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corners; these would correspond to models with linear Regge trajectories of varying slopes,
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1 Introduction and summary of results

The effective field theory (EFT) S-matrix bootstrap makes use of fundamental physical
assumptions, such as unitarity, analyticity, and Froissart-like bounds, to constrain the
allowed ranges for Wilson coefficients of higher-dimensional operators. The so-called “dual”
formulation of the S-matrix bootstrap, which explicitly rules out coupling parameter space,
has been applied to EFTs with a broad range of massless states, including permutation
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symmetric scalars, pions, photons, gluons, and gravitons [1–16]. More recent implementations
of this bootstrap technique study how additional physical assumptions about the massive
spectrum can limit the allowed parameter space and yield new interesting features [17, 18].
In particular, [17] showed that for large-N massless pion scattering, a new corner appeared
in the allowed parameter space when information about the spin of the lowest-lying massive
particles in the spectrum was included in the bootstrap.

Motivated by these recent results, we derive bounds on maximally supersymmetric
Yang-Mills (SYM) EFTs using the S-matrix bootstrap combined with basic assumptions
about the lowest massive states in the spectrum of the UV theory. We work at large rank of
the gauge group so that multi-trace operators are suppressed and we assume weak coupling
to suppress massless loops and ensure that the low-energy expansion is polynomial in the
Mandelstam variables. Using maximal supersymmetry and locality, the general ansatz for
the low-energy 4-point scattering amplitudes is1

A(s, u) = − s

u
+ s2

[
a0,0 + a1,0(s + u) + a2,0(s2 + u2) + a2,1su + . . .

]
. (1.1)

The ak,q are the Wilson coefficients of the maximally supersymmetrized versions of the local
single-trace operators tr(D2kF 4), e.g.

a0,0 ↔ trF 4 , a1,0 ↔ trD2F 4 , a2,0 , a2,1 ↔ trD4F 4 , etc. (1.2)

There are two independent maximally supersymmetric trD4F 4 operators, hence two coeffi-
cients are listed. From the low-energy perspective, without regard for the UV origin of the
EFT, the Wilson coefficients ak,q in (1.1) could be any real numbers in units of some UV cutoff.
The EFT S-matrix bootstrap allows us to compute upper and lower bounds on ratios of ak,q.

One of the possible UV completions of the EFTs considered here is the open superstring,
whose 4-point tree-level scattering process is given by the Veneziano amplitude2

Astr(s, u) = −(α′s)2Γ(−α′s)Γ(−α′u)
Γ(1− α′(s + u)) . (1.3)

Its low-energy α′-expansion,

Astr(s, u) = − s

u
+ s2

(
ζ2α′2 + ζ3α′3(s + u) + ζ4α′4(s2 + u2)+ 1

4ζ4α′4su + . . .

)
, (1.4)

corresponds to a specific choice of the coefficients ak,q in (1.1). One of the goals of this paper
is to bootstrap the Veneziano amplitude using as little physical input as possible.

In [15], we determined universal two-sided bounds on the Wilson coefficients ak,q of
4-dimensional N = 4 SYM EFT assuming the existence of a mass gap, but with no constraints
imposed the UV spectrum; hence the notion of ‘universal bounds’. To compute the bounds,
the ak,q are made dimensionless by scaling out powers of the mass gap and the bounds are
derived for ratios of couplings

āk,q ≡
ak,q

a0,0
. (1.5)

1Polarization-dependent overall factors are accounted for in section 2.
2This amplitude is related by supersymmetry to the string tree amplitude of [19], so we simply refer to it

as the “Veneziano amplitude”.
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The universal bounds determine an allowed region in the space of effective couplings āk,q. The
Veneziano amplitude was found in the interior of the allowed region; it was not at any special
place such as near a corner or cusp in the boundary. However, when the EFT bootstrap was
combined with the additional constraint that the amplitude obeyed the string monodromy
relations,3 it was found [15, 16] that the two-sided bounds narrowed in on the ak,q values
of the Veneziano amplitude (1.4). This was evidence for the earlier conjecture [25] that the
open string is the unique amplitude compatible with the combined constraints of the EFT
bootstrap and the string monodromy relations.

Isolating the low-energy expansion of the Veneziano amplitude with the monodromy
relations has an interesting geometric interpretation,4 but it is not satisfactory to bootstrap
the string amplitude by assuming one of its salient worldsheet properties. Instead, it would
be much more desirable to find evidence of string theory (here specifically the Veneziano
amplitude) from a more particle-based approach.

In this paper, we pursue a bottom-up EFT S-matrix bootstrap of the Veneziano amplitude
in D = 10 dimensions. The new “ingredient” in the bootstrap is information about the lowest
massive states. In particular, the open string has a spin 0 state at mass-squared 1/α′, a
spin 1 state at 2/α′, a spin 2 state at 3/α′, etc, as its leading Regge trajectory. We find
that even just assuming that the lowest-lying massive state is a scalar and that there is a
suitable gap to the next (otherwise unspecified) state restricts the allowed parameter space
so that the string is now found very near a corner in the resulting bounds. Moreover, we
show that with input about only the lowest-mass state’s spin and coupling to the massless
states relative to a0,0, the Veneziano amplitude is isolated on islands that shrink in size as
more constraints from higher-derivative operators are included.5

More generally, we also examine the effects of basic low-spectrum input on the bounds
in the EFT S-matrix bootstrap.

Setup and summary of results. We compute bounds on the ratios of Wilson coefficients
in (1.5). This is done by using analyticity and the Froissart bound to derive dispersive
representations for each ak,q. Then those are used, together with unitarity, to formulate
an optimization problem which is solved numerically with the semi-definite problem solver
SDPB [26]. This involves truncating the derivative expansion (1.1) to some finite order
kmax (corresponding to 2kmax + 4 derivative order); the numerical bounds get stronger with
increasing kmax.

As context for the new bounds, the universal bounds in the (ā1,0, ā2,0) plane (the
coefficients of trD2F 4 and of one of the trD4F 4 operators, respectively) are simply [2, 15]:

ā2
1,0 ≤ ā2,0 ≤ ā1,0 . (1.6)

3The string monodromy relations [20–24] are a set of linear relations arising from the disk amplitude via
contour deformations of the integration over the vertex operator insertion points.

4We found in [15] that the general coupling space (i.e. without monodromy relations imposed) has fewer
independent Wilson coefficients than the general EFT-expansion (1.1) suggests, and we proposed a partially
resummed low-energy expansion of the 4-point amplitude. We do not use the partially resummed form in
this paper.

5The Veneziano amplitude is not the unique UV completion of a maximally supersymmetric YM EFT;
other options include the Coulomb branch amplitudes. In that case, the massive states couple quadratically
and therefore have to appear in loops. In contrast, we assume that the lowest mass states are exchanged at
tree-level.
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This region (whose bounds happen to be independent of kmax) is shown in figure 1 in teal.
The region has two corners: the corner at (0, 0) corresponds to a model in which the trF 4

coupling dominates all other EFT couplings (a0,0 ≫ ak,q for all k > 0) and the (1, 1) corner
is an (unphysical) model with an infinite spin tower at the mass gap.

The simplest assumption we can make about the massive spectrum is that the lowest
mass states (also in the adjoint of the color-group) contribute to the 4-point amplitude
A(s, u) via simple pole exchanges, e.g.
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<latexit sha1_base64="qBsjHPWJaqI2la06ozGMKVMArL0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJVgETyURqR6LXjxWsB/QhrLZTtqlm03YnYg19Jd48aCIV3+KN/+N2zYHbX0w8HhvZnfmBYngGl332yqsrW9sbhW3Szu7e/tl++CwpeNUMWiyWMSqE1ANgktoIkcBnUQBjQIB7WB8M/PbD6A0j+U9ThLwIzqUPOSMopH6drmH8IhZRLUWoPW0b1fcqjuHs0q8nFRIjkbf/uoNYpZGIJEJ80rXcxP0M6qQMwHTUi/VkFA2pkPoGippBNrP5otPnVOjDJwwVqYkOnP190RGI60nUWA6I4ojvezNxP+8borhlZ9xmaQIki0+ClPhYOzMUnAGXAFDMTGEMsXNrg4bUUUZmqxKJgRv+eRV0jqverVq7e6iUr/O4yiSY3JCzohHLkmd3JIGaRJGUvJMXsmb9WS9WO/Wx6K1YOUzR+QPrM8fvnWT0A==</latexit>

massless

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="MFiHfJYytqD+d9XLV3/JjEsA4N8=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8SNgViR6DXjxGMA9MltA7mSRDZmeXmVkhWfIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777aysrq1vbOa28ts7u3v7hYPDuo4SRVmNRiJSzQA1E1yymuFGsGasGIaBYI1geDv1G09MaR7JBzOKmR9iX/Iep2is9Dg+J+0AVTqedApFt+TOQJaJl5EiZKh2Cl/tbkSTkElDBWrd8tzY+Ckqw6lgk3w70SxGOsQ+a1kqMWTaT2cXT8ipVbqkFylb0pCZ+nsixVDrURjYzhDNQC96U/E/r5WY3rWfchknhkk6X9RLBDERmb5PulwxasTIEqSK21sJHaBCamxIeRuCt/jyMqlflLxyqXx/WazcZHHk4BhO4Aw8uIIK3EEVakBBwjO8wpujnRfn3fmYt6442cwR/IHz+QNMKpCy</latexit>

z, z̄

<latexit sha1_base64="qqKSJiEwWZbidgUyMeooZoUQkCI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3TpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6xHHK/ZhGSoSCUbTSQ9R3++WKW3XnIKvEy0kFcjT65a/eIGFZzBUySY3pem6K/oRqFEzyaamXGZ5SNqIR71qqaMyNP5mfOiVnVhmQMNG2FJK5+ntiQmNjxnFgO2OKQ7PszcT/vG6G4bU/ESrNkCu2WBRmkmBCZn+TgdCcoRxbQpkW9lbChlRThjadkg3BW355lbQuql6tWru/rNRv8jiKcAKncA4eXEEd7qABTWAQwTO8wpsjnRfn3flYtBacfOYY/sD5/AHzyY2Z</latexit>g0

<latexit sha1_base64="Igu3ygVGRt+7EYvidzkEouWyV0w=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclaRIdVl040aoYB/QxDCZTtqhkwczN9IS8ituXCji1h9x5984bbPQ1gMXDufcy733+IngCizr21hb39jc2i7tlHf39g8OzaNKR8WppKxNYxHLnk8UEzxibeAgWC+RjIS+YF1/fDPzu09MKh5HDzBNmBuSYcQDTgloyTMrTpjiO88BNoFsSJL8se6ZVatmzYFXiV2QKirQ8swvZxDTNGQRUEGU6ttWAm5GJHAqWF52UsUSQsdkyPqaRiRkys3mt+f4TCsDHMRSVwR4rv6eyEio1DT0dWdIYKSWvZn4n9dPIbhyMx4lKbCILhYFqcAQ41kQeMAloyCmmhAqub4V0xGRhIKOq6xDsJdfXiWdes1u1Br3F9XmdRFHCZ2gU3SObHSJmugWtVAbUTRBz+gVvRm58WK8Gx+L1jWjmDlGf2B8/gDXCpRV</latexit>

µM2
gap

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

`1 = 0

<latexit sha1_base64="Pt2VBvY3gT2Tsw9FvvB6PwNcwFQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOzTjQk=</latexit>z

<latexit sha1_base64="SagnJThCVpSF2PTSNdohPCibns4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN2N0IN/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHssHM0nQj+hQ8pAzaqzU7gVUZU/TfrniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzcKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7Hcy4AqZERNLKFPc3krYiCrKjE2oZEPwll9eJa2Lqler1u4vK/WbPI4inMApnIMHV1CHO2hAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AGqlI/O</latexit>

z̄

<latexit sha1_base64="SagnJThCVpSF2PTSNdohPCibns4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN2N0IN/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHssHM0nQj+hQ8pAzaqzU7gVUZU/TfrniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzcKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7Hcy4AqZERNLKFPc3krYiCrKjE2oZEPwll9eJa2Lqler1u4vK/WbPI4inMApnIMHV1CHO2hAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AGqlI/O</latexit>

z̄

<latexit sha1_base64="Pt2VBvY3gT2Tsw9FvvB6PwNcwFQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOzTjQk=</latexit>z

<latexit sha1_base64="TqvN7prTdEOUNXDkCJow3Qc5rWU=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktUj0WvXgRKrhtoV1LNs22odlkSbJCWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKVlqgj1ieRSdUKsKWeC+oYZTjuJojgOOW2H45uZ336iSjMpHswkoUGMh4JFjGBjJf+uzx5r/XLFrbpzoFXi5aQCOZr98ldvIEkaU2EIx1p3PTcxQYaVYYTTaamXappgMsZD2rVU4JjqIJsfO0VnVhmgSCpbwqC5+nsiw7HWkzi0nTE2I73szcT/vG5qoqsgYyJJDRVksShKOTISzT5HA6YoMXxiCSaK2VsRGWGFibH5lGwI3vLLq6RVq3r1av3+otK4zuMowgmcwjl4cAkNuIUm+ECAwTO8wpsjnBfn3flYtBacfOYY/sD5/AFJSY5c</latexit>

M2
i

<latexit sha1_base64="KNATO/Iq7byZl7oGgNLXcjBHv5E=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3TpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCahGwSU2DTcCO6lCGgcC28Hodua3n1BpnshHM07Rj2kkecgZNVZ6iPq8X664VXcOskq8nFQgR6Nf/uoNEpbFKA0TVOuu56bGn1BlOBM4LfUyjSllIxph11JJY9T+ZH7qlJxZZUDCRNmShszV3xMTGms9jgPbGVMz1MveTPzP62YmvPYnXKaZQckWi8JMEJOQ2d9kwBUyI8aWUKa4vZWwIVWUGZtOyYbgLb+8SloXVa9Wrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjCI4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBKPI3S</latexit>gi
<latexit sha1_base64="622id/Meh80kN91na5EDAw4glqc=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5KIVI9FLx4rmLbQxrLZbtqlm03YnQil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dlZW19Y3Ngtbxe2d3b390sFhwySZZtxniUx0K6SGS6G4jwIlb6Wa0ziUvBkOb6d+84lrIxL1gKOUBzHtKxEJRtFKfr8rHs+7pbJbcWcgy8TLSRly1Lulr04vYVnMFTJJjWl7borBmGoUTPJJsZMZnlI2pH3etlTRmJtgPDt2Qk6t0iNRom0pJDP198SYxsaM4tB2xhQHZtGbiv957Qyj62AsVJohV2y+KMokwYRMPyc9oTlDObKEMi3srYQNqKYMbT5FG4K3+PIyaVxUvGqlen9Zrt3kcRTgGE7gDDy4ghrcQR18YCDgGV7hzVHOi/PufMxbV5x85gj+wPn8AWT5jm4=</latexit>

g⇤i
<latexit sha1_base64="rWnGlgx9xlTccyDSZFrHoUdkf3Q=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbSbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVFJtUcqk6IdHImcCmYYZjJ1FI4pBjOxzfzvz2EyrNpHgwkwSDmAwFixglxkqtHnLeZ/1yxat6c7irxM9JBXI0+uWv3kDSNEZhKCdad30vMUFGlGGU47TUSzUmhI7JELuWChKjDrL5tVP3zCoDN5LKljDuXP09kZFY60kc2s6YmJFe9mbif143NdF1kDGRpAYFXSyKUu4a6c5edwdMITV8YgmhitlbXToiilBjAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5kjnxXl3PhatBSefOYY/cD5/AI2OjyI=</latexit>

`i (1.7)

for a particle with mass M2
i , spin ℓi, and coupling gi to the massless external states.6 To

begin with, we only put in a single state, then subsequently, inspired by [17], two states.

Single-state input. Suppose that the amplitude A(s, u) has a pole at the mass gap M2
gap

from the exchange of a massive spin-ℓ1 particle. We assume that, apart from this state, there
are no other massive states until the “cutoff scale” µcM

2
gap for some µc > 1:

<latexit sha1_base64="8g0oF6w8iDY7CaOvP68x7gxvq5o=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbSbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVFJtUcqk6IdHImcCmYYZjJ1FI4pBjOxzfzvz2EyrNpHgwkwSDmAwFixglxkqtHnLe9/vlilf15nBXiZ+TCuRo9MtfvYGkaYzCUE607vpeYoKMKMMox2mpl2pMCB2TIXYtFSRGHWTza6fumVUGbiSVLWHcufp7IiOx1pM4tJ0xMSO97M3E/7xuaqLrIGMiSQ0KulgUpdw10p297g6YQmr4xBJCFbO3unREFKHGBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJFB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+ADiujuo=</latexit>

`1
<latexit sha1_base64="WRJmALfYpEeyFZim+ompa3rLjLA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI9FLx4r2FpoQ9lsJ+3azSbsboQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTjm5n/8IRK81jem0mCfkSHkoecUWOldg+F6Nf65Ypbdecgq8TLSQVyNPvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n82un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwys+4TFKDki0WhakgJiaz18mAK2RGTCyhTHF7K2EjqigzNqCSDcFbfnmVtGtVr16t311UGtd5HEU4gVM4Bw8uoQG30IQWMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzBzoyjus=</latexit>

`2

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M2
gap

<latexit sha1_base64="D65qJF2y7yR6ppYY3qYxDJvTPhQ=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9ar42nOAPUDWJ8n4ruqZZatiTYEXiZ2TMsrR8MwvpxfTNGQRUEGU6tpWAm5GJHAq2LjkpIolhA5Jn3U1jUjIlJtNrx/jY630cBBLXRHgqfp7IiOhUqPQ150hgYGa9ybif143heDczXiUpMAiOlsUpAJDjCdR4B6XjIIYaUKo5PpWTAdEEgo6sJIOwZ5/eZG0qhW7VqndnJbrF3kcRXSIjtAJstEZqqMr1EBNRNEjekav6M14Ml6Md+Nj1low8pl99AfG5w8IkpT6</latexit>

µ2M
2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

`1 = 0

<latexit sha1_base64="fhCmvY7Eqg1Q7RieBzb5yfv8j9g=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9Si+9hxgD5D1STK+q3pm2apYU+BFYuekjHI0PPPL6cU0DVkEVBCluraVgJsRCZwKNi45qWIJoUPSZ11NIxIy5WbT68f4WCs9HMRSVwR4qv6eyEio1Cj0dWdIYKDmvYn4n9dNITh3Mx4lKbCIzhYFqcAQ40kUuMcloyBGmhAqub4V0wGRhIIOrKRDsOdfXiStasWuVWo3p+X6RR5HER2iI3SCbHSG6ugKNVATUfSIntErejOejBfj3fiYtRaMfGYf/YHx+QNVtZUr</latexit>

µcM
2
gap

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M2
gap

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="U1oId/bUuieN5c9B7QAt7gs4ZJw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKVI9FL16ECvYD2hg22027dLMJu5NiCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7d/YB8etXScKsqaNBax6gREM8ElawIHwTqJYiQKBGsHo5uZ3x4zpXksH2CSMC8iA8lDTgkYybftKr7ze8CeIBuQZPpY9e2yU3HmwKvEzUkZ5Wj49levH9M0YhKoIFp3XScBLyMKOBVsWuqlmiWEjsiAdQ2VJGLay+aXT/GZUfo4jJUpCXiu/p7ISKT1JApMZ0RgqJe9mfif100hvPIyLpMUmKSLRWEqMMR4FgPuc8UoiIkhhCpubsV0SBShYMIqmRDc5ZdXSatacWuV2v1FuX6dx1FEJ+gUnSMXXaI6ukUN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8f5Z+TNQ==</latexit>

2M2
gap

<latexit sha1_base64="Uf6egtGJC4dglywgzTSUVKkpAv4=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KkmV6rHoxYtQwX5AG8Nmu2mXbjZhd1Isof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLBNTjOt7Wyura+sVnYKm7v7O7t2weHTR2nirIGjUWs2gHRTHDJGsBBsHaiGIkCwVrB8Gbqt0ZMaR7LBxgnzItIX/KQUwJG8m37HN/5XWBPkPVJMnms+HbJKTsz4GXi5qSEctR9+6vbi2kaMQlUEK07rpOAlxEFnAo2KXZTzRJCh6TPOoZKEjHtZbPLJ/jUKD0cxsqUBDxTf09kJNJ6HAWmMyIw0IveVPzP66QQXnkZl0kKTNL5ojAVGGI8jQH3uGIUxNgQQhU3t2I6IIpQMGEVTQju4svLpFkpu9Vy9f6iVLvO4yigY3SCzpCLLlEN3aI6aiCKRugZvaI3K7NerHfrY966YuUzR+gPrM8f5zKTNg==</latexit>

3M2
gap

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

`1 = 0
<latexit sha1_base64="VNzcZTu1Gbujo3FRxAn81416+iE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewGiV6EoBePEcwDkiXMTnqTIbOz68ysEEJ+wosHRbz6O978GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWandRiF7l2usVS27ZnYOsEi8jJchQ7xW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yv3dKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhNe+RMuk9SgZItFYSqIicnsedLnCpkRY0soU9zeStiQKsqMjahgQ/CWX14lzUrZq5ar9xel2k0WRx5O4BTOwYNLqMEd1KEBDAQ8wyu8OY/Oi/PufCxac042cwx/4Hz+AC9oj20=</latexit>

`2 = 1

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="qqKSJiEwWZbidgUyMeooZoUQkCI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3TpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6xHHK/ZhGSoSCUbTSQ9R3++WKW3XnIKvEy0kFcjT65a/eIGFZzBUySY3pem6K/oRqFEzyaamXGZ5SNqIR71qqaMyNP5mfOiVnVhmQMNG2FJK5+ntiQmNjxnFgO2OKQ7PszcT/vG6G4bU/ESrNkCu2WBRmkmBCZn+TgdCcoRxbQpkW9lbChlRThjadkg3BW355lbQuql6tWru/rNRv8jiKcAKncA4eXEEd7qABTWAQwTO8wpsjnRfn3flYtBacfOYY/sD5/AHzyY2Z</latexit>g0
<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

`1 = 0

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M2
gap

<latexit sha1_base64="fhCmvY7Eqg1Q7RieBzb5yfv8j9g=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9Si+9hxgD5D1STK+q3pm2apYU+BFYuekjHI0PPPL6cU0DVkEVBCluraVgJsRCZwKNi45qWIJoUPSZ11NIxIy5WbT68f4WCs9HMRSVwR4qv6eyEio1Cj0dWdIYKDmvYn4n9dNITh3Mx4lKbCIzhYFqcAQ40kUuMcloyBGmhAqub4V0wGRhIIOrKRDsOdfXiStasWuVWo3p+X6RR5HER2iI3SCbHSG6ugKNVATUfSIntErejOejBfj3fiYtRaMfGYf/YHx+QNVtZUr</latexit>

µcM
2
gap

<latexit sha1_base64="CFUpWeTnD8ptgxsyLEHg0WWpCnY=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ac0oWy2k3bpZhN2N0IJ/RtePCji1T/jzX/jts1Bqw8GHu/NMDMvTAXXxnW/nNLa+sbmVnm7srO7t39QPTzq6CRTDNssEYnqhVSj4BLbhhuBvVQhjUOB3XByO/e7j6g0T+SDmaYYxHQkecQZNVbyfRRi4BFfInEH1Zpbdxcgf4lXkBoUaA2qn/4wYVmM0jBBte57bmqCnCrDmcBZxc80ppRN6Aj7lkoaow7yxc0zcmaVIYkSZUsaslB/TuQ01noah7YzpmasV725+J/Xz0x0HeRcpplByZaLokwQk5B5AGTIFTIjppZQpri9lbAxVZQZG1PFhuCtvvyXdC7qXqPeuL+sNW+KOMpwAqdwDh5cQRPuoAVtYJDCE7zAq5M5z86b875sLTnFzDH8gvPxDZzDkMU=</latexit>

