1

PUBLISHED FOR SISSA BY 4) SPRINGER

RECEIVED: July 19, 2024
ACCEPTED: August 15, 202/
PUBLISHED: September 12, 202/

Infinite and finite consistent truncations on deformed
generalised parallelisations

Chris D.A. Blair,% Martin Pico™? and Oscar Varela bt

®Instituto de Fisica Tedrica UAM/CSIC,
Madrid 28049, Spain

bDepartment of Physics, Utah State University,
Logan, UT 84322, U.S.A.

°Black Hole Initiative, Harvard University,
Cambridge, MA 02158, U.S.A.

E-mail: c.blair@csic.es, martin.picoQuam.es, oscar.varela@usu.edu

ABSTRACT: Given a manifold M admitting a maximally supersymmetric consistent truncation,
we show how to formulate new consistent truncations by restricting to a set of Kaluza-Klein
modes on M invariant under some subgroup of the group of isometries of M. These truncations
may involve either finite or infinite sets of modes. We provide their global description using
exceptional generalised geometry to construct a ‘deformed’ generalised parallelisation starting
with that on M. This allows us to explicitly embed known consistent truncations directly
into exceptional generalised geometry/exceptional field theory, and to obtain the equations
governing situations where the consistent truncation retains an infinite tower of modes.

KEYWORDS: Supergravity Models, M-Theory, Space-Time Symmetries

ARX1v EPRINT: 2407.01298

OPEN AccEss, © The Authors. ) .
Article funded by SCOAP?. https://doi.org/10.1007/JHEP09(2024)065


https://orcid.org/0000-0002-1161-605X
https://orcid.org/0009-0000-9213-5970
https://orcid.org/0000-0001-5253-9487
mailto:c.blair@csic.es
mailto:martin.pico@uam.es
mailto:oscar.varela@usu.edu
https://doi.org/10.48550/arXiv.2407.01298
https://doi.org/10.1007/JHEP09(2024)065

Contents

1 Introduction 1
2 Generalised parallelisations, symmetries and deformations 3
2.1 Consistent truncations as generalised parallelisations 3
2.2 Symmetries, singlets, deformations and generalised G-structures 5
2.3 Singlets, Kaluza-Klein towers and generalised Kac-Moody algebras 10
3 Infinite and finite truncations on the seven-sphere 15
3.1 Generalised parallelisations on S7 15
3.2 Example: finite truncation with Ggym = SU(4) 16
3.3 Example: finite and infinite truncations with Gsym = SO(7) 22
4 Discussion 24
A Equations of motion for deformed generalised parallelisations 26
A.1 Supergravity equations of motion from exceptional field theory 26
A.2 Equations of motion for deformed generalised parallelisations 27
A.3 Lower-dimensional equations of motion for finite consistent truncations 30
B Details for Eq ) 32
C Details for the case Gsym = SU(4) 33
D Details for the case Ggym = SO(7) 36

1 Introduction

A classic problem in (super)gravity is to formulate the dimensional reduction or truncation
of a D-dimensional theory on some d-dimensional manifold, M. This is achieved by keeping
some subset of Kaluza-Klein (KK) modes on M, such that their interactions can be described
solely in (D — d)-dimensional terms. In a consistent truncation, the modes we keep do not
source any of the modes we do not, and any lower-dimensional solution of the theory obtained
by reduction can be uplifted to a higher-dimensional solution. The simplest example of such
a truncation is the standard KK reduction on a circle, S', keeping only the zero modes
of all fields. A more involved example of a consistent truncation is that of 11-dimensional
supergravity on the seven sphere, S”. This gives rise to the four-dimensional SO(8) gauged
maximal supergravity [1]. This retains a particular set of modes on S7.

In the latter case, SO(8) corresponds to the isometries of the manifold on which we are
reducing. This paper focuses on the question of whether it is possible to find other consistent
truncations by restricting to sets of modes invariant under some (continuous) subgroup
Gsym C SO(8). These truncations will break supersymmetry partially and, depending on the



choice and action of Gy, on the S 7, they may involve only a finite set of modes or infinite
towers of modes. The rule of thumb that distinguishes the finite and the infinite cases boils
down to the question of whether the action of Gy is homogeneous or inhomogeneous. Either
way, both will still be truncations (from the set of all possible modes) and will still be consistent
(by the usual symmetry considerations). Examples of finite mode truncations include the
cases considered in, for example, [2, 3]. Here we will describe new infinite-mode truncations.

One powerful explanation for the existence of the maximally-supersymmetric consistent
truncation on S7 is provided by adopting the description of supergravity using exceptional
generalised geometry (EGG) [4, 5] or exceptional field theory (ExFT) [6, 7]. The maximally
supersymmetric consistent truncation on S7 can be viewed to arise from the existence of a
generalised parallelisation, i.e., a globally defined nowhere-vanishing frame, of a generalised
tangent bundle carrying a representation of Er () [8]. In fact this is the generic exceptional
geometric structure underlying maximally-supersymmetric consistent truncations. More
generally, the EGG/ExFT approaches have proven a very useful framework for constructing
and studying consistent truncations with both maximal and less than maximal supersymmetry,
in different dimensions e.g. [9-13]. We will draw our examples from the S7 geometry with the
Er(7y EGG/ExFT framework, but our formalism is valid, more generally, for any generalised
parallelisable manifold M.

In this paper we will show how to start with a consistent truncation arising from a
generalised parallelisation and produce from it a new generalised parallelisation characterised
by the specification of a symmetry group Ggym, which is a subgroup of the isometries of
the original parallelisation manifold. This new generalised parallelisation can be viewed as
a ‘deformation’ of the original one. The original parallelisation will typically be Leibniz,
while the deformed one will be non-Leibniz, in the sense that their associated intrinsic
torsions will be constant or not. An example of how to retrieve (a subtruncation of) the
consistent truncation [3] of D = 11 supergravity on the squashed S7 of [14] using this type
of deformed parallelisations has already appeared in [15, 16]. Here we will lay down the
systematics of this formalism.

Our deformed parallelisations also endow the underlying space with a generalised H-
structure, with H C Gy, For this reason, our work can be also thought of an extension of
the formalism of [12, 13] to the infinite-mode truncation case. For finite consistent truncations,
our methods particularise those of [12, 13] to spaces endowed with an underlying generalised
parallelisation. This allows us to obtain full embeddings of the finite truncated theories
into EGG/ExFT and make interesting observations. For example, even if the trombone
gaugings of the truncated theory vanish, the associated coordinate-dependent trombone in
the full ExFT embedding may not.

The formalism we develop is explained in section 2. In section 2.1 we review the description
of maximally-supersymmetric consistent truncations as generalised parallelisations. Then
in section 2.2 we explain how to specify the symmetry group Ggym, construct appropriate
singlets under this group and use these to write down a new generalised parallelisation which
gives rise to — infinite and finite — consistent truncations. In section 2.3 we connect the
(generalised) geometric perspective to the physical picture in terms of towers of KK modes,
and illustrate how the geometric and algebraic nature of the singlets defining an infinite
consistent truncation can be linked to a (generalised) Kac-Moody algebra.



Then in section 3 we present explicit examples. These examples are based on the
consistent truncation of 11-dimensional supergravity on S7, whose formulation as a generalised
presentation we briefly review in section 3.1. In section 3.2, we discuss the choice Ggym =
SU(4), and show how this recovers known finite consistent truncations. In section 3.3, we
discuss the choice Ggym = SO(7). Here — due to SO(8) triality — there are three distinct
realisations of SO(7) possible. Two of these are known finite consistent truncations which can
in fact be obtained starting with the Ggym = SU(4) examples of section 3.2. The third leads
to a new infinite consistent truncation, where the fields retain dependence on a coordinate of
the internal space, or equivalently an infinite number of modes are kept.

Further discussion is provided in section 4, and diverse technical details are relegated
to the appendices. In particular, in appendix A we present the equations of motion of
supergravity in the exceptional field theory formalism in a form adapted to describe finite
and infinite consistent truncations. These equations are used to work out the dynamics of
the examples considered in section 3. The remaining appendices B, C and D specify group
theory details needed for these examples.

2 Generalised parallelisations, symmetries and deformations

2.1 Consistent truncations as generalised parallelisations

We start with a brief overview of how EGG/ExFT [4-7], for more details and references see
the review [17], can be used to describe consistent truncations. Let us focus on the case of the
maximal 11-dimensional supergravity, on some d-dimensional manifold M. Over this manifold
we can define various bundles which appear in Eg(4) generalised geometry. Generalised vectors
are sections of the generalised tangent bundle, £ ~ TM & A’T*M @ APT*M & .... The
fibres of this bundle are isomorphic to a representation Ry of Eg(g). Other bundles realise
other representations of Egg).

The bosonic symmetries on M are diffeomorphisms generated by d-dimensional vectors
and gauge transformations generated by 2- and 5-forms. The symmetry transformation
parameters combine into a generalised vector A, and their action on the fields realises
generalised diffeomorphisms via an action on the generalised Lie derivative, which for instance
is defined on a generalised vector of weight Ay by:

where PM P @ projects into the adjoint of Eg(4), a is a numerical constant, and we have
formally extended the internal coordinates on M into an Ey(g) representation yM . This extra
coordinate dependence is restricted by the so-called section condition, which essentially says
that the fields only depend on the actual d coordinates of M (which we will denote by y?),
and we will always assume this is the case. Note as well that we follow the exceptional field
theory conventions where generalised vectors which are sections of £ and which generate
generalised diffeomorphisms have a non-trivial weight equal to ﬁ, where n +d = 11.
We can always introduce locally a generalised frame field EM 4 providing a basis for
generalised vectors of weight zero. The inverse Ey4 can then be used as a generalised vielbein
defining a generalised metric M,y = EyAENBo, B, which parametrises a coset Ed(d) /Ha,



where Hy is the maximal compact subgroup of Eg(g). This generalised metric combines the
metric on M together with gauge fields living on M.

The other fields of the exceptional field theory approach are the n-dimensional external
metric, g, (which is a scalar of weight % under generalised diffeomorphisms), and a set of
gauge fields beginning with a one-form .A#M with field strength ]:WM . In this subsection
we will only discuss the ‘internal’ sector captured by the generalised metric, and we will
extend our discussion to the remaining fields later.

In a conventional consistent truncation to maximal supergravity, the generalised metric
admits a factorisation of the form

Murn(z,y) = U () OnP (y) Map(z) . (2.2)

The matrix IOJMA(y) depends only on the coordinates of M, and are responsible for selecting
the precise modes on M which are kept in the consistent truncation. Here these are captured in
the matrix M4 B(z), which provides the scalars of the lower-dimensional theory. The matrices
(,OIMA(y) should define a Leibniz generalised parallelisation. This means that, introducing a
(globally defined) scalar function A(y) of weight 1/(n — 2) under generalised diffeomorphisms,
that UM 4, = AUM 4 provide a globally defined basis for the generalised tangent bundle,
and form an algebra

Ly, Up=-X400, (2.3)

under the Ey(g) generalised Lie derivative, with constant coefficients X 45°. These coefficients
can be decomposed in terms of the embedding tensor and trombone gauging (see the general
formulae (A.13)): for simplicity we assume here the latter vanishes.

If we decompose the scalar matrix MAB as MAB = f}ACf)BD(;CD, then the ansatz (2.2)
can be viewed as picking a generalised frame of the form EM 4(z,y) = UM (y)VaZ(2).
Setting Vg4 = 5§, we can see this as a consistent truncation about the background given by
Map = dap (which may or may not be a solution of supergravity). Then the generalised
parallelisation given by E = UV can be interpreted as arising from a ‘deformation’ of this
background by the scalar modes kept in the consistent truncation.

