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1 Introduction

Symmetry plays a prominent role in physics, and have been a guiding principle for many
researches in various contexts. Here we list some examples: prediction of the form of energy
spectrum, classifying phases of matter based on symmetry breaking, understanding of physics
in the vicinity of fixed points of critical phenomena, and many more. In recent years,
a plethora of efforts have been devoted to update the concept of symmetries. One such
example is generalized symmetry, a.k.a., higher form symmetry [1-3], which is associated
with symmetry of extended objects. Fruitful interdisciplinary advances have been made for
decades by studying this symmetry, allowing us to make better understanding of problems
not only in the context of high energy physics but also in view of condensed matter physics,
such as classifying topological phases of matter.!

Newly proposed fracton topological phases [6-8] have motivated one to explore other
types of symmetries — multipole symmetries. To see how, let us first briefly recall the
property of the fracton topological phases. Distinctive feature of these phases is that
mobility constraints are imposed on fractionalized quasiparticle excitations, giving rise to

!See, e.g., recent pedagogical reviews [4, 5] and references therein.



subextensive ground state degeneracy (GSD) on a torus geometry [9, 10]. Due to this
property, one faces an issue with the UV/IR mixing, implying incapability to resort to
preexisting theoretical frameworks, such as topological field theories. To handle this problem,
new types of symmetries have been introduced — spatially modulated symmetries. One of
such symmetries is multipole symmetry [11-17], associated with conservation of multipole
moments, such as dipole, quadrupole, and octopole, e.t.c. Previously, it was argued that the
multipole symmetries give rise to mobility constraints on excitations, which play a crucial role
in understanding of fracton topological phases (see, for instance, [14, 18-21]). Furthermore,
based on the algebraic relations between global and dipole charges, a series of topological
models have been constructed [22, 23]. Despite several attempts, full understanding of these
symmetries remains elusive.

In this paper, we discuss a class of field theories with dipole symmetry, which is the
simplest example of the multipole symmetries, and their anomalies. Furthermore, to aim
for establishing a theoretical framework which contains broader scope, incorporating dipole
symmetries and other types of symmetries in a unified way, we explore the interplay between
the dipole symmetries and higher form symmetries. To this end, we deal with two types of
symmetries on the same footing by introducing higher form dipole symmetries, and study
gauge theories associated with them.

We argue that the algebraic relation between dipole and global charges naturally yields
foliated BF' theories [24, 25], BF theories defined on layers of submanifolds, which were
studied in the context of fracton physics. There has been much progress particularly in
(24 1)-dimensions [(2+ 1)d], such as relation between foliated BF theories and another exotic
symmetry, called subsystem symmetry (i.e., symmetry on a submanifold) [26-29]. Although a
few foliated BF theories with dipole symmetries have been studied in (2 + 1) dimensions [22],
theories defined in higher dimensions (i.e., d > 2) have been much less explored. In this
work, we introduce foliated BF theories with p-form dipole symmetries in any dimension,
which host dipole of spatially extended excitations (e.g., membranes when p = 2) and study
their physical properties and ’t Hooft anomalies of the dipole symmetries. We find that
due to the algebraic relation between global and dipole charges, gauge invariant loops have
unusual form, containing linear function of the spatial coordinate. This feature leads to the
position dependent braiding statistics and unusual GSD dependence on the system size, i.e.,
the greatest common divisor between the charge N and the system size. Note that such GSD
dependence is the manifestation of the UV /IR mixing, stemming from the conservation of the
dipole. The UV/IR mixing that our theories exhibit is distinct from the one found in previous
field theories with subsystem symmetry, such as [27] where the GSD becomes subextensive.

We also show that the theories exhibit a mixed ’t Hooft anomaly between p-form and
(d — p)-form dipole symmetries, which is canceled by an invertible theory defined in one
dimensional higher via anomaly inflow mechanism [30]. The bulk theory has a similar form
as the one which was introduced in the study of the anomaly inflow when gauging 1-form
symmetries in (2 + 1)d BF theory [3], yet crucial difference from the previous cases is that we
need to appropriately impose the flatness condition of the gauge fields as they are associated
with the dipole symmetries. Our consideration can also be applied to the cases with foliated
BF theories with subsystem symmetries [24, 25, 31], whose in-depth discussion is provided in



appendix.? This paper would contribute to not only better understanding of fracton physics,
but also to achieving the ultimate goal to construct a theoretical framework, incorporating
various kinds of symmetries.?

The rest of this paper is structured as follows. In section 2, we introduce algebraic
relations between global charges and dipole moments, which play a crucial role throughout this
work. In section 3, we introduce BF theories which respect higher-form dipole symmetries. We
also discuss their physical properties, such as braiding statistics between fractional excitations
and the GSD on a torus. In section 4, we study the 't Hooft anomaly and its anomaly
inflow for the higher form dipole symmetries. Finally, in section 5 we conclude our work
with a few remarks. Some technical details, including construction of the UV spin models
that correspond to the dipole BF theories, and thorough analysis on the BF theories with

subsystem symmetry and their anomaly, are provided in appendixes.

2 Dipole algebra

To systematically introduce the foliated BF theories, we start with introducing multipole
algebra, which describes the multipole symmetries. In the present work, we focus on dipole
algebra, which is the simplest algebraic relations between global charges and dipole moments.
Note that the (zero-form) dipole algebra was introduced in the previous studies [17, 22]. In
what follows, we are going to generalize such an algebra to higher form, which is necessary
to investigate the BF theories and their anomaly.

Suppose that we have a theory in (d + 1)-dimensions with conserved (p — 1)-form charges
associated with global U(1) and dipole symmetries, defined on (d 4+ 1 — p)-dimensional spatial
submanifold, ¥441-,. We denote the global charge by Q[X441-p] and dipole charge by
Qr[Xd+1-p|, where the index I =1,--- ,d denotes the dipole degrees of freedom in the I-th
spatial direction. Also, throughout this work, we interchangeably represent the spatial
direction I = 1,2,3,---, as I = x,y, z,--- , depending on the context.

While the charge @ follows the relation

[iPr,Q] =0, (2.1)

the dipole charges are subject to the following relation:

[iPr, Q] = 0rQ. (2.2)

An intuition behind this relation can be understood by associating the global and dipole
charges with p, xjp, where p denotes the density of the U(1) charge, and z; as the J-
th spatial coordinate, respectively, and thinking of shifting them by a constant in the
I-th direction (I,J = 1,---,d) [22]. For instance, if we shift the dipole moment zp
by a constant in the I-th direction, then the change of dipole moment under the shift

2See also e.g., [32-35] for discussion on anomaly inflow for subsystem symmetries in other theories,
and [36, 37] for anomaly inflow for a (1 + 1)d scalar theory with the second order spatial derivatives based on
the so-called wire construction.

3Recently, a work [38] studied anomaly inflow for fractal symmetry, which is another important, example of
spatially modulated symmetries. We thank D. S. Guihereme for bringing it to our attention.

4Here we take 1 < p < d. The p = 1 case corresponds to the ordinary global symmetry.



gives (r7 + Axzy)p — xrp = (Axy)p, where Ax; is constant, corresponding to the nontrivial
commutation relation between the transnational operator and the dipole. Such an intuitive
understanding of the relation (2.2) will be useful in the discussion on the BF theories
presented in the next section.

We write the charges Q and ()7 via integral expression using the p-form conserved
currents as

Q[Xa+1-p] :/ P, QrlSap1-y) I/ P,
Ed+17p ZdJrlfp
To reproduce the relation (2.2), we demand that
s KW = kP — gy 5 §@) (2.3)

with k}p ) being a local (non-conserved) current. One can verify the relation (2.2) by (2.3). With
the dipole algebra (2.2) with (2.3), we gauge these symmetries. To do so, we introduce U(1)
p-form gauge fields a(®), AT®) with the coupling term being defined by®

d
S, = / <a(p) Aj®) £ 57 AT@) A *k§p)> , (2.4)
Vi

I=1

where V11 denotes the spacetime. We need to have a proper gauge transformation in such a
way that the condition of the coupling term being gauge invariant yields the conservation law
of the higher form currents. It turns out that the following gauge transformation does this job:

a® — a® 4 AP 4 (—1)p1 Zal(pfl) Ndxy, AI®) 5 AI®) 4 gole=1), (2.5)
I

Here, A®=1 and o/®=1) denote the (p — 1)-form gauge parameters. Indeed, one can verify
that the gauge invariance of the coupling term S, under the gauge transformation (2.5) yields

dx;i® =0, d(*k&p) — %) :d*K}p) =0.

In what follows, following the terminology in fracton physics [24, 25], we interpret dx; as
1-form field, that we dub foliation field:

el = day. (2.6)

In the context of fracton topological phases, such a field was introduced so that along the
foliation field, layers of submanifolds are stacked.

