PUBLISHED FOR SISSA BY €) SPRINGER

RECEIVED: August 22, 2011
ACCEPTED: September 21, 2011
PUBLISHED: October 5, 2011

Giant graviton oscillators

Robert de Mello Koch,*? Matthias Dessein, Dimitrios Giataganas® and

Christopher Mathwin®

@ National Institute for Theoretical Physics, Department of Physics and
Centre for Theoretical Physics, University of the Witwatersrand,
Wits, 2050, South Africa

bStellenbosch Institute for Advanced Study,
Stellenbosch, 7602 Matieland, South Africa
FE-mail: robert@neo.phys.wits.ac.za,
matthias.dessein@students.wits.ac.za,
dimitrios.giataganas@wits.ac.za,
christopher.mathwin@students.wits.ac.za

ABSTRACT: We study the action of the dilatation operator on restricted Schur polynomials
labeled by Young diagrams with p long columns or p long rows. A new version of Schur-
Weyl duality provides a powerful approach to the computation and manipulation of the
symmetric group operators appearing in the restricted Schur polynomials. Using this new
technology, we are able to evaluate the action of the one loop dilatation operator. The
result has a direct and natural connection to the Gauss Law constraint for branes with a
compact world volume. We find considerable evidence that the dilatation operator reduces
to a decoupled set of harmonic oscillators. This strongly suggests that integrability in
N = 4 super Yang-Mills theory is not just a feature of the planar limit, but extends to
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1 Introduction and conclusions

Integrability has proven to be a powerful tool in analyzing N' = 4 super Yang-Mills theory
in the planar limit [1, 2].} An interesting question is whether or not integrability is present
in other large N limits of the theory.

Our focus in this article is on operators that have a bare dimension of order N. For
these operators the large N limit of correlation functions is not captured by summing the
planar diagrams. Indeed, huge combinatoric factors (arising from the number of ways one
can form the Feynman diagrams out of so many fields) enhance the non-planar contributions
and completely overpower the usual ]\}2 suppression of non-planar diagrams [5]. One is
faced with the daunting task of having to sum a lot more than just the planar diagrams.
In an inspired article, [6] have shown how all possible diagrams can be summed, at least in
the free field theory and in a 5—BPS sector. By changing from the trace basis to the basis
of Schur polynomials one finds that the two point function of the theory is diagonal in the
labels of the Schur polynomial and that the higher point correlators of Schur polynomials
have an extremely simple form, being expressed in terms of quantities that are familiar
from representation theory. Soon after this initial work, an elegant explanation of the
results of [6] were given in terms of projection operators [7]. One of the basic observations
made in [7] is the fact that two point functions of operators of the form

A, = Al Zhigle L Zin = Tr(AZ®™)
are given by
<AnB;’L> = Z Tr(cAc 1 BT).
o€Sn
By choosing A and B to be projection operators projecting onto irreducible representations
of the symmetric group, they clearly commute with o (rendering the above sum trivial) and

are orthogonal. With this choice for A, A, is nothing but a Schur polynomial, so that we

!For material which is very relevant see in particular [3, 4].



obtain a rather simple understanding of how and why the Schur polynomials diagonalize
the two point function.

According to the AdS/CFT correspondence [8-10], these operators in the ' = 4 super
Yang-Mills theory will have a dual interpretation in IIB string theory on asymptotically
AdS5xS® backgrounds. Certain Schur polynomials containing order N Zs were quickly
identified [5, 6, 14-16] with giant gravitons [11-13], while Schur polynomials with order
N? fields were identified with %—BPS geometries [17, 18]. Giant gravitons are D3 branes
with a spherical world volume, stabilized by their angular momentum [11-13]. Excited D-
brane states can be described in terms of open strings which end on the D-brane. Operators
dual to excited giant gravitons were proposed in [19]. Since giant gravitons have a compact
world volume, Gauss’ Law forces the total charge on the worldvolume to vanish [20]. A
highly non-trivial test of the proposal of [19] is that the number of operators that can be
defined matches the number of states obeying this Gauss Law constraint. The operators
of [19] are defined in terms of symmetric group operators that project from the carrier space
of some irreducible representation of the symmetric group to a subspace defined using the
carrier space of an irreducible representation of a subgroup. Although the construction of
the operators proposed in [19] is a highly non-trivial problem in the representation theory
of the symmetric group, the two point functions of these operators, the restricted Schur
polynomials, were computed exactly, in the free field theory limit, in [21], by exploiting the
technology developed in [22-24]. It was also shown that the restricted Schur polynomials
provide a basis for the gauge invariant local operators built using only scalar (adjoint
Higgs) fields [25]. Further, it is a convenient description. Indeed, the restricted Schur
basis diagonalizes the two point function in the free field theory limit and it mixes weakly
at one loop level [23, 24]. Numerical studies of the dilatation operator, when acting on
decoupled sectors of the theory that have a sphere giant graviton number equal to two
showed that the spectrum of the dilatation operator is that of a set of decoupled harmonic
oscillators [26, 27]. Using insights gained from these numerical studies, an analytic study of
the dilatation operator in the sector of the theory with either two sphere giants or two AdS
giants has been carried out in [28]. The crucial new ingredient in [28] is the realization that
the problem of computing the symmetric group operators needed to define the restricted
Schur polynomial can be performed using an auxiliary spin chain. This is essentially an
application of Schur-Weyl duality. The suggestion that Schur-Weyl duality may play an
important role in the study of gauge theory/gravity duality was first made in [29].

In this article we will recover the two giant graviton results of [28] by clarifying the
role of Schur-Weyl duality. An auxiliary spin chain will not be used. The advantage of the
new approach is that it will allow us to study the p giant graviton sector of the theory.
This generalization is highly non-trivial as we now explain. The two giant graviton prob-
lem is too simple to see the full complexity of the problem. Indeed, the symmetric group
operators needed to define the restricted Schur polynomials in this case are simple because
the subspaces they project to appear without multiplicity. For p > 2 giant gravitons, this
multiplicity problem must be solved. Our present approach, based on Schur Weyl duality,
allows us to



e Construct the restricted Schur polynomials for the p giant graviton problem using
the representation theory of U(p). For the case of p sphere giant gravitons we obtain
an example of Schur-Weyl duality that is, as far as we know, novel.

e Organize the multiplicity of S, xS, irreducible representations subduced from a given
Sh4m irreducible representation by mapping it into the inner multiplicity appearing in
U(p) representation theory. As far as we know, this connection has not been pointed
out in the maths literature, although it follows as a rather simple consequence of the
Schur-Weyl duality we have found.

e Evaluate the action of the dilatation operator in terms of known Clebsch-Gordan
coefficients of U(p).

Thus, we achieve a complete generalization of the results of [28] together with a much
clearer understanding of the general problem. One noteworthy feature of our results is
that the action of the one loop dilatation operator has a direct and natural connection to
the Gauss Law constraint we discussed above. We have not managed to solve the problem
of diagonalizing the large N dilatation operator for this class of operators in general. For
the problems that we do manage to solve, we again reproduce the spectrum of a set of
decoupled oscillators. This leads us to conjecture that the specific large N limit of the
dilatation operator that we consider is again integrable.

Although we have focused on the restricted Schur polynomials in this article, they
are not the only basis for local gauge invariant operators of a matrix model. Another
interesting basis to consider is the Brauer basis [30, 31]. This basis is built using elements
of the Brauer algebra. The structure constants of the Brauer algebra are N dependent.
There is an elegant construction of a class of BPS operators [32] in which the natural N
dependence appearing in the definition of the operator [33-35] is reproduced by the Brauer
algebra projectors [32]. Alternatively, another natural approach to the problem, is to adopt
a basis that has sharp quantum numbers for the global symmetries of the theory [36, 37].
The action of the anomalous dimension operator in this sharp quantum number basis is
very similar to the action in the restricted Schur basis: again operators which mix can differ
at most by moving one box around on the Young diagram labeling the operator [38]. For
further related interesting work see [39, 40|. Finally, for a rather general approach which
correctly counts and constructs the weak coupling BPS operators see [41]. The results
obtained in [41] can be translated into any of the bases we have considered.

This article is organized as follows: In section 2 we explain our construction of restricted
Schur polynomials. This includes a detailed description of Schur-Weyl duality and its
implications for the study of the dilatation operator of N' = 4 super Yang-Mills theory.
In section 3 we describe in detail the action of the dilatation operator. This action is
used in section 4 to write the problem of diagonalizing the dilatation operator as a set of
recursion relations. Section 5 is used for discussion of our results. In particular, in this
section we explain how the action of the one loop dilatation operator is related to the Gauss
Law constraint. We have made an attempt to make the article self contained. For this
reason, appendices A and B review the background representation theory need to develop



our construction. Detailed examples which demonstrate how Shur-Weyl duality can be
used to construct the restricted Schur projectors are given in appendix C. We give the
details of the evaluation of the dilatation operator in appendix D in general and give the
details for specific examples in appendix E. Useful recursion relations are summarized in
appendix F. In appendix G we report the result of the computation of the action of the
dilatation operator for an example that demonstrates the link to the Gauss Law constraint
very clearly. Finally, in appendix H we study a continuum limit of the dilatation operator.
In this limit the dilatation operator reduces to a set of decoupled oscillators.

2 Constructing restricted Schur polynomials

In this article we will diagonalize the dilatation operator within large sectors of decoupled
states. Each sector comprises restricted Schur polynomials with a fixed number p of rows
or columns. Mixing with restricted Schur polynomials that have n # p rows or columns
(or of even more general shape) is suppressed at least by a factor of order? [26] 1/v/N. To
achieve this a key new idea is needed: Schur-Weyl duality is used to construct the restricted
Schur polynomials. In this section we will explain how Schur-Weyl duality arises and how
it is exploited.

2.1 Why it is difficult to build a restricted Schur polynomial

There are six scalar fields ¢’ taking values in the adjoint of u(N) in A = 4 super Yang
Mills theory. Assemble these scalars into the three complex combinations

Z = ¢1 +iga, Y = ¢3 + i¢a, X = ¢5 + 106 .

We will study restricted Schur polynomials built using n ~ O(N) Z and m ~ O(N) Y
fields and will often refer to the Y fields as “impurities”. These operators have a large
R-charge and belong to the SU(2) sector of the theory. The definition of the restricted
Schur polynomial is

1

j 'il s 'im ?mJFl PN ?ner
nlm! 2. XR,(rs) gk (OYi oy Vil 2y Figaty - (21

O'ESn+m

XR,(r,s)jk(Z’ Y) =

In this definition R is a Young diagram with n 4+ m boxes and hence labels an irreducible
representation of S,,4.,, r is a Young diagram with n boxes and labels an irreducible
representation of S, and s is a Young diagram with m boxes and labels an irreducible
representation of Sy,. The group S, has an S, x S, subgroup. Taken together r and s
label an irreducible representation of this subgroup. A single irreducible representation R
will in general subduce many possible representations of the S,, x S, subgroup. A partic-
ular irreducible representation of the subgroup may be subduced more than once in which
case we must introduce a multiplicity label to keep track of the different copies subduced.
The indices j and k appearing above are these multiplicity labels. The object x R7(T,S)]~k(0)

2Mixing at the quantum level. There is no mixing in the free theory [21].



is called a restricted character [22]. To compute the character of group element o in rep-
resentation R, we take the trace of the matrix representing o in irreducible representation
R, xr(o) = Tr(I'r(0)). To compute the restricted character xg () 1(0) trace the row
index of I'g(0) only over the subspace associated to the 4™ copy of (r, s) and the column
index over the subspace associated to the k' copy of (r,s). It is now clear why two multi-
plicity labels appear: when performing the “trace” over the carrier space of (r,s) the row
and column indices can come from different copies of (r, s) so that if i # j we are not in
fact summing diagonal elements of I'r(c). Operators constructed by summing these “off
diagonal” elements are needed to obtain a complete basis of local operators [25]. In terms
of the symmetric group operator Pg_, (. );x which obeys

F(r,s)j(U)PRH(r,s)jk = PR—>(T,8)jkP(T7S)k‘(U) o €Sy X Spy
F(r,s)l(J)PRH(r,s)jk =0= PRH(r,s)ij(r,s)q(U) 0 €Sy X S5n l 7& Js k #q,

we can write the restricted character as

XR,(r,s),ji(O-) =Tr (PRH(r,s)jiFR(O_)) .

When there are no multiplicities, Pr_(;s)j5 = Pr—(rs) 18 @ projection operator which
projects from the carrier space of R to the (r,s) subspace. When there are multiplicities
Pr_(rs)jx is an intertwiner [42]. However, it is constructed in essentially the same way
as a projector and satisfies very similar identities. For these reasons we will sometimes
be guilty of an abuse of language and refer to Pg_,(, s simply as a projector even when
there are multiplicities.

Key idea. [t is not easy to construct the operator Pr_(; )k explicitly. This is the most
serious obstacle in working with restricted Schur polynomials. An important result of this
article is the use of a new version of Schur-Weyl duality to provide an efficient, transparent
construction of this operator.

Our construction is not quite completely general, but it does capture many interesting
situations and should be a useful tool to explore semi-classical physics dual to the restricted
Schur polynomials.

The restricted Schur polynomials are a very convenient basis for gauge invariant oper-
ators in the theory built using only the adjoint scalars. This follows because

e The restricted Schur polynomials are complete in the sense that any multitrace op-
erator or linear combination of multitrace operators can be written as a linear com-
bination of restricted Schur polynomials [25].

e The free theory two point function of the restricted Schur polynomial has been com-
puted exactly [21]
hookspr
hooks, hooksg -
In this expression fg is the product of the factors in Young diagram R and hooksp is
the product of the hook lengths of Young diagram R.? The fact that this two point

XRy(r5) 8 (Z Y)XT (i (Z. Y)Y = 6B (1.6 7, (1,0) Okt Ojm f (2.2)

3See section A.7 for a definition of factors and hook lengths for a Young diagram.



function is known exactly as a function of N, implies that all Feynman diagrams
(not just the planar diagrams) have been summed and this is what allows one to go
beyond the planar limit.

e Restricted Schur polynomials have highly constrained mixing at the quantum
level [23, 24].

Our goal for the rest of this section is to build a basis from the carrier space of an S, 1,
irreducible representation R for the carrier space of an S,, X S, irreducible representation
(r,5)j. It is then a small step to build Pr_ )k We accomplish the construction in two
steps: First we project from Sy to S, x (S1)™ (this is easy) and second, we assemble
the S, x (S1)™ representations into S, X S,, representations (this is the trying step). It is
this second step that is accomplished using Schur-Weyl duality. As a consequence we learn
that the multiplicity index can be organized using U(p) representations, with p the number
of rows or columns in R. The background material from representation theory needed to
understand this section is collected in appendices A and B.

2.2 From S, to S, x (S1)™

Start from the carrier space for an irreducible representation R of S,,1,,. If we restrict our-
selves to an .S, x (S1)™ subgroup this space will decompose into a direct sum of invariant
subspaces, each of which is the carrier space of a particular irreducible representation of
the subgroup. In this subsection we will explain how to extract a particular S,, x (Sy)™
invariant subspace from the full carrier space of R.

Since S has only a single irreducible representation, we need not include it in our
labels for the irreducible representation of the subgroup. Consequently, to specify an
irreducible representation of the S, x (51)" subgroup, we only need to specify an irreducible
representation of .S, that is, a Young diagram r with n boxes. The only representations r
that are subduced by R are those with Young diagrams that can be obtained by removing
m boxes from R. Pulling the same set of m boxes off in different orders leads to different
subspaces which all carry the same irreducible representation r. To resolve this multiplicity,
we only need to specify the order in which the boxes are removed. To specify this order,
label the boxes to be removed from R with a label ranging from 1 to m, such that box
1 is removed first, then box 2 and so on until box m is removed. Thus, by labeling any
given set of boxes in such a way that if we were to remove the boxes in numerical order
starting with box 1 we would have a legal Young diagram at each step, we obtain a partially
labeled Young diagram with shape R, which represents a subspace carrying an irreducible
representation of the S, x (S51)™ subgroup. See appendix B.3 for further discussion.

To build an operator which projects from the carrier space of the S, ,, irreducible
representation R to the carrier space of an S, x S, irreducible representation (r,s)j,
we now need to assemble the partially labeled Young diagrams (which already carry a
representation r of S,) in such a way that the resulting linear combinations carry an
irreducible representation of S, x .5,,,. We turn to this task in the next subsection.



Figure 1. An example of a Young diagram with p = 4 rows. The rows are shown; the columns are
not shown. There are O(N) boxes in each row. The m numbered boxes have been colored black.
The difference in factors associated to any two numbered boxes that are in different rows is O(V).
This is easily seen by recalling that the difference in the factors counts the number of boxes one
needs to step through to move between the two boxes. The difference in the number of boxes in any
two rows is generically O(N) so that to move from one of the black tips to another one, generically,
one needs to step through O(N) boxes.

2.3 Basic idea for Young diagrams with p rows

We will consider Young diagrams built using n+m ~ O(N) boxes and with p rows. Thus,
for the generic diagram, each row has O(N) boxes. We set m = aN with a < 1. After
labeling the m boxes, two labeled boxes with labels 7 and j, that are in different rows, will
have associated factors ¢; and c; respectively, with ¢; — ¢; ~ O(N).

Consider the S, subgroup of S,,,,, which acts on the labeled boxes. We can obtain a
matrix representation of this action by thinking about the partially labeled Young diagrams
as Young-Yamonouchi states. As discussed in appendix B.4, the fact that ¢; — ¢; ~ O(NN)
for boxes in different rows implies a significant simplification in the representations of S,,.
When adjacent permutations (7,7 4+ 1) act on labeled boxes that belong to the same row,
the Young diagram is unchanged and when acting on labeled boxes that belong to the
different rows, the labeled boxes are swapped.

If we have a Young diagram with p rows and we label m boxes in all possible ways
consistent with the rule of the previous subsection, we find a total of p' possible partially
labeled Young diagrams. We associate a particular p-dimensional vector to each box that is

labeled. This gives a total of m vectors v/(:) with i = 1,2,...,m. We will denote the compo-
nents of these vectors as 7(i),, wheren = 1, ..., p. If box 4 is pulled from the j** row we have
U(i)n = Onj -

For each index i (equivalently, for each labeled box) we have a vector space V,,. Taking the
tensor product of these spaces we obtain a set of p"™ dimensional vectors, of the form

F(1) @ 6(2) ®F(3) @ @ 6(m — 1) © #(m) .

Call the vector space spanned by these vectors V},‘g’m. When we talk about vectors of the
above form we will say that “vector #(i) occupies the i*" slot.” The matrix action of S, on
the partially labeled Young diagrams described above implies the following action on V;?m

o- (1) @72 @ - @v(m))=0(c(1) @(c(2) @ @V (a(m)) .