We want to extend this picture to describe situations where we retain modes that
are not present in the consistent truncation on M, but retain the structure of generalised
parallelisation — generically with non-constant gaugings appearing in the algebra (2.3).
Effectively, we will do this by making the replacement.

o

Uay) = Pa®(z,9)Us(y) , (2.4)

with P4B ¢ Eg@) a globally defined matrix with in principle arbitrary dependence on
the coordinates of the internal manifold. We will restrict the form of P4® by requiring
that the replacement (2.4) respects some subgroup of the symmetries associated with the
consistent truncations (2.2). This means we will specify some (continuous) symmetry group,
Gsym C Eg(q), and require that P(y) be invariant under the appropriate action of Gsym
described below Concretely, we will describe an algorithm to obtain (globally defined) €d(d)
Lie algebra-valued functions S(y) which are singlets under the action of Ggym. Given a set



of such singlets we can define P = exp(S) and use this to construct the deformation (2.4).
Because we have imposed the symmetry Ggym, this will still be a consistent truncation,
albeit one which may not be a dimensional reduction in the usual sense due to the fact that
(as we will describe in detail below) an infinite numbers of modes on M may be retained.
This could be viewed as a consistent truncation which is still partially higher-dimensional
in nature in that the fields appearing in the ansatz resulting from (2.4) will still depend
on some of the coordinates on M.

2.2 Symmetries, singlets, deformations and generalised G-structures

Generalised parallelisations and symmetries. The existence of the Leibniz generalised
parallelisation on the manifold M means that we can write down not only a global frame
for the generalised tangent bundle, but for all other bundles appearing in the generalised
geometry. Each of these bundles provides particular representations Ry, Ry, ... of Eg(g), and
in particular there is always an adjoint bundle. This can be seen explicitly by noting the
usual pairing between tangent and cotangent bundles implies the existence of the generalised
covector bundle & = T*M & A*>TM & A°TM & ... whose fibres are isomorphic to the
representation R; conjugate to Rj, and the tensor product R; ® R; always contains the
adjoint of Eg.4). Hence we can speak of Lie algebra-valued functions f € C°°(M) ® eq(g)
referring to this global description provided by the parallelisation.

Thanks to this global description, there is a well-defined notion of an Eg44) action on
such functions. However, this Ey4) action does not affect M itself. It amounts to internal
‘rotations’ of the generalised parallelisation.

There is however an Ey4) action on M via generalised diffeomorphisms. Consider for
simplicity first an Ri-valued function, which can be viewed as arising from a set of generalised
vectors f = fAfI 4. Under a generalised diffeomorphism with parameter A = AAU 4, with
A4 constant on M,

Laf=TUa(APOpfA — XpcAAB fC) (2.5)

where 04 = UM A0nr. This defines an action specifically of the subgroup Ggauging C Eq(q)
determined by the embedding tensor X 15¢ = X 4%45°, thus

SafA = LofA — XpcABfC. (2.6)

where v denotes the vector part of A. Here for simplicity we are assuming there is no trombone
gauging, so we gauge a subgroup of Ey(g) (rather than E ) x R*, and accordingly we do
not need to be precise about the weights of f4 and f®). Note that A4 can be associated
with an element of Ggauging defined by A = AAX A%q. Acting on an adjoint-valued function,
whose coefficients are f¢, we will similarly have

5Afa = vaa - [Aa f]a ) (27)

as can be easily verified using the Leibniz rule to obtain the action of the generalised Lie
derivative on the adjoint bundle through its action on £ and E. Note that G gauging need not
necessarily be associated with isometries of M. We can obtain the action of Ggauging on the



metric and form-fields on M by acting with A on the generalised metric. The metric on M
appears in the vector-vector components of the generalised metric as M% = (det g)*l/ (”*Q)Q"j ,
on which the action of A reduces to the usual Lie derivative with respect to the vector part
of A. We can compute

LAMMN — 2(0]M(AﬁNB)5AMAB, SAMAB = 20 XopANPIP (2.8)

Depending on the gauging and the form of M AB this is generically non-zero and we may
or may not have Killing vectors. Let’s however assume that we are dealing with special
points of the consistent truncation where 5AM AB — 0, which guarantees the existence of
Killing isometries on M. The main example for us will be the case where M is the round
seven-sphere, which defines a consistent truncation to SO(8) gauged maximal supergravity
in four dimensions, with M AB = 04p. With this in mind, let’s further assume that Ggauging
corresponds to the group of isometries of M.

Symmetries and singlets. Now specify some subgroup Gsym € Ggauging C Eq(q)- Let a be
an element of the algebra of Gsym, with the embedding in ey(4) being given by a = a X 4%,.
Our goal now is to characterise all eg4)-valued singlets invariant under the action of Gsym
induced by the action of generalised diffeomorphisms described above.

Let S denote such a singlet. Using (2.7), this obeys the defining equation

Lv[a}S = [a, S] s (29)

where the Killing vector v[a] associated to the Lie algebra element a is defined as the vector
part of the generalised vector a?U 4.

The set of such singlets forms an algebra. This is easy to verify. Consider the commutator
[S,8'], and act on this with L, to get

Lv[a] S, Sl] = [Lv[a]Sv Sl] + [9, Lv[a]Sl] = [[a, S],Sl] + 18, [a, S,H = [a, [S, S,H ) (2.10)

using (2.9) followed by the Jacobi identity. Hence [S, S’] obeys the defining equation (2.9) also.

Now, by assumption there is an action of Ggyr, on M as a subgroup of its isometries.
Away from fixed points, this generates orbits O ~ Gsym/H where H is the stabiliser of M
under the action of Ggym. We can show that the algebra of singlets lies within Cg,, (H) as
follows. For any generator h € H the action of h on functions is given by L. As H is
the stabiliser of the Ggsym action, it follows that there exist a point pp € O C M such that
Lyp f(po) = 0 for any f € C°°(M). Then, evaluating (2.9) at this point we obtain:

[h, S(po)] =0, (2.11)

which constrains S to be in Cg,,, (H) as a matrix. Thus, the algebra of singlets is contained
in the Lie algebra of Cg,, (H). To obtain a solution valid on all of M, we view M as a
fibration (Gsym/H) — M — (M/(Gsym/H)). Then we can solve the singlet equation (2.9) as

S = LbL™*, (2.12)

where L € Gsym/H parametrises the coset fibres, and b € C*°(M/(Gsym/H)) ® Cg,,, (H).
Here, Ci(H) denotes the commutant of H C G inside G. The latter condition implies that



Lyjqb = 0 and hla]b = bh[a]. The former condition means that under an infinitesimal Gsym
transformation, L transforms according to the usual coset transformation rule

— Ly L +aL = Lhld], (2.13)

where hla] is a local compensator valued in the Lie algebra of H. Similarly, we have
—LyjqL™' =L 'a = —h[a]L. A short calculation using the above facts then shows that (2.12)
obeys (2.9).

Note that more generally given a set of generators b, for Cg & d)(H ) we can write b
in (2.12) in the form

b(z,y) = Z(ba(x?y)ba ) (2.14)

where ¢%(x,y) are arbitrary functions of the coordinates x of the n-dimensional external
spacetime, while the internal dependence is restricted such that these are functions only on
the quotient M/(Gsym/H). In practice, we will be able to choose coordinates y = (', §) where
Yy’ is a coordinate on Ggym/H and ¢ a coordinate on M/(Gsym/H), such that L(y) = L(y)
and b(y) = b(g). To avoid clutter we will not make this distinction explicitly. The functions
¢*(x,y) can be viewed as y-dependent extensions of the scalar fields that would appear if
we were carrying out a conventional finite consistent truncation. We can then expand the
y-dependence in modes on M to view this as a consistent truncation retaining an infinite
number of modes.

Deformations. The singlets (2.12) can then be used to construct a new generalised paral-
lelisation, which is a ‘deformation’ of the original one. Given some singlet S(y) = LbL ™!, it
exponentiates to an Eyg)-valued matrix. We can do this for instance in the R; representation
to define:

PaP(z,y) = exp(S(z,y))a” = (Ly)V " (z,y) L~ (y))a" (2.15)

where we defined V! = expb. We use this matrix (2.15) as in (2.4) to define a new
generalised parallelisation, such that

Mun(z,y) = U () (P~ 4% (2, y) Mep (2)UnE () (P71 57 (2, y)

= U W)LV )P s @V ) PL) s On P ), )

where in the second line we used the fact that L=! € Gsym € Ggauging together with our
assumption that M A is preserved by Ggauging- It follows from our assumptions that the
geometry defined by (2.16) is invariant under generalised diffeomorphisms A = AAU 4 with
AAX 4 € Ggym, i.e. the subset of Killing vectors of the original background corresponding
to this symmetry group remain Killing vectors of the new solution.

The generalised metric factorisation (2.16) can be conveniently re-expressed as

Mun(,y) = U™ (y) Map(z, ) Un"(y)

: o (2.17)
Map(z,y) = V(z,y)a" Mep(2)V(z, )", Un® =UnPLp?.



This allows us to treat Uy as defining the new generalised parallelisation. In terms of
UM, = AUM , we have

EUAUB = —XABCUc, (2.18)

defining non-constant generalised gaugings X 4p©. We can express the resulting embedding
tensor and trombone © and 6 evaluated in terms of the generalised parallelisation defined
by Uy in terms of those of the original parallelisation Uy as

1

04p° = Tup® + k(Pry) a®, PP rWprt, 64 = dpL® 4,
(Fro) FrpE n—2 (2.19)

Tap® = LP 4L (LY pOpE" .

with W4g¢ = LDALEB(§D(L_1)CE, 8°A = AﬁMAaM. The crucial issue here is that gener-
ically © 45¢ and 04 will still be y-dependent. Note as well that even if (as we have been
assuming) the original trombone vanishes, 04 = 0, that 4 may be non-zero.

In addition to the generalised metric, we must specify the truncation ansatz for the
n-dimensional external metric. This will be of the form

g (@) = A ()G (2,y) - (2.20)

This uses the scalar function A inherited unchanged from the original generalised paralleli-
sation we started with. On the right-hand side, we allow for g,, to still have an internal
coordinate dependence, specifically on the coordinates of M/(Ggsym/H) which likewise appear
in Map(x,y).

Generalised H-structures. We gain further insight into the geometry resulting from (2.16)
by adopting the language of generalised G-structures [12]. Firstly, recall that any generalised
metric can be decomposed as My ny = EyyAEnEd45. There is a local Hy invariance under
which E4 transforms and 045 is invariant. This defines a reduction of structure from Eq@)
to Hg, i.e. the (generalised) structure group for patching the generalised vielbein is Hg.
If By is globally well-defined, giving a generalised parallelisation, then the generalised
structure group is trivial. In between these two extremes we can have other non-trivial
generalised structure groups.

The factorisation (2.17) can be easily seen to be invariant under transformations Uy —
NAgUME where N4 g is a local H transformation, using the facts that V commutes with H
in Ey(q) and the assumption that H C Gsym preserves M up. This implies that the background
defined by (2.17) admits H (or a subgroup thereof) as a generalised structure group.

Gauge field sector. We now consider the gauge field sector. In exceptional field theory,
this consists of a hierarchy of external p-forms, AHM y Buva, - .., carrying representations R,
of Eq(q). With a view to our later applications all in the E7(7) case, we use the index « for
the Ry representation, which in that case is indeed the adjoint, and we will not explicitly
discuss p-forms with p > 2.

To truly make use of the generalised H-structure which we have highlighted above, we
should truncate the gauge field sector to consist solely of H-invariant fields. We therefore



proceed similarly to [12] and introduce H-invariant quantities K A € Ry and J%, € Ry such
that for i an arbitrary generator of the Lie algebra of H C Eg(4) we have

hed KPP =0, h,’J% =0. (2.21)

The index I labels the H-invariant generalised vectors, while a labels the H-invariant
generalised tensors in the Ry representation. The definition of these quantities is purely
algebraic and effected at the level of the global Ey4) provided by the generalised parallelisation
with respect to U 4, so they are genuine constants. We can then obtain generalised vectors Kj =
AULK# and tensors J%, = A2U,PJ® 3 by contracting with the generalised parallelisation
— these correspond to the K and J of [12]. We can then expand the gauge fields in terms
of these objects:

AM(z,y) = AU a(y) K14 A (2, y)

2.22
B;wa ($7 y) = AQ (y)Uaﬁ(y)Ja,BB,ul/a (.%', y) . ( )

On the right-hand side we have indicated that the fields Aul and B, may still depend on
the internal coordinates, specifically on those parametrising M/(Ggsym/H).

The equations of motion for the deformed generalised parallelisation with the commen-
surate expansion (2.22) follow from the general expressions in appendix A.2.

