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1 Introduction

The AdS/CFT correspondence [1-3] has been brought up for a long time while there are
lots of attempts [4-12] aiming to construct the duality relation between the quantum gravity
theory with (asymptotically) flat background and the boundary conformal field theories. It
is not clear whether the flat/CFT could work in the same way as AdS/CFT or not until
recently the construction of flat/CFT dictionary from the bottom-up point of view [13].
Basic principles and underlying physical interpretations for flat holography dictionary are
discussed using the scalar field as an example. Here, following the same spirit, we will
establish the dictionary between the d 4+ 2 dimensional bulk theories including gravity and
the d dimensional boundary conformal field theories on the celestial sphere thus make the
construction of flat/CFT duality more complete and concrete.

To study the gravitational theory on asymptotically flat background in a formal way, the
first step is to specify the definition of asymptotic flatness. The general guideline for defining
asymptotic flatness is that it must make the spacetime close enough to flat case while the
deformations should at the same time contain enough non trivial physical contents for us
to investigate. For example, the well studied Bondi gauge [14-16] in gravity literature. To
establish the flat/CFT dictionary, one also needs to construct the map of data between the
bulk and boundary but there is no clue on how to decompose the bulk data in Bondi gauge.
Noting that Minkowski spacetime is foliated by AdS hyperboloids and the specific map of
data for AdS/CFT is clearly studied in terms of Fefferman Graham coordinates [17-22],



therefore in this paper we choose to define the asymptotically flat spacetime in terms of
Fefferman Graham like coordinates written as

ds* = —dr? + 1° @ + pgi;(p, x)da' da?
- 4[)2 pgl] p7

—|—%m(p, x)d*p + 1p 0i5(p, x)da'dz? 4+ T Ai(p, x)dpda’ + - - - (1.1)
where the first line is the leading contribution to the spacetime coming from the asymptotic
AdS slices and the second line is the subleading contribution for large 7. We will see that
most of the non trivial physical results in addition to the AdS/CFT duality would come
from the existence of such subleading sector. In section 2, we will explore such gauge in a
careful way by determining the asymptotic symmetries and solving the Einstein equation at
different order of 7 and p. The strategy here is that we choose to expand the parameters
gij(p, ), m(p, ), 0s5(p, ), Ai(p, z) in terms of 1/p and determine the constraints between the
(2K)

coefficients ggk) (z), m(2k) (), 0ij

at the zero and first order of 1/7.

2k . : . .
(z), AZ(- )(x) by solving the Einstein equations R, = 0

After the study of asymptotically flat spacetime, for d = 2, we propose the flat/CFT

dictionary as
1 —
exp (iSgrren[G]) = <exp 3 /52 d>zVG GY Tij> (1.2)

where G and G are the bulk metric and the background metric for the CFT, respectively.
T;j is the energy-stress tensor of the boundary CFT. To make such dictionary well defined
and work the same way as the AdS/CFT dictionary, one further needs to perform the proper
renormalisation procedure on the bulk gravitational action Sg[G]| making it finite and to
specify the exact map of data between two sides. Here the exact map means that given the
bulk metric we should be able determine boundary data G and T;; or vice versa. These
are two main obstacles during the development of flat holography dictionary and we will
discuss them in section 3.

In the context of AdS/CFT, one needs to perform holographic renormalisation in order
to obtain the finite renormalised action Sgyren[G]. The infinity coming from the integral over
the whole spacetime is treated as the IR divergence and is regulated by choosing the AdS
spatial radius p as the IR cut-off. Here for the flat spacetime, we have one more timelike
non-compact direction labeled by 7 and we simply choose to impose a bound L on it, i.e.
7 € [0,L]. After performing the holographic renormalisation in the given interval [0, L],
we obtain the renormalised gravitational action and then further propose the map of data
between bulk and boundary as

- 1
Gij :gl(]o)—l-ZO'l(]o)+ N (13)

where C;’ij = gg)) is originally the AdS/CFT map and now we are taking the soft sector into

consideration treating L as the energy cut-off of the boundary CFT. Using the flat/CFT



dictionary, we obtain a specific expression for the energy stress tensor (7;;), given by

iL? 9 0 iL
(Tij) = 167G (gz(j) - gz(j) Trg(g)) —

o (@o® ol gl a) ()

2,0 _ ;@ 0, _ 0 (2) -

+Trg'Wo;” — oy +2m (gij 9;; Trg )) +

Moreover, by considering the anomalies of the energy-stress tensor (T7), the central charge
is then determined to be

i3L%  iML3(a—2)
- 1.
‘Tiay T 20N (15)

where M = m(® and « are constants characterising the behaviour of asymptotically flat
spacetime. The behaviour of the leading term is already argued in the work [23-25] and
here we determine its value in a precise way. With the help of flat/CFT dictionary, we can
in principle determine all the subleading contributions and in this paper we just present
the first order term.

The Einstein equations will impose constraints on the parameters in the metric and those
constrains on the boundary will correspond to the Ward identity of the stress tensor. The
story for AdS/CFT or for the hard sector is that the bulk equation of motion implies that
the conservation of energy-stress tensor V7/(T};) = 0. By checking the Einstein equations
at the first order, we find that it will not give us the conservation of the soft energy-stress
tensor while we have
1L

63<TU> - 167Gy

(8Vim® + 4MV; Tr g® — o2V ,,017), (1.6)
where V;, V; are the covariant derivative with respect to (_Jij, gg}), respectively. Thus one
can interpret the soft modes as the radiation modes which generate flow of energy at the null
boundary leading to a non conserved energy-stress tensor from the boundary point of view.