Thus, o € S, will move the vector in the i*" slot to the o (i)™ slot, but does not change
its value. We can also define an action of U(p) on V,;*™

U-(11)@i2)®---@0(m))=DU)7(1)@ DU)Y(2)®---® DU)v(m) ,



where D(U) is the p x p unitary matrix representing group element U € U(p) in the fun-
damental representation. Thus, U € U(p) will change the value of the vector in the i*" slot
but it will not move it to a different slot. It acts in exactly the same way on each slot. It
is quite clear that these are commuting actions of U(p) and S, on V™

U-(o-(0(1)@---@t(m)) =U-(0(a(1) @ @7 (a(m)))
= DU)7(0(1)) @--- @ D(U)T (o (m))
=o-(DU)V(1)®--- @ D)7 (m))
=o-(U-(V(1)®@---®@0(m)))

and consequently by Schur-Weyl duality the space can be organized as* [43]
V;,®m — @s‘/sU(p) ® V’sSm , (23)

where the sum runs over all Young diagrams built from m boxes and each has at most p
rows. One consequence of this formula is that

p" = Z Dim(s) ds

where Dim(s) is the dimension of s as an irreducible representation of U(p) and ds is the
dimension of s as an irreducible representation of S,,. The reader is invited to check a
few examples herself. Thus, by identifying states with good U(p) labels we have identified
states with good S,, labels. Therefore an important consequence of (2.3) is that it provides
an efficient method to construct the projectors which are used to define the restricted Schur
polynomials.®

Key idea. Using Schur-Weyl duality it follows that the symmetric group operators
Pr_(r,s)k carry good U(p) labels (where p is the number of rows in R) and, consequently,
can be constructed using nothing more than U(p) group theory.

A necessary step towards building the projectors entails constructing a dictionary
between the original labels R, (r,s)jk of the restricted Schur polynomial XR,(r,s)jk and
the new U(p) labels. Exactly the same Young diagram s that originally specifies an S,
irreducible representation, specifies a U(p) irreducible representation. The Young diagram
r is included among the new labels and it still specifies an irreducible representation of .S,,.
The final label is the choice of a state from the carrier space of U(p) representation s. The
A weight of this state (see appendix A.3) tells us how boxes were removed from R to obtain
r. This point deserves some explanation. Label the state chosen from the carrier space s
by its Gelfand-Tsetlin pattern. This state can be put into one-to-one correspondence with

“Part of what is behind Shur-Weyl duality is simple and familiar: any two operators that commute can
be simultaneously diagonalized.

5The reader will be familiar with the usual use of Schur-Weyl duality, to construct projectors onto good
U(p) irreducible representations using the Young symmetrizers i.e. by symmetrizing and antisymmetrizing
indices on a tensor. We are turning this argument on its head by using the irreducible representations of
the unitary group to build symmetric group projectors. Bear in mind that the details of our Schur-Weyl
duality are different to the usual construction.



a semi-standard Young tableau and this correspondence plays a central role. Consider for
example the U(3) state with Gelfand-Tsetlin pattern

4 3 3

2

The uppermost row of the pattern gives the shape of the Young diagram. Each row (starting
from the bottom row) tells us how to distribute 1s, then 2s and so on till the semi standard
Young tableau is obtained. This connection is reviewed in detail in appendix A.4. For the
Gelfand-Tsetlin pattern shown above the semi-standard Young tableau is

£k % L T %« L2 T4 3 3 1111213
sl 12/2|x 121213
T I 32 | < 3 2 | BB
2 2 2

Each row in the pattern corresponds to a particular number in the semi standard
tableau. From the definition of the Gelfand-Tsetlin pattern, we also know that each
row in the pattern corresponds to a particular subgroup in the chain of subgroups
U(l) c U(2) € --- Cc U(p—1) C U(p). So, from the point of view of the semi-standard
Young tableau or of the Gelfand-Tsetlin pattern, going to the U(p — 1) subgroup implies
that we consider a subgroup that does not act on one of the numbers appearing in the
semi-standard tableau. What does it mean to consider a U(p — 1) subgroup of our action
of U(p) on the boxes that have been removed from R? Recall that the particular state that
is assigned to each removed box depends on the row it was removed from. Thus going to
a U(p — 1) subgroup corresponds to considering a subgroup that does not act on the boxes
belonging to a particular row. Clearly then, the numbers in the semi-standard tableau can
be identified with the row from which the corresponding box has been removed from R.
Recall that the A weight is a sequence of integers A(M) = (5,(M),0p—1(M),...51(M)).
The number of boxes labeled ¢ which is the number of boxes removed from row ¢ of R to
produce r, is given by 6;(M). Thus, given r and the delta weight we can reconstruct R.
There is a subtlety that needs to be discussed. Two states that belong to the same
U(p) representation and have the same A weight correspond to the same set of labels
R, (r,s). Consequently, we find that (r,s) can be subduced more than once in the carrier
space of R. These multiplicities only arise for p > 3 and hence were not treated in [28].
Our analysis here shows that this multiplicity index is easily organized using the U(p)
representations: The number of states having the same A weight is called the inner
multiplicity of the state I(A(M)). In this case, we label each state with a multiplicity
index which runs from 1 to I(A(M)).® These multiplicities have been resolved by the U(p)

®An alternative approach to resolving these multiplicities has been outlined in [44]. The idea is to
consider elements in the group algebra C'S;,+,, which are invariant under conjugation by C'S;,, x C'S,,. The
Cartan subalgebra of these elements are the natural generalization of the Jucys-Murphy elements which
define a Cartan subalgebra for S, [45, 46]. The multiplicities will be labeled by the eigenvalues of this
Cartan subalgebra [44].



state labels. Finally note that each U(p) representation s will also appear with a particular
multiplicity. However, thanks to Schur-Weyl duality, we know that this multiplicity is
organized by the S,, representation s.

Key idea. The Gelfand-Tsetlin patterns of U(p) provide a non-degenerate set of multi-
plicity labels jk for the symmetric group operators Pr_(; s)jk-
In summary then we trade the labels

R an irreducible representation of S, 1,
r an irreducible representation of .S,

s an irreducible representation of S,

j multiplicity label resolving copies of (r, s)

for the new labels
r  an irreducible representation of S,

s an irreducible representation of U(p)
M?* a state in the carrier space of s where
¢ runs over inner multiplicity .

At this point we have identified an orthonormal set of states spanning any particular
carrier space (r,s)j of the S, x S, subgroup. It is now a trivial task to write down the
corresponding projector.

2.4 From S, x (S1)™ to S, x Sp,

We can now write the symmetric group operator used to define the restricted Schur poly-

nomial as
ds

PRH(r,s)jk = Z |5’ Mj’ a><5’ Mk’ a| ® L,
a=1
where, by Schur-Weyl duality, the multiplicity label « for the U(p) states is organized by
the irreducible representation s of the symmetric group S,,. The indices j and k pick out
states M that have a particular A weight and hence range over 1,2,...,I(A(M)). The
components 0; of the particular A that must be used are equal to the number of boxes
removed from row i of R to produce r. I, is simply the identity matrix in the carrier space
of the §,, irreducible representation labeled by 7.

We will end this subsection with a few examples. The labels

become

For this example A = (2,2) because 2 boxes are removed from the first row and two from
the second row of R to produce r. The first row of M is read off s and the second row is
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chosen to obtain the correct A. The inner multiplicity for this case is 1, so that there is
a single possible projection operator. For our second example consider the labels

HIRR R A A RN AR
RERRN r=111I )

R = , s =
The new labels are
T
=11 , S=II
and
2 1 0 2 1 0
M, = 1 1 My = 2 0
1 1
For this example A = (1,1,1) because one box is removed from each row. The inner

multiplicity is 2. The two possible Gelfand-Tsetlin patterns are shown. Thus, for
the R, (r,s) labels given, one can construct a total of four possible restricted Schur
polynomials. This second example is discussed in detail in appendix C.1 where the allowed
operators Pr_ (. 51 are explicitly constructed.

2.5 Young diagrams with p columns

We will consider Young diagrams with a total of p columns. In this case, boxes that are
in different columns, will again have associated factors with ¢; — ¢; ~ O(N). As discussed
in appendix B.4, the fact that ¢; — ¢; ~ O(N) for boxes in different rows again implies
a significant simplification in the representations of S,,. When adjacent permutations
(i,i+1) act on labeled boxes that belong to the same column, the Young diagram changes
sign and when acting on labeled boxes that belong to the different columns, the labeled
boxes are swapped. This change in sign for the case that boxes belong to the same column
is the only difference to what was considered in section 2.3.

The number of states that can be obtained when m boxes are labeled is again p” and
we again associate a p-dimensional vector to each box that is labeled. This again allows
us to put partially labeled Young diagrams into one-to-one correspondence with vectors
in V;?m. In this case however, we will include some additional phases when we identify
vectors in V;?m with partially labeled Young diagrams. These extra phases occur precisely
because adjacent permutations (i,7 + 1) acting on labeled boxes that belong to the same
column flip the sign of the Young diagram. Choose any specific state with a particular
set of labels. This state plays the role of a reference state. Any other state with the
same boxes labeled but with a different assignment of the labels can be obtained by acting
on the reference state with adjacent permutations (7,7 + 1). Further, the only adjacent
permutation (i,7+ 1) that we are allowed to apply to the reference state to reach any other
given state have boxes labeled i and 7 + 1 in different columns when (7,7 + 1) acts. If we
act with ¢ adjacent permutations of this type to get from the reference state to another
distinct state, it is assigned a phase (—1)?. See appendix C.2 for an explicit example. With
this choice for the phases, it is easy to see that the action of S, on the partially labeled

— 11 —



Figure 2. An example of a Young diagram with p = 4 columns. The columns are shown; the rows
are not shown. There are O(N) boxes in each column. The m numbered boxes have been colored
black. The difference in factors associated to any two boxes that are in different columns is O(N).

Young diagrams induces the following action on V;,®m
o- (V1) @7(2)®@- - @9(m)) =sgn(o)v(c(1)) @T(c(2)) @+ @T(a(m)) ,

where sgn(o) denotes the signature of permutation o: it is +1 for even permutations and
-1 for odd permutations.” Thus, o € S, will move the vector in the it" slot to the o(i)™
slot and may change the overall phase. We can also define an action of U(p) on V;,®m

U- (1) @d2)®---®@0(m))=DU)7(1)@ DU)Y(2)®--- @ DU)v(m) ,

where D(U) is the p x p unitary matrix representing group element U € U(p). Thus,
U € U(p) will change the value of the vector in the i*" slot but it will not move it to a
different slot. It acts in exactly the same way on each slot. It is quite clear that again

these are commuting actions of U(p) and Sy, on V»™

U-(o- (1) ®---@d(m))) =U-sgn(o)(¥(o(l)® - @F(c(m)))
=sgn(o)D(U)v(0(1)) @ --- @ D(U)v (a(m))
® D(U)v (m))
(U~ (1) ®--- ©d(m))

and consequently by Schur-Weyl duality we can again use U(p) to organize the multiplicity
label of the S, irreducible representations. In this case, the space can be organized as

Vp®m _ @Sv;{q{(p) ® V;Sm , (2.4)

"Recall that a permutation is even (odd) if it can be written as a product of an even (odd) number of

two cycles.
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where s7

is obtained by exchanging row and columns in s. The discussion from here on is
identical to the case of p rows. The reader is invited to consult appendix C.2 for a concrete

example of a projector constructed using this Schur-Weyl duality.

3 Action of the dilatation operator
The action of the one loop dilatation operator in the SU(2) sector [47]
D = —goTr [V, Z] [0y, 07]

on the restricted Schur polynomial has been studied in [26-28]. We will find it convenient
to work with operators normalized to give a unit two point function. The normalized
operators Opg (,5)(Z,Y) can be obtained from

frhooksg

XR,(rs)jk(2,Y) = hooks, hooks,

OR,(r,s)jk(Z’ Y) :
In terms of these normalized operators (see appendix D.1), [27] found

DOR (rs)jk(Z Y Z NR (r,s)jk;T,(¢, u)lqOT(tu)lq(Z Y)
T,(t,u)lq

(3.1)

CRR' dTnm frhookst hooks,. hooks,
NR,(r,s)jk;T,(t,u)lq gYM Z dR

X
rdydy (n +m) \| frhooksghooks; hooks,

xTr( [FR((L m+1)), PRﬁ(T,S)Jk] T [FT((L m+1)lm), PTﬁ(tvu)ql] I R/).

crr is the factor of the corner box removed from Young diagram R to obtain diagram R’,
and similarly 7" is a Young diagram obtained from 7' by removing a box. The intertwiner
IAp is a map from the carrier space of irreducible representation A to the carrier space of
irreducible representation B. Consequently, Schur’s Lemma implies that A and B must be
Young diagrams of the same shape for a non-zero intertwiner. The intertwiner operators
relevant for our study are described in appendix D.2. It turns out that the product of the
intertwiners with I'r(1, m+1) can be expressed as a matrix acting on the first slot of V;?m.
Thus, evaluating the action of the dilatation operator reduces to evaluating the trace of a

product of matrices, which are either the operators Pr_,(, 5)jxs Pr—(1,u)iq Or matrices acting

lg
on the first slot of V;,®m. The simplest way to evaluate this trace is to decompose (with the
help of the known Clebsch-Gordon coefficients given in appendix A.5) the states in V},®m
into direct product of states, where the first state in the direct product lives in V], (which
is a copy of the carrier space of the defining representation of U(p) and corresponds to the
first slot) and the second state in the direct product lives in Vp®m_1 (corresponding to the

remaining slots). The complete details of this computation are given in appendix D.
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3.1 System of two giant gravitons

Operators dual to a system of two giant gravitons are labeled by Young diagrams with two
rows (for AdS giants) or two columns (for sphere giants). The third label s in the restricted
Schur polynomial X (. is thus replaced by Gelfand-Tsetlin patterns for U(2). Since the
sum of the two numbers in the first row is equal to the number of impurities m, which is
fixed, the Young diagram s can be traded for two independent numbers. These two numbers
specify both the weight A and s. The Young diagram r is given by specifying the number
of columns with two boxes per column (bg) and the number of columns with one box per
column (by). Thus, our operators are specified by four labels O(bo, b1, 7,7°). See figure 5 in
appendix E.1. When acting on O(bg, b1, j,j), the dilatation operator produces a total of
9 terms that can be grouped into three collections of three terms each. Indeed, in terms of

AO(bo, b1, 7, 3%) = /(N +bo)(N + b + b1)(O(bo + 1, by — 2,7, 5%) + O(bo — 1, b1 + 2, 4, 5))
(2N + 2bo + b1)O(bo, b1 j. ) (3.2

the dilatation operator is

! (- (s 20

DO(bo, b1, 34,5°) = g%M[— > AO(by, b1, 4, 5°)

2 Jj+1)
(m+2j+4)(m—2j) G+ +1D([G —72+1) , ,
\/ (25 + 1)(2j + 3) 20 + 1) AO(bo, b, j +1,57)
(m+2j42)(m—2j+2) (j +5%)( — 5%) . .
\/ (2 +1)(2) — 1) T A

This reproduces the result of [28] and is a nice check of our method. Notice that the
dilatation operator does not change the j3 label of the operator it acts on. The general
statement, true for a system of p giant gravitons is that dilatation operator does not
change the weight A of the operator it acts on. For the case of giant gravitons labeled by
Young diagrams with two long columns denote the relevant operators @Q(bg, b1, §, 72). The
dilatation operator has a very similar action

! (- (s 20

DQ(bo,b1,7,5°) = gy [ - > AQ(bo, b1, j, 5%)

2 JjG+1)
(m+2j+4)(m—2j) (G +7°+1)(G — 5> +1) , 3
\/ (27 +1)(2) +3) 2j + 1) AQ(0.br,d +1.57)
(m+2j42)(m—2j+2) (j +5%)( — 5%) . .
\/ 254 12— 1) y AR b1 (34)
where
AQ(bo, b1, 4,5%) = /(N—=bo)(N—=byg—b1)(Q(bo+1,b1—2,75,73)+Q(bo—1,b142, 7, %))
—(2N — 2bg — b1)Q(bo, b1, . 5°). (3.5)

Notice that the sphere giant and AdS giant cases are related by replacing expressions like
N + by with N — by.
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3.2 System of three giant gravitons

In this case our operators are labeled by Young diagrams with three rows (for AdS
giants) or three columns (for sphere giants). The third label s and multiplicity labels j, k
in Xg,(rs),k are thus traded for Gelfand-Tsetlin patterns for U(3). Similar to the two
giant case, since the sum of the three numbers in the first row is equal to the number
of impurities m, which is fixed, s can be traded for five independent numbers and these
specify the weight A, multiplicity labels j,k and s. The Young diagram r is given by
specifying the number of columns with three boxes per column (= by), the number of
columns with two boxes per column (= b;) and the number of columns with one box per
column (bg). Since the number of boxes in r is given by n = 3bg + 2b; + by, and since n is
fixed we need not specify bg - it is determined once by and by are given. Thus, accounting
for inner multiplicity, our operators are specified by a total of 10 labels. Although the
general expression can be computed using our methods, we have decided to focus on two
special cases. For the first case we study m = 3 impurities and A = (1,1,1). There are
a total of 6 possible labels s giving 6 possible operators O;(b1,by). These operators are
defined in detail in appendix E. The action of the dilatation operator is given by

DO;(b1,b3) = —g2y (Mi(jm)Alng(bl, ba) + MUY Ai30; (b1, bs) + MEY A1205(by, bo )
(3.

6)
where
r 2 2 1 1 T r 2 2 1 1 T
3 0 T 3v2 Ve V6 0 3 0 T3v2 Ve Ve 0
2 1 1 2 2 1 1 2
0 3 0~ ~ve Tave 0 3 0 V6 V6 32
2 1 1 1 2 1
T 3v2 0 3 T 2v3  2v3 0 T 3v2 0 3 2v3  2v/3 0
M2 — M3 —
1 11 1 0 1 ! 1 1 1 o !
V6 V6 2v/3 2v/3 V6 V6 2v/3 2v/3
1 1 1 1 1 1 1 1
V6 V6 2v3 0 1 2V/3 V6 V6 2V/3 0 1 PVE]
2 1 1 1 2 1 1 1
0 3v/2 0 23 2v/3 3 0 T 3v2 0 T2v3 T 23 3
- 2 1 -
200 L, 00 0
2 1 2
0 5~y 000 3v/2
1 1 5
32 “v2 6 0 0 0
M@ —
o o0 o L -1 0
o 0o o -1 o0
1 1 1 5
T V2 3v2 2 0 0 6
and
A120(br, b2, j, k, 52, K 1%) = —(2N + 2bo + 2b1 + b2)O(b1, ba, j, k, 5°, K, 1%)+ (3.7)
+ \/ N + bO + bl)(N + bO + b1+ b2) (O(bl - 17b2 + 27j7k7j37 k37l3) + O(b1 + 17b2 - 27j7k7j37 k37l3)) B
A130(b1, b, 4, k, 52 k> 13) = —(2N + 2bo + by + b2)O (b1, ba, j, k, §°, k°, 1) (3.8)
+ V(N +b0)(N +bo + b1+ bs) (O(br — 1,by — 1,5, k, 5°, k°,1°) + O(br + 1,62 + 1,5, k, 5° k°,1%)) ,
Ag30(b1,ba, j, k, 5%, k°,1°) = —(2N + 2bo + b1)O(b1, ba, 4, k, 5°, k>, 1° )+ (3.9)

+ V(N +b0)(N +bo +b1) (O(br — 2,b2 + 1,5, k, 5°,k°,1°) + O(b1 +2,b2 — 1,4, k, 5, k°, 1)) .