Finite consistent truncations and generalised H-structures. When the intrinsic
torsion of a generalised H-structure is constant, then it has been established [12] that there
is a conventional consistent truncation to a lower-dimensional theory obtained by expanding
all fields in terms of the invariant tensors that define the structure. For the gauge fields,
this corresponds to (2.22) with the restriction that A4,’ and By, only depend on z and
not the internal coordinates y. Let’s further explain how this works in our approach. We
can pick out the singlet torsion by defining

XAP = K[9XcA®. (2.23)

This is the quantity that appears in the action of the gauge fields on generalised tensors, e.g.
[:-AH VM — —UMAA#IXIBAVB for VM = UM ,v4 4 generalised vector. Note the trombone
0; = Xa4 may be non-zero.

For a consistent truncation, X742 must lie in Cg () (H) and be constant. The first of
these conditions implies that the generalised vectors K; = K 1AAU 4 form an algebra

Lr,K;=-X1/5Kg, X;;%=K"K;2X,5°K¥¢ (2.24)

where K’ 4 denotes a dual set of H-invariant quantities such that K, K A = 5§.

For a standard dimensional reduction, the scalar matrix M4p should be independent of
the coordinates on M. The definition (2.17) shows that M4p depends on these coordinates
via V4B, which lies in Cg a(d) (H) meaning that the full scalar coset is in accord with the
expectations of [12]. However, V4% in general depends on the coordinates of M/(Gsym/H).
In cases when this quotient turns out to be trivial (in particular for cases where Ggym acts
homogeneously on M), then V4? will only depend on the external coordinates = and we



will be able to use M4p as the scalar matrix for a lower-dimensional theory. We then also
restrict the external metric ansatz (2.20) such that g,, = g,.(z) only. Furthermore, if the
generalised H-structure branches the 8; representation leaving k singlets, we expect to recover
a supersymmetric truncation with N' = k supersymmetry [12].

The equations of motion for the dimensionally reduced theory obtained by this finite
consistent truncation then follow as in appendix A.3.

Note that additional consistency requirements will appear when considering the field
strengths of the gauge fields. Let’s focus for simplicity on the case of most interest to the
applications in this paper, which is the F77) ExFT [9, 18]. When we expand the field strength
FuM = AUM 4F,,* of this theory using (2.22),! we find a very specific combination of
fluxes multiplying the two-forms:

F,A = KIA(28[MAV]I + XJKIA[MJAV]K) + (XA — 24t*4805) T . Buva (2.25)

Given that J% is valued in Cg, ., (H), we have to require that the projection of X4 —
24t*4B 05 to this commutant is H-invariant and constant. Then we obtain F WA =F WI K4
with

F#VI = 28[#‘41/}[ + XJKIA[#JAV]K + QIJK’JA(AXABC - 24PCBDA9D>JGCBBMV‘1 ) (2'26>

where Q7 = K JQABK’ 5 is just the restriction of the Er(7y symplectic invariant to our
truncation.

2.3 Singlets, Kaluza-Klein towers and generalised Kac-Moody algebras

In this subsection, we discuss the connection between the Ggym-singlets S(y) characterised
above and the tower of Ggym-invariant KK modes on M. We will show that the formula (2.12),
expressing the singlets in terms of the coset element L € Gyym/H and the Cg,, (H)-valued
matrix b, can be viewed as capturing a rearrangement of a (possibly infinite) tower of
KK modes.

To discuss this explicitly, we will focus on two instructive examples based on the consistent
truncation of 11-dimensional supergravity on the round S7, for which Ggauging = SO(8). This
is known to be described using a generalised parallelisation in E7(7) generalised geometry
whose details we will review in section 3.1.

For the moment, we just need the basic fact that we can define the sphere S7 C R® in
terms of embedding coordinates p, which obey 6 4zu1? = 1 and transform as the 8, of
SO(8). The spherical harmonics on S” then consist of symmetric traceless combinations
of the p. We can organise these into KK levels based on the number of powers of p
appearing. Thus at level 0 we have constant functions on S7, at level one we have the
embedding coordinates ;! themselves, at level two we have quadratic powers u48, and so
on. Any smooth function f(y) on S can be expanded in terms of harmonics as f(y) = f>)s,
where s runs on the infinite set of all the S7 harmonics.

Now let’s take some Ggymy C SO(8). At the Lie algebra level, the Ggyp-invariant singlets
we need are sections of C*°(M) ® e4(q). Any such a singlet S, can be expanded in terms of

!This field strength involves an additional ‘constrained compensator’ two-form for which the appropriate
ansatz will be [9] Buoa (z,y) = —2A%(y)UF 5(y)00 U p(y)t* a® J% o Buva(x).
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harmonics as S = S*)s,, where S* = §%*¢t, € eq(d)- The adjoint o can be branched under
SO(8), so S = S**Yst, can always be expressed in terms of fundamental SO(8) indices.
The singlets under Ggym C SO(8) are obtained by further branching SO(8) under Gy and
restricting S®> to be Ggym invariant tensors. Let us show this with two different examples
leading to two different structures of the KK tower of modes.

SU(4). symmetry (homogeneous case). Under SU(4). we have the following branching
of the fundamental representations of SO(8):

8 —4+4, 8 —+6+1+1, 8, —4+4. (2.27)

We will not need to explicitly introduce fundamental SU(4) indices. Instead, to construct
singlets we will make use of the existence of the SU(4) invariant tensors, Jap and Qa5cp
which we write carrying 8, indices. These invariants are antisymmetric and defined in the
appendix in equation (C.4). The real and imaginary parts of the rank-four invariant € gives
two real invariants, Re {2 and Im (), each of which is self-dual.

Using invariant tensors we can systematically construct all SU(4). invariant singlets
working level by level in the tower of KK modes i.e. the tower of spherical harmonics. In terms
of the E7(7) generators branched under SO(8) as in (B.8), where R45 € 28 is antisymmetric,
Sap € 35, is symmetric and tiBCD € 35./, are antisymmetric and self-dual/anti-self-dual,
we find the following.

o Level 0. There are four independent singlets involving no

— ABCD ,+ — ABCD 1+

1 (2.28)
S3=5J"% Rag. Sy =J*JP thep -
e Level 1. There are no possible singlets involving a single p.
o Level 2. There are seven independent singlets involving two p:
1 1
S5 = 5#’4#8 SAB, Se = §MAMDJCD Sac
1 _
S7 = iucMDJACJBD Sa,  Ss=ReQ% e’ t0, (2.20)
So = Im QA e 1550, S10 = TP TP upp® e
1
S11 = QMAMCJBC Rag .

« Higher levels. There are no possible singlets involving more than two .

We therefore find a finite number of singlets. Taking appropriate linear combinations, we
find that the singlets span the algebra SL(2) x SU(2,1) with the same commutation relations
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as the one appearing in appendix C. The correspondence is made as follows:

9
Hy = 2(S5+S7), Ey =S4+ 8510, Fy= 62(54—8510),

Hy=Ss— S  Hy=Ss+25,, FEy=128V2(Ss+S1), Fo=——(Se—8

1 5 — S7 2 3 11 2 V2(S6 + S11) 5 64\/5( 6 — S11)
1 1

Fi1 = Fio = i1 = — — Fi9g = — — .

11 =51 +8Ss, 12 = 52 + 859, 11 128(51 8Ss), 12 = o0 (S2 — 8S9)

(2.30)
Now, recall that our geometrically obtained singlets (2.12) were of the form S = LbL~!. This
expression can be viewed as a similarity transform using the matrix L € SU(4)/H acting
on b. The latter was algebraically was an element of the commutant of H, where H arose
as the stabiliser of the SU(4). action on S”. Indeed in this case it can be verified that the
stabiliser of S7 under the action of SU(4).. is SU(3), as S7 = SU(4)./SU(3), and furthermore
SL(2) x SU(2,1) = Cg,,, (SU(3)). Noting that there is a unique coordinate-independent
realisation of Cp, ., (SU(3)) within E7(7) (see appendix C), it follows that there must exist
a coordinate-dependent matrix L(y) = L(u(y)) such that both bases are related. Thus,
for any coordinate-dependent b(y) in Ceyy (SU(3)) we have b(y) = L(y)bL(y)~!, where b
is coordinate-independent.

In addition, from the general formula (2.12) for singlets we note that in this case
M/(Gyym/ H) is trivial and hence the singlets b(y) do not have arbitrary coordinate dependence
on this quotient. This implies that we must find a finite number of singlets.

We therefore see that the role of L(y) in this case is to rotate the algebra to a basis
where the algebra of singlets can be expressed in terms of a coordinate-independent algebra.
It is also worth remarking that the L(y) provided in the appendix C in equation (C.7) can
be expressed in terms of level 2 KK modes, in correspondence with the fact that the highest
singlets in the tower for SU(4). lie at level 2.

This example corresponds to the general case of Ggyn, acting homogeneously on the
internal manifold M. Whenever such an action exists, it is always true that M = Ggym/H,
where H is the stabiliser of Ml under the action of Gsym. Hence, in these cases M/(Gsym/H)
will be trivial and the tower of singlets will be finite. The coset matrix L(y) will act as a
change of basis, twisting the algebra of singlets expressed in terms of the global Eg4) action
carried by b € Cg,,, (H). Furthermore these cases will lead to finite consistent truncations,
and it is in the coordinate-independent basis where we will be able to identify the scalars
of the truncated supergravity as the z-dependent parameters appearing in the expansion
of b in terms of generators.

SO(7), symmetry (inhomogeneous case). Under SO(7), we have the following branching
of the fundamental representations of SO(8):

8 —>7+1, 8. —8, 8, —8. (2.31)

Correspondingly, we further branch under SO(7), the fundamental 8, indices, A = (4, 8) with
i=1,...,7 transforming in the 7 of SO(7), and the 8 index transforming as a singlet. This
branching carries through for E7(7) generators R a5, Sas, thCD of (B.8).
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The singlets under SO(7), are then obtained by restricting S®* to be an SO(7), invariant
tensor. In this case, as the action of Gy is not homogeneous, the embedding coordinate
u® is a singlet by itself. Hence any product of u® with another singlet will be a singlet as
well. We therefore already see that we will encounter an infinite number of singlets, which
we can arrange in terms of a tower in powers of 8.

For this reason, consider first all possible singlets which are p®-independent. The only
SO(7), invariant tensor is ¢;; and so there are limited possibilities to construct singlets.
The only p8-independent ones are:

Sss, WRs, u'Sis, WS, (2.32)
again terminating at level 2 of the KK tower. These four singlets can be seen as the generators

of the full KK tower of singlets, which is obtained by taking products of (2.32) with arbitrary
powers of u8. It’s illustrative to write down the first few levels:

Level 0:  Sgg
Level 1: u8S88 ,uiRis HiSiS
Level 2: (u8)?Sss plpiRis  pluiSis  piu!Si; (2.33)

Level 3: (1®)3Sgs (1°)?1' Rig (1®)* ' Sig 1o 17 Sy

Now, it is easy to check that the generators (2.32) close into an algebra with non-constant
structure coefficients. We expect that this algebra should be linked to the imposition of
a generalised SO(6), structure. By considering coordinate-dependent combinations of the
generators, we can construct the expected commutant Cg,,, (SO(6),) = SO(1,1) x SL(2).
This is achieved using the following combinations:

1 o
Hy=2 —— 'S ), 2.34
0 (588+1_(M8)2MU Sg) (2.34)
H12588—W,U,M Sij,  Er= Wﬂ (Sis—Ris), IFi=-— Wﬁb (Sis+Ris),
(2.35)

where (2.34) generates the SO(1, 1) factor and (2.35) generates the SL(2) one. Their com-
mutation relations are the same as the corresponding ones for the generators appearing
in appendix D.

These four generators can be used as a different basis to serve as the generators of the
KK tower. Note that their u®-dependent coefficients can be Taylor expanded, so that they
involve infinite sums of massive KK modes. As there is a unique coordinate-independent
realisation of SO(1,1) x SL(2) as the commutant of SO(6), within E77) (see appendix D),
there must exist a coordinate-dependent matrix L(u) such that both basis are related.