2 Fefferman Graham gauge

In this section, we will start from the coordinate for asymptotically flat spacetime then recast
it to the asymptotically AdS form. For the spacetime of dimension d + 2, we first introduce
the standard coordinate X* for y =0,1,--- ,d 4+ 1 in which the flat metric takes the form
Moo = —1, M1 = -+ - Na41,d+1 = 1. The Euclidean AdS of dimension d + 1 can be regarded as
the hyperboloid embedded in the d + 2 flat spacetime given by the relation’

*(X0)2 + (X1)2 44 (Xd+1)2 — 77_27 (2'1)

in which 7 > 0 is the radius of the AdS surface.
Motivated by such foliation, we now choose to write the asymptotically flat spacetime
given by the metric G(X) into the form

ds® = G (X)dXMdX" = —dr? + 7 Gop (1, y)dy" dy”, (2.2)

!Such patch is called Milne wedge for Minkowski while one can study Rindler wedge by the analytic
continuation of the radius 7 — i7. The Rindler wedge is sliced by dS hypersurfaces.



where a,b=1,--- ,d+ 1 and we have fixed the gauge in order to make the drdy® term vanish.
One can always manage to find such gauge by performing local diffeomorphism transformation.
For flat spacetime, the metric G will be independent of 7 and reduced to the metric for
AdSgy1 described by y while it will become asymptotically AdS when the spacetime is near
flat. At the null boundary, we can expand the metric éab(T, y) around 1/7 = 0 written as

N ~ A 1 A

Gap(T,y) = Gap(y) + Gib(y); +-0 = Gop + hap(T, ), (2.3)
in which égb(y) is the metric for d + 1 dimensional asymptotically AdS while ng(y) are
higher order corrections and they together form a complete description of asymptotically flat
spacetime. We put all the higher order corrections into the term h,p. In this article, to study
asymptotically AdS spacetime ng, we choose to use Fefferman and Graham coordinates

written as
GO dytdy = L (dr? + gi; da'da? 2.4
abyy—r—Q(T—i-gu(T,x)xa:) (2.4)
dp® Q7.7
=12 + p gij(x, p)dz'da?, (2.5)

in which y = (r,2%) for i = 1,---d are coordinates on the AdS hyperboloid and p = 1/72.
The d dimensional metric g;;(z, p) has been extensively studied in the AdS/CFT literature
and the main method is that one can organise the data by doing expansion of the order
p for p — oo. The leading term will contribute to the AdS spacetime while lower order
terms are asymptotically AdS corrections.

2.1 Asymptotic symmetries

To illustrate the spacetime structure introduced above in a more precise way, for simplicity,
we take d = 2 as an example therefore the spacetime becomes asymptotically Minkowski.
In this case, the metric is then given by

ds®* = —dr* + 12 @-1- dzdz + - -
= 12 p dzdz

T _ _ _ _ _
+?m(p, 2, 2)d?p +Tp 0.5(p, 2, 2)dzdZ + 27 A, (p, 2, Z)dpdz + Tp 0. (p, 2, Z)dzdz
+ce.+---, (2.6)

in which the Minkowski space is written in terms of Milne coordinates (7, p, z, z) at the first
line while the first order deviations with respect to 7 are described by the functions m(p, z, z),
A, (p,2,2), 0.2(p, 2, 2), 022(p, 2, Z) together with the corresponding complex conjugates. The
dots in the first line represent the asymptotically AdS deformation while the dots in the
third line represent higher order contributions according to 1/7. Written in the form of
G, the metric are

r +Zm+ o(r%) (2.7)

Gop = fpg 2



for pp component and for zz component we have

2
G, = 72—” +7p 0z + O(70). (2.8)

At leading order, G,. G, will vanish while for asymptotic flat spacetime there could be
subleading contribution like

G, =TA, +O(1%) Gz = TA; + O(7Y) (2.9)

and
G.. =Tp o+ O(TO) Gzz =Tpozz + O(TO)' (21(])

Now, we will study asymptotic symmetry which is the diffeomorphism that preserves the
metric of the form shown in (2.6). Given the Killing vector £(7,p, 2, Z), the variation of
the metric 0G,, is then deduced to be

T 7-2 T z z 1
0Grp = —0pf" + @@ff’ + ﬁm&{” +TA0E + TA0,6 + O (TQ) (2.11)

and for 0G,, we have

T2p

- . 1
0G,, = =0, + 7@sz +TAOEP +Tp 0,.0:65 +Tp 0,50, + O (72> , (2.12)
in which we have shown the variation up to O (%) and higher order terms are omitted.

For other terms we have

2 2
5G.s = %gﬂ n 77’)(8252 +9:67) + O(1), (2.13)
6G.. = T%p 9,67 4+ O(7), (2.14)
72 7'2P z
5sz = Tfﬁazfp + TBpg + O(T)a (215)
2
-
6Gpp = Tp;;(papgp - gp) + O(T) (2'16)

To find out the asymptotic symmetries, one needs to determine the Killing vector & which
can be expanded as

gu(Tapvzaz) :fg(P7zyz)+%§il(P72a5)+ (217)

where 55 for k € N are coefficients associated to the term 1/7"“. For 6G;, and 6G;. they
have to vanish since we are working in the gauge G, = G, = 0. From the expression (2.11)
and (2.12), at the order of O(1) we obtain

T P,z T 1
980 + 551 =0, 9p&o + @fi} =0. (2.18)

Moreover, we have

A8+ p 0226 + p oz = 0 (2.19)



and
m Y+ p? ALEE 4 pPAsEE =0 (2.20)

when considering the 6G;, = 0G, = 0 of the order 1/7. For 6G.. and Gz, the contribution
at the leading order 72 should also vanish in order to preserve the condition of asymptotic
flatness therefore we have

0,£8 = 065 = 0. (2.21)
For the same reason we have
pOpEh — €6 = 0 (2.22)

when considering the component G,, in the (2.16). Then, together with the condition
0G. = 0, the Killing vector can be written as

& =x(z,2), (2.23)

P =0, (2.24)
& =Y*(z2), (2.25)
& =Y%(2,%), (2.26)

where y is an arbitrary function on z, z and we have 0,Y? = 9;Y* = 0 therefore the BMS
group [14-16] is recovered at the leading order. The transformation of the spacetime metric
under such symmetry group is then given by

89z = G22(0.Y7 + 0:Y7) + Y?0.9.2 + Y70:9.2 (2.27)
0922 = 292 0.Y 7 + Y?0.9.. + Y7029 (2.28)
SA, = YZ0,A, + Y70 A, + A.0.Y* (2.29)
60., = Y?0,0., + Y?0:0., + 20..0,Y" + 2X0. (2.30)
602z = V70,05 + Y?0:0.: + (0.Y* + 0:Y )02z + 2X922 (2.31)

where we have used the complex metric g,5 for the hard sector. From the above translation
rules, one can see that the superrotation part described by Y?, Y# will act on the leading
and subleading part of the metric while the supertranslation part described by x will only
act on the subleading part.