,15,



The second special case we consider is the sector with 53 = O(1) and the remaining

quantum numbers (4, k, k3,13 and m) are all order N. The action of the dilatation operator

simplifies considerably in this limit because it leaves the 53 quantum number fixed. Given
4, k,m, 7> and the weight A = (ny,n2,n3), we easily obtain

m—3n, -3 +2j+k 3 m—3ns+3°3+k—j

k3 =
3 ’ 3

Thus, after specifying A and j3 the k3, 1% labels are fixed and our operators can be labeled
by four quantum numbers O(by, be, j, k). The dilatation operators produces 45 terms when

acting on O(by, be, j, k), which can be grouped into 5 collections of 9 terms each

o o (KRG HE—E (k- 17
DO(b1,b2,7,k) = —gym 307 + k)2 (k — k)
BE(j+k—k*)
3(j+k)?(k—k?)
Bk—E=1®)(j+k—k*)
3(7+ k)(k —k3)2

A A150(by, ba, §, k) (3.10)

PR (k—K*—1®)(j+k—K®)
3(j + k)2(k — k3)2

BB (k—k3—17)

3(j+k)(k—k?)?

AD A0y, b, G, k) — A A30(b1, b2, 5, k)

n A® A3 O(by, b, j, k) + A Ag30(b1, b2, j, k)

where

ADO(by, ba, j, k) =(2m + j — k)O(b1, ba, j, k)

—/(m+2j +k)(m —j —2k) (O(by, ba,j — 1,k — 1) + O(b1, bz, j + 1,k + 1))
AP O(by, ba, §, k) =(2m — 2§ — k)O(b1, ba, j, k)

—V(m—j —2k)(m — j+ k) (O(b1,b2,j + 1,k —2) + O(b1,b2,j — 1,k + 2))
AQO(b1,be, j, k) =(2m + j + 2k)O(b1, b, j, k)

—V(m+2j+k)(m—j+k)(Obr,bs,j — 2,k + 1)+ O(b1,bs, j + 2,k — 1))

For these two examples, the sphere giant and AdS gaint cases are again related by replacing
expressions like N + by with N — bg.

4 Diagonalization of the dilatation operator

The dilatation operator when acting on two giant systems has already been diagonalized
in [28]. We start with a quick review of this material because it is relevant for the multiple

giant systems we consider next. Make the following ansatz for the operators of good

scaling dimension®

Zfbo,ln b (00, 01) =D Cp () £ (bo, br) O; s (bo, br) -

Ji:b1

Solving the eigenproblem
DO(p,n) = kO(p,n)

8f(bo7 b1) is not a function of by and b1 separately because 2bg + b1 is fixed equal to the number of Zs.
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where k is the one loop anomalous dimension, amounts to solving the recursion relations

_apjgcpﬁ(j):\/<m+2“4)(m‘2j) GPHNG=FPHD G Gy )

(2 +1)(2] +3) 2+ 1)
(m+2+2)(m=2j+2) (3 +7°)G - 3% , . L[ (me2)(3)? |
\/ (27 +1)(25 —1) o Gty (m_ iG+1) >Cp7j3(3)-

and

—ay, jagun V(N + bo) (N + bo + b1)(f(bo — 1,01 +2) + f(bo + 1,b1 — 2))
—(2N + 2by + bl)f(bo, bl)] = Hf(bo, bl) . (4.2)

These recursion relations are solved by

() = (—]) B (™ (27 +1) 151 .3-+15%+1,~p,
e <2>!\/(2”—j)!(2” APTELI (R St B

and

no 1 by —(N+bg+b1),—n
F(bo,b1) = (~1) (2)N+b0+ 2 \/Gvf\fbg%lrbl) (2N+220+b1>2F1(*E2]\—;—+%2:)41’)bl) ;2) (4.4)

where the range of j and p are [j3| < j < 7,0 < p < 7 — |53, and the associated

eigenvalues are

—ay s =—2p=0,-2,—4,...,—(m —2|°|)

and

K = 4nozp7jsg§2(M = 8pngiy n=20,1,2,....

Since our quantum numbers are very large, one might also consider examining the
above recursion relations in a continuum limit where one would expect them to become

differential equations. This is indeed the case [28]. Consider first (4.4). Introduce the
2b1

N tho and replace f(bg,b1) with f(p). Now, expand

continuous variable p =

1 b 1
N+b b1)(N +by) = (N + b 1 —
VO by b)) = (V) (1, P =B )

1 - 1 of 1 0% f
f<p_\/N+bo> _f(p)_\/N+boap+2(N+bo)3p2 e

These expansions are only valid if by < N + by, which is certainly not always the case.

and

However, for eigenfunctions with all of their support in the small p region the continuum
limit of the recursion relation will give accurate answers. The recursion relation becomes

2
sy |~ pra + | 106 = 55(0) (4.5

which is a harmonic oscillator with frequency 2ay, ;3 g%M. We should only keep half of the
oscillator states because the lengths of the rows (or columns) of the Young diagram are
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non-increasing, which implies that b; > 0 and hence that p > 0. Only wave functions that
vanish at p = 0 are allowed solutions. Thus, the energy spacing of the half oscillator states
is 4ay, ;3 g%+ Clearly the description of the coefficients f(bg,b1) obtained by solving (4.5)
will be accurate for the low lying oscillator eigenstates. Any operators corresponding to
a finite energy state is accurately described.

A few comments are in order. The solutions of the discrete recursion relations can be
compared to the solution of the continuum differential equations. The agreement is per-
fect [28]. Although the solution of our discrete recursion relation is in complete agreement
with the solution of the corresponding differential equation obtained by taking a contin-
uum limit, notice that the solution of the recursion relation does not make any additional
assumptions. To obtain our differential equation we assumed that by < N + by. Thus,

although solving the differential equation is easier, the solution is not as general.
Consider now the action of the dilatation operator when acting on three giant systems.
We study the A = (1,1,1) example first. It is a simple matter to check that the matrices

M2 pr(3) and p(23) appearing in (3.6) commute and hence can be simultaneously
diagonalized. The result is the following 6 decoupled equations

DO (b1, b2) = —2g3mA2301 (b1, ba), DO = —2g9A12011(b1, ba), (4.6)
DOri1(b1, b2) *29'?(MA1301H(51, b2), DOv1(b1,b2) = *g%M(Am +A124+A13)Ovi(b1, b2),
DOv (b1,b2) = —gym(Das+A124+A13)Ov (b1, b2), DOrv(b1,b2) = 0.

Taking a continuum limit, assuming that b1, by < N + by we find

d a0\ Y
AlgO(bl,bQ) — <8£C — 28y> O(x,y) — 4 O(m,y)

0
ox

AsOlbr,bo) — (29 = 2 20( )—$2x )
23 1,02 or Oy T,y 4 T,y

2 T 2
AlgO(bl,bQ) — < + ;y) O(x,y) — ( _Zy) O(m,y)

where = by /v/N + by and y = by/+/N + by. These all correspond to oscillators with an
energy level spacing of? 2. However, again because by, by > 0 we keep only half the states
and hence obtain oscillators with a level spacing of 4. The corresponding eigenvalues of the
dilatation operator are 8ng%M with n an integer. This is remarkably consistent with what
we found for the anomalous dimensions for the two giant system. Of course, a very impor-
tant difference is that since these oscillators live in a two dimensional space, there will be

an infinite discrete degeneracy in each level. Finally, it is also straight forward to show that

Aoz + A1z + A1z =3 o 3( 2 +9 o 1(*)2
= - (z - (z
23 12 1 oxt2 4 or=2 4
where
+_Tty __ Ty
T = , r = .
V2 V2
9For example, for the oscillator corresponding to Aj2 we have H = ;(aaf +afa), [a,a'] = 2, a =
o *251 +yandal =—7 +25§L 5
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After rescaling the 2~ — /32~ we obtain a rotation invariant 2d harmonic oscillator with
an energy level spacing of 3. Again because b1,bs > 0 we keep only half the states and
hence obtain oscillators with a level spacing of 6. The corresponding eigenvalues of the
dilatation operator are 6ng3,; with n an integer.

It is interesting to ask if we can diagonalize (4.6) directly without taking a continuum
limit, since the resulting spectrum is not computed with the assumption by, by ~ /N + by.
Consider first the equation for Orr(by, be). It is clear that Ao does not change the value of
bo. In addition, the dilatation operator does not change the number of Zs in our operator,
so that ny = 3bg + 2by + by is fixed. This motivates the ansatz

0= Z f(b1,b2)O11(b1, b2) ,

o=n 7z —3bp—2b1
by

Requiring that DO = 2g%ManO we obtain the recursion relation'”

— (2N + 2bg + 2by + ba) fr (b, ba)+ /(N + bg + b1) (N + by + by + by + 1) fu(by —1, by +2)
+ /(N + by + by + 1) (N 4 bg 4 by 4 b2) fr (b1 4+ 1, by — 2) = 262 fr (b1, bo)

where in the above equation by = ny — 3bg — 2b1. Using the results of appendix F, it is a
simple matter to verify that this recursion relation is solved by

1\ Ntbotbi+ 2
fo=(=1)" 2N+2bo+2b1+bs | (2N+2bo+2b1+b2 | o (—(V+bo+b14b2),—n o
n= 9 N-+bo+b1+bo n 251\ — (2N +2b9+2b1 +b2)
ny — 3b0>

Qg%Mozn = 4ng%M, n=20,1,2,...,int < 9

where ny is the number of Zs in the restricted Schur polynomial, by is fixed, by = ny —
3by — 2by and int(-) is the integer part of the number in braces. Again, only half the states
are retained because by, by > 0 so that we finally obtain a spacing of 8ng\2(M - in perfect
agreement with what we found above. Notice that we obtain a set of eigenfunctions for
each value of by, so that at infinite N we have an infinite degeneracy at each level.

The equation for Orr(by, b2) can be solved in the same way. We find

by +bo

2 \/<2N+2b0+b1+b2)<2N+2b0+b1+b2) F(f(N+bo+b1+b2),fn,2>
n 2471

1 N+bo+
) N+bo+b1+b2 —(2N+2bg+b1+b2)

Folta,tn) = (10"
n=0,1,....,min(J;ng — 2J)
where J = by + by is fixed, by = ny — 3by — 2b; and min(a,b) is the smallest of the two

integers a and b. Only half the states are retained because by, by > 0 and we again obtain
a spacing of 8ng2,;. Notice that we obtain a set of eigenfunctions for each value of .J, so

ONotice that we have replaced N + bo + b1 + b2 — N + bp + b1 + b2 + 1 under the square root in the

second term on the left hand side and we have replaced N + bg + b1 — N + bo + b1 + 1 under the square
root in the third term on the left hand side. We can do this with negligible error in the large N limit.
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that at infinite N we again have an infinite degeneracy at each level. For Oy(by, by) we find
1\ Vot ON+2bo+b1\ ((2N-+2bo+b (N-+bo+b1)
— 0+b1),—n
fn(bo,b1) = (=1)" <2> \/<N+bo+0b1 1) (" i 1>2F1 (*(2N+2bo+b1) ’2>

n:o,1,....,int<n22_‘]>

where J = by + by + by is fixed and by = ny — 3bg — 2b1. Only half the states are retained
because b1,by > 0 and we again obtain a spacing of Sng%M. Notice that we obtain a
set of eigenfunctions for each value of J, so that at infinite N we again have an infinite
degeneracy at each level. It would be interesting to solve the recursion relations arising
from Oy (b1, b2) and Ovyi(by,b2). We will not do so here.

We now turn to the j2 = O(1) example. We have already studied the continuum limit
of the operators Ao, Aq3, and Agz. In addition to these three operators, we will also need
the continuum limit of A@ A®) and A Taking j, k < m and defining the continuum
variables w = k/y/m, z = j/\/m it is straight forward to obtain

Do o a\* 9
ADO(j, k) — <8w+8z> -zt w)?
. d a\> 9
APO(, k) — (827 _28w> - 4w2
o d o\* 9
AP0, k) — (810 _2(9,2) —422.

These all correspond to oscillators with an energy level spacing of 3. Once again, because
j,k > 0, only half the states are valid solutions implying a final level spacing of 6. Finally,
we need to consider the continuum limit of the coefficients appearing in (3.10). Things
simplify very nicely if we focus on those operators for which A = (n,n,n3) and ng > n.

In this case, we find
Bep=
g~

so that after taking the continuum limit (3.10) becomes

A e e [ (PR

DO(w,x,y,z):g%M ( O(w,x,y,z)
which is a direct product of harmonic oscillators! Although many interesting questions

3(j + k)2

could be pursued at this point, we will not do so here.

Finally, we have studied the action of the dilatation operator when acting on four giant
systems. We will report the result for a four giant system with four impurities and A =
(1,1,1,1). There are a total of 24 operators that can be defined. The action of the dilatation

operator when acting on these 24 operators can be written in terms of (only the labels of the
Young diagram for the Zs is shown; the b; are again the difference in the lengths of the rows)

A120(b1, ba, bs) = — (2N + 2bo + 2b1 + 2bs + b3)O (b1, bz, bs)+ (4.7)
+ V(N +bo+b1+b2) (N +bo+bi+ba+b3) (O(br, ba + 1,b3 — 2) + O(b1, b2 — 1,b3 +2)),
A130(b1,b2) = — (2N + 2bg + 2b1 + bz + b3)O(b1, b2, b3)+ (4.8)
+ /(N +bo+b1) (N +bo+b1 +ba+b3) (O(b1+1,b2—1,b3—1)+O(b1 — 1, ba+1,b3+1)) ,
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A14O(b1, bg, bg) = — (2N + 2bg + b1 + by + b3)O(b1, bg, b3)+ (49)
+ \/(N +bo)(N+ bo + b1 + ba + bg) (O(bl — 17b27b3 — 1) + O(bl + 1,b2,b3 + 1)) .

Ag30(by, b, bs) = — (2N + 2bg + 2b1 + ba)O(by, ba, bs )+ (4.10)
V(N + b0+ b1) (N + bo + by +b2) (O(br + 1,ba — 2,b3 + 1) +O0(b1 — 1,bz + 2,b3 — 1)) .

Aos0(b1,ba, bs) = — (2N 4 2bg + b1 + b2)O (b, ba, b3 )+ (4.11)
+ V(N 4 b0)(N 4 bo 4 b1 4 b2) (O(by — 1,ba — 1,bs +1) + O(b1 + 1,ba + 1,b3 — 1)).

As40(by, b, bs) = — (2N + 2bo + b1)O(b1, b, bs)+ (4.12)

+ /(N +bo)(N +bo +b1) (O(b1 — 2,ba + 1,b3) + O(by + 2,by — 1,b3)).

After diagonalizing on the impurity labels we obtain the following decoupled problems:
One BPS state
DO(by,be,b3) =0, (4.13)

six operators with two rows participating
DO(by, b, b3) = —2g31AijO (b1, ba, b3),  (ig) = {(12), (13), (14), (23), (24), (34)}, (4.14)

four doubly degenerate operators with three rows participating (so each equation appears
twice) giving eight more operators

DO(by, by, b3) = —g3ni (A1 + Az + Agg)O(by, by, b3),  plus 3 more, (4.15)
six operators of the type
DO(by, b, b3) = —gyn (A2 + Aoz + Agg + A14)O(by, ba, b3), plus 5 more,  (4.16)
and finally three operators of the type
DO(by, by, b3) = —29% (A1 + Az4)O(by, b, b3), plus 2 more. (4.17)

The equations (4.13), (4.14) and (4.15) can be solved with a very simple extension of what
was done for the three giant system.

5 Summary and important lessons

Technology for working with restricted Schur polynomials has been developed [19, 21-28]
and is now at the stage where it is becoming useful. In this article we have further added
to this technology by describing a new version of Schur-Weyl duality that provides a
powerful approach to the computation and manipulation of the symmetric group operators
appearing in the restricted Schur polynomials. Using this new technology we have shown
that it is straight forward to evaluate the action of the one loop dilatation operator on
restricted Schur polynomials. We studied the spectrum of one loop anomalous dimensions
on restricted Schur polynomials that have p long columns or rows. For p = 3,4 we
have obtained the spectrum explicitly in a number of examples, and have shown that it
is identical to the spectrum of decoupled harmonic oscillators. This generalizes results
obtained in [26-28]. The articles [26-28] provided very strong evidence that the one
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loop dilatation operator acting on restricted Schur polynomials with two long rows or
columns is integrable. In this article we have found evidence that the dilatation operator
when acting on restricted Schur polynomials with p long rows or columns is an integrable
system. To obtain this action we had to sum much more than just the planar diagrams
so that integrability in N = 4 super Yang-Mills theory is not just a feature of the planar
limit, but extends to other large N but non-planar limits.

The operators we have studied are dual to giant gravitons in the AdSsxS® background.
These giant gravitons have a world volume whose spatial component is topologically an
S3. The excitations of the giant graviton will correspond to vibrational excitations of this
S3. At the quantum level, the energy in any particular vibrational mode will be quantized
and consequently, the free theory of giant gravitons should be a collection of decoupled
oscillators, which provides a rather natural interpretation of the oscillators we have found.

Giant gravitons are D-branes. Attaching open strings to a D-brane provides a concrete
way to describe excitations. Are these open strings visible in our work? Recall that, since
the giant graviton has a compact world volume, the Gauss Law implies that the total charge
on the giant’s world volume must vanish. When enumerating the possible stringy excitation
states of a system of giant gravitons, only those states consistent with the Gauss Law should
be retained. In [19], restricted Schur polynomials corresponding to giants with “string
words” attached were constructed and, remarkably, the number of possible operators that
could be defined in the gauge theory matches the number of stringy excitation states of the
system of giant gravitons. In this study we have replaced open strings words with impurities
Y, which does not modify the counting argument of [19]. Our results add something new
and significant to this story: not only does the counting of states match with that expected
from the Gauss Law, but, as we now explain, the structure of the action of the dilatation on
restricted Schur polynomials itself is closely related to the Gauss Law. Consider the three
giant system with A = (1,1,1). For this A we have three impurities and hence we consider
open string configurations with 3 open strings participating. There are three rows in the
Young diagrams, corresponding to three giant gravitons. Draw each giant graviton as a
solid dot as shown in figure 3. The Gauss Law constraint then becomes the condition that
there are an equal number of open strings coming to each particular dot as there are leaving
the particular dot. We find six possible open string configurations consistent with the Gauss
Law as shown in figure 3. Our results suggest that the action of the one loop dilatation oper-
ator is also coded into these diagrams. For each figure associated a factor of A;; for a string
stretching between dots i and j.!1 Since A;; = Aj;, the last two figures shown translate into
the same equation, but because the string orientations are different they do represent differ-
ent states. A string starting and ending on the same dot does not contribute a A. Once the
complete set of A;; are read off the diagram, the action of the dilatation operator is given
by summing them and multiplying by — 9\2(1\/[- Thus, the first diagram shown translates into

DO(by, by) = 0.

