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ABSTRACT: Dark photons are a theorized massive spin-1 particle which can be produced
via various mechanisms, including cosmological gravitational particle production (GPP) in
the early universe. In this work, we extend previous results for GPP of dark photons to
include nonminimal couplings to gravity. We find that nonminimal couplings can induce
a ghost instability or lead to runaway particle production at high momentum and discuss
the constraints on the parameter space such that the theory is free of instabilities. Within
the instability-free regime we numerically calculate the particle production and find that
the inclusion of nonminimal couplings can lead to an enhancement of the particle number.
As a result, GPP of nonminimally coupled dark photons can open the parameter space
for production of a cosmological relevant relic density (constituting all or part of the dark
matter) as compared to the minimally-coupled theory. These results are independent of
the choice of inflation model, which we demonstrate by repeating the analysis for a class
of rapid-turn multi-field inflation models.
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1 Introduction

Dark matter (DM) comprises approximately a quarter of the present energy density of our
universe. However, despite compelling observational evidence for its existence, it has yet to
be directly detected, and its exact nature is still unknown. The available parameter space for
the properties of dark matter and the mechanisms by which it might be produced are vast.
There are myriad dark matter candidates which can be produced via interactions with the
standard model (SM) in the early universe. Two well-studied methods to produce dark matter
are freeze-out, in which the dark matter begins in thermal equilibrium with SM particles then
‘freezes-out’ to some relic abundance due to the expansion of the universe, and ‘freeze-in’ in
which the dark matter does not begin in thermal equilibrium, but rather is produced due to
small interactions with standard model particles. Both of these processes require the dark
matter to interact with the standard model. Given that one of the few facts known about
dark matter is that it must interact only very weakly with the standard model, if at all, it is
attractive to consider alternative dark matter production mechanisms which do not require
any couplings to standard model particles, e.g., which are ‘completely dark.

One such mechanism is cosmological gravitational particle production (GPP) [1-5] in
which particles are produced during inflation due to the rapid expansion of the universe.



Particles produced via GPP are generally thought to be in the supermassive range (i.e.,
m 2 H, where H, is the Hubble parameter at the end of inflation), but can also have masses
in the ultralight regime [6-8]. Previous work has shown that GPP is a viable production
mechanism for particles with a wide variety of masses and spins [4, 6-18] and in both single
field and multifield inflation models [19]. In particular, refs. [6, 7] have shown that spin-1,
or ‘dark photon’ dark matter can be gravitationally produced to yield the correct DM relic
density. Dark photons have been considered as a portal from the standard model to a dark
sector, but can also be considered a DM candidate in their own right, see e.g., [6, 7, 20-38].

Previous work on GPP of dark photon dark matter has largely considered particles
which are minimally coupled to gravity [6-8, 11]. However, a theory of a massive spin-1
field can also contain nonminimal couplings to gravity; general principles of effectice field
theory (EFT) demand their inclusion. These additional couplings are an important factor
in fully understanding gravitational production of spin-1 particles and dark photon dark
matter. Recent works have begun to discuss these possibilities [16, 39-41], however a full
survey of the viable parameter space while also taking into account instabilities in the theory
is yet to appear in the literature.

In this paper, we extend previous work to consider the gravitational production of dark
photon dark matter with nonminimal couplings to gravity. We carefully consider the viable
parameter space of the theory which is both non-ghostly and does not lead to runaway
particle production due to a tachyonic gradient instability (as discussed in [42]) and show
how the addition of nonminimal couplings in the allowed region can lead to an enhancement
of particle production, particularly at low masses, while also avoiding modes which propagate
superluminally. We find the parameter space to obtain the corrent present-day dark matter
relic density and find that the addition of nonminimal couplings allows for gravitational
production of dark matter with the correct relic abundance, extending the possible range of
parameter space found for the minimal theory. We further discuss the GPP of dark photons
in a broader class of rapid-turn multi-field inflation models in the minimally coupled theory.

The structure of the paper is as follows: After a brief review of GPP in section 2, in
section 3 we discuss the theory of non-minimally coupled spin-1 fields, then in section 4 we
discuss the conditions on the parameter space such that the theory remains ghost-free and
also avoids catastrophic runaway production. We then show numerical results in section 5,
and discuss the present-day dark matter relic density and allowed parameter space to be a
viable dark matter candidate. Finally, we conclude with a discussion in section 6. Lastly, we
show explicit GPP results for dark photons in rapid-turn multi-field inflation in appendix A
and for early reheating in appendix B.

Throughout this work the following conventions are employed: we use a mostly minus
metric signature and natural units ¢ = A = 1 unless explicitly stated otherwise. Greek
letters pu,v, ... indicate a sum over all spacetime indices while Latin letters i, j, k denote
a sum over spatial indices.

2 ABCs of gravitational particle production

Here we give a brief overview of the mechanics of gravitational particle production. For
further details, see [43] and references therein. As discussed previously, gravitational particle



production exploits the fact that particles can be created by the expansion of the universe.
This is due to the fact that the initial (early) and final (late) creation and annihilation
operators are not the same, but can be related by a Bogliubov transformation with the
coefficients oy, and (.