2.2 Equation of motion

Now we turn to study the dynamics of the gravitational system. The general d+ 2 dimensional
asymptotic flat spacetime is described by the coordinate

ds®> = —dr? + 72 @4- ij ‘da?
= pgij(p, x)dx'dx

4p?
—i—%m(p, x)d*p + 7p 045(p, x)dz'dz? + T A;(p, x)dpda’ + - - - (2.32)
in terms of the real coordinates (7,p, %) for i = 1,...,d. In the first line, the metric

is mainly built up from asymptotically AdS hyperboloids. It describes the hard sector



of the gravitational theory and manifests the superrotation symmetry. The second line
is the subleading contribution to the asymptotically flat spacetime according to 1/7. It
describes the soft modes coming from the radiation and manifests the superrotation and
supertranslation symmetry.

In this section, we are going to determine the constraints on the metric g;; and the
soft parameters by checking the Einstein equations R, = 0 at different orders. Starting
with the connections, they are given by

N 1 ~
sz =7Gap + 57'2870(11, (2.33)
and
a 61? 1 Aac A
br — ? + §G 0:Gep (234)

while we have T'7_ = I'7, = ' =0 and T¢, = I'¢[G]. In our definition the Ricci tensor

is now given by
Rab[G] = szlzjl[é] - ngFgT + 2F27‘ gc - aTngv (235)
which can be further decomposed into

Rp|G] = RG] — dG o

d+1 A 1 " A~ A N
T ST 0G0, — £ G G0, G

+%728Tc?cb&@da@w. (2.36)
For 77 component we have
RerlG) = 2G0:Cop - L0r(C00,Gup) + {0 CM07 Gy o (2.37)
while for 7a one can deduce that
RorlG) = S9(@¥0.Che) — 90(C"0, G, (239)

where the covariant derivative is with respect to the metric Ga. In practice, to study the
equation of motion at different orders, we choose to write the Ricci curvature perturbatively
according to the expansion (2.3), which means we have

1
Rw[G+h] = R}, [G"] + ;R}W SRR (2.39)

where the zero order mainly comes from the hard sector of the metric described by G° and
the soft modes will go into the first or higher order terms.

2.2.1 Zero order

For convenience, we will denote G9,(y) as Gab(y) in this subsection and consider the equation
of motion at leading order of 1/7. In such case, connections involving 7 component are given
by I'], = 7Gap, e = %61‘} and I =17, =T% = 0. For the connections not involving



7 component denoted as I'y,, they are given by the direct d + 1 dimensional calculation
using the AdS metric TQ@ab(y). Now, to solve the vacuum Einstein equation with zero
cosmology constant

R, [G] =0, (2.40)

we should deduce the Ricci curvature R written as R[G] = R2[G] + RI[G]. One can easily
verify that R;, = 0, while for R,, one has

Rau[G] = RIYTVIG] — dG, (2.41)

in which we have introduced the notion R(‘”l)[é] to denote that the Ricci curvature induced
on the d + 1 dimensional AdS hyperboloid. Therefore, the Ricci curvature for near flat
spacetime is then deduced to be

R[G] = RYTV[@] — d(d +1) (2.42)

and the Einstein equation in (2.40) is equivalent to

A

S| A R
RyGVIG) - §R(d+1)[G] Gap = AGap (2.43)
for
did-1)
5
We can treat A as the effective cosmology constant and 7 as the effective AdS radius since we

A=— (2.44)

are recasting the curvature R[G] for d 4 2 dimensional near flat metric ¢ wv into the induced
curvature RTV[G] for d 4+ 1 dimensional asymptotically AdS metric Gup(y).

In terms of Fefferman Graham gauge, the study of equation of motion at zero order
is equivalent to the study of the differential equation for g;;(z,p). The function g;;(z, p)
are determined by [18-21]

0° (20975 + 4955 — 209" ;91 + P9 G 9i5) + Rislg] + (d = 2)0°gl; + p°9"" Gl 91 = 0

Vil " ghm) = V' gi; =0
(2.45)
according to the equation (2.40) or (2.43) and the covariant derivative is with respect to

g 1 .
9" (pgij +295) = 5p9™g

the metric g;;. A brief study of such equation is shown in appendix B and here we have
ggj = 0,9i;- Moreover, for even d, one has the expansion

0 — 2 — d _
gij (2, p) = 0 + p gl 4 p V2Dt cyp P logp 4 - (2.46)

when p goes to infinity. Here, following the convention from the previous literature, the
(2k)
ij

is used to keep track of the order of p. Coefficients g

are used to keep track of the order of r. Or equivalently, k
(2k)
ij

order terms via checking the equation (2.45) at the order of p¥ while such procedure will fail

superscript 2k in coefficients g

are uniquely determined by the lower



until 2k = d. In such case, the equation of motion will only allow us to determine Tr g(d) and
it also leaves us freedom to introduce the traceless algorithm term parameterised by c;;. Fox
example, by checking the first two equations at the leading order, one can obtain the relation
2 0
Rijlg¥] = (d —2)g? + g Tr g (2.47)
together with

Vi(Trg®) - vigl? =0 (2.48)

(0)

where the covariant derivative V; and the trace Tr now are with respective to the metric 9ij

while we will keep such convention in the following part of this paper. One can see that gﬁ) is

fully determined as a function of gg-)) for d # 2 while only the trace part is fixed when d = 2.

2.2.2 First order

We have studied R?W in the previous section while here we are going to deal with Rllw
therefore determine equation of motion at first order. It is easier to calculate the R, and
R, components by checking the formula (2.37) and (2.38). The R,; = 0 will be trivial

at first order while for R!,, we have
R, = 3ValGEGL) — 596 (2.49)
where the covariant derivative @a is with respect to the metric G’gb. For the R, components,
we have
Ry = Ry ™' — %Géb + %é}legdGid (2.50)

from which one can see that the first order contribution Riljl’l of Rg;rl will also contribute

to the first order Rclbb therefore it will make the results more complicated. The strategy
here is to determine the first order term in R%™ then add the other terms in (2.50) which
also contribute at the first order.