A, in general is the natural generalization of the operators we defined in section 3, with boxes moving
between rows ¢ and j.
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Figure 3. A schematic representation of the possible excitations of a three giant system that
are consistent with the Gauss Law. Each giant graviton is represented by a labeled point. Lines
represent open strings.

The last two diagrams both give
DO(by,ba) = =gy (Ao + Az + A13)O(by, bo) .
Finally, the remaining three diagrams give

DO(bl, bg) = —QQ%MAlgo(bl, bg), DO(bl, bg) = —QQ%MAlgo(bl, bg),
DO(bl, b2) = —QQ%MAZ;O(bl, b2) .

This is exactly the action we finally obtained in (4.6)! The reader is invited to check
that this matching between the possible open string configurations and the action of
the dilatation operator continues for the four giant system with A = (1,1,1,1). These
two examples remove exactly one box from each row. However, the connection to the
Gauss Law is general. It is easy to check that it is consistent with the exact two row
results obtained in [26-28]. In appendix G we have given a summary of another detailed
computation we have performed: a three giant system with A = (3,2,1). The Gauss
Law description is again perfect. This connection provides a remarkably simple and
general way of describing the action of the one loop dilatation operator in the large N but
non-planar limit. For example, we learn that the action of the dilatation operator is given
by summing a collection of operators A;;, each appearing some integer n;; number of times

DO(by,bs) = —g¥n D, 125 O(b1, ba) -
]
In appendix H the action of this operator in a natural continuum limit is studied and
found to take the form

0% a2
2 A 2 _ I
D R S L
% I
Thus, at one loop and in this continuum limit, the dilatation operator reduces to an
infinite set of decoupled oscillators. The open string excitations of the p giant graviton
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system are, at low energy, described by a Yang-Mills theory with U(p) gauge group. It
seems natural to identify the U(p) which played a central role in our new Schur-Weyl
duality with this gauge group.

Although we have written most of our formulas for Young diagrams with p long rows,
there is a straight forward relation to the case with p long columns - see section D.6.
Further, although we have focused on the SU(2) sector of the theory, it is not difficult
to add another impurity flavor. Indeed, a remarkable and surprising result of [55] which
studied the p = 2 case, is the fact that projectors from S, p4p to S, x Sy, X Sp, can be
constructed by taking a direct product of two SU(2) projectors. We have checked that
this extends to the general case of projectors from Sy, 4ngt-qny 10 Spy X Spy X -+ X Sy,
and for general p. This is presumably closely related to the math result [56].

The Gauss Law constraint is an exact statement about the worldvolume physics of
giant gravitons. For this reason we are optimistic that the connection we have found
between the Gauss Law constraint and the action of the one loop dilatation operator
persists to higher loops. Clearly despite the enormous number of diagrams that need to
be summed to construct this large N but non-planar limit, we are finding evidence that
a simple integrable system emerges in the end!
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A Elementary facts from U(p) representation theory

In this appendix we collect the background U(p) representation theory needed to under-
stand our construction and diagonalization of the dilatation operator. There are many
excellent references for this material. We have found [48, 49] useful. See also [50] for an
extremely useful Clebsch-Gordan calculator.

A.1 The Lie algebra u(p)

It is simpler to study the Lie algebra u(p) instead of the group U(p) itself. Most results
obtained for representations of u(p) carry over to U(p). In particular, the Clebsch-Gordan
coefficients (which play a central role in our construction) of their representations are
identical.
The structure of the wu(p) algebra is easily illustrated using a specific basis. Let Ej;
with 1 <17,7 < p be the matrix
(Eij)rs = 0ir0js ,
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so that it has only one non-zero matrix element. A convenient basis for the Lie algebra is
generated by the matrices
Z'Ekk, 1<k< b,

i(Eg k-1 + Ep—11), Eygk-1— Ep—1k 1<k<p.

u(p) is spanned by real linear combinations of these matrices. The restriction of any
irreducible representation of GL(p,C) onto the subgroup U(p) is also irreducible. Thus
the carrier space of the irreducible representations of U(p) share the same basis as the
irreducible representations of GL(p,C) and consequently, a labeling for gl(p, C') irreducible
representations is also a labeling for u(p) irreducible representations.

A.2 Gelfand-Tsetlin patterns

Gelfand and Tsetlin have introduced a powerful labeling for u(p) irreducible representations
and the basis states of their carrier spaces [51]. This labeling chooses basis states that are
simultaneous eigenstates of all the matrices Jz(l), and further, explicit formulas are known
for the matrix elements of the Jf(tl) with respect to these basis states.

An inequivalent irreducible representation for GL(p, C) is uniquely given by specifying
the sequence of p integers

m = (Mip, M2p, .., Mpp), (A.1)

satisfying my, > my41, for 1 < k < p—1. Through out this article we call this sequence the
weight of the irreducible representation. The restriction of this irreducible representation
onto the subgroup GL(p—1, C) is reducible. It decomposes into a direct sum of GL(p—1, C)
irreducible representations with highest weights

ml = (ml,pfly mop—1,--- >mp71,p71)5 (A2)
for which the “betweenness” conditions
Mip 2 Migp—1 = Mig1p  for  1<k<p-1

hold. The carrier spaces of the GL(p, C) irreducible representations now give rise to (after
restricting to the GL(p—1,C) subgroup) GL(p—1,C) irreducible representations. We can
keep repeating this procedure until we get to GL(1,C) which has one-dimensional carrier
spaces. The Gelfand-Tsetlin labeling exploits this sequence of subgroups to label the basis
states using what are called Gelfand-Tsetlin patterns. These are triangular arrangements
of integers, denoted by M, with the structure

mip map ... Mp—1,p Mpp

mi,p—1 ma,p—1 . Mmp—1,p—1

The top row contains the weight that specifies the irreducible representation of the state
and the entries of lower rows are subject to the betweenness condition. Thus, the lower rows
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give the sequence of irreducible representations our state belongs to as we pass through
successive restrictions from GL(p,C) to GL(p—1,C) to ...to GL(1,C). The dimension of
an irreducible representation with weight m is equal to the number of valid Gelfand-Testlin
patterns having m as their top row.

A.3 Y and A weights

We make extensive use of two weights in our construction: Y-weights and A weights. Define
the row sum

l
O'l(M) = kal .
k=1
The sequence of row sums defines the sigma weight
E(M) = (op(M),0p_1(M),...,01(M)).

The sigma weights do not provide a unique label for the states in the carrier space. Indeed,
it is possible that X(M) = 3(M') but M # M’. The number of states ¥(M) in the carrier
space that have the same ¥ weight 3 = X (M) is called the inner multiplicity I(3) of the
state. The inner multiplicity plays an important role in determining how many restricted
Schur polynomials can be defined. The A weights are defined in terms of differences
between row sums

A(M) = (05(M) = 0p1(M), 01 (M) = 0-2(M), ..., 01 (M) — 00(M))
= (85,(M), 8p-1(M), ... 51(M))

where gy = 0. We could also ask how many states in the carrier space have the same A,
denoted I(A). It is clear that I(A) = I(X).

The A weights play an important role in determining how the three Young diagram
labels R, (r,s) of the restricted Schur polynomials X g () translate into a set of U(p)
labels. It tells us how boxes were removed from R to obtain r. Further, the multiplicity
labels jk of the restricted Schur polynomial each run over the inner multiplicity.

A.4 Relation between Gelfand-Tsetlin patterns and Young diagrams

There is a one-to-one correspondence between Y weights and Young diagrams, and
between Gelfand-Tsetlin patterns and semi-standard Young tableaux. The language of
semi-standard Young tableau is a key ingredient in understanding how the three Young
diagram labels R, (r,s) of the restricted Schur polynomials XR,(r,s)jk translate into the
U(p) language, so we will review this connection here.

Recall that a Young diagram is an arrangement of boxes in rows and columns in a
single, contiguous cluster of boxes such that the left borders of all rows are aligned and
each row is not longer than the one above. The empty Young diagram consisting of no
boxes is a valid Young diagram. For a u(p) irreducible representation there are at most p
rows. Every Young diagram uniquely labels a u(p) irreducible representation.

A (semi-standard) Young tableau is a Young diagram, with labeled boxes. The rules
for labeling are that each box contains a single integer between 1 and p inclusive, the
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numbers in each row of boxes weakly increase from left to right (each number is equal to
or larger than the one to its left) and the numbers in each column strictly increase from
top to bottom (each number is strictly larger than the one above it).

The basis states of a u(p) representation identified by a given Young diagram D can
be uniquely labeled by the set of all semi-standard Young tableaux. The dimension of a
carrier space labeled by a Young diagram is equal to the number of valid Young tableaux
with the same shape as the Young diagram.

Each Gelfand-Tsetlin pattern M corresponds to a unique Young tableau. We will now
explain how to construct the Young tableau given a Gelfand-Tsetlin pattern. Each step in
the procedure is illustrated with a concrete example given by the following Gelfand-Tsetlin
pattern

Start with an empty Young diagram (no labels). The first line of the Gelfand-Tsetlin pat-
tern tells you the shape of the Young diagram - m;, is the number of boxes in row 7. Thus,
the information specifying the irreducible representation resides in the topmost row of the
pattern. The last row of the Gelfand-Tsetlin pattern tells us which boxes are labeled with
a 1. Imagine superposing the smaller Young diagram defined by the last row of the pattern
onto the full Young diagram, so that the topmost and leftmost boxes of the two are identi-
fied. Label all boxes of this smaller Young diagram with a 1. For the example we consider

11|
NEN
o
\I

The second last row of the pattern tells us which boxes are labeled with a 2. Again
superpose the smaller Young diagram defined by the second last row of the pattern onto
the full Young diagram and again identify the topmost and leftmost boxes of the two.
Label all empty boxes of this smaller Young diagram with a 2. For the example we consider
L2
22| |

Keep repeating this procedure until you have used the first row to identify the boxes
labeled p. The result is a semi-standard Young tableau. The semi standard Young tableau

for the example we consider is

The number of boxes containing the number [ in tableau row k is given by my; — my ;1
and we set my; = 0 if k > [. The converse process of transcribing a semi-standard Young
tableau to a Gelfand-Tsetlin pattern is now obvious.
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The components §;(M) of the A weight of a Gelfand-Tsetlin pattern M, is the number
of boxes containing [ in the tableau corresponding to M. Thus, the tableau corresponding
to two patterns with the same A weight contain the same set of entries (i.e. the same
number of l-boxes) but arranged in different ways. Omne interpretation for the inner
multiplicity is that it simply counts the number of ways to arrange the relevant fixed set
of entries in the tableau.

A.5 Clebsch-Gordon coefficients

Let R and S be two irreducible unitary representations of the group U(p). The tensor
product of these representations decomposes into a direct sum of irreducible components

RS =) av()T. (A.3)
T

In general a particular irreducible representation 7" can appear more than once in the
product R ® S. The integer v(T') indicates the multiplicity of 7" in this decomposition.
For the applications we have in mind, we will need the direct product of an arbitrary
representation with weight m,, with the defining representation which has weight (1,0). In
this case all multiplicities are equal to 1 and we need not worry about tracking multiplicities.
Use the notation mp to denote the weight of irreducible representation R and Mg to denote
the Gelfand-Tsetlin pattern for a particular state in the carrier space of this irreducible
representation. There are two natural bases for R ® S. The first is simply obtained by
taking the direct product of the states spanning the carrier spaces of R and S. The states

in this basis are labeled, using a bra/ket notation, as'?

lmp, Mp;mg, Ms) .

The second natural basis is given as a direct sum over the bases of the carrier spaces for
the irreducible representations 7' appearing in the sum on the right hand side of (A.3).
The states in this basis are labeled as'3

|mT)MT>

where T runs over all irreducible representations appearing in the sum on the right hand
side of (A.3). The Clebsch-Gordan coefficients supply the transformation matrix which
takes us between the two bases. They are written as the overlap

(mpg, Mp;mg, Mg|mp, M) .

From now on we will drop the R,.S,T labels which are actually redundant since the par-
ticular irreducible representations we consider are uniquely labeled by the weight which
is recorded in the first row of the corresponding Gelfand-Tsetlin patterns. It is known

12When discussing and using the Clebsch-Gordan coefficients, we prefer to use a bra/ket notation. In our
previous notation we could write this basis vector as ¥(Mg) ® U(Ms).
13In general one would also need to include a multiplicity label among the labels for these states.
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that we can write the Clebsch-Gordan coefficients of U(p) in terms of the Clebsch-Gordan
coefficients of U(p — 1) as'*

/
m, m,

1"
(my, M;m), M'|m)), M") = ( ) (my_y, Mi;m),_y, M{|m//_,, M]).

P ’
my_1 mjy_;

p—1

On the right hand side we have the Clebsch-Gordan coefficients of the group U(p—1) and on
the left hand side we have the Clebsch-Gordan coefficients of the group U(p). The weights
m,,, m;,, my; label irreducible representations of U(p), while weights m;,_1, mj, ;,m} ; la-
bel irreducible representations of U(p — 1). The Gelfand-Tsetlin patterns My, M| and
M are obtained from M, M’ and M" respectively by removing the first row. Thus, the

weights my, 1, m/_,,m/_; correspond with the second rows in M, M’ and M". The coeffi-

P p
. m, m,  mj .
clents ‘ are called the scalar factors of the Clebsch-Gordan coefficients
my_1 rn;,_l m;,'_l
(my,, M;mj,, M'|mj, M"). Applying the above factorization to the chain of subgroups ref-

erenced by the Gelfand-Tsetlin pattern, we obtain
m m/ m” m, i m’ m” m, o m/ m//
P P D p— p—1 p—1 p— p—2 p—2
(my,, M;m), M'|m}), M) =
p p / " / " / "
my—1 mp,l mp,1 my_—2 mp,g mp,g my_—3 mp,3 mp,3
Thus, the Clebsch-Gordan coefficients can be written as a product of scalar factors.

There is a selection rule for the Clebsch-Gordan coefficients. The Clebsch-Gordan
coefficients vanish unless

J J J

/! " -
E ml-j+§ m;; = E m;; 1=12....p.
i=1 i=1 i=1

The only Clebsch-Gordan coefficient that we will need for our applications come from

taking the product of some general representation m,, with the fundamental representation.
The weight of the fundamental representation is (1,0,...,0) with p — 1 Os appearing. The
product we consider has been studied and the following result is known

m

m, ® (1,0) =) m,". (A.4)
i=1

where m; ? is obtained from my,, by replacing m;, by m;, +1. Of course, if this replacement
does not lead to a valid Gelfand-Tsetlin pattern there is no corresponding representation.
The term with the illegal pattern should be dropped from the right hand side of (A.4).
From (A.4) we see that multiple copies of the same irreducible representation are absent
on the right hand side. We have made use of this repeatedly in this subsection. These
Clebsch-Gordan coefficients factor into products of scalar factors of the form

m, (1,0), ‘ m;"’ m, (1,0), ‘ m;"
. or .
my—1 (1,0)p1 mzil my—1 (0,0)p-1 mpy
14 Again, we are using the fact that for our applications multiple copies of the same representation are
absent. In general one needs to worry about multiplicities.
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Explicit formulas for these scalar factors are known

myp (1,0),
mp—1 (17 0)19—1
my (1,0),
my—1 (0,0)p—1

where [y = mg, — s, S(i,7) = 1if i < j and S(i,5) = —1if i > j.

1
-1
Hgﬁ(lk,pfl —lip—1) Hgﬁ(lkp - ljvp—l) ’
Tosi(p = lip) Ty (U1 = Lip1 = 1)

1
2

rnpf

m," -
L | =567
1

;" ) B 'H?f(lj,p—l —lip—1)
a lip)

?;éi(ljp -

my—1

A.6 Explicit association of labeled Young diagrams and Gelfand-Tsetlin pat-
terns

The association we spell out in this section is at the heart of our new Schur-Weyl duality
and it demonstrates how we associate an action of U(p) to a Young diagram with p rows or
columns. First consider the case of a Young diagram with O(1) rows and O(N) columns.
This situation is relevant for the description of AdS giant gravitons. We consider Young
diagrams in which a certain number of boxes are labeled. To keep the argument general
assume that the Young diagram has p rows. These labeled boxes are put into a one-to-one
correspondence with p-dimensional vectors. If box i appears in the ¢ row it is associated

to vector with components
17(2)/% = 5kq :

In this
subsection we would like to clearly spell out the Gelfand-Testlin pattern labeling of these

These states live in the carrier space of the fundamental representation of U(p).

vectors. We will spell out our conventions for U(3). The generalization to any p is trivial.
Our conventions are

DR
ERRRR o 1o
1
ERRRRERRRRREREER 1.0 0
ERERERRRL
ERRRR o
0
ERRRERERRERERERE 0
ERERRARRRR
RRRRL o
0

The particular label (the 1 in this case) is irrelevant - its the row the label appears in that
determines the pattern.
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For the case of Young diagrams with O(N) rows and O(1) columns we have

| \ \
| \ \
1 N \
' ; ;
\ \

1

This situation is relevant for the description of sphere giant gravitons. Note that in addi-
tion to specifying the above correspondence between Gelfand-Tsetlin patterns and labeled
Young diagrams, one also needs to assign the phases of the different states carefully. For a

discussion see section 2.5.

A.7 Last remarks

A box in row 7 and column j has a factor equal to N — i + j. To obtain the hook length

associated to a given box, draw a line starting from the given box towards the bottom of the

page until you exit the Young diagram, and another line starting from the same box towards

the right until you again exit the diagram. These two lines form an elbow - the hook.

The hook length for the given box is obtained by counting the number of boxes the elbow

belonging to the box passes through. Here is a Young diagram with the hook lengths filled in
1913[1]

BI
1

For Young diagram R we denote the product of the hook lengths by hooksp.

B Elementary facts from S,, representation theory

The complete set of irreducible representations of S, are uniquely labeled by Young dia-
grams with n boxes. From this Young diagram we can construct both a basis for the carrier
space of the representation as well as the matrices representing the group elements. We
will review these constructions in this appendix. A useful reference for this material is [52].

B.1 Young-Yamonouchi basis

The elements of this basis are labeled by numbered Young diagrams - a Young tableau.
For a Young diagram with n boxes, each box in the tableau is labeled with a unique integer
1 with 1 <7 < n. In our conventions this numbering is done in such a way that if all boxes
with labels less than k with & < n are dropped, a valid Young diagram remains. As an

example, if we consider the irreducible representation of Sy corresponding to
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then the allowed labels are

Examples of labels that are not allowed include

12 (13|
12 3[4 [2/4].

