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1 Introduction

Given a quantum field theory T parametrized by some set of generalized couplings or
deformations {\*}, it is a natural question to ask whether the set of such 7 ({\*}) admits any
interesting topology. Indeed, this is necessary for any attempt to rigorize the notion of “the
space S(T) of theories,” and investigate, for instance, the set of path-connected components
70(S(T)) or connected components H°(S(T)).

Recently, Gaiotto, Johnson-Freyd, and Witten introduced the notion of “flowing up and
down the RG trajectories” [1]. Given a 2d N = (0, 1) supersymmetric quantum field theory
(SQFT) T, one introduces a supersymmetric mass deformation to yield a theory 7", which
is equivalent to T at long distances. Then one supersymmetrically perturbs 7’ to yield a
third theory 7”. These authors were interested in investigating whether the perturbation to
T" can trigger spontaneous supersymmetry breaking. They effectively described a sequence
of theories 7 — T’ — T” that are continuously connected in a family of supersymmetric
theories. With these supersymmetric deformations, the theories 7, 7', and 7" are in the
same “homotopy class.”



There is an interesting, albeit conjectured, connection between 2d N' = (0,1) SQFTs and
the generalized cohomology theory of Topological Modular Forms (TMF) [2-8]. Building
on some earlier work by Segal [9, 10], Stolz and Teichner [11, 12] conjectured that to every
2d N = (0,1) SQFT, there corresponds a class in TMF. This map is expected to descend
to homotopy classes of 2d N/ = (0,1) SQFTs, which are naturally graded by an anomaly
coefficient v € Z, leading to a map!

homotopy class of

DefClass :
erass { 2d N = (0,1) SQFT with anomaly v

} — TMF™". (1.1)
Assuming the validity of the Segal-Stolz-Teichner conjecture, TMF classes make it possible
to study, among other things, the path-connected components of the space of 2d N' = (0,1)
theories. (We will review some aspects of this in section 6.) For string theorists, 2d ' = (0, 1)
superconformal field theories (SCFTs) arise rather naturally as worldsheet CFTs for the
heterotic string [15-17].2 A detailed investigation under the assumption of the Segal-Stolz-
Teichner conjecture (1.1) led Tachikawa and Yamashita [14, 18] to conclude that there are
no global anomalies in the heterotic string. This requires a careful analysis of the subtle
torsion invariants measured by TMF classes.?

The perturbative heterotic string in the NSR formalism in lightcone gauge [31, 32]
takes as input a modular-invariant 2d N = (0,1) worldsheet SCFT with central charge
(Cleft, Cright) = (24, 12), and yields as outputs the spacetime Hilbert space (spacetime spectrum)
and the spacetime scattering amplitudes. Computing scattering amplitudes involves an
integration over the moduli space of super-Riemann surfaces. In the simplest case, when the
Riemann surface has the topology of a 2-torus T2, this integration involves a sum over the
four spin structures on T2, which amounts to a GSO projection [33-35].

This work will restrict our attention to 2d N' = (0,1) SCFTs that model the internal
worldsheet degrees of freedom of two nine-dimensional non-supersymmetric heterotic string
theories. Non-supersymmetric string theories have been known for years [35-46] and their het-
erotic versions have since been revisited in different contexts [47-63]. The non-supersymmetric
heterotic strings we consider here have a spacetime tachyon. Nevertheless, their worldsheet
theories are well-defined modular-invariant 2d N' = (0,1) SCFTs.

For a general d-dimensional heterotic string model (where 2 < d < 10), the internal
degrees of freedom correspond to a modular-invariant 2d CFT with (cieft, Cright )internal =
(26 — d,3(10 — d)).* It is a general fact that internal bosonic (resp. fermionic) CFTs®
lead to spacetime supersymmetric (resp. spacetime non-supersymmetric) theories [57]. The
deformation class of an internal 2d N' = (0, 1) SCFT for the d-dimensional non-supersymmetric
heterotic string thus determines a class [T] € TMF?*7¢ by (1.1). A key motivation for this
work is the following question:

'We define TMF™" := TM F~"(pt), where pt denotes a point. The conjecture stated here is a special case
(for spin SCFTs) of some wide-ranging results; see [13, 14] for detailed expositions, including the corresponding
equivariant and twisted versions.

2For a 2d NV = (0,1) SCFT with central charge (cz, cr), the anomaly coefficient is v := —2(cz, — cRr).

3See also [13, 19-30] for some other recent discussions of TMF.

*The spacetime degrees of freedom contribute (Cieft, Cright )spacetime = (d — 2, 3(d — 2)).

SFermionic (or spin) CFTs require a choice of spin structure for their definition, whereas bosonic CFTs
do not.



Claim. Given two 2d N = (0,1) SQFTs T and T' with anomaly coefficient v, are they in
the same homotopy class? Equivalently, do they determine the same class in TMF™Y in the
image of (1.1)¢

In particular, if the image of the forward map (1.1) is mathematically intractable to
compute for 7', one can ask if it is possible to find another 2d A" = (0, 1) theory 7 in the
same homotopy class, for which the image (1.1) is computable using, for example, the results
of [14, 64, 65]. Here, we will consider the following d = 9 spacetime non-supersymmetric
heterotic theories:

o Theory 1: the model obtained by fibering the (Eg); X (Fg)1 current algebra over the
N = (0,1) o-model on S* with antiperiodic spin structure, such that the two Eg factors
are exchanged as one goes around the circle.

o Theory 2: the (Eg)2 current algebra with a single right-moving Majorana-Weyl fermion
on S with antiperiodic spin structure, with a Z, action.

The N = (0,1) o-model on a circle of radius® R consists of a compact boson X (which we
denote by cbg) along with its superpartner, a right-moving Majorana-Weyl fermion, denoted
by v. The internal worldsheet A' = (0,1) theories with central charge (cr,cg) = (17, 3)
corresponding to the above spacetime theories are

e« Ty ®1Z: the tensor product of a fermionization of the product theory cbop® (FEs)1 X (Es)1,
with a right-moving Majorana-Weyl fermion . More precisely,

Ty = [chor ® (Eg)1 x (Es)1 ® Arf] J/diag(Z5® x 75 x 74", (1.2)

where the Arf theory [66-68] is a fermionic invertible phase [69] with a Z4"™ symmetry,
Zg‘p‘ is the half-period shift symmetry of the compact boson (under which X — X427 R),
and Zg flips the two (Eg); factors.” The theory T1 ® ¢ is the worldsheet theory for the
angular part of the 7-brane of [58].

e To® 1;: the tensor product of a fermionization of the product cbog ® (Eg)s X A with a
right-moving Majorana-Weyl fermion . More precisely,

Ty = [cbop ® (Eg)2 x A] Jdiag(Z5® x (—-1)7), (1.3)
where (Eg)2 X A is a fermionic theory obtained from (FEg); x (Eg)1 by fermionization:
(Es)2 x A= ((Es)1 x (Es)1 ® Arf) diag(Z5® x Z4™) (1.4)

and comes equipped with a fermion parity symmetry generated by (—1)F.

In this work, we show that®

5We use the notation Si := R/(27RZ) for a circle of radius R.

"The fermionization of the compact boson with the Arf theory crucially endows the spacetime fermions a
spacetime antiperiodic spin structure around Sg, see section 4.

8The T-duality of T1 and Ty morally follows from much earlier work of Ginsparg and Vafa [39]. See
also [59].



1. Given a bosonic 2d CFT 7a with a non-anomalous ZéA) symmetry, the 2d spin CFTs

Xy = (chor ® Ta ® Arf) Jdiag(Z5P x ZY x 74 | (1.5)
and
Xy = (chop @ Tr) Jdiag(Z5P x (=1)F), (1.6)

are T-dual for R’ = ﬁ. Here 7 is the tensor product of the fermionization of 7p with
the Arf theory, i.e., Tg := (Ta ® Arf)//diag(ZgA) x Zh™) @ Arf. This T-duality follows
from that of the compact boson, and the theory 7a serves merely as a spectator in
this duality.

2. Ty is T-dual to Ty for R’ = ﬁ. This is a special case of the previous result when 7a is
taken to be the bosonic holomorphic (Eg); X (Fg)1 theory.

Therefore, the two spacetime non-supersymmetric heterotic string theories with internal
2d N = (0,1) SCFTs T1 ® ¢ and Ty ® ¢ are T-dual to each other.

3. The worldsheet theory T; ® 4 is continuously connected to the 2d ' = (0,1) (Eg)»
SQFT obtained by a certain tachyonic deformation of To ® 1Z that leaves only the (Fg)2
current algebra as the light degrees of freedom — we often refer to this as the “(FEg)2
theory”. Therefore, the T1 ® 1 theory and the (Eg)2 theory are related by moving up
and down the RG trajectories.

Combining the above with the results of [14, 64], we give a physical derivation of the
following fact (cf. Conjecture A.10 of [65]):

The (Eg)2 theory corresponds to the unique nontrivial torsion element [(Eg)a] in
TMF3! with zero mod-2 elliptic genus.

This paper is organized as follows: in section 2, we review Zs orbifolds of 2d CFTs as a
preparation for later sections. A key ingredient here is the fermionization of a bosonic theory
by the Arf theory mentioned above. In section 3, we use fermionization to construct building
blocks leading up to theories T; and Ts. In section 4, we discuss a general T-duality between
two fermionic CFTs, a special case of which leads to the T-duality of the theories T; and
To. Along the way, we also comment on the effect of worldsheet fermionization on spacetime
spin structure. In section 5, we explain how a tachyonic deformation added to theory To ® 7,;
induces an RG flow to the (FEjg)o theory, thereby proving that the two theories are continuously
connected in the space of theories. Finally, in section 6, we discuss a consequence of these
findings for TMF, and in section 7, we list our conclusions and outline some future directions.

In appendix A, we review the Jacobi theta functions and their SL(2,Z) transformations.
In appendix B, we review the characters of (Fg); x (Es)1 and (Eg)2, and in appendix C, we
review the factoring out of universal (super)Virasoro contributions in torus partition functions.

Readers familiar with these worldsheet models could skip directly to sections 4, 5, and 6.



A untwisted | twisted D untwisted | twisted

even ) U even ) T
odd T V odd U \Y

Table 1. States of theories A and D.
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2 Review of Z, orbifolds of 2d CFTs

This section is a self-contained pedagogical review of the modern perspective on Zo orbifolds
of 2d CFTs as originally developed in [68] — readers familiar with this work may safely
skip this section.