Thus, suppose that b(y) = b(u(y)) is an arbitrary linear combination (with constant
coefficients) of the generators in (2.34) and (2.35). We must have b(y) = L(y)bL(y)~!,
where b is coordinate independent. The most general singlet then takes into account the
18 dependence and can be expanded in the form

S =Lyb(*) L)~ b(*) =) dnal@) (1) ba, (2.36)
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where the index a runs on the Lie algebra of Cg, . (SO(6)y). Now, in the cases where
Gsym acts homogeneously, we could view L(y) as a rotation of the algebra of singlets to a
coordinate-independent basis. In the present inhomogeneous cases, L(y) is used to transform
to the generators b(u®) which form a Lie algebra with non-constant structure coefficients.
Only for the level 0 generators, which are the b, above, do we get a standard Lie algebra
with constant coefficients.

What are we seeing here can be recast in the language of Kac-Moody algebras. One
way to construct such an algebra (we only consider vanishing central extension) is to start
with some Lie algebra with generators b, and structure constants f,;“. Then introduce some
variable u (which for the usual loop algebra construction we take to be u = ¢ with 6 € S*)
and consider the algebra generated by all tensors products v ® b,. This has the form

[ bg, u™bp] = u" T £ be . (2.37)

We can refer to the generators u™ ® b, as the level n generators, and the original Lie algebra
occurs at level 0.

Our singlet construction gives rise in this case to such an algebra with u = p®. The
generators b, correspond to those obtained by factoring the generators of the singlet tower
(i.e. (2.34) and (2.35)) using the matrix L(y) to obtain a coordinate independent basis.
Moreover, considering the sphere parametrisation (D.4) we can see that u® = cos(f7) can
be expanded in terms of exponentials of the kind e7, so that the connection with the
loop algebra definition through S' harmonics is direct. The KK tower expanded in powers
of 18 can be re-summed just by requiring that b(f7) in (2.12) is an arbitrary function in
C*> (S') ® Cg,, (SO(6),). Note that in this case M/(Gsym/H) is one dimensional and
compact, so it can only be S!. It is worth remarking that for inhomogeneous cases, L(y)
contains a sum over an infinite number of KK modes, as it can be seen for the example
worked out here if (D.3) is expanded in terms of SO(8) harmonics.

Generalised Kac-Moody algebras. The two examples discussed above can be summarised
in a more general framework. As shown in the previous section, in general singlets are
characterised by a coset L(y) and Cg,, (H)-valued functions on M/(Gsym/H) we denote
by b(y) (see (2.12)). These Cg,, (H)-valued functions b(y) can be expanded in terms of
harmonics of M/(Gsym/H), say {gz(y)}, and generators of Cg,, (H), say {ba}. Then the
commutation relations give a generalised Kac-Moody algebra of the type studied in [19, 20],
and can be written as:

l9z(W)ba » 97 (W)bs] = Fr5™ far” 9 (y)be, (2.38)

where fr7%gx (y) accounts for the harmonic expansion of the product of two harmonics. From
the level zero harmonic we recover the Lie algebra used to construct the Kac-Moody algebra.
The role of L(y) is then to make this structure manifest at the level of the infinitesimal
singlets which one has to exponentiate to retain all the Gy invariant KK modes. For
homogeneous actions on M the manifold M/(Gsym/H) is trivial and one recovers a honest
Lie algebra, since the only functions that can be defined over the set M/(Gsym/H) containing
just one element are constant functions.
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3 Infinite and finite truncations on the seven-sphere

3.1 Generalised parallelisations on S7

11-dimensional supergravity admits a consistent truncation on S7 to the SO(8) gauged
maximal supergravity in four dimensions. This can be described as a generalised parallelisation
in Er(7) exceptional geometry. Let’s first introduce some geometric notions associated with
the round S”. The metric gij in some coordinates y' is defined by

ds? = §;:dy'dy? = R26apdpdu®, 3.1
J

where p#, A = 1,...,8, are embedding coordinates in R®, defining the unit sphere via
Sasp” B = 1. There is a flux of the seven-form field strength with Fiqy = %Volg, where
the volume form is

7

R
volg = ?eAl,‘.As,uAld,qu Ao ANdps. (3.2)

The sphere admits conformal Killing vectors k4 such that Ly, gi; = —2uagi; and Ly ,up =
daB— paps. In terms of these, the Killing vectors and the SO(8) Lie algebra they generate are:

vag = R (paks — pska),  Luosvep = 4R™10 qcop)5 - (3.3)

In E7(7y exceptional geometry, the generalised tangent bundle is £ ~ T'M SN’T*MOANT* Mo
(T*M @ ATT*M), so that a generalised vector VM sits in the fundamental representation
Ry = 56 of Er(7y. This decomposes under SL(8) into the 28 @ 28, thus VM = (VMN V),
where M = 1,...,8 and the pairs of indices MN are antisymmetric.

The generalised parallelisation on S” was worked out in [8]. The generalised metric
is decomposed as

Mun = Un?645UN7, (3.4)
in terms of a globally defined generalised vielbein which decomposes in terms of SL(8)
representations as

. 201 AUMB 0
Uy =T M 3.5
. ( o ) 5:5)

where, letting M = (7,8), we have SL(8) matrices

[?MA _ g% R§71/48iMA ' [?MA _ g_% Rflf’]l/‘lkiA + §*1/4Ci/@4
—§1/4M'A+R§_1/4C7’8i,u“4 ) _§_1/4MA ’

(3.6)

which are inverse of each other, i.e. U MAf]N A = 5/\M[. Here we use a six-form gauge

potential Cj, ;, for the seven-form field strength, and rewrite this as a vector density

Cl = éeiil'“"GC,-lm%, such that 9,C% = %él/z. In addition, the scalar density A is given by
A = §1/*. Letting Uy = AIOJA, the non-trivial part of the algebra is:

Lo

Uus

[QICD = R_145A}[C[QID][B> EﬁABﬁCD = R_145[[j55]5ﬁp]g , (3.7)

,15,



realising the SO(8) gauging with
Xapep™ = X5 ep = —837155531[05;] : (3-8)

We see that M = S7 is an example of a manifold admitting a generalised parallelisation
leading to a consistent truncation, where Ggauging = SO(8) corresponds to the isometries
of the background.

We can find generalised parallelisations preserving some symmetry Ggym € SO(8) C
SL(8) C Er(7) following the general logic of section 2.2. For a Lie algebra generator a € Gsym,
its embedding is explicitly given by:

1
a= aAXAata = §QABXABCD7§CD = R_laABt[_AB] (3.9)
where we used the explicit form of the SO(8) embedding tensor X 45°p = 2R‘1éﬁ453]p as
well as the SL(8) decomposition of the adjoint, t, = (t45,ta5ep). The generators t 45 give
the 63 of SL(8). Lowering the second index with J45 we have Rp = 2t 45 giving the 28 of
SO(8) and Sas = 2t(4p) giving the 35, as in (B.8). We then seek to construct the singlets
obeying the equation (2.9), which can be written as

1 1

EaABLUABS = §a“48 [Ras, S] (3.10)
taking the Killing vectors to correspond to those of the unit sphere to eliminate an overall
factor of R™!. The singlets solving this equation will have the form of (2.12) and the
corresponding generalised parallelisations compatible with Geym can be defined by (2.17)
(note A is unchanged).

3.2 Example: finite truncation with Ggym = SU(4)

For our first example, we choose Ggym = SU(4).. We already discussed some aspects
of this case in section 2.3. There we noted that SU(4). acts homogeneously on S”, so
that S7 =2 SU(4)/SU(3) as an homogeneous space, the stabiliser of each point of S7 being
isomorphic to SU(3). Hence the group H, that becomes the generalised structure group, is
H = SU(3). The generators b then lie in Cp, ;) (SU(3)) = SL(2) xSU(2, 1) and are independent
of the sphere coordinates. Accordingly, all fields that will appear in the consistent truncation
depend only on the four-dimensional coordinates x.

Applying our construction in this case leads to a consistent truncation first worked out
in [2] as a reduction of M-theory on a 7-dimensional Sasaki-Einstein manifold, SE7. This
consistent truncation led to a four-dimensional N’ = 2 supergravity with five scalars, two
vector fields and a two-form, which can be dualised into another scalar.

Our approach will give an explicit embedding of this N’ = 2 consistent truncation into
the generalised parallelisation on the seven-sphere. Note that by starting with the duality-
covariant E77) ExFT we will in fact retain six scalars, four vectors and two two-forms: the
equations of motion and Bianchi identities of ExFT will encode the possible electromagnetic
duality relations between them (for instance, as usual two of the vectors can be chosen to
be electric and the other two magnetic).
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Gsym =SU(4). H =SU(3)
Parallelisation Us=Ug (L=H4B
L €SU(4)./SU(3) (C.5) and (C.7)
Scalars CEqry (SU(3)) = SL(2) x SU(2,1)
V(z) € soS(Ii)(zx)sxt?g)(i’%I)(l) (C.12)
o' = (U,V,h,a,x1,x2)
Vectors 4 invariant K7 (C.14)
A, = KA/
2-forms 11 invariant J¢ Generators of SL(2) x SU(2,1)
B, = J*Buva Only 2 appear

Table 1. Ingredients for the SU(4), symmetric deformation of the S” generalised parallelisation. This
leads to a finite-mode consistent truncation.

The original consistent truncation of [2] was extended in [21] by introducing a sign
parameter ¢ = +1 appearing in the ansatz for the four-form flux, and corresponding to
skew-whiffing (see [22]) of the underlying AdS4 x SE7 solutions. More precisely, we explain
in this section how requiring Ggym = SU(4). leads to the truncation with e = —1 (with
action given by equation (2.6) of [21]). The truncation with € = +1 corresponds to the case
Gsym = SU(4),, which can be worked out analogously.

The ingredients we use for this embedding, and the field content involved, are summarised
in table 1. Many further explicit details can be found in appendix C.

We start by constructing the Ggym = SU(4), singlets. The group SU(4). corresponds to
the SU(4) € SO(8) which branches the three fundamental representations of SO(8) according
to (2.27). The generators on the 8, representation are given in equation (C.1).

In accordance with the KK analysis of section 2.3, we find that all the singlets are of the
form (2.15) with L(y) parametrising the coset SU(4)/SU(3) = S” and V(x) being generated
by Ce, ., (SU(3)) = SL(2) x SU(2,1). The simplicity of the computations heavily relies on
the form of L(y) which, for this particular case, takes care of all the internal coordinate
dependencies. We provide a simple parametrisation for L(y) in terms of ‘Euler angles’ in
equations (C.5) and (C.7), the latter being its 56 dimensional representation constructed
from the former.

In appendix C, we provide the explicit generators of the generalised SU(3) structure as
well as its commutant. To perform the consistent truncation, we also need to introduce the
SU(3) invariant generalised vectors K, I = 1,2,3,4, defined in (C.14).

The generalised parallelisation defined by our choice (C.7) of L(y) will have non-constant
generalised fluxes defined by (2.19). Crucially, we find by explicit computation that though
the full intrinsic torsion X 45¢ is not constant, the components X;5¢ of the intrinsic torsion
which will be singled out by the SU(3) invariant gauge fields are constant and lie in the
commutant of SU(3). Furthermore, we find that §; = 0 even though 64 is not zero, so
the truncated theory does not gauge the trombone symmetry. However, the non-vanishing
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components of the full trombone do play a role in the effective potential. The upshot is
that we indeed meet the general conditions to have a finite consistent truncation, with
generalised SU(3) structure.

Now let us discuss how we see the field content of this consistent truncation. The
coset V(x) will parametrise six scalar fields. Its explicit form is given in (C.12), where we
denote the scalar fields as

¢I:(U7v7h7a7X:X1+iX2)~ (311)

The vector fields and two-forms are expanded following the ansatz (2.22). We have four
vector fields A,/ , however the field strengths of these four vectors will be related by the
four-dimensional self-duality constraint, and below we will pick two to be regarded as the
electric vector fields that appear in the dynamics. Computing explicitly, we find that while
the gaugings X742 are non-zero in general, the combination X;;% from (2.24) vanishes
such that the vector fields generate an abelian gauge algebra. Note that even though the
lower dimensional structure coefficients X are vanishing, we will find non-vanishing covariant
derivatives in the scalars, so the gauging cannot be fully characterised in terms of X7 ;.