For any given Young diagram the number of valid labels is equal to the dimension of the

irreducible representation and each label corresponds to a vector in the basis for the carrier
space. This basis is orthonormal so that, for example

4131 14/3| 413]| 1412
2121 =1, 211 1311} = 0.

B.2 Young’s orthogonal representation
A rule for constructing the matrices representing the elements of the symmetric group is

easily given by specifying the action of the group elements on the Young-Yamonouchi basis.
The rule is only stated for “adjacent permutations” which correspond to cycles of the form
(i,7+1). This is enough because these adjacent permutations generate the complete group.
To state the rule it is helpful to associate to each box a factor.!®> The factor of a box in the
ith row and the j* column is given by K — i + j. Here K is an arbitrary integer that will
not appear in any final results. We will denote the factor of the box labeled [ by ¢;. Let
T denote a Young tableau corresponding to Young diagram 7" and let Tij denote exactly
the same tableau, but with boxes i and j swapped. The rule for the action of the group

elements on the basis vectors of the carrier space is

Ir((4,i+1)) ‘T> = e _1Ci+1 ‘T> + \/1 " (e _1Ci+1)2 Ti,i—i—1> .

B.3 Partially labeled Young diagrams

Consider a Young diagram containing n + m boxes so that it labels an irreducible repre-
sentations of Sy, 1. We will often consider “partially labeled” Young diagrams, which are
obtained by labeling m boxes. The remaining n boxes are not labeled. We only consider
labelings which have the property that if all boxes with labels < ¢ are dropped, the re-
maining boxes are still arranged in a legal Young diagram. We refer to this as a “sensible
labeling”. What is the interpretation of these partially labeled Young diagrams? To make
the discussion concrete, we will develop the discussion using an explicit example. For the
example we consider take n = m = 3 and use the following partially labeled Young diagram

4

||
2]
3|

(B.1)

5This number is also commonly called the “weight” of the box. Here we will refer to it as the factor
since we do not want to confuse it with the weight of the Gelfand-Tsetlin pattern.
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If the labeling is completed, this partially labeled diagram will give rise to a number of
Young tableau. For our present example two tableau are obtained

51 |6]4[1
42| 19/2|
13 13|

Fach of these represents a vector in the carrier space of the Sg irreducible representation
I

labeled by the Young diagram l “ . Thus, a partially labeled Young diagram stands for
a collection of states. Next, note that the subspace formed by this collection of states
is invariant (you don’t get transformed out of the subspace) under the action of the Ss
subgroup which acts on the boxes labeled 4,5 and 6. Thus, this subspace is a representation
of S3. In fact, it is easy to see that it is the irreducible representation labeled by 1! This
Young diagram can be obtained by dropping all the labeled boxes in (B.1). From this
example we can now extract the general rule:

Key idea. A partially labeled Young diagram that has n+m boxes, m of which are labeled,
stands for a collection of states which furnish the basis for an irreducible representation of
Sp X (S1)™. The Young diagram that labels the representation of the S, subgroup is given
by dropping all labeled boxes.

Finally, note that the only representations r that are subduced by R are those with
Young diagrams that can be obtained by pulling boxes off R. This follows immediately from
the well known subduction rule for the symmetric group which states that an irreducible
representation of S, labeled by Young diagram R with n boxes will subduce all possible
representations R; of S,_;, where R} is obtained by removing any box of R that can
be removed such the we are left with a valid Young diagram after removal. Each such
irreducible representation of the subgroup is subduced once.

B.4 Simplifying Young’s orthogonal representation

In this section we would like to consider a collection of partially labeled Young diagrams.
A total of m boxes are labeled, with a unique integer i (1 < ¢ < m) appearing in each
box. The set of boxes to be removed are the same for every partially labeled Young
diagram. The set of partially labeled Young diagrams we consider is given by including all
possible ways in which the m boxes in the Young diagrams can sensibly be labeled. We
can consider the action of the S, subgroup which acts on the labeled boxes. This action
will mix these partially labeled Young diagrams.

We will consider Young diagrams with p rows built out of O(N) boxes. For the generic
operator we consider, the difference in the length between any two rows will be O(N). If we
consider the case m = yN with v ~ O(N") < 1, any two labeled boxes (i and j say) that are
not in the same row will have factors that obey |¢; —¢;j| ~ O(N). Young’s orthogonal repre-
sentation is particularly useful because it simplifies dramatically in this situation. Indeed, if
the boxes i and ¢+ 1 are in the same row, 141 must sit in the next box to the left of 7 so that

Ik ((4,7 + 1)) [samerow state) = |same row state) . (B.2)
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The same state appears on both sides of this last equation. If 7 and 7 + 1 are in different

rows, then ¢; — ¢;41 must itself be O(NV). In this case, at large N replace cz'—iiﬂ =00
by 0 and \/1 — (c,7§,+1)2 =1- O(bfl) by 1 so that
I'r ((i,i + 1)) |different row state) = |swapped different row state) . (B.3)

The notation in this last equation is indicating two things: 7 and i+ 1 are in different rows
and the states on the two sides of the equation differ by swapping the ¢ and i + 1 labels.
An example illustrating these rules is

r ((12))'”‘"'3'21>_‘H||3|2|1>

CELETLL T BRN LT Bi
FR((LQ))'IIIIII >:‘||2 >

We will also consider Young diagrams with p columns built out of O(NN') boxes. For the
generic operator we consider, the difference in the length between any two columns will be
O(N). Since we consider the case m = yN with v ~ O(N?) < 1, any two labeled boxes (i
and j say) that are not in the same column will again have factors that obey |¢;—c;| ~ O(N).
If the boxes 7 and i + 1 are in the same column, 7 + 1 must sit above 7 so that

I'r((i,i + 1)) |same column state) = —|same column state) . (B.4)

The same state appears on both sides of this last equation. If ¢ and 7 + 1 are in different
columns, then ¢; — ¢;41 must itself be O(N). In this case, at large N again replace

ermeiyy = O7") by 0 and \/1 ~ ey = 1= O(by") by 1 so that
I'r((i,i+ 1)) |different column state) = |swapped different column state) . (B.5)

An example illustrating these rules is:

Thus, the representations of the symmetric group simplify dramatically in this limit.

C Examples of projectors

In this section we will compute some projectors using the new method outlined in this
article. This is done to both check the nuts and bolts of the construction and to make the
arguments presented concrete. Indeed, the main technical new result is the understanding
that we can use U(p) group theory to construct a basis for the carrier space of an
irreducible representation of an .S, x .S, subgroup from the carrier space of an irreducible
representation R of Sy ., when R has p long rows or long columns. In this appendix we

give concrete results illustrating these facts.
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C.1 A three row example using U(3)

Consider the following three row Young diagram

The starred boxes are to be removed. There are six possible ways to distribute the labels
1,2, 3 between these boxes. One possible representation that can be suduced has r as given

above but with the starred boxes removed and s =1 To build the projector Pp_, (. s)jk We

need to build the projector onto the U(3) irreducible representation labeled by s = . Fur-
ther, since one box is pulled off each row, the relevant U(3) states have a A weight of (1,1, 1).
This representation is 8 dimensional and the corresponding Gelfand-Tsetlin patterns are

2 1 0 2 1 0 (2 1 07 (2 1 07
2 1 2 1 2 0 2 0
L 2 i L 1 1 L 2 i L 1 1
[2 1 07 (2 1 0] [2 1 07 (2 1 0]
2 0 1 1 1 0 1 0
0 1 1 0

The fourth and sixth states in the above list have the correct A weight, so that for weight
A = (1,1,1) we have inner multiplicity I(A) = 2. The fact that there are two states with
the correct A weight implies that this particular (7, s) is subduced twice from the carrier
space of R. This in turn implies that there are four possible projection operators and
hence four possible restricted Schur polynomials that can be defined.

To build the projector we need to take linear combinations of the above subspaces in
such a way that the resulting combination is an invariant subspace of S,, x Sy, (here m = 3)
and further that this invariant subspace carries the correct irreducible representation of
Sn X Sp,. To streamline our notation for the six subspaces we work with, we will set

\IIH\IIHbI
aboey = LI
The U(3) action is defined on the labeled boxes. The box labeled 1 is always in the first
slot of the tensor product; its position inside the ket tells you what row (and hence what
U(3) state) it is in. Notice that all reference to the carrier space of r,, is omitted. This is
perfectly consistent because this subspace is common to all the subspaces we consider and
it plays no role in the problem of finding good 5,,, invariant subspaces. Thus, for example,

[1 0 0 1 0 0 [1 0 0]
11,2,3) = 1 0 |®| 1.0 |®]| 0 0
.+ /L o |1 L[ o ]
and ) : ) } ) }
1 0 0 1 0 0 1 0 0
12,1,3) = 1 0 | ® 1 0 |®]| 0 0
.o | L 1 1 L[ o ]
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Using the Clebsch-Gordan coefficients given in section A.5 we easily find that the subspaces
considered above break up into subspaces labeled by states from U(3) representations.
For example

(1) (2)

11 1 2 1 0 2 1 0
1 1 1
1,2,3) = 11 |- 11 T 2 0
| ) V6 V12 2
1 1 1
2 1 0]1? 2 1 o]V 3.0 0
1 1 1
+ 11 T 2 0 T 2 0
V12 V6
1 1 1

It is a simple matter to compute the decomposition for the remaining 5 subspaces. Given
these results it is straight forward to write down the two possible sets of states that carry

the S,, irreducible representation |6
_ S (1
AW 21 O(): fo(—11,2,3) +12,1,3) — [3,1,2)
| ,1> = 1 1 vizE o o
) +]1,3,2) +2/2,3,1) — 2[3,2,1))
_ )
W 2 1 0 1
' | ,2> =/ 1 1 = 2(|1,2,3>—|2,1,3>—|3,1,2>+|1,3,2>)
1
and
_ )
e 2 1 0 1
N ,1> =/ 2 0 = 2(|1,2,3>+|2,1,3>—|3,1,2>—|1,3,2>)
1
_ S (1
R (2) 2 1 O(): 1(|123>—|—|213>+|312>
1 +‘17372> _2’2737 1> _2‘37271>)

The superscripts on the kets on the right hand sides of these equations are multiplicity
labels and the integer inside each ket indexes states in the carrier space. These formulas
have all been obtained using the Clebsch-Gordan coefficients of U(3) - we have not used
any symmetric group theory. However, as a consequence of Schur-Weyl duality, we claim

that the above states fill out representations of S3. This is easily verified. The four possible
projectors that can be defined are now given by

2 () @
Z > < | k‘ .
R—»(rl\ )zj -

1675 verify these formulas yourself, you should use the following action for the symmetric group:
ola,b,c) = |o(a),a(b),o(c)).
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C.2 A four column example using U(4)

Consider the following four column Young diagram

* ¥ %

The starred boxes are to be removed. There are four possible ways to distribute the labels
1,2,3,4 between these boxes. One possible S,, x S, irreducible representation that can
[

be subduced has r as given above but with the starred boxes removed and s = . To

build the corresponding projector we need to build the projector onto the U(4) irreducible
representation labeled by s” = 11 Since we pull three boxes off the right most column and
one box off the neighboring column, the states we are interested in will have a A weight of
(0,0,1,3). For this example, we will need to assign nontrivial phases between the states in

V;)®m and the Young diagrams. The four possible ways to distribute the labels are

ST

Take the first state shown as the reference state. To get the second state from the first we
need to act with (12), so that the second state has a phase of —1. To get the third state
from the first we need to act with (12) and then with (23), so that it has a phase of 1.
Finally, to get the fourth state from the first we need to act with (12) and then (23) and
then (34) giving a phase of —1. Writing our states as

T Ssoa

la,b,c,d) =
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we have

1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0
1 0 0 1 0 0 1 0 0 1 0 0
|1727374>: ® X X
1 0 1 0 10 1 0
0 1 1 1
3 1 0 0o]" 4 0 0 0
5] 3 1 0 14 0 0
:7\/ + I
2 3 1 4 0
3 3
1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0
1 0 0 1 0 0 1 0 0 1 0 0
|2717374>:7 ® ® X
1 0 1 0 10 1 0
1 0 1 1
31 0 01? 31 0 oW 4 0 0 0
\/2 3 1 0 1 3 1 0 4 0 0
= n T
3 3 1 V12 3 1 4 0
3 3 3

plus two more. Given these results, it is a simple matter to write down the states that
[

carry the S, irreducible representation |17
'3 1 0 o]%
[]]
|l 3.1 0 1
1) = = (—=3]1,2,3,4) +12,1,3,4) +(3,1,2,4) +|4,1,2,3))
3 1 V12
L 3 -
'3 1 0 0]?
[]]
‘ ‘ 3.1 0 1
72 = = (2|27 17374> - |37 17274> - |47 1727 3))
31 V6
L 3 -
" '3 1 0 0]"?
i P L (3.1.2.0) — [4,1,2,3)
,3) = = 3,1,2,4) — [4,1,2,3
31 V2
L 3 -

These formulas use only the Clebsch-Gordan coefficients of U(4). It is again easy to verify
I

that the above states fill out the representation ' of Sy.

7To verify these formulas yourself, don’t forget that the action for the symmetric group now includes
the phase sgn(o).
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D Evaluation of the dilatation operator

In this appendix we collect the details of the evaluation of the dilatation operator. In
the next subsection we review the derivation of the action of the dilatation operator given
in [27] emphasizing those features important for our discussion. We then describe how
to explicitely evaluate this action. Our discussion is developed using restricted Schur
polynomials labeled with Young diagrams that have O(1) long rows. The discussion for
restricted Schur polynomials labeled with Young diagrams that have O(1) long columns is
very similair so we will simply sketch how the result is obtained.

D.1 Dilatation operator in the SU(2) sector

The one loop dilatation operator in the SU(2) sector [47] of N' = 4 super Yang Mills
theory is
D = —gy\Tr [Y, Z] [0y, 0] -

Acting on a restricted Schur polynomial we obtain'®

2
g
DXR»(TvS)jk = (TL . 1)??;7/[1 - 1)| wesz Tr(r,s)jk’ (FR((L m+ 1)1/1 - w(lvm + 1))) X
n+m

X601 Y Lyim (YgZ - Zy)imt gime giem (D)
P(1) " Yep(2) Lap(m) Yp(m41) T L (m+2) Lep(n4m)

As a consequence of the §;'  appearing in the summand, the sum over ¢ runs only over
(1) ’

permutations for which (1) = 1. To perform the sum over 1, write the sum over S, 1,
as a sum over cosets of the S, 1.,,—1 subgroup obtained by keeping those permutations
that satisfy ¥(1) = 1. The result follows immediately from the reduction rule for Schur
polynomials (see [53] and appendix C of [22])

2
_ Iym _
D XR,(rs)k = (n—1)I(m —1)! wesg RE, CRR' T‘r(ns)jk<FR ((1,m+1))Tr (¥)
n+m-—1

o (2) Tap(m) L (mA1) Ty (mt2) L (ntm)

The sum over R’ runs over all Young diagrams that can be obtained from R by dropping
a single box; crp is the factor of the box that must be removed from R to obtain R’. The
appearance of I'r ((1,m + 1)) is very natural. TI'p((1,m + 1)) is not an element of the
Sn X Sy, subgroup - it mixes indices belonging to Zs and indices belonging to Y's. The
dilatation operator has derivatives with respect to Z and Y in the same trace and so does
indeed naturally mix Zs and Y's. We will make use of the following notation

Te(oZ"YO™) = Z0} oo zZin Y Lyl
o(1) o(n) lo(n+1) Yo (n+m)

Now, use the identities (bear in mind that ¢ (1) = 1)
Vi, Vi (vzezy)yre g ez =T (((Lme 1) e - g (Lm 1)) 280y e

y(2) o (m) D (m41) 7 L (m2) o (nm)

'8Our index conventions are (Y Z)j, = Y] Z}.
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and (this identity is proved in [25])

drn'm! _

®ny @my _ 1

Tr(cZ®"Y )_T(Et )jl 0 du(n+m)!Tr(t,u)lq(FT(U DX, ()t (Z,Y)
K 7u q

to obtain

DXR (r, s)jk:(Z Y Z MR (r,s)gk;T,(t, w)lg XT,(t, u)ql(Z Y)
T,(t,u)lq

crrrdrnm
Mp,(r0)j5T (tu)lg =99 D Z o nim Trrs) ik (FR((l m+1))T ks (QP)—FR'(WFR((LW‘FU)) X
PESy4ym—1 R

X Tt g (Do ()0 ((L,m+ 1)) — Dp((1,m + 1) T (1))

The sum over i can be evaluated using the fundamental orthogonality relation

CRR/dTnm
MR (r,5)jk:T,(t u)lg = gYMZdR/dt (n +m) r<[rR((17m+1))7PR—>(r,s)jk}IR/T/X
X Pr((L,m + 1)), Proagg | I ) (D.2)

Sums of this type are discussed in detail in the next section and the intertwiners I/ v
which arise are discussed in detail. This expression for the one loop dilatation operator is
exact in V.

To obtain the spectrum of anomalous dimensions, we need to consider the action of
the dilatation operator on normalized operators. The two point function for the restricted
Schur polynomials (2.2) is not unity. Normalized operators which do have unit two point
function can be obtained from

frhooksg
XR,(r,s)jk(Za Y) = \/hOOkSr hooks, OR,(r,s)jk(Z7 Y) :

In terms of these normalized operators

DOR (r, s)]k(Z Y Z NR (r,8)5k;T,(t, u)quT (t, u)ql(Z Y)
T,(t,u)lg

NR,(T,s)jk;T,(t,u)ql

Z CRR' dTnm fr hookst hooks, hooksg
~ g dr/didy(n+m)\| frhooksg hooks; hooks,,

x Tr([FR((l,m 1)), PRH(T,S)J-,C}IR, - [FT((l,m 1)), PTH(t_’u)lq}IT/ R,) .

It is this last expression that we evaluate explicitely. The bulk of the work entails eval-

uating the trace. There are three objects which appear: the symmetric group operators
Pr_.(r.s)jk> the intertwiners I7v g/ and the symmetric group element I'g((1,m + 1)). We
have already discussed the operators Pr_,(. ), The next two subsections are used to
discuss I7v g and T'r((1,m + 1)).

D.2 Intertwiners

In this section we will consider the sum over S, ,,—1 which was performed to obtain (D.2).