Consider a (1+1)d bosonic theory A with a non-anomalous Zs symmetry denoted by Z(QA).
On a spatial S', the Hilbert space of A can be twisted or untwisted, depending on whether

or not one introduces a twist by the ZéA) symmetry around the spatial circle. We decompose

the untwisted Hilbert space of A in terms of sectors that are even (resp. odd) under the ZéA)
action, namely Ha s (resp. HaT): ’H/“\"t""iSted =Has @ HaT. The ZgA)—twisted Hilbert space
of A can likewise be decomposed into even (resp. odd) sectors, denoted by Ha u (resp. Hav):

HEvisted — 35 y @ Hay. The partition function of the theory A is then, quite simply,
In=2Zs+ Zt. (2.1)

Orbifolding the theory A by ZgA) yields the bosonic theory D := A//ZgA), the partition
function of which is

Ip=272Zs+Zy. (2.2)

The theory D has a ZéD) symmetry and orbifolding by it gives back theory A [70]. In the
ZgD)—tWisted Hilbert space, the ZgD)— even and odd sectors are T and V respectively. We
list the states of A and D in table 1. One can fermionize the theory A by tensoring it with
a fermionic theory called the Arf theory, whose lowest energy state on the spatial circle is
nondegenerate.” As a fermionic theory, it has a Zy (fermion number) symmetry denoted
by Zgrf, with eigenvalues depending on the periodicity of the ground state. The symmetry

9The Arf theory is an invertible topological theory [69], with a one-dimensional Hilbert space. It can be
understood as the extreme low-energy limit of the nontrivial topological phase of the Kitaev chain [71] or the

infrared limit of a mass deformation of the (cz,cr) = (3, 1) Ising CFT. See [67, 72, 73] for more details.



A® Arf A 1 Qa ] (CD)P [ se | F |

S ® AP +1 +1 —1 | bosonic, antiperiodic (S, APg)
S®P | untwisted | +1 -1 X X
TRAP | up=+1 | -1 +1 X X

TP -1 -1 +1 fermionic, periodic (T, Pg)
U® AP +1 +1 +1 bosonic, periodic (U, Pg)

U P | twisted +1 -1 X X
VAP | up=-1 | -1 +1 X X

VP -1 -1 —1 | fermionic, antiperiodic (V, APg)

Table 2. States of the theories A ® Arf and F. Note that sp = —(—1)fua.
is generated by the fermion number operator!’

(—1)"n (2.3)

ground state

] 41 antiperiodic (NS),
| —1 periodic (R).

The product theory A ® Arf has a ZgA) X Zérf symmetry. One can define a fermionic theory
F from it by orbifolding by the diagonal Z,:

F = (A® Arf)/diag(ZM x ZA™). (2.4)

The states of F are states in the twisted and untwisted Hilbert spaces of A ® Arf that are
even under the diagonal Zs. Let @Qa denote the ZgA) charge. States that survive the orbifold
satisfy Qa(—1)FA" = +1. We decompose the four sectors of A @ Arf (untwisted or twisted
with respect to each Zg factor) in terms of two labels (ua, sg) where up = +1 (resp. ua = —1)
denotes untwisted (resp. twisted) with respect to the ZgA) action, and sg denotes the fermion
periodicity of F which is either sg = +1 (periodic (P)) or sg = —1 (antiperiodic (AP)).
Now, (2.3) implies that (—1)FA* = —spua. So, the states of F satisfy Qa = —sfua, and are
called bosonic (resp. fermionic) if they come from states with (—1)FA* = 41 (resp. —1), see
table 2. Fermionizing D using Arf leads to a new fermionic theory:

F/:= (D ® Arf) /diag(Z'D) x Z4") . (2.5)

Since T and U are exchanged in going from theory A to theory D, the states of the theory
F’ can be inferred directly from those of F, see table 3. If U and T are isomorphic, the
theories F and F' = F ® Arf coincide.

Our remarks so far applied to 2d field theories. We now assume that A is a 2d bosonic
CFT with central charge (cr,cr). The torus partition function contributions from the S,

OFor a Riemann surface Y with spin structure p, Fas := Arf[%, p| is the Arf invariant of a quadratic
refinement of the intersection form on Hi (X, Z2) [74]. In particular, when ¥ = T? is the 2-torus, Arf[S, p] = 1
if p = (R,R) and Arf[X, p] = 0 if p = (NS, NS), (NS, R) or (R,NS), where NS (antiperiodic) and R (periodic)
denote the spin structures around the two homologically nontrivial 1-cycles [75]. See [66] for a nice pedagogical
review of the Arf invariant and the Arf theory.



F antiperiodic (NS) | periodic (R) F antiperiodic (NS) | periodic (R)
bosonic S U bosonic S T
fermionic \Y T fermionic \Y U

Table 3. States of theories F and F'.

T, U, and V sectors are

1+g _ T 1-g _ To—
ZS = truntwisted (> qLO CL/24qLO CR/24a ZT = truntwisted ( qLO CL/24QLO CR/247

2 2
(2.6)
1+ ey /24T 1- —cr/24-Lo—
ZU = trtWisted ( 2 g) qLO CL/24qLO CR/247 ZV - trtWisted < 2 g) qLO CL/24qLO CR/24 )
(2.7)

where g denotes the nontrivial generator of the ZgA) action on the Hilbert space. Note that

Zs, Z1, Zy and Zy have all non-negative q,g-expansion coefficients.

Under an S transformation (7 +— —%),

S S
In=2s+Zt — Zy+ Zv, Ip=2s+Zy— L1+ Zv. (28)
From table 2, we have, for the fermionic theory F,
N =2Zs+2v, Zk=7y+7Z1. (2.9)
The torus partition functions of a fermionic theory are graded by the choice of spin structure
NS (antiperiodic) or R (periodic) on each of the two homologically nontrivial 1-cycles [75]:
ZnsNs = trns glo gl |
Znsr = trns (—1)Fglo-Figho—3t
ZrNs = trr gl gl |
ZR,R = trR (—I)FqLO_%qZO_% .
By design, Znsns and Zg ns have all nonnegative coefficients, whereas the other two do not.
Also, Zr ns and Zys r are related by an S transformation. Therefore, ZES can be identified

with ZIEIS,NS and ZE with ZE,Ns- To summarize, the partition functions of F and F’ can be
reconstructed from those of A as follows:

Zysns = Zs + Zv (2.14) ZRsns = Zs + Zv, (2.18)
Zysg =Zs—2Zv, (2.15) Zsr =Zs— Zv, (2.19)
Zins =Zu+Z7, (2.16) Zns = Zu +Z1, (2.20)
Zhr =2y-Z7. (2.17) ZRr =-Zu+Zr. (2.21)



The Arf theory is 2d spin CFT with central charge (cp,cr) = (0,0), and its torus
partition function is

1, (p,q) = (NS,NS), (NS,R), (R,NS),
ZArf — (-1 Arf[T2,(p,q)] _ + 299
pa ( ) _17 (p7Q) == (R7 R)7 ( )

where the Arf invariant Arf[T?, (p,q)] was defined in footnote 10.
In [57], the symbols xye" and XON%d are used to denote NS sector characters of fermionic
CFTs corresponding with (—1) even and odd respectively. Here is a translation between

their notation and ours:!!
vV 1 « 5 1+ (-1 F _SL_T7.,_CR
NS = §(ZKIS,NS +Z{sR) = “Zs” = trns ((2)> ghoigho e (2.23)
1 1—(=1)F _CL T, cR
XN = §(ZKIS,NS —ZNsR) = “Zv” =trns <(2)> g Eg T (2.24)
Clearly, under an S transformation,
S
XNS" = XNS' = ZNsrR — ZRns » (2.25)

gives the partition function on a torus in the (R,NS) sector.!?

If (cp, — cg) is strictly integral, (—1) is well-defined on the R sector, and we have,

n 1 1+ (-DF L _To—<R
XeRve — §(ZE7NS + ZE,R> — “ZU” _ trR ( (2 ) ) qLo 251’ qLO 212 , (226)
1 1—(-1)F L T, cR
xR = i(ZE,NS —ZRR) = “Z1" = trR <(2 ) ) ghoighoTar (2.27)
There is a variant of this obtained by tensoring with the Arf theory, which exchanges xg™"
and X‘ﬁdd.

even __

If (cr —cg) is strictly half-integral, the resulting partition function computed by S(x\5$

XR,de) = ZENS has non-negative g-expansion coefficients but the coefficients are /2 times

non-negative integers. It is conventional to write this as v/2xr, where yr has non-negative
integer g-expansion coefficients. In this case, the fermionic parity (—1) is not well-defined
on the states counted by yr. While this is true in general whenever (c;, — cg) is strictly
half-integral, one extreme example of it is the theory of the single Majorana-Weyl fermion,

F

see [64, 76, 77] — we will encounter it in section 5. In these cases, (—1)" is not well-defined

in the R sector and consequently, xg"* and X%dd are not well-defined.

"The theories in [57] are chiral, so the right-moving sector is empty (cg = 0) and their x’s denote
chiral characters.

21n [57], this is referred to as the torus partition function with the spatial circle in the R sector and the
temporal circle in the NS (antiperiodic) sector. In our notation, the first subscript corresponds to the spin
structure around the “spatial” circle, and the second corresponds to that around the “temporal” circle, denoted
there by Z&me,.



3 Theories from Fermionization

In this section, we will assemble the partition functions of various building block theories,
leading up to the partition functions of theories T1 and To. We will extensively use the
methods of section 2.

3.1 Compact boson

The (free) compact boson CFT X on the 2-torus is a map X : T? — S} (denoted by
cbgr), with action,

S(chr) = / d2:0X0X . (3.1)

It has central charge (cr,cr) = (1,1). The partition function on T? with modular pa-
rameter T is

Z(cbgr) == ——5 3 qi(F+nE) i(%—”R){Z’ (3.2)

m,ne”

where ¢ = €?™'7

, m and n are the momentum and winding modenumbers, and 7(7) is the
Dedekind function (see appendix A). In our conventions, o’ = 1. The partition function
satisfies Z(cbg) = Z(cb; ) — this is the familiar T-Duality of the compact boson.