For later purposes, we also define the dipole algebra with hierarchy structure being
inverted, which we call dual dipole algebra. To do this, instead of (2.1) and (2.2), we think
of d global charges @ 7 and one dipole charge @ with relation

[iPI7 QJ] = 07 [iP[, @] = _@1- (27)

5As discussed in [22], one can regard the gauge group as U(1), taking the fact that quantization condition

of the dipole gauge field depends on the length of the dipole into consideration. As we will see soon below, if
we define the theory on a discrete lattice, it can be understood by that the dipole charge is quantized since
the lattice spacing becomes a minimal unit of distance. We set such a length to be 1 throughout this work.



Analogous to the argument below (2.2), this relation can be intuitively understood by
interpreting the dipole and d global charges as 7 = — Z‘}Zl xrpr, and py, respectively, and
thinking of the translation operator that acts on it. For example, by shifting the dipole 7 in
the I-th direction, one obtains the second relation in (2.7). Following the similar argument
presented around (2.3)-(2.5), we define gauge fields associated with the global and dipole
charges (2.7) as a’ () and A® respectively with the following gauge transformations:

al® 5 gle) 4 qgple=1) _ (—1)p=lg= el AP 5 AW 4 g5e—1), (2.8)

Here, X!~ and 5~ the are the (p — 1)-form gauge parameters.
The dipole algebra (2.2) is related to the dual one (2.7) by inverting the hierarchy
structure of the algebra. Stated symbolically,

Q1 Q2 -+ Qu Q
{ Q } ° {QQQ} 2

These algebras put different mobility constraints on charges. In the case of the dipole
algebra (2.2), a single charge is immobile as dipole moment is conserved in any spatial
direction. On the contrary, in the case of the dual dipole algebra (2.7), which consists of
d charges (labeled by I = 1,--- ,d) and one dipole, the I-th charge, @1, is mobile in the
direction perpendicular to the I-th direction, yet it is immobile in the I-th direction. Such
mobility constraints play a crucial role in understanding physics of the dipole BF theory that
we study in the next section. In what follows, we will discuss 't Hooft anomalies in the BF
theories, relegating the discussion on the subsystem BF theories to appendix C.

3 Dipole BF theories

In this section, we introduce BF theories with the dipole symmetries that we dub dipole BF
theories. Due to the UV/IR mixing, treatment of the dipole BF theories in the continuum
limit is a bit subtle. To handle this issue, we put our theory in more appropriate format, that is
sometimes called integer BF theory [15], consisting of integer valued gauge fields on a discrete
lattice. We discuss several physical properties of the model, such as braiding statistics and
GSD on torus geometry before diving into the anomaly inflow of the higher dipole symmetries.

3.1 Model

Using the gauge fields a®) and A/(®) in (2.5) associated with the dipole algebra (2.2), we
introduce the following gauge invariant (p + 1)-form fluxes:

FOD = gq®) 4 (_1)pZAI(p) nel,  FIeHD .— gAl®), (3.1)
I

In terms of these fluxes, let us consider the following (d + 1)-dimensional theory, which
we call p-form dipole BF theory:®

L= g lb(dp) A FEtD 4 ch(dﬂv) A FI(erl)]
7T
I

N
— 2 |pld-p) (P) L (1P I(p) A of I(d—p) I(p)
5 [b A (da +(—1) §I AP Ne ) + EI c AdA ) (3.2)

SHere we take 1 < p < d — 1. In the case of p = d, the theory describes a spontaneous symmetry braking
phase, which we do not consider in this work.



where b(@?) and ¢/(4=P) denote the (d — p)-form gauge fields. Note that this BF theory
admits the following gauge symmetries in addition to (2.5):

d=p) 5 (Jd=p) o gy Ild=p=1) 4 (_q)d=pgld=p=1) ol pld=p) _ pld=p) 4 gold=P=1) (3 3)

corresponding to the dual dipole algebra (2.8).

To study physical properties of this theory, such as braiding statistics of fractional
excitations and the GSD on a torus geometry, we face an issue with the UV /IR mixing —
the theory is sensitive to the UV physics, making analysis on the theory in the continuum
limit much more challenging. To remedy this problem, we make use of argument presented in
e.g, [22, 39], where we introduce integer BF' theories, consisting of integer valued gauge fields
which are defined on a discrete lattice. In this formalism, we discuss braiding statistics and the
GSD to get more physical insights from the theory (3.2) before studying the anomaly inflow.

3.1.1 Notations

To do this, we prepare several notations. In order to investigate the integer BF theory with
dipole symmetry, comprised of integer valued gauge fields, we define an integer valued p-form

field, located on a p-cell in a (d + 1)-dimensional discrete lattice as’

N A 1 . .
A (£4) 3= D0 Sgn(0) AL sy (), (3.4)

where [f11 - - - p1,] denotes p-th anti-symmetrized index and o represents the permutation with
its signature denoted by Sgn(c). Also, we have introduced the coordinate of the field as
A = (29,21, - ,24). Without bringing any confusion, we omit the lower case indices and
the coordinate of the gauge field on the left hand side of (3.4), and simply write it as A®),
We introduce two more notations. We define a differential operator A, mapping a field A®)
to AA® on (p 4 1)-cell, which is given by the oriented sum of A® on the boundary of
the (p + 1)-cell. More explicitly, it is defined as

5 1 3
AAfﬁmupﬂ} = o > SQTL(U)A%(UAl(f?(2>“'ﬂo<p+1>v (3.5)

which is abbreviated as AA®) . We also define the following integer valued field located on
(p + 1)-cell, which corresponds to the wedge product between a p-form field and a foliation
field e! in the continuum:

. 1 -
APl = . > Sgr( )AL Oy (T =150 ,d). (3.6)

Here 55 represents the Kronecker delta.

3.1.2 Integer BF theory

With these preparations, now we are in a good place to discuss the integer BF theory. The
integer BF theory that corresponds to (3.2), which is defined on a (d + 1)-dimensional

"The field with a tilde on the top (-) represents integer valued field throughout this work.



discrete lattice, reads

5= % [b(d P) ( 1Py A ) + Y IAAIP (37
cell I

(p+1)— I

Here, the gauge fields a® and A!®) reside on p-cells in the lattice whereas b(@?) and
¢'d=p) do on dual (d — p)-cells. The theory (3.7) consists of d + 1 layers of the p-form
Zn BF theories, corresponding to the first and third terms, and the coupling between the
BF theories described by the second term. In this sense, (3.7) is the p-form analog of the
foliated BF theories [24, 25]. Note that while in the preexisting foliated BF theories are
made of subextensive number of layers of the BF theories, our theory consists of the finite
number of layers. As shown below, the coupling between the layers brings unusual physical
properties such as braiding statistics and the GSD.
The theory (3.7) admits the following gauge symmetry:

a® — a® 4 AglP= 4 (—1)p-t Z&I(p_l)e] + NEP),

A0 AT0) 4 AT 0D 4 NELP),

7 (d— 7 (d— ~(d—p— = (d—p)

pld=p) _ pld=p) 4 Apld—p U—i—Nké P)
glld=p) _ &lld=p) L AgI(d=p=1) | (_q)d=pjld=p=Del L NEI(d=P)

The integer valued gauge parameters Y?~1) and 5/®~1) are defined on (p — 1)-cells whereas
7@=P=1) and 37(4=P=1) are introduced on dual (d — p — 1)-cells. Also, i) and %i(p) [l;:l()d_p)
and kL% )] are integer valued fields on p-cell [dual (d — p)-cell]. Note that while gauge
fields @® and A’(®) are subject to the gauge transformation of the dipole algebra (2.5), the
other gauge fields b4 and & (4=P) follow the dual dipole algebra (2.8). In the following,
to get better handle on the theory (3.7), we study several physical properties of the model
before discussing the anomaly.

3.2 Example: d=3,p=1

We demonstrate unusual properties of the braiding statistics and the GSD of the model (3.7)
in a specific case, setting d = 3 and p = 1. Argument presented in this subsection can be
generalized to any dimension and higher form symmetries, which is given in appendix A.

