformed theory, written in terms
of the independent deformation tensors, are collected in appendix C.

The 8 independent deformation tensors are still subject to quadratic constraints, given
in eq. (4.3), but those constraints cannot be used to express analytically some of them in
terms of the rest, and, therefore, we must keep the 8 deformation parameters and we must
enforce these irreducible quadratic constraints.
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In section 4 we have used our knowledge of the global symmetries (and corresponding
Noether 1-forms), the independent deformation tensors and the irreducible quadratic con-
straints of the theory, together with the general arguments of section 2.2 to determine the
possible 7-, 8- and 9-forms of the theory (table 7), which are dual to the Noether currents,
independent deformation tensors and irreducible quadratic constraints. We have compared
this spectrum of higher-rank forms with the results of refs. [12, 13], based on Fj; level de-
composition. We have found that, in the sector unrelated to the trombone symmetry, which
was excluded from that analysis, the embedding-tensor formalism predicts one doublet of
9-forms less than the E1; approach. However, both predictions are not contradictory: the
extra doublet of 9-forms may not survive the deformations on which the embedding-tensor
formalism is built: new 9-form Stiickelberg shifts proportional to the deformation parame-
ters may occur that can be used to eliminate it so only one combination of the two 9-form
doubles survives. This mechanism is present in the N = 2 d = 4,5, 6 theories [30], although
the physics behind it is a bit mysterious.

We can conclude that we have satisfactorily identified the extended field content (the
tensor hierarchy) of maximal 9-dimensional supergravity and, furthermore, that all the
higher-rank fields have an interpretation in terms of symmetries and gaugings. This situ-
ation is in contrast with our understanding of the extended field content of the maximal
10-dimensional supergravities (N = 2A, B) for which the FEj; approach can be used to
get a prediction of the higher-rank forms (which turns out to be correct [4-6]) but thw
embedding-tensor approach apparently cannot be used'® for this end. This seems to pre-
clude an interpretation for the 9- and 10-form fields in terms of symmetries and gaugings,'”
at least if we insist in the standard construction of the tensor hierarchy that starts with
the gauging of global symmetries. Perhaps a more general point of view is necessary.
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"The 8-form fields are dual to the Noether currents of the global symmetries.
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n 0 1 2 3 4 5 6 7 8 9
awm — + — + - + - + - 4+
bh + — - + + — — + + -

Table 8. Values of the coefficients a,, and b,, defined in eqs. (A.3).

A Conventions

We follow the conventions of ref. [41]. In particular, we use mostly plus signature

(=,+, -+ ,+) and the gamma matrices satisfy

7; = ~Ya, Ya = UaaVl . (Al)

The Dirac conjugate of a spinor € is defined by

€= eJWO . (A.2)
Then, we have
eyN)* = g, e \*
€ (€ )
(ev'™A) n€"Y (A3)
(YN = by e,
where the signs a,, and b,, are given in table 8
A.1 Spinor bilinears
We define the following real bilinears of the supersymmetry parameters €; and eo:
€261 = a + b, (A.4)
€2€] = c+id, (A.5)
ngm.__ﬂnel = gﬂl“'ﬂn + iCﬂl"'Hn , (AG)
E2Vpr - pn €1 = Opgeopn + 8Ppspin (A7)

A.2 Relation with other conventions

The electric fields used in this paper are related to those used in ref. [37] (which uses a

mostly minus signature) as follows:

V7

K=e3?, (A.8)

A=CO e = 7=y +ie?, (A.9)
Aqy = A%, (A.10)

A = A%, (A.11)

A = B 4 1A%, (A.12)

Apy = —C + e AAA B — ey AN, (A.13)

Ay =—-C+CNA°— Je;B N AY. (A.14)
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The field strengths are related by

Fo) = F°, (A.15)
F(y = F1, (A.16)
Fg = H', (A.17)
Fuy = -G, (A.18)
F = -G, (A.19)

The relation with the fields used in ref. [41] (which also uses mostly plus signature) is
given by (our fields are in the r.h.s. of these equations)

Bl = — (Bi + ;A0i> , (A.20)
C=- (c - geijAOiJ') , (A.21)
while the field strengths are related by
H' = —H', (A.22)
G=-G. (A.23)

The rest of the fields are identical.

B Noether currents

The Noether 1-form currents of the undeformed theory j4 are given by
4 . .
*jm = * dM; (M_l)jk T + e\/7w(./\/li31)ka‘Ak A *F?
. 1 . 2 .
+ Tk’ {67 \/7¢M;j1 <Bk — %AOk) AxH7) + %6@']' <—26¢7¢AJ A BF A G
+ (B — AY)Y AB* A G + 1, A" A BIF A (H™ — LA™ A FO)
+1e, A% A BF A Hﬂ)] , (B.1)
4 1 . . . 2 .
*ja =g, xdp +3 [e VTP A NKF e viP M (B + LAY A H e v ? (c— é&ijA01J> e
+A% A (C + e AV A Bj) A G] + 3ey [(—C + e AF A B — fzgklAO“) A B A HY
—SAYNCANHI + (A'ABI - JA") AFONCT, (B.2)

7dT + c.c.

4 3 . .
*j5 = \f *dp — g * s t+ eviPTy" A% A % FY + e\/7¢T5k‘/\/li_j1Ak A *FJ

(Smr)
e VMG [T (B = 1A% 4 1A% A

tev? (T50 = ey A% — Tyley (A5 A B7 = LA%)) AxG

+ 1€ [Tg,ki <—2Bj’“ +34% A BF —54% A BJ') — 1A% A BJ} AG

+ 1oy |:T5ki <+2anl/\B"k—elnAOI"/\Bk) ~T5(6A% +BYAC— fzeklAO’dABi] NHI
+ eyeinTor’ [ SAYF A B! — A%\ BF + AR A P A H"

+T5 [A° ANC NG+ Sei; (B + JAY) NA'ANFONC] (B.3)
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C Final results

In this appendix we give the final form of the deformed covariant field strengths, covari-
ant derivatives, gauge and supersymmetry transformations in terms of the independent
deformation parameters given in eq. (4.1). We must bear in mind that they are assumed
to satisfy the irreducible quadratic constraints given in eq. (4.3) and only then the field
strengths etc. have the right transformation properties.