The CFT cbp has a non-anomalous Zs symmetry, under which X shifts by half a period:
X — X +mR. We denote it by Zg'p'. This acts on the Hilbert space state |m,n) as
|m,n) — (—=1)"|m,n). The Zg'p'—twisted partition function is written as Z,p, where a and b
denote the Zs-holonomies around the two homologically nontrivial 1-cycles of T2. Specifically,

the Zg'p'-twisted partition function of cbp is

1(m 2_1(m_,p)?
Zanlcbmi Z5%) = s 3o (—1)egr R g (3:3)
€Z
n&-ﬁ-%a

In the Z;'p'—twisted sector, the winding number is valued in Z + % Taking cbor as ‘theory A’
in the language of section 2, and using (3.3) the S, T, U, V decompositions are

1 m 2 m 2

Zs(cbom; Z5™) = 5 > (1 (—1)m) gi Gt nR) s (Gm2n) (3.4)
2P o,

Zr(cop; Z5®) = 5 > (1= (=1)m)qi i) ga(Gh-2nm) (3.5)
2P o,

Zy(choms Zh%) = - 3 (14 ()M G DR G G2 )0 (36)
2P o,

Zylcbom Z5%) = o Y0 (1— (-1 G DR G2 (g7

The orbifold D(cbyg) := chR//Z;'p' = cbp is a compact boson at half the radius, with
partition function

Z(D(cbar)) = Zs(cbar; Z5™) + Zy(cbor; Z5™) = Z(cbp) (3.8)



The fermionization,
F(cbag; ZQ-P ) := (cbar @ Arf) /diag(Z, ZhP x ZArf) (3.9)

has partition functions given by (2.14)—(2.17):

Znsns (F(cbar; Z5 ™)) = Zs(cbap; Z5™) + Zy(cbag; Z4 ™) (3.10)
Zns R (F(cbap; Zb™)) = Zs(cbog; Zo™) — Zy(cbor; Z5™), (3.11)
Zrons (F(cbar; ZY™)) = Zy(cbog; ZhP) + Z1(cbagr; Z5™) (3.12)
Zrr(F(cbar; Z5™)) = Zy(cbar; ZhP) — Zv(cbar; Z5™) . (3.13)

The fermionization of the compact boson by the Arf theory has also been discussed in [78].
Note that (3.10)—(3.13) can be written as:

1 s s mSQLﬂn27lﬂ,n2

ZM(F(cbm;Z';-P-)):QWT)|2 S (cn)Etneto §Y qymegi (B E2nR) g (520 R)”
Ef'{',sssz} ne?izém

(3.14)

here p,q € {NS,R} and we identify'® {NS,R} = {0,1}.

3.2 (Eg)l X (Eg)l and (E3)2 X A

The (Eg)1 x (Es)1 current algebra as a holomorphic (left-moving) CFT has central charge
(cp,cr) = (16,0). It admits a non-anomalous Zg symmetry that exchanges the two Eg factors,
denoted by Z3. Using the coset relation,

(Eg)1 x (£8)1

(E8)2 = Vlrc:1/2 5 (315)

where Vir._; /o denotes the holomorphic theory of a Majorana-Weyl fermion (sometimes
denoted by A), each state in a representation of (Eg); x (Eg)1 can be written as a product
of a state in a representation of (Eg)2 with a state in a representation of Vir._; 5 [79, Ch.
18]. In particular, the Zg-twisted partition functions of (Eg); x (FEg)1 can be decomposed
in terms of the characters of (Eg)s,

E E E

X1%, Xaagr  X387s (3.16)

and the characters of Vir._y s,
X0, Xt Xi)he- (3.17)
(See appendix B and [41] for details.) The Zg-twisted partition functions of (FEg); x (Eg); are
Zoo((Es) x (Es)1;Z3) = xg"x1*° + X\ll}er3875 + X\1//|r16x248 ; (3.18)

ir E i i

Zo1((Es)1 x (BEs)13Z3) = x§"x1° + XY/5X3875 XY 16X 28 » (3.19)
Z10((Bs)1 x (Bs)15Z8) = xYioxs® + x¢ x3s75 + XY 16X 238 (3.20)
Z11((Bs) x (Es); 23) = —X\1//'r2X1 — X0 "X5ars + X\I/;EGX248 (3.21)

13Note that s; + p and sz + g are defined by the relations NS+ NS =NS =0, NS+ R=R+NS=R =1,
and R+R=NS=0.
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So the S, T, U, V decompositions are

Zs((Es)1 x (Eg)1;Z3) = xg"X1® + XY faXa7s - (3.22)
Z7((Bs) x (Bs); 23) = X\ll}rlﬁX2487 (3.23)
Zy((Es)1 x (Eg)1;23) = XY fi6Xa4s » (3.24)
Zy((Es)1 x (Bg)1;23) = XYox1® + X0 X5ars - (3.25)

The fermionization of this theory is referred to as (Eg)a X Ising or (Eg)2 X A,
F((Eg)l X (Eg)l;Zg) = (Eg)g X A= ((Eg)l X (Eg)l & Arf)//diag(Zg X Z2Arf), (326)
and has the following partition functions:

3.27
3.28
3.29
3.30

Zysns ((Bs)2 x A) = (xg" + x1j2) (XT® + Xs87s)
Znsr((Es)a x A) = (xg" — X\l//lrz)( ~ Xa875)
Zrns((Eg)2 x ) = \/QXY/'EG V2X5is

(
(
(
Zrr((Eg)2 x \)  =0. (

)
)
)
)

The fermionic theory (Eg)2 X A has a Zs symmetry, generated by the fermion number operator
(—1)F. Note that the T and U sectors of (Fg); x (Fg); are identical, so the fermionization
F/' = F ® Arf coincides with F.

3.3 Intermezzo: gauging fermion parity

Defining a fermionic theory F (with a Zy fermion parity symmetry generated by the fermion
number (—1)F) on a Riemann surface . requires a choice of spin structure p. We denote
its partition function by Zg[%, p]. If we turn on a gauge field a for (—1)F, it acts by shifting
the spin structure: p — p + a. Equivariantizing the theory with a fixed spin structure p
with respect to (—1)¥ amounts to treating a as a fluctuating field that is now summed over,
yielding a theory F with partition function

Z:[%, p, A] = V529470 + al, (3.31)

mz

where we have turned on a background field A for the Zy symmetry of ﬁ, and the phase
factor has an expression in terms of Arf invariants, details of which can be found in [67].14

Gauging fermion parity can be implemented by turning on holonomies for Zy gauge
fields (around the A- and B- cycles of T?), represented by a pair of integers a,b € {0, 1},
while retaining the spin structure grading on T? given by (p,q) where p,q € {NS,R}. This

1 Summing over the gauge field a naively seems to be equivalent to summing over spin structures, but
a careful analysis [57, 80] reveals that spin structure summation and gauging fermion parity are in general
different operations, and coincide only when the gravitational anomaly of the theory is 0 mod 16: in such
cases the theory F with partition function (3.31) is a bosonic theory (this is true bosonization). Gauging
fermion parity is possible even when the anomaly is 8 mod 16, in which case the result is another fermionic
theory (refermionization).
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leads to a “refined” partition function labeled by four indices, ZF - The background gauge

Pasq,
field a for (—1)¥ shifts the spin structure, leading to

F F
Z, b = Lpragibs (3.32)

where the r.h.s. is completely specified by the unrefined fermionic partition function and
the mod 2 rules that define p + a.!> One can consider the same operation on F' = F @ Arf
instead of F. In this case,

z\

=zF zA (3.33)

b p+a,g+b“p,q

where Zag is given by (2.22). Given a bosonic theory Tpos with a non-anomalous Zgbos)-

symmetry, one can construct a tensor product Tpes ® F and gauge it by a Zs-action that acts
as Zgbos) on Tpos and as (—1)F on F. The T2-partition function of the orbifold theory,

(Toos © F) /diag (2% x (1)), (3.34)
is given by!6
1 Tics 1 T
Zpa=75 D, L5Zpags= B > ZEeZ gt (3.35)
a,be{0,1} a,be{0,1}

One can construct another orbifold by replacing F with F’ in (3.34).

3.4 Tensoring (Eg)1 X (Fg)1 and (Eg)2 X A with a compact boson

Following section 2, we take as ‘theory A’ the tensor product,
A1 :=cbop ® (Eg)l X (Eg)l . (336)

This theory admits a Z;‘p‘ x 73 symmetry. The twisted partition function with holonomies

(a,b) is
Z.p(cbar @ (Eg)1 X (Es)1; Z6® x 23) = Zap(cbar; ZP) x Zuu((Es)1 x (Es)1;23) . (3.37)
For brevity, we define
ZS, = Zap(cbor; Z5™). (3.38)

In terms of S, T, U, V decompositions, we have,

1 Vir E Vir E i
Zs(A1) = 5{ <XOIrX18+X1/2X3875+X1/16X248>+Z (Xo”X18+X1/r2X3875 Xll/r16X248)}
(3.39)
1 Vir Es | Vir E Vir E Vir Es |V v
Z1(Ar) = 5{ (XOIerg+X1I/r2X3§75+X1|/r16X228> ~Zg (Xoer18+X1}r2X3875 Xll/r16X228):|7
(3.40)

"NS+0=NS,NS+1=R,R+0=R, and R+1=NS.
(Z,Zg)| = 4, so one gets a familiar factor of 1/2.