This will give a very explicit understanding of the intertwiners appearing in the expression
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for the dilatation operator. When S™ acts on V®" n > 1 it furnishes a reducible represen-
tation. Imagine that this includes the irreducible representations R and T'. Representing
the action of o as a matrix I'(¢), in a suitable basis we can write

If we restrict ourselves to an S,,_1 subgroup of .S, then in general, both R and S will sub-
duce a number of representations. Assume for the sake of this discussion that R subduces
R and Rj and that S subduces S] and S5. This is precisely the situation that arises in
the sum performed to obtain (D.2). Then, for o € S,,_1 we have

Ir (6) 0 0 0
0 T R/Q(O’) 0 0
I'(o) = 0 0 FSi(O-) 0o .-
0 0 0 TIg (o) -
Imagine that as Young diagrams S} = R], that is, one of the irreducible representations

subduced by R is isomorphic to one of the representations subduced by S. Then, a simple
application of the fundamental orthogonality relation gives

Tpi(e) 0 0 0 00 0 0
0 0 0 0 00 0 0
> 0 0 0 0 0 0 Ig(o) 0
€S| 0 0 0 0 00 0 0
gl .
[0 0 1 0 1T [o 0 o0 0 i
0 0 0 0 0 0 0 0
(n—1)!
= ogs |00 0 0 10 0 0
! 0 0 0 0 0 0 0 0
(n—1)

!
i Sry sy (Urys)ib(Lsy Ry )aj
1

where the form of the intertwiners has been spelled out. Intertwiners are maps between
two isomorphic spaces. For o € S,,_1

IR/T/FT/(O') = FR/(O')IR/T/

The box removed to obtain R’ and T” can be removed from any corner of the Young
diagram.

It is useful to make a few comments on how the intertwiners are realized in our
calculation. Since the first box is removed from R or T the intertwiner acts on the first
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Figure 4. A figure showing R and the box that must be removed to obtain R’ and T and the box
that must be removed to obtain 7”. As Young diagrams, 7" = R’. T and R both have 5 rows.

slot of V™. Now, look back at formula (D.1). The delta function which appears freezes
the 1 index and hence the S,,t,,—1 subgroup of S,4,, is obtained by keeping all elements
of Sy,+m that leave index 1 inert. Consequently, with our choice that the intertwiner acts
on the first slot of Vp®m, we see that the first slot corresponds to index i;. Recall that the
particular vector a box corresponds to is determined by the row/column the box belongs
to. Thus, the explicit form of the intertwiner is determined once the location of the box
removed from T and the box removed from R are specified. As an example, for the Young

diagrams shown below we have

IR’T/:E1,5®1®"'®1a IT/R’:E5,1®1®"'®1.

It is straight forward to extract the general rule from this example. Consider first the
case that R # T. To obtain R’ from R we remove a box from row 4 and to obtain 7" from
T we remove a box from row j. In this situation we have

IR/T/:Eij®1®'-'1, IT/R/:E]Z®1®]_

In the case that R = T, the box that must be removed can be removed from any row
and we get a contribution to the dilatation operator from each possible removal. Each
possible removal must be represented by a different intertwiner and one needs to sum over
all possible intertwiners. In this situation, the possible intertwiners are

IR’T’:Ekk®1®'”®1:IT’R’7 ]{?:1,27...,]3.

D.3 FR(l,m—l— 1)

This group element acts on one slot from the Y's and one slot from the Zs. The box removed
from R to get R’ is the box acted on by the intertwiner and it is a Y box. This is one of the
boxes that I'g(1,m + 1) acts on. The second box that I'g(1,m + 1) acts on can be any box
associated to the Zs. Up to now we have discussed the projectors and intertwiners. These

only have an action on the boxes corresponding to Y's and as a result, our discussion has
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always taken place in the vector space Vp‘g’m. However, because I'r(1,m + 1) acts on a Z
box we must include one more slot and work in V;)@’ m+1 - The intertwiners and projectors
have a trivial action on the (m -+ 1) slot and hence the (m + 1) slot is simply occupied
with the identity. For the rest of this appendix we work in V,* m+1 and not in V2™, Acting
in V2 M+ Tr(1,m+1) has a very simple action: it simply swaps the 15" and the (m + 1)
slots. The projectors when acting on Vp® m+1 are given by

/PRH(r,s)ij = PR,(r,s)ij ®1

where the p x p unit matrix 1 acts on the (m + 1) slot. PR, (r,5)ij acts only in V},@’m. For
comparison, the projectors appearing in the defintion of the restricted Schur polynomial are

Pr_.(r,5)ij = PR,(r,5)ij © Lr

where I, is the identity matrix acting on the carrier space of the S, irreducible
representation r. Below we will make use of the obvious formula

p
1= ZEkk.
k=1

In evaluating the dilatation operator, we will need to take products of the intertwiners
and I'(1,m + 1). These products are easily evaluated

p
Trl,m+1)E;j®1@---©1 =Tr(l,m+1) > E;®1®- & Bq
k=1

I
ME

Eri®@1®--- @ Ey

B
Il
—_

I
ME

E@'j@l@-..@lI‘R(l,m—{—l) E@'j®1®“‘®EkkFR(1am+1)

T

1

Er®1®---® Ey;

I
M=

1
®1®- @ E;j.

=

F'rRI,m+1)E;j®1®---@1Tg(l,m+1) =

From now on we will write the £;; with a superscript, indicating which slot Ej; acts on.
In this notation we have

Ex®1® @ Ey; = E(l)%;nﬂ)_

(2

D.4 Dilatation operator coefficient

In this secton we explain how to evaluate the value of the coefficient

9 crrrdrnm frhookst hooks,. hooks,
IYm dprrdid,(n 4+ m) \ frhooksg hooks; hooks,
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in the large N limit. The Young diagrams R, T', r, t, s and u each have p-rows. We use
the symbols R;, T;, s, t;, s; and u; ¢ = 1,2,...,p to denote the number of boxes in each
row respectively. We assume p is fixed to be O(1). The top row (which is also the longest
row) is the value i = 1 and the bottom row (shortest row) has i = p. It is straight forward
to argue that the product of hook lengths, in r for example, is

[T (ri +p—i)!
[Lck(rj —re+k—=j)

For the diagrams R and 7', the row lengths R; are of order N. Further, R and T differ by

at most the placement of a single box. This implies that R; = T; for all except two values

hooksp =

of 7, say © = a,b. For these values of i we have
Ry =Ty + 1, R,=T,—-1.
This implies that

hooksg  (Ty —1+p—a)l(Ty +1+p—10)! H T, — Ty| + |k — a
hooksr (To, +p—a)(Tp +p — b)! |To — 1 —Tk| + |k — a]

T
= 1+O0ON"H).
bt 1Tl + [k~ b{|To— Ty — 2 +a—b| ~ R, LTONT)

11 Ty — Tl + |k — 0] \Tb—Ta!Ha—b\ _ Iy
|T;

k#b
Use R, to denote the row length of the row in R that is longer than the corresponding row

in T and let R_ denote the row length of the row in R this is shorter than the corresponding
row in 7. With this notation

hooksp Ry

hooksy  R_ (1 * O(Nil)) ’

This argument has an obvious generalization to the other hook factors Eggi:’" and Eggﬁ:s
Now consider a Young diagram R’ that is obtained by removing a single box from Young
diagram R. Assuming this box is removed from row a, we have the following relation
between the lengths of the rows in R and the lengths of the rows in R’

R;=R, i#a, R,=R, +1.

Thus, we find
hooksg (Ry+p—a)! | 1| +a—j] B
= =R, (1+O(N .
hookspr  (Ro+p—1—a)! H |R R|+|a—]| (1+0( )

The coefficient quoted at the start of this section is multiplied by the trace over an
(r,s) subspace. This trace produces a number of order 1 multiplied by d,~ds. The product
of the coefficient and the trace now reduces to quantities that we have studied. Thus, we
now have all the ingredients needed to estimate the large N values of the combinations
of symmetric group dimensions and hook factors that appear in the dilatation operator.
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Notice that both the product of the hook lengths and the dimensions of symmetric
group irreducible representations are invariant under the flip of the Young diagram which
exchanges columns and rows. Thus, these conclusions can immediately be recycled when
studying the case of p long columns.

Next, recalling that fr is the product of factors in Young diagram R and R’ =T" we

fr
CRR/ = VCrrorT
[

where crp is the factor associated to the box that must be removed from R to obtain R’

learn that

and cp7v is the factor associated to the box that must be removed from 7' to obtain 7".

D.5 Evaluating traces

In this section we evaluate the trace
T = TI“< |:FR((1, m + 1)), PRH(r,s)jk} Irr0 |:FT((17 m + 1)), PTH(t,u)lm} I R’> .

We start by writing this trace as a sum of traces over m + 1 slots (all the Y slots plus
one Z slot) times a trace over n — 1 slots (the remaining Z slots). The trace over the
n — 1 slots is over the carrier space R™*! which is described by a Young diagram that
can be obtained by removing m + 1 boxes from R, or equivalently by removing one
box from r or equivalently by removing one box from ¢ - these all give the same Young
diagram describing R™*!. R™*! has different shapes depending on where the (m + 1)
box is removed. The results from the last subsection clearly imply that the dimension
of symmetric group representation R™*!, denoted dzm+1, depends on the details of this
shape. If the (m + 1) box is removed from row i denote this dimension by sy Our
general strategy is then to trace over the last Z slot (the (m+1)™ slot) which then leaves a
trace over Vp®m. This trace is then evaluated using elementary U(p) representation theory.

The box removed from R to obtain R’ is removed from the b row of R and the box
removed from 7' to obtain 7" is removed from the a'" row of T'. After tracing over the n—1 Z
slots associated to R™*! (this produces a factor of d%mﬂ ), multiplying the symmetric group
elements (1,m+ 1) with the intertwiners and then tracing over the (m + 1) slot we obtain

T = =0us0k10(r,5) (100 gm O dpmss | Tryem (Prryn By ) + Tryg o (Proiroim By )|
+ dl}){m+lT‘rvp® m (PR*}(TVS)IICEIS;)PTH(t,u)lmEgla)) + d?gm+1 T‘rvp® m (PRH(T,s)lkEé}z)PTH(t,u)lmElgg)) .

We now need to evaluate the traces over Vp®m. Towards this end, write the projector as

ds
PR—(rs)ij = Z |M;,a) (M, a .
a=1

M! and M label states from U(p) irreducible representation s which have the same A
weight. The indices i, j range from 1,...,I(A(M)). Index a is a multiplicity index that,
as a consequence of Schur-Weyl duality, is organized by representation s of the symmetric

1)

group Sp,. To evaluate the traces over Vp®m we need to allow Elgk to act on the state
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{Msi,a>. The state ‘MSZ, a> was obtained by taking a tensor product of m copies (one for
each slot) of the fundamental representation of U(p). It is possible and useful to rewrite
this state as a linear combination of states which are each the tensor product of the
fundamental representation for the first slot with a state obtained by taking the tensor
product of states of the remaining m — 1 slots. This is a useful thing to do because then
El(i) has a particularly simple action on each state in the linear combination. Towards
this end we can write (in the following 0 stands for a string of p — 1 0s)

|Msi,a> = Z 011\‘4/15/,1\410 ’M10> X ’Msl7b>
M, Mio

where Mg indexes states in the carrier space of the fundamental representation and
CM+ are the Clebsch Gordan coefficients (discussed in detail in appendix A.5)
M1, Mo
M¢ j
O’ g = ((Mio] @ (M, 0]) | M, a) .

s’ is obtained by removing a single box from s. By appealing to the Schur-Weyl duality
which organizes the space V;)@’ m=1" we know that the multiplicity index b of the state
| Mg, b) is organized by the irreducible representation s’ of S,,—1. This allows us to easily
evaluate the action of El((lk): it simply projects onto the state corresponding to box 1 sitting
in the &' row. Evaluating the traces over Vp®m is now straight forward.

D.6 Long columns

Our computation of the action of the dilatation operator for restricted Schur polynomials
labeled by Young diagrams that have a total of p long rows has made extensive use of
the fact that we can organize the space of partially labeled Young diagrams into S,, x Sy,
irreducible representations (r,s) by appealing to Schur-Weyl duality. We have already
argued that it is also possible to perform this organization when considering restricted
Schur polynomials labeled by Young diagrams that have a total of p long columns - all that
is required is that we fine tune a few phases in our map between partially labeled Young
diagrams and vectors in Vp®m. The same irreducible representations of U(p) are used for
both of these organizations, and further since dy = d r, each U(p) representation s appears
with the same multiplicity in these two cases.!? Consequently, the traces computed in
the last subsection for labels with p long rows are equal to the values for labels with
p long columns. To obtain the action of the dilatation operator all that remains is the
computation of the coefficient discussed in D.4. The only quantity appearing in D.4 which
is not invariant under exchanging rows and columns is

fr
CRR/ = VCrrrerT!
fr

This factor is the only difference between the case of p long rows and p long columns.
Consequently, the action of the dilatation operator on restricted Schur polynomials with

9Recall that s” is obtained by exchanging rows and columns in s.
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p long columns is obtained from its action on restricted Schur polynomials with p long
rows by making substitutions of the form N +b — N — b. For concrete examples of this
substitution see the end of sections E.1 and E.2. This generalizes the two row/column
relation observed in [28] to an arbitrary number of rows and columns.

This completes the evaluation of the action of the dilatation operator.

E Explicit formulas for the dilatation operator

In this appendix we evaluate the matrix elements Ng ;. o) k.7, (t,u)im ©f the dilatation oper-
ator, for the case that the Young diagram labels have either two or three rows or columns.

E.1 Young diagrams with two rows or columns

In this case, we will be using U(2) representation theory. The Gelfand-Tsetlin patterns are
extremely useful for understanding the structure of the carrier space of a particular U(2)
representation. However, the betweenness conditions make it awkward to work directly
with the labels m;; which appear in the pattern. For this reason we will employ a new
notation: trade the m;; for j, 43 specified by

mi2 mo2 moa + 27 mo2
mi1 ma2 + j3 +J

The new labels are just the familiar angular momenta we usually use for SU(2). It looks as
if this trade in labels is not well defined because we have traded three labels mqo, Mmoo, m11
for two labels 7, j2. There is no need for concern: recall that m is fixed. Further,

m = 2(ma2 + j)

so that knowing j, 52 and m we can indeed reconstruct mia, maa, mi1. The benefit of the

new labels is that the betweenness conditions are replaced by

which are significantly easier to handle. Write our states as kets |4,7%). The Clebsch-
Gordan coefficients we need are (its simple to compute these using appendix A.5)

Co1 g 111, 5\ i+ o1 111, s\ j—j3+1
<J o0 27272|37] >—\/ 9 J+ 500 27272|J7J = 2 +1)
o1 o 11 1 s\ [i-g® o1 oa 11 1 s\ iR+

Consider first the case of two rows. To specify r we will specify the number of columns
with 2 boxes (= by) and the number of columns with a single box (= b1). Thus, our
operators are labeled as O(bg, by, ,7°). We will evaluate the diagonal terms (that is, the
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ﬁzm_mz
2 2

Figure 5. This figure summarizes how to translate between the original Young Diagram labeling
OR,(r,s) and the new O(bo, b1, j, j°) labeling. The boxes that must be removed from R to obtain r
have been colored black. The number of boxes to be removed from the i*" row of R to obtain r is
denoted n;. The label j3 = 5" In addition, m = ny + na. The number of columns in r with 2

boxes is by and the number of columns with 1 box is b;. The number of columns in s with 2 boxes
—2j

57 and the number of columns with one box is 2j.

is given by ™
terms that don’t change the value of j) in detail and simply quote the complete result. To
compute the diagonal term in the dilatation operator we need to evaluate

203 MCRR/ TR M ) v .
Ryd ; o |( Ms’vao) ( MS/,M{“O) 710q (E.1)

For the case of two rows, there are no multiplicity labels and further for each s’ only a single
state contributes, so that there is no sum over M, . Consider the contribution obtained
when R’ is related to R by removing a box from the first row of R. In this case

ni 1 n1
y=(N+by+b) (140 ; =1+0
CRR ( 0 1)( <N+bo+bl>> Ry <b0+b1>
and
ML o Il M, < |7,5%)
10 979/ s ’ ’

When we pull a box from the first row of s to obtain s’ we have
dgr hooks, 2] m+2j+2 1 5 1
m = = 5 s MS’ =\] = 5] — .
ds  hooksy  25+1 2
When we pull a box from the second row of s to obtain s’ we have

dg hooks, 27 +2m —2j R |
_ _ M., = — )
) s J+2,J 9

"4, T hooksy  2j+1 2

It is now a simple matter to show that (E.1) evaluates to
— g%M (m _ (m + 2)(]3)2> (E2)
2 i +1)
The second contribution to the diagonal terms is obtained when R # T', in which case
we need to evaluate

293\ iV CRR CTTV/ Twtam M 2/ M. 2
E dy(CZs Ccs . E.3
VRTyd, - s Ms/,Mfo)( Ms/lelo) (E.3)

S
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When s’ is obtained by removing a box from the first row of s we computed m‘ifsl above
and we have

1 111 2 1 11 1 2
M M, . . . L. . . . ..
(CMS/,MIQO)2(CMS/7M110)2 - <] - 27]3 - 979’ 2‘]7]3> <] - 27]3 + 9’ 27—2’j,]3> .

When s’ is obtained by removing a box from the second row of s we computed macl;s/ above
and we have

1 111 2 1 11 1 2
CM‘S 2 CMS 2: . ’.3_ . .’ 3 . ’.3 . _ . .3 .
(Ot a2 ) (O agg)” =T+ 5007 = 5350 o100 JH 90"+ i g o lihd

It is now easy to see that (E.3) evaluates to

gom _ (m +2)(5°)?
2 (m iG+1) ) (E4)

Notice that although they were computed in completely different ways (E.2) and (E.4) are
identical up to a sign. It is due to “accidents” like this that the final dilatation operator
depends only on the combination given in (3.2). Evaluating the remaining terms, it is
now a simple matter to obtain (3.3). This reproduces the result of [28]. The fact that the
dilatation operator does not change the ;2 label of the operator it acts on is a consequence
of the fact that the I'(1,m + 1) factor in D ensures that the block removed comes from the
same row of R and r to produce 7" and ¢ (in the term x5 produced by the action of D
on Xg,(rs))- LThis conclusion only follows in the approximation outlined in section B.4 of
appendix B. If we study the limit in which j® < j we obtain the significantly simpler result

DO(bOabI,]a.]s) = g%M - 92 AO(bO,bla]7]3) (E5)

Vv (m+25)(m—2j)

- 4

(AO(bg, b1, j+1,5°)+AO(bo, by, j—1,5%))

The system (E.5) retains the essential feature that it is again equivalent to a set of
decoupled oscillators. When generalizing to p > 2 rows, it is straight forward to compute
the analog of (3.3). The resulting expressions are quite lengthy and difficult to interpret.
For that reason, we will focus on simplified expressions which are the analog of (E.5).
This completes our evaluation of the dilatation operator for two rows.

Using the results of section D.6 we can immediately obtain the action of the dilatation
operator on restricted Schur polynomials with p long columns. Transpose the Young
diagram labels. In this case, for example, the number of rows in r with 2 boxes is by and
the number of rows with 1 box is b, while the number of rows in s with 2 boxes is given
by m;2j and the number of rows with one box is 2j. Denote the corresponding normalized

operators by Q(bg, b1, j,5%). The action of the dilatation operator in this case is given
in (3.4) where AQ(bg, b1, j,73) is defined in (3.5).
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E.2 Young diagrams with three rows or columns

In this case, we will be using U(3) representation theory. It is again useful to trade the m;;

appearing in the Gelfand-Tsetlin patterns for a new set of labels j, k, j

mi3 ma3

mi1

ma33

ma22

3. k3,13 specified by
j+k+mss k + mass mss
= 7%+ k + mass3 k® + mas

I3+ k% + mas

It again looks like we are trading 5 variables for 6. However, we can again recover the

value of mgs from the value of m using

The variables satisfy

J =0,

k>0,

m=3mszz+2k+j.