Solutions to the wave equation can be expressed in terms of mode functions xx(n) as

3 . .
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If one defines the initial vacuum state with early-time creation and annihilation operators

dL and ai as

az:arly |0early> — O ‘Oearly> , (22)
which is related to the late-time operators as
0™ = ajag — Faly, (2.3)

where oy and (i are the Bogoliubov coefficients. The value of £ can be found from the
mode equations such that
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where wy, is the frequency of the mode. (Since the background spacetime will be taken to
be homogeneous and isotropic, § depends only on k = |k|.) Then, we can construct the
spectrum of particles produced in terms of the §; and the comoving wavenumber as [6]

— K 2
ny = 27T2|ﬁk\ . (2.5)
The comoving number density is then given by

na® = %nk (2.6)
k

From the comoving number density, one can determine the relic density, as we will explicitly
see in section 5.3. Generally, one takes Bunch-Davies initial conditions to numerically solve
for the particle production. The early time limit 7 — —oco corresponds to the limit where
a — 0 and a?R —0, which implies that w,% — k2. In this limit, the mode functions are deep
within the Hubble radius. The Bunch-Davies initial conditions then correspond to mode
equations that are in a Minkowski spacetime, that is

1

li = ——¢ ik, 2.7
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3 Spin-1 field with nonminimal couplings

In this section we review details of de Broglie-Proca theory for a massive spin-1 field with
nonminimal couplings to gravity [44-46]. On a generic spacetime background with metric
9w, the de Broglie-Proca action for a massive spin-1 (dark photon) field can be written as [6]

1 1 1 1
S = /d4$\/ —g (—4F#VFHV + ing‘“VAHAV - §§1Rg“VAMAV - 2£2RMVANAV) y (31)



where A, is the dark photon, R the Ricci scalar, R, the Ricci tensor and & and &
are dimensionless coupling constants. The dark photon field strength, F},,, is defined as
F, = VA, —V,A,.

Notice that the two interaction terms we have constructed are the only dimension-four
operators which can appear with the vector field coupled to curvature. They are consistent
with the symmetries of the Proca theory and Einstein gravity, and thus, the effective field
theory approach would be to include these terms with coupling constants £ and & to be
fixed by experiment. Moreover, as discussed in [42], these terms are expected to be generated
by loops even if they are set to zero at tree-level. This is analogous to the renormalization
of scalar fields in curved space [47-49].

In principle, additional couplings can appear, for example to the Riemann tensor, but
will involve higher dimensional operators. Thus, we consider only the two coupling terms
as written above. To recover the minimally coupled spin-1 scenario, one can simply set
& = & = 0. As we will see below, the two terms proportional to {£1,&} will induce a
time-dependent effective mass for the dark photon.

Let us now specify these general considerations to a cosmological background. We
now take g,, to be the Friedmann-Lemaitre-Robertson-Walker (FLRW) metric, g, =
a®(n)diag(1, -1, —1,—1), where a(n) is the scale factor as a function of conformal time.
Following [6], we can explicitly see the effects of the non-minimal couplings & and & by
decomposing the action, eq. (3.1), into components Ay and A;:

1 1
S [Au(t, :U)] = /d4x [2(1 (80141 — 81'140)2 — Za_l (GlAj — (9in)2

1 1 (3.2)
+ ia?’mng - iam?CA? ,
where we have defined two effective masses, m; and m,, as
1
m? =m? — €6 R — Sl 3¢ H? (3.3)
1
mi =m? — & R— 6§2R + §2H2. (3.4)

In this expansion, we can see the explicit role of &1 and & as contributions to the effective
masses of Ag and A;, and furthermore that m; and m, will now be time-dependent functions
given that R and H evolve throughout the inflationary period.

Let us further expand the action in terms of mode functions

dgk ik-x
AP (tz) = / oy e (3.5)
to obtain
Pk [i . i . 1
sAut) = [ dt [ Gy [2akiA0 (90A) — Saki (A7) Ao+ S (k2 +a®m? ) | o[
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where we have integrated over k' and x, leaving integration over only k, and have suppressed
the k subscript on Ag and A; for notational simplicity.



In order to solve for Ay, we rewrite the action as
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In this form, it is clear that the temporal component, Ag, is non-dynamical, and can be
solved for as:

ki (0o A;)
Ap=—t——"7%—5 3.8
0 e a?m? (38)
Integrating out Ag, the action becomes
dk 1 kik;
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By introducing an orthonormal set of transverse and longitudinal mode functions Ag (JJO)
and Aﬁ (a:o), the action separates into two pieces:

Z/ /d3k;{‘an zb
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where we have now expressed Sr, and Sp in terms of the conformal time, . In order for

(3.10)
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the kinetic term of St to be canonically normalized, we perform a field redefinition of the
longitudinal mode such that

Ag(n) = r(n)xz (), (3.11)
where 2 -
2 +a my

= 3.12

K7 (1) 2 (3.12)

Finally, we are left with two decoupled actions for the transverse and longitudinal modes:

A3k T L ooy ,12
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The transverse and longitudinal frequencies, wr and wy, respectively, are defined as:
wh(n) = k? + a2m2 (3.14)
wi(n) = k2 o L2 m2 + 0, (i") - (%"“)2. (3.15)



In the minimally coupled theory, the frequencies reduce to the explicit forms found in ref. [6],
but become substantially more complicated with {£1,&} # 0. We have:

2= K2 4 am? (3.16)
2 2 4, 2772 2,2
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where the derivatives of m; are given explicitly by

/ 1
m? = —66HH — 6 R — §§2R/, (3.18)
1" 1
m? = —6&H? — 66HH” — 6 R — §§2R”. (3.19)
Taking {&1,&2} = 0, we are left with m, = m; = m and m?l = mf// = 0, recovering the result

in the minimal theory. We can thus see that the effects of the non-minimal modifications
are controlled by the choice of the coupling parameters, {{1,&2}.

A signature feature of this model, as can be appreciated from the k? term in w%, is the
time-dependent sound speed of the longitudinal mode,

&1+ie 13 2
02:@:1_T3R+W7%H (3.20)
= : .
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From this one may appreciate that the sound speed depends only on the mass and couplings
via the combination 5172/m2.

In the spirit of effective field theory, these couplings are free parameters to be fixed by
comparison to data. However, as we will see in the next section, if one desires a healthy
theory which does not propagate ghosts and tachyonic instabilities, more restrictions apply.

4 Instabilities of the theory

We now turn to the possible instabilities in the Proca theory with nonminimal couplings.’
As we will see, a key distinction between the minimally and nonminimally coupled theories is
that with the inclusion of nonminimal couplings, there are several potential instabilities. This
can be seen explicitly from the forms of the effective masses, egs. (3.3) and (3.4), which are
not necessarily positive definite for all values of R and H and in fact oscillate through zero for
particular combinations of {m/H.,&;,&}.2 As a result, there are three potential instabilities:

1. Ghost. The theory will propagate ghost modes due to an overall minus sign in the
kinetic term of the longitudinal mode.

2. Gradient. At high momentum, a negative value of m2 will lead to a runaway particle
production [42].

!An abbreviated discussion of instabilities in Proca with nonminimal couplings can be found in ref. [42].
2The subscript “e” indicates the value of the variable at the end of inflation.



3. Superluminal: For parameters which are both ghost-free and runaway-free, it is
possible for modes to have sound speed ¢; > 1 and propagate superluminally.

We would like to understand the viable parameter space in which dark photons can be
gravitationally produced without any of these instabilities, i.e., ghost-free, non-runaway,
and subluminal. We will refer to such a regions as a “safe” region. Let us consider each
of these scenarios in turn.

4.1 Ghost instabilities

First let us explore the scenario which leads to a ghost instability in the theory. The presence
of a ghost is indicated by the kinetic term of the action eq. (3.13) having the wrong sign.
This is controlled by the parameter , eq. (3.12), and therefore the effective mass m?. Clearly,
for positive values of m? there will be no issues as x? will remain positive throughout the
evolution from inflation into radiation and/or matter domination. Negative values of x2,
however, will be problematic. In particular, if m? < 0 and k% > a?m?, then x? < 0, leading
to a ghost. Notice that it is indeed possible for m? to be negative but retain x? > 0 if one
considers low-momentum modes with k? < a?m?. However, we would like for the theory
to remain ghost-free for arbitrarily large k. Therefore, the conservative requirement for a
ghostless theory is to demand that m? remains positive definite for given values of {£1, &}
throughout the de Sitter phase of inflation and through the evolution into radiation and/or
matter domination via reheating.

To determine where this region lies in the {1, &2} parameter space, consider first the
limit in which m < H.? Let us define the quantity fi; = m;/H such that we can rewrite
the expression for m?, eq. (3.3), as

fii (m < H) = —% (514—;52) — 3&. (4.1)

We can see that the overall sign of i? depends on the ratio of R/H?. To see explicitly
the bounds this places on {{1,&2} consider a representative example of quadratic inflation
such that Vj oc miqbQ, with ¢ the inflaton.* Figure 1 shows the evolution of R/H? for
quadratic inflation for two reheating scenarios. In the left panel, we consider ‘late rehating’ in
which reheating occurs at a late enough time that during the relevant timescales for particle
production the universe evolves from an inflationary de Sitter phase into a matter-dominated
phase, then reheats at a much later time. On the right, we consider an ‘early reheating’
scenario in which there is an intermediate period of radiation domination, whose onset is
controlled by the paramter agy/ae, where a. is the scale factor at the end of inflation and
ary is the scale factor at equality of radiation and inflaton energy densities. Details of the
early-reheating scenario are to be found in appendix B.

3Tt is convenient to work with dimensionless variables for the masses. We define {u, Lt ,uz} as
{m/He,m¢/He,mz/H.}, and {f, iit, ic} as {m/H,m:/H, mz/H}. Note that {u, ¢, uz} are constant in
the evolution of the background, but {f, iit, iz } evolve in the evolution.