— 12 —



1 i ir, E i i i
Zy(Ar) = 3 {Zi?o (XY/r2X1S+Xg "X3875 +X\1//r16X248)+Zil,)1 ( X\1//r2X1 — X8 "Xb&7s +X\1//r1(j><248ﬂ )
(3.41)
1 ir E ir E
Zy(Ar) = B {Zi?o <X\1/I/r2X18+XE)/"X38875+X\1/I/16X228> A ( XY}r2X1 X0 X3875+X1/16X248)} :
(3.42)
The fermionization of theory Aj,
Ty := (chor @ (Eg)1 x (Eg)1 © Arf) Jdiag(ZyP x 75 x 75), (3.43)
has the following partition functions:
ZT1 _1 |:Zcb ( Vir g_|_ + —|—Z Vir 8+
NS,NS = 5 [©0,0 Xo X1 X1/2X3875 X1/16X248 Xo X1 X1/2X3875 X1/16X24s
+75% (X\lll/r2X18+XO X3875+X1/16X248> Zi?l( X\1/72X1 -X0 X3875+X1/16X248)} )
(3.44)

1 ) ; )
T b [V Vir JE Vir E b [V
Z\sr= ) [ZS,O (Xo'rX1 *+X1/2X3875 +X1I/r16X2is> +751 (Xo"X1 : +X1/2X3875 X1I/r16X24s)

b (Vi Vi
- Zi,o (Xl}r2X18+Xo X3875 +X1/16X248> +Zl 1 (_Xl}r2X1 Xo X3875 +X1/16X24s>] )

(3.45)
Z;,INS = % [ZTE’O (XYI/r2X1 : "‘X\O/irX:{:JsS'zs +X\1/I/r16x248> +Z(1:l,)1 ( X\1/72X1 _Xoer§s75 +X\1/716X248>
+ Zi?o (X\l/}erngFXo”X:?sm JrX1/16>(24s> Z(1:?1 ( X\ll}erl *Xo X3875 +X\lll/r1t5><248)] )
(3.46)
Z;}R = % [Zl 0 (X\lll/r2X18+X0 X3875+X1/r16x248) JrZl 1 ( X\1/72X1 Xoergsm +X1/16X248)
- Zi?o (X\l/}r2X18+Xo X3875 +X1/16X248> +Zl 1 ( X\lll/r2Xl8 Xo X3875 +X1/16X248>] .
(3.47)
Another combination that we can consider is the tensor product,
Ag :=cbop @ (Eg)a X A. (3.48)

This is a fermionic theory based on (3.26). We consider the orbifold of this theory by the
diagonal of the product of the half-period Zg'p' acting on the compact boson and the fermion
parity ((—1)F") action of (Eg)s x A. Gauging (—1)¥ of a fermionic theory was introduced in
section 3.3. Following (3.35), we define the partition function of theory A, as

Az
Zp, aq,b

Then, the orbifold theory

Za,b(Cb2R’) X Z;E;j()be)\ = Za,b(Cb2R/) X ZI(FEFga)?]jri)\ (349)

Ty := AQ//ZQ = (CbQR/ (9 (Eg)z X )\)//dlag(ng X (—1)F) , (350)

has partition function,
1 1
To _ A _ (Bg)axA
prl - 5 Z Zp,g;q,b - 5 Z (Za,b(CbQR’> X Zp_;fa;_,_b) . (3.51)
a,be{0,1} a,be{0,1}
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As before, we define
gbb Zyp(cborr; Z';'p') . (3.52)
Evaluating (3.51) explicitly, we find:
Vir

T Vv
Z\éns = Z (Xo'rX1 +X1/2X + X0 "X 5875 +X1/r2X3s75)

Vir E Vi Vir E Vir E, b Vir s
Z (Xo'er8 X1/'r2X1 Xoer3§75+X1}r2X38875)+Z(1:0X1}r16X248a (3.53)

T Vir . E Vi
L\Sr = Z (Xoerl8 +X1}r2X +x0' X3875+X1/2X3875)
Vir E Vi Vi v b/ Vi
+ Zo 0 (Xoer18 - X1/'r2X1 — X0 "Xagrs + X1/”2X3875) + 71 1X1}r16X24s . (3.54)
T Vir E Vi E v
ZRins = Z (Xoer18 + X1/'r2X + X8 " Xagrs + Xl/lr2X3875)

1 Vir. E Vi Vir _E
+ 221 1 (Xo'rX18 - X1/'r2X1 — X8 X875 + X1/2X3875) + 75 0X1/'r16X228 (3.55)

c
ZRR Z (Xg"h + XY}EX + X0 "Xagrs + XY}5X3375)

Vir Es _ Vi Vi v Vi
+ Zl 0 (><0'r><18 - X1}r2X1 — X0 "Xagrs + X1}5X3875) +Z5 1X1}r16X24s (3.56)

In the next section, after a slight but essential digression, we will show that T and T4 are
T-dual to each other for R’ = 5. While one can prove this by comparing (3.44)(3.47)
with (3.54)—(3.56), doing so involves a tedious change of variables. We opt for a more

conceptual explanation based on the methods of section 2.

4 Fermionizations and T-dualities

4.1 T-duality of T; and T

We first demonstrate the T-duality of a pair of 2d spin CFTs using the fermionization of
section 2. Let Ta be a left-moving bosonic CFT that admits a non-anomalous ZgA)
with ZéA) -twisted partition functions denoted by ZZJ?* where i,j € {0,1}. We can fermionize
Ta to obtain a theory T := (Ta x Arf) /diag(Z4 x Z4™) with partition functions (2.14)—(2.17)

which read!”

syminetry,

Zlns = 20+ 20 = S (28 + 2fh + 2] - 23 (4.1)
Zr =20 —2)p =< (20 + 204 - 2]

Zlns =20+ 27 =S (2] + o~z (4.3)

7, =zl -7 = (4.4)

l\D\P—‘[\D\P—‘[\D\}—‘[\DM—‘

( )
( B+zh), (4.2)
( i)
(20 i)

'"We denote the fermionizations of Ta by Tr := F(7a), and T¢s := F/(Ta) = F(Ta) x Arf.
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Construction of theory X3

Consider the theory,

(compact boson at radius 2R) ® Ta , (4.5)

which we will abbreviate by ‘cb ® 7a”. This theory has a Zg'p' X ZéA) symmetry, with the
first factor corresponding to the half-period shift of the compact boson and the second factor
the Zo symmetry of Ta. We are interested in the diagonal Zs subgroup, with respect to
which we can construct the twisted and untwisted sectors. The S, T, U and V sectors of
cb ® Ta have the following partition functions:

285 = - (2852 + Z2204) (46)
Z7eT = %(ZSE’OZ% ~Z§1254). (47)
zye™ = %(ZE%ZT% +Z82274). (48)
z79™ = %(ZE?OZIAO ~Z07]h). (4.9)
The corresponding fermionized theory,
Xy := F(cbar ® Ta) = (cbar ® Ta ® Arf) Jdiag(ZhP x Z{Y x 74 , (4.10)

has the following partition functions:

1
b7 b 74 T Ta Ta T
Zisns = 28T+ 20T = O (Z8hzgh + 20z + 7920 - ZhZly) . (@)
1
b7 b7 T Ta T T
Zf\%,R =70 770 = B (Z(C)?ozofb + Zgl?lzoﬁ - Zil,)ozlfb + Zi?ﬁlﬁ) ; (4.12)
b&T; baTa _ | T T T T
Z?&NS =ZF5%r + 2790 = B (Ztlj,jozlfb + Zil?lzlﬁ + Z((:)E)OZO,AO - Z(c)blzo,A1> ; (4.13)
1
Zag =257 29T = O (22l + 28zl - 282 + 2204 - (4.14)
In terms of the S, T, U, V sectors of cb and 7a, they reduce to:
Z3t N = 2820 + 2977 + 2970 + 22 (4.15)
Zyt g =287y 7077 — 7P7]r - 77 (4.16)
Z¥ys = 297D 4 2277 4 797 + 797 (4.17)
Zyn =19z - 7877+ 297 + 297 (4.18)
Construction of theory X5
The theory X» is defined as,
Xy := (cbopr @ Trr) Jdiag(Z5® x (—1)F), (4.19)

,15,



where T = F(Ta) ® Arf = (Ta ® Arf) /diag(Z{" x ZA) @ Arf. Following section 3.3, the
partition function of this orbifold theory is
1 / Ter
z% =< % (zg?b x zp;;q’b) : (4.20)
a,be{0,1}

Evaluating (4.20) explicitly, we find:

Zl)\%,NS = % (ZS%ZKI—FS,NS + ZS?{ZKE,R + ZE%Z;ENS - Z§?£Z7R—TR> ) (4.21)
Z¥n =5 (26020 + 282 ns — 28670 + 220w (4.22)
ZRhs = % (ZS%ZE@NS - zg?l'zng + Z%Zﬁs,ms + Zi?{zﬁs@ , (4.23)
VAT % (—ZS'?(;ZQR + 28020 s + 2502 m + ZE?I,ZEFS,NS) : (4.24)

Using (4.1)-(4.4), these can be written as

ZyE s = 5(Z6% + Z6% + Z8% + Z8)Z3% + 1 (Z8% + 287 — Zi% — Z¥)Z04

+ (26 — 78 + 75 — ZS2)Z]h + L(—Z8% + 28 + Z5% — Z5h)Z]A . (4.25)
Z\in = S(Z8 + 78 + Z5% + 2520 + L(Z8h + 78 — 25% — Z5) 24

+ (8% + 28 — 285 + 222 + 1 (2% — Z8% — 28 + 22 . (4.26)
Zahs = H(Z8h + Z80 + Z5% + Z5) 20 + H(—Z8% — Z§% + Z5% + Z5%) 204

+ 1285 — Z8% + Z5% — Z§h) 2] + L(Z§5 — Z§h — Z§h + Z5h)Z] (4.27)
ZR¥n = R(ZS + 78 + 55 + 2520 + L (—Z8h — 787 + Z5% + Z5%) 204

LS+ 2 - 7% + 252+ L (2 + Ze + 2%~ 57T . (4.28)

In terms of S, T, U,V sectors of cb’ and Ta, they reduce to:

Z\g s = 2828 + 2§ 20 + 297 + 292 (4.29)
ZWig = 787 4 7' 7 7z 7] — 77 (4.30)
Zins = 2820 + 287 + 292 + 29 2], (431)
Zhn = 77 4 7' 78 7 zIn 7 7] (4.32)

T-duality of A; and X,

Note that the theory Ta does not participate in the T-duality and serves merely as a spectator.

For R = &,
7 =7¢, 9=27¢, =21y, 7P=1z. (4.33)

So the S and V sectors of the compact boson are mapped into themselves, whereas the T

and U sectors are exchanged. Using (4.33) (with R’ = %) in (4.15)—(4.18) and (4.29)—(4.32),

it is easy to verify that

Xy _ 74X X1 74 X1 X A1 Xy
Zysns= Znsns s Insr = InSre Zrins= Zrinss  Zrr = —LRR- (4.34)
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Therefore, the theories
Xy == [chon ® Ta ® Arf] Jdiag(ZP x ZP x 78 | (4.35)
and
X, = [cbyp ® Trr] /diag(Z5™ x (-1)F), (4.36)

are T-dual to each other for R’ = ﬁ. We emphasize the crucial role of the additional Arf
theory in the definition of the theory Xs (we used T/, and not Tg corresponding to a given
Ta). Whenever Z-7|-—A and ZEA are equal, the fermionizations T and 7g coincide and this
additional stacking with the Arf theory is unnecessary.

