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1 Introduction and summary

The problem of classifying boundaries and interfaces of the 3d critical O(/N) model has
attracted considerable attention since the pioneering works of [1-4]. The critical exponents
characterising some of the possible boundary phases were obtained early on through a
combination of field theory techniques and found experimental verification in phenomena
such as the critical adsorption of fluids on walls [5-9], see [10] for an early review. Yet,
still today the characterisation of the various phases and their organisation into a phase
diagram for general N is not settled [11, 12].

Although the d = 3 critical O(N) model is the most interesting for describing physical
systems, it is not directly accessible to perturbative methods and the theory is often studied
by analytically continuing d to the range 2 < d < 6. In this context it is an interesting
question to understand how to describe boundaries and interfaces away from d = 3. The
most established method to do so is to study boundaries/interfaces in d dimensions, which
corresponds to keeping the codimension of the defect fixed. For boundaries this is dictated
by the topology of spacetime and that approach has been the subject of numerous works



such as [2, 4, 13-16]. For interfaces, however, there is another natural choice: we can keep
the dimension of the defect fixed and study surface defects in the d dimensional O(N)
model.! This is the focus of this paper.

The origin of these surface defects is easy to explain. In any CFT, we may consider a set
of local operators Or with conformal dimension Ap, and construct a defect by integrating
local operators over a plane with some coupling constants u! to be fixed shortly

D = exp [— /2 dzTuIOI] . (1.1)
R

Unless the operators have Ap, = 2 exactly, the couplings u! get renormalised and give rise
to a defect RG flow (dRG flow). The beta function that governs their renormalisation near
the trivial defect u/ = 0 is well understood and given by [17, 18]

IBUI = (AOI - z)ul + 7TOIJKUJUK + ... (1.2)

where C i are the structure constants of the bulk theory for O and the indices are raised
by the Zamolodchikov metric for O;. The nontrivial zeros ul of this beta function then
correspond to nontrivial conformal surface defects.

In this paper, I undertake the exploration of surface defects and their dRG flows in
the O(N) model through perturbative methods. By combining the e-expansion as well as
exploiting large N techniques, I uncover a rich structure of dRG flows and fixed points
corresponding to new defects, as well as phenomena such as the appearance/annihilation of
fixed points as we vary the parameters d and V.

The simplest setting in which one can study surface defects is perhaps at d =4 — ¢
using the e-expansion, and this is presented in section 2. There, surface defects naturally
arise from integrating the operator i’ over a plane as in (1.1) (i = 1,--- , N). In addition
to the O(N) symmetric defect Dy coupling to ¢*oF, I find fixed points corresponding to
conformal defects D), preserving a subgroup O(p) x O(N — p) of the full O(N) symmetry
(with 0 < p < N). These defects have an analog in the free O(N) model analysed in [19],
where one can engineer a conformal defect preserving the same symmetry by taking p
scalars at one zero of the beta function (u. = me) and the rest at the other (u, = 0). As for
the free theory, these defects can be thought of as saddle points of a symmetry breaking
dRG flow, with the stable fixed point the symmetry preserving defect Dy . Surprinsingly
however, here the symmetry breaking fixed points only exist for small enough N < N, with
N, = 6, to first order in e.

Away from d = 4 these defects can be reliably studied using the large N expansion.
In section 3 I examine the behavior of the stable fixed point Dy across dimensions.
This is particularly simple when studying the theory through the Hubbard-Stratonovich
transformation, as the defect couples directly to the Hubbard-Stratonovich field o. Taking
d — 3 leads to a divergence in the defect coupling u, (the zero of the beta function of
the coupling to o), which signals a change of scaling with respect to N. I argue that Dy

!This applies to “topologically trivial” interfaces, where we have a copy of the O(N) model of each side
of the defect.



becomes the fixed point of the well-known ordinary transition in d = 3, while the trivial
defect is known to be the special transition [1].

In addition to the ordinary and special transitions, the 3d O(N) model has the
extraordinary (or normal) transition, which is characterised by its breaking of O(N)
symmetry to O(N — 1). A setup with perturbative control to study this defect is the
e-expansion around d = 6, where the breaking is naturally realised by coupling the defect
to a fundamental scalar p!. This is the analog of the pinning defect studied in the context
of line operators [20]. We find that near d = 6 the fixed point corresponds to a non-unitary
surface defect, at least at large N. It is interesting to note that the same is true of the
boundary defect describing the extraordinary fixed point around d = 6 [21].

It is rather encouraging to recover the known classes of interfaces at d = 3 directly
from surface defects: it suggests that surface defects are a viable alternative to describing
interface critical phenomena in d = 3. Now, studying surface operators instead of boundaries
has certain advantages. The main property of surface defects (and indeed interfaces in
d = 3) is their conformal anomaly governing the UV divergences of their expectation value,
here this is manifest for any d. For a surface defect Dy defined over a surface X inside a
d-dimensional manifold of metric G, the expectation value receives a universal contribution
of the form [22]

log € ~
e /VO]E [aRZ by tedl + o tr W+ c(an)z} + finite, (1.3)
T

log (Dy) =

where £ is a UV cutoff, R* is the 2d Ricci scalar on ¥, 1L is the traceless part of the second
fundamental form squared, tr W is the trace of the pullback of the Weyl tensor on ¥, and
(0n)? is a term relevant for symmetry breaking surfaces; its precise form is given in section 5.
Note that in d = 3 the Weyl tensor vanishes identically and that term is absent. A review
of the geometric invariants and the various basis used for conformal anomalies can be found
in [23] (see also [24]).