4Though quadratic inflation model has been ruled out by Planck CMB observations [50, 51], our results are
largely model-independent and we therefore consider quadratic inflation as a simple, representative example.
The analysis presented here also applies to allowed inflation models.
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Figure 1. Evolution of R/H? for quadratic inflation in late (left) and early (right) reheating scenarios.

In both scenarios, we see that min(R/H?) = —12, corresponding to the universe in a de
Sitter phase during inflation. In the late reheating scenario, R/H? oscillates to a maximum
of R/H? = 6 in the matter dominated phase, corresponding to when the inflaton is at
the minimum of the potential and in a momentary kination phase with w = 1. For the
early reheating scenario, the maximum value is slightly lower than R/H? = 6 due to the
intermediate radiation-dominated period.

We can convert these bounds into analytic constraints on {{1,&2}. For late reheating,
requiring that fi? remain positive throughout the evolution, we find that

—% < & < =&, (4.2)

which carves out a wedge in the {{1,&} plane for which the theory is non-ghostly. For
early reheating, the size of the wedge increases slightly. For the choice of ary/a. = 3.34, we
instead obtain a constraint —&3/4 < & < —0.866&2. Figure 2 shows the ghost-free parameter
space for both of these scenarios, as well as the scenario in which agy/a. = 15.52, which is
indistinguishable from the late reheating model. For most of the paper, we will focus on
late reheating as a representative scenario and postpone discussion of the effects of early
reheating until appendix B.

Recall that what we have discussed above is the m < H limit. As one increases the
mass, the ghost-free region in the {{1,&2} plane will also increase. We can approximate
the p-dependent condition as

i 2 66+ &) 2> 12 (51 4 ﬂf) | (4.3)

Recalling that g = m/H is itself time-dependent, since it is dependent on H, we require that
eq. (4.3) remain satisfied throughout the entire evolution. Thus, choosing {&1, &2} such that
eq. (4.3) is satisfied for any given value of m will ensure that theory remains ghostless.

4.2 Gradient (“sound speed”) instability

Requiring a theory which does not propagate ghosts is a necessary, but not sufficient require-
ment for the theory to be stable. The ghost instability in the previous section appears when
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Figure 2. Ghost-free region for m = 0 for both the late and early reheating scenarios. The upper
line for agp/a. = 15.52 is practically indistinguishable from the late-reheating line.

the kinetic term of the action has the incorrect sign, but there is also the possibility for a
tachyonic instability in which the mass term of the action becomes negative. In this case,
the modes become tachyonic, corresponding to w? < 0.

2 is not inherently problematic and there is a regime in

Note that a transient negative w
which this is allowed; in fact, the oscillations of wr j, through zero lead to an enhancement of
the particle production, which occurs even in the minimally coupled theory.

To see where the tachyonic behavior becomes problematic, consider the k — oo limit
of the frequencies w% s €gs. (3.14) and (3.15). We can see that for the transverse mode
limg o0 w% = k? and is thus well behaved in the large-k limit. On the other hand, for

the longitudinal mode

lim w? = c?k?, (4.4)
k—o00
where c2 = m2/m? as per eq. (3.20). The inclusion of the nonminimal couplings induces a

modification to the sound speed with ¢s = m,/m; # 1. We have required that m? > 0 to

remain ghost-free, but have placed no such constraints on m?2 < 0. If m2 < 0 while m? > 0,

2

2 < 0; referred to as a gradient instability.

then ¢
Let us consider the effects of ¢2 < 0 on w?. Figure 3, shows the evolution of w? comparing
a minimally-coupled model (blue) to a nonminimally-coupled model with (£1,&2) which has
c2 < 0 (red) and a nonminimal model with (£1,&2) where ¢2 > 0 throughout the evolution
(green) for a ‘low-k’ (k/a.He = 0.1, left) and ‘high-k’ (k/a.H. = 10, right) mode.
We can see that all three modes are tachyonic at k = 0.1, oscillating through zero. As
mentioned previously, this is not problematic and occurs for even the minimally coupled
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Figure 3. Comparison of w? for a mode with k = 0.1 vs k = 10 for three choices of {¢1,&}. The
red curve corresponds to a “runaway” mode, which continues to oscillate through zero at arbitrarily
large k.
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Figure 4. Spectrum of particle production comparing the minimally coupled theory to the nonminimal
theory which exhibits a runaway instability.

mode. However, as one goes to larger k& = 10, the minimal and ¢2 > 0 modes approach a
constant w? — k2, but the ¢ < 0 mode continues to oscillate through zero. One can interpret
oscillation through zero as an enhancement of particle production, which thus occurs in this
case for arbitrarily large k. This is the source the runaway particle production and instability,
which we explicitly show an example of in figure 4 (from [42]).

Here we observe that the particle production in the nonminimal theory is actually
suppressed at low k, but quickly becomes exponentially enhanced at high k. Recall that
to determine the comoving number density, one needs to integrate over the nj spectrum.
This is obviously not possible in this case without imposing a cutoff in k. In order for

,10,



the GPP of nonminimally coupled dark photons to be well-behaved and viable as a dark
matter production mechanism, one needs to either resolve or avoid this runaway production.
The runaway instability found here is similar to a production instability previous found
for gravitinos [13, 14].