T-duality of T; and T

For Ta = (Eg)1 x (Es)1, the fermionizations Tg and Tg coincide because the T and U sectors
are identical, see (3.23), (3.24). Applying the general result above, we directly conclude
that the theories,

T1 = [cbor ® (Es)1 x (Es)1 ® Arf] Jdiag(Zy® x 73 x Z5) (4.37)

and
Ty = [cbop ® (Eg)2 x A] Jdiag(Z5® x (—1)F), (4.38)
are T-dual to each other for R’ = 5. Both T and T have central charge (cz,,cg) = (17,1).

4.2 Fermionization and spacetime spin structure

An important feature of fermionizing the compact boson by the Arf theory is that it endows
the spacetime fermions with an antiperiodic spin structure around S}z. To see this, it is
instructive to consider the following 2d N = (0,1) SCFT with central charge (17,%) as
modeling the internal degrees of freedom of the 9d non-supersymmetric heterotic string,

Tl(nlt) = (Eg)1 x (Es)1 ® [cbar x Arf] JZo @ 4), (4.39)

and determine the spacetime fermionic spectrum in lightcone gauge. Including the spacetime
degrees of freedom, the GSO-projected partition function in the R sector is

ImT 77/2 19 ‘ ir ir ir
ZS)‘ N( ) 14 -~ (xo st+x\1//2X§sS75+X\1//16X2Eis) (ZU(Cb2R;Zg'p')+ZT(Cb2R;Zg'p'))v
Gso  |n(7)] n
(4.40)

up to a nonzero numerical coefficient that we omit for brevity. Recall that the Kaluza-
Klein (KK) mass squared contribution of a scalar field compactified on a circle of radius
R is of the form M? ~ m?/R? if the scalar obeys periodic boundary conditions and is
M? ~ (m + %)2 /R? if it obeys antiperiodic boundary conditions. From (3.5) and (3.6), the
total scaling dimension contributions from the T and U sectors are

2

m 2 2
( 1>2 m,n € 7Z. (4.41)
m+§ 2
N 2 1 2
T S5 +2(n+2) R?,
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From the nine-dimensional viewpoint, the Kaluza-Klein modes of the 10d gravitino have zero
winding numbers. Between U and T, only sector T contributes such states for which the mass
squared contribution reflects the spacetime antiperiodic boundary condition around S}%.

If we repeat the preceding analysis for the following internal theory with central
charge (17,3):

Tl = (Es)1 % (Es)1 @ cbp @ 0, (4.42)

we find (again up to an overall nonzero numerical coefficient),

2 (Im7)"7/2 /9, ! ir. B ir B ir B
Z(R)‘GSO ~ T\ (" X2™ + XY )oX587s + X116 X248) Z(cbR) - (4.43)

From (3.2), the total scaling dimension of a typical state of cbr with zero winding number is
2
m

3pz for m € Z, reflecting the spacetime periodic boundary condition around S}l%.

To summarize, the spacetime spin structure — which manifests in this case (in the R
sector) as the boundary condition on the 10d gravitino around S}% — is encoded in the
spectrum of conformal dimensions of the internal theory, and more crucially, it is sensitive
to whether or not we fermionize the worldsheet theory using the Arf theory. We refer the
reader to [81-84] for previous discussions of the dependence of spacetime spin structure
on worldsheet choices.

5 Tachyonic deformation

The internal CF'T of the non-supersymmetric heterotic string in d = 9 spacetime dimensions
is a theory with central charge (cr,cr) = (17,3). We will consider the particular example
of a spacetime theory constructed using the internal theory'®

Ty @ = [cbor @ (Eg)a x A Jdiag(ZyP x (-1)F) @ = Ty @1, (5.1)

(with ¥ denoting a right-moving Majorana-Weyl fermion) after a GSO projection. The
resulting theory has a gravitational anomaly v = —2(cy, —cgr) = —31. This internal N' = (0, 1)
worldsheet SCF'T contributes a spacetime tachyon essential for establishing our main claim.
In this section, we present an algorithm to count tachyons in the above theory and study
its deformation by a tachyon vertex operator.

5.1 Counting tachyons

In this section, we slightly generalize a result of [57] about counting spacetime tachyons
(based on an analysis of the worldsheet partition function) to non-chiral internal SCFTs.
We will use this result to count tachyons in the spacetime theory, which correspond to NS
sector states with Lo — Lo = % as we demonstrate below.

Suppose D denotes the number of compact dimensions of the heterotic string, so D = 10—

d. Then the internal SCFT has central charge (26—d, 3(10—d)) = (164D, 22). In appendix C,

18The left-moving part of (5.1) was constructed in section 3.4, see (3.50).
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we give the expressions for the NS sector partition functions of any two-dimensional N' = (0, 1)
SCFT, see (C.15) and (C.16). For (cr,cr) = (16 + D, 22), (C.15) and (C.16) reduce to:

Zsns = g (3Fa)g =20 2 Ny xd Tt (5.2)
ZES,R —q (§+%) -D/16,, 47r|/3 oimD/24 Z N, ,2mi(A/ = A A’q*' (5.3)
NN

Consider a general spacetime theory 7 given by a tensor product of two N = (0,1) SCFTs:

(cL,cr)=(8—D,3(8—D)) (cr,cr)=(16+D,32)
and N—(O 1) and A'=(0,1)

The GSO-projected partition function in the NS sector is

T ’ B (4772|m T)*(SfD)/Zl <193(7'))(8D)/22T s <194(7_))(8D)/ -
Wleso —y(mEE=D 2 | Un(r) NSNS T () VSR
(5.5)
TN (8—D)/ TN (8—D)/2
where ap is a D-dependent constant relating (1373((:))) to (13]4((:))) under a T-
transformation:
(8—D)/2 (8-D)/2
(193(7)> ToTHL, jinD/24 —im/3 <194(T)> ‘ (5.6)
n(7) i
Therefore,
§D — 6—i7TD/24€i7T/3 . (57)
Note that ap combines with the phase in Z-,{I—&R to give —1.
We begin by noting that
0 (8—D)/2
(;((:))) :a(D—S)/48(1+(8 d)g 1/2+w +.. D 8)/48 Zt /2. (5.8)
7 (7_) (8—D)/2
( 4 > —qP=9/18(1_ (8- D)g"/%+ (8— D)( “D)gy ...} = gD-8)/48 Z Vitng™?
n(7)
(5.9)
1 o
L _ (D—8)/24 _ n
=q p(n,8—D)q". 5.10
e 3 p(n.8-D) (5.10)

Here p(n,k) is the number of partitions of a positive integer n into k parts. Also, the
{tn}’s are D-dependent.
Ignoring the center-of-mass contribution, we have

ZT ’ Nq—lq t,p ] 8 D k g_ D)N _ (1_e2wi(A—Z )(_1)n) qA'+qu/+%+k
NS{gso Z > tap(: N 5 .
7] k= OA/ Z

/

(5.11)
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A state of T with (Lg, Lg) eigenvalues (A’ ,Z/) leads to a spacetime tachyon if

— 1
ANtj-1=AN+"1k— -

0 5.12
5 5 <0, (5.12)

for some non-negative integers n, j, k. For sufficiently positive n, j, or k, this would imply a
negative A’ or negative Z/, which are both impossible as the theory is unitary. Therefore,
we must have n = j = k = 0, which implies that,

0<A <1, 0<A <=, AN-A= (5.13)

This generalizes a result in [57, section 6] to non-chiral CFTs. For n = j = k =0, (5.11)
reduces to:

1 1 — e2mi(A-A) vx 1 N
qq'” 2=, 44 5

Therefore, a state with (Lo, Lo) eigenvalue (A’, A’ — 1) contributes to tachyons if the GSO-
projected partition function in the NS sector can be reduced to the form (5.14) for n = j =
k =0, and then the number of tachyons is simply the value of the integer coeflicient N ALA- L
which can be read off (5.2). To illustrate this, we present two concrete examples.

The D = 0 case. For D = 0, the theory T of (5.4) has central charge (cr,cr) = (16,0),
and one particular version of it is the (Fg)a x A theory!? for which, the (NS, NS) partition
function (3.27) is

Fg)ax A Vi Vir\ [ E B
Z(NS%I)\?SX = (xo" +x1/2) (X" + X3875) - (5.15)

Its g-series expansion is

Z(Nbgs')\lzsxk _ q72/3 (1 + q1/2 1 248q + 4124(]3/2 4. ) . (5.16)

In this case, AN =0 (there are no right movers in T) and so A’ = % is the only contributor

to tachyons. Comparing (5.16) with (5.2), we read off N1, = 1. So there is a single
27

spacetime tachyon.

The D = 1 case. For D = 1, the theory T of (5.4) has central charge (cr,cr) = (17, 3)
and one realization of it is the tensor product theory

Ty @ ¢ = [cbor @ (Eg)a x A Jdiag(ZyP x (1)) @14, (5.17)

where Ty was discussed in section 3.4 (see (3.50)) and ¢ denotes a right-moving Majorana-Weyl
fermion. We will show that this theory has a single tachyon for any odd integer value of the
momentum modenumber, provided the radius is large enough. Readers who wish to avoid the
details of this analysis can safely refer to the final result (5.30) and skip to the next subsection.