3.2.1 Loops and braiding statistics

We study braiding statistics between gauge invariant loops of the theory (3.7) with d = 3
and p = 1:

SR G CER i It

Analogous to the foliated BF theories of fracton topological phases [24, 25], the coupling
between the BF theories modify the gauge transformations, giving rise to mobility constraints



on fractional charges. From the gauge transformations (3.8):

a - aM + Ax© 4+ Z GO 4 NED AW o A1) L A0 4 N,
B 5 5 1 AGD 4 Nkz(, ] J@ Ly JO 4 A Dl 4 NI,

we can construct several types of gauge invariant operators. First we have the gauge invariant
Wilson loops in the spatial direction, described by

(3.9)

where C' denotes closed path in subspace of 1-cells. We also have gauge invariant surface
operators given by

Vi (S™) := exp [ Zb(z)]

VI(S*) = exp [% 25 &l )} ) for S* L I-th direction |
exp |2 S (1) — 2/6)] for §* £ I-th direction

(3.10)

where S* is closed surface defined in subspace of dual 2-cells. Note that from the gauge
transformation of ¢/(2) (3.8), depending on the direction, there are two types of closed surface
operators made of &: (i) when the surface S* is perpendicular to the I-th direction (i.e., the
surface is formed at fixed Z7), we have the gauge invariant surface operator comprised only
of the gauge field &(?), corresponding to the first line in (3.10). (ii) when the surface S* is
not perpendicular to the I-th direction, composite of &) and b® is the appropriate gauge
invariant surface operator, corresponding to the second line in (3.10).

While 1-form and 2-form gauge invariant loops are also found in the conventional (3+1)d
BF theories (or the (3 + 1)d toric code [40, 41] on the lattice), in the present case, some of
the gauge invariant extended operators contain linear function of the spatial coordinate &y,
which is a unique feature of the dipole BF theories [19, 23]. The form of the loops (3.9)
and (3.10) can be comprehended by mobility constraints on quasiparticles with the algebraic
relations (2.2) and (2.7).% We recall the fact that the gauge fields @) and A/(") are associated
with the dipole algebra (2.2), corresponding to conservation of three dipole moments, forming
in x, y, and z-direction, and one global charge. Since the dipoles are conserved, a single charge
is immobile in any direction whereas the dipole moments are free to move. Correspondingly,
a single charge associated with the gauge field @), is not mobile in any of spatial direction.
To make it mobile, the charge must accompany with the dipole moment, associated with
the gauge field AT, Also, the dipole moments are free to move — they are consistent with
the form of (3.9), that is, the form of the Wilson loop of the gauge field a is accompanied

8The mobility constraints on charges in a system which preserves the dipole moment are also discussed
in e.g., [42].



with A1) and that of the gauge field A’() may form in any direction. Analogous line of
thoughts shows that the form of the loops (3.10) can be understood by the fact that the gauge
fields &) and b follow the dual dipole algebra (2.7): three global charges p; (i = 1,2, 3)
and one dipole moment —(zp; + yp2 + zp3). For instance, a single charge corresponding to

gauge field &2

, is mobile in the y and z-direction and is not in the z-direction. To make
it mobile in the z-direction, the charge must accompany with the charge associated with

the dipole gauge field b(®), which is consistent with (3.10).

The loops (3.9) and (3.10) have several unusual properties compared with the ones in
the conventional BF theories. To see this, we introduce a lattice translation operator 7%,
which translates fields by a unit of the lattice spacing in the [-th direction. Acting the
translation operator on the Wilson loop, we find

T, Wa(C)T; !
LT _Wwi(Ty, (C 3.11
Wa(Tj; (C)) A( $1( ))7 ( )
where T3, (C) is a contour obtained by shifting C' by one lattice spacing in the I-th direction.
Similarly, the surface operator not perpendicular to the I-th direction satisfies

T Ve(SITs, (Ts,(S*))  (S* £ I-th direction) (3.12)
———L = V(T; - irection), .
VI (T3, (5%)) "
where T}, (5) is a surface obtained by shifting S* by one lattice spacing in the I-th direction.
These relations remind us of the dual dipole algebra (2.7) and dipole algebra (2.2) that we
have seen in the previous argument of the dipole symmetry,” namely, translating a loop by a
constant in the I-th direction yields another type of loop, which is in line with the dipole
and dual dipole algebra where translating a dipole moment gives rise to a charge.

We also discuss braiding statistics of the loops (3.9) and (3.10). Similar to the conventional
BF theories, we think of a torus geometry and study the braiding statistics between the loops
that wind around the torus in the spatial directions. To this end, we impose the periodic
boundary conditions on the lattice and set the system size as L, x L, x L.. Also, we focus
on the braiding the 1-form loops that go around the torus in the z-direction and 2-form
loops that run along yz-plane. Braiding of the loops in the other spatial directions can be
analogously discussed. The noncontratcible loops of the gauge fields a® and A®) that wind
around the torus in the z-direction are given by

2rri o
Waa (9, 2) := Wa(Cy) = exp [;Zax > (aW + 247 4 gAY 4 247) |
Ce

A 211 ~
Wit (9, 2) := WA(Cy) = exp [N S AT (3.13)

Ce

9See also [22] for the related relations found in lattice spin models with dipole symmetry.



where C, represents noncontractible paths around the torus in the z-direction,'® and
N
=—— ([=uz,y,2), 3.14

with ged standing for the greatest common divisor. An intuition behind the first loop (3.13)
is that the argument of the exponent has linear function of the spatial coordinate &, hence
the loop has to wind around the torus multiple times in order for it to be consistent with
the periodic boundary condition.!* The noncontractible loops of the gauge fields b(4~P) and

¢!(d=p) that are defined in dual 2-cells on a yz-plane are described by

A % 21 ~
Virys (& +1/2) :=V4(S;,) = exp ~ S
Sy

exp {% ZSZ}Z S for [ =x

Ve (& +1/2) = V/(S].) = ' b
(& +1/2) (Sy2) exp | oy Y, (@ - 20)] for I=y,7,

ey (3.15)
where 57, denotes surfaces on yz-plane of the dual 2-cells that go around the torus, forming
noncontractible 2-form loops. Similar to the first term in (3.13), we multiply the integer a;
with the argument of the exponent of the loop VCI:yZ with I = y, z to ensure that the loop
is compatible with the periodic boundary condition.

The nontrivial braiding statistics between the loops (3.13) and (3.15) is given by

2o,
Woia 5. 20Vhye (84 1/2) = Vi (& 4+ 1/2) Wasa(,2) exp | 107
I~ 2\1/J PN J A I /A~ A 27
WA:m(y7 Z)‘/;:yz (I‘ + 1/2) = ‘/;:yz (CE + 1/2) WA:a:(ya Z) eXp |:_ZN (51,J + (1 - 6I,J)aJ)
N oantrr /A z /A A 2Ty
Wosa 5.0V (84 1/2) = Vi (@ 4+ 1/2) Wasa (5,2) exp | i) (3.16)

Due to the fact that some of the loops (3.13) (3.15) contain linear function of the spatial
coordinate, &7, we have unusual braiding statistics between the loops. Especially, a phase factor
obtained by braiding between the loops VI, . and W, depends on the spatial coordinates,
as shown in the third line in (3.16). We regard it as the feature specific to the BF theory

with the dipole symmetries.'?

3.2.2 Ground state degeneracy

Due to the dipole symmetries, the model exhibits the unusual behaviour of the GSD when we
place it on torus geometry. To see how the model exhibits the unusual GSD dependence on
the system size, we place the theory on a discrete lattice with system size L, x L, x L, with

00ne naively wonders that gauge invariance retains even if §AY + 247 is omitted in the first line of (3.13).
However, we keep these terms for the sake of evaluating the GSD in a much simpler way than the case without
such terms; as we will see below [around (3.19)], W, (C5) is deformable in the y- and z-direction, allowing us
to easily obtain the number of distinct configuration of loops, contributing to the GSD.

"See e.g., [19, 22, 43-45] for the relevant discussion in a different topological model with dipole symmetry.

2Position dependent braiding statistics is also studied in the Maxwell theory with dipole symmetry in [17]
and the Higgsed phase of a tensor gauge theory in [21].
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periodic boundary conditions. The equations of motions of the BF theory (3.7) ensure that
local gauge invariant fluxes are trivial. Yet, there are non-local ones forming noncontractible
loops of the gauge fields, contributing to the GSD. Focusing on such loops of the gauge fields
&Z(»l) and flgl), we evaluate the number of distinct configurations o(f )loops, which amounts to
1

7

W) = o0 [, 55 (50 S0
=1 I

the GSD on torus. The gauge invariant noncontractible loops of @’ and fll(-l) are given by!3

)

r L
o 27 Y -
Way(Z, 2) = exp Way Z (a(yl) + le&?”)
T

g=1
- 2mi & (1) A1)
Wa.2(2,7) = exp % Z ay’ + ZxIAZ , (3.17)
L 2=1 1
I L
Wi.a(§, 2) = exp NZAS”] :
i=1
[ L
. 27 <A+
wi y(2,2) = exp N Z Ai(l) ,
g=1
[omi &
W£12(§j7 Q) = €exXp W Z Ai(l)‘| . (318)
LY =1

Note that the loops W,...(9, 2) and me(gj, %) have already appeared in the previous discussion
on the braiding statistics (3.13). To properly count the number of distinct noncontractible
loops of the gauge fields, we need to check several constraints imposed on the loops. Indeed,
from (3.17), it follows that the loop W,.»(9, 2) is deformable in the y- and z-directions,
indicating that the loop does not depend on the coordinate (g, 2). By the same token, one
can show that the other loops in (3.17) and (3.18) do not depend on the coordinates. This
stems from the fact that

A, <d§~” +3 o%zflj’-(”) - 4, (a?) + Y @A (”) =0 (i.j=y2) (3.19)
I I

where & represents the I-th spatial coordinate of the lattice. This relation is verified from
the equations of motions for b and & in the BF theory (3.7):
Al - Ajat) — A 4 A =0, AAND A0 =, (3.20)

Indeed, we rewrite the left hand side of (3.19) as

Here we have used the fact that A;(27) = d%.