The dark photon runaway instability is discussed in further detail in ref. [42], where it is
shown that several potential resolutions, including the inclusion of higher-order operators
in the Proca EFT, the imposition of a UV cutoff, and the UV completion into a Higgs
mechanism, do not tame the runaway.” However, we can determine the {y, &1, &} parameter
space where the runaway instability does not appear. To avoid catastrophic high-% production,
we must require ¢2 > 0 throughout inflation and the resuming matter /radiation dominated
era. We have already required that m? > 0 to prevent ghosts, so we now must also impose
that m2 > 0, leading to the constraint

o R §2
2 2
_ 4.
Py = [ H2(£1+6>>0, (4.5)
corresponding to
i’ 2 66 (4.6)

when one considers —12 < R/H? < 6. Notice that taken along with eq. (4.3) this implies
that in the massless limit, {&1,&} must be {0,0} to avoid both a ghostly theory and the
runaway instability.

Fortunately, as one increases the particle mass, there exists an overlapping region in the
{&1, &2} plane in which both conditions egs. (4.3) and (4.6) are satisfied. We show below in
figure 5 the parameter space for two representative choices of the mass [42]. We consider
m/H, = 0.1 (left) and m/H, = 1 (right). We see that for any given value of nonzero p there
is indeed a small region of the {{1, &2} plane which avoids both instabilities. For the remainder
of the paper, we will focus on this allowed region of parameter space for a given u. Note that
the boundaries of the allowable region are rounded due to the time dependence of R and H.

Lastly, note that while the above results are shown for quadratic inflation, the allowed
parameter space in {{1,&} is generally independent of the background inflation model.
Regardless of the specifics of the model, as long as the universe begins in an inflationary
de Sitter phase and goes through a kination phase, the same bounds will apply as for the

quadratic model above.

4.3 Superluminal propagation

Finally, we note that the sound speed c2, eq. (3.20), can be greater than unity for certain
values of £ and &, corresponding to superluminal propagation. To appreciate this, in figure 6
we plot the evolution in time of ¢? for various values of the nonminimal couplings. The
red curve exemplifies an example for ¢ > 1, corresponding to superluminal propagation.

5Tt was recently suggested in [52] that the runaway instability can be removed by introducing a disformal
transformation such that g.. = nuv + huw — /J’MP_ZQAMAV. At face value, this solution appears to resolve the
runaway, but at the expense of modifying gravity. Furthermore, as was discussed in [42], even if one removes
the nonminimal couplings responsible for the runaway at tree level, one still expects them to be generated
from loops.
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Figure 5. The parameter space in the & — & plane for p = 0.1 (left) and pu = 1 (right). The
interior of the blue contour has p? > 0, and is therefore ghostless, while the interior of the red contour
has p2 > 0, and avoids runaway GPP at high k. The shaded region is the allowed region to avoid
both instabilities.

Fortunately, this pathology only occurs for {{; < 0,& > 0}, and can be avoided by the
restriction away from this region, e.g. by the restriction to {{; > 0,& < 0}.

There are of course theories in which superluminal propagation of perturbations does not
lead to causality paradoxes, such as k-essence models [53] or noncommutative geometries [54].
However, there are others in which superluminal propagation is indeed causally problematic
(e.g. [55, 56]). A full analysis of the causality structure of the theory is beyond the scope of our
current analysis, and so to be conservative, we choose to impose (sub)luminality restrictions
on the sound speed. Even with this restriction, the theory admits a broad parameter space
for a viable cosmological relic density of dark photons.

5 GPP of the nonminimal Proca

Having enumerated the parameter space where the nonminimally coupled Proca theory is
well behaved and instability-free, we now turn to a calculation of the gravitational particle
production and the subsequent relic density of dark photon dark matter.

5.1 Particle production

For the numerical results presented in this section, we employ for a background model
quadratic inflation with late reheating. For the initial conditions, we take the limit of wy,
as a — 0 and a’R — 0 to obtain

2/ )2 2//

2
2,init ;2™ (m; my
wi™ =k —mg T " ome (5.1)

and define a quantity kg = \/wi’mit such that

init __ 1

— _ikcf‘fn 1_ 77/ ) 52
X Ve ( ke )’ (5:2)

where we have now kept the subleading term in the usual Bunch-Davies initial conditions
as well.
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Figure 6. Evolution of the sound speed, c;, for example values of {£1,£>} in the ghost-free and
runaway-free region. The sound speed begins to oscillate at the end of inflation with amplitude
determined by the size of the nonminimal coupling parameters.