This is the (Es)2 x A theory in the notation of [57].
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The partition functions of Te were derived in (3.54)—(3.56). For a right-moving Majorana-
Weyl fermion,

Zisns = X0 +XVfa (5.18)
Zisr = €™ (XS — X)) (5.19)

where the phase factor in the second equation follows from ap—7, see (5.7). Therefore, for
the product theory T := To ® 9,

1 , , . .
T b (Vir Es  Vir Es | Vir E Vir E
Znsns = (228,0 (Xoer18+X1}r2X18+X0'rX38875+X1/"2X3§75>
Loch (Vir Bs _ Vir Es_ Vir E Vir b Vir s ) (~Vir_ Vi
+ §Z(C),1 (Xo X1 X1 2XT T X0 rX38875‘i‘X1/r2X3§75)4‘2(13,0X1/r16><2fis (Xo r+X1/r2) ;
(5.20)

which is a function of (¢,g) and R (the radius of the compact boson is 2R). The g-series
of the (Eg)2 and Ising characters (see appendix B) yield

XU+ XYIXE® + X Xbrs + XY o Xagrs = ¢ 0 (14 /% + 248 + 4124¢%2 1)
o0
=g 233 g2, (5.21)
n=0
Vir FEg Vir

XU = XYIXE® — XU Xhgrs + XV oXaers = 4 Y% (1 - /% + 248 - 4124¢%2 1)

[e.9]

=q Y (-1)"q"?, (5.22)
n=0
XViioxaas = a1/ (248 + 34752¢ + 1057504 + - )
o0
= g t1/3 Z snq" . (5.23)
n=0

The integer coefficients r,, and s, can be read off from the corresponding series expansions.
From (5.8),

—1/2
ir =Vir U3(T —— — —. = —— —-n
X0+ X = <173<(T)>> _ g1/ <1+q1/2+q3/2+q2+_“) — g g2 (5.2)
n=0
Using (5.10),
1 0 / /
In(7)2 = q_1/246_1/24 Z p(n', 1)p(m/,1)¢" 7™ . (5.25)
-

n/,;m’'=0
Therefore, we can rewrite (3.3) for cbop as:

o0 m 2 m 2
Zon(cbom; ZHP) = S p(/, Dp(m!, 1) S (—1)™0ga Git2nR) —aiga (3 —2nR) —oy
! m!=0 €7
n-.,m neﬁ%—i-%a

(5.26)
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Finally, (5.20) can be written as

0 ’
q—yq—fs< Z Z p(n’,l)p(m’,l)r@t,ﬁ/(”(_?MZ >q411(ﬁ+2nR)2+m’+éZ’q}L(%—ZnR)Q-‘rn'-‘rém'

’ ’
n,meZ n' m’,

" =0
> m 2 ’ ’ m 2 ’ ’
+ Z Z p(n/,l)p(m/’1)SZItK,q%(ﬁ+2(n+%)R) +m/+1¢ +lq%(ﬁ72(n+%)R) +n'+1ik ) ) (527)
JMEZ /’ /’
;,r;'n:O

There are two classes of states that contribute to the partition function:
e Class I:
states with (A',Z/) = (i (5% + 2nR)2 +m + 30, 1 (5 — 2nR)2 +n' + %H/) ,
e Class Il:
states with (A, A) = (% (55 +(2n+ 1)R)2+m’+%€’+1 ) 3 (%—(2n+1)R)2+n’+%m’).

It is easy to check that A’ — A is valued in %Z for both classes. For tachyons to exist, the
condition (5.13) must be satisfied. This translates to the following conditions:
1. Class I: the following conditions must be concurrently satisfied:
1 1 1
(LAY mn+m/ —n' + 50 — 55 =3
(LB) 0< L (& +2nR)* +m/ + 10 <1
(LO) 0< 3 (& - 2nR)* 4+ n' + K <3
2. Class Il: the following conditions must be concurrently satisfied:
(ILA) mn+m' —n' + %m—l— %E’ - %/{’ = —%
(ILB) 0< L (I 2n+ DR +m/ + 10 +1<1
(ILC) 0< L (I —2n+ )R> +n/ +ix' < ]
States from Class Il do not contribute tachyons because condition (I1.B) is always violated.
Therefore, we restrict our attention to Class I. We further observe that:
1. For a physical state (m + ¢') must be even, due to the projector in (5.27). So m and ¢
are both even or both odd.
2. If ¢ and ' both vanish, condition (I.A) cannot hold.

3. If ¥ > 1, condition (I.C) cannot hold. Therefore we must have £’ = 0. Then, by the
previous observation, ¢ # 0.

4. With &' = 0, condition (I.C) cannot hold if n" > 1. Therefore we must have n’ = 0.

5. Condition (I.B) cannot be satisfied if ¢/ > 2. And since point 3. required ¢’ # 0, we
must have ¢/ = 1. Then point 1. implies that m must be odd.

6. With ¢/ = 1, condition (I.B) implies that % (5% + 2nR)2 +m < % This cannot hold if
m’ > 1. Therefore we must have m’ = 0.
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7. Finally, with m’ =n/ = ¥’ = 0 and ¢ = 1, condition (l.A) reduces to mn = 0, which
implies that at least one of m or n is zero. Since point 5. required that m be odd, we
take m # 0. Therefore n = 0.

To summarize,
K=0,n=0,¢=1,m =0, misodd, and mn=0. (5.28)
The number of tachyons with (n,m,n’,m’, ¢, k") = (0,m,0,0,1,0) is

1+ (_1)m+€’

p(n’, 1)p(m/, rpt, < 5

> = p(O, 1)p(0, 1)r1t0 =1. (529)

Therefore, there is single tachyon for any m € 2Z + 1 provided the radius satisfies

Im|
R > , dd. 5.30
23 m o ( )

5.2 Deformation by the tachyon vertex operator and RG flow

We continue our discussion of the D = 1 worldsheet theory Ty ® ¢ theory defined in (5.17).
As we saw, the spacetime spectrum contains a tachyon. By the state-operator map, it
corresponds to a tachyon vertex operator in the worldsheet SCFT. We will deform the
worldsheet theory by this operator, which is characterized by the following properties: (1) It
is a Virasoro primary with conformal weight (% + %, %) where m is odd and?®® R > 2'—%,
and (2) it is a superVirasoro primary.

The worldsheet superfields in A = (0, 1) superspace parametrized by (z,%, ) are

XH(2,%,0) = X"(2,%) +i0¢"(z), (scalar multiplet) (5.31)
A (2,8) = A\ (2) + 6 FY(2), (Fermi multiplet) (5.32)
where F4' is an auxiliary field. Here A’ = (1,...,32) and A = (1,...,31), and we will

isolate the A’ = 32 lone Fermi multiplet, conventionally written without a superscript. Next,

we add a deformation?!

AS = u/d2z df O(z,%,0), (5.33)

to the worldsheet action of the heterotic string.?? In general, turning on an A = (0,1)
superpotential,

O(z,%,0) = A J(X), (5.34)

2ONote that the conformal weights are upper-bounded.

21 As a superfield, O(z,%) = Oo(2,%) 4+ 0 O1(z, Z), where the components satisfy Lo - Op = hQp, Lo - O1 =
(h+2)O1, Ly - 0,1 = 0 for m > 1 (idem for the right-handed components, with L <> Land h h:=h— ),
G 1500 =01, G- O =0forr> 1L, G 15 01 =900, Gys- O1 = 2k, and G, - Oy =0 for r > 3. We
follow the conventions of [31].

228ee [85] and [31, section 12.3] for a discussion of the AV = (0, 1) sigma model action.
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where X is the Fermi superfield corresponding to the lone Majorana-Weyl fermion on the
worldsheet, and J is a real function of the superfield X, yields

AS = u/sz dIXT(X) = u/sz (FJ(X) — i 8@;;) . (5.35)

Integrating out the auxiliary field F using®® F = %,uJ (X), this gives a scalar potential
V(X) = 42 J*(X). For the tachyon vertex operator deformation, we take J(X) = ekX,
for which AS = p [ d?z (F + )\kuiﬂ)eik'x. The integrand is the (off-shell) tachyon vertex
operator for the non-supersymmetric heterotic string [48-50]. We will add the real part of
this to the worldsheet, which reads

AS = u/sz (Fcos(k - X) + ik, " sin(k - X)) . (5.36)
This corresponds to J(X) = cos(k - X), and integrating out the auxiliary field gives
AS = M/d%; {’2‘ cos?(k - X) + iMe, " sin(k - X)| . (5.37)

Let us consider a single compactified X coordinate, a.k.a. a compact boson (with its super-
partner v being a right-moving Majorana-Weyl fermion). This is a relevant deformation if?*

k2 m? 1
4 T 16R2 T2 (5.38)
that is, if,
k= ig € (—V2,v2). (5.39)

Without loss of generality, we can pick the positive sign. Therefore, the scalar potential for X is

[m|X

1
V(X) = *,LL2 COS2 <4R

: ) (me2Z+1). (5.40)

The minima of V(X)) are X = %(2}) + 1) where p € Z. As X is compact, there is an odd
number |m| of vacua.?® This deformation breaks the U(1) rotation symmetry to a discrete
L)) symmetry, which simply permutes the |m| vacua. It is clear (for example, by expanding
about one of the |m| vacua) that the scalar X, its superpartner 1), and the lone fermion A all
acquire a mass, with a scale set by u. Below this mass scale, the light degrees of freedom
correspond to the (Eg)2 current algebra fermions.

Therefore, adding this relevant deformation to the To QP theory triggers an RG flow to the
(Eg)2 theory. Combining this with the previously established T-duality of T; ® {/; and To ® 1;,

we have effectively shown that the theory T; ®1) is continuously connected to the (Eg)q theory.

ZHere, we are setting the pullbacks of the connections for both A* and X to zero. It may be interesting to
study generalizations where the corresponding gauge fields are turned on.

24Tn our conventions, o’ = 1, so the operator ¢**'* has conformal dimension (%, %)

25Gtrictly speaking, there is no spontaneous symmetry breaking at finite volume due to tunneling. We

assume that R is large enough to justify the large-volume argument to claim that there are |m| vacua.
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6 Implication for Topological Modular Forms

As remarked in the introduction, there is a conjectured relation due to the work of Segal [9, 10],
and Stolz and Teichner [11, 12], between 2d ' = (0,1) SQFTs and the generalized cohomology
theory known as Topological Modular Forms (TMF) [2-8, 13, 18, 64, 65]. We begin with a
very rudimentary review to motivate a consequence of the above results for TMF. If S_,
denotes the space of all 2d N' = (0,1) SQFTs with an anomaly v € Z and X is a topological
space, the Segal-Stolz-Teichner conjecture states that?®

families of continuous
TMF " (X) =2 { 2d N'=(0,1) SQFTs € S_, }/{ SUSY-preserving } =[X,8-,]:==Map(X,8-.,)/ ~.

parametrized by X deformations

(6.1)

Physically, this means that the deformation class of a theory in S_, parametrized by X is
a representative of a cocycle for TMF™"(X). More formally, (6.1) states that deformation
classes of 2d N' = (0,1) SQFTs with anomaly coefficient v € (IzQP")4(pt) = Z (where
Iz denotes the Anderson dual?” of the spin-bordism group) form the Abelian group
TMF™(X). When X = pt, this reduces to an isomorphism,

TMF® := TMF®(pt) = mo(S,) , (6.2)

between TMF classes and the set of path-connected components of S,. TMF® is an F,.-ring
spectrum, graded by a degree —v € Z. Therefore,

7,(TMF) = TMF, = TMF ™ = 5(S_,) . (6.3)

The ring structure on S, is given by defining the sum of theories To,+Tg (with the Hilbert space
being the direct sum H(To)@H(Tg)), the product of theories To®Tg (noninteracting stacking,
with the Hilbert space being the tensor product H(T,) ® H(Tg)), and a parity-reversal
operation ‘—’ (under which the fermionic parity of the R-sector vacuum is flipped; note that
—To = Ta®ATrf is simply a product with the Arf theory). The first two operations correspond,
respectively, to the sum and product operations in TMF®. On S,, the multiplicative unit 1 is
a theory with a single gapped vacuum and zero degrees of freedom, such that 1@ T, =2 T, ®
1 = T,, whereas the additive unit 0 is the empty theory with no vacuum and zero degrees of
freedom, such that 0 ® T, =2 T, ® 0 = 0. With this structure, it is clear that the set my(S,)
is, in fact, an Abelian group, and (6.3) is therefore an isomorphism of Abelian groups.