`1 6= 0

<latexit sha1_base64="U1oId/bUuieN5c9B7QAt7gs4ZJw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKVI9FL16ECvYD2hg22027dLMJu5NiCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7d/YB8etXScKsqaNBax6gREM8ElawIHwTqJYiQKBGsHo5uZ3x4zpXksH2CSMC8iA8lDTgkYybftKr7ze8CeIBuQZPpY9e2yU3HmwKvEzUkZ5Wj49levH9M0YhKoIFp3XScBLyMKOBVsWuqlmiWEjsiAdQ2VJGLay+aXT/GZUfo4jJUpCXiu/p7ISKT1JApMZ0RgqJe9mfif100hvPIyLpMUmKSLRWEqMMR4FgPuc8UoiIkhhCpubsV0SBShYMIqmRDc5ZdXSatacWuV2v1FuX6dx1FEJ+gUnSMXXaI6ukUN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8f5Z+TNQ==</latexit>

2M2
gap

<latexit sha1_base64="U1oId/bUuieN5c9B7QAt7gs4ZJw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKVI9FL16ECvYD2hg22027dLMJu5NiCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7d/YB8etXScKsqaNBax6gREM8ElawIHwTqJYiQKBGsHo5uZ3x4zpXksH2CSMC8iA8lDTgkYybftKr7ze8CeIBuQZPpY9e2yU3HmwKvEzUkZ5Wj49levH9M0YhKoIFp3XScBLyMKOBVsWuqlmiWEjsiAdQ2VJGLay+aXT/GZUfo4jJUpCXiu/p7ISKT1JApMZ0RgqJe9mfif100hvPIyLpMUmKSLRWEqMMR4FgPuc8UoiIkhhCpubsV0SBShYMIqmRDc5ZdXSatacWuV2v1FuX6dx1FEJ+gUnSMXXaI6ukUN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8f5Z+TNQ==</latexit>

2M2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

`1 = 0

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M2
gap

<latexit sha1_base64="fhCmvY7Eqg1Q7RieBzb5yfv8j9g=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9Si+9hxgD5D1STK+q3pm2apYU+BFYuekjHI0PPPL6cU0DVkEVBCluraVgJsRCZwKNi45qWIJoUPSZ11NIxIy5WbT68f4WCs9HMRSVwR4qv6eyEio1Cj0dWdIYKDmvYn4n9dNITh3Mx4lKbCIzhYFqcAQ40kUuMcloyBGmhAqub4V0wGRhIIOrKRDsOdfXiStasWuVWo3p+X6RR5HER2iI3SCbHSG6ugKNVATUfSIntErejOejBfj3fiYtRaMfGYf/YHx+QNVtZUr</latexit>

µcM
2
gap

<latexit sha1_base64="nZ6/vmh6sBuMyQ59IVItHIl+ngI=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VwVZIi1Y1QdOOygn1AE8NkOmmHTiZhZiLUNGs3/oobF4q49Qvc+TdO2yy09cCFwzn3cu89fsyoVJb1bRSWlldW14rrpY3Nre0dc3evJaNEYNLEEYtEx0eSMMpJU1HFSCcWBIU+I21/eDXx2/dESBrxWzWKiRuiPqcBxUhpyTMPx46PRNrPPGt8V4UX0AkEwqmdpc4DUcirZp5ZtirWFHCR2DkpgxwNz/xyehFOQsIVZkjKrm3Fyk2RUBQzkpWcRJIY4SHqk66mHIVEuun0lQwea6UHg0jo4gpO1d8TKQqlHIW+7gyRGsh5byL+53UTFZy7KeVxogjHs0VBwqCK4CQX2KOCYMVGmiAsqL4V4gHSWSidXkmHYM+/vEha1Ypdq9RuTsv1yzyOIjgAR+AE2OAM1ME1aIAmwOARPINX8GY8GS/Gu/Exay0Y+cw++APj8wehQpo+</latexit>

|ḡ0|2 =
1

⇣2

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M2
gap

<latexit sha1_base64="fhCmvY7Eqg1Q7RieBzb5yfv8j9g=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9Si+9hxgD5D1STK+q3pm2apYU+BFYuekjHI0PPPL6cU0DVkEVBCluraVgJsRCZwKNi45qWIJoUPSZ11NIxIy5WbT68f4WCs9HMRSVwR4qv6eyEio1Cj0dWdIYKDmvYn4n9dNITh3Mx4lKbCIzhYFqcAQ40kUuMcloyBGmhAqub4V0wGRhIIOrKRDsOdfXiStasWuVWo3p+X6RR5HER2iI3SCbHSG6ugKNVATUfSIntErejOejBfj3fiYtRaMfGYf/YHx+QNVtZUr</latexit>

µcM
2
gap

<latexit sha1_base64="8g0oF6w8iDY7CaOvP68x7gxvq5o=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbSbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVFJtUcqk6IdHImcCmYYZjJ1FI4pBjOxzfzvz2EyrNpHgwkwSDmAwFixglxkqtHnLe9/vlilf15nBXiZ+TCuRo9MtfvYGkaYzCUE607vpeYoKMKMMox2mpl2pMCB2TIXYtFSRGHWTza6fumVUGbiSVLWHcufp7IiOx1pM4tJ0xMSO97M3E/7xuaqLrIGMiSQ0KulgUpdw10p297g6YQmr4xBJCFbO3unREFKHGBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJFB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+ADiujuo=</latexit>

`1

(1.8)

In (1.8), the circle at s = M2
gap indicates the simple pole in the s-channel of A(s, u) while

the thick blue line starting at µcM
2
gap indicates that we are completely agnostic about what

occurs at or above the “cutoff scale” µcM
2
gap: it can be poles, branch cuts, or both, so

long as it is unitary.
We first consider the choice of spin ℓ1. When ℓ1 = 1, 2, 3, 4, 5, we find that for µc > 1

there is no effect from adding in the spin state at the mass gap: the bounds will be the
same as if no states were at the mass gap at all. Further, when we look at the maximal
allowed relative couplings |gℓ1 |2/a0,0 for an isolated state with spin ℓ1 > 0, we find that they
decrease exponentially with kmax, corresponding to including constraints from higher derivative
operators. That selects the scalar as the only well-motivated choice for the lowest-mass state.

Setting ℓ1 = 0, the bounds depend on the choice of cutoff scale µc. When µc → 1, we
recover the full allowed parameter space, the teal region in figure 1. However, as we increase
µc, the allowed region shrinks in size. Thinking of M2

gap as 1/α′, we make the string-inspired
choice µc = 2, so that the input is <latexit sha1_base64="Uf6egtGJC4dglywgzTSUVKkpAv4=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KkmV6rHoxYtQwX5AG8Nmu2mXbjZhd1Isof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLBNTjOt7Wyura+sVnYKm7v7O7t2weHTR2nirIGjUWs2gHRTHDJGsBBsHaiGIkCwVrB8Gbqt0ZMaR7LBxgnzItIX/KQUwJG8m37HN/5XWBPkPVJMnms+HbJKTsz4GXi5qSEctR9+6vbi2kaMQlUEK07rpOAlxEFnAo2KXZTzRJCh6TPOoZKEjHtZbPLJ/jUKD0cxsqUBDxTf09kJNJ6HAWmMyIw0IveVPzP66QQXnkZl0kKTNL5ojAVGGI8jQH3uGIUxNgQQhU3t2I6IIpQMGEVTQju4svLpFkpu9Vy9f6iVLvO4yigY3SCzpCLLlEN3aI6aiCKRugZvaI3K7NerHfrY966YuUzR+gPrM8f5zKTNg==</latexit>

3M2
gap

<latexit sha1_base64="8g0oF6w8iDY7CaOvP68x7gxvq5o=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbSbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVFJtUcqk6IdHImcCmYYZjJ1FI4pBjOxzfzvz2EyrNpHgwkwSDmAwFixglxkqtHnLe9/vlilf15nBXiZ+TCuRo9MtfvYGkaYzCUE607vpeYoKMKMMox2mpl2pMCB2TIXYtFSRGHWTza6fumVUGbiSVLWHcufp7IiOx1pM4tJ0xMSO97M3E/7xuaqLrIGMiSQ0KulgUpdw10p297g6YQmr4xBJCFbO3unREFKHGBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJFB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+ADiujuo=</latexit>

`1
<latexit sha1_base64="WRJmALfYpEeyFZim+ompa3rLjLA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI9FLx4r2FpoQ9lsJ+3azSbsboQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTjm5n/8IRK81jem0mCfkSHkoecUWOldg+F6Nf65Ypbdecgq8TLSQVyNPvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n82un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwys+4TFKDki0WhakgJiaz18mAK2RGTCyhTHF7K2EjqigzNqCSDcFbfnmVtGtVr16t311UGtd5HEU4gVM4Bw8uoQG30IQWMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzBzoyjus=</latexit>

`2

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M2
gap

<latexit sha1_base64="D65qJF2y7yR6ppYY3qYxDJvTPhQ=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9ar42nOAPUDWJ8n4ruqZZatiTYEXiZ2TMsrR8MwvpxfTNGQRUEGU6tpWAm5GJHAq2LjkpIolhA5Jn3U1jUjIlJtNrx/jY630cBBLXRHgqfp7IiOhUqPQ150hgYGa9ybif143heDczXiUpMAiOlsUpAJDjCdR4B6XjIIYaUKo5PpWTAdEEgo6sJIOwZ5/eZG0qhW7VqndnJbrF3kcRXSIjtAJstEZqqMr1EBNRNEjekav6M14Ml6Md+Nj1low8pl99AfG5w8IkpT6</latexit>

µ2M
2
gap

<latexit sha1_base64="H//X4bwI3RjZ+RAOpAGes7PrqK4=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVZIq1WXRjRuhgn1AE8NkOmmHTh7M3Ig1FH/FjQtF3Pof7vwbp20W2nrgwuGce7n3Hj8RXIFlfRsLi0vLK6uFteL6xubWtrmz21RxKilr0FjEsu0TxQSPWAM4CNZOJCOhL1jLH1yO/dY9k4rH0S0ME+aGpBfxgFMCWvLMfSdMvRN87TnAHiDrkWR0V/HMklW2JsDzxM5JCeWoe+aX041pGrIIqCBKdWwrATcjEjgVbFR0UsUSQgekxzqaRiRkys0m14/wkVa6OIilrgjwRP09kZFQqWHo686QQF/NemPxP6+TQnDuZjxKUmARnS4KUoEhxuMocJdLRkEMNSFUcn0rpn0iCQUdWFGHYM++PE+albJdLVdvTku1izyOAjpAh+gY2egM1dAVqqMGougRPaNX9GY8GS/Gu/ExbV0w8pk99AfG5w8KJZT7</latexit>

µ3M
2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="U1oId/bUuieN5c9B7QAt7gs4ZJw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKVI9FL16ECvYD2hg22027dLMJu5NiCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7d/YB8etXScKsqaNBax6gREM8ElawIHwTqJYiQKBGsHo5uZ3x4zpXksH2CSMC8iA8lDTgkYybftKr7ze8CeIBuQZPpY9e2yU3HmwKvEzUkZ5Wj49levH9M0YhKoIFp3XScBLyMKOBVsWuqlmiWEjsiAdQ2VJGLay+aXT/GZUfo4jJUpCXiu/p7ISKT1JApMZ0RgqJe9mfif100hvPIyLpMUmKSLRWEqMMR4FgPuc8UoiIkhhCpubsV0SBShYMIqmRDc5ZdXSatacWuV2v1FuX6dx1FEJ+gUnSMXXaI6ukUN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8f5Z+TNQ==</latexit>

2M2
gap

<latexit sha1_base64="VNzcZTu1Gbujo3FRxAn81416+iE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewGiV6EoBePEcwDkiXMTnqTIbOz68ysEEJ+wosHRbz6O978GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWandRiF7l2usVS27ZnYOsEi8jJchQ7xW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yv3dKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhNe+RMuk9SgZItFYSqIicnsedLnCpkRY0soU9zeStiQKsqMjahgQ/CWX14lzUrZq5ar9xel2k0WRx5O4BTOwYNLqMEd1KEBDAQ8wyu8OY/Oi/PufCxac042cwx/4Hz+AC9oj20=</latexit>

`2 = 1

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M2
gap

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M2
gap

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

`1 = 0

<latexit sha1_base64="Uf6egtGJC4dglywgzTSUVKkpAv4=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KkmV6rHoxYtQwX5AG8Nmu2mXbjZhd1Isof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLBNTjOt7Wyura+sVnYKm7v7O7t2weHTR2nirIGjUWs2gHRTHDJGsBBsHaiGIkCwVrB8Gbqt0ZMaR7LBxgnzItIX/KQUwJG8m37HN/5XWBPkPVJMnms+HbJKTsz4GXi5qSEctR9+6vbi2kaMQlUEK07rpOAlxEFnAo2KXZTzRJCh6TPOoZKEjHtZbPLJ/jUKD0cxsqUBDxTf09kJNJ6HAWmMyIw0IveVPzP66QQXnkZl0kKTNL5ojAVGGI8jQH3uGIUxNgQQhU3t2I6IIpQMGEVTQju4svLpFkpu9Vy9f6iVLvO4yigY3SCzpCLLlEN3aI6aiCKRugZvaI3K7NerHfrY966YuUzR+gPrM8f5zKTNg==</latexit>

3M2
gap

<latexit sha1_base64="U1oId/bUuieN5c9B7QAt7gs4ZJw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKVI9FL16ECvYD2hg22027dLMJu5NiCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7d/YB8etXScKsqaNBax6gREM8ElawIHwTqJYiQKBGsHo5uZ3x4zpXksH2CSMC8iA8lDTgkYybftKr7ze8CeIBuQZPpY9e2yU3HmwKvEzUkZ5Wj49levH9M0YhKoIFp3XScBLyMKOBVsWuqlmiWEjsiAdQ2VJGLay+aXT/GZUfo4jJUpCXiu/p7ISKT1JApMZ0RgqJe9mfif100hvPIyLpMUmKSLRWEqMMR4FgPuc8UoiIkhhCpubsV0SBShYMIqmRDc5ZdXSatacWuV2v1FuX6dx1FEJ+gUnSMXXaI6ukUN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8f5Z+TNQ==</latexit>

2M2
gap

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

`1 = 0

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

`1 = 0

<latexit sha1_base64="Uf6egtGJC4dglywgzTSUVKkpAv4=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KkmV6rHoxYtQwX5AG8Nmu2mXbjZhd1Isof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLBNTjOt7Wyura+sVnYKm7v7O7t2weHTR2nirIGjUWs2gHRTHDJGsBBsHaiGIkCwVrB8Gbqt0ZMaR7LBxgnzItIX/KQUwJG8m37HN/5XWBPkPVJMnms+HbJKTsz4GXi5qSEctR9+6vbi2kaMQlUEK07rpOAlxEFnAo2KXZTzRJCh6TPOoZKEjHtZbPLJ/jUKD0cxsqUBDxTf09kJNJ6HAWmMyIw0IveVPzP66QQXnkZl0kKTNL5ojAVGGI8jQH3uGIUxNgQQhU3t2I6IIpQMGEVTQju4svLpFkpu9Vy9f6iVLvO4yigY3SCzpCLLlEN3aI6aiCKRugZvaI3K7NerHfrY966YuUzR+gPrM8f5zKTNg==</latexit>

3M2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

(1.9)

6Specifying the spin of the internal state, which must be part of a supermultiplet, only makes sense when
the external states of A(s, u) are chosen. This will be done in section 2.1.
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Figure 1. This plot shows the allowed region for Wilson coefficients ā1,0 and ā2,0. Teal shows the
region with unrestricted spectrum above the mass gap. Purple shows the allowed region for a scalar
at the mass gap and no assumptions about the spectrum at and above 2M2

gap. In magenta is shown
the allowed region when the cutoff is at 2M2

gap and there is a non-zero spin state or no state at M2
gap.

(This is simply the teal region scaled by a factor of two on the horizontal axis and a factor of four on
the vertical axis.) The red dot corresponds to the Veneziano amplitude values for these coefficients
and it sits very close to the corner in the purple bounds. The inset zooms in near the tip of the
purple allowed region and shows the dependence of the bounds on the truncation parameter kmax for
kmax = 4, 6, 8, 10, 12, and 14.

The resulting allowed region, shown in purple in figure 1, has a new corner at

ā1,0 ≈ 0.7336 , ā2,0 ≈ 0.6598 . (1.10)

(These are the values for kmax = 14; the change from kmax = 12 to 14 is of order 10−4.) The
corner values are close to the values for the Veneziano amplitude (1.4),

āstr
1,0 = ζ3

ζ2
≈ 0.7308 , āstr

2,0 = ζ4
ζ2
≈ 0.6580 , (1.11)

shown as a red dot in figure 1. Thus, we have found a new corner on the EFT bounds
very close to the Veneziano amplitude! The only string-motivated input was the choice
of gap µc = 2 in (1.9).
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Figure 2. Island bounds bootstrapping the Veneziano amplitude (red dot). The gray region shows
the kmax = 4 bounds without the scalar coupling fixed. The blue island is kmax = 4 bounds with
the scalar coupling fixed to the string value (1.12). The zoomed inset shows that the island bounds
continue to shrink for kmax = 4, 6, 8, 10, 12, 14, 16, narrowing in on the Veneziano amplitude.

Single-state input with coupling. The lowest-mass state of the Veneziano amplitude is a
scalar that couples to the massless states with (normalized) coupling

ḡ2
0 ≡
|g2

0|
a0,0

= 1
ζ2

. (1.12)

Let us pretend that this is a number that we have ‘measured’. If we enter this into the EFT
bootstrap with spectrum assumptions, how much freedom is left in the EFT? Naively, one
might think that fixing the spin and coupling of the lowest state does not amount to much
information, but the EFT bootstrap says otherwise.

First, we find that the cutoff scale µc above the lowest mass state (cf. the spectrum (1.8))
now has a maximum which we find converges to µc = 2 as kmax increases (see figure 7). Next,
choosing this extremal value of the cutoff, µc = 2, we find that the allowed region becomes a
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small island around the Veneziano amplitude! This is illustrated for the (ā1,0, ā2,0) plane in
figure 2. Moreover, as we increase the value of kmax, the size of the island shrinks, see the
zoomed inset in figure 2 for kmax = 4, 6, 8, 10, 12, 14, and 16. (In the main text, we show the
allowed islands for other Wilson coefficients.) Pushing to kmax = 18, we find

0.7261 < ā1,0 < 0.7333 , 0.6569 < ā2,0 < 0.6598 . (1.13)

These values are within about 1% and 0.5% of the Veneziano string values (1.11), respectively.
Thus, even with the minimal physical input of the lowest mass state, there is very little room
for anything else in the maximally supersymmetric EFT.

Two-states input. Let us approach the bootstrap of the open string from a different
angle that does not require fixing any couplings. Consider the input of two massive states
instead of one:

<latexit sha1_base64="8g0oF6w8iDY7CaOvP68x7gxvq5o=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbSbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVFJtUcqk6IdHImcCmYYZjJ1FI4pBjOxzfzvz2EyrNpHgwkwSDmAwFixglxkqtHnLe9/vlilf15nBXiZ+TCuRo9MtfvYGkaYzCUE607vpeYoKMKMMox2mpl2pMCB2TIXYtFSRGHWTza6fumVUGbiSVLWHcufp7IiOx1pM4tJ0xMSO97M3E/7xuaqLrIGMiSQ0KulgUpdw10p297g6YQmr4xBJCFbO3unREFKHGBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJFB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+ADiujuo=</latexit>

`1
<latexit sha1_base64="WRJmALfYpEeyFZim+ompa3rLjLA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI9FLx4r2FpoQ9lsJ+3azSbsboQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTjm5n/8IRK81jem0mCfkSHkoecUWOldg+F6Nf65Ypbdecgq8TLSQVyNPvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n82un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwys+4TFKDki0WhakgJiaz18mAK2RGTCyhTHF7K2EjqigzNqCSDcFbfnmVtGtVr16t311UGtd5HEU4gVM4Bw8uoQG30IQWMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzBzoyjus=</latexit>

`2

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M2
gap

<latexit sha1_base64="D65qJF2y7yR6ppYY3qYxDJvTPhQ=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9ar42nOAPUDWJ8n4ruqZZatiTYEXiZ2TMsrR8MwvpxfTNGQRUEGU6tpWAm5GJHAq2LjkpIolhA5Jn3U1jUjIlJtNrx/jY630cBBLXRHgqfp7IiOhUqPQ150hgYGa9ybif143heDczXiUpMAiOlsUpAJDjCdR4B6XjIIYaUKo5PpWTAdEEgo6sJIOwZ5/eZG0qhW7VqndnJbrF3kcRXSIjtAJstEZqqMr1EBNRNEjekav6M14Ml6Md+Nj1low8pl99AfG5w8IkpT6</latexit>

µ2M
2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="qqKSJiEwWZbidgUyMeooZoUQkCI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3TpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6xHHK/ZhGSoSCUbTSQ9R3++WKW3XnIKvEy0kFcjT65a/eIGFZzBUySY3pem6K/oRqFEzyaamXGZ5SNqIR71qqaMyNP5mfOiVnVhmQMNG2FJK5+ntiQmNjxnFgO2OKQ7PszcT/vG6G4bU/ESrNkCu2WBRmkmBCZn+TgdCcoRxbQpkW9lbChlRThjadkg3BW355lbQuql6tWru/rNRv8jiKcAKncA4eXEEd7qABTWAQwTO8wpsjnRfn3flYtBacfOYY/sD5/AHzyY2Z</latexit>g0
<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>
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(1.14)

We find that the only non-trivial options for the spins are

ℓ1 = 0 and ℓ2 = 1 . (1.15)

With this choice, we compute, for given choice of µ2, the maximum allowed value of the
Wilson coefficient ā1,0 and find that its value stays constant as µc increases from µ2 up to
µc ≈ 2µ2 − 1 where it begins to drop off and reduce the allowed coupling space. This is
illustrated in the plot of figure 3 for a selection of µ2 choices, including the string-case of
µ2 = 2 shown in dark green. The sudden drop in max(ā1,0) suggests that when µc is taken
larger than 2µ2 − 1 some amplitude with a massive state at (2µ2 − 1)M2

gap is ruled out. This
would be compatible with a model whose spectrum has a linear Regge trajectory

M2
ℓ = (µ2 − 1)ℓ + 1 . (1.16)

Thus the bootstrap ‘discovers’ a one-parameter family of potentially interesting models with
linear Regge trajectories (at least for 1 < µ2 ≤ 2 where the corner is quite sharp). The case
with µ2 = 2 is the open string, but in this analysis it is not entirely clear what singles it
out among the other ones. Apart from the case of Veneziano with µ2 = 2, we do not know
a closed form of the generic ‘corner theory’ amplitudes.

The curves for max(ā1,0) vs. µc appear to have another set of corners for µc > 2µ2−1 (see
figure 14.). If any theories ‘live’ there, they would have non-linear Regge trajectories, similar
to those of mesons in real-world QCD and in the pion EFT studied in [17]. If we select µ2 to
take the same value as the mass gap between the ρ and f2 mesons, namely (1.65)2, we find a
corner in the bounds (when done in 4D) quite similar to that found in the pion model [17].
There are some practical and qualitative similarities between our maximally supersymmetric
model and the pion EFT of [4, 7, 17] that are likely responsible for this coincidence of numbers.