Recall from the discussion in section 3, the key distinction between the free theory and
non-minimally coupled case is the form of the squared frequencies for both the transverse
and longitudinal modes arising from their effective masses. In particular, even in the {1, &2}
regime which avoids the instabilities discussed in section 4.1, there is still the possibility of a
tachyonic instability in w? which has the effect of enhancing the total particle production
but will remain well behaved at high k. We show an example of this in figure 7. We chose
a particular mode with p = 0.1, k/a.H. = 1 and {& = 0.009, & = —0.002}.5 We show the
comoving number density for both the longitudinal and transverse modes. For these particular
values, we see that we are in a regime where the particle production is enhanced compared to
the minimal theory, but does not lead to runaway production at high k. Additionally, while
the number density of the transverse mode is enhaced relative to the minimal theory, the
particle production is still dominated by the longitudinal mode.

We can also explore how the nonminmal couplings impact the spectrum of nj as a function
of k for a range of masses. In figure 8, we show the comoving number density spectrum,
adny /a2 H? for a representative example of 4 = 0.1, comparing the particle production for
the minimal and nonminimal theories. In this case, we focus solely on the longitudinal
modes, as the total number density is dominated by their production. In the left-hand
panel we show ny for varying & with & = 0, and the right-hand panel shows the effect of
additionally varying & for a fixed nonzero value of £&1. In both cases we compare to the
minimal theory with {&; = 0,& = 0} (blue curve). On the left, we see that the particle

SNote that the expression for |3x|? in eq. (2.4) has a physical interpretation related to the number density
only at late times (1 — 00). At earlier times, one may still use eq. (2.4) to define |8x|*(n), but when wi < 0
the result is imaginary. Regions of a/a. where wi < 0 are left blank in figure 7.
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Figure 7. Evolution of the comoving number density for the specific case of u = 0.1 and k/a.H. = 1.
We compare the minimal and non-minimally coupled scenarios for particular example values of the
nonminimal couplings. In both figures L and T are for the longitudinal and the transverse modes.

production can be enhanced at high-k for choices of the couplings within the allowable region.
In this case, ¢ = 1 and does not oscillate, and so the enhancement arises from the last
three terms in eq. (3.17). We see that there is a characteristic second peak in the spectrum,
near k/a.H, ~ 10 for the nonminimally coupled spectra, which leads to an enhancement
compared to minimal curve (blue). For small enough values of £;, as in the purple curve, there
is still a characteristic second bump, but the overall production can in fact be suppressed
compared to the in the minimal coupling scenario. On the right, we now consider nonzero
& for fixed & /pu? = 0.5. In this case, there is an enhancement contribution from both the
last three terms in eq. (3.17) as well as the oscillation of ¢s. We consider three example
values of &»/p?, compared to the minimally coupled theory (blue) and the nonminimal theory
with {&/u? = 0.5,&/u? = 0} (green). The yellow curve corresponds to min(cy) 2~ 0.9, and
follows the green curve closely. The magenta curve has min(cs) ~ 0.5, but is suppressed
compared to the green and yellow because it is in the region of parameter space in which
& = —2¢;. In this case, the R dependence in p? cancels out and thus the enhancement is
lessened. Lastly, the cyan curve corresponds to the very edge of the allowable parameter
space, such that min(cs) &~ 0.08, which we can see corresponds to the largest amount of
enhancement in the produced particle number.

While the above results are for quadratic inflation, the story is qualitatively similar for
alternative inflation models. For example, in appendix A, we show explicitly the GPP for
dark photons in two different rapid-turn multi-field inflation models; hyperbolic inflation

and monodromy inflation.
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Figure 8. Number density spectrum as a function of k for variations in & /u? with &/u? = 0 (left)
and fixed &;/p? and nonzero & /u?. We consider = 0.1 as a representative example.

5.2 Parameter scan approach: tracking the sound speed

The nonminimal Proca theory is characterized by three parameters p, &1, and €. In section 5.1,
we considered only a few representative examples for the values of {£1,&2}. We would like to
understand the full parameter space. However, it is computationally expensive to compute
the particle production for even a single set of parameters. The latter presents a challenge
to fully exploring the {u,&1,&2} parameter space.

To aid in the parameter scan, and motivated by the sound-speed induced runaway [42],
we will sample parameter space according to the behaviour of ¢2. Namely, we characterize
the deviation from ¢y = 1 by considering the minimum value reached by cs, corresponding
to the first oscillation near a/a. = 1 (see figure 6). Since c¢s; depends on pu,&1,&2 only via
the combination & /u?, & /u?, this effectively reduces the dimension of the problem from
3 to 2. Figure 9 shows the variation of min(cs) over the allowable (ie., stable) parameter

space of &1 o/p?.

5.3 Contribution to the present-day relic density

Having numerically calculated the comoving number density of dark photons produced
during inflation, we would now like to consider how this translates to the relic density today.
To obtain a present-day relic density, one has to make assumptions about the time and
temperature of post-inflationary reheating, characterized by the parameter Tyy. In terms
of ,h?, one finds the relic abundance to be [6]

Qxh2 . TTLX< H, >2( Tru ) na’ (5 3)
0.12  H. \102GeV 109GeV /) 105" '

For simplicity we will consider a fixed Txy = 10 GeV and H, = 10'? GeV. Changing the values
of these parameters simply leads to an overall scaling in the value of Q,/h%/0.12 as in eq. (5.3).
Recall that to obtain the correct present-day abundance, one requires that Qxh2 /0.12 ~ 1.
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Figure 9. Variation in the minimum oscillation value of ¢s over the allowable (ghost-free, non-runaway,
subluminal) parameter space of &1 2/pu? with contours of constant min(c;).