§25° 20, k=K >0 k+572 -k =P >0,

which are again much easier to handle than the betweenness conditions. We will write our
states as kets |j, k, 2, k3,13). The Clebsch-Gordan coefficients we will need are (its simple
to compute these using appendix A5)

—53) 3
<j—1k:] k3l3m1|j7 j k:3l> \/J NG+ k- k—i—l)7

G+ 1,k =15+ 1,6 1% maj, k, 5°, K, 1) \/

(jok+ 1,5, k* + 1,1%malg, k, 5%, k%, 1%) \/

JjG+k+1)

3%+ 1)(k — k3)
k(j+2) 7

+1)(k+53+2)
G+Ek+3)(k+2) "’

GAE+DKk+B3 B+ +k—k)

3 3 _ k33
(G —1,k, 3% = 1,k%,®;malg, k, 5°, K2, 1%) \/ JHk =k + DRk + 52 12—k 8+ k)

Fh+D)(k+53 -k +1)(k+ 73— k3 +2)

_ _ .3 3 '3 .3 _]3
G =1,k % K> = 1,1 4 Lma|j, k, 5%, 62, 1%) \/] 72)(k = k2 4 DRk + 52 — k2 =12 +1)

—k3)(5—43 i3 73 _ 3 _]3
G+ Lk =1,3° k1% molj k, 5 k3,l3>—\/(k K2)G =72 +1) (k52 4+ 1) (k452 k2 %)

(G+1,k- L2+ 1L,E — 1,05 + 1;malj, k, 52, k%1 3> \/

(ok+ 1,5 = LK + 1,0 molj k, 7, K7, 1) = — \/(

G+ +E—E+1)(k+52—k3)

3+1)(]+k k3 4+ 2)k3(k+j3 — k3 — 134+ 1)
+2k(k+5° — K+ 1)(k+j° — k2 +2) 7

(k2 + 1) = 3 + Dk +5° = k= 19)
J+k+3)(k+2) (k472 —k3+1)(k+j% —k3)’

(jok + 1,5 k% 1® + 1;malg, k, 5%, k%, 1%) =

(G —1,k,5° — 1,k 1> — Lyms|j, k, 5°, K, 1) \/

PG+ E— R+ 2)(k— K3+ 1) (k443 — k3 — 13 +1)
G+hk+3)(k+2)(k+7°—k>+1)(k+7° —k*+2) ’

(G +k — k3 +1)73(k + j° + 1)I3
i+ k4 1) (k+ % — k3 + 1)(j% + k — k3)’

GG+ E+D)(k+ 53—k 1)(k+ 55— k3 +2)

;43 _ 3 3(]3
<j1,k,j3,k31,13;m3|j,k,j3,k3,l3>—\/ R

— k3Y(4 — 43 13 3
<j+17k—17j3,k37z3—1;m3|j7k7j3,k37l3>=—\/ B Ay

G+2)k(G3+k— Kk +1)(k+33—k3)’
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n 2 b, 2 J
m2kj K
3

Figure 6. This figure summarizes how to translate between the original Young Diagram labeling
OR,(r,s) and the new O(by,ba, j, k, 73, k3,1%) labeling. The boxes that must be removed from R to
obtain 7 have been colored black. The number of boxes to be removed from the i*" row of R to
obtain r is denoted n;. We have m = ny 4+ ny + n3. The number of columns in r with 3 boxes is b,
the number of columns with 2 boxes is b; and the number of columns with 1 box is by. The number
of columns in s with 3 boxes is given by m7§72k, the number of columns with two boxes is k and
the number of columns with one box is j.

B+ +k—Kk+2)k3(3+1)

i+ 1,k —1,5% +1,k% — 1, 0% mslj, k, 52, K3, 13y =— | . : \ ,
g ! msld: k.J ) G+ 2k(k + % — k3 + 1) (k + 5% — k? + 2)

. . . K3+ 1)(j — 5% + 1)5°0
k41,77 -1 1,7 -1 kKR Y = — ( ;
okt 1, * malj, k. J ) (+k+3) (k+2) (k+55 — k3 +1) (k+55 — k3)

. . L k+33+2)G+k—k+2)(k—k+1)(3+1)
k1, 3,k37l3; .k, 3,k37l3 _ ( ,
(ko 13 K5 el ko TR 50 =42 ) 2) b 3 — K4 1) (9 — K5 +2)

where
my; =1,0,0,0,0, m9=1,0,1,0,0, m3=1,0,1,0,1.

Consider first the case of three rows. To specify r we specify the number of columns
with three boxes (bp), the number of columns with two boxes (b1) and the number of
columns with a single box (by). Thus, our operators O(by, bo, j, k, 53, k3,13) carry seven
labels. To simplify the notation a little we do not explicitly display bg since it is fixed once
by and by are chosen by by = (n — by — 2b1)/3. To obtain r from R we remove n; boxes

from each row where

m+2j + k — 3k3 — 353 m+k—j+ 355 — 303
ny = s ng = )
3 3
m —j — 2k + 313 + 3k3
ng = 3 .

We can read j, k and m directly from the Young diagram label s. One might have thought
that by employing the above expressions for the n; one could obtain a formula for j2, k3, I3
in terms of the n;. This is not possible. Indeed, this conclusion follows immediately upon
noting that

ny+ng+n3=m.
The reason why it is not possible to express j2, k2,13 in terms of the n;, is simply that in all
situations where the inner multiplicity is greater than 1, there is no unique 53, k3,13 given

the n;. Recall that the dilatation operator, when acting on restricted Schur polynomials
labeled by Young diagrams with two rows, preserved the j3 label of the operator. What
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is the corresponding statement that would be valid for any number of rows? In general,
the dilatation operator preserves the A weight of the operator it acts on. In the two row
case, preserving j° is equivalent to preserving the A weight. Further, the reason why the A
weight is preserved can again be traced back to the factors of I'(1,m + 1) appearing in the
dilatation operator and again this conclusion only follows in the approximation outlined in
section B.4 of appendix B. For the case of three rows it is simple to give this inner multi-
plicity a nice characterization: States that belong to the same inner multiplicity multiplet

e Have the same first row in their Gelfand-Tsetlin pattern because they belong to the
same U(3) irreducible representation.

e Have the same last row because the A weight is conserved.

e Have the same sum of numbers in the second row of the Gelfand-Tsetlin pattern
again because the A weight is conserved.

This implies that states in the same inner multiplet can be written as

m13 ma3 m33
miz — ¢ ma2 +1
mi1
with different values of ¢ giving the different states, and that the number of states in the
inner multiplet is

miz2 — M2z

o )t min(mig —mis,ma —mgg) + 1,

N = max(mi2 —mi1, mi2 — mag,

where max(a, b, c) means take the largest of a,b, ¢ and min(a,b) means take the smallest
of a,b.

In the case of two rows, we saw that the action of the dilatation operator could be
expressed entirely in terms of the combination AO(bg, b1, j,72). There is a generalization
of this result for p = 3 rows: after applying the dilatation operator we only obtain the lin-
ear combinations®® A150(by, b, j, k, 53, k3,13) (defined in (3.7)) A130(by,bs, 4, k, 52, k3, 13)
(defined in (3.8)) and Ag3O(by, bs, 4, k, 52, k3,13) (defined in (3.9)).

To see how this comes about, consider for example the off diagonal terms in the dilata-
tion operator. The terms multiplying (as an example) (N + by + by +b2) come multiplied by

(My|Evi [ My) (Ma|Ex[My)

the terms multiplying /(N + by + b1 + b2)(N + bg + b1) come multiplied by
(My|Evi[My) (My|Ego| M)

and finally the terms multiplying /(N + bo + b1 + b2)(N + by) come multiplied by

(My|Er1|Ma) (Ma|E33|My)

2The combination A;j is relevant for terms in the dilatation operator which allow a box to move between
rows ¢ and j.

,52,



If we are to have a dependence only on the A;;O(by, ba, j, k,73,k3,13)s we need the first
number above to be minus the sum of the second two (plus some additional conditions
which follow in the same way). Using the identity 1 = FEqq + Fa + Es3 and (M;|Msy) =0
(for the off diagonal terms in the dilatation operator M; and My are by definition different
states) we easily find that this is indeed the case. Note also that this argument generalizes
trivially to p > 3 rows.

Some explicit examples

A = (1,1,1) states of the m = 3 sector. By applying the above results, it is straight
forward to evaluate the action of the dilatation operator for the case that we have 3 Y
fields and we set A = (1,1,1). There are four possible U(3) states

(3 0 0] 11 1]
13,2,0,0,1) < | 2 0 [0,0,0,0,0) < | 1 1

L 1 p L 1 p

[2 1 0] [2 1 0]
11,1,1,0,1) <~ | 2 0 [1,1,0,1,0) = | 1 1

L 1 m L 1 m

This example was chosen because it is the simplest case in which we have a nontrivial
inner multiplicity: indeed, the last two states belong to an inner multiplicity multiplet.
This implies that there are a total of 6 symmetric group operators

Py =13,2,0,0,1) (3,2,0,0, 1| P, = 0,0,0,0,0) (0,0,0,0,0|
PMY =11,1,1,0,1) (1,1,1,0, 1] P =11,1,1,0,1) (1,1,0,1,0]
P*Y =11,1,0,1,0) (1,1,1,0,1] PP =11,1,0,1,0) (1,1,0,1,0]

which define 6 restricted Schur polynomials. The corresponding normalized operators will
be denoted Ol(bl, bg), Oz(bl, bz), Og(bl, bg), O4(b1, bz), 05(51, bg) and Oﬁ(bl, bz). The action
of the dilatation operator is given in equation (3.6). To obtain this result we have used the
exact expressions for the Clebsch-Gordan coefficients given earlier in this subsection.

42 = O(1) sector. We assume that the remaining quantum numbers (4, k, k2,13 and m)

are all order N. The Clebsch-Gordan coefficients simplify considerably in this limit. The
non-zero Clebsch-Gordan coefficients are

. . L + k — k3
1k 3R o3 3 B — J
(G — Lk, 37K, U smalg, k, 57 k5 1) ik
kS
. 1.3 63 115 . 313 13\ _

<]7k+ ) 7k + 7l 1m1|]7k7] 7k 7l> j+k7

. ‘ S E3(k — k3 —13)

—1,k, 3,k — 1,15 + 1;melj, k, 55, K5, 13) = ,
oLk BRI = G ks - #9)

. 3 ;3 ;3. .. 3 13 3 k—Fk3—13
<]+17k_17j 7k7l1m2|]7k7j7k7l>:_\/ k— k3 B

(G +k — k3)(k — k3 — 13)

'7k 17 '37k37l3 11 '7k7 '37k37l3 = - )
(G k+1,5 + Lmalj, k, j ) G+ k)(k —k3)
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k313
—1 b1, 8
<] k7] 7k l m3|]7 2 J 7k \/]+k) k— kS

3 43 3
<J+1k_1j7k l_1m3|]7 7]7k \/k) k3’

3 43, 3 (G + k — k)2
(. k+1,5°, k%1% mslj, k, 5°, k°,1°) = \/( +k)(k—k3) "

Looking at the non-zero Clebsch-Gordan coefficients, the reason for the simplification of
this limit is clear. Indeed, notice that in the limit that we are considering the j2 quantum
number is fixed. This in turn implies that a single state from each inner multiplicity
multiplet participates - a considerable simplification. Indeed, if j, k,m and the A weight

A = (ny,n9,ns) are given, then we know

m—3n, —35° +2j +k l3_m—3n2+3j3+k—j

k3 =
3 ’ 3

Thus, after specifying A and 53 the k3, 1% labels are not needed. For this reason we can
now simplify the notation for our operators to O(by, b, j, k) for a given problem which is
specified by 72 and A.2! The action of the dilatation operator is

EBG+k—E) -k -2m+j—k)
3(j + k)2(k — k®)
PR (k—K*—1®)(j+k—k®)(2m+j—k)
3(j + k)2(k — k3)2
K313 (k—k® —13) (2m+j+2k)
3(j + k) (k — k3)2

DO(b1, b2, 5, k) = —g3u A120(bs, ba, j, k)

Pr3(j+k—k*)(2m+j—k)
3(j + k)2 (k — k3)
N PBk—k —1P)(j+k—k*)(2m—2j—k)
3(5 + k) (k — k3)2
(=R (k=K =1%)/(m 42+ k) (m—j —2k)
3(j + k)2 (k — k3)
_ PE(j+k—k*)/(m+2j+k)(m—j—2k)
3(j + k)2(k — k3)
N P (k=K —13)(j+k—k>)/(m+2j+k) (m—j —2k)
3(5 + k)2 (k — k3)2
_ Pk—k—1 )(J;l;;kk))(\k/(_mkg)];%)(mﬁ+k) (AasObr. bo. j 41,k —2)+ AasOb, b j— 1, k+2))
PR (k= = 1)/(m+2j + k) (m — j + k)
3(5 + k) (k — k3)2

A13O(b17b2,j7 k) — AQSO(b17b27j7 k)

AszO(by, ba, j, k) + A230(by, ba, j, k)
(A120(b1, 1)27‘]'—17 k—1)+A120(b17 b27j+17 k+1))

(A130(b1, b2, j — 1,k — 1) + A130(b1,ba, 5 + 1,k + 1))

(A230(b1,b2,j—1,k—1)+A230(b1, b2, j+1,k+1))
(A230(b1,b2,j — 2,k + 1) + AazO(b1, b2, j + 2,k — 1))

F Recursion relations

The recursion relations needed in the diagonalization of the dilatation operator acting on

o 1
- <n . >
N p

2'The symmetric group operators used to define the restricted Schur polynomials are P =
S gk, 53 K2 Y G, K, 5 K 1| where we could have % # 5%, k* #£ k¥, 1 # 1¥. For simplicity we
consider only the j2 = j3 case. It is a simple extension of our analysis to consider the general case.

restricted Schur polynomials labeled with two rows/columns are

V) = b =)+ 1= p)laf (5

1 —n—1,—x
p> =p(N —n)2F; ( o
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+ n(l _ p)2F1 <_nN+L:v

y

. .3 . .3 .
jij.,jJrlJrjs,fp’ _ U+ + DG -5+ 1) (m—2j) 71+j3*]—7j+2+j3,7p’
P (157 Y 2 +1)(2j + 1) o (157 1)
312 . By a3 ; P
o (m (m+2)(] ) I (]13;];]:{1+J31*P‘1)+ (]+.7 )(.7 ].)(m+2.7+2) F (Tr_gi*njl-,ﬁrjdvfpll)
2 2(G+1) T 2j(2j +1) e

The first relation is equation (1.10.3) in [54] and is used to obtain the f(bg, b1). The second

relation is equivalent to equation (1.5.3) in [54] and is used to obtain the C), js(j).

and

G Gauss law example

In this appendix we will report the result of the computation of the action of the dilatation
operator for restricted Schur polynomials with three rows and A = (3,2,1). There are a
total of 60 states that can be obtained by removing 6 boxes as specified by the A weight.
The 6 Sg irreducible representations that can be suduced are

1] N

[11 N N
Il Il (RN RN I

with the last two irreducible representations being suduced twice. Thus, there are a
total of 12 operators that can be defined. After diagonalizing the action of the dilatation
operator we find

DO =0 (G.1)
DO = —2¢31;A120 (G.2)
DO = —2¢3;A230 (G.3)
DO = —2g4{A130 (G.4)
DO = —2¢3\;(A12 + A13)0 (G.5)
DO = —2¢31(2A15 + A13)0 (G.6)
DO = —2gii(A12 + Ag3)O (G.7)
DO = —4gy\A120 (G.8)
DO = —ging(Ara + Az + A23)0 (G.9)
DO = — gy (Arz + 3A12 + Ag3)O (G.10)

The last two equations each appear twice. The corresponding diagrams are shown in
figure 7.
H Continuum limit

In this section we will study the action of A;; on a Young diagram with p rows. The row
closest to the top of the page is row 1 and the row closest to the bottom of the page is row
p. The number of boxes in row ¢ minus the number of boxes in row 7 + 1 is given by b,_;.
A;j exchanges boxes between rows ¢ and j; we always have ¢ # j. If |[i — j| > 1 we have

p—J p—1
AyO(bo, .., bp1) = —(2N + > be+ Y _bg)O(bo, ..., bp-1)
k=0 q=0
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Figure 7. The open string configurations consistent with the Gauss Law for a three giant system
with A weight A = (3,2,1). The figure labels match the corresponding equation.

p—J p—i
+ J(NJerk,) <N + qu) [O(bo, ... bp—j — 1 bp—jir + 1, bpi + 1, bp—ii1 — 1, by1)
k=0 q=0

+O(b0, coybp i+ L bp—jp1 — 1, bp—i — L by + 1, bpfl)]
It proves convenient to introduce the variables

—1
L= b, i=12...,p—1
1

=

b
Il

Making the ansatz
O= > flboln, - lp-1)O(bo, 1, - lp1)
bo,liyeeslp—1
for operators of a good scaling dimension, we find

AyO= > fboli,.. s lp1)A50bo, 11, 1) = Y Aif(bo,la,. .y lp-1)O(bo s lp)

where22

Aijf(bo 11y .y lp—1) = —(2N +2bo + I + ;) f(bo, 1, - - -, lp—1)
— V(N+bo+1) (N+bo+1;) [f(bo, - i =1,y L+ 1, lp1) + f(Boy ool + 1, L — 1, 1))
The continuum limit we consider takes N + by — oo holding the variables

\/N + bg

22 As the reader can easily check, this formula is also true when |i — j| = 1 i.e. its completely general.

T
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fixed. Using the expansions

it T i — )
\/(N+b0+li)(N+bo+lj):N—Fbo—Fx ij\/Nero—(x 8%) TR

and

1 1
boy... li—1,...,L;+1,...) — <b,...,xi— N ,)

1 of 1 of 1 o
= f(boy. .. by iy ) —
Lol 9%f 1 9f N

2(N +bo) x5 N + b ;0

we find that in the continuum limit we have

X o 0 0 2 (DUZ —xj)2 N g 0 Talh
A”f_<am,~_amj> I - 4 f_mab<3xa3xb_ 4 )f’

where
Mab = 0aiOb; + 0ajObj — 0aiObj — 0ajOb; -

In general, the action of the dilatation operator is given by summing a collection of
operators A;;, each appearing some integer n;; number of times

DO(b1,bs) = =g D, 1ijAij O(b1,ba) .
ij

The result that we obtained above implies that in the continuum limit we have
g 0 Lol
E ni;jNi; — M, — ,
r ij g 7 b ((%a oxy, 4

where the explicite formula for Mg, depends on the n;;. In terms of the orthogonal matrix
V that diagonalizes M
Vit MV = Dy

we define the new variable y, = Vjirz;. Written in terms of the new y variables we have
32 y2
Sty =2 (=)
1J a

which is (minus) the Hamiltonian of a set of decoupled oscillators. The D,’s, which are
the eigenvalues of M, set the frequencies of the oscillators. For

Z niiAi; = 2012,
i

we have
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For
Z nijAij = Aig 4+ Aoz + Aqz,
ij
we have
2 —-1-1
M=|-12 1|, D=0 Dy=3=Ds.
-1-1 2

These are perfectly consistent with the results given in section 4. One might wonder if the
D; are always integers. This is not the case. Indeed, for

Zniinj:A12+A23+A34+"'+A1d7
]
we have
2 -1 0 0 --- 0 —1
-1 2 -10 --- 0 O
O -12 —-1--- 0 0

-1 0 0 0 - =1 2 |
In this case it is rather simple to see that the eigenvalues are

Dn:2—2005(n;), n=20,1,...,d.