In this work, we have sought to assume only a minimum of well-motivated physical
information about the spectrum. The guideline for the input has been to think about what
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µ2 = 1.2

µ2 = 1.4

µ2 = 1.6

µ2 = 1.8

µ2 = 2

µ2 = 2.4
µ2 = (1.65)2

Figure 3. Max(ā1,0) vs. the cutoff scale µc for µ2 = 1, 1.2, 1.4, 1.6, 1.8, 2, 2.4 and (1.65)2 computed
with kmax = 10. Each curve has a corner near µc = 2µ2 − 1, suggesting a one-parameter family of
models with a state of mass-squared (2µ2 − 1)M2

gap. The dashed line corresponds to the upper bound
on ā1,0 with µc = µ2, while the dotted line shows the max(ā1,0) for µc = 2µ2 − 1. The inset shows
the location of the “corner theories” in the (ā1,0, ā2,0)-plane for a selection of µ2 values and with
µc = 2µ2 − 1. For given choice of Mgap (an arbitrary scale below which there are no massive states),
the Veneziano amplitudes with 1/α′ ≥M2

gap must also lie within the allowed region. Thus, the red
curve in the inset corresponds to the Veneziano amplitude with varying 0 ≤ α′M2

gap ≤ 1, while the
red dot is for α′M2

gap = 1. Note that varying α′M2
gap is distinct from changing the Regge slope by

varying µ2.

data would be experimentally available had this been a “real-world” model. From that
perspective, it seems reasonable to assume that the lowest EFT coefficient a0,0 can been
measured and that a scattering experiment can determine the mass, spin, and coupling g2

0 of
the lowest massive state. (This is certainly the case for pion scattering where much more
information about the meson spectrum is also available.) For the maximally supersymmetric
YM EFT, this basic data was sufficient to reduce the allowed space of Wilson coefficients to
a small island around the Veneziano amplitude. Such strong constraints may not be found in
bootstraps of generic EFTs with less symmetry. Also, experimentally, there would be error
bars on the measurements of masses and couplings, so one would have to smear over any
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islands resulting from the bootstrap to take these uncertainties into account. Nonetheless,
one can think of our setup as a very simple toy model for the application of the S-matrix
bootstrap to more realistic cases.

Outline. In section 2, we discuss the constraints of maximal supersymmetry, the dispersive
representation, and some simple analytic bounds. The input of spectral information is
described and put in the context of known UV completions. We also outline the numerical
implementation.

Section 3 begins with a bootstrap of the possible spins for the state with the lowest
mass in the spectrum. We then discuss the string at the corner of the bounds (e.g. figure 1)
and the string islands (figure 2.)

Next, in section 4, we argue that input of specific states can give corners in the bounds
of Wilson coefficients and we show how that motivates particular spectrum input for the
bootstrap. We examine this first for the bootstrap of the Veneziano amplitude and next
more generally to find the one-parameter of corner theories from figure 3. We notice that, for
larger mass gaps, the bounds have secondary corners which would correspond to models with
non-linear Regge trajectories. We compare one such corner with the pion-bootstrap.

In section 5, we show that the bounds obtained with one- and two-state input are very
similar to those computed by imposing a fixed leading Regge trajectory on the full spectrum.

We discuss the results and outlook in section 6. The appendices contain additional details
about the numerical implementation (appendix A) as well as some results of bootstrapping
the Veneziano amplitude using information about the two lowest massive states and their
couplings (appendix B).

Note added. As this paper was being completed, we learned about similar ideas being
pursued by Albert, Knop, and Rastelli [27]. Their results for the open string bootstrap are
largely complementary and appear to be in good physical agreement with ours.

2 SUSY constraints and the dispersive representation

In this section, we show how to implement the constraints of maximal supersymmetry and
generalize the derivation of the dispersive represention in [15] to D-dimensions. We then
describe the general set up for adding the lowest-massive states into the spectrum. Finally
we discuss the spectrum and couplings of the massive states exchanged in the open string
tree amplitude.

2.1 Supersymmetry constraints

In D = 4 dimensions, maximal super Yang-Mills theory has N = 4 supersymmetry and
the self-dual supermultiplet of massless states consists of the gluons, the four gluinos, and
three pairs of complex scalars. The N = 4 SUSY Ward identities imply that all 4-point
single-trace amplitudes are proportional to each other. Thus, without loss of generality, we
can focus on the color-ordered scalar amplitude

A(s, u) = A[zzz̄z̄] , (2.1)

where z and z̄ is any pair of conjugate complex scalars of the N = 4 massless supermultiplet.
It was shown in [15] that the N = 4 SUSY Ward identities requires the amplitude (2.1) to
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take the form A(s, u) = s2f(s, u), where f(u, s) = f(s, u). This is a SUSY version of crossing
symmetry. The most general ansatz for the EFT expansion of this amplitude is then7

AEFT(s, u) = − s

u
+ s2 ∑

0≤q≤k

ak,q sk−q uq with ak,k−q = ak,q . (2.2)

The constraints ak,k−q = ak,q follows from the SUSY crossing condition f(u, s) = f(s, u). The
first term is the gluon-exchange in the u-channel of the leading order 2-derivative SYM theory.
The polynomial terms in the Mandelstam variables s and u are in 1-to-1 correspondence
with (linear combinations of) the on-shell N = 4 compatible local operators of the schematic
form tr(D2k+4z2z̄2) SUSY←−−→ tr(D2kF 4). The ak,q are Wilson coefficients for these operators,
e.g. a0,0 is the coefficient of tr(F 4), a1,0 = a1,1 is the coefficient of tr(D2F 4) and so on, as
outlined in (1.2). The subscript k on ak,q is associated with the derivative order and q labels
distinct operators of the same order.

Consider now 2 → 2 scattering amplitudes in maximally supersymmetric Yang-Mills
theory in D > 4 spacetime dimensions. If we restrict the external states to a 4D subspace,
the states can be decomposed into the massless N = 4 supermultiplet and the amplitudes
obey the 4D N = 4 SUSY Ward identities. We can then reuse all the above 4D results.

Thus, in D dimensions, we consider a four-point amplitude A(s, u) whose restriction to a
4D subspace gives the scalar amplitude (2.1). The dependence on the spacetime dimension
D enters via the partial wave decomposition

A(s, u) =
∞∑

ℓ=0
n

(D)
ℓ aℓ(s)G

(D)
ℓ

(
1 + 2u

s

)
, (2.3)

in which aℓ(s) is the spectral density, n
(D)
ℓ is a dimension-dependent normalization [1, 28],

n
(D)
ℓ = (4π)D/2(D + 2ℓ− 3)Γ(D + ℓ− 3)

πΓ
(

D−2
2

)
Γ(ℓ + 1)

, (2.4)

and G
(D)
ℓ are the D-dimensional Gegenbauer polynomials, which can be written in terms

of the hypergeometric function 2F1 as

G
(D)
ℓ (x) ≡ 2F1

(
−ℓ, ℓ + D − 3,

D − 2
2 ,

1− x

2

)
. (2.5)

Thus, the internally exchanged particles with spin ‘know’ that they ‘live’ in D dimensions.

2.2 Dispersive representation

The EFT S-matrix bootstrap assumptions are unitarity (specifically positivity since we are
working at tree-level), analyticity, and the Froissart-like bounds that A(s, u)/s2 → 0 for
|s| → ∞ at fixed u < 0 (and similarly at fixed t < 0). In addition, we assume a mass gap,

7For simplicity, we scale all amplitudes to be dimensionless and have no explicit coupling for the leading
pole term −s/u. Since we only bound ratios of couplings, this has no impact on the results. Also, our 4-point
Mandelstam variables are s = −(p1 + p2)2, t = −(p1 + p3)2, and u = −(p1 + p4)2, treating all momenta
as outgoing.
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large rank of the gauge group (e.g. only single-trace operators considered), and weak couplings
so that any running of the couplings is suppressed and we can work at tree-level in the EFT.
More detailed statements of the assumptions are given in section 3 of [15].

Using a standard contour deformation argument, it was shown in [15] that all the Wilson
coefficients ak,q of the amplitude (2.2) have a dispersive representation. Generalizing to
D-dimensions and redefining all ak,q to be dimensionless, we have

ak,q =
∞∑

ℓ=0

∫ ∞

M2
gap

dM2

M2 n
(D)
ℓ ρℓ(M2)

(
M2

gap
M2

)k+D/2

v
(D)
ℓ,q , ρℓ(M2) ≥ 0 . (2.6)

Unitarity ensures positivity of the spectral density ρℓ(s) = s(D−4)/2Im
(
aℓ(s)

)
. In D = 4, the

v
(4)
ℓ,q are the coefficients of the Legendre polynomials Pℓ

(
1 + 2δ

)
=∑ℓ

q=0 vℓ,qδq. In general D

dimensions, the numbers v
(D)
ℓ,q are similarly derived from the Gegenbauers (2.5) as

v
(D)
ℓ,q = (−1)q 1

q!
∂q

∂xq 2F1

(
−ℓ, ℓ + D − 3,

D − 2
2 , x

) ∣∣∣∣
x=0

. (2.7)

Importantly, all v
(D)
ℓ,q are non-negative. Our analysis is in D = 10, so henceforth we drop the

superscript (D) with the understanding that vℓ,q are the 10-dimensional coefficients unless
otherwise stated.

Changing integration variable to y = M2/M2
gap in (2.6), we find

ak,q =
∞∑

ℓ=0

∫ ∞

1
dy fℓ(y) y−kvℓ,q =

〈
y−kvℓ,q

〉
1

, (2.8)

where fℓ(y) = y−(D/2+1)n
(D)
ℓ ρℓ(M2

gapy) ≥ 0 and we have introduced the compact notation

〈
Q
〉

µ
=

∞∑
ℓ=0

∫ ∞

µ
dy fℓ(y)Q(ℓ, y) . (2.9)

If µ > 1, the dispersion integral starts above the mass gap, i.e. the lowest mass-scale to
enter the dispersive integral is µM2

gap.

Null constraints. The SUSY crossing constraints ak,k−q = ak,q from (2.2) place constraints
on the spectral density. It is further constrained by relations derived from the dispersion
relations at constant t (as opposed to constant u < 0 used to derive (2.6)). These constraints
are collectively referred to as the “null constraints” and they play a key role for the numerical
computation of the bounds. We provide the explicit expressions for the null constraints
in appendix A.1.

2.3 Simple analytic bounds

It follows directly from the integral (2.8) and the non-negativity of the vℓ,q that ak,q ≥ 0
for all k and q, and that

ak,q ≥ ak′,q for k < k′ . (2.10)
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Together with the SUSY crossing constraint, ak,k−q = ak,q, one can show [15] that ak,q ≤ a0,0
for all k and q. Thus, the lowest-dimension operator, trF 4, has an effective coupling a0,0 that,
in units of the mass gap M2

gap, is greater than all other Wilson coefficients. It is therefore
natural to bound the higher-derivative couplings relative to a0,0:

āk,q ≡
ak,q

a0,0
for which 0 ≤ āk,q ≤ 1 . (2.11)

One can derive the analytic bounds [15]

ā
k′/k
k,0 ≤ āk′,0 ≤ āk,0 for k ≤ k′ . (2.12)

The case of k = 1 and k′ = 2 was given in (1.6) and shown as the teal region in figure 1.

Scaling of bounds. The bounds in (2.11) and (2.12) were derived from the dispersive
representation (2.8). If we change the lower bound on the dispersion integral from 1 to
µ > 1, i.e. if we define

a
(µ)
k,q =

〈
y−kvℓ,q

〉
µ

, (2.13)

then it follows from a scaling of the dispersion integral that

max
(
ā

(µ)
k,q

)
= 1

µk
max

(
ā

(1)
k,q

)
with ā

(µ)
k,q =

a
(µ)
k,q

a
(µ)
0,0

. (2.14)

The bounds (2.11) and (2.12) then become

0 ≤ ā
(µ)
k,q ≤ µ−k and (ā(µ)

k,0)
k′/k ≤ ā

(µ)
k′,0 ≤ µk−k′

ā
(µ)
k,0 for k ≤ k′ . (2.15)

For example, with µ = 2 we get

0 ≤ ā
(2)
1,0 ≤

1
2 and (ā(2)

1,0)2 ≤ ā
(2)
2,0 ≤

1
2 ā

(2)
1,0 . (2.16)

This is relevant for the projection of the allowed region to the (a1,0, a2,0) plane and is shown
as the magenta-colored region in figure 1.

2.4 Spectrum input

In the Introduction, we discussed the specification of explicit low-mass states in the EFT
bootstrap. We now detail how this is implemented, reviewing the ideas proposed in [4, 17].
The contribution from a state with spin ℓi and mass Mi to an s-channel pole is captured
by the residue of the 4-point amplitude as

<latexit sha1_base64="TqvN7prTdEOUNXDkCJow3Qc5rWU=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktUj0WvXgRKrhtoV1LNs22odlkSbJCWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKVlqgj1ieRSdUKsKWeC+oYZTjuJojgOOW2H45uZ336iSjMpHswkoUGMh4JFjGBjJf+uzx5r/XLFrbpzoFXi5aQCOZr98ldvIEkaU2EIx1p3PTcxQYaVYYTTaamXappgMsZD2rVU4JjqIJsfO0VnVhmgSCpbwqC5+nsiw7HWkzi0nTE2I73szcT/vG5qoqsgYyJJDRVksShKOTISzT5HA6YoMXxiCSaK2VsRGWGFibH5lGwI3vLLq6RVq3r1av3+otK4zuMowgmcwjl4cAkNuIUm+ECAwTO8wpsjnBfn3flYtBacfOYY/sD5/AFJSY5c</latexit>

M2
i

<latexit sha1_base64="KNATO/Iq7byZl7oGgNLXcjBHv5E=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3TpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCahGwSU2DTcCO6lCGgcC28Hodua3n1BpnshHM07Rj2kkecgZNVZ6iPq8X664VXcOskq8nFQgR6Nf/uoNEpbFKA0TVOuu56bGn1BlOBM4LfUyjSllIxph11JJY9T+ZH7qlJxZZUDCRNmShszV3xMTGms9jgPbGVMz1MveTPzP62YmvPYnXKaZQckWi8JMEJOQ2d9kwBUyI8aWUKa4vZWwIVWUGZtOyYbgLb+8SloXVa9Wrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjCI4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBKPI3S</latexit>gi
<latexit sha1_base64="622id/Meh80kN91na5EDAw4glqc=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5KIVI9FLx4rmLbQxrLZbtqlm03YnQil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dlZW19Y3Ngtbxe2d3b390sFhwySZZtxniUx0K6SGS6G4jwIlb6Wa0ziUvBkOb6d+84lrIxL1gKOUBzHtKxEJRtFKfr8rHs+7pbJbcWcgy8TLSRly1Lulr04vYVnMFTJJjWl7borBmGoUTPJJsZMZnlI2pH3etlTRmJtgPDt2Qk6t0iNRom0pJDP198SYxsaM4tB2xhQHZtGbiv957Qyj62AsVJohV2y+KMokwYRMPyc9oTlDObKEMi3srYQNqKYMbT5FG4K3+PIyaVxUvGqlen9Zrt3kcRTgGE7gDDy4ghrcQR18YCDgGV7hzVHOi/PufMxbV5x85gj+wPn8AWT5jm4=</latexit>

g⇤i
<latexit sha1_base64="rWnGlgx9xlTccyDSZFrHoUdkf3Q=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbSbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVFJtUcqk6IdHImcCmYYZjJ1FI4pBjOxzfzvz2EyrNpHgwkwSDmAwFixglxkqtHnLeZ/1yxat6c7irxM9JBXI0+uWv3kDSNEZhKCdad30vMUFGlGGU47TUSzUmhI7JELuWChKjDrL5tVP3zCoDN5LKljDuXP09kZFY60kc2s6YmJFe9mbif143NdF1kDGRpAYFXSyKUu4a6c5edwdMITV8YgmhitlbXToiilBjAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5kjnxXl3PhatBSefOYY/cD5/AI2OjyI=</latexit>

`i

<latexit sha1_base64="8g0oF6w8iDY7CaOvP68x7gxvq5o=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbSbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVFJtUcqk6IdHImcCmYYZjJ1FI4pBjOxzfzvz2EyrNpHgwkwSDmAwFixglxkqtHnLe9/vlilf15nBXiZ+TCuRo9MtfvYGkaYzCUE607vpeYoKMKMMox2mpl2pMCB2TIXYtFSRGHWTza6fumVUGbiSVLWHcufp7IiOx1pM4tJ0xMSO97M3E/7xuaqLrIGMiSQ0KulgUpdw10p297g6YQmr4xBJCFbO3unREFKHGBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJFB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+ADiujuo=</latexit>

`1
<latexit sha1_base64="WRJmALfYpEeyFZim+ompa3rLjLA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI9FLx4r2FpoQ9lsJ+3azSbsboQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTjm5n/8IRK81jem0mCfkSHkoecUWOldg+F6Nf65Ypbdecgq8TLSQVyNPvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n82un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwys+4TFKDki0WhakgJiaz18mAK2RGTCyhTHF7K2EjqigzNqCSDcFbfnmVtGtVr16t311UGtd5HEU4gVM4Bw8uoQG30IQWMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzBzoyjus=</latexit>

`2

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M2
gap

<latexit sha1_base64="D65qJF2y7yR6ppYY3qYxDJvTPhQ=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9ar42nOAPUDWJ8n4ruqZZatiTYEXiZ2TMsrR8MwvpxfTNGQRUEGU6tpWAm5GJHAq2LjkpIolhA5Jn3U1jUjIlJtNrx/jY630cBBLXRHgqfp7IiOhUqPQ150hgYGa9ybif143heDczXiUpMAiOlsUpAJDjCdR4B6XjIIYaUKo5PpWTAdEEgo6sJIOwZ5/eZG0qhW7VqndnJbrF3kcRXSIjtAJstEZqqMr1EBNRNEjekav6M14Ml6Md+Nj1low8pl99AfG5w8IkpT6</latexit>

µ2M
2
gap

<latexit sha1_base64="H//X4bwI3RjZ+RAOpAGes7PrqK4=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVZIq1WXRjRuhgn1AE8NkOmmHTh7M3Ig1FH/FjQtF3Pof7vwbp20W2nrgwuGce7n3Hj8RXIFlfRsLi0vLK6uFteL6xubWtrmz21RxKilr0FjEsu0TxQSPWAM4CNZOJCOhL1jLH1yO/dY9k4rH0S0ME+aGpBfxgFMCWvLMfSdMvRN87TnAHiDrkWR0V/HMklW2JsDzxM5JCeWoe+aX041pGrIIqCBKdWwrATcjEjgVbFR0UsUSQgekxzqaRiRkys0m14/wkVa6OIilrgjwRP09kZFQqWHo686QQF/NemPxP6+TQnDuZjxKUmARnS4KUoEhxuMocJdLRkEMNSFUcn0rpn0iCQUdWFGHYM++PE+albJdLVdvTku1izyOAjpAh+gY2egM1dAVqqMGougRPaNX9GY8GS/Gu/ExbV0w8pk99AfG5w8KJZT7</latexit>

µ3M
2
gap

<latexit sha1_base64="qBsjHPWJaqI2la06ozGMKVMArL0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJVgETyURqR6LXjxWsB/QhrLZTtqlm03YnYg19Jd48aCIV3+KN/+N2zYHbX0w8HhvZnfmBYngGl332yqsrW9sbhW3Szu7e/tl++CwpeNUMWiyWMSqE1ANgktoIkcBnUQBjQIB7WB8M/PbD6A0j+U9ThLwIzqUPOSMopH6drmH8IhZRLUWoPW0b1fcqjuHs0q8nFRIjkbf/uoNYpZGIJEJ80rXcxP0M6qQMwHTUi/VkFA2pkPoGippBNrP5otPnVOjDJwwVqYkOnP190RGI60nUWA6I4ojvezNxP+8borhlZ9xmaQIki0+ClPhYOzMUnAGXAFDMTGEMsXNrg4bUUUZmqxKJgRv+eRV0jqverVq7e6iUr/O4yiSY3JCzohHLkmd3JIGaRJGUvJMXsmb9WS9WO/Wx6K1YOUzR+QPrM8fvnWT0A==</latexit>

massless

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="MFiHfJYytqD+d9XLV3/JjEsA4N8=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8SNgViR6DXjxGMA9MltA7mSRDZmeXmVkhWfIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777aysrq1vbOa28ts7u3v7hYPDuo4SRVmNRiJSzQA1E1yymuFGsGasGIaBYI1geDv1G09MaR7JBzOKmR9iX/Iep2is9Dg+J+0AVTqedApFt+TOQJaJl5EiZKh2Cl/tbkSTkElDBWrd8tzY+Ckqw6lgk3w70SxGOsQ+a1kqMWTaT2cXT8ipVbqkFylb0pCZ+nsixVDrURjYzhDNQC96U/E/r5WY3rWfchknhkk6X9RLBDERmb5PulwxasTIEqSK21sJHaBCamxIeRuCt/jyMqlflLxyqXx/WazcZHHk4BhO4Aw8uIIK3EEVakBBwjO8wpujnRfn3fmYt6442cwR/IHz+QNMKpCy</latexit>

z, z̄

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M2
gap

<latexit sha1_base64="qBsjHPWJaqI2la06ozGMKVMArL0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJVgETyURqR6LXjxWsB/QhrLZTtqlm03YnYg19Jd48aCIV3+KN/+N2zYHbX0w8HhvZnfmBYngGl332yqsrW9sbhW3Szu7e/tl++CwpeNUMWiyWMSqE1ANgktoIkcBnUQBjQIB7WB8M/PbD6A0j+U9ThLwIzqUPOSMopH6drmH8IhZRLUWoPW0b1fcqjuHs0q8nFRIjkbf/uoNYpZGIJEJ80rXcxP0M6qQMwHTUi/VkFA2pkPoGippBNrP5otPnVOjDJwwVqYkOnP190RGI60nUWA6I4ojvezNxP+8borhlZ9xmaQIki0+ClPhYOzMUnAGXAFDMTGEMsXNrg4bUUUZmqxKJgRv+eRV0jqverVq7e6iUr/O4yiSY3JCzohHLkmd3JIGaRJGUvJMXsmb9WS9WO/Wx6K1YOUzR+QPrM8fvnWT0A==</latexit>

massless

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="MFiHfJYytqD+d9XLV3/JjEsA4N8=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8SNgViR6DXjxGMA9MltA7mSRDZmeXmVkhWfIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777aysrq1vbOa28ts7u3v7hYPDuo4SRVmNRiJSzQA1E1yymuFGsGasGIaBYI1geDv1G09MaR7JBzOKmR9iX/Iep2is9Dg+J+0AVTqedApFt+TOQJaJl5EiZKh2Cl/tbkSTkElDBWrd8tzY+Ckqw6lgk3w70SxGOsQ+a1kqMWTaT2cXT8ipVbqkFylb0pCZ+nsixVDrURjYzhDNQC96U/E/r5WY3rWfchknhkk6X9RLBDERmb5PulwxasTIEqSK21sJHaBCamxIeRuCt/jyMqlflLxyqXx/WazcZHHk4BhO4Aw8uIIK3EEVakBBwjO8wpujnRfn3fmYt6442cwR/IHz+QNMKpCy</latexit>

z, z̄

<latexit sha1_base64="qqKSJiEwWZbidgUyMeooZoUQkCI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3TpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6xHHK/ZhGSoSCUbTSQ9R3++WKW3XnIKvEy0kFcjT65a/eIGFZzBUySY3pem6K/oRqFEzyaamXGZ5SNqIR71qqaMyNP5mfOiVnVhmQMNG2FJK5+ntiQmNjxnFgO2OKQ7PszcT/vG6G4bU/ESrNkCu2WBRmkmBCZn+TgdCcoRxbQpkW9lbChlRThjadkg3BW355lbQuql6tWru/rNRv8jiKcAKncA4eXEEd7qABTWAQwTO8wpsjnRfn3flYtBacfOYY/sD5/AHzyY2Z</latexit>g0

<latexit sha1_base64="Igu3ygVGRt+7EYvidzkEouWyV0w=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclaRIdVl040aoYB/QxDCZTtqhkwczN9IS8ituXCji1h9x5984bbPQ1gMXDufcy733+IngCizr21hb39jc2i7tlHf39g8OzaNKR8WppKxNYxHLnk8UEzxibeAgWC+RjIS+YF1/fDPzu09MKh5HDzBNmBuSYcQDTgloyTMrTpjiO88BNoFsSJL8se6ZVatmzYFXiV2QKirQ8swvZxDTNGQRUEGU6ttWAm5GJHAqWF52UsUSQsdkyPqaRiRkys3mt+f4TCsDHMRSVwR4rv6eyEio1DT0dWdIYKSWvZn4n9dPIbhyMx4lKbCILhYFqcAQ41kQeMAloyCmmhAqub4V0xGRhIKOq6xDsJdfXiWdes1u1Br3F9XmdRFHCZ2gU3SObHSJmugWtVAbUTRBz+gVvRm58WK8Gx+L1jWjmDlGf2B8/gDXCpRV</latexit>