Such soft sector is described by the first order term h,,. More precisely, it is determined
by the parameter m, o;; and A; once the gauge is fixed. To simplify the calculation further,
now we consider the expansion of parameter m, o;; and A; by the order 1/p. Taking the
parameter m(p,z) for example, we have

m(p,z) =mO () + ;m@) (x)+ -, (2.51)

in which m(% (z) is the leading term while m(?(z) is the subleading contribution. m(©), m(?

describe the zero order and first order contribution to the soft sector according to the spatial

radius of AdS hyperboloid p. For the parameter o;;, A; we adopt similar convention and
) (2k)

tj
Therefore following the equation of motion given by the Einstein equation explicitly

the corresponding coefficients are denoted as A,E% and o

showed in the appendix C, we obtain the constraints

Tro® = 4dm©® (2.52)



by considering R,, = R, = 0. Moreover we have

A® — ¢ (2.53)
by checking the equation of motion R;; = 0 at the zero order of 1/p. For the equation
R;; = 0, again at leading order, we obtain

d—1 1
> o) + 593?) Tro® —2(2d — 1)m@gY =0, (2.54)

which is compatible with the constraint (2.52) after taking the trace on both sides. One

can also obtain the relation
Vo) = 4v;m® (2.55)

after acting the covariant derivative V7 on both sides.
Now we consider the Einstein equations at first order of 1/p in order to determine m®,
AZ(-Q) and ag). By checking the equation of motion R;; = 0 at the first order, we have

2vV;m(©® = A® (2.56)

while for R, = 0 we obtain the relation

3d—1
2

Az('2) _ dvim(o) + %Vjo-i(](.)) — %Vi Tro® =0. (2.57)

Given the above equation, we can deduce that A% = 0 after using the relation (2.52), (2.55)

and (2.56). This tells us that the parameter m(?) should be a constant and the zero order
(0)

. 0) . . . .
coefficient o, is conserved with respect to the metric g;; » written as

Tro® =4dM Vo) =0 (2.58)

where we have denoted the parameter m(®) as constant M. For the equation of motion
R,; = 0 and R,, = 0, they will give us the relations

dm® + %Tr o Ty 9(2)m(0) =0 (2.59)
and d 1 1

a 2 1 2 _ 2 i (0) _

5 + g Tro @)% = 0. (2.60)

(2)

From these two equations one can see that, in order to make m(? and 0y

Q)

solvable, one

should further impose constraint on 9(2) thus we have

908 =A4Tr gm0, (2.61)
(2)

ij

here we just present the result
3—d

@

2 Y

To obtain o;;”, one needs to check R;; = 0 explicitly. The equation is more involved and

0 2 1 0)y (0
+ (6 — 4d)m(2)g§j) — 69(»)m(0) — §(Tr c® — g(Q)UZ(k,))gZ(]) (2.62)

v]

+4Tr g m© )gl(jo) Trg(2)ag-)) + %Tr G(O)gg) +0R;; = 0,

,10,



where R;; [g + %J} = Ri;[g] + 6R;;,%> and we can see that, given the value of m®, o2

ij 1S

determined by solving the equation. After taking the trace on both sides, we have
—2d d
5 - Tro® 4 (6 — 4d)dm® — 6 Tr g m® + Zglgiof) o 4 2dm©@ Trg® =0,  (2.63)

from which we will obtain the same relation as (2.61) after the substitution of (2.59) or (2.60).
From above calculation, we see that the value of m(%%) are related to the trace of

soft metric coefficients Tr o(?#). More precisely, by considering the constraint (2.52), (2.59)
and (2.61), one can find that they obey the more compact relation

Tr%%) (5 — 4mg) = 0 (2.64)

where Tr(®**) is defined as the trace over the metric g(%)

i and we denote Tr® = Tr. The
relation between (2.64) and the Einstein equations is not clear but we expect this is true
when going to the higher order.

Further more, by checking the( 2e)quaution of motion R;; = 0 at the order of 1/p%, we

obtain the relations involving V7 o;; written as

1
(2 - DAL +2Vim® + SVi(Tro® — gl o))

_fw @, 1 1 Vigo MON TVigBofh =0 (2.65)

where we have used the relation (2.48) and the last two terms come from the variation of
the connection 5F§-k. It turns out that, although a little bit tedious, equation (2.65) will be
useful for us to study Ward identities of the boundary conformal field theory with the help of
flat/CFT dictionary. Moreover, by studying the equation of motion R;, = 0 at second order

of 1/p? one should be able to determine A£4) once m? or equivalently Tr o is fixed.

3 The flat/CFT dictionary

The Einstein-Hilbert action for the gravitational theory on a four dimensional asymptotically
flat manifold M with boundary OM 1is given by [26]

Se[G) = 167TGN (/ d*Xv-G R[G +/ d%{ﬁﬂ() (3.1)

in which K is the trace of the second fundamental form and ~ is the induced metric on
the boundary. To evaluate the action, we first choose to use the equation of motion (2.40)
and set the boundary as the surface with constant AdS spatial radius p = 1/e. Then the
regulated action is given by

1 o0
Serreg = ——— | dr | d?zy/—7 2K 3.2
gr,reg 167TGN/0 7—/52 l’ﬁ ‘p:l/e ( )
where we have 7., = —1, 7;; = 7'2@1']‘-3

2More precisely, we have dR;; = (VmeUZ] + ViVjonm — ViV; a — ViV,o; ) Then, using the rela-

tions (2.52), (2.54) and the fact that m(o) is a constant, we have chr( i = 0 therefore dR;; = 0.
3In fact, there are three components that belong to the boundary 8M One is at p = 1/e while the other
two are at 7 = 0 and 7 = oco. In this paper we focus on the renormalisation of the divergence at p = 1/e. For

— 11 —



Moreover, to calculate the integral over K, one should notice the relation K;; = @mj
thus we obtain®

Grr

/ dT/dZ.’E\/ 2K’
Grr

/ rar [ aa 6o (2GY9,G,, — G0,
S

p=1/e
(3.3)

p=1/e

in which n* is the outward unit normal for the boundary dM. In our case, for the boundary
p = 1/e, the only non-zero component is n” = v/GrP. To see the divergent part of the
regulated action in a more precise way, for even d, one can use the expansion for g shown
in (2.46) and extract the infinite part written as