The anomaly coefficients a, b1, ba, ¢ do not depend on the geometry, but may depend
on d, N. They are particularly interesting because they are constrained by unitarity and
appear in a wide variety of observables. Perhaps most importantly, the coefficient a is
known to obeys an a-theorem [25] (see also [19, 26])

ayv > QIR , (1.4)

which provides an important diagnosis of dRG flows. The perturbative dRG flows presented
below provide new nontrivial examples where the a-theorem applies and is indeed satisfied.
More interesting are the cases where the perturbative analysis falls short — still we expect
that the IR fixed point corresponds to the defect with lowest value of a allowed by symmetry.

The coefficients b1, bo, ¢ are also constrained by unitarity to have definite signs. by
and c are respectively associated to the displacement operator D (tilt operator Q) arising
from the breaking of translation symmetry (resp. the O(NN) symmetry). Concretely, the
displacement operator appears as a contact term for the conservation law of the stress

A

tensor along a direction orthogonal to the defect " (I write D[O] to denote the insertion



of the local operator O on the defect D)
9T (x)D = D[D™ (1)) (2 ). (1.5)

A similar equation defines the tilt operator from the O(N) symmetry current j#. Since (1.5)
fixes the normalisation of D, the coefficient Cp appearing in the 2-point function
(D[D™()D™(0)]) is an observable, and is known to satisfy —b; ~ Cp > 0 [27]. Simi-
larly ¢ ~ Cp > 0 [28].

Finally b is related to the 1-point function of stress tensor [29] (see also [27, 30]), and
by the ANEC is expected to satisfy by > 0 [29].

I calculate the anomaly coefficients for the various defects studied here in section 5.
There are other quantities associated to surface defects, and two more observables play a
role in this paper. The first one is the 1-point function of ¢? in the presence of the defect.
The quantity that is independent of the normalisation of ¢? (thus can be compared between

various calculations) is a2

2(x)D|, 2
(p*(z)Dlu,) _  ay ’ <¢2(x)¢2(0)> = 2“"%2 , (1.6)

JCo2 (Dlu)  lwn]®e |

Giving a VEV to ¢? is akin to sourcing a mass term for ¢ (here localised at the defect),
with a positive mass corresponding to a,: < 0. The agreement of a2 between various
calculations is a nontrivial cross-check of these results.

The second quantity of interest is the generalised string potential introduced in [31],
which is analogous to the cusp anomalous dimension of line operators. In particular this
captures the potential density Uy between a pair of planar defects separated a distance L,
ie. (D]y. (L)D],. (0)) = Lodgen,

The rest of this paper is organised as follows. Sections 2, 3 and 4 present three limits

where perturbative methods can be applied to study surface defects, and are devoted to
studying dRG flows and characterising fixed points. Section 5 contains the calculation of
the anomaly coefficients and the string potential. In order to alleviate the reading of the
paper, the perturbative calculations are relegated to appendix A.

Note added. Shortly after this paper appeared on the arXiv, I learned of related works
to appear [32] and [33], which overlap with parts of this paper. I am grateful to the authors
for informing me of their work and sharing a preview of their papers with me.

2 e-expansion ind =4 — €

Consider the critical O(N) model. In d = 4 — € this model can be studied in renormalised
perturbation theory from the action

s=[ate | (o) + 50 (4] (2.1)




where M is the renormalisation scale and we omitted the counterterms. The theory becomes
conformal when tuning the coupling constant to its critical point

Ase 3

@ = N TOE) (22)

We can construct a surface operator in this theory by integrating ¢’w’ over a surface?
Me -
D = exp {— / d27'hijg01goj} , (2.3)
2 Jre

where we included an explicit dependence on the renormalisation scale M to ensure that
h;i; is dimensionless.

The coupling h;; gets renormalised and obeys the beta function (1.2). This is easy to
see in perturbation theory. To lowest order, there are three diagrams contributing to the
renormalisation of the coupling. They can be evaluated in dimensional regularisation using
standard methods (see appendix A for details) and read

It hl]

! = — ... 24

:: 6022 T @4

-

o _ A (hgrdij +2hi) |1 n 4+ 3y + 3log(mM32?) n (2.5)

O (4m)2  24mw3a? € 2 o '

N hikhi; |1 4+ 3y + 3log(rM322?)

£ = - o 2.6
AT 5 + (2.6)

i

Here the dashed lines are propagators for ¢?, while the solid line represents an integral over
the plane supporting the defect. ~ is the Euler constant.

The poles in € are absorbed by counterterms and ensure that the expectation value
of the composite operator [¢’¢’] is finite, see the corresponding diagrams in table 2. The
divergence of the second diagram is cancelled by the renormalisation of [p%p’], which in
terms of irreducible representations — singlet S and symmetric traceless T — are given by
(see e.g. [34])

A N+21 A 21
Zg=1- — ... Zp=1-— -—+... 2.7
s (4m)2 3 e L T (4m)2 3 € * 27)
The remaining pole of (2.6) can be cancelled by the counterterm 6h;;
1 hikhg;
Shij = ————L h*\, h%). 2.
5= - O, B (23)

From these counterterms we can read the beta function for the coupling h;;. Decomposing

hS’T

hij = hS 0ij + hg; in irreducible representations, the renormalised couplings are related

to the bare coupling (h57T)(©) by

(W) = M (b5 +60%) 2512, (W) = M (nf+ohT)) 272 (2.9)

2More generally, one may also include the relevant operator u‘p’. We discuss such defects in d = 6 — € in
section 4 where the dRG flows are easily accessible to perturbative methods.