The covariant derivatives of the scalar fields are given by

_ 137 9 5 40 V7 .9.4 6 ,9.5) Al
Dp=dp— 9T 0,°A +<—4191 +\/7191>A, (C.1)
D7 =dr + 90" km A — 390°7A% + 3 (91°7 + 92°) (A" — 7A4?) (C.2)

and their gauge transformations are explictly given by

_ _ 137 9 540 VT79.4 1 6 9.5\ Al
oap = =T 00°A% + (=70t + & 0i%) AT, (C.3)
OAT = Dok TAY — 3090°7A + 3 (9157 + 95°) (AL — 7A?) . C4
4 4

The deformed p-form field strengths are given by

FO = dA° — 1 (305" + 10;°) A% + (30;* + 10y°) BT, (C.5)
Fi— A+ ; <ﬁ0m(T£§))jiA0j _ 251179051401 i ggijﬁj5A12>

O™ (T B — 36,109,° B, (C.6)
H' =DB'+ (AO AdA 4+ AT A dA0> + 5e¥ (3051 + Ju;°) AP*2

+el (395t - 1vy) C, (C.7)

G = DC — ey [F' A BI = Loy (A1 p dAT - Ja(aW) ) |
+1 (eijﬂom(Tg>)kiBjk - 31905312) +zC, (C.8)
where the covariant derivatives acting on the different fields are given by

DB’ = dB" + 9" (T?);'A° A BI — 35,"9°A° A B
+ (30" — 10K°) AX A B+ 35,09,° AT A B (C.9)
DC = dC — 39°A° A C + (39* — 19°) AT A O (C.10)

The field strengths transform covariantly under the gauge transformations

oaAY = —DA% + (305" + Lu;®) A7, (C.11)
oaAl = =D+ g™ (TN — For°AT, (C.12)
SAB' = —DA + FOA A 4+ FIA® + ] (AO NEpAT + AT A 5AA°)
+ed (305" — Loi®) A, (C.13)
o (€ — 4eA™) = —DA — ey (AT + FI AN — 5, AT A B7)
—Lley;A%sp Al 4+ ZA (C.14)
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where the covariant derivatives of the different gauge parameters are given by

DAY = dA° + (39" + 19;°) ATA°, (C.15)
DAL = dAT + 9™ (TP AP — 36,197 AOAT + 3elicyqo;° ARAL, (C.16)
DA = dA" + 9™ (T(P); A% A A + (30t — Loi®) AR A A
+35;" 05 AT A AR (C.17)
DA = dA — 395 A° A A+ (305 — 19;°) ATA AL (C.18)
The supersymmetry transformation rules of the fermion fields are given by
« i —oe (5. 2 _ (2 0
0chu = Dp€+ fyue + kyue” + ghe V7 <7W7 -7 %) Fe
3 1
_8.12!62\/7“”2‘1’ <?'Yu’7(2) — 7(2)7M) (F' — 7F?)¢*
| .
— e 2vr? <?7),m<3> + 7(3)%) (H' — 7H?)e
1
— eV <%7w(4) - 7(4%) Ge, (C.19)
- - 2 . ; 3 1 .
S\ = i Dpe* + e + he* — ;7e vr? PO — 2_2?;”@«7“”2‘75(;?1 — 7 F?)e
1 1 . 1
_2.3}\/76 TR T e 4!3/76\/# e, (C.20)
O\ = —e® Dre* + ge + he — 2f2!e237§0+;¢(F1 —7 Fe
+2.13!6721”¢+%¢(ﬂ1 T H)e, (C.21)
where
Dpe = { Vit & [3eD0x + A0, Pon | + S A1 e (C.22)
Dpx = Oux — FATIOX, (C.23)
and where the fermion shifts are given by
2 .
f= eV (9P + 5100°) (C.24)
C_3e 6
k=% 22 (930 +95t) | (C.25)
~ — e 4 * *
Gg=e 272 [\?7 (17* + 92%) + ‘{17 (01°7 +1925)] ; (C.26)
~ 2
h = j7ew“’ (390" + 190" Pm) (C.27)
_ 3¢ ¢
g=e 2t (91°7 4+ 92°) , (C.28)
2
h = ievi ™ (09" k™ — 390°7) . (C.29)

,31,



The supersymmetry transformations of the bosonic fields are

dep = —f@;\* +h.c., (C.30)
ST = —Le %EN, (C.31)
5 A, = ;e%*"g(wu . ;'WX*) the. (C.32)
§eAL, = irte avr¥ta? <€*¢M — e+ 4?3'75*7“}*) +he., (C.33)
5. A2, = i avi®tad <g% iyt 4?;;*7#&*) the. (C.34)
5.B' = rreavi?Ta® [E*’y[uiﬁy] — ey — 373‘%&*] the.
8" (A8 Ay + Al 8A%)) (C.35)
6.B* = 62\1/7L’0+;¢ [E*’y[uwy} — éé’y,w)\ - S\i/?E*’yMVS\*} + h.c.
8% (A% 8 A + Al 5A%))) (C.36)
0eClp = —ge_ \}790@[“” (wp] + 6&75\*) +h.c.
+356’4[[u| (gﬁBiIVﬂ} + ghIJigKiAJK\Vp]) : (C.37)
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