1

Ser.reg = 167Gy

/ dTT/ dxﬂ/ ( Yay (1, 2) + ao(1,2) +loge b(t,z) + Ofe ))

(3.4)
where a; and b are the corresponding coefficients. To get the renormalised action Sgr ren,
one should introduce the local and covariant counterterm S, ¢ to eliminate the divergence,
which takes the form

Ser,ct = /OOO dr o d*x f(1,2)/—7 + /OOO dT/S2 d*z g(r,2)v/=—y R [y] + - -- (3.5)

where f, g are scalar functions of 7, x and they are determined by the coefficients a;, b
n (3.4). Given the renormalised action Sgrren = Sgr,reg + Ser,ct together with the dictionary

1 _
exp (iSgrren[G]) = <exp 3 /52 A2V G G T¢j> (3.6)

the CFT stress tensor T;; is then deduced to be

2% 6Sgr ren
(Tig) = llao VG 6GiU

where C?ij is the background metric of the boundary CFT. Before going into the detail of

(3.7)

holographic renormalisation, here we briefly discuss the structure of renormalised gravity
effective action. Through the renormalisation procedure, the IR divergence is regulated by
choosing the AdS spatial radius p = 1/e as the low energy cut-off. However, for the flat
spacetime, we also have timelike direction labelled by 7 and here we treat it as the UV
cut-off from boundary point of view by specifying the range of integral 0 < 7 < L. Therefore,
organized by the powers of L, the action takes the form

Serreg = Sop reg + S

gr,reg gr, reg (38)

the integral along the surface of constant 7, we treat them as the assignment of initial and final data. The
treatment of the integral at the constant time surface is equivalent to the procedure that we fix the initial
modes by hand or inserting proper ic description in the path integral. More rigorously, like the treatment
for real time holography [27-29], one can choose to glue a Euclidean cap at 7 = 0 surface and make the
divergence cancelled.

4We are abusing the notion here and V means the covariant derivative with respect to the metric Gi;.
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where SY is the leading contribution while S° is subleading. After performing the

gr,ren gt,ren

integral of 7 during the holographic renormalisation, we have

Sgr,ren = L2SO + LSI

gr,ren gr,ren

+ O(log L), (3.9)

in which Sgr’ren is the contribution to the renormalised action of the order L? and Sglr,ren is

the lower order term. We identify ngen as the hard sector since it comes from the AdS

hyperboloid while the soft sector is identified as S’ér’ren coming from soft modes in the metric.
Given the dictionary (3.6), to perform the calculation and make it work the same as
the AdS/CFT dictionary, we need the specific map between the boundary and bulk data

and here we propose the relation to be

A 0,1 ©
where the boundary background metric is expanded by the order of energy cut off L given
by the bulk data gg-)) and oi(](-)).
3.1 Hard sector

In this section, we choose to perform the holographic renormalisation for the hard sector
ignoring the soft contribution from h;;. It turns out the treatment of the hard sector is
equivalent to the linear summation over all the AdS hyperboloid contribution and one can
regard this part as the review of AdS/CFT holographic renormalisation. At zero order,
the onshell action takes the form

-1 L 2 2 (2 ij
- - 2 i ..
Ser reg = 167TGN/0 drr /52 d°x \/q 2p (p +g 8,092])

and the counterterm is given by

(3.11)

p=1/e

o d-1
8rG N

L 1
/ dr | d*z =v/—. (3.12)
0 52 T

Sgr,ct =

Now, following the above discussion, we will show the result for d = 2. In such case, g(g);;
is the metric on the sphere and the regulated stress tensor Tﬁg on the celestial sphere is
therefore given by

12 iL?
reg _ " Koo — mii K —
b= Tonay B~ k) = g mp

)

((d — 1)gij + pgijg"* Bpgu — paﬂgij) ‘p=1/e

(3.13)

in which L is the upper bound of the integral over 7 and we have set p = 1/e. After the
subtraction of the counterterm

L2 (d—1)gi;
? ( )9J+

t __
Ty =- 167G N € o (3:.14)
one then obtains the stress tensor
iL? 2 0
() = Torcm (95 — gl Tr g@) (3.15)
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by taking the limit ¢ — 0. Moreover, with the help of the relation
1

where R = R [g(o)] and t;; is a conserved symmetric tensor Vitij = 0, we have

iL?
Ti) = —— t;;. 3.17
< ZJ> 327TGN 1] ( )
Therefore, after taking the trace, the Weyl anomaly is then deduced to be
, c
TN = — — 1
(T =—5=R (3.18)
in which c is the central charge on the celestial sphere
i3L?
= i 3.19
aTer (3.19)

One can see the central charge will approach ico as argued in [23-25] if one treats L as
the scale of energy.

The infinite behaviour of the central charge can be easily understood given the detail of
the flat/CFT dictionary, which has been extensively studied in the case for scalar fields [13].
The onshell scalar field is studied by the method of variable separation which splits the 7
direction and other coordinates on the AdS hypersurfaces and it turns out that one could
decompose a single scalar field into infinite number of modes labelled by the complex number
k making the scale dimension of the dual operator live on the principal series. Here we have
the metric G, while it is hard to apply the variable separation method to split the nonlinear
Einstein equation into the 7 dependent part and the other part which describes the equation
of motion on the AdS hyperboloid therefore decompose the metric into the form of

G,ul/(Ta P,l') — GHV(pvx;k) (320>

labelled by the parameter k. But here it is still reasonable to assume that the bulk metric
is dual to infinite number of operators on the boundary described by stress-tensor modes
denoted as Tj;(x; k) and the energy-stress tensor calculated here are in fact the summation
of all these modes. Each mode will contribute to the central charge in a finite way while
the total effect will become infinite after summing over all the modes labelled by k treated
as the frequency space dual to the 7 direction.