13Here we explicitly write the components of the gauge fields for the sake of illustration.
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Also, due to the periodic boundary condition, we have
Waw(§+ Ly, 2) = War(9,2), Way(@ + La, 2) = Way (2, 2), (3.22)
which is rewritten as
(W4t = (W5, )% =1, (3.23)

Furthermore, setting ¢ = x and j = y, and summing over & and ¢ in the first relation
in (3.20) yields

Ly - L:c ~
Loy AT =1L, Y AY
j=1 =1
from which we have
(Wz:x)LQC = (Wflzy)Ly‘ (324)

From the two conditions (3.23) and (3.24), it follows that there are N x gcd(N, L, L,) distinct
loops of WY, and W34, Analogous line of thought shows that there are N x ged(N, Ly, L)
[resp. N x ged(N, Ly, L.)] distinct loops of W, and W3, [resp. W3, and W3 _]. There is
no constraint imposed on the three loops, W§._, Wg:y, and W3...

In summary, there are [],_, , . gcd(NV, L;) distinct noncontractible loops in (3.17) whereas
there are

(N x ged(N, Ly, Ly)) x (N x ged(N, Ly, L)) x (N x gcd(N, Ly, L)) x N3

distinct loops in (3.18). Therefore, the GSD, which amounts to the total number of distinct
(1

configurations of the noncontractible loops of the gauge fields @, and flil(l), is given by

GSD = N°® x gcd(N, L) x ged(N, L) x ged(N, L) x ged(N, Ly, Ly)
x gcd(N, Ly, L) x ged(N, L, Ly). (3.25)

The GSD dependence on the greatest common divisor between charge N and system size
is the manifestation of the UV/IR mixing. Such UV/IR mixing is distinct from the one in
previous theories with subsystem symmetry where the GSD becomes subextensive.

By the analogous line of thoughts, one can evaluate the GSD for general p and d on torus
geometry. Relegating the details to appendix A, the GSD for the system size L1 X -+ X Lg
is found to be

GSD = NK(d,p) X H ng(N7 Li17 49y """ 7Lip)

1<d1 <idg-<ip<d

x H ng(N7 LilaLi27 T 7Lip+1) (326)
1Si1<i2~~-<ip+1§d
with
d+1
K(d,p) :=px . 3.27
(d,p) =p (p +1> (3.27)

In appendix B, we demonstrate concrete UV spin models corresponding to the BF theory
with dipole symmetry (3.7) which exhibit the unusual behavior of the GSD (3.26).
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4 Anomaly inflow

In this section, we argue that the dipole BF theory (3.7) has a mixed 't Hooft anomaly between
the higher form dipole symmetries. We also find a bulk theory in one higher dimensions
which cancels the 't Hooft anomaly by anomaly inflow mechanism [30].

4.1 Review of 1-form gauging in (2 4+ 1)d BF theory

Before discussing anomaly inflow in the foliated BF theories (3.7), we succinctly review how
anomaly inflow mechanism works in the case of conventional (2 + 1)d BF theory [3]. Readers
who are already familiar with this argument may skip this subsection.

We start with the following BF theory

L= ga(l) A dbD). (4.1)

™

To gauge 1-form global symmetries, we introduce a background 2-form field 5 to gauge
one of the 1-form symmetries. Then we rewrite the theory as

N
L=—a
T

WA (@M - ), (4.2)
which respects the 1-form background gauge symmetry:
b = pM AW 52 5 52 L ga@), (4.3)

Likewise, one could gauge other 1-form symmetry by introducing a background 2-form
gauge field o? via

£ = Yp0 A (da® — 0@ (4.4)
27
which has the following background gauge symmetry
a5 a4 0@ 5 o 4 de) (4.5)

Now we gauge both 1-form symmetries simultaneously, namely

N

= —a
2T

L WA (dbV) — )y - Ny p o, (4.6)
27

However, the theory (4.6) is not invariant under the gauge transformations (4.3) and (4.5),

signaling a 't Hooft anomaly. Indeed, under the gauge transformations, we find

N

0L =~ [0 A B + A A 0@ 4 A A doe D] (4.7)
T

This cannot be removed by adding counter terms consisting of the background gauge fields
o and S to L. Therefore (4.7) implies that the theory has the mixed ’t Hooft anomaly
between the two 1-form symmetries, which is an obstruction to gauge the both symmetries
simultaneously.
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It is known that this anomaly can be canceled by combining the theory with an appropriate
bulk theory in (3 + 1) dimensions:

N
Sinflow = — [G(l) Ada® + KW A dg® — @ A 5@)]. (4.8)
27 Ms41
Here, we have introduced the 1- form fields G(l) and K to ensure the flatness condition
of the background gauge fields o?) and 5. To see this inflow term actually cancels the
anomaly (4.7), we first note that the theory respects the following background gauge symmetry

a® L o®@ 4 damj KW o g 50
8@ o @ L ax® g 4 gl \O) (4.9)

up to total derivative. Then, under this transformation, variant of the theory (4.8) is given by
Sinflow = — / d {a(l) ABE + A A 0@ 4 A A da(l)} : (4.10)
M3y

Hence, if we have the theory (4.8) with the boundary in the z-direction, say at z = 0, (i.e.,
the theory is defined in z > 0), the mixed 't Hooft anomaly (4.7) is canceled, which is
the well-known anomaly inflow of 1-form symmetries. Below, we are going to apply the
similar logic to our integer dipole BF theories (3.7) to discuss the anomaly inflow when
gauging the dipole symmetries.

4.2 Anomaly inflow for dipole symmetries

Now we turn to anomaly inflow for the dipole BF theory (3.7). Introducing integer valued
background gauge fields a®*+1) and TP*+1 | which reside on (p 4 1)-cell, we first gauge the
p-form symmetries via

2 ~(d— ~ TI(p) T ~(p+1 ~(d— il =SI(p+1
S:ﬁ 3 lb( ») (Aa(p)+(—1)pZA W)l _ gD | 137 @d-r) (AA (») _[Ip+ )) .
(p+1)—cell I Ji
(4.11)
The theory admits the following background gauge symmetry:*
a® — a®@ 4+ 3P, Al _y A1) 4 5\2(?),
&Pt S gt 4 AR PSS NPl PG o P 4 AR, (4.12)
T

One can also gauge the (d — p)-form symmetries by introducing the integer valued background
gauge fields @711 and 2/(4=2+1) on dual (d — p + 1)-cell. It can be accomplished by

S — 2r Z {g(d—p) <AEL(1’) +(=1)? ZAHP)J) + Z g(d—p)AAI(p)}
(p+1)—cell I I
+ Z { )P+ 5(p) gld—pt1) _ (_1)(p+1)(d+1)ZAI(p)§1(dp+1)} . (4.13)

p—cell I

“Throughout subsection, A% denotes a gauge parameter.
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The theory (4.13) respects the following gauge symmetry

plp)  pld=p) 4 J(=P) glld=p) _, Gld=p) 4 31(d=p)
ESl(d—p+1) _, SI(d—p+1) +A5\£(d—p) _ (_1)d—p5\l()d—l’)e[’ B(d—p-ﬁ-l) - B(d—p-ﬁ-l) +A5\z(>d_p)'

(4.14)

We gauge the both p-form and (d — p)-form symmetries by considering

_ 2 g o ) " y y
S—N{ Z {b( P)( ZA a(p+1)>+;C( p) (AA ® _1 (p+1))}

(p+1)—cell

+ Z { p+1)(d+1 a(p) gld=p+1) _ (— 1)(p+1)(d+1)21211(p)§1(dp+1)} . (4.15)

p—cell

However, the theory (4.15) is not invariant under the background gauge transformations (4.12)
and (4.14), signaling the mixed 't Hooft anomaly. Indeed, the variant of the action under
the transformations reads

55 = _%” > (Xl‘,”) a7 3 ;g(dmw(pm)
(p+1)—cell I
+ > { 1)HDE+D R @) (B(d—p-i-l) +A5\}()d—p))

p—cell

+( (d+1 Y(p+1) Z (~1d p+1) +A)\I(d p) _ (— 1)d—p5\l(2d_p)e[> H (4.16)
I

This variation cannot vanish even if we add any counter term consisting of the background
gauge fields @@+ DI+ gld=p+l) gpq Z(d=p+1) 15 Therefore the dipole BF theory has
the mixed 't Hooft anomaly between the p-form and (d — p)-form symmetries and we cannot
gauge them simultaneously.