The field strengths of the one-forms include contributions from the two-forms, which in
E7(7) ExFT are Lie algebra valued. The adjoint valued SU(3) invariants J correspond to the
generators of Cg,,, (SU(3)), given in (C.10) and (C.11). From (2.25), these appear in the field
strength projected by a particular combination of the generalised fluxes, (X Ao _ggtaABy B)J %,
which here as required turns out to be constant and SU(3) invariant. Explicitly we find
that the ensuing field strength (2.26) involves the matrix

0000 0 0000 0 0
0000 0 0000 0 0
0000 0 0000 26
0000-%0000—"220

QYK A X 4 — 24P 3P 40p) TP = (3.12)

This projects out all except two of the two-forms. After the redefinitions B(;p) — gB(l) )
By — 9—163(2) of the two-forms, the field strengths are:

dAM
(2)
Fl =qA + BT = a4 3.13
dA®) 4 2V3Ba) (3.13)
B 68
dA®W — =2 2=

We have to impose the self-duality condition, (A.38). In components, this requires making a
choice of which two vectors are electric and which are magnetic. To guide us in this choice,
we now look in detail at the equations of motion and how they compare to those of [2, 21].

Einstein equation. Let us first discuss the different terms appearing in the Einstein equa-
tion (A.32). We can immediately note the Ricci tensor and scalar are their genuine four-
dimensional selves, as the trombone 6; is zero. The effective potential (A.33) is determined
in terms of the full non-constant embedding tensor and trombone of the deformed generalised
parallelisation. This is a function which geometrically is a singlet of SU(4). and so obeys
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LgABT,
2 vAB
this can be shown from the fact that the action of SU(4). on S” is homogeneous, so there

Vegg = 0 for all the SU(4).. generators. This requires that it be constant. Intuitively,

are no fixed points, nor combinations of embedding coordinates which are annihilated by
%aABLU - Explicitly, evaluating the expression of the effective potential (A.33) in terms
of the deformed generalised parallelisation, we find

1
V:eff — ﬁ (24h26_14U_V + 24‘X‘26—12U—3V + 66—10U+V _ 486_8U_V

) (3.14)
+18 (h2 + |X|2 _ 1) e—lSU—3V) .
For R = 1, this matches the potential found in [2, 21].

We stress that each of the individual terms appearing in the effective potential (A.33)
depends on the internal coordinates, even those involving the trombone 6 4, and it is only the
full effective potential what turns out to be constant. This highlights the fact that even though
there is no gauging of the trombone symmetry in the N' = 2 supergravity arising from the
truncation, the D = 11 trombone-like terms 64 are essential for the potential to be constant.

Next we can consider the terms in the Einstein equation (A.32) involving the scalars

and the gauge fields. After redefining AV — —v/3A4M | we find:

1

1 DuMapDyMAP = GrgDyg” Dyo” (3.15)

where the metric on the scalar field space is

915 =
—24 -3 0 0 0 0
-3 -3 0 0 0 0
0 0 —3e-202U+V) 0 0 0
0 0 0 —le-12U 3ype~12U —3y1e712U ;
0 0 0 3yge™12U _%e—IQU (3X% + 4€6U> %lee—mU
0 0 0 —3yjem12U %X1X2e—12U _%e—le (3X% + 4€6U)

(3.16)

and the covariant derivatives are defined as:

6 4 4
Z_ (1) () 2 _ 2
D¢ = <dU, dV, dh, da + 7 (A + A ), dx1 + RXQA , dxo RXIA ) . (3.17)

This expression characterises the kinetic terms of the scalars, as well as their coupling to the
SU(3) invariant vectors. The term =D, MapD*MAB = G77D,,¢? D*¢7 exactly matches the
kinetic term of the scalars and their coupling to the vector fields appearing in the lagrangian
(2.6) of [21] for the choice € = —1 under the identifications:

A(l) _ Bihere’ A(2) _ AAghere7 (318)

in terms of the one forms By and A; of [2, 21]. Consequently, as the contributions involving
scalar fields in the Einstein equation (A.32) coincide with what one obtains from the variation
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of the non-linear sigma model specified by Gz jDMqﬁI DF¢J | we find that they match what one
would obtain from the variation of the Lagrangian (2.6) of [21]. Note that these identifications
have fixed A and A® as the vectors that must be chosen to be the electric ones in order
to obtain the truncation in the same form as in [21].

Referring to (3.13), we see that F() and F®) are abelian and have no contribution from
the two-forms, which implies the identifications:

F(l) _ ﬁ;here,F(Z) — échere7 (319)

in terms of the field strengths defined in [2, 21].

Consider now the self-duality condition (A.38). This involves the following projection of
the scalar matrix My = K;AMagK ;2. Using the parametrisation (C.12) and the definition
of the invariant vectors (C.14), we obtain

UV
3h2 4 AU+2V V3h2 <h2 + e4U+2V) h (3h2 + 264U+2V) V3h
V31?2 (h2 n €4U+2V) (hz n e4U+2V)3 V3h (h2 n €4U+2V)2 B3 (3.20)

2
h (3h2 + 2€4U+2V) \/gh (h2 + 64U+2V) 3h4 4 4h2€4U+2V 4 68U+4V \/§h2
V3h h3 V/3h? 1

This is simply an SL(2)/SO(2) coset scalar matrix in the four-dimensional representation.
In terms of the N' = 2 consistent truncation, this matrix codifies the coupling between the
vectors and the scalars in the vector multiplet.

We now use the self-duality condition to express F3) and F® in terms of F(M) and
F@)_ The explicit solution reads:

1 %
3 1 4U+-2V 2 2 2U+ 1 2 (2
1
4 4U+-2V 2 1 2 2U+V 1
PO = o W<3h(e g 2n?) PO 43t p O

+ (€4U+2V + h2) (2h2F(2) 4 Q2U+V (€4U+2V + 3h2) % F(2)> )
(3.21)

A tedious but straightforward computation shows that upon the imposition of the solution of
the self-duality equation (3.21), the contribution of the vector fields to the Einstein equation
reproduces the corresponding contributions of the vector fields to Einstein’s equation directly
derived from the variation of (2.6) of [21]. All the contributions worked out above show
that upon the truncation ansatz of the beginning of the section (A.32) reproduces Einstein’s
equation of motion derived from the variation of (2.6) of [21].

One-form equation. We now turn to the one-form equation of motion (A.37), which for Er(7
and with X7;% = 0 = 607 reads

i i V 1
0 = |g/~Y%8,(|g|"/* M, F"7) + EMCDDMMBD (XICB — 24KIB90> ; (3.22)
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We evaluate the second term using the fact that MYPDtMpp is CErry (SU(3))-valued: it
is the same operator that appears with the two-form contributions to the field strength of
the one-forms. Explicitly, one obtains:

SMEPD,Mpp (X1o® — 24K, 0c) =

2357 (Da — 3 (x*Dx — XDX*))

—12U ! . * *
6= ((IxI? = 1) (Da— % (x*Dx = xDx*)) — ie® (x* Dx — xDx*))
0
0

. (3.23)

Upon the substitution (3.21), we find:

MIJFJ:

VBhx F®) — o V3 s [2U+V (FO 4 h2F @) 41 (25 (FO +h2F(2)))]
—3hx F(D) 40U+3V p(2) —2h3*F<2>+Wje+im [2VHV (FO+R2F@) 4 2hs (FO+h2F?)]

—/3xFM)
*F(2)
(3.24)
1
*d(M]J*FJ):fﬁay (JEM]JFVHJ) gupd(ﬂp. (325)

It follows immediately from this that the final two components of (3.22) are just the Bianchi
identities of the electric vectors: dFV) = dF®) = (0. It is then straightforward, albeit
tedious, to show that the remaining two equations of motion for the vector fields coincide
with those of [21].

At this point we can use the one-form equations of motion together with the self-
duality condition to find duality relations between the two-forms and scalar fields. From
the definition of the field strengths (3.13), since the field strengths are abelian, we can
compute their Bianchi identities just by taking an exterior derivative dF! = dB!, where
B! = (0,0,2v/3B(1)/R,—B(3) — 6B(1)/R). Consequently, applying *d to the self-duality
condition (A.38) we obtain:

1
xdBT = 17 ——9, (\/\g\MJKFV“K) Gupda” (3.26)

Vgl

so we can use the one-form field equation (3.22) to find:

1
«dB! — _EQ”MCDD“MBD (XJCB - 24KJBHC) dat
0

0
_ . (3.27)
= 2v3<5~ (Da— % (x*Dx — xDx")) :

e—lQU

6= ((IxI? = 1) (Da = % (x"Dx — xDx")) — i€ (x* Dx = xDx*))

We see from this that dB) = H5"™® gives the three-form field defined in (2.7) of [21].
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Scalar equation. Finally, the scalar equation of motion is reproduced by (A.35). In particular,
if we demand the scalars to take constant values, it takes the form V45 = 0, which reproduces
the extremisation of the effective potential (3.14). The contribution of all the components of
the fluxes is crucial to obtain this result, in the same way it was crucial to fully determine
the effective potential (3.14).

3.3 Example: finite and infinite truncations with Geym = SO(7)

For our second example, we take Ggym = SO(7). There are three inequivalent embeddings
of SO(7) € SO(8), due to triality. Each of these embeddings branches only one of the three
eight-dimensional representations of SO(8) to the 7 + 1 of SO(7), with the other two being
irreducible. We will denote these three embeddings by SO(7),, SO(7)s and SO(7)., where the
subindex indicates which 8-dimensional representation of SO(8) is branched to the 7 + 1. In
what follows we discuss these three cases, two of them leading to a consistent truncation first
worked out in [2] and the remaining one going beyond a standard finite consistent truncation
and providing an example of an infinite consistent truncation.

The homogeneous cases: Ggym = SO(7).,s. Let’s first discuss the case Ggym = SO(7).
symmetry. The group SO(7). acts homogeneously on S7, as S7 22 SO(7)./Ga. This results in
M/(Gsym/H) being trivial, which implies that, as in the SU(4). case, V is independent of
internal coordinates. Moreover, L(y) is given by the coset SO(7)./G>. Instead of working
out this example explicitly from the beginning, we note that by means of the chain of
isomorphisms SU(4)./SU(3) = S = SO(7)./G2 we can directly study SO(7). symmetric
configurations as a restriction of the SU(4). symmetric ones, the only step required being the
proper truncation of the field content with respect to the generalised G4 structure imposed
by the weak Gy truncation, exactly along the lines of [2]. In terms of the scalar fields, we
find that the identifications:

2
=—h, =0, a=0, 3.28
X2 /3 X1 ( )

guarantee that V(z) lies in Cg,, (G2). Moreover, there are no G, invariant vector fields,

U=V,

so the resulting /' = 1 supergravity does not have any vector fields. It is straightforward
to check that starting from the SU(4). symmetric case of the previous subsection, these
identifications lead to the weak Gy supergravity of [2]. The case Ggym = SO(T7), similarly
follows from the analogous Ggym = SU(4) case.

The inhomogeneous case: Gsym = SO(7),. As we discussed in section 2.3, the action
of SO(7), on S7 is not homogeneous. The singlet solution again has the form (2.15). The
coset element is L(y) € SO(7),/SO(6),, we have V = e~® where algebraically b lies in
CEy) (SO(6)) and may depend both on the external coordinates x as well as the space
SO(7)/SO(6) which is not trivial.