3.2 Soft sector

Now, based on our study of the hard sector, we move on to the study of soft sector. In

order to obtain the next leading order correction Séryren, one needs to consider the higher

order terms in 1/7 of the onshell action (3.3)

-1 L A
1 _ 2
+ Sgr’reg = 7167rGN /0 drr o d x\@

4p
V Grr

- ;(2v2 Ai — g pOyoij + v Papgij)) ;

0
Sgr,reg

((d + pgijapgij) (3.21)
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therefore regulated action at the first order now becomes
1 L

2 7 1] %]
grres = gra Joo d*z \/9(0) P (QV Ai = pg0p0i5 + 0¥ pO,gij (3.22)

— (2m+ 2dM)(d + pg"9,g;))|
p=1/e
where the integral over 7 has already been performed and the contribution in the second

line comes from the determinant V'@ and the norm vector factor VG pp- Together with the
expression of the extrinsic curvature

p
Kij = —p(p0pg:i5 + gij) + - <viAj + V;A; — p0,0ij — 045 + 2m(p0,g:5 + gz‘j))7 (3.23)

one can obtain the soft stress tensor T%’reg
1,reg iL lk
Tij — 87rGNp<(ViAj + Vin — papUz’j — Uij) + (pg apglk + d>gij (3.24)

~(2ViA = pg*Dp0u + po™0,0u) 915 + 2m(pB,0i; + gi3) — 2m(pg* Dpgui + d)gi; )

by checking the first order of Kj;; — 7;;K then performing the integral over 7 like we have
done for the hard sector. From the above expression one can see the stress tensor will go to

infinity at large p. One of the divergent term comes from V;A; while the other term comes
) _ 4@ _
= A7 =

from the first order metric on the sphere o;;. However, taking the constraint A;

and the counterterm

Seret = — gdﬂijlv /0 " ar . d*x T\@ (4p2c?pp)‘% (3.25)
into consideration, we have
75 = (1 @yo(gy + 2oy — 2mae) + - (3.26)
7 167Gy SoLY !
therefore the corresponding finite renormalised stress tensor at first order becomes
1L

(Th) =

0 0 0
~ 8 ((Tr pC) U](d) gle)) glqj) i ng(z)fffj)

— oD +2m (g — g v g(z)>)_ (3.27)

3.3 Ward identities

Given the flat/CFT dictionary and the specific expression of the energy-stress tensor, now
we turn to study Ward identities concerning (7;;) with the help of constraints on the gravity
metric studied before. For Weyl anomaly, we will perform the calculation from the boundary
point of view which means that the indices now are raised and lowered by the metric Gij.
After taking the trace, for the soft stress tensor, we have®

) = - 1672rLGN (264 = D(Tra® = 0P8

— om0 Ty 9(2))

+ Tr g(2) Tro® — Ug-))gg)), (3.28)

®Here (T})' represents the first order of G (T};), i.e. (T})' = <T11])g%> - %(TZ%)aéJO').
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which is equivalent to

iyt = &

= (2) 2
7TGNm (3.29)

after using the relation (2.59), (2.61) and setting d = 2. As we have studied, m® could be
an arbitrary scalar function therefore it will contribute to the anomaly at the subleading
order in an arbitrary way. At the same time, one should note that the form of anomaly are
highly constrained in two dimensional conformal field theory [30, 31], the anomaly should
be proportional to the Euler density, which means one should consider a special class of
asymptotically flat spacetime in order to make the boundary field theory conformal. Here,
we choose to consider a set of solutions of m?) written as

Tro® =aMTrg®  dm® = (1 - Z) M Tr g®) (3.30)

satisfying the constraint (2.59) and (2.60) for a real parameter a. Such choice could be
treated as the fix of gauge for soft sector like the gauge of asymptotic AdS hyperboloids are
fixed in terms of Fefferman Graham coordinates where Ggp = 1/4p%. Therefore, we will have

1L

(THY = g (2 —8) Tr g@m©. (3.31)
TGN

In such case, we can treat the contribution from m® as part of the central charge at
subleading order. To determine the central charge at the order of 1/L, we can use the relation

C —

(T} = o R [G]. (3.32)

(2

where R[G] = R|go] + %(gzg)csRij - UZé)Rij [9(0)]). By checking the formula (3.31) and (3.32)

specifically, we have

i3L?  iML3(a—2)
e + e (3.33)

from which we can see the central charge will have first order correction that depends on
the geometry of spacetime characterised by the parameter M and « while we leave higher
order correction for further investigation.

Before going to study the conservation laws of energy-stress tensor, we first recall some
lessons learnt from the AdS/CFT correspondence. For the asymptotically AdS case, the
spacetime behaves like a box and no particle could finally reach the infinity while this fits
the calculation that the dual CF'T energy-stress tensor is conserved. Following our definition
of asymptotic flatness, the hard sector is built up by the AdS hyperboloid therefore the
dual energy-stress tensor on the celestial sphere is expected to be conserved at leading
order, written as

VIHT;)° =0, (3.34)

which can be deduced using (2.61) and (3.15). Comparing with the AdS spacetime, one
of the main feature for asymptotically flat spacetime is that there could be gravitational
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radiation at the boundary and thus the system is not strictly closed i.e., energy could be
carried in or away by particles passing through the null boundary. Now, for the stress
tensor at subleading order, we have
1L

?j<Tij>1 - _167TGN

(2V,i(Tr o@ _ J,(C(l))gg)) — 2Vja§-?)

+ oV gl + VI Tr goyo,)) (3.35)
where we have used the relation (2.48) and the covariant derivative V; is with respect to
the background metric C_?ij of the boundary CFT. Moreover, taking the constraint (2.65)
into consideration, we have

iL
167Gy
from which we can see that the stress tensor is not conserved at the subleading order due

VT, = (8Vim® + 4MV; Tr g® — o(2¥,,017), (3.36)

to the existence of soft modes therefore we can interpret such soft modes as the radiation
modes which generate the flow of energy through the null boundary.

4 Conclusion

In this paper, we have developed the holographic renormalisation procedure for the grav-
itational action on the asymptotically flat background and then obtained the flat/CFT
dictionary between the d 4+ 2 dimensional theory in the bulk and the d dimensional CFT on
the celestial sphere. Based on the construction of flat/CFT dictionary, we get a precise map
between the asymptotic bulk data and the conformal energy stress tensor. By considering
the conformal anomalies, we deduce the value of the central charge up to the first subleading
order, which comes from the soft sector of the energy stress tensor. It turns out that the
central charge takes a complex value approaching infinity. Such behaviour has already been
argued for long while here, given the flat/CFT duality relation, we may ask if the complex
central charge implies that the boundary CFT is not unitary and we will leave this to further
investigation. Moreover, we can see the value of the central charge is expressed as power
expansion according to the energy cut-off L and the physical implication of such expansion
is also not clear from either bulk or boundary point of view.