As in the standard BF theory, this anomaly can be canceled by attaching the dipole
BF theory to a bulk theory in one higher dimensions via an extension of anomaly inflow as
follows. Let us consider the following (d + 2)-dimensional theory

Sinﬂow = SO + SSpt7 (4-17)
where

So = _{ 3 { HT9) (AGUHY 4 (—1p PN 4 Z A1(d-p) AFI(P+1)}
(p+2)—cell

+ Z {Z Ol () (Aél(dprrl) _ (_1)d*p+151(d*p+1)el) n p(p)AB(dp+1)}:|7
T

(4.18)

5Note that cancelling 6.5 needs (d-+1)-form terms, involving a product of the (p+1)-form and (d—p-+1)-form
background gauge fields. However, we cannot construct such terms since they must be (d + 2)-form or higher.
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and

27
Spt = —(—1)etD+ 28 Z
(p+1)—cell

d(pﬂ)ﬁ(d—pﬂ)+Zfl(p+1)§1(dfp+1) . (4.19)
1

An intuition behind the bulk term (4.17) is that the term Sp is what corresponds to the first
two terms in (4.8) to ensure the flatness condition of the gauge fields, @+, T/(+1)  5ld—p+1)
and Z/(@=P+1) introducing the four auxiliary fields, M (@2 NI(d=p) OIP) and PI(?). Note
that the flatness condition has the different form compared with usual cases, as we deal with
the dipole gauge fields. Also, analogous to the last term in (4.8), Sgp describes an invertible
phase comprised of the background gauge fields. To see how the bulk term (4.17) works
for cancelling the anomaly, we first note that up to the total derivative, the theory (4.17)
respects the background gauge symmetries in (4.12) and (4.14), jointly with

Md=p) _y yrld=p) 4 (—l)d_”l}\l()d_p), NId=p) _ NI(d=p) 4 (_q1)d=p+i)I(d=p)
ol _y oIw) 1 (_1)d(p+1)§\114(17), pw) 5 pl) 4 (—1)de+) X W), (4.20)

Indeed, under these transformations, one has

5 Sintion — _%” A[ ) <;l<)dp>@<p+1> iy ;g(d—pmz‘(pﬂ))
(p+1)—cell I

+ Z { 1) D@+ X @) (Bd p+1) +A)\(d p))

p—cell

+(=1)HDE+H) 3R IP) (é](d—p—i—l) + AR D) _ (_l)d—pj\(()d—p)el) H
i
The terms inside the large bracket are identical to (4.16).

5 Conclusion

Construction of unified theoretical scheme which incorporates various kinds of symmetries
is one of the active area of researches for recent years. In this work, we focus on one of the
symmetries that has recently emerged in the context of fracton topological phases, multipole
symmetries, and incorporate such symmetries into other types of symmetries, higher form
symmetries. We introduce foliated BF theories consisting of layers of higher form BF theories
and couplings between the layers. The model admits dipoles of spatially extended excitations,
leading to unusual behavior; the position dependent braiding statistics between the loops
of the higher form gauge fields, and system size dependence of the GSD. We also discuss
the 't Hooft anomaly of the foliated higher form BF theory. Incapability of gauging higher
form dipole symmetries signals the mixed 't Hooft anomaly, which is canceled by invertible
phases with appropriated terms that ensure the flatness condition of the dipole gauge fields.
Exploration of the higher form dipole BF theories and their anomaly inflow are central
findings in this work, which we believe contribute to not only better understanding of fracton
physics, but also to achieving the ultimate goal to construct a theoretical framework that
unifies various types of symmetries. In addition, one can also extend our analysis to the case
with the subsystem symmetries, the details of which are given in appendix C.
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Before closing this section, let us make a few comments on future perspectives regarding
this work. In this paper, we have seen the dipole and dual dipole algebra given in (2.2), (2.7)
and (2.9). Studying the Maxwell theory with such an algebra and especially its dualities
would be an interesting direction. Relatedly, it could be intriguing to see if we have duality
defect lines or even more exotic noninvertible duality defects. Investigating whether there is
a f-term in the Maxwell theory could be an another direction to pursue. Also, it would be
interesting to address whether one can deal with other types of symmetries in the format
that we introduced in this paper. One candidate would be higher group symmetries, such
as 2-group [46]. When studying theories with dipole symmetries, we sometimes introduce
tensor gauge theories, gauge theories with higher order spatial derivatives [12]. It could be
interesting to see whether our foliated BF theories (3.7) are described by such tensor gauge
theories, especially higher form analog of the tensor gauge theories [47, 48].

Investigating whether one can establish a lattice model of the invertible field theory that
appears in the discussion on the anomaly inflow (4.19) is an another interesting direction.
In the case of the standard BF theory in (2 + 1)d (toric code), the mixed anomaly when
gauging 1-form symmetries is canceled by the invertible theory (4.8), which has UV lattice
counterpart described by the cluster state (a.k.a. Raussendorf-Bravyi-Harrington cluster
state [49]). Indeed, one can show that on the boundary of such a state yields the toric
code. One naively wonders a similar cluster state can be constructed which give rise to the
topological model corresponding to the dipole BF theory (3.7) on the boundary.

In this work, we have seen that the 't Hooft anomaly is canceled by the invertible
phases consisting of the dipole gauge fields. Investigating whether such invertible phases
are of usefulness in classification of symmetry protected topological phases with global
dipole symmetries would be an interesting and important direction (see e.g. [50] for relevant
discussion in the case of (14 1)d). Since our invertible theories are defined in any dimension,
our consideration may contribute to classifying such phases. We hopefully leave this issue
for future investigations.
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A Ground state degeneracy for general p and d

In this appendix, we derive the GSD of the BF theory with the dipole symmetry in the generic
case of p and dimension d given by (3.26). Since discussion presented in this section closely
parallels the one in the main text (section 3.2), we give the derivation succinctly. To start, we
impose the periodic boundary condition on the lattice and set the system size as L1 x - -+ X Lg.
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The GSD amounts the number of distinct configurations of noncontractible p-form loops of the
gauge fields @) and A’® that wind in the spatial direction of the torus. Defining the indices

{ik (1§k‘§p)‘1§i1<i2<-"<ip§d},
U A<I<d=—p)1 <1 <jo<- <Jag—p < d},
where {i;} and {j;} are complement with each other, i.e., {ix} U {j;} = {1,2,---,d}, we

find that the noncontractible p-form loops which wind around the torus in the i1, --- ,i,-th
spatial directions, have the following forms:

Wa;(i1,~-~ ,'[:p)(ijl’ T ijd p)

i 2 L; L;

Z < [1122 1p] Z [11(111)2 ip])]’

1

1

Zl? )2

PO
WAI;(i1,~~-,ip)($au o Za,)
—- ) L L
= exp Z Z

] (A1)

Here, the integer oy ... ;) is defined by a, .. ;) == m Such an integer is
multiplied with the argument in the exponent in the first term of (A.1) to ensure that the
loop, which contains the linear term of the spatial coordinate, is consistent with the periodic
boundary condition [19, 51].

There are several constrains on the loops (A.1). From equations of motion for & (4=?)
n (3.7), one finds that the loop Wiyr.
does not depend on the spatial coordmate Z;. Due to the periodic boundary condi-

(i, sip) (Egas o0 2, ,) s deformable so that is

tions on the loop We(, . i) By, -+ 5 5,_,), such as We, iy (@5, + Liy, -+ 25,.,) =
Wﬂ;(il,"',ip) (lev T ’l‘]dfp)7 we have
LIOé(i e yip) . ]
(WAI (41, ip )) ! =1 (I F iy, ,Zp). (A.Z)

From the equation of motion for 5(¢~) in (3.7), we obtain

(WAI (1,0 ))LI (WA” (b2, yip, ))7&1 x (I/VAlé;(1'2,739,,...,z‘p,I,zé))Li2 X e
x (WA"p;(I,z'l,---,i,,_l))(il)pLip =1, (A.3)

where the indexes I, (i1, ,ip) and [ # 41,--- ,ip] run cyclically. Further, the equations
of motions of (3.7) ensure that the loop W, ... i) (25, -+, #5,_,) is deformable so that it
does not depend on the spatial coordinate ;.