To evaluate the equations of motion for this case, it’s convenient to use the following
form of the deformed generalised parallelisation:

Mun = Ex (2, 9)Exe®(2,9)0u,  E*n = Un“Le®(y)Ve™ (2, y) (3.29)
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Gsym = S0(7),  H =8S0(6),
Parallelisation Us=U (L1 4P
L € SO(7),/S0O(6), (D.3)
Scalars CErr) (SO(6)) = SL(2) x SO(1,1)
V(z,07) € 75“233“7“ (D.7)
Vectors 2 invariant Ky (D.9)
A, =KA,!
2-forms 4 invariant J¢ Generators of SL(2) x SO(1,1)
B, = J*Buva

Table 2. Ingredients for the SO(7), symmetric deformation of the S7 generalised parallelisation.
This leads to an infinite-mode consistent truncation.

and to use the equations of motion as presented in appendix A.2 (with Map = 645). The
non-trivial internal coordinate dependence of Vg means that this model gives rise to an
infinite consistent truncation. For instance, if we compute the effective potential (A.16) —
assuming here the four-dimensional external metric is independent of 67 — we find

e—38(07)

T

(4x(60)¢'(67) + ¢ (67)° + 12 cot(6)¢ (67)

207 (3 (07) — x(07)? — 6x(67) cot(67) +5)” — sinh(2(67))

+ cosh(2¢(07)) + 2x'(67) + 2x(67)* + 12x(67) cot(67) — 66" (67) (3.30)
+12¢/(67) — 60 cot(67)¢' (87) — 60 (x(67) cot(fr) — 1) PO T2¢(07)

— 60 cot?(07)e200D=%07) 1 60 csc?(87) — 74) .

This potential (3.30) still depends on 67, which is a coordinate on S” defined through (D.4).

We can understand this feature as follows. For homogeneous cases, the branching of the
8, of SO(8) under Gy does not provide singlets (nor does any symmetrised tensor product
(8, ® 8, ®...)s). This implies that none of the embedding coordinates of the sphere, which
span the 8, of SO(8), can appear in the effective potential, as it must be a singlet under Ggym,.
However, when the action of Gy, is inhomogeneous, there is at least one fixed point in the
sphere under the action of Ggsym. This fixed point is a singlet of Ggym and therefore it can
appear in the potential. In the current example, using the parametrisation (D.4), we find that
ys = cos(f7) is a singlet of SO(7),. More generally, any function f obeying %aABLv sl =0
for all the SO(7), generators is a singlet, which for this parametrisation allows f = f(67).

We should then consider the remaining fields in this infinite-mode consistent truncation.
For instance, this configuration has two invariant vectors, arising as the two SO(6), singlets in
the 56 of Ey(7). These vector fields as well as the external metric should in principle be allowed
to depend on 67, and the equations of motion of section A.2 used to search for solutions.
However, as a preliminary analysis of this example of an infinite consistent truncation, we can
search for ‘vacuum’ solutions, for which the gauge fields vanish, the metric depends only on
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the four-dimensional external coordinates, and the scalars depend only on 7 and are constant
with respect to the external spacetime. Then all we have to solve are the Einstein equation
of the form 0 = R, (g) — 3G (R(3) — Ver) together with the scalar field equation (A.24)
which reduces with these assumptions to the vanishing of Vap of (A.17). This leads to only
three independent equations which we record in the appendix as (D.10), (D.11) and (D.12).

It can be checked that for constant scalar fields these equations are satisfied for the
values e?¥ = €% = 5, xy = 0, for which the potential evaluates to Veg = —85’%#, recovering in
this language the SO(7), solution of [23] in the conventions of [24]. This result has an easy
underlying explanation. The values of scalars leading to the solution enhance the SO(6),-
structure to a SO(7),-structure, and hence V(x) commutes with SO(7),. Consequently, it
follows that L(y)V(z) = V(z)L(y), so that the L(y) deformation becomes trivial and we are
back in the usual case of a finite consistent truncation to maximal supergravity.

It would be interesting to scan for numerical solutions of (D.10)—(D.12) involving 67-
dependent scalars. Genuine vacuum solutions with AdS (or Minkowski) four-dimensional
spacetime would require that the scalars give a constant Vg in the Einstein equation, which
is far from guaranteed. More generally, one could consider an appropriate ansatz involving a
f7-dependent four-dimensional spacetime and look for solutions of this form, which would

still be solutions of the full 11-dimensional supergravity.

4 Discussion

Let us recap. We start with a background M which admits a generalised parallelisation,
with generalised metric factorising My (z,y) = Unr(y)Un®(y) Mag(z), leading to a
consistent truncation with gauge group Ggauging. We assume that M AR is invariant under
Ggauging, such that Ggauging corresponds to isometries of M. We select some subgroup
Gsym C Ggauging C Eq(q). Singlets under this subgroup are functions valued in the Lie algebra
of the global Ey4) determined by the parallelisation, and are defined as solutions to the
equation (2.9). Using the action of Gsym on M, we can find solutions of this equation of the
form (2.12). This uses as data i) the orbits on M of Geym, which are cosets Ggym/H for some
subgroup H, and ii) the commutant of this subgroup H in Ey(4). After exponentiating these
singlets we can build globally defined ‘deformations’ of the original generalised parallelisation,
and use these to define new consistent truncations.

The consistent truncations associated to the corresponding deformed generalised paralleli-
sation retain a finite or infinite set of modes depending on whether the action of Gy on M is
homogeneous or not. In all cases, the uplifts to the conventional formulation of supergravity
still follow from the usual generalised Scherk—Schwarz prescription [8, 9, 25]. For example, the
uplift of SO(8)-gauged supergravity on S7 to the D = 11 metric takes on the explicit form [25]

P 1 B -
st = A~ dsi + T A? (t4P) 4 (tc)8” MAP Mep pspp D Du (4.1)

with warp factor, A, and covariant derivatives, D, specified in [25]. Both type of truncations,
finite and infinite, discussed in this paper still uplift as in (4.1), with the scalar matrix of
the form Mg = (P™')A%cp(P~')gP either pu?-independent or dependent, respectively.
In the latter case, the pu dependence of Mg is constrained in such a way that Geym 1s
contained in the isometry group of (4.1).
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We have presented some examples leading to known finite consistent truncations. The
finite consistent truncation of D = 11 supergravity on the squashed S7 of [14] presented
in [26] was obtained using these methods with Gsym = Sp(2) x Sp(1) in [15, 16]. This finite
truncation on the squashed S” can be enlarged to a full D =4 A/ = 4 supergravity [3]. The
latter can be recovered using our formalism with Ggym = Sp(2), and associated generalised
Sp(1) structure in the language of [12, 13].

More interestingly, we have provided a formalism to obtain consistent truncations to
infinite sets of KK fields, and we have specified the circumstances under which those can be
obtained. We have illustrated this method with a new infinite consistent truncation associated
to the inhomogeneous action of SO(7), on S7. This example admits further generalisations
for Geym = SO(d — 1) C SO(d) C SL(d) and general d. There is a uniform description
of consistent truncations with Ggauging = SO(d) using a generalised parallelisation of the
sphere S9! in SL(d) generalised geometry [8]. For d = 4 this corresponds to a generalised
parallelisation on S% using the SL(4) ~ SO(3,3) generalised geometric description of the
NSNS sector in 10-dimensional supergravity. For d = 5 this corresponds to the consistent
truncation of 11-dimensional supergravity on S*, using SL(5) exceptional generalised geometry.
For d = 6, this gives the consistent truncation of 10-dimensional type IIB supergravity on
S5, using an SL(6) subgroup of FEg(6) generalised geometry [27]. For d = 7, we have the S 7
in Ey(7) generalised geometry that we have focused on in this paper. In all these cases, the
choice Ggym = SO(d — 1) leads to an inhomogeneous action, an SO(d — 2) structure and a
commutant Cgy,q)(SO(d — 2)) = SL(2) x SO(1,1). The corresponding ‘scalars’ then have
non-trivial internal coordinate dependence. We have for example analysed the equations of
motion following from the d = 4 case and found similar expressions to (D.10) to (D.12).

Another example worth considering would be Gsym = SU(3) in S, leading to an associated
generalised SU(2)-structure. This would again lead to an infinite consistent truncation with
Cey, (SU(2)) = SL(2) x SO(6,3), and S7 dependence on the corresponding ‘scalars’. The
equations of motion of appendix A.2 particularised to this setup must contain at least two
interesting anti-de Sitter solutions with residual N' = 2 supersymmetry and SU(3) x U(1)
bosonic symmetry: those first obtained in [28] and [29]. The former can in fact be obtained
as a solution of the finite truncation associated to the conventional parallelisation on S,
namely, as a vacuum of SO(8)-gauged supergravity. The solution of [29], however, lies outside
the gauged supergravity truncation and has naturally associated an infinite-dimensional
truncation of the type we have described in this paper. While the solution of [29] has already
been briefly described within EGG [30], it would be very interesting to recover it within our
formalism, in order to open up scope for further developments.

The existence of these already known solutions to our field equations cries for a systematic
search of supergravity solutions using our formalism.
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A Equations of motion for deformed generalised parallelisations

A.1 Supergravity equations of motion from exceptional field theory

The action of supergravity in the full exceptional field theory approach [7, 17] is

S = / a"z dy /1ol (R(g) + ; D SMYMNDIA Y — V(M, g)
(A1)
— ZMMN]:,WM]:“VN +.. ) + /,Ccs.

While we are mostly interested in the case n = 4, described by the E;(7) ExFT [18], we keep
our presentation general where possible. Thus, the dots in (A.1) denote further gauge field
kinetic terms: these are not present for n = 4, and we will ignore them below. The numerical
constant « is that appearing in the generalised Lie derivative (2.1), and for E;( is given
by a = 12. The coefficient c4 of the kinetic term for the one-form gauge field is equal to
1/2 for Er(7), and is 1 otherwise. This reflects the fact in the Er(7) case, the field strength
of this field is subject to a self-duality constraint imposed by hand:

1
FuM = _519\1/2GWPUQMNMNKJTPUK. (A.2)
The ‘scalar potential’ is:

1 1
V= — EMMNaMMKLaNMKL + §MMN3MMKL8LMNK (A3)
3

1 1 1
— 531\4 In |g|on MMN — ZMMNaM In |g|On In |g| — ZMMN(?MQ“”GNQW-

Finally there is a Chern-Simons term whose definition is dimension dependent. For E7(7), this
is defined such that the variation equals (A.10), below. The equations of motion following
from varying the ExFT action (A.1) are then as follows.

FEinstein equation. Varying (A.1) with respect to g"” we obtain the following Einstein equation:

A 1 “ 1 c
0= R - 5 9mw (R[g] + EQPUDpMMNDgMMN — :MMN]:MM]:""N)
(A.4)
1
+ Vi + @DMMMNDVMMN - C?AMMNFMprVUngU ,

where we have collected the following non-manifestly covariant terms involving internal

derivatives:

1, _
Viw = 59V (M, 9) + 5191 gu0n (9" (@n MMY + MMV oy In g)))

1
Eg;w
1 1 1
- 5‘g|_1/28M(|g|1/2MMN)aNg;W - QMMNgupaMgpoaNgau - §MMN8M6N9/W .
(A.5)
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The Ricci tensor and scalar are given by the usual expressions
Ry =D,l’ — Dl + T T =TT, R=g"™R,, . (A.6)

in terms of the standard Christoffel symbols, where however all derivatives are covariantised

under generalised diffeomorphisms via D), = 8, — La4,,.

Scalar equation. Varying the action (A.1) with respect to MM¥  and taking into account
that M parametrises a coset, we obtain what we refer to as the scalar equation of motion:

0 = MpuP" v QM Kk1, (A.7a)
1 .
Kun = = 119l Dl D Masx) + 119l * Mare My Dy(lg| /> D MKF)
C
+ ?AMMKMNL]:WK}-WL + Viuny 5 (A.7b)

where we again collect the terms involving bare 0j; derivatives:

1 1
Vun = EaMMKLaNMKL — iaMMKLaLMNK
1
— @aK(MKL (O My — 200y Mpy)
1
+ @MKMMLNap(MPQﬁQMKL — QOzMKQaQMLP)

1 1 1
— @813 In |g|MPQ(3QMMN — QQGMMQN) + ZaMg‘“’aNgW — 581\48[\[ In|g|.
(A.8)

Gauge field equation. Finally, varying the action (A.1) with respect to Ai\f gives:

0Lcs

1
- ﬁaMMKLD“MKL + |g|_1/28p(|g|1/2MKMD“MPK)

0= calg| /2D, ||g|"2 Marn FN| + g 712

(A.9)
- %QMAOMQW Dgup + 9" 00 g Dugpr + %81\49””1% In |g]
+ 9" 0mDy In|g| + OnDog™ .