The introduction of the cuff-off L can be treated as the extra input when performing
the renormalisation for the gravitational action. For the scalar case [13], we also have the
integral over 7 from zero to infinity while there is no need to introduce the cut-off to make
the action finite. That is because the integral over 7 together with the weight function and
7 modes will produce orthogonal relations telling us the coupling between different modes
labelled by k. We have seen such orthogonal relation by solving the Klein-Gordon equation
explicitly while here the treatment for the Einstein equation will be much harder as we have
briefly discussed in section 3. In this paper, we have not studied each graviton mode in a
microscopic way while we choose to study those infinite number of modes macroscopically
by introducing the cut-off L.

As we have seen, for the flat/CFT duality, most of the nontrivial results come from the
contribution of the soft sector. It will lead to a non-conserved stress-energy tensor from
the boundary point of view. Such stress tensor makes the behaviour of boundary CFT
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more complicated while it enables us to investigate the gravitational bulk radiation from
the boundary point of view. Therefore the interpretation of the non-conserved part of the
energy-stress tensor is more like the introduction of heat bath or matter fields studied in
the AdS/CFT correspondence.

The definition of asymptotic flatness is clarified in the whole paper as (2.32) while one
may ask if we could consider the asymptotically flat spacetime in a more general sense. It is

interesting to explore how the renormalisation works when the Fefferman-Graham gauge is

0
pp

For the spacetime in (2.32), the choice of spatial radius p on the AdS hyperboloid as the

broken. For example, one can consider the case that GG, takes an arbitrary form or Ggi # 0.
IR regulator is straightforward since it will not break the asymptotic symmetry while the
development of holographic renormalisation will become more complicated if one wants to
deal with more generic metric.

For the soft sector, we also meet the similar problem like the gauge fixing of the AdS
hyperboloid and this comes from the freedom of the choice of Tro(?) or equivalently m(?).
As we have seen, the trace part Tro(® tends to contribute to the subleading part of the
anomalies of the stress tensor (T}) in an arbitrary way while the form of Weyl anomaly is
highly constrained from the CFT point of view. After the holographic renormalisation, to
make the field theory coming from the bulk gravitational theory conformal, we have to further
fix the gauge of Tro(® as shown in (3.30). Here we have the freedom to do so but this leads
to the problem that if all the asymptotically flat gravitational theory is dual to the CFT
on the boundary. In fact, the definition of asymptotically flat spacetime is a vague concept
in gravity as we have discussed in the introduction. In addition to the Ricci flat condition
R,,, = 0, one should also make the spacetime approach flat at infinity so that recover enough
flat space results and properties. On the other hand, the CFT is well studied thus such
mismatching makes the construction of flat/CFT duality challenging.

At the end, we illustrate some connections to the celestial holography. The duality
between the bulk metric and the boundary stress-energy tensor has also been studied in the
work [23, 32] in order to manifest the duality between bulk scattering soft theorems and
boundary Ward identities. Here we derived the expression for the boundary energy-stress
tensor with the guidance of the flat/CFT dictionary (3.6) while this enables us to determine
both the hard and the soft sector of the energy-stress tensor in terms of expansions from
bulk metric in a local way therefore boundary Ward identities will naturally correspond to
the Einstein equation in the bulk. It is interesting to quantize those gravitational modes
and find the relation between these two kinds of bulk gravity and boundary energy-stress
tensor duality. We will leave this to further investigation.
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A Asymptotic symmetries
Given the Killing vector £, we can then further write down the variation of the metric as
LeGy =E70,Gu + Guo 0,67 + Gue 0,87, (A.1)

in which the expression is true for generic metric. In this article we will work in the
Fefferman Graham gauge which means we have G, = —1 and G, = 0. In such gauge,
for 77 component, we have

EfGTT = §UaUGTT + 2G7—cr arga = _287_57' (A2>

while for the 7p and 7z component we have

LeGrp = Gro 0,87 + Gpo 0787 (A.3)
= — )T 4 Gpp0rP + G0:6 + Gz0:6°
and
LeGre = Grg 0:67 + Gag 0:6° (A.5)
= =08 + G0, + G..0-8 + G.20-€". (A.6)

For the spatial pzz part, we have

LGz =E70,Gz + GL00:87 + G550.6° (A7)
LeG.n = £70,G s + 2G00.7 (A.8)
LeGpp = E70,Gpp + 2G 0,7 (A.9)
LeGpo = 705G + G o027 + Gop0,E”. (A.10)

B Fefferman and Graham coordinates

In terms of Fefferman and Graham coordinates (r,x;). The metric for asymptotic AdS
spacetime takes the form

. 1 . ” .
Grp=—=, Gy=24 Gu=0, (B.1)

7’2’ ﬁu

in which the asymptotic behaviour is described by the function g;;(r, z;). In such coordinates,
the connection is then given by

1 ;
Fl’l‘:_;7 F:Z:FZ"’I‘:O (B2)

For the other components that involve r component, in terms of the function g;;, the
connections can be written as

()

T A i1
Uiy =—5 0Giy = g% = 599 (B.3)
and 5
. 1 ~. ~ 2 1 .
Ii; = 5G“farc:,ﬁ =2+ 5gf"&gkj (B.4)
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For the connections that do not involve the r component, they are determined by the function
gij and one can treat them as the connection of g;;, i.e., I‘;k = f‘;k[g]

Given the connections, we can use them to calculate the Ricci tensor following the
definition (C.2), the rr component is given by

REFUG) = 0,1, + Ty Ty — 7, T,

1 i oo 1 .. 1, d
=597 07 9ij = 59" 0rgij = 797 9 Orgit Orgjm + 5 (B.5)
and the ir components is determined to be
R{FG) = 0T, — Oy + Ty — TR, (B.6)