In a series of works [14, 18, 64, 65], this conjectured relationship between 2d N' = (0, 1)
theories and TMF has been extensively fleshed out from physical and mathematical viewpoints,
in the context of general 2d N' = (0,1) SQFTs, and also those that appear as internal theories
for the d-dimensional heterotic string. In the latter setting, the internal 2d A = (0,1) theory

26T here exist equivariant and twisted versions, see [13, 14].

2"The appearance of the Anderson dual can be traced back to the work of Freed and Hopkins [86, section 9],
who described a natural transformation o : KO9=2(X) — (Iz0")¥+2(X) that maps a d-dimensional massless
fermionic theory to the deformation class of its invertible anomaly field theory.
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has anomaly coefficient v = —2(cy, — cgr) = —22 — d. Let us briefly summarize some salient
points of [65]. For any degree v € Z, there is a homomorphism between homotopy groups,

¢ : 1, TMF — 7,KO((q)), (6.4)

with kernel and image denoted respectively by A, and U,. A given 2d N' = (0,1) SQFT T
of degree v specifies, by the Segal-Stolz-Teichner isomorphism (6.2), a class [T] € TMF,, and
one can compute its image ®([7]) under this map. When v = 0,4 mod 8, for which KO, = Z,
the image is the g-expansion of the standard elliptic genus of 7 [88]. When v = 1,2 mod 8, for
which KO, = Z /27 (which we will always denote by Zs below), the image is the g-expansion
of the mod-2 elliptic genus of 7, which was studied in [64]. If the image ®([7]) is nonzero in
Uy, the theory has a nonzero mod-2 elliptic genus, whereas if the image vanishes (which means
that the corresponding TMF class lives in A,), the theory has a zero mod-2 elliptic genus.

For us, the pertinent case is d = 9, when v = —31 = 1 mod 8. Indeed, the T-dual
pairs T1 ® 1; and Ty ® {/; as well as the (Fg)2 theory, all belong to the space S_3;. First of
all, TMF_3; splits as the direct sum TMF_3; = A_3; & U_31 (see [8, Thm. 9.26] and [65,
Prop. E.11]). The TMF class defined by,

the model obtained by fibering (Fs)1 X (Fs)1
over the N'=(0,1) S! sigma model with antiperiodic ~
r_31:= ( ) = [T1®w] ETMF_31,

spin structure such that the two Eg factors

are exchanged upon going around S* (6.5)

has been shown by Tachikawa and Yamashita in [65, section 4.4] to be the generator of
A_31 = Zs. The proof relies on interpreting x_3; in terms of a certain power operation for
the Adams spectral sequence for TMF. In other words, our theory T ® {/; is the generator
x_31 of A_31. In [64], Tachikawa, Yamashita, and Yonekura further show that U_g; — which
is pure torsion by definition — is, in particular, the mod-2 reduction of an integral modular
form of weight —16. To summarize, TMF_3; is pure torsion.

In general, suppose an ultraviolet (UV) 2d N' = (0,1) theory Tyy € S—_, has N vacua
labeled by i = 1,..., N in infinite volume. Suppose that on the i*" vacuum, the theory in
the infrared (IR) limit is &X;. Then the total IR theory is the sum of {X;}¥, in S_,. So,
for the corresponding TMF classes, we have,

N
[Tov] =Y [X] in TMF,. (6.6)

i=1
If we take as UV theory the T; ® 1Z model with the tachyon vertex deformation of section 5.2
added, there are |m| vacua where m is odd.?? We have shown that this theory is continuously

%8The homomorphism (6.4) is induced by the morphism at the level of spectra, TMF < KO((q)), described
in [87, appendix A]. Here, KO((¢)) denotes a Laurent series with coefficients valued in KO. As explained
in [14], the morphism ¢ amounts to putting a 2d SQFT on S* so that it is equivariant with respect to the U(1)
action, and the power of ¢ then specifies the weight of this action. The morphism (6.4) physically corresponds
to considering the right-moving ground states of the internal SCFT in the R sector, from which one can infer
the massless spacetime fermionic spectra [14, 64].

29Here we are implicitly invoking T-duality to replace T1 ® 1; with Ta ® 1;
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connected to the (Fg)2 theory and that in each vacuum, the theory in the IR limit is a
copy of the (Eg)s theory.®® It follows that,

z_31 = [T1 ® 1 + tachyon deformation] = |m| - [(Es)a], (6.7)

where [(Esg)2] denotes the nontrivial TMF class of the (Eg)2 theory in TMF_3;. But since
m is always odd,

2-[(Es)2] = 0. (6.8)

So, in effect, we have shown that

r_31 = [(Eg)Q] S A_31 = ker(7r_31TMF — 7T_31KO((q))) = ZQ . (6.9)

This result has a nice consistency check based on the mod-2 elliptic genus. For a left-moving
spin CFT with degree v = 1 mod 8, the mod-2 elliptic genus is simply the mod-2 reduction
of the g-expansion of xgns [64]. In our case, in the deep IR, the light degrees of freedom
at any one of the odd number of vacua are those of the (Eg)o current algebra, which is
a left-moving CFT with central charge (%,0) and degree v = —31 = 1 mod 8, for which
XR,NS = ngs. Using (B.12), the g-expansion of this is!
Xais = q"/** (248434504 ¢+ 1022752 ¢ + 16275496 ¢° + 179862248 ¢* + 1551303736 ¢° + O(¢%)) .
(6.10)

The g-expansion has even coefficients®? and hence, the mod-2 elliptic genus vanishes. Thus
the TMF class [(Eg)2] of the (Eg)2 theory lives in the kernel A_3;, confirming (6.9).

This proves that the (Eg)s theory corresponds to the unique nonzero class in TMF_s;
with zero mod-2 elliptic genus, thus giving a physical derivation of Conjecture A.10 of [65].

7 Conclusions and future directions

In this paper, we have established that the torsional class in TMF_3; corresponding to the
(Eg)1 x (Eg)1 theory (which was discussed in [65]) admits another distinguished representative,
namely the (Eg)2 theory. Our conclusion relies on the fact that these two theories are
continuously connected in the space of 2d N' = (0,1) SQFTs with anomaly coefficient
v = —31 (as shown in section 5.2), and that Topological Modular Forms are complete
deformation invariants of 2d N' = (0,1) SQFTs under the assumption of the Segal-Stolz-
Teichner conjecture.?? In particular, we have used physical arguments to give a homotopy

30Tn more general situations, for a given UV theory with a given degree v — the gravitational anomaly
— one might have distinct summands in (6.6), but each summand will have the same degree v due to
anomaly matching.

31The leading power of ¢ reflects the conformal weight }—2 of the integrable representation 248 (adjoint) of
31

(Es)2 and the central charge .
32Furthermore, the coefficients are multiples of 8. Both facts have been verified numerically to O(¢%°°).
33The term “complete deformation invariant” means the following: two 2d N = (0,1) SQFTs (with
the same anomaly coefficient v) are in the same deformation class or equivalently, are homotopic (and
hence can be smoothly deformed into each other) if their images in TMF~™" under the Segal-Stolz-Teichner
isomorphism (1.1) coincide.
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between these theories [1] defined in terms of a relevant tachyon vertex deformation. This
work identifies the TMF class of the (Eg)2 theory with that of the (Eg); x (Eg); theory.
This is not a mere curiosity: at the time of writing this paper, an independent mathematical
derivation of the TMF class [(Eg)2]| of the (Eg)s theory was not available, at least to the
knowledge of the author.

Computations in TMF involve the intricate use of spectral sequences [7, 8], and physics-
inspired reasoning based on dualities and RG flows can provide hints when conventional
mathematical techniques prove to be intractable. To determine the TMF class of a given
2d N = (0,1) SQFT, one can try to find another representative in its deformation class,
one for which the TMF class is already known or is more easily computable. Indeed, this
was a key motivation spelled out in the Introduction. The philosophy of exploiting dualities
and RG flows to connect field theories in the space of 2d N' = (0,1) SQFTs can naturally
be applied to other classes of models. (See [30, section 5] for some recent applications to
ten-dimensional heterotic strings.) Another potential direction is the study of TMF classes of
UV theories with multiple vacua splitting into distinct IR theories — along the lines of (6.6),
but now with not all isomorphic summands (see footnote 30). Finally, an investigation
of TMF classes of internal CFTs that arise in certain heterotic string compactifications to
lower dimensions is work in progress.

A Theta functions

We follow [75] with only mild notational changes. The general theta function is defined by

Y [Z] (z|T) = Z exp [iw(n +0)%7 + 27i(n + 0)(z + qb)} . (A.1)
neZ

Setting z = 0, we obtain

o[l o)

)

= i exp [iﬂ(n + 9)27‘ + 27i(n + H)QS} ) (A.2)

n=—oo

2miT

where ¢ = e“™", and n is the Dedekind eta function,

[e.9] [e.o]

nr) =g [[(1-g) =g Y (—1)rg =T (A.3)

n=1 n=-—oo

In particular,

V3(7) := 0 _81 loj[ (L—q")(1+ Q”’%f = ni@ " (A4)

Da(r) = ?] - ﬁ G- (-1 = 3 g, (as)
L 2 n=1 n=-—oo

da(7) =0 3] =2t T[a-a0+a2= 3 0 (g
L n=1 n=—o00
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?91(7‘) ::ﬁ[

[Nl

] (1) =ig"# T[(1 —¢")*(1—¢" ) =0.
n=1

They satisfy

19‘21(7') — 19§(7') + 193(7') =0.