Using that bare couplings h(®) are independent of the renormalisation scale M, one can
easily obtain the beta functions for A% and h” (see e.g. the review [35], or [20] in the context
of defects). Assembling both representations we get

A hkkéij + thj 1

gmj::_fhﬁ.+(4ﬁy 3 +-§;hmhkj+-0(h{fﬁA,hA%. (2.10)

This result can be compared with (1.2). The terms linear in h combine to give
the conformal dimension as expected (for reference, the dimensions of [p'¢/] are Ag =
2— NLJFSG +...and Ap =2— %—ige + ... respectively for the singlet and symmetric traceless
representations [34]). In both cases, A < 2 so the operator is relevant and triggers an RG
flow.

The term quadratic in A reproduces the structure constant of [p’y?]. For this calculation
we only need the leading order contribution in € and neglect A corrections, so they are given
by the structure constant of the free O(/N) model, see e.g. [19].

In the following we determine the fixed points of the beta function (2.10) corresponding

to conformal surface defects.

2.1 Symmetry preserving defect

The simplest fixed points of the beta function correspond to defects preserving the full
O(N) symmetry, for which we should take h;; = hnd;;. Substituting this ansatz into the
beta function and plugging the value of A = A, (2.2) we get two zeros

hNHF . 6e

2
= 0 _=0. 2.11
2m N—|—8+ (%), hw, 0 ( )

The case hy,— is the trivial defect Dy, while hx 1 is a new nontrivial surface defect I call
Dp. The RG flow between these two fixed points is driven by the defect operator 6 ~ ¢%
(up to a normalisation factor), which is relevant in Dy. At Dy its conformal dimension can
be obtained from the derivative of the beta function [36] and is irrelevant

be ... (2.12)

Ay =2+ 48 =2 .
o +B(h‘)|hN,+ + N +38

These defects are characterised by their sourcing of go?q, which is encoded in the dCFT
coefficient a2 appearing in (1.6). We read it from (2.4)

Nhy 4 3v/Ne 9
- = +0(?), Cp=—5+0(). 2.13
T e O VRN ) (¢2) 2 =g 10 (2.13)

2.2 Breaking to O(p) X O(N — p)

A natural generalisation is to allow surface operators to break the O(NN) symmetry, and we
start by discussing the breaking to the subgroup O(p) x O(N — p). It turns out that, at
this order in the e-expansion there are no fixed points breaking more symmetries, so this is
already the most general case (we return to this question in section 2.3).

To simplify our analysis, we use the O(N) symmetry to diagonalise h;; to its set
of eigenvalues, and take p eigenvalues of value h, and N — p eigenvalues of value hy_,.



Decomposing the beta function (2.10) for the diagonal elements h, and hy_, of h;;, the
vanishing of the beta functions reduces to®

A (p+2)hp+(N_P)thp h120
= —¢h —4+..-=0 2.14
Bh, o+ )2 3 oo+ : (2.14)
A phy+ (N+2—phy_, hi_
/Bthp = _Ethp + (47T)2p P ( 3 p) N—p + g;rp 4+ = O, (215)

with the ellipsis containing terms subleading in e.

The fixed points. The solutions to these equations are easily obtained. The beta
functions are exchanged under the relabelling p — N —p, so 8, — Bh,_, is odd with respect
to that symmetry and is given by

€+ —7—5+...

hy + hy—p 2 )
- - =0. 2.1
27 3(4m)? 0 (2.16)

R N R ]

In the symmetry breaking case, we require h,, # hy_,. This fixes h,+hn_,, and substituting
into By, + Bhy_, We can solve for hp,—hn—p. The solution is given by the pair {hp+,hn—p—},
where

hp,:l: _ (N+3_p):l:A€
or N +38 ’

A?=9 —p(N —p). (2.17)

The choice of sign for the square root gives rise to 2 different solutions for any given p, and
for simplicity here we used the freedom to relabel p — N — p to choose a definite sign. As
a consistency check, we recover the symmetry preserving defect Dy defined in (2.11) by
setting p = N, and the trivial defect Dg by setting p = 0.

The properties of these fixed points are controlled by the sign of the discriminant AZ2.
For N below the critical value N, = 6, the discriminant is positive and the h’s are real
numbers: these are fixed points of the dRG flow preserving an O(p) x O(N — p) symmetry,
and they correspond to conformal defects which I call D,,.

Above the critical bound N > N, there are values of p for which the discriminant is
negative. This happens for 1 <p < N —1for 6 < N <10, and 0 < p < N for N > 10 (for
integer p). In that case, (2.17) describes complex fixed points of the beta function. In a
unitary theory, the h’s remain real along dRG flows, so these fixed points are not reached
by a dRG flow (they may however lead to walking behavior as in [37]).

At certain values of p(N) the discriminant vanishes exactly, so that hy, y = h, — and
the defects D), and Dy_, become degenerate. This happens at integer values of p for N = 6
(p=3)and N =10 (p=1,9). In fact, for NV = 6 one can check that the fixed points (2.17)
have the same values of h for p = 3,4,5,6, so that all four defects D, become degenerate
and coincide with the symmetry preserving defect (2.11). As far as I know this is the first
example of a simultaneous collision of four fixed points! It would be interesting to see if

this degeneracy is lifted at subleading orders in e.

30ne can also decompose the beta function in terms of irreducible representations of O(N), but it does
not lead to a factorisation of the equations because of the explicit symmetry breaking.