These are not, in general, integer.

References

[1] J.A. Minahan and K. Zarembo, The Bethe-ansatz for N = 4 super Yang-Mills,
JHEP 03 (2003) 013 [hep-th/0212208] [SPIRES].

N. Beisert et al., Review of AdS/CFT integrability: an overview, arXiv:1012.3982 [SPIRES].

EERS)

C. Kristjansen, Review of AdS/CFT integrability, chapter IV.1: aspects of non-planarity,
arXiv:1012.3997 [SPIRES].

[4] K. Zoubos, Review of AdS/CFT integrability, chapter IV.2: deformations, orbifolds and open
boundaries, arXiv:1012.3998 [SPIRES].

[5] V. Balasubramanian, M. Berkooz, A. Naqvi and M.J. Strassler, Giant gravitons in conformal
field theory, JHEP 04 (2002) 034 [hep-th/0107119] [SPIRES].

[6] S. Corley, A. Jevicki and S. Ramgoolam, Ezact correlators of giant gravitons from dual
N =4 SYM theory, Adv. Theor. Math. Phys. 5 (2002) 809 [hep-th/0111222] [SPIRES].

[7] S. Corley and S. Ramgoolam, Finite factorization equations and sum rules for BPS
correlators in N =4 SYM theory, Nucl. Phys. B 641 (2002) 131 [hep-th/0205221]
[SPIRES].

[8] J.M. Maldacena, The large-N limit of superconformal field theories and supergravity,
Int. J. Theor. Phys. 38 (1999) 1113 [Adv. Theor. Math. Phys. 2 (1998) 231]
[hep-th/9711200] [SPIRES].

,58,


http://dx.doi.org/10.1088/1126-6708/2003/03/013
http://arxiv.org/abs/hep-th/0212208
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0212208
http://arxiv.org/abs/1012.3982
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=1012.3982
http://arxiv.org/abs/1012.3997
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=1012.3997
http://arxiv.org/abs/1012.3998
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=1012.3998
http://dx.doi.org/10.1088/1126-6708/2002/04/034
http://arxiv.org/abs/hep-th/0107119
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0107119
http://arxiv.org/abs/hep-th/0111222
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0111222
http://dx.doi.org/10.1016/S0550-3213(02)00573-4
http://arxiv.org/abs/hep-th/0205221
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0205221
http://dx.doi.org/10.1023/A:1026654312961
http://arxiv.org/abs/hep-th/9711200
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9711200

[9]

[10]

[11]

S.S. Gubser, I.R. Klebanov and A.M. Polyakov, Gauge theory correlators from non-critical
string theory, Phys. Lett. B 428 (1998) 105 [hep-th/9802109] [SPIRES].

E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2 (1998) 253
[hep-th/9802150] [SPIRES].

J. McGreevy, L. Susskind and N. Toumbas, Invasion of the giant gravitons from
anti-de Sitter space, JHEP 06 (2000) 008 [hep-th/0003075] [SPIRES].

M.T. Grisaru, R.C. Myers and O. Tafjord, SUSY and Goliath, JHEP 08 (2000) 040
[hep-th/0008015] [SPIRES].

A. Hashimoto, S. Hirano and N. Itzhaki, Large branes in AdS and their field theory dual,
JHEP 08 (2000) 051 [hep-th/0008016] [SPIRES].

V. Balasubramanian, M.-x. Huang, T.S. Levi and A. Naqvi, Open strings from N = 4 super
Yang-Mills, JHEP 08 (2002) 037 [hep-th/0204196] [SPIRES].

O. Aharony, Y.E. Antebi, M. Berkooz and R. Fishman, 'Holey sheets’: Pfaffians and
subdeterminants as D-brane operators in large-N gauge theories, JHEP 12 (2002) 069
[hep-th/0211152] [SPIRES].

D. Berenstein, Shape and holography: studies of dual operators to giant gravitons,
Nucl. Phys. B 675 (2003) 179 [hep-th/0306090] [SPIRES].

H. Lin, O. Lunin and J.M. Maldacena, Bubbling AdS space and 1/2 BPS geometries,
JHEP 10 (2004) 025 [hep-th/0409174] [SPIRES].

D. Berenstein, A toy model for the AdS/CFT correspondence, JHEP 07 (2004) 018
[hep-th/0403110] [SPTRES].

V. Balasubramanian, D. Berenstein, B. Feng and M.-x. Huang, D-branes in Yang-Mills
theory and emergent gauge symmetry, JHEP 03 (2005) 006 [hep-th/0411205] [SPTRES].

D. Sadri and M.M. Sheikh-Jabbari, Giant hedge-hogs: spikes on giant gravitons,
Nucl. Phys. B 687 (2004) 161 [hep-th/0312155] [SPIRES].

R. Bhattacharyya, S. Collins and R.d.M. Koch, Ezxact multi-matriz correlators,
JHEP 03 (2008) 044 [arXiv:0801.2061] [SPIRES].

R. de Mello Koch, J. Smolic and M. Smolic, Giant gravitons — with strings attached (1),
JHEP 06 (2007) 074 [hep-th/0701066] [SPIRES].

R. de Mello Koch, J. Smolic and M. Smolic, Giant gravitons — with strings attached (II),
JHEP 09 (2007) 049 [hep-th/0701067] [SPIRES].

D. Bekker, R. de Mello Koch and M. Stephanou, Giant gravitons — with strings attached
(I1II), JHEP 02 (2008) 029 [arXiv:0710.5372] [SPIRES].

R. Bhattacharyya, R. de Mello Koch and M. Stephanou, Fzact multi-restricted Schur
polynomial correlators, JHEP 06 (2008) 101 [arXiv:0805.3025] [SPIRES].

R.d.M. Koch, G. Mashile and N. Park, Emergent threebrane lattices,
Phys. Rev. D 81 (2010) 106009 [arXiv:1004.1108] [SPIRES].

V. De Comarmond, R. de Mello Koch and K. Jefferies, Surprisingly simple spectra,
JHEP 02 (2011) 006 [arXiv:1012.3884] [SPIRES].

W. Carlson, R.d.M. Koch and H. Lin, Nonplanar integrability, JHEP 03 (2011) 105
[arXiv:1101.5404] [SPIRES].

,59,


http://dx.doi.org/10.1016/S0370-2693(98)00377-3
http://arxiv.org/abs/hep-th/9802109
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9802109
http://arxiv.org/abs/hep-th/9802150
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9802150
http://dx.doi.org/10.1088/1126-6708/2000/06/008
http://arxiv.org/abs/hep-th/0003075
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0003075
http://dx.doi.org/10.1088/1126-6708/2000/08/040
http://arxiv.org/abs/hep-th/0008015
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0008015
http://dx.doi.org/10.1088/1126-6708/2000/08/051
http://arxiv.org/abs/hep-th/0008016
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0008016
http://dx.doi.org/10.1088/1126-6708/2002/08/037
http://arxiv.org/abs/hep-th/0204196
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0204196
http://dx.doi.org/10.1088/1126-6708/2002/12/069
http://arxiv.org/abs/hep-th/0211152
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0211152
http://dx.doi.org/10.1016/j.nuclphysb.2003.10.004
http://arxiv.org/abs/hep-th/0306090
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0306090
http://dx.doi.org/10.1088/1126-6708/2004/10/025
http://arxiv.org/abs/hep-th/0409174
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0409174
http://dx.doi.org/10.1088/1126-6708/2004/07/018
http://arxiv.org/abs/hep-th/0403110
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0403110
http://dx.doi.org/10.1088/1126-6708/2005/03/006
http://arxiv.org/abs/hep-th/0411205
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0411205
http://dx.doi.org/10.1016/j.nuclphysb.2004.03.013
http://arxiv.org/abs/hep-th/0312155
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0312155
http://dx.doi.org/10.1088/1126-6708/2008/03/044
http://arxiv.org/abs/0801.2061
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0801.2061
http://dx.doi.org/10.1088/1126-6708/2007/06/074
http://arxiv.org/abs/hep-th/0701066
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0701066
http://dx.doi.org/10.1088/1126-6708/2007/09/049
http://arxiv.org/abs/hep-th/0701067
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0701067
http://dx.doi.org/10.1088/1126-6708/2008/02/029
http://arxiv.org/abs/0710.5372
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0710.5372
http://dx.doi.org/10.1088/1126-6708/2008/06/101
http://arxiv.org/abs/0805.3025
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0805.3025
http://dx.doi.org/10.1103/PhysRevD.81.106009
http://arxiv.org/abs/1004.1108
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=1004.1108
http://dx.doi.org/10.1007/JHEP02(2011)006
http://arxiv.org/abs/1012.3884
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=1012.3884
http://dx.doi.org/10.1007/JHEP03(2011)105
http://arxiv.org/abs/1101.5404
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=1101.5404

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[43]

[44]

[45]

[46]

[47]

[48]

S. Ramgoolam, Schur-Weyl duality as an instrument of gauge-string duality,
AIP Conf. Proc. 1031 (2008) 255 [arXiv:0804.2764] [SPIRES].

Y. Kimura and S. Ramgoolam, Branes, anti-branes and Brauer algebras in gauge-gravity
duality, JHEP 11 (2007) 078 [arXiv:0709.2158] [SPIRES].

Y. Kimura, Non-holomorphic multi-matriz gauge invariant operators based on Brauer
algebra, JHEP 12 (2009) 044 [arXiv:0910.2170] [SPIRES].

Y. Kimura, Quarter BPS classified by Brauer algebra, JHEP 05 (2010) 103
[arXiv:1002.2424] [SPIRES].

E. D’'Hoker and A.V. Ryzhov, Three-point functions of quarter BPS operators in N = 4
SYM, JHEP 02 (2002) 047 [hep-th/0109065] [SPIRES].

E. D’Hoker, P. Heslop, P. Howe and A.V. Ryzhov, Systematics of quarter BPS operators in
N =4 SYM, JHEP 04 (2003) 038 [hep-th/0301104] [SPIRES].

P.J. Heslop and P.S. Howe, OPFEs and 3-point correlators of protected operators in N = 4
SYM, Nucl. Phys. B 626 (2002) 265 [hep-th/0107212] [SPIRES].

T.W. Brown, P.J. Heslop and S. Ramgoolam, Diagonal multi-matrixz correlators and BPS
operators in N =4 SYM, JHEP 02 (2008) 030 [arXiv:0711.0176] [SPIRES].

T.W. Brown, P.J. Heslop and S. Ramgoolam, Diagonal free field matriz correlators, global
symmetries and giant gravitons, JHEP 04 (2009) 089 [arXiv:0806.1911] [SPIRES].

T.W. Brown, Permutations and the loop, JHEP 06 (2008) 008 [arXiv:0801.2094] [SPIRES].

T.W. Brown, Cut-and-join operators and N = 4 super Yang-Mills, JHEP 05 (2010) 058
[arXiv:1002.2099] [SPIRES].

M.-X. Huang, Higher genus BMN correlators: factorization and recursion relations,
arXiv:1009.5447 [SPIRES].

J. Pasukonis and S. Ramgoolam, From counting to construction of BPS states in N = 4
SYM, JHEP 02 (2011) 078 [arXiv:1010.1683] [SPIRES].

T. Ceccherini-Silberstein, F. Scarabotti and F. Tolli, Representation theory of the symmetric
group: the Okounkov-Vershik approach, character formulas and partition algebras, Cambridge
Studies in Advanced Mathematics 121, Cambridge University Press, Cambridge U.K. (2010).

W. Fulton and J. Harris, Representation theory: a first course, Springer, New York U.S.A.
(1991).

Y. Kimura and S. Ramgoolam, Enhanced symmetries of gauge theory and resolving the
spectrum of local operators, Phys. Rev. D 78 (2008) 126003 [arXiv:0807.3696] [SPIRES].

A. Okounkov and A. Vershik, A new approach to representation theory of symmetric groups,
Selecta Math. 2 (1996) 581.

A. Okounkov and A. Vershik, A new approach to the representation theory of the symmetric
groups II, J. Math. Sci. 131 (2005) 5471 [Zap. Nauchn. Semin. POMI 307 (2004) 57].

N. Beisert, C. Kristjansen and M. Staudacher, The dilatation operator of N = 4 super
Yang-Mills theory, Nucl. Phys. B 664 (2003) 131 [hep-th/0303060] [SPIRES].

O. Barut and R. Raczka, Theory of group representations and applications, 2" edition,
PWN-Polish Scientific Publishers, Warsaw Poland (1986) [ISBN:8301027169].

,60,


http://dx.doi.org/10.1063/1.2972012
http://arxiv.org/abs/0804.2764
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0804.2764
http://dx.doi.org/10.1088/1126-6708/2007/11/078
http://arxiv.org/abs/0709.2158
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0709.2158
http://dx.doi.org/10.1088/1126-6708/2009/12/044
http://arxiv.org/abs/0910.2170
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0910.2170
http://dx.doi.org/10.1007/JHEP05(2010)103
http://arxiv.org/abs/1002.2424
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=1002.2424
http://dx.doi.org/10.1088/1126-6708/2002/02/047
http://arxiv.org/abs/hep-th/0109065
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0109065
http://dx.doi.org/10.1088/1126-6708/2003/04/038
http://arxiv.org/abs/hep-th/0301104
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0301104
http://dx.doi.org/10.1016/S0550-3213(02)00023-8
http://arxiv.org/abs/hep-th/0107212
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0107212
http://dx.doi.org/10.1088/1126-6708/2008/02/030
http://arxiv.org/abs/0711.0176
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0711.0176
http://dx.doi.org/10.1088/1126-6708/2009/04/089
http://arxiv.org/abs/0806.1911
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0806.1911
http://dx.doi.org/10.1088/1126-6708/2008/06/008
http://arxiv.org/abs/0801.2094
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0801.2094
http://dx.doi.org/10.1007/JHEP05(2010)058
http://arxiv.org/abs/1002.2099
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=1002.2099
http://arxiv.org/abs/1009.5447
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=1009.5447
http://dx.doi.org/10.1007/JHEP02(2011)078
http://arxiv.org/abs/1010.1683
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=1010.1683
http://dx.doi.org/10.1103/PhysRevD.78.126003
http://arxiv.org/abs/0807.3696
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0807.3696
http://dx.doi.org/10.1007/BF02433451
http://dx.doi.org/10.1007/s10958-005-0421-7
http://dx.doi.org/10.1016/S0550-3213(03)00406-1
http://arxiv.org/abs/hep-th/0303060
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0303060

[49]

[50]

[51]

N.J. Vilenkin and A.U. Klimyk, Representation of Lie groups and special functions,
volume 3, Kluwer Academic Publishers, The Netherlands (1992).

A. Alex, M. Kalus, A. Huckleberry and J. von Delft, A numerical algorithm for the explicit
calculation of SU(N) and SL(N, C) Clebsch-Gordan coefficients,
J. Math. Phys. 52 (2011) 023507 [arXiv:1009.0437] [SPIRES].

M. Gelfand and M.L. Tsetlin, Matriz elements for the unitary group, Dokl. Akad. Nauk
SSSR 71 (1950) 825 [Dokl. Akad. Nauk SSSR 71 (1950) 1017] reprinted in I.M. Gelfand et
al., Representations of the rotation and Lorentz group, Pergamon, Oxford U.K. (1963).

M. Hamermesh, Group theory and its applications to physical problems, Addison-Wesley
Publishing Company, Boston U.S.A. (1962).

R. de Mello Koch and R. Gwyn, Giant graviton correlators from dual SU(N) super
Yang-Mills theory, JHEP 11 (2004) 081 [hep-th/0410236] [SPIRES].

R. Koekoek and R. Swarttouw, The Askey-scheme of hypergeometric orthogonal polynomials
and its q-analogue, math.CA/9602214.

R.d.M. Koch, B.A.E. Mohammed and S. Smith, Nonplanar integrability: beyond the SU(2)
sector, arXiv:1106.2483 [SPIRES].

F. Scarabotti, Multidimensional Hahn polynomials, intertwining functions on the symmetric
group and Clebsch-Gordan coefficients, Methods Appl. Anal. 14 (2007) 355
[arXiV: 0805. 0670].

,61,


http://dx.doi.org/10.1063/1.3521562
http://arxiv.org/abs/1009.0437
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=1009.0437
http://dx.doi.org/10.1088/1126-6708/2004/11/081
http://arxiv.org/abs/hep-th/0410236
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0410236
http://arxiv.org/abs/math.CA/9602214
http://arxiv.org/abs/1106.2483
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=1106.2483
http://arxiv.org/abs/0805.0670

	Introduction and conclusions
	Constructing restricted Schur polynomials
	Why it is difficult to build a restricted Schur polynomial
	From S(n+m) to S(n) x (S(1))*m
	Basic idea for Young diagrams with p rows
	From S(n) x (S(1))*m to S(n) x S(m)
	Young diagrams with p columns

	Action of the dilatation operator
	System of two giant gravitons
	System of three giant gravitons

	Diagonalization of the dilatation operator
	Summary and important lessons
	Elementary facts from U(p) representation theory
	The Lie algebra u(p)
	Gelfand-Tsetlin patterns
	Sigma and Delta weights
	Relation between Gelfand-Tsetlin patterns and Young diagrams
	Clebsch-Gordon coefficients
	Explicit association of labeled Young diagrams and Gelfand-Tsetlin patterns
	Last remarks

	Elementary facts from S(n) representation theory
	Young-Yamonouchi basis
	Young's orthogonal representation
	Partially labeled Young diagrams
	Simplifying Young's orthogonal representation

	Examples of projectors
	A three row example using U(3)
	A four column example using U(4)

	Evaluation of the dilatation operator
	Dilatation operator in the SU(2) sector
	Intertwiners
	Gamma(R) (1,m+1)
	Dilatation operator coefficient
	Evaluating traces
	Long columns

	Explicit formulas for the dilatation operator
	Young diagrams with two rows or columns
	Young diagrams with three rows or columns

	Recursion relations
	Gauss law example
	Continuum limit