µM2
gap

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

`1 = 0

<latexit sha1_base64="Pt2VBvY3gT2Tsw9FvvB6PwNcwFQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOzTjQk=</latexit>z

<latexit sha1_base64="SagnJThCVpSF2PTSNdohPCibns4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN2N0IN/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHssHM0nQj+hQ8pAzaqzU7gVUZU/TfrniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzcKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7Hcy4AqZERNLKFPc3krYiCrKjE2oZEPwll9eJa2Lqler1u4vK/WbPI4inMApnIMHV1CHO2hAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AGqlI/O</latexit>

z̄

<latexit sha1_base64="SagnJThCVpSF2PTSNdohPCibns4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN2N0IN/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHssHM0nQj+hQ8pAzaqzU7gVUZU/TfrniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzcKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7Hcy4AqZERNLKFPc3krYiCrKjE2oZEPwll9eJa2Lqler1u4vK/WbPI4inMApnIMHV1CHO2hAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AGqlI/O</latexit>

z̄

<latexit sha1_base64="Pt2VBvY3gT2Tsw9FvvB6PwNcwFQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOzTjQk=</latexit>z

<latexit sha1_base64="TqvN7prTdEOUNXDkCJow3Qc5rWU=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktUj0WvXgRKrhtoV1LNs22odlkSbJCWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKVlqgj1ieRSdUKsKWeC+oYZTjuJojgOOW2H45uZ336iSjMpHswkoUGMh4JFjGBjJf+uzx5r/XLFrbpzoFXi5aQCOZr98ldvIEkaU2EIx1p3PTcxQYaVYYTTaamXappgMsZD2rVU4JjqIJsfO0VnVhmgSCpbwqC5+nsiw7HWkzi0nTE2I73szcT/vG5qoqsgYyJJDRVksShKOTISzT5HA6YoMXxiCSaK2VsRGWGFibH5lGwI3vLLq6RVq3r1av3+otK4zuMowgmcwjl4cAkNuIUm+ECAwTO8wpsjnBfn3flYtBacfOYY/sD5/AFJSY5c</latexit>

M2
i

<latexit sha1_base64="KNATO/Iq7byZl7oGgNLXcjBHv5E=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3TpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCahGwSU2DTcCO6lCGgcC28Hodua3n1BpnshHM07Rj2kkecgZNVZ6iPq8X664VXcOskq8nFQgR6Nf/uoNEpbFKA0TVOuu56bGn1BlOBM4LfUyjSllIxph11JJY9T+ZH7qlJxZZUDCRNmShszV3xMTGms9jgPbGVMz1MveTPzP62YmvPYnXKaZQckWi8JMEJOQ2d9kwBUyI8aWUKa4vZWwIVWUGZtOyYbgLb+8SloXVa9Wrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjCI4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBKPI3S</latexit>gi
<latexit sha1_base64="622id/Meh80kN91na5EDAw4glqc=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5KIVI9FLx4rmLbQxrLZbtqlm03YnQil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dlZW19Y3Ngtbxe2d3b390sFhwySZZtxniUx0K6SGS6G4jwIlb6Wa0ziUvBkOb6d+84lrIxL1gKOUBzHtKxEJRtFKfr8rHs+7pbJbcWcgy8TLSRly1Lulr04vYVnMFTJJjWl7borBmGoUTPJJsZMZnlI2pH3etlTRmJtgPDt2Qk6t0iNRom0pJDP198SYxsaM4tB2xhQHZtGbiv957Qyj62AsVJohV2y+KMokwYRMPyc9oTlDObKEMi3srYQNqKYMbT5FG4K3+PIyaVxUvGqlen9Zrt3kcRTgGE7gDDy4ghrcQR18YCDgGV7hzVHOi/PufMxbV5x85gj+wPn8AWT5jm4=</latexit>

g⇤i
<latexit sha1_base64="rWnGlgx9xlTccyDSZFrHoUdkf3Q=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbSbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVFJtUcqk6IdHImcCmYYZjJ1FI4pBjOxzfzvz2EyrNpHgwkwSDmAwFixglxkqtHnLeZ/1yxat6c7irxM9JBXI0+uWv3kDSNEZhKCdad30vMUFGlGGU47TUSzUmhI7JELuWChKjDrL5tVP3zCoDN5LKljDuXP09kZFY60kc2s6YmJFe9mbif143NdF1kDGRpAYFXSyKUu4a6c5edwdMITV8YgmhitlbXToiilBjAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5kjnxXl3PhatBSefOYY/cD5/AI2OjyI=</latexit>

`i −→ Ress=M2
i
A4 = −|gi|2 Gℓi

(
1 + 2u

M2
i

)
, (2.17)

where gi is the coupling between the massive state and the two massless external states z.8

8Technically, our bootstrap cannot distinguish whether there is a single spin ℓi particle with coupling |gi|2

or multiple spin ℓi particles with couplings that add up to |gi|2.
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Figure 4. The analytic structure of the amplitude A(s, u) with N poles located on the positive real
s-axis at s = µnM2

gap for n = 1, 2, . . . , N . For s ≥ µcM2
gap we are agnostic about the form of the

spectral density.

The residue appears in the spectrum as a delta-function, i.e.

(M2)(4−D)/2ρℓ(M2) ⊃ |gi|2δ
(
M2 −M2

i

)
. (2.18)

Thus, including an explicit spectrum up to a given cutoff scale µcM
2
gap means we can

analytically integrate (2.8) for each Wilson coefficient ak,q up to the scale set by µc. For
the spectrum of simple poles illustrated in figure 4, we get

ak,q =
N∑

n=1

∞∑
ℓ=0

|gℓ,µn |2

µk+3
n

vℓ,q +
〈
y−kvℓ,q

〉
µc

. (2.19)

The couplings |gℓ,µn |2 enter the bootstrap as additional parameters in the optimization
problem. They can be specified explicitly, extremized, or left as free parameters of the
optimization. The numerical implementation is briefly discussed in section 2.6 with further
details relegated to appendix A.

As an example, for a spin ℓ1 state with coupling g0 at the mass gap, i.e. µ1 = 1, and
a spin ℓ2 state with coupling g1 at µ2 gives

ak,q = |g0|2vℓ1,q +
|g1|2

µk+3
2

vℓ2,q +
〈
y−kvℓ,q

〉
µc

. (2.20)

The Gegenbauer coefficients vℓ,q vanish unless ℓ ≥ q. Naively, that means that a spin ℓi state
only contributes to Wilson coefficients with q ≤ ℓi; however, the SUSY crossing constraints
ak,k−q = ak,q makes this more subtle. For example, a spin 0 state contributes explicitly to
a1,0 = |g0|2 +

〈
y−kvℓ,0

〉
µc

, but also indirectly to a1,1 =
〈
y−kvℓ,1

〉
µc

via the SUSY crossing
constraints a1,0 = a1,1.

The factors of µ−k−3
n in (2.19) and (2.20) arise from the redefined spectral function,

fℓ(y) ∝ y−(D/2+1)ρℓ

(
M2

gapy
)
, the factor of (M2)(4−D)/2 that appears in the relationship

between ρℓ and the couplings (2.18), and the integrand factor of y−k with y = M2
gap/M2.

Their appearance implies that the contributions from higher-mass states are significantly
suppressed, especially for higher values of k. This offers some intuition of why the input
of the lowest-mass state(s) has a substantial effect on the bootstrap bounds. We discuss
this further in section 3.

It should be noted that any explicitly input spin-ℓ state for the s-channel of the amplitude
A[zzz̄z̄] is part of a supermultiplet. The other states of that supermultiplet are exchanged in
other component amplitudes proportional to A[zzz̄z̄] by supersymmetry.
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1 1 0 · · ·
2 0 2 0 · · ·
3 0 0 3 0 · · ·
4 0 4

33 0 128
33 0 · · ·

5 5
2376 0 625

1404 0 15625
3432 0 · · ·

...

0 1 2 3 4 5 6
0

1
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3

4

5

M2

ℓ

Figure 5. The table shows the 10D values of |gℓ,µn
|2, as defined in (2.17), in units of 1/α′ for the

scalar Veneziano amplitude (1.3). ℓ labels the spin and the nth level has mass n/α′. The plot of M2

vs. spin shows the Regge trajectories for the Veneziano amplitude. Note that the scalar coupling at
mass level n = 3 is 3(10−D)

8(D−1)α′ , so it vanishes in D = 10.

2.5 UV models: Veneziano, IST, and SSE

Veneziano spectrum and couplings. Consider the Veneziano amplitude in D ≥ 4
dimensions. With the external states restricted to a 4D subspace, the Veneziano amplitude
can be written

Astr(s, u) = Astr[zzz̄z̄] = −(α′s)2Γ(−α′s)Γ(−α′u)
Γ(1− α′(s + u)) , (2.21)

which was the form presented in (1.3). The low-energy expansion of the Veneziano amplitude
was given in (1.4).

The gamma-functions in the numerator of (2.21) give simple poles whenever their
arguments are 0 or a negative integer. In the s-channel, the poles are at s = m2

n = n/α′

for n = 0, 1, 2, 3, . . . , but the s = 0 pole is eliminated by the overall SUSY factor s2; in
N = 4 SYM, there is no massless pole in the s-channel of the amplitude Astr[zzz̄z̄] (but
there is a gluon exchange in the u-channel).

The residues of the first few massive poles show that the exchanged states are as follows:
a scalar at 1/α′, a vector at 2/α′, a spin 2 particle at 3/α′ etc. The tower of spin n states at
n/α′ lie on the first Regge trajectory, illustrated in figure 5. In addition, there are towers
of daughter trajectories starting at 4/α′. Also listed in figure 5 are the couplings gℓ,n of
each state as computed via (2.17) for D = 10.9 When we compare bootstrap results to
the Veneziano amplitude, we take the mass gap to be given by the lowest-mass state of the
Venaziano amplitude, i.e. M2

gap = 1/α′.

Infinite spin tower (IST). The amplitude

AIST
m2 (s, u) = − s

u
+ s2

(m2 − s) (m2 − u) , (2.22)

9The precise value of these couplings depends on the choice of normalization for the Gegenbauer polynomials.
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has an infinite tower of spins, all with the same mass m2. This is not expected to be physical,
but it is also not ruled out by the universal EFT bounds. With m2 = µM2

gap, the low-energy
expansion gives effective couplings,

āIST
k,q = 1

µk−2 , (2.23)

for all k and q. Thus, in the (ā1,0, ā2,0)-plane, the IST amplitudes saturate the lower bound
in (1.6) as they have ā2,0 = ā2

1,0. Hence, the lower bound on the teal region in figure 1 is
matched by IST amplitudes with mass m2 = µM2

gap. The corner at the (1, 1) in that plot is
the IST amplitude with m2 = M2

gap, whereas the corner at (1/2,1/4) of the purple region
in figure 1 is the IST with m2 = 2M2

gap.

SUSY scalar exchange (SSE). The amplitude

ASSE
m2 (s, u) = − s

u
+ s2

2M2
gap

( 1
m2 − s

+ 1
m2 − u

)
(2.24)

grows as s2 for |s| → ∞ and therefore just barely fails to satisfy our Froissart bound. A
modification of the amplitude (see [4]) can remedy this and, as such, we can consider ASSE

as a borderline case. The low-energy expansion identifies the values of the Wilson coefficients
as a0,0 = 1, ak,0 = ak,k = 1/(2m2(k+1)M2

gap) for k > 0, and ak,q = 0 for 0 < q < k. In
figure 1, the SSE amplitude with m2 = M2

gap is located at (ā1,0, ā2,0) = (1/2, 1/2) on the
diagonal upper bound on the allowed region. The rest of the diagonal is the SSE amplitude
with mass greater than M2

gap (for ā1,0 < 1/2) or a linear combination of the SSE and the
IST (for 1/2 < ā1,0 < 1).

Coulomb branch. On the Coulomb branch, the massive states couple quadratically to
the massless states, so they cannot enter as tree-level exchange of the 4-point amplitudes,
but they contribute via loops. Thus, the simplest Coulomb branch amplitude has a branch
cut starting at 4m2, where m is the mass of the massive W -supermultiplet. Our spectrum
input assumes poles from the lowest-mass states and explicitly excludes branch cut below
the cutoff µcM

2
gap. For that reason, the Coulomb branch does not play any significant role

in the bootstrap analysis of this paper.

2.6 Numerical implementation

The method for turning the dispersive representation of the Wilson coefficients with positivity
bound ρℓ(M2) ≥ 0 into a linear optimization problem has been discussed in detail in the
literature; see for example [1, 4, 15]. Here, we briefly describe the essential components so we
can fix notation, following section 4 in [15]. To start, we allow only a finite number of spins
contained in a spin vector ℓ⃗ to appear in our dispersive sum and write a vector equation

V⃗ =
∑
ℓ∈ℓ⃗

∫ 1

0
dy fℓ(y) E⃗ℓ,y (2.25)

where V⃗ contains, as its first element, a0,0, and ak,q as its second element when āk,q is the
coefficient we wish to extremize. The subsequent entries contain any expression we wish
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to set to zero, that is, ak′,q′ − Ra0,0 to fix the value fo āk′,q′ to R, or |gℓ,µn |2 −Ga0,0 fixing
|ḡℓ,µn |2 = |gℓ,µn |2/a0,0 to the value G. The vector V⃗ also includes all linearly independent
null constraints from SUSY crossing (given explicitly in appendix A.1) up to some kmax
which truncates the derivative expansion to 2kmax + 4 derivative order. Emperically, we find
that the bounds only change substantially at even kmax, and so do not give bounds at odd
values. The entries of E⃗ℓ,y are chosen so that (2.25) matches the dispersive representation
of the coefficients and null constraints. The vertex representation (2.25) can brought to the
standard form of a linear or semi-definite optimization problem [1, 4, 15].

As noted, the spin sum has to be truncated to a finite list of spins. Rather than including
all spins up to some ℓmax, it turns out to be computationally advantageous to instead include
all spins up to some cutoff between 50 and 200, then use a sparse set of spins that includes
both even and odd spins up to some much higher maximum. The bounds depend on the
spin list ℓ⃗, which is chosen empirically for each kmax by ensuring that the bounds do not
change more than an acceptable amount (say, less than O(10−6)) when the maximum spin
is increased or the spin list includes a denser set of spins. Using this kind of spin vector
was initially suggested in [4] and greatly reduces the computational time needed to bound
coefficients at large kmax.

3 Single state input

In this section, we consider bounds on amplitudes with a single massive state at the mass gap
and then no other contributions up to a second cutoff scale. We assume the state contributes
to the amplitude A(s, u) via a tree-level exchange, as in section 2.4. First, we show that
the single state at the mass gap has to be scalar. We then describe how leveraging this
information, along with one additional piece of string-inspired input, reduces the allowed
space in a way that singles out the Veneziano amplitude as special.

3.1 Bootstrapping the spectrum at the mass gap

Consider a spin ℓ1 particle at the mass gap. Using (2.19), we have
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2M2
gap

<latexit sha1_base64="Uf6egtGJC4dglywgzTSUVKkpAv4=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KkmV6rHoxYtQwX5AG8Nmu2mXbjZhd1Isof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLBNTjOt7Wyura+sVnYKm7v7O7t2weHTR2nirIGjUWs2gHRTHDJGsBBsHaiGIkCwVrB8Gbqt0ZMaR7LBxgnzItIX/KQUwJG8m37HN/5XWBPkPVJMnms+HbJKTsz4GXi5qSEctR9+6vbi2kaMQlUEK07rpOAlxEFnAo2KXZTzRJCh6TPOoZKEjHtZbPLJ/jUKD0cxsqUBDxTf09kJNJ6HAWmMyIw0IveVPzP66QQXnkZl0kKTNL5ojAVGGI8jQH3uGIUxNgQQhU3t2I6IIpQMGEVTQju4svLpFkpu9Vy9f6iVLvO4yigY3SCzpCLLlEN3aI6aiCKRugZvaI3K7NerHfrY966YuUzR+gPrM8f5zKTNg==</latexit>

3M2
gap

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

`1 = 0
<latexit sha1_base64="VNzcZTu1Gbujo3FRxAn81416+iE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewGiV6EoBePEcwDkiXMTnqTIbOz68ysEEJ+wosHRbz6O978GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWandRiF7l2usVS27ZnYOsEi8jJchQ7xW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yv3dKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhNe+RMuk9SgZItFYSqIicnsedLnCpkRY0soU9zeStiQKsqMjahgQ/CWX14lzUrZq5ar9xel2k0WRx5O4BTOwYNLqMEd1KEBDAQ8wyu8OY/Oi/PufCxac042cwx/4Hz+AC9oj20=</latexit>

`2 = 1

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="qqKSJiEwWZbidgUyMeooZoUQkCI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3TpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6xHHK/ZhGSoSCUbTSQ9R3++WKW3XnIKvEy0kFcjT65a/eIGFZzBUySY3pem6K/oRqFEzyaamXGZ5SNqIR71qqaMyNP5mfOiVnVhmQMNG2FJK5+ntiQmNjxnFgO2OKQ7PszcT/vG6G4bU/ESrNkCu2WBRmkmBCZn+TgdCcoRxbQpkW9lbChlRThjadkg3BW355lbQuql6tWru/rNRv8jiKcAKncA4eXEEd7qABTWAQwTO8wpsjnRfn3flYtBacfOYY/sD5/AHzyY2Z</latexit>g0
<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

`1 = 0

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M2
gap

<latexit sha1_base64="fhCmvY7Eqg1Q7RieBzb5yfv8j9g=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9Si+9hxgD5D1STK+q3pm2apYU+BFYuekjHI0PPPL6cU0DVkEVBCluraVgJsRCZwKNi45qWIJoUPSZ11NIxIy5WbT68f4WCs9HMRSVwR4qv6eyEio1Cj0dWdIYKDmvYn4n9dNITh3Mx4lKbCIzhYFqcAQ40kUuMcloyBGmhAqub4V0wGRhIIOrKRDsOdfXiStasWuVWo3p+X6RR5HER2iI3SCbHSG6ugKNVATUfSIntErejOejBfj3fiYtRaMfGYf/YHx+QNVtZUr</latexit>

µcM
2
gap

<latexit sha1_base64="CFUpWeTnD8ptgxsyLEHg0WWpCnY=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ac0oWy2k3bpZhN2N0IJ/RtePCji1T/jzX/jts1Bqw8GHu/NMDMvTAXXxnW/nNLa+sbmVnm7srO7t39QPTzq6CRTDNssEYnqhVSj4BLbhhuBvVQhjUOB3XByO/e7j6g0T+SDmaYYxHQkecQZNVbyfRRi4BFfInEH1Zpbdxcgf4lXkBoUaA2qn/4wYVmM0jBBte57bmqCnCrDmcBZxc80ppRN6Aj7lkoaow7yxc0zcmaVIYkSZUsaslB/TuQ01noah7YzpmasV725+J/Xz0x0HeRcpplByZaLokwQk5B5AGTIFTIjppZQpri9lbAxVZQZG1PFhuCtvvyXdC7qXqPeuL+sNW+KOMpwAqdwDh5cQRPuoAVtYJDCE7zAq5M5z86b875sLTnFzDH8gvPxDZzDkMU=</latexit>

`1 6= 0

<latexit sha1_base64="U1oId/bUuieN5c9B7QAt7gs4ZJw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKVI9FL16ECvYD2hg22027dLMJu5NiCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7d/YB8etXScKsqaNBax6gREM8ElawIHwTqJYiQKBGsHo5uZ3x4zpXksH2CSMC8iA8lDTgkYybftKr7ze8CeIBuQZPpY9e2yU3HmwKvEzUkZ5Wj49levH9M0YhKoIFp3XScBLyMKOBVsWuqlmiWEjsiAdQ2VJGLay+aXT/GZUfo4jJUpCXiu/p7ISKT1JApMZ0RgqJe9mfif100hvPIyLpMUmKSLRWEqMMR4FgPuc8UoiIkhhCpubsV0SBShYMIqmRDc5ZdXSatacWuV2v1FuX6dx1FEJ+gUnSMXXaI6ukUN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8f5Z+TNQ==</latexit>

2M2
gap

<latexit sha1_base64="U1oId/bUuieN5c9B7QAt7gs4ZJw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKVI9FL16ECvYD2hg22027dLMJu5NiCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7d/YB8etXScKsqaNBax6gREM8ElawIHwTqJYiQKBGsHo5uZ3x4zpXksH2CSMC8iA8lDTgkYybftKr7ze8CeIBuQZPpY9e2yU3HmwKvEzUkZ5Wj49levH9M0YhKoIFp3XScBLyMKOBVsWuqlmiWEjsiAdQ2VJGLay+aXT/GZUfo4jJUpCXiu/p7ISKT1JApMZ0RgqJe9mfif100hvPIyLpMUmKSLRWEqMMR4FgPuc8UoiIkhhCpubsV0SBShYMIqmRDc5ZdXSatacWuV2v1FuX6dx1FEJ+gUnSMXXaI6ukUN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8f5Z+TNQ==</latexit>

2M2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

`1 = 0

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M2
gap

<latexit sha1_base64="fhCmvY7Eqg1Q7RieBzb5yfv8j9g=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9Si+9hxgD5D1STK+q3pm2apYU+BFYuekjHI0PPPL6cU0DVkEVBCluraVgJsRCZwKNi45qWIJoUPSZ11NIxIy5WbT68f4WCs9HMRSVwR4qv6eyEio1Cj0dWdIYKDmvYn4n9dNITh3Mx4lKbCIzhYFqcAQ40kUuMcloyBGmhAqub4V0wGRhIIOrKRDsOdfXiStasWuVWo3p+X6RR5HER2iI3SCbHSG6ugKNVATUfSIntErejOejBfj3fiYtRaMfGYf/YHx+QNVtZUr</latexit>

µcM
2
gap

<latexit sha1_base64="nZ6/vmh6sBuMyQ59IVItHIl+ngI=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VwVZIi1Y1QdOOygn1AE8NkOmmHTiZhZiLUNGs3/oobF4q49Qvc+TdO2yy09cCFwzn3cu89fsyoVJb1bRSWlldW14rrpY3Nre0dc3evJaNEYNLEEYtEx0eSMMpJU1HFSCcWBIU+I21/eDXx2/dESBrxWzWKiRuiPqcBxUhpyTMPx46PRNrPPGt8V4UX0AkEwqmdpc4DUcirZp5ZtirWFHCR2DkpgxwNz/xyehFOQsIVZkjKrm3Fyk2RUBQzkpWcRJIY4SHqk66mHIVEuun0lQwea6UHg0jo4gpO1d8TKQqlHIW+7gyRGsh5byL+53UTFZy7KeVxogjHs0VBwqCK4CQX2KOCYMVGmiAsqL4V4gHSWSidXkmHYM+/vEha1Ypdq9RuTsv1yzyOIjgAR+AE2OAM1ME1aIAmwOARPINX8GY8GS/Gu/Exay0Y+cw++APj8wehQpo+</latexit>

|ḡ0|2 =
1

⇣2

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M2
gap

<latexit sha1_base64="fhCmvY7Eqg1Q7RieBzb5yfv8j9g=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9Si+9hxgD5D1STK+q3pm2apYU+BFYuekjHI0PPPL6cU0DVkEVBCluraVgJsRCZwKNi45qWIJoUPSZ11NIxIy5WbT68f4WCs9HMRSVwR4qv6eyEio1Cj0dWdIYKDmvYn4n9dNITh3Mx4lKbCIzhYFqcAQ40kUuMcloyBGmhAqub4V0wGRhIIOrKRDsOdfXiStasWuVWo3p+X6RR5HER2iI3SCbHSG6ugKNVATUfSIntErejOejBfj3fiYtRaMfGYf/YHx+QNVtZUr</latexit>

µcM
2
gap

<latexit sha1_base64="8g0oF6w8iDY7CaOvP68x7gxvq5o=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbSbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVFJtUcqk6IdHImcCmYYZjJ1FI4pBjOxzfzvz2EyrNpHgwkwSDmAwFixglxkqtHnLe9/vlilf15nBXiZ+TCuRo9MtfvYGkaYzCUE607vpeYoKMKMMox2mpl2pMCB2TIXYtFSRGHWTza6fumVUGbiSVLWHcufp7IiOx1pM4tJ0xMSO97M3E/7xuaqLrIGMiSQ0KulgUpdw10p297g6YQmr4xBJCFbO3unREFKHGBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJFB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+ADiujuo=</latexit>

`1

ak,q = |gℓ1,1|2vℓ,q +
〈
y−kvℓ,q

〉
µc

. (3.1)

The coupling |gℓ1,1|2 is a variable that can be optimized on the same footing as the Wilson
coefficients.