Further, under modular transformations,

O] 1) — oin®—0) 0
ﬁ[¢(+1) 670 9+¢_%]()7
0 LA —ir)z ¢ T
ﬁ[¢ (-3) =in 0[_9]@,
nr+1)  =eb(r),
a(-;) =i,

and under shifts of the characteristics,

0+a

9
¢+0b

(7_) _ 627ri9b19 l
Therefore,
Da(r+1) = eTda(7), 192( -
O5(r + 1) = V4(7), U3 (‘i
Da(r 4+ 1) = I5(7), 194( %

It is also useful to note that

[e.e]

n(n+1)
V) (1) = 27Tq§ Z(—l)"(Qn +1)q 2 = 277773(7') .
n=0
B Characters of (Eg); X (Esg)1 and (Eg)s
The weight vectors of Eg are
(nl,...,ng), 8
A= n; = even integer.
{(m%—;,...,ng—l-%) ; 8

The lattice sum for FEg,

; 2
PEg _ Z emﬂ')\ 7
A
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(A.11)

(A.12)

(A.13)

(A.14)
(A.15)

(A.16)

(A.17)
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can be rewritten by inserting which enforces the 3% ; n; = even constraint

n (B.1). This yields

. 8
1+ez7r Zi:l n;
2

HzezwnT+HZezwnT2ﬂn+HZ€'Lﬂ'n+ +Hzeaﬂn+ 1 nl )

i=1n;EZ i=1n;EZ i=1n;EZ i1=1n;EZ

[95(T)+03(7)+95(7)] , (B.3)

N —

where, in the last line, we have expressed the result in terms of Jacobi ¥ functions reviewed
in appendix A. For (Eg x Eg)i, the relevant lattice sum is

Py

8

Lros 8 8112 2 3 4
= [95(7) +93(r) + 95(7)] " = 1+ 480g + 6192047 + 1050240¢* + O(¢") . (B.4)

Under modular transformations, PZ (7 + 1) = P (7) and P3 (—1) = 7P} (7).

T

Following [57] and [41], we define the (holomorphic) Ising characters as

W = BY(r) = \/793(;') ';(7\_/)194(7') ~ 54 1/48{H ( g 1/2) 4 ﬁ (1 +qn71/2) 7

=1 n=1

X\1//'r2 —Bl(r) = VUs(T ! (;/)194(7') :% —1/48{1_[ ( o 1/2) _ ool (1+qn—1/2) ’

Vir 2 _ 1/24 - ny __
=B = 1+ = B.7
X1/16 = (1) =4q nl;[l( q") 2 (B.7)
Under modular transformations, these transform as
BY(7) e—im/24 0 0 BY(7)
Tisng |BHT) | =] 0 —e7™/2 0 B |, (B.8)
B2(7) 0 0 eim/12 B2(7)
BY(r)\ (2 2z 5 (BY)
Slsing B}(T) = % % _% B}(T) . (Bg)
B3(r))  \& - 0 ) \B¥n)

One can verify that S,Z_ing =1 and (S|sing7Tsing)3 = 1.
The (Eg)2 characters are defined as

(\/%Pg—&—\/%Pg)] . (B.10)

(\/%Pg - \/%PQ)] . (B11)
Pl} : (B.12)

1
Bs _ RO _
X1® = B (1) = 31/2 4
11 1 1 1
5 2
Xadrs = Bl (T) = B2 [2PE8 <19 - 194) 4

B - - -
X248 ( ) 7731/2\/1972
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where

1 7
Py(r) := 9d9? {8 (95 +95) + 419§q93} : (B.13)
404 [1 (08 o8 7 4404
Po(r) = 93034 5 (95 +95) + T893 1 (B.14)
1
Py(r) = — 0l { (95 +03) - 7193193} . (B.15)
8 4
Under modular transformations, the P;’s transform as follows:
1
P(r+1)=P(r), P <7) — SPy(r), (B.16)
1
Plr+)=Pr).  Pa(—1) =R, (B.17)
T
1
Pr+1)=Po(r), Py (—) — SPy(r). (B.18)
T
Therefore, the modular transformations of the (Fg)s characters are
BOEg e—31i7r/24 0 0 B%S
Tes | BE | = 0 —eBlm/2 BL. | . (B.19)
BZEg 0 0 6717z7r/12 BZES
1 1 1
B\ (22 i) (Be
Ses B, | =3 3 —&||Bk|- (B.20)
2 2

One can check that 8%8 =1 and (SEgTEg)?’ = 1. We note that Sg; = Sising. Furthermore,
we note that Sising gy and Tising, s have determinant —1.
It is easy to verify the following identity:

n 1P, = BY,BY + By, Bj + B%,B7. (B.21)
This implies that
X0.0 = truntwisted 70 21 = n P, = Z ¢ijB, B/, where ¢;; = ;5. (B.22)
17]6{07172}

The Zs action exchanges the two (Eg); factors, but this action commutes with the (Eg)a X A

decomposition, and therefore the coefficients cgj in the resulting decomposition can only be

+1. A detailed analysis of the Hs and H,s subspaces of the Hilbert space [41] reveals that,
in fact, (¢, cl1,¢hy) = (0,1, —1). Therefore,

X0,1 = tunwwisted 947073 = B BY + B, B} — B, BY. (B.23)
The S-transformation of g1 yields
X1,0 = triwisted qLO_i = B}Eg B(} + BOEg B} + BZES B% ) (B-24)
and finally, the 7 transformation of x10 yields
T = €y g1 = 2% (B BY 4 BY, B - B3, B3)
which yields
X1,1 = triwisted ggo = _B}E‘g BY — B%g BI + BZE‘g B7. (B.25)
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C Factorizing internal SCFT partition functions

For a 2d CFT with central charge (¢, cg), the Hilbert space decomposes in terms of Verma

modules as

H =P cyzV(c, D) @ V(e A), (C.1)
AN

where {c, x} is a theory-dependent set of coefficients. The partition function has the

schematic form

Z(r,7) = Y exaxal@xz(@) - (C2)
AR

For unitary CFTs ¢, > 1 and cg > 1 (see [31, Ch. 15] and [79, Ch. 7]), and the only module
inside V(cr, A) ® V(cgr, A) that has a null state is the vacuum module with A = 0 and A = 0.
So, all Verma modules other than the vacuum module are irreducible (that is, devoid of null

submodules containing singular vectors or null states). To summarize,

W for a non-vacuum module (A # 0),
(1—g)q't—cr)/24
o

xal(q) = (C.3)

for a vacuum module (A =0),
with a similar expression for xx(g) with ¢, — cg, ¢ =+ q, 7 = 7, and A — A. Thus (C.2)
has the form
Z(1,7T) =
G-ep) _(-cp) B B
R (co,o<1—q><1—q>+<1—q> S eox@H1-) Y eaod®+ Y cmqﬂqﬁ) .

2
[n(7)l A£0 A0 AF0
A#0

(C.4)
Next, consider a generic 2d N' = (0,1) SCFT with central charge (cr,cr). As we will admit
theories for which ¢y, — cg could be a half-integer, we restrict our attention to the NS sector,
where we have the following well-defined left-moving chiral characters:

oo n—l
_cL _cL I+4" 2
XNS,NS = T"NS[(;IL0 ] = ¢> = H T (C.5)
n=1 q
cy, cr, s 1 — qn_%
s = Trwsl(—1)fF o] = > % [T 1202 (C6)
n=1

But we must be careful about the vacuum module as in the bosonic case. First of all, note that
for the NS sector, L_; = Gz_l/2 (here {GT}T‘EZ-F% denote the modes of the supercurrent, and
{Lm}mez denote the modes of the energy-momentum tensor). So, since L_; annihilates the
vacuum state, so does G_1p. Therefore, the characters (C.5) and (C.6) should be refined to

A—SL rroo  14¢" 3
ez | e — , for a non-vacuum module (A # 0),

XNS,NS = . . 1;‘1_% (C.7)
q 2[5, J{gqn for the vacuum module (A = 0).
CL n*%
> 2 T2, ﬁiiqn , for a non-vacuum module (A # 0),
XNSR = w1 (C.8)

q_%l [ 1_137(1"2 ,  for the vacuum module (A = 0).
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Let us define

o0 1_’_qn,%
f+@=1][ 1_7”:1+q1/2+q+2q3/2+3q2+4q5/2+5q3+__.: S a2, (C9)
n=1 q TLGZZO
e 1/2 3/2 a2 4.5/2 =3 n 2
f-(q)= Hﬁzl—q +q—2q¢°“+3q¢°—4q¢°' “+5¢°—--- = Z (=1)"png™?.
n=1 a ’I’LEZZO
(C.10)
Note that
ol S
11 T 0T ¢/ 11 Tog =07 a/?) f(q). (C.11)
n=2 n=1

The partition function of an internal 2d N' = (0,1) SCFT in the (NS, NS) sector is

Znsns = Y Cp xxXNsNs.A (@) Xns s 5(@) = q g ()P ax 2077, (C12)
AN AA

where Ox A is related to C AR by

app = Coo, aryg=-Coo+Cry, ag1=-Coo+Cy1, ar1=Coo+C11,
3 3 2 2 212 272
aoA—Coz, alZ:_COZ if Z#O,
b b 27 b

OAL0 = CA,O, O[A,% = —CA,() it A 75 0,
1 — 1

(C.13)

Under a 7T-transformation (7 +— 7+ 1and 7 +— 7+ 1), f1(q) — f-(g). We define
ZNS,R _ q—cL/24q—CR/24e—27ri%’f_(q)‘2 Z 627ri(A_Z)OéZAquZ. (0.14)
AA

Note that (A + %, A + 2) is the conformal dimension of the state at level (n,m) in the
conformal family (A, A). Therefore, defining A + % :=A"and A+ o= ZI, we can recast
the partition functions as

ZNs NS = q*CL/2467€R/24 Z N ’,Z'qA GA : (C.15)
AR
.(cp—cp) ) ;= ,
Zns R :q—CL/24q—CR/24€—2m Ltn Z NA/,Z@QWI(A —A)qA aA’ (C.16)
AN
where
NA/,Z' = Z Q' _m ar_nPnPm - (C.17)
n,meZZO 2 2
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