1 1 1 1
= S0 g™ Oy gim) — 5 0h( g 9,9u) + 59’“’” Ty 0y gim — 597”'“ T O gik-

Moreover, in terms of covariant derivative V; with respective to the metric g;;, R; can
be simplified to

A 1 1_.
RG] = §Vz‘(glm Orgim) — §v]ar9ji- (B.7)

The ij component is given by

R?j—i_l[é] = Rij [g] - aTng + Ffr ;k + F:lrér - F:]Fgr - F:jl—‘;r (BS)
1 d 1—-d 1
= Ryjlg] + 533913' + o295t 5, 0ngi — igkmargkiargmj
10,0156 gm — 159" Oren
4 rYij rYlm 20 i rYlm>
in which the induced Ricci tensor of g;; is denoted as R;;[g].
C Equation of motion
To calculate the Ricci tensor, we will use the convention
A A
R, =0,7,—0,, + T, =T\, (C.1)
so that the tensor is given by
Ry, = R,,," = 0,10, = 0,I, +T0,T), —T0 T, (C.2)

For d dimensional spacetime, in terms of the Milne coordinates, the Einstein equation at
linear level could be written as

492 1 .. 1 ..
R..[G] = %ampp +20°02hpp + 59702 hi; + —g 90, by (C.3)
1 ~ 1
R.i[G] = 20°V0-h,p + 27)%( "0 hjm) — ZaTvkh,ﬂ- —20%0,0,hiy

—4pdrhip — 2p°0-hyils, (C.4)
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in which we have

Iap = d;2; + %glmapglm (C.5)
and R;, is deduced to be
R.,[G] = —i?g”‘afhij + iap(g"jamij) —2p0:hp, — iaTvihZ—p
2p 2p 2p
—2p%0-hp, TG, + ;pgijaThjkrfp. (C.6)

For other components, with the help of the expansion of the Ricci curvature,
~ ~ 1 - A A A A A A
RGO 4 p) = REFGO] + 5 (V2hat + VaVih = VeVahi = VoVih) + O(h?) - (C.1)

(0)

where V, is the covariant derivative with respect to the metric G o - Then one can obtain

d—+2 1 T o ij
RpplG] = —dhp, — TTaThpp - 57-263]%0 - 87,0391]87]”1' + <4p2F2jF§p - %Ffj

g . . g
—i-?l“fpl“g’k —4(d+ pg”f),,g,y)) hpp — <2p(d + pg"” 0p9i5) + 27)1“% Ophpp

1, 1 D2 o 1o 1 90 1 ..

1 . 1 .. 1 . . 1. j
7hz+;gwrk r hk,_;rl bl — =T T* 1) (C.8)

1. .
J
+;szjaphi + 208 ipTjp 2 pj't ; pj~ pi

where we have h; = gikhkj and hf) = gk hjp. The connections used here are given by I') , = —%,

) 5t )
I, = ﬁ + %glkﬁpgkj and Fipj = —2ng¢j — 2p38pg¢j. For the components of R;,, I;; we have

d+1 1 1
RG] = —%T@hm — 572831% —dhip —2pVihp, — 20* Vi (T hyp) — %vm(rfmh,,p)

1 . . 1 .
—2p°T% Vih,, + %(V"‘thip — ViVihy) +2p%0,(I hyy) — %ap(rfjhg))

mn

3
+ §Fﬁnrﬁpgmnhkp + g

. 1 1 .
I 1P T h 4+ — g™ Tk TP h + —T7 TP R
2p mn= pi JP+ 9 P+2p kp

2p mp~ nk 7' °p

1 217 Tk 217 21k 1 j
—ﬁgm”annhw +2p°1 T, hpi + 15, (—Qphpi +20°T) hypj +207T5, hpr — erjhi

; 1 , 1
+8pL) o — 2hip + ;Ffjaph;, —2p0hip — 2p°T% ,0phpi + ;Vk(Féphf)

1 1 1 1 ; 1
—— Tk VMhy + —TF Vihd — —VI(TF hy) — — V(T hF) + —T9 v.hk
2p mpV ’f+2p i Vil QPV( ir k) vaj( ok l)+2,0 kpvj i
1 | 1, 1 1 ; .0
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d+1 1 T
Rij [G] = —dhij - TT&,—hij - 57'2872_}%]' — §gij(gm”87hmn + 4p387-hpp)
1
+8p(4pzrfjhpp> - 202(Fl,§irzjhpp + F’pchzihPP) + ;Fﬁifﬁjgm”hpp +20°ViVhy,

+4P2F2przpjhpp - Fipjap(2/)2hpp) = 20,(p*Vihy;) = 20,(p*V jhpi)

1 1 1
—20*Vi(TE,hjp) — 20° Vi (D5 hip) + 2?rgjvih’; + 2Tgrgivjh’; + ;vk(rgh’;)

—20°T,(Vihjp + Vjhip) — 20°Tkhys — 20°T i — 20°T% N ihigy — 20°T%,V by
1 1 1 1
P ) T P hHh.Y_ TP . _ TP .
—%V”(thm) 2 v (Fnjhw) 2meivmhm 2mejvmhm
1 k k 1 1 m 202
1 1

—20° (0p(Tihj) + Op (T jhi) + Thi0phiey + Thi0phus) + TPZF%h — 2—prg’japh

1 1.\ 1 1N 1. (1, 0\ 1. (1., &
#3thn (15) + 5t (51t) = 52 (Grts) = 500 (Gre

1
+20° (DT chumg + Ui hni + 20T o) — ?p(rzz‘ e+ e oAy,
1
+%(inrﬁmh§” + DL T b + Tl BT+ T TR Bi) = 2p0 by — 2005 hy
gmn

1
—%rgp(rf) K+ T2 B™) 4

im'g jm'%

o <ann(F§phkj + T8 hy) + T (T8 b

I hug) — Fpmnaphij)‘ (C.10)

Given the Einstein tensor, then one should be able to deduce h,;, exactly by solving
the Einstein equation R,, = 0. For simplicity, we consider the equation at the leading
order which means for h,, we have

1 B P B 1 _
hpp = p277_m(p7 2, Z)v h”Lj = ;Ulj(p’ 2, Z)v hp’i = ;Ai(p,Z,Z) (Cl]')
where higher order terms of 1/7 are omitted.
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