To examine the different options for the choice of spin ℓ1, we compute the maximum
allowed value for the coupling of the massive state to the massless states relative to the
trF 4 coupling a0,0. Specifically, we maximize

|ḡℓ1,1|2 = |gℓ1,1|2

a0,0
. (3.2)

To enforce that the spin ℓ1 state is the only state at the mass gap, we set the cutoff µcM
2
gap

to be above the mass gap, e.g. µc > 1. For non-zero spin, ℓ1 > 0, we find that the maximum
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Figure 6. Left: the maximum of the coupling |ḡ1,1|2 of a spin-1 particle at the mass gap with three
different values of µc as a function of kmax. Right: the maximum of |ḡℓ,1|2 for the given spins and
µc = 1.1. Both plots illustrate that a state with spin ℓ1 > 0 at the mass gap Mgap has a coupling that
is suppressed exponentially with increasing kmax.

allowed value of |ḡℓ1,1|2 decreases quickly as the cutoff µc increases. It is expected that all
non-zero spin couplings go to zero as µc →∞ because there is no single-spin ℓ > 0 exchange
amplitude (analogous to (2.24)) compatible with the Froissart bound.

However, even just above the mass gap, e.g. for µc = 1.1, we find that max
(
|gℓ1,1|2

)
decreases towards 0 exponentially fast with increasing kmax. This is illustrated in figure 6
for ℓ1 = 1, 2, 3, 4, 5, indicating that in the limit of including constraints from arbitrarily
high orders in the derivative expansion, kmax → ∞, having a single state with non-zero
spin is not allowed: its coupling to the massless states is exponentially suppressed. This
implies that bounds on the Wilson coefficients āk,q will not be sensitive to a non-zero spin
state at the mass gap.

In contrast, for a spin 0 state, the maximum allowed coupling |ḡ0,1|2 is constant as
a function of kmax and has no suppression, as also shown in figure 6 for µc = 1.1. Thus,
we conclude that if the spectrum only has one state at the mass gap M2

gap, that state has
to be a scalar!

We also checked the generalized scenario in which we allowed two states at the mass
gap, a scalar and either a spin one or two exchange. There, with µc = 1.1, the maxima of
the allowed couplings for the spin 1 and 2 states are larger than those given on the right
side of figure 6, but they are still are decreasing exponentially with kmax.

Studying the scalar coupling as a function of µc shows that the maximal value of |ḡ0,1|2

decreases monotonically. At µc = 1, it takes the value (777 − 1120 ln(2)) ≈ 0.6752, which
matches the scalar coupling of the IST model (2.22) and as µc → ∞, |ḡ0,1|2 asymptotes
toward 1/2, which is the normalized scalar coupling of the SSE model (2.24). There are no
particular features in that plot which point to any special values of the cutoff µc.

3.2 Cornering Veneziano

A single scalar exchanged at the mass gap exactly matches the first massive state at M2
gap =

1/α′ in the open string spectrum. We know from section 2.5 there are no other states
that contribute to the Veneziano amplitude until 2M2

gap = 2/α′, so we now impose this
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string-inspired cutoff µc = 2: <latexit sha1_base64="Uf6egtGJC4dglywgzTSUVKkpAv4=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KkmV6rHoxYtQwX5AG8Nmu2mXbjZhd1Isof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLBNTjOt7Wyura+sVnYKm7v7O7t2weHTR2nirIGjUWs2gHRTHDJGsBBsHaiGIkCwVrB8Gbqt0ZMaR7LBxgnzItIX/KQUwJG8m37HN/5XWBPkPVJMnms+HbJKTsz4GXi5qSEctR9+6vbi2kaMQlUEK07rpOAlxEFnAo2KXZTzRJCh6TPOoZKEjHtZbPLJ/jUKD0cxsqUBDxTf09kJNJ6HAWmMyIw0IveVPzP66QQXnkZl0kKTNL5ojAVGGI8jQH3uGIUxNgQQhU3t2I6IIpQMGEVTQju4svLpFkpu9Vy9f6iVLvO4yigY3SCzpCLLlEN3aI6aiCKRugZvaI3K7NerHfrY966YuUzR+gPrM8f5zKTNg==</latexit>

3M2
gap

<latexit sha1_base64="8g0oF6w8iDY7CaOvP68x7gxvq5o=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbSbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVFJtUcqk6IdHImcCmYYZjJ1FI4pBjOxzfzvz2EyrNpHgwkwSDmAwFixglxkqtHnLe9/vlilf15nBXiZ+TCuRo9MtfvYGkaYzCUE607vpeYoKMKMMox2mpl2pMCB2TIXYtFSRGHWTza6fumVUGbiSVLWHcufp7IiOx1pM4tJ0xMSO97M3E/7xuaqLrIGMiSQ0KulgUpdw10p297g6YQmr4xBJCFbO3unREFKHGBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJFB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+ADiujuo=</latexit>

`1
<latexit sha1_base64="WRJmALfYpEeyFZim+ompa3rLjLA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI9FLx4r2FpoQ9lsJ+3azSbsboQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTjm5n/8IRK81jem0mCfkSHkoecUWOldg+F6Nf65Ypbdecgq8TLSQVyNPvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n82un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwys+4TFKDki0WhakgJiaz18mAK2RGTCyhTHF7K2EjqigzNqCSDcFbfnmVtGtVr16t311UGtd5HEU4gVM4Bw8uoQG30IQWMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzBzoyjus=</latexit>

`2

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M2
gap

<latexit sha1_base64="D65qJF2y7yR6ppYY3qYxDJvTPhQ=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9ar42nOAPUDWJ8n4ruqZZatiTYEXiZ2TMsrR8MwvpxfTNGQRUEGU6tpWAm5GJHAq2LjkpIolhA5Jn3U1jUjIlJtNrx/jY630cBBLXRHgqfp7IiOhUqPQ150hgYGa9ybif143heDczXiUpMAiOlsUpAJDjCdR4B6XjIIYaUKo5PpWTAdEEgo6sJIOwZ5/eZG0qhW7VqndnJbrF3kcRXSIjtAJstEZqqMr1EBNRNEjekav6M14Ml6Md+Nj1low8pl99AfG5w8IkpT6</latexit>

µ2M
2
gap

<latexit sha1_base64="H//X4bwI3RjZ+RAOpAGes7PrqK4=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVZIq1WXRjRuhgn1AE8NkOmmHTh7M3Ig1FH/FjQtF3Pof7vwbp20W2nrgwuGce7n3Hj8RXIFlfRsLi0vLK6uFteL6xubWtrmz21RxKilr0FjEsu0TxQSPWAM4CNZOJCOhL1jLH1yO/dY9k4rH0S0ME+aGpBfxgFMCWvLMfSdMvRN87TnAHiDrkWR0V/HMklW2JsDzxM5JCeWoe+aX041pGrIIqCBKdWwrATcjEjgVbFR0UsUSQgekxzqaRiRkys0m14/wkVa6OIilrgjwRP09kZFQqWHo686QQF/NemPxP6+TQnDuZjxKUmARnS4KUoEhxuMocJdLRkEMNSFUcn0rpn0iCQUdWFGHYM++PE+albJdLVdvTku1izyOAjpAh+gY2egM1dAVqqMGougRPaNX9GY8GS/Gu/ExbV0w8pk99AfG5w8KJZT7</latexit>

µ3M
2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="U1oId/bUuieN5c9B7QAt7gs4ZJw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKVI9FL16ECvYD2hg22027dLMJu5NiCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7d/YB8etXScKsqaNBax6gREM8ElawIHwTqJYiQKBGsHo5uZ3x4zpXksH2CSMC8iA8lDTgkYybftKr7ze8CeIBuQZPpY9e2yU3HmwKvEzUkZ5Wj49levH9M0YhKoIFp3XScBLyMKOBVsWuqlmiWEjsiAdQ2VJGLay+aXT/GZUfo4jJUpCXiu/p7ISKT1JApMZ0RgqJe9mfif100hvPIyLpMUmKSLRWEqMMR4FgPuc8UoiIkhhCpubsV0SBShYMIqmRDc5ZdXSatacWuV2v1FuX6dx1FEJ+gUnSMXXaI6ukUN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8f5Z+TNQ==</latexit>

2M2
gap

<latexit sha1_base64="VNzcZTu1Gbujo3FRxAn81416+iE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewGiV6EoBePEcwDkiXMTnqTIbOz68ysEEJ+wosHRbz6O978GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWandRiF7l2usVS27ZnYOsEi8jJchQ7xW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yv3dKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhNe+RMuk9SgZItFYSqIicnsedLnCpkRY0soU9zeStiQKsqMjahgQ/CWX14lzUrZq5ar9xel2k0WRx5O4BTOwYNLqMEd1KEBDAQ8wyu8OY/Oi/PufCxac042cwx/4Hz+AC9oj20=</latexit>

`2 = 1

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M2
gap

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M2
gap

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

`1 = 0

<latexit sha1_base64="Uf6egtGJC4dglywgzTSUVKkpAv4=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KkmV6rHoxYtQwX5AG8Nmu2mXbjZhd1Isof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLBNTjOt7Wyura+sVnYKm7v7O7t2weHTR2nirIGjUWs2gHRTHDJGsBBsHaiGIkCwVrB8Gbqt0ZMaR7LBxgnzItIX/KQUwJG8m37HN/5XWBPkPVJMnms+HbJKTsz4GXi5qSEctR9+6vbi2kaMQlUEK07rpOAlxEFnAo2KXZTzRJCh6TPOoZKEjHtZbPLJ/jUKD0cxsqUBDxTf09kJNJ6HAWmMyIw0IveVPzP66QQXnkZl0kKTNL5ojAVGGI8jQH3uGIUxNgQQhU3t2I6IIpQMGEVTQju4svLpFkpu9Vy9f6iVLvO4yigY3SCzpCLLlEN3aI6aiCKRugZvaI3K7NerHfrY966YuUzR+gPrM8f5zKTNg==</latexit>

3M2
gap

<latexit sha1_base64="U1oId/bUuieN5c9B7QAt7gs4ZJw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKVI9FL16ECvYD2hg22027dLMJu5NiCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7d/YB8etXScKsqaNBax6gREM8ElawIHwTqJYiQKBGsHo5uZ3x4zpXksH2CSMC8iA8lDTgkYybftKr7ze8CeIBuQZPpY9e2yU3HmwKvEzUkZ5Wj49levH9M0YhKoIFp3XScBLyMKOBVsWuqlmiWEjsiAdQ2VJGLay+aXT/GZUfo4jJUpCXiu/p7ISKT1JApMZ0RgqJe9mfif100hvPIyLpMUmKSLRWEqMMR4FgPuc8UoiIkhhCpubsV0SBShYMIqmRDc5ZdXSatacWuV2v1FuX6dx1FEJ+gUnSMXXaI6ukUN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8f5Z+TNQ==</latexit>

2M2
gap

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

`1 = 0

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

`1 = 0

<latexit sha1_base64="Uf6egtGJC4dglywgzTSUVKkpAv4=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KkmV6rHoxYtQwX5AG8Nmu2mXbjZhd1Isof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLBNTjOt7Wyura+sVnYKm7v7O7t2weHTR2nirIGjUWs2gHRTHDJGsBBsHaiGIkCwVrB8Gbqt0ZMaR7LBxgnzItIX/KQUwJG8m37HN/5XWBPkPVJMnms+HbJKTsz4GXi5qSEctR9+6vbi2kaMQlUEK07rpOAlxEFnAo2KXZTzRJCh6TPOoZKEjHtZbPLJ/jUKD0cxsqUBDxTf09kJNJ6HAWmMyIw0IveVPzP66QQXnkZl0kKTNL5ojAVGGI8jQH3uGIUxNgQQhU3t2I6IIpQMGEVTQju4svLpFkpu9Vy9f6iVLvO4yigY3SCzpCLLlEN3aI6aiCKRugZvaI3K7NerHfrY966YuUzR+gPrM8f5zKTNg==</latexit>

3M2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

ak,q = |g0|2v0,q +
〈
y−kvℓ,q

〉
2

. (3.3)

Leaving |g0|2 as a free parameter for the maximization/minimization of the Wilson coefficient
ā2,0 as a function of ā1,0, we obtain figure 1. The purple region corresponds to the bounds
on the ā2,0 vs. ā1,0 region with this spectrum. The region outside the purple but within the
teal bounds is where there must be more than a scalar in the spectrum below M2 = 2M2

gap.
Moreover, the region within the purple space but outside of the magenta region must have a
nontrivial contribution from a scalar at the mass gap M2

gap.
As discussed in the Introduction, the string values of ak,q are close to the boundary of the

allowed region.10 Quantitatively, the maximal values of ā1,0 and ā2,0 differ from the string
coefficients by just 2.8 × 10−3 and 2.3 × 10−3 for kmax ≥ 14.

In figure 1, the inset shows that, upon zooming in close to the string value, the bounds
sharpen as we increase kmax. Note that the lower bound on ā2,0 appears to be moving
extremely slowly with kmax. Though the space does become slightly more constrained, there
is no clear evidence that it is shrinking fast enough that the string would lie directly on the
boundary even as kmax is taken very large. It is possible that further physics input would be
needed to truly corner the string and we discuss examples of this in the following sections.

We picked the gap µc = 2 solely based on input from the string spectrum. It is natural
to ask what happens for other values of µc. We discuss this further in section 4.3.

3.3 Veneziano island

Next we experiment with fixing the coupling g0 of the massive scalar to the massless states
from (3.3). We let the cutoff µcM

2
gap be general, but pick the string-value (see table in

figure 5) for the coupling:

|ḡstr
0 |2 = |g

str
0 |2

astr
0,0

= 1
ζ2

. (3.4)

We then have

<latexit sha1_base64="8g0oF6w8iDY7CaOvP68x7gxvq5o=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbSbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVFJtUcqk6IdHImcCmYYZjJ1FI4pBjOxzfzvz2EyrNpHgwkwSDmAwFixglxkqtHnLe9/vlilf15nBXiZ+TCuRo9MtfvYGkaYzCUE607vpeYoKMKMMox2mpl2pMCB2TIXYtFSRGHWTza6fumVUGbiSVLWHcufp7IiOx1pM4tJ0xMSO97M3E/7xuaqLrIGMiSQ0KulgUpdw10p297g6YQmr4xBJCFbO3unREFKHGBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJFB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+ADiujuo=</latexit>

`1
<latexit sha1_base64="WRJmALfYpEeyFZim+ompa3rLjLA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI9FLx4r2FpoQ9lsJ+3azSbsboQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTjm5n/8IRK81jem0mCfkSHkoecUWOldg+F6Nf65Ypbdecgq8TLSQVyNPvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n82un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwys+4TFKDki0WhakgJiaz18mAK2RGTCyhTHF7K2EjqigzNqCSDcFbfnmVtGtVr16t311UGtd5HEU4gVM4Bw8uoQG30IQWMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzBzoyjus=</latexit>

`2

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M2
gap

<latexit sha1_base64="D65qJF2y7yR6ppYY3qYxDJvTPhQ=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9ar42nOAPUDWJ8n4ruqZZatiTYEXiZ2TMsrR8MwvpxfTNGQRUEGU6tpWAm5GJHAq2LjkpIolhA5Jn3U1jUjIlJtNrx/jY630cBBLXRHgqfp7IiOhUqPQ150hgYGa9ybif143heDczXiUpMAiOlsUpAJDjCdR4B6XjIIYaUKo5PpWTAdEEgo6sJIOwZ5/eZG0qhW7VqndnJbrF3kcRXSIjtAJstEZqqMr1EBNRNEjekav6M14Ml6Md+Nj1low8pl99AfG5w8IkpT6</latexit>

µ2M
2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="qqKSJiEwWZbidgUyMeooZoUQkCI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3TpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6xHHK/ZhGSoSCUbTSQ9R3++WKW3XnIKvEy0kFcjT65a/eIGFZzBUySY3pem6K/oRqFEzyaamXGZ5SNqIR71qqaMyNP5mfOiVnVhmQMNG2FJK5+ntiQmNjxnFgO2OKQ7PszcT/vG6G4bU/ESrNkCu2WBRmkmBCZn+TgdCcoRxbQpkW9lbChlRThjadkg3BW355lbQuql6tWru/rNRv8jiKcAKncA4eXEEd7qABTWAQwTO8wpsjnRfn3flYtBacfOYY/sD5/AHzyY2Z</latexit>g0
<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

`1 = 0

<latexit sha1_base64="fhCmvY7Eqg1Q7RieBzb5yfv8j9g=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9Si+9hxgD5D1STK+q3pm2apYU+BFYuekjHI0PPPL6cU0DVkEVBCluraVgJsRCZwKNi45qWIJoUPSZ11NIxIy5WbT68f4WCs9HMRSVwR4qv6eyEio1Cj0dWdIYKDmvYn4n9dNITh3Mx4lKbCIzhYFqcAQ40kUuMcloyBGmhAqub4V0wGRhIIOrKRDsOdfXiStasWuVWo3p+X6RR5HER2iI3SCbHSG6ugKNVATUfSIntErejOejBfj3fiYtRaMfGYf/YHx+QNVtZUr</latexit>

µcM
2
gap

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M2
gap

<latexit sha1_base64="fhCmvY7Eqg1Q7RieBzb5yfv8j9g=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9Si+9hxgD5D1STK+q3pm2apYU+BFYuekjHI0PPPL6cU0DVkEVBCluraVgJsRCZwKNi45qWIJoUPSZ11NIxIy5WbT68f4WCs9HMRSVwR4qv6eyEio1Cj0dWdIYKDmvYn4n9dNITh3Mx4lKbCIzhYFqcAQ40kUuMcloyBGmhAqub4V0wGRhIIOrKRDsOdfXiStasWuVWo3p+X6RR5HER2iI3SCbHSG6ugKNVATUfSIntErejOejBfj3fiYtRaMfGYf/YHx+QNVtZUr</latexit>

µcM
2
gap

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="U1oId/bUuieN5c9B7QAt7gs4ZJw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKVI9FL16ECvYD2hg22027dLMJu5NiCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7d/YB8etXScKsqaNBax6gREM8ElawIHwTqJYiQKBGsHo5uZ3x4zpXksH2CSMC8iA8lDTgkYybftKr7ze8CeIBuQZPpY9e2yU3HmwKvEzUkZ5Wj49levH9M0YhKoIFp3XScBLyMKOBVsWuqlmiWEjsiAdQ2VJGLay+aXT/GZUfo4jJUpCXiu/p7ISKT1JApMZ0RgqJe9mfif100hvPIyLpMUmKSLRWEqMMR4FgPuc8UoiIkhhCpubsV0SBShYMIqmRDc5ZdXSatacWuV2v1FuX6dx1FEJ+gUnSMXXaI6ukUN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8f5Z+TNQ==</latexit>

2M2
gap

<latexit sha1_base64="Uf6egtGJC4dglywgzTSUVKkpAv4=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KkmV6rHoxYtQwX5AG8Nmu2mXbjZhd1Isof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLBNTjOt7Wyura+sVnYKm7v7O7t2weHTR2nirIGjUWs2gHRTHDJGsBBsHaiGIkCwVrB8Gbqt0ZMaR7LBxgnzItIX/KQUwJG8m37HN/5XWBPkPVJMnms+HbJKTsz4GXi5qSEctR9+6vbi2kaMQlUEK07rpOAlxEFnAo2KXZTzRJCh6TPOoZKEjHtZbPLJ/jUKD0cxsqUBDxTf09kJNJ6HAWmMyIw0IveVPzP66QQXnkZl0kKTNL5ojAVGGI8jQH3uGIUxNgQQhU3t2I6IIpQMGEVTQju4svLpFkpu9Vy9f6iVLvO4yigY3SCzpCLLlEN3aI6aiCKRugZvaI3K7NerHfrY966YuUzR+gPrM8f5zKTNg==</latexit>

3M2
gap

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

`1 = 0
<latexit sha1_base64="VNzcZTu1Gbujo3FRxAn81416+iE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewGiV6EoBePEcwDkiXMTnqTIbOz68ysEEJ+wosHRbz6O978GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWandRiF7l2usVS27ZnYOsEi8jJchQ7xW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yv3dKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhNe+RMuk9SgZItFYSqIicnsedLnCpkRY0soU9zeStiQKsqMjahgQ/CWX14lzUrZq5ar9xel2k0WRx5O4BTOwYNLqMEd1KEBDAQ8wyu8OY/Oi/PufCxac042cwx/4Hz+AC9oj20=</latexit>

`2 = 1

āk,q = v0,q

ζ2
+ 1

a0,0

〈
y−kvℓ,q

〉
µc

. (3.5)

Since v0,q = 1 for q = 0 and is zero for q > 0, only the ak,0 coefficients ‘see’ the
contribution from the scalar directly.

10These bounds are computed in 10D. For lower dimensions, 4 ≤ D < 10, the bounds are not as sharp
and a bit further from the string. The Veneziano amplitude is unitary only in ≤ 10 dimensions (for a recent
discussion, see [29]) and our numerical bootstrap can also exclude D ≥ 11. Since D = 10 is also the critical
dimension of the superstring, it is natural do carry out the analysis in 10D.
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Figure 7. ā1,0 vs. µ2 with |ḡ0|2 = 1/ζ2 for kmax = 4, 6, 8, 10, 12. The gray dashed lines are the naive
bounds on ā1,0 from (3.9). The inset shows on a log-log scale the maximum allowed value of the cutoff
µ2 converging to 2 as kmax is increased.

Analytic bounds. Due to this explicit contribution to the ak,0 coefficients, fixing the
coupling to the string value as in (3.4) gives a non-zero lower bound on āk,0 since the high
energy integral in (3.5) must be non-negative:

āk,0 ≥
1
ζ2
≈ 0.608 . (3.6)

We can also extract an analytic expression for a new upper bound on āk,0. The high energy
integral obeys scaling arguments like those discussed in section 2.3, i.e.

max
(〈

y−kvℓ,0
〉

µc

)
= max

( 1
µk

c

〈
y−kvℓ,0

〉
1

)
. (3.7)

Normally, 1
a0,0

〈
y−kvℓ,0

〉
1

would be bounded from above by 1, but because we have already
subtracted out a contribution of size 1/ζ2, we must find that in the µc → 1 limit of (3.5),

1
a0,0

〈
y−kvℓ,0

〉
1
≤ 1− 1

ζ2
. (3.8)

Combining (3.6) and (3.7), we arrive at the two-sided bounds

1
ζ2
≤ āk,0 ≤

1
ζ2

+ 1− 1/ζ2
µk

c

. (3.9)

Thus, for any µc > 1, the value of āk,0 is increasingly squeezed from above and below for
larger values of k and limk→∞ ak,0 = 1/ζ2. Notably, for the Veneziano amplitude, we have

āk,0 = ζk+2
ζ2
→ 1

ζ2
for k →∞ . (3.10)
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Figure 8. Bounds on the allowed regions in the (ā2,1, ā3,1) and (ā4,1, ā4,2) planes for kmax =
4, 6, 8, 10, 12. We assume a scalar at M2

gap with coupling |ḡ0|2 = 1/ζ2 and no other state until 2M2
gap.