Operator O(p) O(N —p) A-2
Os+ S S s [N+ VN7 +8(N — 29)A + 1647]
Os_ s s v [N = VN8N — 2)A + 16A7]
Or. T S M
@T,— S T - Nﬁ]\%ith

Table 1. List of defect operators involved in the dRG flow for the defect D,, their representation
(singlet S/traceless symmetric T') and their conformal dimension A. Note that (5574_ is absent when
p=0, (’A)S’, when p = N, (’A)T’+ when p < 2 and (’A)T,, is absent when N — p < 2.
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Figure 1. Example of a defect RG flow for surface defects in the O(2) model. The vector field is
—B(h1, hs) given in terms of the eigenvalues hq, hyo. There is a Zs symmetry exchanging hy <> ho.
The 3 fixed points are Dy, Dy and Da, their values of h’s are given in (2.17). The black lines indicate
the stable manifold.

We can gather more information about the structure of the dRG flow from the beta
function (2.10).
operators involved in the flow. There are four different eigenvalues, which correspond to

The eigenvalues of its jacobian give the conformal dimension of defect

the four defect operators presented in table 1.

The operators relevant for assessing the stability of the fixed points are @S,i. Notice
that for N <6, (’557_ is a relevant defect operator (i.e. A < 2) present in all defects D,
except the symmetry preserving defect Dy . Therefore we expect a dRG flow between the
defects Dy —+ D, — Dn_,, — Dy, with Dy the IR fixed point. As an example, see figure 1
illustrating the dRG flow for V = 2.

For N > 6 things are more intriguing. The operator (”A)g,, becomes marginal when

A = 0. This suggests that @57, is responsible for the flow between D, = Dn_, (p < N —p),



and it becomes marginal because the fixed points collide. Note that between 6 < N < 10,
we have symmetry breaking unitary defects for p =1 and p = N — 1, and for the defect
Dy the operator (’A)S,, is irrelevant, so it corresponds to an IR fixed point of the dRG flow.

Finally, there are the defect operators (’A)T,i, which trigger dRG flows with an explicit
symmetry breaking (e.g. the flow Dy — D; in figure 1). It’s interesting to note that
the symmetry preserving defect Dy contains the operator @T’J,_ which becomes relevant
for N > 6

N—6
N 18"

Ap, —2=— +... (2.18)
This is easy to understand at large N. The dRG flow mixes the singlet and symmetric
traceless representations of h;; through the quadratic term hgphy; ~ (h% + %h%)éﬁ + ...
of the beta function (2.10). In the large N limit this interaction term vanishes and the
representations decouple, leaving @T,Jr the symmetric traceless part of [p'w/], which is a
relevant operator.

Note that even though @T,+ is a relevant operator in this case, it involves an explicit
symmetry breaking so does not signal an instability of the fixed points.

The conformal manifold. An interesting feature of these symmetry breaking defects is
the presence of a conformal manifold. Any choice of matrix h;; with eigenvalues h,, and hn_),
as above defines an equivalent defect D), (i.e. they are related by an O(N) transformation).
The space of such matrices is the Grassmanian

O(N)
O(p) x O(N —p)’

Gr,(N) = (2.19)
which is interpreted as the conformal manifold for the dCFT. The breaking of symmetry
implies the existence of local operators Q“" (a = 1,...,pand m =p+1,...,N) in the
dCFT which arise as contact terms for the broken O(N) currents

0™ () Dy = Dy O™ ()6 D (1), O = (s + Iy MO (220)

These operators — sometimes called tilt operators — are exactly marginal and generate
translations on the conformal manifold. Because of their geometric interpretation, their
correlators are constrained by integrated Ward identities [38] (see also [39]).
We note that the combination of eigenvalues appearing in the tilt operator has the
simple expression
2(N +6)

hpﬁ. + h‘N—p,— = mﬂ'ﬁ 4+ ... (221)

2.3 General breaking of symmetries

One can also consider more general dRG flows, where we allow for the O(N) symmetry to be
broken to a subgroup [[; O(p;). It is a simple exercise to write and solve the beta functions
for [ = 3, which reveals that there is no new fixed point with 3 different eigenvalues h; at
this order in e.



This follows from a simple counting argument. 3 quadratic equations can have at
most 8 solutions, and all of them are already accounted for by degenerate cases where two
eigenvalues coincide: in addition to the trivial solution h = 0 and the symmetry preserving
defect hy,, = hy, = hy,, there are 3 conditions for degeneracy (hy = hp and permutations)
and in each case we have 2 nontrivial solutions. Therefore there cannot be new fixed points
with [ = 3 symmetry breaking at this order in perturbation theory, and by induction [ > 3
can be excluded as well.

It would be interesting to see if subleading corrections to h lift the degeneracies and
lead to defects with more complicated breakings of symmetry.

3 Large N expansion

To understand the fate of surface operators across dimensions and especially at d = 3, a
convenient tool is the large N expansion. From the analysis near d = 4, we expect the
symmetry preserving defects Dy to be the most relevant in the IR, so in this section we
focus on these and show that they can be reliably studied away from d = 4.

The standard way to approach the large N limit of the O(N) model is to use the
Hubbard-Stratonovich transformation, see [40] for a review. Following [41], we rewrite the
action (2.1) with an auxiliary field o as

A o d—4
S = /dd [ ) 2\/» g01—3j2\fv)\ a?| . (3.1)

Upon integrating out o one recovers the original action (2.1). At large N, the interaction
term o@? promotes o to a dynamical field by generating a effective propagator from an
infinite sum of bubble diagrams (the solid black line is the propagator for o and e is the
vertex op?)