To explore the dependence of the relic density on the parameters &2 and u? we fol-
low the approach discussed in section 5.2 and compute the present-day relic density along
contours of constant min(cs) as shown in figure 9. Since the particle production is domi-
nated by the longitudinal mode (see figure 7), we neglect any contribution from the trans-
verse modes.

Results for Qxh2 are shown in figure 10. Here we fix ;4 = 0.1 and sample in &2
according along contours of fixed min(cs). The results are shown in terms of the quantity
(Qh?/1)/0.12 x (1012GeV) /Try.

We can see that for these choices of p, He, we obtain a range of O(1073) < Q,h%/0.12 <
O(1). Recall that the present-day relic density corresponds to ©,h%/0.12 ~ 1. One can easily
change H, or Tyy to obtain the correct amount of DM.

Furthermore, for parameters with min(cs) < 1, the dependence of the relic density on
the mass p is approximately linear, reflecting the overall prefactor of m, /H, in eq. (5.3).

3 is independent of the mass.

This indicates that the produced comoving particle number, na
The latter manifests the p-rescaling invariance of ¢2 and the fact that the particle production
is driven by the reduction of c¢s in this regime. This can be appreciated figure 11, which
shows 2, h?/0.12 as a function of the particle mass at fixed values of {&;/u?, &/p?}

From figure 10 we see that, throughout the parameter space, the relic density tracks
the increasing contours of min(c;), reaching a maximum towards the edge of the parameter
space where one approaches the runaway region. As a result, it is possible that one can
obtain arbitrarily light dark photons in a wider range of parameter space than is possible
in the minimally coupled scenario. In particular, we expect the possible mass range to be
increased for a wider range of H, and Txy values. We defer a full analysis of the implications

of this scenario of ultralight dark matter to future work.
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Figure 10. Relic density Qh? in the {&;, &} plane for u = 0.1.

Finally, in figure 11, we show the relic density as a function of the particle mass for the
various min(c;) contours. We see that for the large deviations in cs, 2,2?/0.12 is independent
of the mass for p < 1, then begins decreasing as one goes to higher masses. This matches

our intuition from GPP in the minimally coupled theory [6].

6 Discussion and conclusions

In this work we have extended previous analysis of gravitational particle production of spin-1
dark matter to include non-minimal couplings to gravity. We have first explored the viable
parameter space of the theory to avoid both ghosts and a high-k tachyonic instability which
leads to runaway particle production. Requiring that any healthy theory of nonminimally
coupled dark photons avoid both of these instabilities sets mass-dependent constraints on
the value of the coupling parameters {{1, &2}, and we further restrict to modes which have a
subluminal sound speed. We then showed how the addition of allowed nonminimal couplings
in the theory impacts GPP of the dark photons. We find that there is a region of {1, &2}
which is free of the above instabilities but that still leads to an overall enhancement of the
particle number. As a result, we find that GPP can be responsible for production of dark
photon dark matter, widening the parameter space for a range of particle masses, inflationary
energy scales, and reheating models. Lastly, we comment that the results presented here
are largely independent of the background inflation model one chooses and also hold for a

wider class of rapid-turn multi-field inflation models.
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It is further interesting to note, that as was pointed out in [16], one can obtain the dark
matter relic density for a class of Kalb-Ramond-like-particle (KRLP) dark matter with an
identical procedure to the spin-1 scenario, with and without nonminimal couplings. Thus,
the results that we have presented here are also applicable to GPP of KRLP dark matter.

There are many interesting paths forward. For example, there is much to be done in the
realm of particle phenomenology of spin-1 dark matter, including that which is produced
gravitationally, in particular dark matter direct detection, which is sensitive to the velocity
distribution of dark matter and hence primordial spectrum of particles ni. Complementary
to this is directional direct detection, which is sensitive to the spin of the dark matter
particle [57-59]. On the astrophyics and cosmology side, it will be interesting to study the
implications of nonminimal gravitational couplings, in particular in the case of ultralight
vector dark matter. Spin-1 dark matter production during inflation may also be probed by
hot spots in the cosmic microwave background, analogous to that in the case of scalar dark
matter production [60-63] (for recent constraints see [64]).

We leave these and other interesting directions to future work.
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A GPP of dark photons in rapid-turn multi-field inflation

In this appendix we give an overview of GPP of nonminimally coupled dark photons in
an additional class of multi-field, rapid-turn inflation models. These models have more
complicated dynamics than the single field m?¢? model consdidered above, but we will see
that GPP results are qualitatively similar. Such models have gained interest recently due to
their consistency with CMB results as well as the de Sitter swampland conjecture. Following
the discussion in [19], we consider two realizations; hyperbolic inflation and monodromy
inflation. We provide a brief overview of each of these models below in section A.1 and
then numerical results for the GPP in section A.2.