For E7(7), ca = 1/2, and the Chern-Simons contributions are [18]

_1/9 0L Lo vpo
9172 = — gl 2D, F N (A.10)
m

which double-up with the first term in (A.9) on using the self-duality condition (A.2).

A.2 Equations of motion for deformed generalised parallelisations

We now rewrite the above equations of motion in a way that is adapted to describe deformations
of generalised parallelisations. We will begin with the following ansatz

gMV(xa y) = A2<y)§uv(x7y) ) MMN(%', y) = EMA(x7y)MABENB(x7y) ) (A11>
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where M4p is assumed constant. For My, this is completely general and always possible
locally. Similarly, contrary to the conventional ExFT generalised Scherk-Schwarz ansatz [9, 31],
we allow for a possible internal coordinate dependence of the external metric, subject to the
factorisation involving the weighted scalar A(y). The above can be viewed as the starting
point for a ‘flux formulation’ of ExFT, for the internal sector see [32, 33] and a version for
the full theory in the SL(5) case see [34].

Treating A as a scalar of weight —w = n%, we define a weighted generalised frame EM 4 =

AEM 4. We then define ‘generalised fluxes’ aka non-constant trombone and embedding tensor
gaugings via the usual ExFT formulae:

Le,A =047, Lg,Ep=-Xap"Ec, (A.12)

where the embedding tensor © 4 5% and trombone 04 are defined via:

n—2

XABC = @ABC —5%9A+OJEPCBDA9D, (A.13a)
1 N B
04 = —SA((n—1DEY 40n I A = QpsP), (A.13b)
045° = A (QABC — aPBP pOp AT + alIP’CBDAQEDE> ; (A.13c)
n —_—

where Q45¢ = EM 4 EN 50y En© and PACp is the adjoint projector. The former is adjoint
projected: PAgCpQpc? = Qpp?. The definition (A.13c) of the embedding tensor can
be written as

048 = K(Pro)as”, P rAQpp" (A.14)

for some projector onto the embedding tensor representation (denoted Rg here) and a constant
k. For E7e7 in particular, Rg = 912 and k = 7 (see appendix B).

Covariance under generalised diffeomorphisms guarantees that all terms in the equations
of motion will regroup in terms of the above generalised fluxes. This covariance is manifest
for all terms excluding the contributions V), and Vi, to the Einstein and scalar equations of
motion. After some calculation, the internal contribution V,,,, given in (A.5), to the Einstein
equation (A.4), can be shown to take the form

1. _ Ta A _ U 1a A _ n
Vi = §gWVeff—M AB <48A In [g| OBGuw + igupaAgpgaBgozx + §0A839W +

2

2 A
HAaBg;w) )
(A.15)
where we have defined 94 = AEM A0Mm, and we have an ‘effective potential’

1 _
Vet = Yo (MAPMOP MprOacPOppt + kMAPO 4P 05p°)

(n—2)° - up TAB A
+ 71M 0405 +2(n —2)M*"040p

_ 1 " A _ A A _uv A A _ N
+ MAB (4(3,4 In |g|0p In|g| — 04, 03") + DadpIn|g| + (n — 2)040p In \9\) :
(A.16)

Indeed, when 64 = 0 and 3,45_7“1, = 0, this reproduces the form of the scalar potential of
maximal gauged supergravity. (Note that for n = 7, with Ey4) = SL(5), Re is a sum
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of two irreducible representations, leading to a slightly different structure.) Meanwhile,
the internal contribution Vjsx, given in (A.8), to the scalar equation (A.7), factorises as
MP(MPPN)KQMQLVKL = EMAENBVAB with

nn—2) - — A
nn-2) )ME(APEB)CFMFDaCGD
(n—1)

+(n—2)0cMpaM°POpp) "

—Vap= MCDME(A|309D|B)E+Q

1 - / - _
+%MA/(APA ) pMPP (MEFMGH(@CEG@DFH+@ECG@FDH)
+H@0EF@DFE—MEFMGHMCG'MDH'@EGG/@FHH/>
— — 1 _ A _ 14 & . 1In—-2_ 4 _
1 A o _
+%acln|g|MCD@D(AEMB)E. (A.17)

To obtain the full equations of motion, we also need to specify an ansatz for the p-form gauge
fields. We again allow an expansion in terms of p-forms depending both on x and y, so that:

-AuM(xa y) = A(y)EMA(x,y)/_lHA(:U,y) ) Buua(fUay) = AQ(y)Eaﬁ(x,y)BWﬁ(x, y), (A.18)

and similarly for higher-rank forms if present. For E7(7y, the two-form B, is adjoint-valued,
reflecting our use of the index « here, but for other exceptional groups the representations
involved will be different. Note that for E7(7) one also has an additional ‘constrained
compensator’ two-form By, ar, see [18], for which the appropriate ansatz in this case is [9]
B (x,y) = —28%(y) E” p(2,y)0m Ep™ (2, 9)t* AP Buwa (2,9) + Ay) Ex* By a(, y). Tt can
then easily be checked that

Dugvp = A’Dugup, DuMun = Exf*ENPD, Map, FuM=AEMAE,A,  (A19)
where the covariant derivatives are
Dyugup = OuGvp — 24,"04Gup — L, Gup (A.20)
DyMan = 20,BpC B (1p)c ~ 24, (©cia® Mayp + P4 Pt
— L5, Map, (A.21)

where £ A, takes the same form as the usual generalised Lie derivative expressed in terms of

the indices A, B, . .., partial derivatives d4, and the barred fields appearing in the expansion in
terms of Ej*. The field strength of /I#A is, specialising here to the E7(7) case for definiteness:

FW,A = 2ENA6[M(ENB/_1V]B) + XBCAA[NBAV}C + (@Aa - 16tOCAB¢93)BW/a
o o 1 _ (A.22)
— L, Ayt — 12674805 B,,5 — §QABBWB :

For other groups, the differences will be in the representation structure and coefficients of
the term involving the two-form Bm,a, while the compensator two-form BW 4 will be absent.
Then, with external indices raised with g"¥, we have the following.
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FEinstein equation. The Einstein equation (A.4) is:

o Lo = L oy 1 v CA & Appo
0= Rm/(g) - EQW (R(g) + @gp DpMABDUMAB - IMABFPUAFP B_ Veff>
1= - - CA = = oAz
+ ED#MABDZ,MAB — ?MABFM,AFVPB (A.23)

n—2
2

_ 1A A 1. A oA - Ly oA 5 =
— MAB (48,4 19| 0BG + 5919049 OBgov + 5 040B Gy + 9A639/W> )

where Veg is defined in (A.16).
Scalar equation. The scalar equation (A.7) is:
_ _ 1 R 1 — = = -
0= ME(APEB)CFMFD< _ %‘g‘ 1/2DM(|9|1/2DP«M0D) + %MGHDHMCG’DMMDH

C — — — —
+ QAMCGMDHFHVGFMVH> + VAB R

(A.24)
where Vyp is defined in (A.17).
One-form equation. The one-form equation (A.9) is:
0— |§|_1/2D,,(|§|1/2MABF””B) 4 éMCDDMMBD <@ACB _ Oé(:;: 12)2550(/)
— |g|"/2MPBC0c(|g|" 2D Map) + 3" 9aDy In |g| + 04Dy g (A.25)

1 54 _po= _ CUNA —up 1, _ = _
- §g“>‘8Ag”pDAg,,p + §" 943" Dy gpx + §8Ag‘“’D,, In|g|.

For the Ey7) case, this is the equation that results after applying the self-duality condition
to combine the terms resulting from the kinetic and Chern-Simons variations. In this case we
also have the self-duality equation which takes an identical form to (A.2), namely

F

1. _
= —51911/25W,,UQABMBCFWC. (A.26)

The above ansatz can then be adapted to cover the cases of interest in this paper.

A.3 Lower-dimensional equations of motion for finite consistent truncations

A special case of the above construction leads to equations of motion which are those of a
conventional finite consistent truncation to a lower-dimensional theory. In this case we have

EM a(z,y) = UM )V )aP (@), UMaly) =UY )L () (A.27)
and define the scalar matrix, M ap, of the consistent truncation via
Map(z) = VA% (x)McpVpP (z), (A.28)
while g, = gu(x) and the gauge fields of the previous section are expanded as?

A =V K P A (@), Buva = Vo T3 Buva (). (A.29)

2In addition now BWA = 0 for the additional compensator two-form.
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These definitions ensure firstly that we can ‘factor out’ the scalar matrix Vg within the
equations of motion as previously formulated.

Next the expansion of the gauge fields singles out only the components X747 defined
in (2.23) of the generalised fluxes X 43¢, which are now defined in terms of UM 4 from (A.27)
and A. We assume these components X; 4B are constant. Acting on the external metric and
the scalars we will thus have in particular the following covariant derivatives:

Dugup = a,ugup - 2A,ulalgup> (A 30>
DyMap = 0,Map — 24, X;4“ Mp)c — 24,/ 0 Mag

as well as

D,F,,  =0,F,,"+ A, X;k"F,,~

Lo ; (A.31)
D (DyMap) = 8,(DyMag) — 24, X 1(4° D, Mpyc — 24,10:D, Magp .

Einstein equation. Working through the above definitions and logic, the Einstein equa-
tion (A.23) becomes:

_ 1_ B 1 c
= R (9) — 59uw (R(g) + EQ’MD;)MABDGMAB - ZAMIJFngFpUJ _ Veﬂ>

1 ca
+ BD,MABDVMAB - ?MI 7F., P (A.32)
1
Vet = T(MABMCDMEF@ACE@BDF + kMAPO PO RpY)
oK
—92)3 -
+ uMABHAQB +2(n —2)M*Bd,05. (A.33)
n —

Note that the scalar matrix Map encodes a set of scalar fields ¢*, and we can always write
their contributions to the Einstein equation as

1

4QDHMABDVMAB = Gr7D,.¢" D, o7 | (A.34)

where Gz 7 is the scalar metric of the non-linear sigma model given by ﬁ@uM ABOFMAB . The
covariant derivatives D, express the gaugings arising from the components of the intrinsic
torsion singled out by the vector fields. Here we have not attempted to simplify the form
of Vog and left it written in terms of the Y-dependent © and 6 of (2.19). The final term
includes a derivative 5,4 = AUM 49;;. To have a standard dimensional reduction, we require
that Vg does not depend on the internal coordinates.
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Scalar equation. The scalar equation (A.24) becomes:

1 __ _ 1
0= MI(APIB)CEMED< - %\g\ 12D, (1g/"*D"Mep) + %MFGD;LMCFDMMDG

+ %AMCFMngWF FWG> Y Vag, (A.35)
< n(n — 2 <
~Vap = M®P Mp40c0pp) " + O‘(gl_l))ME(A]P)EB)CFMDFaCGD
+ (n = 2)0cMpaM PO p 5" (A.36)

1 li !
+ ﬂMA’(APA 5" o MPP (MEFMGH(@CEG@DFH +0rcOrp")
+ kOcr’Oprt — MEFMGHMCG’MDH’@EGG/@FHH/) .

It is clear that all the terms in this equation other than V4p are automatically independent
of internal coordinates.