=« Cef«llmIImA... (3.2)

These diagrams assemble into a geometric series, and resumming one finds the effective
propagator

gd+2p (d=1) gip, ( =d
olaoteal) = IJUSIZA“ €= WS/(QFQ(‘g Sln2§ 2

) +O(N™Y). (3.3)

The conformal dimension is A, = 2 4+ v, with the anomalous dimension subleading in N at
large N and given by

4T (d) sin <Ld)

1 2 -2
¥ r(2+1)r(g—1)+O(N ). (3.4)

Yo =

~10 -



In the following we also need the 3-point function of o obtained in [42-44]

CUUU
olxyp)o(x2)o(x -
(o(@1)o(22)0(2s)) | 12| A 213 A |23 A

c 1 T (3 - %) (2d_1F (%) sin (%d) ) 3 LON32). (3.6)

(3.5)

- JNT(d-3) m3/2
In this description, symmetry preserving defects are given by the integral of o
D =exp (— /d27'h 0(7’)) . (3.7)

The beta function for the coupling h is given by (1.2). Solving for its zero we find the fixed
point corresponding to the defect Dy for any d

Bn=Aoh+7Cosh2 + ..., = he=-—17_ 4 . (3.8)
Coolm
The structure of the dRG flow is easy to understand and follows from the sign of the
anomalous dimension 7,. When 2 < d < 4, the anomalous dimension is negative v, < 0, so
the operator ¢ is marginally relevant and leads to a dRG flow from the trivial defect to
Dy. The O(N) model is still defined for 4 < d < 6 [41] but in that case 7, > 0, so o is a
marginally irrelevant perturbation. The defect Dy may then be thought of as a UV fixed
point of the dRG flow ending at the trivial defect.
A short calculation shows that the 1-point function of ¢ is given by

7Oy hy
-——

<U(-T)D> = —h*/dQT (a(gp)g(T» 4=

The normalisation independent quantity associated to h. is a

(3.9)

»2, which we obtain by dividing

by the normalisation of o (3.3) and comparing to (1.6)

1 21+%(d ~1n T (ﬂ) sin (%d

2
) o
VN rid(d - 3) r (%) oW (310)

a2 = =7\ Cohy = —

A plot of a2 is presented in figure 2, and its values at integer dimensions are given in
table 2. At dimensions d = 2,4, 6, it has zeros because the anomalous dimension v, (3.4)
vanishes at large N for even integer dimensions. In particular near d = 4, it behaves as —|¢]
since both v, and C,,, change sign, and the coeflicient matches with the large N limit of
the result from the e-expansion (2.13) as expected.

An interesting feature is the divergence at d = 3, which follows from the vanishing of
the structure constant C,,, at large N [42-44]. This signals a breakdown of the small h,
approximation leading to further corrections of the beta function (3.8). We discuss two cases.

The first possibility is that the zero of the beta function becomes of order O(N°). The
leading contribution to the renormalisation of the coupling h comes from the diagram

h3 A

|
A~ [ s (@ ()T amnectea ~ Rz e (31D
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Figure 2. On the left, a plot of a,2(d) to leading order at large N. On the right, the corresponding
values near integer dimensions.

for some A. If A is nonzero and the diagram contributes to the beta function, then we
expect 8 ~ v.h + BT}P + ... = 0 for some B, and since 7, ~ N~! we would find two
nontrivial fixed points h, ~ O(NY).

Doing this calculation explicitly seems difficult because the 4-point function of o is only
known partially at large N [45]. However one might suspect that the fixed points are absent
(B = 0) for two reasons. First, there have been explicit studies of boundary/interface fixed
points at low values of N (e.g. [14, 46, 47]) with no indications of such new fixed points.
Second, a simpler version of this question is to restrict to d = 4 — €, where the Feynman
diagrams can be evaluated more easily. This is presented in appendix A.2 and we verify
that B|g—4— = 0, which suggests that perhaps also B|q—3 = 0.

The second possibility is that the zero of the beta function becomes of order v/N. In
this regime the behavior of the fixed points is well-understood from the large N analysis
of [1, 2, 4, 12, 21] for an interface in d = 3. There are two symmetry preserving fixed points,
known in the literature as the special and ordinary transitions. The special transition

corresponds to the trivial interface and is characterised by a = 0. The ordinary

02 ,5p
transition on the other hand is a nontrivial interface and is characterised by [4]

a2 ord = — 8N +O(NT?). (3.12)

Therefore I expect that the divergence of a2 at d = 3 should be interpreted as a change in
scaling with respect to IV, and that Dy becomes the ordinary fixed point.

Finally, note that there is a third fixed point known as the extraordinary (or normal)
transition. That interface is characterised by a nonzero one-point function for ¢° breaking
the O(N) symmetry down to O(N — 1). Below d = 3, a,2 becomes positive (or equivalently
h. < 0), which can be interpreted as sourcing a negative mass for 2. This signals an
instability at ¢* = 0, and including a defect coupling u‘¢’ in (3.7), we expect the stable IR
fixed point to have nonzero u!, leading to the extraordinary fixed point.
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4 e-expansionind =6 —¢€

The critical O(N) model can be analytically continued to the range 4 < d < 6, where it is
described by the (perturbative) UV fixed point of the action (2.1). It can be studied using
an e-expansion at d = 6 — € from the action [41]

N S U
S = /d6 x [2(8M<p )2+ 3 (8M0)2 +

M3 o
glo_(pl(pl_’_

M;g%ﬂ : (4.1)

This theory is conformal when setting the coupling constants to their critical values g¢7j, g3,
which have been calculated in [41]* (see also [48-51] for subleading corrections up to O(€’))

. |6(4m)3e 22 726 326180
i O G A A I
. 6(47)3e 972 412596 247346520
= 6+ + + +.. ).