A.1 Rapid-turn multi-field inflation

Here we provide an overview of both hyperbolic inflation and monodromy inflation. Further
details of the models and their motivations can be found in ref. [19].

1. Hyperbolic Inflation

We first consider a model of hyperbolic inflation (‘hyperinflation’), which is characterized
by having a hyperbolic field-space manifold, see e.g., [65-68]. In this case, there are
two fields: a radial field, ¢, and an angular field, 6, and the dynamics are characterized
by the action [65]

1
s = [ d'av=g | 3G 0" V()] (A1)
where I, J stands for ¢, 0 and the field space metric is
1 0
G = A2
]J(¢) (0 L2 Slnh2(¢/L)) 9 ( )
with L defined in terms of the scalar curvature Rfeld-space = —2/ L?. For the potential

we consider a representative toy model chosen for simplicity:
V(6) = Vi tanh? (qﬁgv) Ao/Me. (A.3)

2. Monodromy Inflation:

As a second example of multi-field rapid-turn inflation, we additionally consider mon-
odromy inflation [69, 70]. In this scenario, the model again has a radial field, ¢ and an
angular field, 6, but the field-space is now flat. The action is given by

5= [ d'ay=g |5(00) + 5607 - V(6.9)]. (A.4)
As in ref. [19] we consider a potential of the form
V(0.6) = Voo~ 099/ tank(0/ ) + Sm(6 — o) (A5)
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A.2 GPP results: rapid-turn multi-field inflation

We now turn to the GPP dark photons in the two rapid-turn multi-field inflation models
discussed above. The parameters for hyperbolic inflation are chosen to be [19]

Vo = 2.6 x 107300,

L = 0.0054Mp,
A=2

v =10"2Mp,
f=10"*Mp,

while for the monodromy model the parameters are takes to be

Vo = 7.49 x 1071004,
o= —5.05 x 107 B ME,
f=10

do = 6.80 x 107 Mp,
m = 4.00 x 1074 Mp,

0; = 2000 .

These parameters were chosen to be consistent with CMB observations [50, 51].

In this appendix, we consider the GPP of dark photons minimally coupled in the models
described above, taking & = & = 0. An analysis of which has not yet appeared in the
literature. We anticipate that adding &; 2 # 0 will yield similar results as in the quadratic
model previously discussed, but we defer a full analysis to future work.

As before, we numerically solve for the spectrum of particle production as shown in
figures 12 and 13 for hyperbolic and monodromy inflation, respectively. We consider rep-
resentative masses p = 0.01,0.1,1 and see that the shape of the spectra differ between the
two models and the peak value is several orders of magnitude higher in monodromy inflation
than for the hyperbolic model. This is in agreement with the results of [19], which found
that while monodromy inflation could be a viable model to obtain the relic density of scalar
dark matter via GPP, the particle density produced in hyperbolic inflation was too low to
explain the present-day dark matter abundance.

Given that we found the impact of adding nonminimal couplings is to enhance the particle
production in the quadratic inflation model, it is reasonable to expect that the same would
be the case for both of the multifield models. It is likely that enhancement of the particle
density produced in monodromy inflation would widen the range of viable parameter space
of e.g. H, and Tyry, as we found for the quadratic model. Similarly, it is possible that an
enhancement due to nonminimal couplings could render hyperbolic inflation able to produce
the dark matter relic density via GPP. We save a careful analysis of both of these models
with the inclusion of nonminimal couplings for future work.
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Figure 12. Comoving number density spectrum of the longitudinal modes as a function of k in the
minimally coupled theory assuming hyperbolic inflation for p = 0.01,0.1, 1.0.
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Figure 13. Comoving number density spectrum of the longitudinal modes as a function of k in the
minimally coupled theory assuming monodromy inflation for p = 0.01,0.1, 1.0.
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B Early reheating

How might early reheating effect the runaway instability? Answer: It doesn’t matter much.
In this appendix we justify that statement.

Reheating can be modelled by including a decay width, I'y, for the inflaton field, ¢, into
the equation of motion for the inflaton field, and the evolution of the matter and radiation
energy densities p, and pg (for more details, see, e.g., ref. [71]):

G+ 3Hp+dV(p)/dt+T,p =0, (B.1)
P +3Hp, +Tpp, =0, (B.2)
pr+4Hpr —Lypp, =0. (B.3)

The initial condition deep in the inflationare era is pp = 0.

After inflation pr grows to become equal to the p,, and thereafter dominates p,. We
refer to the epoch when pr = p, as “reheating,” with the value of the scale factor at the epoch
defined as agy. The value of agru/ac is determined by I',. We consider two representative
values of I',: 0.1m,, and 0.01m,,. The first choice results in ary /ae = 3.34 while the second
choice results in arp/ae. = 15.52. (As mentioned in section 4.1, for late reheating, reheating
occurs at a late enough time that during the relevant timescales for particle production the
universe is still in a matter-dominated phase.)

From figure 14 we see that early reheating lessens the high-k instability but does not
remove it.
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