It is rather surprising that simple low-energy input, as the mass, spin, and coupling of the
lowest-mass state in the spectrum has such significant impact on the coupling of high-dimension
operators: at large k, we find that only the string values of the āk,0 coefficients are allowed!

Numerical bounds. For lower values of k, analytic bounds (3.9) are not as constraining as
for higher k. However, it turns out that the SDPB bounds are substantially stronger. Figure 7
shows the upper and lower bounds on ā1,0 as a function of µc. The analytic bounds (3.9)
are shown for comparison as the dashed curves. Importantly, the upper and lower numerical
bounds show that there are no solutions to the bootstrap above a certain kmax-dependent
value of the cutoff µc. The existence of this maximal cutoff means that there must be a state
either at or below that cutoff in order for there to be a unitary theory with the chosen |ḡ0|2.
The inset gives evidence that the maximum allowed value of µc is 2 in the limit of large kmax.
We take this maximum to be the “bootstrap” choice for µc. Thus, by fixing the coupling to
the scalar, we have bootstrapped the choice of cutoff µc = 2 from section 3.1.

Continuing with µc = 2, we find that the allowed region in the (ā1,0, ā2,0) coupling space is
reduced to the shrinking islands displayed in figure 2 of the Introduction. As noted, the scalar
input affects the only the āk,0 coefficients directly, but we also find islands in other projections,
for example for the (ā2,1, ā3,1)-plane and the (ā4,1, ā4,2)-plane shown in figure 8. In all these
cases, the allowed coupling region shrinks to an island around the string, much smaller than
the region that was allowed by our universal bounds or even the bounds with the naive
constraint in (3.9). More generally, we find that the upper and lower bounds for all coefficients
āk,q with k ≤ 4 narrow in on their string values with increasing kmax, as illustrated in figure 9.

The fact that µc = 2 appears to be the maximal value for µc for the choice of |ḡ0|2 = 1/ζ2
implies that there must be some contribution to the high energy spectrum that lives at
M2 = 2M2

gap. We can determine what that contribution is by performing similar tests to
those described by figure 6. We assume the most simple input, that there is a single particle
exchange of spin ℓ at µ2 = 2, set the cutoff mass to various values slightly above µ2 = 2, then
evaluate the maximal |ḡℓ,2|2. We find that at kmax = 10, there are no unitary solutions to the
optimization problem unless the single particle input is a vector. Once we know that, we can
insert the vector, then test whether other particles can live at µ2 = 2 by again evaluating the
maximal |ḡℓ,2|2 (still with the scalar at the mass gap input with its coupling fixed by (3.4),
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Figure 9. Two-sided bounds on the eight lowest-dimension Wilson coefficients āk,q computed with a
single scalar input at M2

gap, with the coupling |ḡ0|2 fixed to the string value (3.4), and no other states
until 2M2

gap. The bounds indicate convergence towards the string values (red dashed lines) as kmax
increases, shown here for kmax between 4 and 18.
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but with the vector at µ2 = 2 having unfixed coupling). We find strong evidence that the
couplings to states with ℓ > 2 would vanish at large kmax. For the scalar, though, the maximal
|ḡ0,2|2 appears to decrease more slowly at higher kmax, at least to the point we tested, so there
is no obvious bootstrap-inspired reason to rule out its existence. The Veneziano amplitude
has no scalar contribution at µ2 = 2, so it is not clear the bootstrap can directly determine
the Veneziano spectrum without either more input or higher kmax information. In the next
section, we study how the low-mass spectrum affects the bounds.

4 Multiple state input

We now take a step back from the Veneziano-centric analysis in sections 3.2 and 3.3 in
order to understand better how state input affects the coupling bounds and selects different
“bootstrap trajectories”.

4.1 Bifurcation from state input

Consider the following input to the bootstrap:

<latexit sha1_base64="8g0oF6w8iDY7CaOvP68x7gxvq5o=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbSbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVFJtUcqk6IdHImcCmYYZjJ1FI4pBjOxzfzvz2EyrNpHgwkwSDmAwFixglxkqtHnLe9/vlilf15nBXiZ+TCuRo9MtfvYGkaYzCUE607vpeYoKMKMMox2mpl2pMCB2TIXYtFSRGHWTza6fumVUGbiSVLWHcufp7IiOx1pM4tJ0xMSO97M3E/7xuaqLrIGMiSQ0KulgUpdw10p297g6YQmr4xBJCFbO3unREFKHGBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJFB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+ADiujuo=</latexit>

`1
<latexit sha1_base64="WRJmALfYpEeyFZim+ompa3rLjLA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI9FLx4r2FpoQ9lsJ+3azSbsboQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTjm5n/8IRK81jem0mCfkSHkoecUWOldg+F6Nf65Ypbdecgq8TLSQVyNPvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n82un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwys+4TFKDki0WhakgJiaz18mAK2RGTCyhTHF7K2EjqigzNqCSDcFbfnmVtGtVr16t311UGtd5HEU4gVM4Bw8uoQG30IQWMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzBzoyjus=</latexit>

`2

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M2
gap

<latexit sha1_base64="D65qJF2y7yR6ppYY3qYxDJvTPhQ=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9ar42nOAPUDWJ8n4ruqZZatiTYEXiZ2TMsrR8MwvpxfTNGQRUEGU6tpWAm5GJHAq2LjkpIolhA5Jn3U1jUjIlJtNrx/jY630cBBLXRHgqfp7IiOhUqPQ150hgYGa9ybif143heDczXiUpMAiOlsUpAJDjCdR4B6XjIIYaUKo5PpWTAdEEgo6sJIOwZ5/eZG0qhW7VqndnJbrF3kcRXSIjtAJstEZqqMr1EBNRNEjekav6M14Ml6Md+Nj1low8pl99AfG5w8IkpT6</latexit>

µ2M
2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="qqKSJiEwWZbidgUyMeooZoUQkCI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3TpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6xHHK/ZhGSoSCUbTSQ9R3++WKW3XnIKvEy0kFcjT65a/eIGFZzBUySY3pem6K/oRqFEzyaamXGZ5SNqIR71qqaMyNP5mfOiVnVhmQMNG2FJK5+ntiQmNjxnFgO2OKQ7PszcT/vG6G4bU/ESrNkCu2WBRmkmBCZn+TgdCcoRxbQpkW9lbChlRThjadkg3BW355lbQuql6tWru/rNRv8jiKcAKncA4eXEEd7qABTWAQwTO8wpsjnRfn3flYtBacfOYY/sD5/AHzyY2Z</latexit>g0
<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

`1 = 0

<latexit sha1_base64="fhCmvY7Eqg1Q7RieBzb5yfv8j9g=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9Si+9hxgD5D1STK+q3pm2apYU+BFYuekjHI0PPPL6cU0DVkEVBCluraVgJsRCZwKNi45qWIJoUPSZ11NIxIy5WbT68f4WCs9HMRSVwR4qv6eyEio1Cj0dWdIYKDmvYn4n9dNITh3Mx4lKbCIzhYFqcAQ40kUuMcloyBGmhAqub4V0wGRhIIOrKRDsOdfXiStasWuVWo3p+X6RR5HER2iI3SCbHSG6ugKNVATUfSIntErejOejBfj3fiYtRaMfGYf/YHx+QNVtZUr</latexit>

µcM
2
gap

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M2
gap

<latexit sha1_base64="fhCmvY7Eqg1Q7RieBzb5yfv8j9g=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9Si+9hxgD5D1STK+q3pm2apYU+BFYuekjHI0PPPL6cU0DVkEVBCluraVgJsRCZwKNi45qWIJoUPSZ11NIxIy5WbT68f4WCs9HMRSVwR4qv6eyEio1Cj0dWdIYKDmvYn4n9dNITh3Mx4lKbCIzhYFqcAQ40kUuMcloyBGmhAqub4V0wGRhIIOrKRDsOdfXiStasWuVWo3p+X6RR5HER2iI3SCbHSG6ugKNVATUfSIntErejOejBfj3fiYtRaMfGYf/YHx+QNVtZUr</latexit>

µcM
2
gap

ak,q = |g0|2vℓ1,q +
|g1|2

µk+3
2

vℓ2,q +
〈
y−kvℓ,q

〉
µc

. (4.1)

We do not fix the couplings g0 or g1; they are variables in the optimization problem.
The Wilson coefficient a1,0 is sensitive to all spins, so we study the maximum allowed

value of ā1,0 as a function of µ2 and the cutoff µc. We allow µc to extend all the way down
to the mass gap, µc = 1, in order to track the effect of the state insertion at µ2. The results
we describe here are computed with µ2 = 2 but are qualitatively the same for other values
of µ2, as will be discussed further in section 4.3.

Figure 10 shows the maximum value of ā1,0 vs. 1/µc. We start in the upper right
corner where with max(ā1,0) = 1 for µc = 1; this is the maximum from the basic universal
bounds (2.11). The diagonal line from (1,1) to (0,0) corresponds to the basic scaling from
eq. (2.14), which gives max(ā(µc)

1,0 ) = 1
µc

max(ā(1)
1,0)) = 1/µc when there are no states at all

below µc. This upper bound on ā1,0 is saturated by the Infinite Spin Tower (IST) amplitude
from section 2.5.

As we increase µc, we find two separate paths: one for which the state at the mass gap is
a scalar and one when it is not. The latter is simply the diagonal in figure 10; hence including
a spin ℓ ̸= 0 state at the mass gap is the same as not allowing it at all! This is equivalent
to the finding in section 3.1 that non-scalar input at the mass gap have highly suppressed
couplings. In contrast, a scalar at the mass gap gives the higher trajectory in figure 10.

When µc reaches µ2 = 2, there is a bifurcation due to the explicit state input at that
point. Following first the diagonal path, a new trajectory splits off for ℓ2 = 0 only. This
is simply a repeat of the split of paths at (1,1). For the upper path with a scalar at the
mass gap (ℓ1 = 0), the bifurcation is more interesting. The maximum of ā1,0 is insensitive
to any other state than a vector ℓ2 = 1. When we input a vector state at µ2 = 2, the
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ℓ1 = 0

any ℓ1
̸= 0

ℓ2 = 1

µc = 2µc = 3

any ℓ2 ̸=
1

ℓ2 = 0

any ℓ2
̸= 0

SSE at 2M2
gap

SSE at M2
gap

ζ3/ζ2

Figure 10. Max(ā1,0) vs. the cutoff scale µc at kmax = 14 for listed state insertions. Starting at the
upper right corner, the bound on ā1,0 follows two different trajectories depending on whether a scalar
is assumed at M2

gap or not. A similar bifurcation happens based on what states are allowed at 2M2
gap.

Near 3M2
gap there is a corner in the bounds, indicating that another bifurcation is possible when a

specific state is inserted at that point. We tested other spins up to ℓ = 5 and found results similar
to figure 6. The dashed gray lines extrapolate the bounds to µc →∞ (in the large kmax limit). As
indicated, two of these curves are expected to go to the Single Scalar Exchange (SSE) amplitude from
section 2.5 at M2

gap and 2M2
gap, respectively.

maximum of ā1,0 stays nearly constant11 until close to µc = 3. Around µc = 3, the maximum
suddenly decreases and asymptotes back to the trajectory of having only the scalar input
at the mass gap. The inset on the lower right of figure 10 zooms in on the curve near the
corner and illustrates its dependence on increasing kmax. It shows that the constant value
corner is nearly saturated by kmax = 10.

The fact that max(ā1,0) stays nearly constant and then suddenly decreases is a sign
of another potential bifurcation point. As seen at µ2 = 2, bifurcations and the resulting
corners in the bounds are associated with state inputs. However, unlike the other splittings,
this new corner does not occur at a place that we have explicitly inserted a state. Instead,
it appears naturally as we increase the cutoff, so it can be interpreted as the bootstrap
discovering that a state is “missing” at 3M2

gap!
From the Veneziano amplitude, we know that the missing state at 3M2

gap = 3/α′ is a
spin 2 state. For further comparison with the string, the dashed red line in figure 10 shows

11Numerically, the difference between the maximal ā1,0 at µc = 2 and µc = 3 is less than 7 × 10−6 at
kmax = 14 and that difference is even smaller for higher kmax.
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Figure 11. The kmax = 14 extremal spectrum for the maximal ā1,0 with the string spectrum inserted
up to µc = 3 with (right) and without (left) additional maximal spin assumptions. The first two states
in the string spectrum are enforced (black) and the rest of the spectrum is generated by SDPB (blue).
The gray dashed lines correspond to the lowest Regge trajectories of the string spectrum.

the value, āstr
1,0 = ζ3/ζ2 for Veneziano. This is close to the nearly flat bound with the scalar

and vector input. If we include a spin 2 state at 3M2
gap, then max(ā1,0) has to stay above

the string value, so this generates a new path which is nearly horizontal until the cutoff
reaches the next “missing” state.

One could continue adding states this way to understand which states and where to
insert them preserves the nearly horizontal behavior of the max(ā1,0). Rather than adding
more states in by hand, we now discuss the bootstrap with two states input.

4.2 Veneziano bootstrap with 2-state input

A main take-away from the previous section is that with a scalar at M2
gap and a vector

at 2M2
gap, the bootstrap tells us we should maximally push the cutoff to ∼ 3M2

gap if no
other states are inserted. Setting µc = 3, we can then proceed to compute the resulting
allowed regions for the Wilson coefficients. This gives a somewhat sharper corner in the
(ā1,0, ā2,0)-plane near the Veneziano amplitude than for the single scalar input in figure 1.
Such plots are shown in appendix B where we also experiment with fixing both the scalar
and vector couplings to get even smaller islands than in figure 2.

Rather than using the approach from figure 10 to determine higher-mass state insertions,
we can use the built-in SDPB tool12 that can extract the spectrum for a theory, assuming
it has only tree-level exchanges. Given that we find the maximal ā1,0 to be nearly flat, we
can expect it to track the actual value the bootstrapped model, and hence SDPB should be
able to extract the spectrum from maximizing ā1,0. As shown on the left in figure 11, for
any µc between two and three, we find that the SDPB spectra all share the same important
feature: a spin two state near 3M2

gap, a spin three state around 4M2
gap, and a spin four state

close to 5M2
gap, following closely the leading string Regge trajectory. At higher masses, we

find that the SDPB states are not quite the string trajectory, but instead there are states
that are slightly larger in mass than the string spectrum.

12This was used in [17] to find that extremal spectra near corners in an EFT of massless pions at large-N
and they found that it looked strikingly similar to the experimental spectrum of QCD for the lowest states,
but differed more at higher masses.
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SDPB does not appear to find the “daughter” Regge trajectories. Instead, the SDPB
spectra tends to have many low-mass states with large spin, i.e. states that lie below the
first “physical” linear Regge trajectory and mimic infinite spin tower theories. (This was
also observed in [17].) These are similar to the states which have maximal couplings that
decrease exponentially as we increase kmax, as we discussed in section 3.1. We can ad hoc
eliminate such “too high spin” states by requiring that there be a minimal mass allowed for
states with a particular spin, a condition recently studied in [18]. In particular, we assume
that the spectrum obeys a Regge-like constraint

ℓ ≤ γ

(
M2

M2
gap
− 1

)
, (4.2)

where γ is the first Regge slope. Upon imposing this condition, the spectrum, shown on
the right hand side of figure 11, is much cleaner and has more states along the first Regge
trajectory and a few states along the second Regge trajectory, yet it also has many additional
states that do not lie at stringy locations. This may be a finite-kmax effect.

It was argued in [30] that (under fairly general assumptions) amplitudes with single
Regge trajectories cannot be dual-resonant. Dual resonance is implied by the vanishing of an
amplitude in the Regge limit [31–33], so while it does not apply directly to our amplitudes,
it does apply to the function f(s, u) = A(s, u)/s2. Therefore, because f(s, u) contains the
nontrivial s-channel spectrum information, it seems that these amplitudes should not be
able to escape the argument of [30]. One may therefore suspect that the lack of daughter
trajectories in the SDPB spectrum is a numerical artifact. The leading Regge trajectory is
the largest contribution to each coefficient because it has the largest couplings and is the
least mass-suppressed for any given spin. Any violation of crossing symmetry or unitarity at
finite kmax can likely be compensated numerically by states above or near the leading Regge
trajectory. Hence we may expect daughter trajectories to appear at sufficiently large kmax.

4.3 New linear Regge trajectories

We have seen that we obtain nontrivial constraints from the bootstrap when we insert a scalar
at the mass gap M2

gap and a spin 1 state at twice that mass gap, i.e. at M2/M2
gap = µ2 = 2.

However, this choice of mass for the second state is not unique.
As an example, we choose the vector to be at 1.5M2

gap instead of 2M2
gap, i.e. pick µ2 = 1.5.

The result of repeating the analysis from section 4.1 is shown in figure 12, which is qualitatively
similar to figure 10. The horizontal path now has a corner at µc = 2. We find that inserting
a spin two state at 2M2

gap is the choice that allows the horizontal trajectory to continue to
be flat for higher µc, but now there is a new dropoff at µc near 2.5. Figure 12 includes the
path with a spin 3 state allowed at 2.5M2

gap. This set of states corresponds to a linear Regge
trajectory with slope 1/2 instead of the string choice of 1.

More generally, we can examine the behavior of max(ā1,0) for the spectrum
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µcM
2
gap

(4.3)

as a function of µc. In that case, we find corners near 2µ2−1. This is illustrated at on the right
of figure 12, which is the same as figure 3, though with 1/µc on the horizontal axis. There is
a sharp corner for the lower values of µ2, but it becomes more rounded as µ2 increases.
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Figure 12. Left: Max(ā1,0) vs. the cutoff mass µc at kmax = 10 for µ2 = 3/2. As in figure 10,
dashed gray lines indicate expected behavior of these curves as µc →∞ in the large kmax limit. Right:
Max(ā1,0) vs. 1/µc at kmax = 10 for µ2 = 1, 1.2, 1.4, 1.6, 1.8, 2, 2.4 and (1.65)2. This figure is the
same as figure 3, but the horizontal axis is inverted.

The corner at 2µ2 − 1 suggests, as we saw for the µ2 = 1.5 case, that some model has a
spin 2 state at (2µ2 − 1)M2

gap. This indicates a linear Regge trajectory of the form:

M2
ℓ

M2
gap

= (µ2 − 1)ℓ + 1 . (4.4)

This family of linear Regge trajectories has a spin 0 state at the mass gap, a spin one state
at µ2, and a spin two state at 2µ2 − 1, and predicts a spin 3 state at 3µ2 − 2. Extracting
the spectrum from SDPB for µ2 = 1.2 corroborates this linear Regge trajectory, as shown
in the left of figure 13. As in figure 11, the SDPB spectrum contains several other states
with high spin. We can input the Regge constraint (4.2) with γ = 5 to match the µ2 = 1.2
trajectory. The result is shown on the right in figure 13, but it is a bit unclear how exactly
to interpret these spectrum plots. However, with the maximal spin constraint, we do begin
to see some signs of daughter trajectories. Their appearance here and not in the string case
is likely due to the fact that the daughter trajectory states are far less mass-suppressed
here, and so have a larger numerical impact in the constraints meaning SDPB cannot simply
compensate for their existence elsewhere.

We briefly turn to the question of which amplitudes may correspond to the 1-parameter
family of corner theories. Parameterizing them by their Regge slope with γ = 1/(µ2 − 1), we
know three explicit cases: γ = 1 is the Veneziano amplitude. For γ = 0, we must have ℓ ≤ 0
for all finite mass, so only the scalar exchange is allowed in the s-channel. This corresponds
to the scalar exchange amplitude (2.24). Finally, for the γ →∞ limits, particles of all spin
are allowed for any M2 ≥M2

gap, so the maximal ā1,0 will match the generic bounds, that is,
will be ā1,0 = 1. The same will be true for all other Wilson coefficients, so the corner theory
corresponds to the Infnite Spin Tower amplitude (2.22). The corners in figure 3 indicates
that there could be a 1-parameter family of unitary 4-point amplitudes that connect these
three cases. However, for no other choices of γ do we have a closed form expression for
the amplitude that corresponds to the corner.
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Figure 13. The kmax = 14 extremal spectrum for the maximal ā1,0 with a scalar at µ1, a vector at
µ2 = 1.2 and no other state up to µc = 1.4 when the maximal spin assumptions are (right) and are
not (left) enforced. The first two states are input (black) and the rest of the spectrum is generated by
SDPB (blue). The gray dashed line corresponds to a linear trajectory with slope 5.

There has been recent progress in studying general variations on the Veneziano ampli-
tude [32–37], but these amplitudes do not have linear Regge trajectories with slope ̸= 1 and
they are not supersymmetrizable. One possible way forward is something similar to the
“bespoke” proposal in [33, 38] for amplitudes with a customizable spectrum

Other possible variations involve modifying the Veneziano amplitude in the style of the
Lovelace-Schapiro amplitude [39–41]:

A(s, u) ∼ −(α′s)2Γ(α0 − α′s)Γ(α1 − α′u)
Γ(b + α′(s + u)) , (4.5)

so the slope is controlled by α′/α0. However, any such simple modification results in an
infinite tower of negative norm states or tachyons. One could, in principle, try to subtract off
the negative norm states from the amplitude, but this would still not necessarily lead to an
expression for the amplitude any more exact than trying to read off Wilson coefficients from
these corner plots. Further, it is difficult to see how an amplitude with such a form could
approach the scalar exchange or infinite spin tower amplitudes in their appropriate limits.

4.4 Non-linear Regge trajectories?

One interesting feature of the maximally supersymmetric model is that, while it has nothing
to do with 4D real-world QCD or the large-N pion EFT, the optimization problems we
solve are almost identical to those solved for the pions in [4, 6, 17]. The large-N pion model
has no massless poles and an Adler zero, so, instead of (1.1), the generic ansatz for the
low-energy color-ordered amplitude is

Apion(s, u) = b1,0(s + u) + b2,0(s2 + u2) + b2,1su + . . . (4.6)

Other than the absence of the a0,0 coefficient, the amplitude has the same degrees of
freedom as (1.1). Where the pion amplitude has crossing symmetry Apion(u, s) = Apion(s, u),
the SYM amplitude has the SUSY-induced crossing relation ASUSY(s, u) = s2f(s, u) with
f(u, s) = f(s, u). The null constraints from these crossing relations are equivalent, and, since
these numerical bootstrap procedures relies on imposing null constraints, the optimization
problems are mathematically very similar. The only technical difference is that the additional
factor of s2 in ASUSY means that we can write convergent dispersion relations for all of our
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Figure 14. Maximum ā1,0 vs. µc for µ2 = (1.65)2 computed at kmax = 12 in 10D (left) and in
4D (right).

Wilson coefficients, while in the large N pion bootstrap, the bk,k coefficient is inaccessible at
every level k. Therefore, crossing relations such as bk,k − bk,0 = 0 cannot be imposed. These
simple equalities are related to the X ℓ,y

k,q and Yℓ,y
k,q null relations described in appendix A.1, so

while we can impose the relations for all k and q, only some can be enforced in the pion model.
At kmax = 2, for example, crossing symmetry implies the following high energy integrals vanish,〈

X ℓ,y
1,0

〉
,
〈
X ℓ,y

2,0

〉
,
〈
Yℓ,y

0,0

〉
,
〈
Yℓ,y

1,0

〉
,
〈
Yℓ,y

2,0

〉
,
〈
Yℓ,y

2,1

〉
= 0 . (4.7)

In the large-N pion bootstrap, though, only a single linear combination of these null relations
has a convergent dispersion relation:〈

2Yℓ,y
2,0 − Y

ℓ,y
2,1

〉
= 0 . (4.8)

In general, we have at least one additional null constraint at every level compared with the
pion bootstrap. Importantly for the discussion here, these additional null constraints prevent
the “scalar-subtracted” versions of amplitudes that are allowed in [1, 6, 17] from always living
in our bounds because the 0 = ak,k − ak,0 null constraints access information about the scalar.
Nevertheless, the allowed regions for Wilson coefficients still share many qualitative features.