(4.2)

92 = N N N2 N3

In this section we study surface operators in the d = 6 — e description. Doing so
provides another nontrivial check of the large N results obtained in section 3. Perhaps more
importantly, because the dimension of a free scalar field is A, = 2 in d = 6, we can reliably
study dRG flows of surface operators with a coupling to ¢’ using perturbation theory

D = exp {—/d% (ho + u’«pz)} . (4.3)

When u # 0 these surface operators preserve an O(N — 1) symmetry and are relevant for
describing the extraordinary transition in d = 3.

Unlike our treatment in section 2, here to any order in g; and gs the number of Feynman
diagrams contributing to the renormalisation of the defect is finite, and we can treat h,u
nonperturbatively (this is similar to [20]). The beta functions for the defect couplings
involve a term linear in € from the classical dimension of the fields, so for consistency one
should calculate the beta functions to order g? ~ e. The diagrams contributing to that
order can be found in tables 3 and 4. A straightforward calculation detailed in appendix A.3
leads to the beta functions

g+ gah? 2g3hu? + gigohu® + g3h?

/Bh = (AU - 2) h
(4702 (4m)* | (4.4)
By = (A, —2)ui — 2g1hu’ g1(2g1R% + g1u® + goh?)u'
ul P (47‘(‘)2 (47‘(‘)4
where the conformal dimensions are [41]
€ 1 Ng+g3 4 40 6800 )
A, =2 < LT —oq (o 2 : 4,

2+(47r)3 12 +0(g") +<N+N2 + >6+O(6) (4.5)

€ g% 4

( 1 1 44 1936
6(4m)3

Lt as 1900 2
sttt s +...>e+0(e). (4.6)

4These are asymptotic series at large N. The behavior of the fixed point at finite N is discussed in [41].
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The terms linear and quadratic in h,u match the general form (1.2), and in addition we
have terms cubic in h,u and quadratic in g.
The simplest fixed point is the trivial defect with h = v = 0. Below we analyse the fixed
points describing the symmetry preserving defect Dy as well as symmetry breaking defects.
Note that similar dRG flows were considered in [52-54]. Their analysis involves a
double-scaling limit where the bulk theory is not critical such that diagrams contributing
to the anomalous dimension of ¢, o are suppressed.

4.1 Symmetry preserving defect

Setting v = 0, the beta function for h factorises. There are 3 solutions, h = 0 and two
nontrivial fixed points at
8 2
B = -5 <1 + /14 4(A, — 2)) . (4.7)
92
The simpler fixed point to analyse is the negative root, which is a perturbative fixed
point analogous to those of sections 2 and 3. We find

1672 20 [27e 8 4118
.= A, —2)="4/—(14+=—-=——+...). 4,
h g2 ( ) 3 3N< +N N2 + ) (4.8)

This describes the symmetry preserving defect Dy, as can be shown by comparing the value
of a?o to the large N result. A short calculation of the 1-point function of o (see table 3)
allows us to extract

N N2

(4.9)

a2 = —

10 | 2e (1 8 4118 >
v 3 V3N )

which agrees with the leading large N result (3.10), see figure 2.

Since o is an irrelevant defect operator (A, > 2) at the trivial defect, one should
interpret (4.8) as a UV fixed point for a dRG flow. Indeed, we can check that & is
marginally relevant at the fixed point

40 , 6800
N N?

A&_2+B’(h)|h*_2—( +...)e+0(62). (4.10)

The fixed point at the positive root of (4.7) is more subtle. We have hy ~ g5 Lfor a
large negative value of h,. Since the combination h,g, ~ O(eo) is not a small parameter,
the beta function may receive additional contributions and the validity of the solution
cannot be established in our approximation. One may expect that it disappears when
including subleading corrections to the beta function (4.4). For instance, when using the
Padé approximant

gah? g3h3 h

S R (4.11)

Brn D

the beta function only has the fixed points h = 0 and (4.8).
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4.2 Symmetry breaking defect

We now turn to solutions with u # 0, which breaks the O(N) symmetry to O(N — 1). It’s
convenient to write u’ = un’, with n’ a unit length vector parametrising the symmetry
breaking. For nonzero u there are 3 solutions to the beta functions, and only one can be
studied reliably using perturbation theory (the other two have h., u, ~ \/N/e with h, < 0).
Taking hy, us ~ /€ as an ansatz, it is easy to solve the beta functions to find

A, —2
ho— e =2 0(63/2), (4.12)
201
2052 _ Be\(NG 4+ 6152 — 82, + (89 — 261 ) 3¢
2= (g7 — =) (Ngy +g132§3 9192 + (32 — 291) ;) +O(3?) (4.13)
1

Plugging in the value of g (4.2) we get

1 /7e 24 286 346024
he = —2y)2C g o22 2 2RUR L 414
2V 6N { N N2 T N3 t } ( )
,  wNe[. 356 184652 117474208 ]
= — - R 4.1
=" {3 b h e (4.15)

u? is negative since §@ < f—;. This is clear from the asymptotic expression at large N

and can be checked for finite N 2> 1038.27 using the expressions for g given in [48]. The
solution is then a complex fixed point which corresponds to a nonunitary dCFT. As already
mentionned in section 2.2, such fixed points are not reached by unitary dRG flows.

Note that u, ~ v/ N has the correct scaling to describe the normal transition in d = 3.
I report here the eigenvalues of the jacobian at the fixed points

437 557024
[3xvE 2= 0F 00288+ TR w1
. 5 e ] .