One-form equation. Using the above definitions, and the fact that M P DFMpp is Cr a(d) (H)-
valued, the equations of motion of the one-forms can be shown to be:

- _ ) 1
0=|g|~"/2D, (g2 M1 F**) + ~ M P D" Mpp (X16” = aln - 2)K/%0c) . (A.37)

This assumes that the consistency conditions discussed between (2.25) and (2.26) holds.
For E;(7y, we should also take into account the self-duality condition (A.26). As OAB s a
H-invariant tensor, the self-duality condition is projected by a similar argument to that of
Mg, leading to the reduced self-duality condition:

FI= 0l M« FX. (A.38)

B Details for E7)

The fundamental of E7(7) is Ry = 56 and the adjoint is Ry = 133. Let M, N,... denote
fundamental indices, and «, 3,... denote adjoint indices. Denote the generators in the
fundamental by (o). In ExFT, we make use of the adjoint projector defined as [18]

1 1 1
PE oyl = (ta) X ()N = ﬂéﬁéfv + E@Lwafg - ﬂQMNQKL + (t) N (tEE . (B.1)

where ()N is symmetric. Fundamental indices are raised and lowered with the antisym-
metric invariant ;5 such that VM — QMNVN, Vv = VNQNM, QMKQNK = 5]]\\;[, while
adjoint indices are raised and lowered using the Killing form, ras = (ta)m™ (t3)n™. In
defining the embedding tensor, we use the following projector [35]

1 o
P912Aa7 Bﬁ = ? (5555 — (XtaEBtBAE + n_]-taAEtﬁEB) , (B2>
such that in fundamental indices
1 «
Py1245°, "7 = - <5§)PCBEF — aP B P 4 + n_llP’CBGAPDGEF> , (B3)
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Acting on €, gt which is already adjoint projected we can replace PE LGy with 556%1'. Hence

o 1
Po1248%, PP pQpp! = (5£5CF5BE — aPYBP ok + MPCBEA5£> Qppf = ?@ABC-

(B.4)

| =

SL(8) basis. Let A,B =1,...,8 denote fundamental indices of SL(8). The fundamental
of E7(7y decomposes as VM = (VAB V45), where V4B and Vyp are antisymmetric. We use
the contraction convention VMW, = %(VABWAB + VasWB). The adjoint decomposes
as to = (ta%, tasep) and the non-zero components of the generators are, following the
conventions of [36]:

1
(14w = 4 (S5 + 505057 ) = ~(ta®) 7 .
B.5
1
(tapep) 79 = 205580 | (tascp)ergmn = 13 CABCDEFGH -
Then the Killing form has non-vanishing components
1 1
kPP =12 (55 53 - §5f\5? ) ,  KABCDEFGH = 5CABCDEFGH - (B.6)
We can write the adjoint projector used in ExFT as:
1 1
PKMLN — ﬁ(tg]:)MK(t]:g)NL + 5681...54.7-'1....7:4 (tc‘fl...54)MK(t]:1....7:4)NL ) (B7)

SO(8) branching. The SO(8) branching is performed by identifying fundamental SL(8)
indices with 8, indices. One can now raise and lower indices with the SO(8) invariant tensor
0.4p- The adjoint of Er(7) branches as: 133 — 28 + 35, + 35, + 35, with the corresponding
identification of the generators as follows:

1
Rag =2t%pc. Sag =2t 0pc. tigep = o (tABCD + ﬁABCDs}'gHtg]:gH) - (B.8)

C Details for the case Ggym = SU(4)

Here we give some details corresponding to the example worked out in section 3.2.
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The coset SU(4)/SU(3). We construct the coset SU(4)/SU(3) following [37]. Consider
the Gell-Mann-like matrices for SU(4):

0700 0100 i 000

o _|iooo0 o _|-to00 o _|o-ioo0

W~ foooo0]|’ @~ ooo0o0|’ G~ 1oo0oo00]’
0000 0000 0000
00i0 0010 0000

__|oooo0 o _|0o000 o _looio

W= li000]|’ G~ (1000’ ©~loiool’
0000 0000 0000
0000 50 00 000

0 = 0 0

T A I N I R (C.1)
0-100 00 -2%0 0000 :
0000 00 0 0 1000
0001 0000 0000

o _|ooool _foo00: ool

=109 000]> "™ fooo0]|’ 2~ 10000}/’
~1000 0500 0-100
0000 00 0 0 s 000

L _|ooo0 o000 a_OﬁOO

B~ 1oo00i|” "W foo o0 1|’ 1) =10 0 20
0020 00-10 0 0 O—i\/g

We can view these matrices as acting on the complex space C* with coordinates Z =
(21, 29, 23, 24). We can identify C* = R® and define real coordinates # = (z*!) such that

2 % (a:l + ia:Q)
L (23 4 it 7
s= |2 =2 ( . 6) , (i) = UZ, (C.2)
23 NG (z° +ix®) z
24 % (27 +ix®)

which can be seen just as a unitary rotation of the 8, representation of SO(8). The represen-
tation of the Gell-Mann matrices on the 8, of SO(8) is accordingly given by:

o)~y ( " 0 ) U. (C.3)

#) ()
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These matrices provide a (real) representation of SU(4) acting on the 8, of SO(8). In terms
of the above coordinates, the SU(4) invariant tensors {€2, J} can be defined via:

Q = (do! 4 id2?) A (da?® 4 idz?) A (da® + ida®) A (da” + ida®)

C4
J =dz' Adz? + da® Adz? + da® A da® + da” A dad. (G-4)

Now we construct the SU(4)/SU(3) coset element L(y) acting on the 8, of SO(8) as Follow-
ing [37], it can be obtained by exponentiating in terms of Euler angles as:

(8v) (8v) (8v) ¢2a(8v) 1

1 (8v) (8v) 1 (8v)
L(y)®) = 196) %@ %) %) ViU 93900 ¢ V3P

1), (C.5)
The embedding coordinates of S7 in terms of this particular choice of angular coordinates are:
MA:(L(y)(sv))BA(UO)B7 U0:(070707070707071)' (06)

The 56-dimensional representation of L(y) is then obtained just by the standard embedding
of SO(8) into SL(8) inside Er(7):

(2L B (L(y) )P 0
L(y) = ( 0 Q(L—l(y)(SU))[AC(L—I(y)(Su))B]D> (C.7)

The SU(3)-structure. The SU(3)-structure is given by the generators of SU(3) embedded
into Er7y via

(a4 st (C.8)

where t 48 are the generators of SL(8) C E7(7y. These SU(3) generators coincide with those
of [24], so we borrow here their notation and conventions. The branching of the 8, of SO(8)
under SU(3) reads 8, — 3 +3 + 1 + 1 and leads to the splitting of the index A = (i, 7,8),
where i is the 6 = 3 + 3 of SU(3). We can write CE.y (SU(3)) = SL(2,R) x SU(2,1) in
terms of the SU(3) invariant tensors:

Q = (da! +ida?) A (da® +ida?) A (d2® +ida®),

J=da! Ada? + dad A dat + da® A da® . (€9)
The SL(2,R) factor is generated by
Hy = —%(tﬁ — 3t;" — 3t5%) | Eo=6J9trs Fy = g JI T e, (C.10)
while the SU(2,1) factor is generated by:
Hy = —t7" +1t5°, Hy = Jj't,
By = —V2Im Q7 45, E1p = —V2Re Q9% 15, Ey = —V2ts",
Fi1 = V2Re Q% 47, Fig = —V2Im QY% 47, By = —V/2t;5 (C.11)

The indices ¢, j and 7,8 can be raised and lowered with the respective 6- and 2-dimensional
Euclidean metrics. The coset representative is defined by:

VAB _ <€3UH16—\%(aEz—\/ngu—\/gszlz)e;(2U+V)H06hEo> B' (0‘12)
A
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The SU(3) invariant vectors K;4, I = 1,...,4 are defined through the condition
(a5 (t48) 5 K P = 0, (C.13)

Bllianchir}g the 56 of Ey ;) firstly under SO(8) and second_ly under SU(3): (4) — ([AB],[AB} ) —
([”},[m L8] [78] S[ig] 5[i7] »[i8] [78] )» Where i is the 6 = 3 + 3 of SU(3), one can express the four
invariant vectors as:

1 ..
K(l) = %(‘]1‘770707070707070)7 K(2) - (070707 170707070)7

| (C.14)
K(S) = 7(070707()) Jijaoaovo)v K(4) = (O>O7070707010a 1)7

V3

where 4, j indices are rised and lowered with ¢;;, and we have made a convenient choice

of normalisation.

D Details for the case Gsym, = SO(7)

Here we collect some details pertaining to the SO(7), example described in section 3.3.
The coset SO(7)/SO(6). The generators of SO(8) in the 8, representation are given by:
(Ras)p = 26{,08)p - (D.1)

The 8, representation of SO(8) is branched to the 7 + 1 under SO(7),. Therefore, we have
the splitting of the fundamental index A = (¢,8). The SO(7), subgroup of SO(8) is generated
by Ri;. Under SO(6), the index ¢ further branches as ¢ = (7,7), where 7 transforms as
the 6 of SO(6). The SO(6), generators are given by R;;. Following [38], we obtain the
SO(7),/SO(6), coset by means of the exponential:

L(6)®) = 2 thir (D.2)

This can be rewritten in terms of S® embedding coordinates by means of the identifications

- in 79{6g ~ ~ o~ :
My = QZS(Z\/\/Z*TO)’ tr = 1 — Zil’bi/"bi7 leadlng to:

Azfig ~
(e fEE o
L)) = 17 pa7 Of - (D.3)
0 01

The explicit evaluation of the embedding coordinates fi; in terms of internal coordinates give
us L(y). The embedding coordinates of S” with this prescription are obtained as:

wi = sin(07)i;, s = cos(f7). (D.4)

The 56 dimensional representation of L(y) is then obtained using (C.7).
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The SO(6) structure. The commutant of SO(6), is given by Cg, ,, (SO(6),) = SO(1,1) x
SL(2). The factor SO(1,1) is generated by:

ﬁo = %H@ = —% (tii -3 (t77 + t88)> , (D5)

while the factor SL(2) is generated by:

- 1
Ey=ts", F = —EF2 =t5. (D.6)

Hy = éHl = —% (t77 — tgg) y El = —i

V2
We define the coset representative for V € Cg,, (SO(6)s) / Csu(s)(SO(6),) by:

Va8 = (e%¢(07)ﬁ0e%sﬁ(97)ﬁ1ex(97)E1)AB_ (D.7)
The SO(6) invariant vectors K4, I = 1,2 are defined through the condition
(Ri7)*5 ta®)* 5K =0, (D.8)

Branching the 56 of ;) firstly SO(8) and secondly under SO(6),, so that (4) — (A8l J[AB] ) —
([5517[57} ,[18] ,[78] [17) 2[37] >[8] »[78] ), one can express the two invariant vectors as:

K(l) = (0701 0,1,0,0,0, 0) ) K(Q) = (07070701 0,0,0, 1) . (Dg)

Equations for vacuum solutions. Here we record the equations of motion arising when
assuming the gauge fields vanish, the external metric g,,(x,y) is y-independent and the
scalars are independent of four-dimensional external coordinates. Suppressing their remaining
07 dependence, the equations that arise for the scalars are:

0=20(—e*(x4cot(67))%+sinh(¢) —cosh(g))+e2(#+9) (X'+5X2+6xcot(07) _1)2
+e%¢ (—4@’(5)(4-3 cot(07))+¢"* —10x'+50x? 460y cot (67) (D.10)
+4¢" +6¢ (¢ +4cot(67)) +20csc?(67) —26)
+25(sinh(2[¢—p]) +cosh(2[p—¢])) ,
0= —80¢# (cot?(07) — 4x (x+cot(67)) ) +160¢*x* (x +cot(67))? +160e
+2¢2¢ (60X (¢' =3 cot(67)) — (/)2 +30y —225x>
—2("+2¢"+23) +6¢' (2cot (67) — ) —6(¢)>+40 csc2(97))
—~2e2#9) (60x® (G oot (07) — ') — (X' ~1)+225x
—4y (2<p’ (X' =1)+x"+9cot(07)x'+3 (' —1) ¢’—3cot(97)) ®-1)
X (= 260"+ () +46" ~ 6¢' (¢/ +12c0t(07))
+6¢' (¢/ —2cot(f7)) +68csc?(67) —92))

2
— Gy et t2e (x'+5x2 +6x cot(07) — 1) —150e2972%
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0=10e3?¢' —15e3? (¢/ +4cot(7)) +60cot(f7)e?? (ezwx(x—i-cot((%)) —i—l)
_63¢+4wx(2 (X' =1)*+5x> (2 (¢ +6cot(67)) +3¢')
2,2 [6 cot(67)¢ +10x +9cot (07)¢ +33 csc?(07) —41]
+x [2@' (X' —1)+x"+6cot(67) (5x'—4)+3 (x'—1) gb']) (D.12)
1 30t20 (2<p' (X' = 1) +x"+6cot(67)x’
+2x {go"—l()xl—k?xp' (¢'+4cot(67)) —9cot(07)¢' —33 cs02(97)+4l}

+3(x'—1) ¢' —30x* (¢/ +4cot(67)) ) .
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