Albert, Henriksson, Rastelli, and Vichi studied spectrum assumptions in the pion model
in [17]. Motivated by the experimentally observed meson spectrum, they input as the two-
lowest mass states a spin 1 particle (the ρ-meson mρ = 770MeV/c2) at µ1 = 1 and the
f2-meson (1270MeV/c2) with spin 2 at µ2 = (1270/770)2 ≈ (1.65)2. They find a corner in
the maximum of the f2-meson coupling g̃2

f2
near µc = 4.748. This translates to a mass of√

4.748mρ ≈ 1678MeV/c2, remarkably close to that of the spin 3 ρ3 meson whose mass is
1690MeV/c2. Similarly, an SDPB spectrum calculation gives a few more of the next states
near the leading QCD Regge trajectory, see figure 1 of [17]. Unlike our corner theories in
section 4.3, the QCD meson spectrum is not linear.

The results of [17] inspired us to extend our plots beyond µ2 = 2 and to look carefully
at the µ2 = (1.65)2 case as well. We find that the max(ā1,0) vs. µc curves have hints of two
corners at masses greater than (2µc − 1)M2

gap. For µ2 = (1.65)2, these “corners” are located
at µc ≈ 4.56 and µc ≈ 4.85, neither of which match the pion model’s particularly well. Of
course, this analysis is in 10D and with spins that are shifted by one compared with those
of QCD. Re-analyzing the bounds in D = 4, shown on the right hand side of figure 14, the
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Figure 15. Maximum coupling, |ḡ1|2, for the vector at µ2 = (1.65)2 vs. 1/µc computed at kmax = 12,
14, and 16 in 4D. The horizontal axis matches figure 6 of [17] for direct comparison, and we find a
corner at µc within ∼ 0.02 of theirs. We normalize |ḡ1|2 by µ2

2 to remove differences in definition from
g̃f2 in [17].

first corner is roughly at µc = 4.77, nearly matching the QCD spectrum! The other, more
prominent corner moves to higher values, approximately µc = 4.97.

To compare more directly, we also plot the maximum of |ḡ1|2, the coupling to the vector
state at µ2 = (1.65)2, in figure 15. There is a clear corner for µc ≈ 4.770 (for kmax = 16).
(We do not see any features in the max(|ḡ1|2) curve associated with the µc ≈ 4.97 corner of
the figure 14.) The quantity |ḡ1|2 is analogous to the coupling g̃2

f2
of the spin-two f2 state

of the pion model, shown in figures 5 and 6 of [17]. We use the same range of µc as the
zoomed-in figure 6 from [17]. At nmax = 17 (their equivalent of kmax), the corner in the pion
bootstrap appears to be at µc ≈ 4.747, while for our bootstrap the kmax = 16 corner is closer
to 4.770. While not exact, the agreement is surprising for two ostensibly unrelated problems.
The values of the maximal couplings near the corner, though, are not clearly directly related.
This discrepancy is not unexpected since we are studying different models.

5 Regge bounds

Imposing Regge-bounds, such as (4.2), together with the S-matrix bootstrap constraints
has been pursued for both the closed and open string in [18]. Let us compare the spectrum
restrictions resulting from imposing Regge slope 1 versus the single-state input at the mass
gap µc = 2:

Regge: ℓ ≤
(

M2

M2
gap
− 1

)
vs.
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<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M2
gap

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

`1 = 0

<latexit sha1_base64="Uf6egtGJC4dglywgzTSUVKkpAv4=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KkmV6rHoxYtQwX5AG8Nmu2mXbjZhd1Isof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLBNTjOt7Wyura+sVnYKm7v7O7t2weHTR2nirIGjUWs2gHRTHDJGsBBsHaiGIkCwVrB8Gbqt0ZMaR7LBxgnzItIX/KQUwJG8m37HN/5XWBPkPVJMnms+HbJKTsz4GXi5qSEctR9+6vbi2kaMQlUEK07rpOAlxEFnAo2KXZTzRJCh6TPOoZKEjHtZbPLJ/jUKD0cxsqUBDxTf09kJNJ6HAWmMyIw0IveVPzP66QQXnkZl0kKTNL5ojAVGGI8jQH3uGIUxNgQQhU3t2I6IIpQMGEVTQju4svLpFkpu9Vy9f6iVLvO4yigY3SCzpCLLlEN3aI6aiCKRugZvaI3K7NerHfrY966YuUzR+gPrM8f5zKTNg==</latexit>

3M2
gap

<latexit sha1_base64="U1oId/bUuieN5c9B7QAt7gs4ZJw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKVI9FL16ECvYD2hg22027dLMJu5NiCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7d/YB8etXScKsqaNBax6gREM8ElawIHwTqJYiQKBGsHo5uZ3x4zpXksH2CSMC8iA8lDTgkYybftKr7ze8CeIBuQZPpY9e2yU3HmwKvEzUkZ5Wj49levH9M0YhKoIFp3XScBLyMKOBVsWuqlmiWEjsiAdQ2VJGLay+aXT/GZUfo4jJUpCXiu/p7ISKT1JApMZ0RgqJe9mfif100hvPIyLpMUmKSLRWEqMMR4FgPuc8UoiIkhhCpubsV0SBShYMIqmRDc5ZdXSatacWuV2v1FuX6dx1FEJ+gUnSMXXaI6ukUN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8f5Z+TNQ==</latexit>

2M2
gap

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

`1 = 0

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

`1 = 0

<latexit sha1_base64="Uf6egtGJC4dglywgzTSUVKkpAv4=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KkmV6rHoxYtQwX5AG8Nmu2mXbjZhd1Isof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLBNTjOt7Wyura+sVnYKm7v7O7t2weHTR2nirIGjUWs2gHRTHDJGsBBsHaiGIkCwVrB8Gbqt0ZMaR7LBxgnzItIX/KQUwJG8m37HN/5XWBPkPVJMnms+HbJKTsz4GXi5qSEctR9+6vbi2kaMQlUEK07rpOAlxEFnAo2KXZTzRJCh6TPOoZKEjHtZbPLJ/jUKD0cxsqUBDxTf09kJNJ6HAWmMyIw0IveVPzP66QQXnkZl0kKTNL5ojAVGGI8jQH3uGIUxNgQQhU3t2I6IIpQMGEVTQju4svLpFkpu9Vy9f6iVLvO4yigY3SCzpCLLlEN3aI6aiCKRugZvaI3K7NerHfrY966YuUzR+gPrM8f5zKTNg==</latexit>

3M2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

1. A state at the mass gap 1. At the mass gap, couplings
must be a scalar: of states with ℓ1 ≤ 0 are suppressed
M2 = M2

gap =⇒ ℓ = 0 M2 = M2
gap =⇒ ℓ1 = 0

2. Scalars allowed 2. No states allowed
for M2

gap ≤M2 < 2M2
gap for M2

gap < M2 < 2M2
gap

3. Spin of states with M2 ≥ 2M2
gap 3. Spin of states with M2 ≥ 2M2

gap
restricted by Regge unrestricted

(5.1)
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Figure 16. Outer bounds on the kmax = 12 (ā1,0, ā2,0) region with the Regge maximal spin
requirement (blue), the scalar input at the mass gap with µc = 2 (orange), and the scalar at the mass
gap and vector at µ2 = 2 input with µc = 3. The red dot is the Veneziano amplitude.

A priori, the bounds on Wilson coefficients resulting from these two different sets of constraints
do not obviously have anything to do with each other. Surprisingly, we find that they are
largely identical. This is illustrated in figure 16, which for comparison also includes the
bounds from inputting both the scalar state at the mass gap M2

gap and the vector at 2M2
gap.

It is surprising that what we consider a rather mild, low-spectrum constraint — a scalar
at M2

gap and the string-inspired gap to the next state — yields essentially the same constraints
on the āk,q as the imposing the linear Regge behavior at all orders (up to the maximum spin
considered for the numerical implementation) of the spectrum.

By considering different values of µ2, we found corners in the bounds corresponding to a
1-parameter family of models with linear trajectories M2

ℓ = (µ2 − 1)ℓ + 1. We can extend
the analysis to compare the bounds from

Regge: ℓ ≤ 1
µ2 − 1

(
M2

M2
gap
− 1

)
(5.2)

to bounds obtained with the spectrum input

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="U1oId/bUuieN5c9B7QAt7gs4ZJw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKVI9FL16ECvYD2hg22027dLMJu5NiCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7d/YB8etXScKsqaNBax6gREM8ElawIHwTqJYiQKBGsHo5uZ3x4zpXksH2CSMC8iA8lDTgkYybftKr7ze8CeIBuQZPpY9e2yU3HmwKvEzUkZ5Wj49levH9M0YhKoIFp3XScBLyMKOBVsWuqlmiWEjsiAdQ2VJGLay+aXT/GZUfo4jJUpCXiu/p7ISKT1JApMZ0RgqJe9mfif100hvPIyLpMUmKSLRWEqMMR4FgPuc8UoiIkhhCpubsV0SBShYMIqmRDc5ZdXSatacWuV2v1FuX6dx1FEJ+gUnSMXXaI6ukUN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8f5Z+TNQ==</latexit>

2M2
gap

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M2
gap

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M2
gap

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

`1 = 0

<latexit sha1_base64="NJXAklurCk6fxo2KCoDZT2DKM0M=">AAACHXicbVA9SwNBEN3zM8avU0ubxSDEwnAXQrQM2tgEFIwKuRj2NnPJ4t4Hu3NiOO6P2PhXbCwUsbAR/42bmEKjDwYe780wM89PpNDoOJ/WzOzc/MJiYam4vLK6tm5vbF7oOFUcWjyWsbrymQYpImihQAlXiQIW+hIu/ZvjkX95C0qLODrHYQKdkPUjEQjO0Ehdu+aBlNSTMKoAy16gGM+a19U8a3YzD+EOsz5L8two+66nRH+Ae1275FScMehf4k5IiUxw2rXfvV7M0xAi5JJp3XadBDsZUyi4hLzopRoSxm9YH9qGRiwE3cnG3+V01yg9GsTKVIR0rP6cyFio9TD0TWfIcKCnvZH4n9dOMTjsZCJKUoSIfy8KUkkxpqOoaE8o4CiHhjCuhLmV8gEz+aAJtGhCcKdf/ksuqhW3Xqmf1UqNo0kcBbJNdkiZuOSANMgJOSUtwsk9eSTP5MV6sJ6sV+vtu3XGmsxskV+wPr4AkE2iPg==</latexit>

` 
✓

M2

M2
gap

� 1

◆

<latexit sha1_base64="VNzcZTu1Gbujo3FRxAn81416+iE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewGiV6EoBePEcwDkiXMTnqTIbOz68ysEEJ+wosHRbz6O978GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWandRiF7l2usVS27ZnYOsEi8jJchQ7xW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yv3dKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhNe+RMuk9SgZItFYSqIicnsedLnCpkRY0soU9zeStiQKsqMjahgQ/CWX14lzUrZq5ar9xel2k0WRx5O4BTOwYNLqMEd1KEBDAQ8wyu8OY/Oi/PufCxac042cwx/4Hz+AC9oj20=</latexit>

`2 = 1

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M2
gap

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

`1 = 0

<latexit sha1_base64="Uf6egtGJC4dglywgzTSUVKkpAv4=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KkmV6rHoxYtQwX5AG8Nmu2mXbjZhd1Isof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLBNTjOt7Wyura+sVnYKm7v7O7t2weHTR2nirIGjUWs2gHRTHDJGsBBsHaiGIkCwVrB8Gbqt0ZMaR7LBxgnzItIX/KQUwJG8m37HN/5XWBPkPVJMnms+HbJKTsz4GXi5qSEctR9+6vbi2kaMQlUEK07rpOAlxEFnAo2KXZTzRJCh6TPOoZKEjHtZbPLJ/jUKD0cxsqUBDxTf09kJNJ6HAWmMyIw0IveVPzP66QQXnkZl0kKTNL5ojAVGGI8jQH3uGIUxNgQQhU3t2I6IIpQMGEVTQju4svLpFkpu9Vy9f6iVLvO4yigY3SCzpCLLlEN3aI6aiCKRugZvaI3K7NerHfrY966YuUzR+gPrM8f5zKTNg==</latexit>

3M2
gap

<latexit sha1_base64="U1oId/bUuieN5c9B7QAt7gs4ZJw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKVI9FL16ECvYD2hg22027dLMJu5NiCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7d/YB8etXScKsqaNBax6gREM8ElawIHwTqJYiQKBGsHo5uZ3x4zpXksH2CSMC8iA8lDTgkYybftKr7ze8CeIBuQZPpY9e2yU3HmwKvEzUkZ5Wj49levH9M0YhKoIFp3XScBLyMKOBVsWuqlmiWEjsiAdQ2VJGLay+aXT/GZUfo4jJUpCXiu/p7ISKT1JApMZ0RgqJe9mfif100hvPIyLpMUmKSLRWEqMMR4FgPuc8UoiIkhhCpubsV0SBShYMIqmRDc5ZdXSatacWuV2v1FuX6dx1FEJ+gUnSMXXaI6ukUN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8f5Z+TNQ==</latexit>

2M2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M2
gap

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

`1 = 0

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M2
gap

<latexit sha1_base64="D65qJF2y7yR6ppYY3qYxDJvTPhQ=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9ar42nOAPUDWJ8n4ruqZZatiTYEXiZ2TMsrR8MwvpxfTNGQRUEGU6tpWAm5GJHAq2LjkpIolhA5Jn3U1jUjIlJtNrx/jY630cBBLXRHgqfp7IiOhUqPQ150hgYGa9ybif143heDczXiUpMAiOlsUpAJDjCdR4B6XjIIYaUKo5PpWTAdEEgo6sJIOwZ5/eZG0qhW7VqndnJbrF3kcRXSIjtAJstEZqqMr1EBNRNEjekav6M14Ml6Md+Nj1low8pl99AfG5w8IkpT6</latexit>

µ2M
2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

`1 = 0
<latexit sha1_base64="VNzcZTu1Gbujo3FRxAn81416+iE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewGiV6EoBePEcwDkiXMTnqTIbOz68ysEEJ+wosHRbz6O978GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWandRiF7l2usVS27ZnYOsEi8jJchQ7xW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yv3dKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhNe+RMuk9SgZItFYSqIicnsedLnCpkRY0soU9zeStiQKsqMjahgQ/CWX14lzUrZq5ar9xel2k0WRx5O4BTOwYNLqMEd1KEBDAQ8wyu8OY/Oi/PufCxac042cwx/4Hz+AC9oj20=</latexit>

`2 = 1

<latexit sha1_base64="D65qJF2y7yR6ppYY3qYxDJvTPhQ=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9ar42nOAPUDWJ8n4ruqZZatiTYEXiZ2TMsrR8MwvpxfTNGQRUEGU6tpWAm5GJHAq2LjkpIolhA5Jn3U1jUjIlJtNrx/jY630cBBLXRHgqfp7IiOhUqPQ150hgYGa9ybif143heDczXiUpMAiOlsUpAJDjCdR4B6XjIIYaUKo5PpWTAdEEgo6sJIOwZ5/eZG0qhW7VqndnJbrF3kcRXSIjtAJstEZqqMr1EBNRNEjekav6M14Ml6Md+Nj1low8pl99AfG5w8IkpT6</latexit>

µ2M
2
gap

<latexit sha1_base64="53s8l2ZZzAgK5ZfZ8RM5TwxsPCc=">AAACAnicbVDLSgNBEJyNrxhfUU/iZTAI8WDYDRI9Br14ESKYB2TXZXYymwyZfTDTK4YlePFXvHhQxKtf4c2/cZLsQaMFDUVVN91dXiy4AtP8MnILi0vLK/nVwtr6xuZWcXunpaJEUtakkYhkxyOKCR6yJnAQrBNLRgJPsLY3vJj47TsmFY/CGxjFzAlIP+Q+pwS05Bb3ylU7SNzqsXWEr1wb2D2kfRKPb6tusWRWzCnwX2JlpIQyNNzip92LaBKwEKggSnUtMwYnJRI4FWxcsBPFYkKHpM+6moYkYMpJpy+M8aFWetiPpK4Q8FT9OZGSQKlR4OnOgMBAzXsT8T+vm4B/5qQ8jBNgIZ0t8hOBIcKTPHCPS0ZBjDQhVHJ9K6YDIgkFnVpBh2DNv/yXtKoVq1apXZ+U6udZHHm0jw5QGVnoFNXRJWqgJqLoAT2hF/RqPBrPxpvxPmvNGdnMLvoF4+MbLbSWDQ==</latexit>

(2µ2 � 1)M2
gap

and

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="U1oId/bUuieN5c9B7QAt7gs4ZJw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKVI9FL16ECvYD2hg22027dLMJu5NiCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7d/YB8etXScKsqaNBax6gREM8ElawIHwTqJYiQKBGsHo5uZ3x4zpXksH2CSMC8iA8lDTgkYybftKr7ze8CeIBuQZPpY9e2yU3HmwKvEzUkZ5Wj49levH9M0YhKoIFp3XScBLyMKOBVsWuqlmiWEjsiAdQ2VJGLay+aXT/GZUfo4jJUpCXiu/p7ISKT1JApMZ0RgqJe9mfif100hvPIyLpMUmKSLRWEqMMR4FgPuc8UoiIkhhCpubsV0SBShYMIqmRDc5ZdXSatacWuV2v1FuX6dx1FEJ+gUnSMXXaI6ukUN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8f5Z+TNQ==</latexit>

2M2
gap

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M2
gap

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M2
gap

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

`1 = 0

<latexit sha1_base64="NJXAklurCk6fxo2KCoDZT2DKM0M=">AAACHXicbVA9SwNBEN3zM8avU0ubxSDEwnAXQrQM2tgEFIwKuRj2NnPJ4t4Hu3NiOO6P2PhXbCwUsbAR/42bmEKjDwYe780wM89PpNDoOJ/WzOzc/MJiYam4vLK6tm5vbF7oOFUcWjyWsbrymQYpImihQAlXiQIW+hIu/ZvjkX95C0qLODrHYQKdkPUjEQjO0Ehdu+aBlNSTMKoAy16gGM+a19U8a3YzD+EOsz5L8two+66nRH+Ae1275FScMehf4k5IiUxw2rXfvV7M0xAi5JJp3XadBDsZUyi4hLzopRoSxm9YH9qGRiwE3cnG3+V01yg9GsTKVIR0rP6cyFio9TD0TWfIcKCnvZH4n9dOMTjsZCJKUoSIfy8KUkkxpqOoaE8o4CiHhjCuhLmV8gEz+aAJtGhCcKdf/ksuqhW3Xqmf1UqNo0kcBbJNdkiZuOSANMgJOSUtwsk9eSTP5MV6sJ6sV+vtu3XGmsxskV+wPr4AkE2iPg==</latexit>

` 
✓

M2

M2
gap

� 1

◆

<latexit sha1_base64="VNzcZTu1Gbujo3FRxAn81416+iE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewGiV6EoBePEcwDkiXMTnqTIbOz68ysEEJ+wosHRbz6O978GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWandRiF7l2usVS27ZnYOsEi8jJchQ7xW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yv3dKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhNe+RMuk9SgZItFYSqIicnsedLnCpkRY0soU9zeStiQKsqMjahgQ/CWX14lzUrZq5ar9xel2k0WRx5O4BTOwYNLqMEd1KEBDAQ8wyu8OY/Oi/PufCxac042cwx/4Hz+AC9oj20=</latexit>

`2 = 1

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>
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(5.3)
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Figure 17. Outer bounds on the kmax = 12 (ā1,0, ā2,0) region with the Regge slope γ = 2 maximal
spin requirement (blue), the scalar input at the mass gap with µc = 3/2 (orange), and the scalar at
the mass gap and vector at µ2 = 3/2 input with µc = 2. The black points indicate the locations of
the tip of the allowed region for the “corner theories” parameterized by the first gap parameter µ2
(see section 4.3). The brown dot is the case with µ2 = 3/2, and as shown it is right at the tip of the
allowed region. The red dot is the Veneziano amplitude.

The result for µ2 = 1.5 is shown in figure 17. These bounds again give very similar constraints
and they all have a sharp corner. This corner is where we expect to find the models with
linear Regge trajectories.

In section 4, we discussed how imposing the Regge bound can help give a cleaner SDPB
spectrum. We have also tested how the combined constraints of Regge plus lowest mass state
coupling input affect the bounds; details are given in appendix B. In short, the outcome
is that for the single state input with the scalar coupling fixed at the string-value, we get
significantly smaller islands around the Veneziano amplitude when the Regge slope conditions
are imposed. This is shown in figure 21. However, for the two-state input, there is hardly
any difference between the islands found from fixing the couplings of both the scalar and the
vector to their string values versus those with the Regge slope condition added.

6 Discussion

We have shown that basic, low-energy input to maximally supersymmetric YM EFT generates
novel, physically interesting features in the space of Wilson coefficients consistent with a local,
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unitary UV theory. We found that when there is a single state at bottom of the massive
spectrum, it has to be a scalar. When we enforce the existence of a scalar at the mass gap
M2

gap, a vector at µ2M2
gap, and no other states until a cutoff scale µcM

2
gap, the maximal values

of the ā1,0 Wilson coefficient remains almost exactly the same until µc ≈ 2µ2 − 1, at which
point it begins falling off rapidly. The dramatic change in behavior suggests the existence of
an amplitude with a contribution from a spin two state at µ3M2

gap = (2µ2 − 1)M2
gap. This

would correspond to a theory with a linear Regge trajectory.
If, instead of explicitly requiring the vector at µ2M2

gap, we require that the scalar at M2
gap

has a coupling to the massless states equal to that known from the Veneziano amplitude,
then the maximal size of the second mass scale was found to be µ2 = 2. Assuming there
are no states until 2M2

gap, the allowed region of Wilson coefficients shrinks to a small island.
As more constraints are included from the derivative expansion, the islands were found to
shrink in size, indicating that perhaps the only allowed point corresponds to the Veneziano
amplitude in the kmax → ∞ limit. If the island did indeed shrink all the way, that would
mean that to bootstrap Veneziano, one only needs two pieces of low-energy information:

1. that there is only one state at the lowest mass and it contributes via a pole exchange
to the 4-point amplitude (the bootstrap then requires it must be a scalar),

2. the ratio, |ḡ0|2 = |g0|2/a0,0, between the massive scalar’s coupling to the massless
external states and the trF 4 Wilson coefficient a0,0.

In a practical scenario, these two inputs might necessarily become three because it would
likely be difficult to determine |ḡ0|2 without measuring both g0 and a0,0 individually. It
is still surprising, though, how little information is needed to bootstrap the Veneziano
amplitude. It would be interesting to understand to what extent this is a consequence of
supersymmetry and/or crossing.

Consider now what happens when we fix |ḡ0|2 to a number different from the string value.
There are two qualitatively different cases to discuss, depending on whether |ḡ0|2 is greater
or smaller than 1/2. Starting with the former, we find that the maximum allowed value of
|ḡ0|2 is (777− 1120 log(2)) = 0.675158, which occurs for the Infinite Spin Tower and requires
the cutoff to be taken all the way down to the mass gap, µc = 1. The Single Scalar Exchange
model (SSE, section 2.5) has |ḡ0|2 = 1/2 and cutoff µc →∞. Any value of |ḡ0|2 between these
extremes, i.e. 1/2 < |ḡ0|2 ≤ 0.675158, will bootstrap the cutoff µc to a maximum allowed value
between 1 and∞. The resulting bounds are expected to be islands around the black points in
figure 17. These are the models with linear Regge slopes 1/(max(µc)− 1) found as the corner
theories in section 4.3. It would be interesting to understand if these models have realizations
as generalized versions of the Veneziano amplitude, as explored in for example [32–34, 36, 37].
If they exist, such new amplitudes would presumably have to interpolate between the SSE
amplitude, the Veneziano amplitude, and the Infinite Spin Tower.