Both of these are real and positive. In addition to these operators, the dCFT contains a
tilt operator O = u, " associated to the breaking of symmetry O(N) — O(N — 1). Since
us is imaginary, these operators have negative norm.

5 The anomaly coefficients

Having obtained the fixed points describing conformal surface operators in the previous
sections, I now turn to the calculation of their anomaly coefficients (1.3). Anomaly
coefficients have been studied in the past in many contexts, and it turns out that most
of the results we need are already known. The coefficient a for a surface operator of
the form (1.1) was obtained in [19, 25] using conformal perturbation theory, and their
calculation can be applied to our defects as well, with the exception of d = 3 where conformal
perturbation theory no longer applies (in d = 3 however the coefficient a was obtained
independently in [12, 21]). The rest of the coefficients were calculated previously for surfaces
in 6d [23, 55, 56], and as I discuss below their calculation can be extended to surfaces in

arbitrary dimensions as well.
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Surface in d = 6 —e. The simplest case to consider is surfaces in 6d, which couple directly
to the scalar fields o and ¢* as in (4.3). Their conformal anomaly can be obtained by calcu-
lating the expectation value of a surface operator over the arbitrary surface ¥ € R57¢ and
placing the theory on a curved background of metric G. In perturbation theory, the leading
contribution to their conformal anomaly is given by an integrated propagator of the form

% /Zvolg(ﬁ) VOlz(Tg)ui(Tl)uj(Tg) <g0i(71)g0j(72)>a + O(u3) , (5.1)

and we’re interested in the log € divergences of that integral, where € is a UV cutoff. These
divergences come from coincident points 71 — 7o and obey the structure of a conformal
anomaly (1.3). They can be calculated from the small distance expansion of the curved
space propagator for a conformal scalar in 6d, which reads [56] (in normal coordinates
about the origin)

(FOP©), = L 1y ]

o= e Lt gt ] (52)

with Cy 1 the canonical normalisation for a scalar field in d dimensions defined in (A.3) and
P, = df12 (R;w — %RGW) is the Schouten tensor.
The corresponding anomaly coefficients were obtained in [23, 55, 56] and are given by

72 C’d71u2 B 2 Cd,1u2

_ _ _ _ 2 2
a=0, by = 5 , o 3 , c=7m"Cqiu”. (5.3)

The vanishing of a to leading order has a simple explanation: the coefficient a measures
the conformal anomaly associated to a change in topology from the plane to the sphere,
which is zero because the 2-point function of a (conformal) scalar appearing in the integrand
of (5.1) is conformally invariant.?

For a surface operator obtained by integrating u; O as in (1.1), [19, 25] shows that the
leading contribution to a instead comes at order O(eu?) and is given by

2
a= %(Ao —2)Cou? + O(ub), (5.4)

where Cp is the normalisation constant appearing in the 2-point function of O.
From these results we can read the anomaly coefficients for surfaces defects (4.3) at
d = 6 — €. Adding the contribution of each scalar, we get to leading order,
(Ay —2)h2 + (A, — 2)ul

a = s b1:

h? + u? b _ hZ4ud u?
247 2

sr 0 27 T1ox 0 T ume

(5.5)

where the conformal dimensions are given in (4.6) and the values of the fixed points are
respectively in (4.8) and (4.15) for the symmetry preserving and breaking defects. We note
that the contribution from the symmetry breaking term in (1.3) is here (On)? = 9,n'9yn’h®
with hgp the induced metric on ¥ and n’ is the unit vector parallel to u’.

5This is no longer true if the operators have anomalous dimensions, in which case the coefficient receives
subleading contributions.
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Focussing on the symmetry preserving defect Dy (4.8), the anomaly coefficients are

4000¢2 ( 186 60492 ) b 3ba 100e (1 16 8172 )
= e, 1 - == e ]

T 81INZ N T2 2 27N N N2
(5.6)

The coefficient a is positive in accordance with the a-theorem (1.4) if we interpret these
defects as UV fixed points of the dRG flow ending at the trivial defect.

Surface in d = 4 — €. The previous calculation of the anomaly coeflicients relies on
the small distance expansion of the 2-point function (5.2), which is known in 6d. Its
generalisation to d dimensions requires the 2-point function for an operator O@! of dimension
2 in a d dimensional CFT. Requiring that it reduces to the usual 2-point function when the
metric is flat sets

I J Cod"’ v

(0'007()) = iepmg 1+ (@R + BRguIEE + .. ] (5.7)
with «a, 8 constants that could a priori depend on d and Ap. One can check that the UV
divergences calculated as in [23, 55, 56] respect the structure of a conformal anomaly (1.3)
only when R, and R assemble into the Schouten tensor P, with coefficient 1/3. Therefore
we conclude that by consistency, the correlator must take the same form as the propagator
for scalars in 6d (5.2) and the previous calculation extends to any dimension d.