With the constraints (A.2) and (A.3), we count the number of distinct noncon-
tractible loops (A.1). There are ( ) loops which have the form of W, (i1, ip)» labeled
by chd(Nth’,_. Lip): Regarding the loops WALy e ip) after some algebra, J01nt1y with the
constraints (A.2) and (A.3), one finds that there are

d

N*G) x I1 [N ged(N, Liy, Liy, -+ Liy )]

1< <o < <ip1<d
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distinct noncontractible loops. Therefore, the GSD, which amounts the total number of
distinct configurations of loops (A.1) is given by

GSD = H ng(NvLipLiQV'” ’Lip)
1<i1<ig-<ip<d
d
x NP6 11 [N? ged(N, Liy, Liy, -+ s iy, )]

1<i1 <ia < <ipg1<d
— nNK(, ) ) )
=N ( p)x H ng(NaLzla 121"'>L1p)
1<dy <ig---<ip<d

X 11 ged(N, Liy, Lig, -+, Li,. ), (A.4)

1<i1 < <ipr1<d

which leads to (3.26) with K (d,p) described by (3.27).

B Construction of lattice spin models with dipole symmetry

In this appendix, we demonstrate several concrete UV spin models that correspond to the
dipole BF theory (3.7). We focus on the case of d = 3 and p = 1,2. Generalization to
other cases of d and p should be straightforward. To this end, we follow an approach
proposed in [23]. A key insight to construct the spin models is to recognize the first and
third terms in the BF theory (3.7) as the p-form BF theories whereas the second term
as the gauged “foliated symmetry protected topological (SPT) phases”, i.e., gauged SPT
phases [52] stacked in layers. Based on this observation, one can introduce a spin model
in a paramagnet phase and implement control phase gate operations on the spins, which
corresponds to accommodating the SPT phases. Gauging a global symmetry of the model
results in the desired topological spin model associated with the dipole BF theory (3.7). The
crucial point is to implement the controlled phase gate operation. Without it, we would
end up with the decoupled layers of the spin model corresponding to the p-form BF theories
(i.e., decoupled layers of the toric codes [40]).

Recalling the fact that the foliation field e!, which is a one form field along which theories
defined on submanifold are stacked, as well as that the form 5@ ) A AI(®) is agsociated with
the topological field theoretical description of the SPT phase [53] with (d — p)- and p-form
global symmetries, the coupling term in the BF theory, b= A AT(®) A el can be interpreted
as the stack of gauged ngfﬁp ) x ZS\I;) SPT phases'® along the I-th direction.

B.l1 p=1andd=3

To see the construction more explicitly, we envisage a cubic lattice to realize the spin model,
which corresponds to d = 3 and p = 1. Further, for simplicity, we focus on the case with
N = 2. The generalization to the case of N > 2 is straightforward by thinking of orientations
of the lattice appropriately. On the cubic lattice, we think of qubits each of which resides on
links. Also, we introduce three types of qubits on each vertex of the dual cubic lattice (i.e.,
three qubits at the center of the cube of the original lattice). Denoting the coordinate of the

vertex of the cubic [dual cubic| lattice as r := (2,9, 2) [r* = (2,9,2) + (3, 5, %)], and vectors

16The index Zg\?) denotes g-form Zy symmetry.
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Figure 1. (a) Examples of pairs of qubits on which the CZ gates (B.3) act. (b) The configuration of
the qubits viewing from the z axis. The examples of the CZ gates corresponding to left, middle and
right of (a) are also shown in upper left, right, and bottom left, respectively.

to label the links of the lattice as 1, := (%,O, 0), 1, := (0, %, ), L. == (0,0, %), we write the

Pauli operators acting on these qubits as T(i(rHI, T(frﬂj (I ==x,y,2), Tﬁ,*, Tli.* (i=1,2,3),
where the first index of the last two operators distinguishes the three types of the qubits. We
dub the qubit (resp: three qubits) defined on links of the original cubic lattice (resp: vertex
of the dual cubic lattice) as qubits with type 0 (resp: qubit with type i = 1,2, 3.).

With these preparations, we introduce the following paramagnet Hamiltonian:

H:_Z Z T(i(l‘+11+ Z Ti);* : (B'l)

rr* | I=x,y,2 1=1,2,3
We implement the controlled Z (CZ) gate on the qubits, which amounts to accommodating a
stack of SPT phases [52]. The CZ gate operation which acts on a pair of qubits reads

CZupla) ) = (=1)[a) [b)  (a,b € Zs). (B.2)
We think of acting the CZ gate on qubits with type 0 on the link in the yz plane of the
original cubic lattice and the ones with type 1 at the nodes of the dual cubic lattice which
are adjacent to the yz-plane. We show an example of such pairs of qubits in figure (1(a)).
We introduce the following CZ gates:

H CZ[lvr*L[vayz +21p+sly+tl;]s
s,t==%1

CZprs1,)1,0—21,] C 20 e, ] 10 —210—2L) CZpor+1.), 1,05 —21,] C [0 041, [1r"—21,—21,),  (B-3)

where the first, second and third terms in (B.3) are portrayed in the left, middle, and
right of figure (1(a)). Here, f,. represents the coordinate of a plaquette on yz plane, viz
f,. :==1+(0,%,1). Viewing from the z axis, the CZ gates in (B.3) remind us of the cluster
states corresponding to the Zgl) X Zgo) SPT phase (see figure 1(b)). Likewise, we implement
CZ gates on qubits with type 2(resp: 3) on zz(resp: xy) plane and the ones with type 0 at the

nodes adjacent to the plane. By acting the CZ gates, the Hamiltonian (B.1) is transformed into

oo X z VA zZ _Z X Z Z z _Z
H=- Z [To,r+1gc7'2,r*—21y72,r*—21y+21273,r*7'3,r*—21y + T0, 041, T1,0x—21, T1,0*—21, 421, 73,r* 73, r*—21,

r,r*

X Z Z z _z X Z
t T+ Thrs—21, Thre—21,+21, T2 v+ T2 p 21, T T1r*—21, H T0.£y=+sly+tl.
s,t==%1

X Z X Z
+ {21, H T0fogtslottly T T1re—21, H TO,fmy+slm+tly:| ) (B.4)
s,t==+1 s,t==%1
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where £, and f,, represent the coordinate of a plaquette on zx and xy plane, respectively,

namely f,, :=r+ (%, 0, %), fry =1+ (%, %, ). The Hamiltonian (B.4) respects 1-form and
0-form global symmetries, Zél) X [Zgo)]?’

H 7'0)5, H HTﬁ. (B.5)

les* i=123 r

, 1.e., it is invariant under the following spin flips:

Here, the first term consists of product of 7;* on links that form a closed dual surface,
which we abbreviate as [Jjcg+.""

Now we are in a good stage to gauge the global symmetries (B.5). To do so, we promote
the global symmetries to local ones by introducing an extended Hilbert space and impose
the Gauss law [54, 55]. We define states of qubits on each face of the cubic lattice and the
ones on the links of the dual cubic lattice, whose Pauli operators are denoted by Xo¢ , ,
Zog,, (ab = zxy,yz,2x), X;r11,, Zi1,. Such states are interpreted as the gauge fields. We
introduce the following Gauss law operators:

Gor+l, = Towry, 1] Xogs Gipr =7 [[ Xipr (i=1,2,3). (B.6)
folr 1*Dr*

Here, the product [[¢-;, stands for multiplication of the Pauli operators on plaquettes
connected with a link r +1;. Likewise, we mean the product []}+~.« by multiplication of
the Pauli operators on dual links which are connected with a vertex on the dual lattice, r*.
Using the operators (B.6), we impose that the physical state satisfies

Go,r41, |Phys) = G~ [phys) = |phys) . (B.7)

Further, we minimally couple the quartet and quadratic spin coupling terms in the Hamil-
tonian (B.4) to the gauge fields via

z z zZ _Z z Z
H 00 = 20y, H Togs  TiprTirr—21; 7 Ti,r*Z’il‘**IITLr*—ZlI (B.8)
ICE, ICEqp

so that these terms commute with the Gauss law (B.6). To ensure the fluxless condition making
the gauge theory dynamically trivial, we add the following term to the Hamiltonian (B.4):

> 1 %ot — > D 11 Zires (B.9)

f.,Cc i=1,2,3 P* [*CP*

where the product in the first (second) term represents multiplication of the Pauli operators
of faces (dual links) that surround a cube (dual plaquette). By the Gauss law (B.7), we set
TO)fr = [I¢-1, Xo,t 7’,55.* = [l 5px Xi1+. Also, for the sake of making the figure more visually
friendly, we rearrange the lattice grid so that Pauli operators of the gauge fields are located
on links of the newly defined lattice. Overall, we arrive at the following gauged Hamiltonian:

H=-%" (Poyfxy + Pog,. + Pog., + V(),r) - > > (]Di,fxy + Pig,. + Pig., + V%,r) (B.10)
fop,r 1=1,2,3 f,r

"Example of a such term is given by HS el TO)frJrSlI Lyl -
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l’m X1 X1

1

Figure 2. The spin model which corresponds to (3.7) with N =2, d = 3 and p = 1, described by the
Hamiltonian (B.10)—(B.12). The terms given in (B.11) are depicted in the first line whereas the ones
n (B.12) are in the second line.

with
Pog,, = X1t -1, X06,-1, || Xosg.+sl+,,
s,t==+1
Pog,. =Xog,.1,X38,.-1. || Xog.+s1,+11
s,t==1
(B.11)
Povfzz = ngfzz_lzXlafzz_lz H X07fzz+51z+tlz7
s,t==%1
Vb,r = H ZO,r+slz+tly+ulz
s, tyu=+1
and
Vie :=Zoprt, || Xirtslt,+u Vor :=Zoxrt, || Xowtsl+tl,+ul
s,t,u==+1 s,t,u==+1
Ve =Zopsr. || Xswtstortiyrus  Pite, = [ Zigatstara, (a#b={zy.2})
s,t,u==%1 s,t==+1
(B.12)

We portray the terms (B.11) and (B.12) in figure 2. The Hamiltonian (B.10) has the similar
form as four copies of the (3 + 1)d Zg toric codes [40] with crucial difference being that a few
Pauli operators are multiplies with the terms as indicated in the first three terms in (B.11)
and (B.12), which correspond to the foliated SPT phases.

The Hamiltonian (B.10) is exactly solvable as the individual terms commute with each
other. Hence, the ground state is a state with all of the eigenvalues of the terms (B.11)
and (B.12) being one. The role of the gauged foliated SPT phases is to change the statistics
of anyons, giving rise to a topological model with dipole symmetry [23].

To see the model (B.10) indeed corresponds to the BF theory (3.7) with p = 1 and d = 3,
we evaluate the GSD on the torus geometry. Similar to the case with the toric code [40],
we count the noncontractible loops or membranes (i.e., product Pauli operators, forming a
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plane) consisting of the Pauli operators Zj, Z;, that commute with the Hamiltonian (B.10)
(namely, logical operators) on the 3D torus with system size L, x L, x L,. One finds the
following membrane operators consisting of Zy:

Ly

Vozy(Z-i- ) HH 0,r+1,>

=1g9=1

y z
Vosye (x+ ) HHZOMI, (B.13)

=12=1

Voizz ( ) H H Zy 41y,
=1z=1
By multiplying the term Vp r, it can be shown that these loops are deformable, implying that
they do not depend on the spatial coordinate. The form of these membrane operators are
also found in the (3 + 1)d toric code, yet in the present case there are a few constraints due
to the foliated SPT phases. Indeed, multiplying Vi over the entire lattice gives

L
= 1
H VO:W (‘% + 2) - (VO:yZ)Lz =1, (B~14)

where we have used the fact that the membrane operators (B.13) do not depend on the
spatial coordinate. From (B.14), it follows that depending on whether L, is even or odd,
the membrane Wjy,,. becomes trivial or nontrivial, which can be succinctly described by
that the membrane operator Wy, is characterized by Zgeq(2,1,)- Similar reasoning can be
applied to other membranes in (B.13), indicating that the membranes Wo.,,, and Wy.., is
labeled by Zgeq(o,r.) and Zgeq(o,1,) respectively.

We turn to evaluation of the loops consisting of string of the Pauli operators Z;. One
finds that the model admits the following loop operators:

f& H Zz r+lg zy 2 i' H Zz T+l Wz,z(=@7@) = H Zi,r—HZ (Z = 17273)

(B.15)
One can verify that these loops are deformable so that they do not depend on the spatial
coordinate. Naively, there are 27 distinct loops. However, it is incorrect as we have to
take care of several constraints on the loops, stemming from the foliated SPT phases. One
constraint comes from the fact that multiplying Fy.f,, on a xy plane gives

Lz Ly

- L
I[TI]Pos, =1 & Wipxwyy=1. (B.16)
#=179=1

Another constraint stems from deformation of other types of loops which consists of string
of the Pauli X operators dressed with Z;. Indeed, one finds that the model admits the
following loop operator:

Qg

Wo. (9, £) H Xowt1, X (Zip41,)"| (B.17)
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Figure 3. The spin model which corresponds to the BF theory (3.7) with p =2, d = 3, and N = 2,
described by the Hamiltonian (B.21)-(B.23).

where a, = % Such a loop was discussed in different spin models in [23]. Deforming

ged
the loop (B.17) in the y direction results in

WOZ:B(:IJ + 17 2) = WOw(ga Q)WQOC; (B18>
Iterative use of (B.18) and taking the periodic boundary condition into account, we have
g Ly
Wy = 1. (B.19)
By the same token, one can show that
oayLy
Wiy, =1, (B.20)

where o = WM’ From the conditions (B.16), (B.19) and (B.20), one finds that there are
2 x ged(2, Ly, Ly) distinet configurations of the loops, Wi, and W ;. Likewise, one can show
that there are 2 x ged(2, Ly, L) [2 x ged(2, L, L,)] distinct configurations of the loops, W3,
and Wa, [W3, and Wy ;]. There is no constraint on the three loops, Wi ;, Wa.,, and Ws.,,

each of which is labeled by Zs. Overall, the number of distinct loops (B.15) is found to be
20 x ged(2, Ly, Ly) x ged(2, Ly, L) x ged(2, L, Ly).

Taking the fact that there are ged(2, Ly) x ged(2, Ly) x ged(2, L) distinct membrane op-
erators (B.13) into consideration, we finally arrive at that the GSD has the form of (3.26)
in the main text with N = 2, p = 1, and d = 3.

B.2 p=2andd=3

Similar to the argument in the previous subsection, we can also construct a UV spin model,
corresponding to the BF theory (3.7) with p = 2 and d = 3. Since the way we construct the
model closely parallels the one in the previous subsection, we outline how to do it succinctly.

In the cubic lattice, we introduce qubits on vertices and three types of qubits on the
vertices of the dual cubic lattice. Defining the paramagnet Hamiltonian in terms of Pauli
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7% operators, we implement the CZ gates on it, associated with the foliated SPT phases,
respecting global symmetries [Zgl)]?’ X Z(QO). After gauging global symmetries, [Zgl)]?’ X Zéo),
the Hamiltonian is given by (see figure 3)

H=-%" (Poyfxy +Pog,. + Pog., + V(),r) - > > (Pi,fxy + Pig,. + Pig., + V%,r) (B.21)

fab,r 1=1,2,3f,p,r
with
‘/O,r = ZLr—Hx Z2,r+ly Z3,r+lz H XO,r+slx+tly+ulz7
s, t,u==+1 (B 22)
Pyg, = H 20 £,+sla+11, (a#b={x,y,z2})
s,it==%1
and
Pig,, =Z0g—1. |I Xigoytstorn,, Pre. = [] Xig.+s1,+0.,
s,t==+1 s,t==+1
Pis,=Zos.,-1, H X1 foptslottlys P2ty = 20£0,-1, H D, CF S ) )
s,t==+1 s,t==+1
Pyg,. = Zog,. 1, H Xof,.+sly+tl, Paf, = H Xt 4sl+tl,
s,t==1 s,t==1
Psg,, = ] Xst +sto40, Pyg,. =Zog.—1. || Xsgy.tsl,+0.:
s,t==+1 s,t==1
Pye.=Z0g,1. || Xstorsttn: Vie= ] Xiptstottr,+a. (i=1,2,3).
s,it==+1 s, t,u=+1
(B.23)

The model has the similar form as the four copies of the toric codes with a crucial difference
being that a few Pauli operators are attached with the terms, stemming from the foliated
SPT phases.

The model (B.21) is exactly solvable and by analogous lines of thinking to count the
number of distinct noncontractible loops, comprised of Zy or Z;, which is discussed in the
previous subsection, one finds that the GSD is given by

GSD = 2® x ged(2, Ly, Ly) x ged(2, Ly, L) x ged(2, Ly, Ly) x ged(2, Ly, Ly, L) (B.24)

which is consistent with (3.26) with p = 2, d = 3, and N = 2.

C Higher form subsystem BF theory and anomaly inflow

In this appendix, we introduce higher form BF theories with subsystem symmetry. Such
theories are obtained by imposing an additional constraints on the dipole BF theories (3.2).
We also discuss anomaly inflow for these theories.