To actually compute this family of islands, one needs a very precise determination of
the cutoff scale µc for a given value of |ḡ0|2; since the islands are going to be small, slightly
different values of µc can give mutually excluding islands. For any finite value of kmax, one
can determine the maximum allowed value of µc, but one would then need to extrapolate
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that to kmax → ∞. Alternatively, one can specify the cutoff µc and seek to bootstrap the
value of |ḡ0|2 by a maximization principle.

From a theoretical perspective there is no reason to necessarily favor coupling input
over input of the cutoff mass. Imagine doing a bootstrap like this in an context where the
input comes from actual experimental data. One may then view the coupling choice as more
well-motivated than the gap input because in an experimental situation that directly produces
a high energy particle, we would be able to determine both the spin and coupling of that state.
On the other hand, it would be impossible to experimentally determine the exact gap to the
next state without having enough energy to produce it, at which point, the spin and coupling
of that state could be used as bootstrap input. However, an experiment would not give us an
exact value for any measurement, so the ratio |ḡ0|2 would be determined with some error. The
bootstrapped maximal µc value would then give the approximate scale at which new physics
must appear. To get a reasonable “island” in such a scenario, one would have to compute
islands for a selection of values of |ḡ0|2 within the experimental bounds and their corresponding
largest cutoff scale. The full allowed region of Wilson coefficients would then be obtained
from smearing of these islands. This smeared region would likely not shrink to a single point
with increasing kmax, but would still be far more constraining than any naive bound.

Consider now the range of couplings 0 ≤ |ḡ0|2 ≤ 1/2. In this case, there is no maximal
cutoff mass µc. Similarly to the case of SSE with |ḡ0|2 = 1/2, we only expect islands in the
µc →∞ limit. Models with 0 ≤ |ḡ0|2 ≤ 1/2 can be obtained as linear combinations of SSE
amplitudes with different choices of m2, for example (with Mgap = 1 for simplicity)

λASSE
1 + (1− λ)ASSE

m2 . (6.1)

For this amplitude, |g0|2 = λ/2 because when m2 > 1 its only contribution is from the ASSE
1

part of the amplitude. The coefficient a0,0, on the other hand, is given by a0,0 = (λ + (1−
λ)/m2), and so the ratio becomes

|ḡ0|2 = λ

2(λ + (1− λ)/m2) . (6.2)

By then setting m2 = r/λ, we find that in the limit of λ → 0 and r fixed,

lim
λ→0
|ḡ0|2 = r

2r + 2 . (6.3)

Therefore, 0 < |ḡ0|2 < 1/2 is allowed and gives examples of islands in a limiting sense.13

Returning to the bootstrap of the Veneziano amplitude, one potential path to stronger
bounds is through the fact that, in the Regge limit with fixed u < 0, the Veneziano
amplitude (1.3) actually scales with large |s| as

lim
|s|→∞

Astr(s, u)
s

∼ su → 0 . (6.4)

This is one power of s stronger than we assume with the Froissart bound that A(s, u)/s2 → 0.
Therefore, one could restrict to amplitudes that have this improved Regge behavior and

13Limiting, because the SSE amplitudes are borderline cases for the Froissart behavior.
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derive additional null constraints that correspond to the fact that ak,k+1 = 0 for all k ≥ −1.
This rules out, for example, the SSE amplitude, so it could improve our ability to corner
and isolate the string. The implementation of these null constraints is discussed in [27]
using techniques developed in [42].

The type of bounds computed in this paper are so-called “dual” bootstrap bounds. Any
point outside of our bounds does not have a unitary UV completion (with the specified
assumptions), but points within our bounds may or may not have them. An important
aspect of the bootstrap program not considered in this work is the “primal” formulation of
the S-matrix bootstrap, which has been studied for permutation symmetric scalars, pions,
photons, and gravitons [18, 43–47]. In the primal version of the bootstrap, unitarity is imposed
numerically on an ansatz that manifestly satisfies both locality and crossing symmetry, and
points within their bounds necessarily have a unitary UV complete amplitude,14 but points
outside could as well. The primal bootstrap has the advantage of being clearly applicable
beyond the strict perturbative limit. Further, as shown in [18, 47], there can be reasonably
good agreement between the dual and primal bounds. It would be interesting to know whether
the primal type bounds could rule-in parameter space such that we can test if the scalar-input
islands somehow do not continue to shrink to include the string alone.

Finally, the fact that low-energy input leads to important new features of the space
of allowed Wilson coefficients in both the pion and N = 4 SYM models suggests that
such features might also appear in less mathematically similar bootstrap problems. If the
appearance of novel features is generic, one might hope to eventually apply these principles
to more phenomenologically relevant models as well.
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A Implementation as an SDP

A.1 Null constraints

There are two sets of null constraints: the X -constraints are due to the basic SUSY crossing
condition ak,q − ak,k−q = 0, and the Y-constraints come from reconciliation of dispersive
representations of the ak,q derived for fixed u and fixed t. These two sets of conditions impose

14But this does not guarantee a UV complete theory.
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constraints on the spectral density and they were derived in detail in [15]. They are

∀ k, q :
∑
ℓ=0

∫ 1

0
dx pℓ(x)X ℓ,x

k,q = 0 with X ℓ,x
k,q = xk[vℓ,q − vℓ,k−q

]
∀ k, q :

∑
ℓ

∫ 1

0
dx pℓ(x)Yℓ,x

k,q = 0

with Yℓ,x
k,q = xk

vℓ,q − (−1)ℓ
k∑

q′=0
(−1)q′vℓ,q′

((
q′

k − q

)
+
(

q′

q

)) ,

(A.1)

where

x ≡
M2

gap
M2 = y−1 and pℓ(x) ≡ xρℓ

(
M2

gap/x
)
= y2fℓ(y) . (A.2)

We can rewrite these in terms of y and fℓ(y) to match the notation here by simply making a
change of variables from x → y. Doing this variable replacement takes

xkpℓ(x)dx = y−k(y−3ρ(M2
gapy))dy = y−kfℓ(y)dy . (A.3)

Thus, we find that in terms of y and fℓ(y), the null constraints become

∀ k, q :
∑
ℓ=0

∫ ∞

1
dy fℓ(y)X ℓ,y

k,q = 0 with X ℓ,y
k,q = y−k[vℓ,q − vℓ,k−q

]
∀ k, q :

∑
ℓ

∫ ∞

1
dy fℓ(y)Yℓ,y

k,q = 0

with Yℓ,y
k,q = y−k

vℓ,q − (−1)ℓ
k∑

q′=0
(−1)q′vℓ,q′

((
q′

k − q

)
+
(

q′

q

)) .

(A.4)

A.2 Explicit states

For the practical implementation in SDPB, it is convenient to set Mgap = 1. Recall that
the dispersive representation (2.8) is

ak,q =
∞∑

ℓ=0

∫ ∞

1
dy y−kfℓ(y) vℓ,q . (A.5)

Consider the case of a spin-0 state at the mass gap (y = 1) and a spin 1 state at y = µ2.
The simple poles correspond to delta functions in the spectral density, so with the definition
of fℓ(y) above equation (2.9), we have

fℓ(y) = δ(y − 1)δℓ,0|g0|2 + δ(y − µ2)δℓ,1|g1|2
1
µ3

2
+ f

(µc)
ℓ (y) , (A.6)

where f
(µc)
ℓ (y) only has support for y ≥ µc. From this, one obtains eq. (2.20).

The derivation of the null constraints using the full fℓ(y) gives exactly the same results as
without spectral input. We denote these crossing constraints jointly as “null” in the following.
Using the “bracket-notation” (2.9) the general vertex representation (2.25) is of the form

V⃗ =
〈
E⃗
〉

1 , (A.7)
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where V⃗ and E⃗ℓ,y are described briefly in section 2.6; more explicit expressions can be found
in equation (4.2) in [15]. The precise specification of (A.7) depends on which quantity we
wish to extremize. It is useful to note, for example, that it follows from (A.6) that〈

E⃗
〉

1 = |g0|2E⃗0,1 + |g1|2
1
µ3

2
E⃗1,µ2 +

〈
E⃗
〉

µc
. (A.8)

This is the key ingredient in the following.

A.3 Optimization problem: maximizing ak,q

Define

V⃗ =


a0,0
ak,q

⟨
−−→null ⟩1

 and E⃗ℓ,y =


1

y−kvℓ,q

−−→nullℓ,y

 , (A.9)

where ⟨−−→null ⟩1 indicates all the null constraints, which may including also conditions such
as ak′,q′ = Ra0,0 that sets the question to: what are the extremal values of ak,q/a0,0 when
ak′,q′/a0,0 is fixed to be R.

Now let

α⃗ = (A,−1, β⃗) . (A.10)

With the vanishing of the null constraints, it is clear that α⃗ · V⃗ = Aa0,0 − ak,q. Hence,
if we assume that

α⃗ · E⃗0,1 ≥ 0 , α⃗ · E⃗1,µ2 ≥ 0 ,

α⃗ · E⃗ℓ,y ≥ 0 for all ℓ = 0, 1, . . . , ℓmax and y ≥ µc ,
(A.11)

then α⃗ · V⃗ =
〈
α⃗ · E⃗

〉
1 ≥ 0 implies that on the vanishing of the null constraints

Aa0,0 − ak,q ≥ 0 =⇒ A ≥ ak,q

a0,0
, (A.12)

so that minimizing A is maximizing ak,q/a0,0. In SDPB, the conditions α⃗ · E⃗0,1 ≥ 0 and
α⃗ · E⃗1,µ2 ≥ 0 simply mean that we allow for scalar or vector states, respectively, at y = 1
and y = µ2. Leaving out one or both of these conditions mean that we disallow all states
at the respective masses.

It is useful to reformulate the problem as follows. Write

V⃗ = a0,0v⃗1 − ak,qv⃗O + V⃗null , V⃗null =


0
0

⟨
−−→null ⟩1

 (A.13)

for v⃗1 = (1, 0, 0, . . . ) and v⃗O = (0,−1, 0, . . . ). The vector v⃗1 identifies the quantity we optimize
in α⃗, i.e. A = α⃗ · v⃗1 whereas the objective vector v⃗O ensures the proper normalization of
the “objective” of our optimization by having

α⃗ · v⃗O = 1 . (A.14)

Next, consider optimization of the couplings |g0|2 and |g1|2.
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A.4 Optimization problem: bounding couplings

In this appendix, we describe two methods for optimizing couplings.

Bounding couplings by choosing objective vectors. The approach described here
was developed in [4]. Define

V⃗ =

 a0,0

⟨
−−→null ⟩1

 and E⃗ℓ,y =

 1
−−→nullℓ,y

 (A.15)

i.e.

V⃗ = a0,0v⃗1 + V⃗null , with V⃗null =

 0

⟨
−−→null ⟩1

 (A.16)

This time we pick α⃗ = (A, β⃗). We now describe how to use V⃗ =
〈
E⃗
〉

1 to maximize |g0|2.
Then we show how a similar approach is used to extremize |g1|2.

• Maximize |g0|2.

With the help of (A.8), we can write V⃗ =
〈
E⃗
〉

1 as

a0,0v⃗1 − |g0|2E⃗0,1 + V⃗null = |g1|2
1
µ3

2
E⃗1,µ2 +

〈
E⃗
〉

µc
. (A.17)

This can be viewed as an optimization problem like (A.13) with objective |g0|2 and
objective vector v⃗O = E⃗0,1. The normalization condition (A.14) then says that we need
to have

α⃗ · E⃗0,1 = 1 . (A.18)

Using that, and imposing the null constraints, we then find that dotting α⃗ into (A.17) gives

a0,0A− |g0|2 = |g1|2
1
µ3

1
α⃗ · E⃗1,µ1 +

〈
α⃗ · E⃗

〉
µc

(A.19)

so that if we impose

α⃗ · E⃗1,µ2 ≥ 0 ,

α⃗ · E⃗ℓ,y ≥ 0 for all ℓ = 0, 1, . . . , ℓmax and y ≥ µc ,
(A.20)

then we get

a0,0A− |g0|2 ≥ 0 =⇒ A ≥ |g0|2

a0,0
(A.21)

i.e. minimizing A maximizes |g0|2/a0,0.

• Maximize |g1|2.

Using (A.8), we now write V⃗ =
〈
E⃗
〉

1 as

a0,0v⃗1 − |g1|2
1
µ3

2
E⃗1,µ2 + V⃗null = |g0|2E⃗0,1 +

〈
E⃗
〉

µc
. (A.22)
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To extremize |g1|2, we choose the objective vector v⃗O = 1
µ3

2
E⃗1,µ2 and the normalization

condition (A.14) then becomes

µ−3
2 α⃗ · E⃗1,µ2 = 1 . (A.23)

Dotting α⃗ into (A.22) and imposing the null constraints then gives

a0,0A− |g1|2 ≥ 0 (A.24)

assuming that

α⃗ · E⃗0,1 ≥ 0 ,

α⃗ · E⃗ℓ,y ≥ 0 for all ℓ = 0, 1, . . . , ℓmax and y ≥ µc .
(A.25)

As in previous cases, this lets us find the maximum of |g1|2/a0,0 by minimizing A.

Bounding couplings by solving null constraints. The above approach allows us to
bound couplings |gℓ,µ|2 of the massive exchanged particles to the massless particles relative
to a0,0. However, it does not allow to fix |ḡℓ,µ|2 = |gℓ,µ|2/a0,0 to a specific value. To do so, we
use a different method which is to use the null constraints to derive dispersive representations
for the couplings |gℓ,µ|2 that we want to fix.

As a simple example of this, suppose we want to fix the coupling |g0|2 in (3.3) to a
specific value. Since |g0|2 enters the null condition a1,0 = a1,1, we can use that to solve
for |g0|2. Start with

0 = a1,0 − a1,1 = |g0|2(v0,1 − v0,0) + ⟨y−1(vl,1 − vl,0)⟩µc (A.26)

where we used that the high energy average is a linear operation. Using that vl,q = 0 for
q > ℓ and v0,0 = 1, we solve for |g0|2 find

|g0|2 = ⟨y−1(vl,1 − vl,0)⟩µc . (A.27)

Using this dispersive representation, we can fixed |ḡ0| to a specific value R in the numer-
ical bootstrap by making |g0|2 − Ra0,0 a null constraint in our vector V⃗ . The dispersive
representation (A.27) determines the corresponding entry in the E⃗ℓ,y vectors.

To fix more couplings we can use more null conditions. For example, if we want to fix both
|ḡ0|2 and |ḡ1|2 as discussed in the maintext, we can use a1,0 = a1,1 along with 0 = a3,1 − a3,2
(that is the lowest-k null relation to which |g0|2 does not contribute). Then, we find

0 = a1,0 − a1,1 = |g0|2(v0,1 − v0,0) +
|g1|2

µ4
2
(v1,1 − v1,0) + ⟨y−1(vl,1 − vl,0)⟩µc (A.28)

0 = a3,1 − a3,2 = |g0|2(v0,1 − v0,2) +
|g1|2

µ6
2
(v1,1 − v1,2) + ⟨y−3(vl,1 − vl,2)⟩µc . (A.29)

Using the fact that vl,q = 0 for q > l to simplify these expressions, along with v1,1 = 2,
we solve the linear system that can be solved to give |g0|2 and |g1|2 in terms of their high
energy integrals:

|g0|2 = µ2
2
2 ⟨y

−3(vl,2 − vl,1)⟩µc + ⟨y−1(vl,1 − vl,0)⟩µc (A.30)

|g1|2 = µ6
2
2 ⟨y

−3(vl,2 − vl,1)⟩µc . (A.31)
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Region w/o spectrum input

Spin 0 at M2
gap,

spin 1 at 2M2
gap,

& gap to 3M2
gap

Spin 0 at M2
gap

& gap to 2M2
gap

Spin 0 at M2
gap,

spin 1 at 2M2
gap,

& gap to 3M2
gap

Veneziano
Veneziano

Figure 18. Left: the ā1,0 and ā2,0 with no spectral assumptions in teal and when the lowest massive
states are assumed to be a scalar at the mass gap M2

gap, a vector at 2M2
gap, and a further mass-gap

to 3M2
gap in purple. The purple region has a corner very close to the Veneziano amplitude (red dot).

Right: zoom-in around the corner of the purple region. For comparison is also shown in light purple
the allowed region when we only input a spin 0 particle at M2

gap and a further mass gap to 2M2
gap.

The bounds for these regions were computed with kmax = 10.

In principle, we could use a null constraint of any order to solve for a coefficient. However, to
keep track of kmax properly, we restrict ourselves to using only null constraints up to those
with k = kmax. To have access to the null constraint 0 = a3,1 − a3,2 we need to take kmax ≥ 3
and the maximal number of couplings we can fix depends on kmax.

When we solve for couplings using null relations, we are no longer strictly enforcing
their positivity. Hence, we only use this approach when we either fix or extremize a coupling
that is solved for by the null conditions; otherwise, we risk allowing non-unitary theories
where these couplings are negative. It is important to note that when we use SDPB to
minimize a coupling ḡℓ,µn , it may give a negative value, so we enforce positivity by hand,
taking Min|ḡℓ,µn |2 = Max(0, SDPB minimum).

B Multi-state bootstrap of Veneziano

In this appendix, we compare the corner and island bootstrap of the Veneziano amplitude for
two different types of low energy assumptions: (1) the single state input from section 3 with
a scalar at M2

gap and no states until the cutoff at 2M2
gap versus (2) inputting the two lowest

mass states: a scalar at M2
gap, a vector at 2M2

gap and no other states until 3M2
gap (which is

the “corner” value for the cutoff discussed in section 4.1).

B.1 Corners

For the two state input discussed above, we have

ak,q = |g0|2v0,q +
|g1|2

2k+3 v1,q +
〈
y−kvℓ,q

〉
3

. (B.1)
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Figure 19. Allowed regions for listed spectrum assumptions at kmax = 10. The red dot is the
Veneziano amplitude.

With this input, the allowed region of the (ā1,0, ā2,0)-plane is shown in figure 18 is somewhat
smaller than that of just the single scalar input and still has the string amplitude at the
corner. Most importantly, the corner near the string is, as shown on the right of figure 18
quite a bit sharper than with just the single mass input.

It is interesting to see how the regions are built up and which parts of them are sensitive
to the various mass and spin inputs. In figure 19, we show the allowed regions in the
(ā1,0, ā2,0)-plane for various different spectral assumptions. The red region shows the allowed
region with no states allowed all the way to the cutoff at 3M2

gap. A large chunk of parameter
space becomes allowed if we turn on the g0 coupling, allowing for a scalar at M2

gap. If we
keep the cutoff at 3M2

gap, the region, shown in gray excludes the string (red dot), but when
the cutoff is reduced to 2M2

gap, we get the blue-gray region that now includes the string.
This is the region studied previously in section 3.2 and shown in figure 1. Next, we allow
for a vector at 2Mgap we get the region shown in dark purple, for which the Veneziano
amplitude is at the sharp corner.

The next corner. The cutoff µc = 3 was chosen as the value near the corner in the ā1,0
maximum value. It is interesting to consider what happens if we continued with further
string-y input and take the existence of this spin two state as something “implied” by the
bootstrap and then use it to find where the next state in the spectrum lives. We then have
a dispersion relation of the form

ak,q = |g0|2v0,q +
|g1|2

2k+3 v1,q +
|g2|2

3k+3 v2,q +
〈
y−kvℓ,q

〉
µc

. (B.2)

Figure 20 shows maximal ā1,0 vs. the cutoff. The maximal values is almost exactly constant
from µc = 3 to µc = 4 and then has a dramatic falloff, indicating the need for a new state
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3.0 3.5 4.0 4.5 5.0

0.68

0.69

0.70

0.71

0.72

0.73

0.74

μc

M
ax
a 1
,0

Figure 20. The maximal ā1,0 vs. µc at kmax = 4, 6, 8, 10 for the spectrum given by (B.2). The red
dashed line corresponds to the string value ā1,0 = ζ3/ζ2 and gets ruled out for µc ≳ 4, the mass at
which the string amplitude has a state.

at 4M2
gap. This is corroborated by the SDPB spectrum from figure 11 which also indicated

that there is a spin 2 state at 4M2
gap.

At 4M2
gap, we encounter another feature of the string spectrum: the first daughter

trajectory. There is not just a spin three state at M2 = 4/α′, but also a spin one state
exchanged. The fact that a corner appears at (or near) µ4 = 4 does not tell us what spin the
particle there should have, so we can turn to SDPB’s spectrum analysis to test for the states
that live at the feature. As before, the extremal spectrum does not contain any daughter
trajectories, so we do not see any purely bootstrap way to proceed along the string spectrum,
at least for the values of kmax we can achieve. Additional assumptions, such as the Regge
slope help a bit, but the spectrum is still not clean.

B.2 Islands

In section 3.3, we showed that fixing |ḡ0|2, the coupling of the scalar at the mass gap, resulted
in a maximal allowed cutoff mass µcM

2
gap. A unitary theory must have new massive states at

or below that maximum value. We found that when |ḡ0|2 was taken to be its string value,
the maximum cutoff mass corresponded precisely to the mass at which the second string
state appeared, namely as 2M2

gap. Fixing µc = 2, we found shrinking islands around the
Veneziano amplitude Wilson coefficients.

To get stronger bounds we now impose stronger assumptions on the spectrum. Specifically,
we input information about the state at 2M2

gap, as in the previous section.
We first consider a dispersion relation of the form

āk,q = v0,q

ζ2
+ |gℓ2,2|2vℓ2,q

2k+3ζ2
+
〈
y−kvℓ,q

〉
µc

, (B.3)

where the spin ℓ2 of the state at µ2 = 2 and the cutoff µc > 2 are unfixed. We find that,
by kmax = 12, there are no theories compatible with the bounds unless ℓ2 = 1, i.e. there
has to be a vector at the state at 2M2

gap. With that vector assumed, any state with spin
ℓ > 1 has a coupling that gets suppressed exponentially with kmax, similar to what we saw in
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Scalar Input

Regge Scalar Input

Scalar+Vector Input

Regge Scalar+Vector Input

Figure 21. Left: bounds on the kmax = 4, 6, 8, 10, 12 (ā1,0, ā2,0) allowed region with a scalar at the
gap and a vector at µ2 = 2 with their string couplings along with a cutoff µc = 3. Right: comparing
the scalar-only island with smaller scalar with Regge slope, scalar and vector, and scalar and vector
with Regge slope island at kmax = 12.

section 3.1 for non-scalar states at the mass gap. The maximal coupling to a scalar state
at 2M2

gap decreases with kmax, but it does not appear to approach zero as quickly as those
for ℓ > 1, so there is not any clear a priori reason to rule it out.

To proceed, we simply make the string-inspired choice to add in just the vector state
with its coupling and as well as a gap to µc = 3.15 The dispersion relation for the Wilson
coefficients is then

āk,q = v0,q

ζ2
+ 2v1,q

2k+3ζ2
+
〈
y−kvℓ,q

〉
3

, (B.4)

using |ḡstr
0 |2 = 1/ζ2 and |ḡstr

1 |2 = 2/ζ2. The bootstrap then gives small shrinking islands
around the Veneziano amplitude, as shown on the right of figure 21. The size of these islands
are considerably smaller than the those with only the single state input (e.g. figure 2). A
direct comparison of the kmax = 12 islands for the single and double state input is given on
the right of figure 21. For further comparison, we also include in that plot the islands obtained
with the same one- and two-state input but with the additional assumption of no states below
the leading Regge trajectories (as discussed in section 5.). This assumption has a significant
effect on the single-scalar island, but results in hardly any change for the two-scalar island.
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