C.1 Model

We start by the dipole BF theory (3.2). Replacing the gauge field ¢! (@=p) with dBI(d=P=1) pel |
(I is not summed over), we have

N
_ VY |3(d-p) (p) _1\p I(p) I I(d—p-1) I(p) I
’C_Q [b /\(da +(—-1) %A /\e)—i—%B ANdA™P Ne|. (C.1)
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Here, we demand that 1 < p < d—1. Note that in the case of p = 1 and d = 3, the theory (C.1)
becomes the foliated BF theory describing the X-cube model [8, 24, 25]. Compared with the
dipole BF theory (3.7), the theory (C.1) has an additional symmetry — subsystem symmetry.
Indeed, the theory (C.1) is invariant under

AP AIP) A I=1) o] (C.2)

with v/(P=1) being an arbitrary (p — 1)-form field. As shown below, the manifestation of the
subsystem symmetry can be seen by noticing that the symmetry (C.2) puts constraints on
the form of gauge invariant extended operators of the gauge fields a® and A’ which are
analogue of Wilson loops for the p-form gauge fields supported on a closed p-dimensional
spatial submanifold. The theory (C.1) respects the following gauge symmetry:

a® = a®) 4 GAP=Y 4 (—1)pt Zal(p—l) Ael,
I

AP 5 A1) 4 gl (p=1) o A T(p=1) A ]
pd=p) _ pld=p) 4 gy ld=p=1)
Bld=p=1) _y pld=p=1) 4 gy I(d=p=2) 4 (_qyptl (d=p=1) 4 o(d=p=2) p ol (C.3)

Here, ¢(@P=2) denotes an arbitrary (d — p — 2)-form field. Similar to the discussion in sec-
tion 3.2.2, one can evaluate the GSD of (C.1) on a discretized torus geometry with system size
L1 x -+ x Lg, which is accomplished by counting a distinct number of noncontractible loops
of the gauge fields a® and A(®) in the spatial direction. We do not have noncontractible
loop consisting of the gauge field a(®) .18 As for the loops comprised of A’ we have

War(3,)(21) = g Al®) (s, L I-th direction). (C.4)
P

Here, ¥, denotes the p-form spatial submanifold which has to be perpendicular to the
I-th direction due to the symmetry (C.2). Intuitively, (C.4) can be understood by that on
each codimension one layer with coordinate Zj, which is stacked along the I-th direction,
noncontractible p-form loop is constructed.'® The loop (C.4) is the higher form analog
of the Wilson loop defined on each layers of codimension one submanifold, found in the
X-cube model.?°

Naively, there are in total (dgl) (2?21 Li) such loops, however, there are constraints on

these loops. Indeed, equations of motions for the field bfg];fol ?jd—p—l] gives
(p) I(p) I _
a[iiai?”ipﬂ] - (_1)pXI:A[i1"'ip5ip+1] =0. (C.5)

'80ne naively wonders that similar to the case with the dipole BF theory (3.7), we could construct the
loop of a® accompanied by the gauge fields A'®), such as the one given in (3.9). However, due to the
symmetry (C.2), such a loop is not allowed.

19Such a loop is associated with higher form analog of “planon”.

208ee also [56] for construction of the fracton lattice models hosting spatially extended excitations.
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Performing integration over spatial directions ¢; - - -4,41 of the torus results in

L, L,

> Wi (Sligeipin) @) = Y Wi (Spiyigenyin) (i) + -+
=1 —

L;

ipt1
1 N
_|_( P+ Z w 1p+1( [21"~ip])(xip+1) =0. (CG)
Tiyiq =1
Here, ¥j;,..;, ;) in the first term represents spatial submanifold in the 43 --ip1;1 direction

and other terms which have the form X, are similarly defined. There are (pil
on the loops (C.4) described by (C.6). Hence, the GSD is given by

d . d—1 d d
GSD = N9@P)  with Q(d,p) := ) S| - bt (C.7)

i=1

) constraints

The theory (C.1) is the higher form analog of the foliated BF theory of the fracton models,
such as the X-cube model. Similar to the X-cube model, our theory also exhibits the
subextensive GSD.2!

C.2 Anomaly inflow

We discuss the anomaly inflow for higher form subsystem symmetry. Analogous to the
previous argument, we gauge the p-form symmetries by

N
- (d—p) () 4 I(p) A Pl I(d—p=1) o I(p) _1I(p+1) 1
£—27T[b /\<da ZA >+ZB A(da!® -1 )/\e].
(C.8)
The theory has the following gauge symmetry:
a® — o®) 4+ \P), Al®) _y gI() 4 )\I(P)
a@t) 5 o@D 4 gA@ (1A el Tl o pleth) gy (C.9)

with )\gp ) and )\i(p ) being the p-form gauge parameters.
Also, one can gauge the (d — p)-form symmetries via

L= N [b(d—p) A (da(P) + (_1)pZAI(p) A 6I> + ZBl(d—p—l) A dAL®) A el
I Ji

2T

— (=)D ) A gldt1=p) _ (_1)dlp+1) ZAI(p) AEEP Al (C.10)

This theory has the following gauge symmetry:

pld=p) _y pld=p) 4 )\l()dfp)j pld-p=1) _, pld—p-1) 4 /\;(dqu)

)

U=+ _y gld=ptD) y g\ldp) - glp)  Zld-p) g g\ )y )

21As a consistency check, when we set d = 3 and p = 1, we have Q(3,1) = 2(L, + L, + L.) — 3, which
appears in the GSD of the X-cube model [8] on torus.
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If we try to gauge both of p-form and (d — p)-form symmetries by thinking of the follow-
ing theory

[— g [b(d—p) A (da(p)+(_1)pZAI(p)/\€I_a(p+l)> +3 Bl (dAI(p) _Ff(p+1)) Ael
T T T

— (—1)@HDEH) 4 (2) A gld+1-p) PH)ZAI AENE=P) pe } (C.12)

then we have a problem; (C.12) is not invariant under the gauge transformations (C.9)
and (C.11). Indeed, the variant of £ under the transformations reads

6L = — é\; {A(d P A oPHD) +Z A@=P=1) AT p T 4 (1) (@D ) Agp>A<5<d—p+1>+dAl()dfp>)

d(p+1) Z)\I (Hl(d p) N I(d—p— 1)+(1)d)\l()dp))/\el]’ (C.13)

signaling the mixed ’t Hooft anomaly. To cancel the anomaly, we introduced the following
terms defined in one dimensional higher:

Einﬂow = EO + Espt (C14)

with

Lo = QE {M“‘i”) A (da(”“) + (1P TI@ A ef> + 3 NPT A GrI®) A !
™
I

+0W A dpd—rth L5 ple) A (dEI(d—p) + (_1)(d—1)5(d—p+1)) A 61]’ (C.15)
T
and
Lot = _% [(_1)(p+1>(d+1>a(p+1) A P 4 (1)) S TIR) A ST p) 61}

I
(C.16)

The bulk terms (C.14) consist of two types of terms: the terms which ensure the flatness
conditions on the gauge fields (C.15) introducing auxiliary fields, M(d=p) NI(d=p=1) )
PI®) and the ones that correspond to invertible phases (C.16). Up to total derivative, the
bulk terms (C.14) respect the gauge symmetries (C.9) and (C.11) jointly with

M(dfp) N M(dfp) + (_1)d7p>\l()d*19)7 NI(dfpfl) N NI(dfpfl) + (_1)d7p71)\gd*19*1)
0P 5 W) 4 (—1)dp+D)+15(p), ple) _y pIp) 4 (_1)d(p+1)+d)\£(l’)‘ (C.17)

More explicitly, under the transformations (C.9), (C.11) and (C.17), (C.14) gives
N - e
O Linflow = —%d[)\gd P) A o(PtD) +Z>‘gd P=U) AT Al
i

+ (=1)EHDEFD AP) A (5(d—p+1) + d/\l()d—p))

YD SN A (BT 1 ang P 4 (- A 61} - (C1s)
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The terms inside the large bracket in (C.18) is identical to (C.13). This indicates that the
mixed 't Hooft anomaly is canceled by (C.14) with (C.15) and (C.16).

Note that in the previous studies, such as [32-34], discussed anomaly inflow when gauging
subsystem symmetries in tensor gauge theories and exotic field theories. Here we discuss
the anomaly inflow mechanism for such symmetries, described by foliated field theories.
We leave elucidation of the relation between the anomaly inflow discussed there and the
present case for future study.

Open Access. This article is distributed under the terms of the Creative Commons Attri-
bution License (CC-BY4.0), which permits any use, distribution and reproduction in any
medium, provided the original author(s) and source are credited.
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