For the symmetry preserving defect (2.11), we use (5.4) and (5.3) to get

9Ne3 ONe2 3Ne2

2(N +8)3 " ! T 2(N +8)2

4(N +8)2° (5:8)

For the symmetry breaking defect (2.17), there is a contribution to the anomaly from
the symmetry breaking term (0n)% = 9,n9,n" h®, where hg, is the induced metric on
¥ and n¥ is the unit norm tensor parallel to A”. The anomaly coefficients by, bs, ¢ are
straightforward to obtain and given by

blz—g, b2:§, (5.9)
along with
Wi phy ¢ + (N —p)hi_,
T 6ar? 1672
BN+ 23N —p) + (V- 2))
8(N + 8)2 ’
Note that when p = N, ¢ # 0 but (9n)? = 0, so we recover the result (5.8).
For the coefficient a, we need to treat separately each irreducible representation to get
2 2 ij pkl
Bl L T (g~ DO

The coefficient Cso% can be read from the 2-point function of p3. Plugging in the conformal

Cc

(5.10)

71.2
a="=(8p —2)Cy (5.11)

dimensions along with the values of h, we find

€3

= SN [SBAT 4+ 4(N = 2p)A + (N 4+ 6)(N = 6)A? —9(N +6))| . (5.12)
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For any N <6 and 0 < p < N, we can check that A > 0 and a satisfies
ap=0 Z Gp=1 Z e Z Ap=N - (513)

This has a direct implication for defect RG flows. For any given N, one can consider dRG
flows between symmetry breaking surface defects D, and D,,. Because of the a-theorem
ayy > ar [25], we conclude that dRG flows can only increase p, so that p’ > p. We then
expect a sequence of ARG flows that interpolate between defects of increasing p

D0—>D1—>---—>DN, (514)

with a concrete example being the flow Dy — D1 — Dy presented in figure 1. It would be
interesting to check if this structure is preserved at higher orders in the e-expansion.

Large N. Finally we can calculate the anomaly coefficients at large N as well. Using (5.4)
and (5.3) we get

W= Co b~ Cos b, — o
602" LYo, 27 302,

[exedel ooo [exedel

c=0, (5.15)

where Cypp is given in (3.6), 7, in (3.4) and C, in (3.3). Plugging in the values we get

(5.16)

- N2 3(d—3)2 F(%)F(z):;v

1 (d—2)(d—1)a? T(d)?sinc (%)
di2

and

d—1) I'(d) sinc (%d>
d+2
r(4)
Setting d = 4 — e and d = 6 — € we recover the large N limit of the anomaly coefficients (5.8)

and (5.6) as expected. Also notice that a < 0 when 2 < d <4 and a > 0 when 4 < d < 6,
in accordance with the a-theorem.

Core _ 1 (d—4)(d-2)
c2.. N 2(d — 3)

[exegen

N[~

(5.17)

5.1 The string potential

Given two planar surface defects separated a distance L, it is well-known that quantum

1 %. A generalisation of this observable called the

fluctuations can generate a potentia
(generalised) string potential was introduced in [31] and is related to the anomaly coefficient
b1, at least to leading order in the small perturbative parameter (e or N~1).

Consider the surface consisting of two hemispheres inside an S? of radius R and glued
along their boundary at an angle m — ¢. Using u € [0,7/2], v € [0,27) each hemisphere can

be parametrised by

! = Rcosucosv, z? = Rcosusinv,

23 = Rsinucosw, z* = Rsinusinw,

(5.18)
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for a fixed w, and we take respectively w = ¢/2 and w = m — ¢/2 for each hemisphere.
When ¢ = 0, this is the geometry of a sphere, while in the limit ¢ — 7 the two hemispheres
become superimposed. As shown in [31] the expectation value of a surface defect Dy with
this geometry defines a potential U(¢) through

U(6) = 5 (1o (D) ~ lo (Dy—s) (5.19)

This definition is easy to motivate. The defect Dy is topologically a sphere, so it has a
conformal anomaly and its expectation value is ill-defined. However the anomaly cancels
exactly in the ratio between the expectation values at any two angles (here ¢ and 0), leading
to a well-defined quantity. The factor 27 is simply the area of the hemisphere, so that U
calculates a potential density.

The expectation value of Dy can be calculated in terms of an integrated 2-point function
of the form (5.1) and yields, to leading order [31],

b1

Ule) = 27 cos(¢/2)?

... (5.20)

In particular, setting ¢ = m — ¢ and taking the limit § — 0 we get

2by
Ulr—90)=—75+... 5.21
(r-b)=—2 (5.21)
This can be interpreted as % with the identification L = §. Note that Uy is negative, so

the force between the defects is attractive, as expected for a force mediated by a scalar field.
Up to a different value for h., this agrees with the result of [52].

It would be interesting to determine whether the relation to the anomaly coefficients
still holds at subleading orders.

6 Discussion

Surface defects are ubiquitous objects in CF'Ts, and have been mostly studied in the context
of gauge theories where they play a fundamental role (e.g. in 4d N =4 SYM [57] and in
the 6d N = (2,0) theories [23, 56]). The present analysis shows that even in the simplest
example of an interacting CFT there is an interesting array of surface defects. Thanks to
this simplicity, one can perform perturbative calculations in overlapping regimes of validity,
track dRG flows, study their fixed points and provide new nontrivial examples of the defect
a-theorem.

The results obtained here suggest an interesting structure of fixed points across dimen-
sions and upon varying N. The simplest defect to access is the symmetry preserving defect
Dy, which seems to exist for d > 3 and any N. The most interesting case is d = 3, where
the perturbative analysis breaks down and the coupling to ¢? changes scaling with respect
to N. I interpret this as evidence that Dy matches with the fixed point of the ordinary
transition, but I haven’t proven it. It would be interesting to confirm this expectation by
extending the large N methods of [21] to subleading order in N and to surface defects in
arbitrary dimensions.
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Two related questions that I haven’t attempted to address here are diagnosing the
nature of two instabilities in the dRG flows. When d < 4, the trivial defect is unstable.
In this paper I discuss flows with A > 0 ending at Dy, but as apparent in figure 1, dRG
flows with h < 0 seem to belong to a different universality class, and interpreting h < 0 as a
negative mass term, we expect spontaneous symmetry breaking leading to the extraordinary
fixed point (i.e. where (%) # 0). When d > 4, the direction of the flow is reversed and the
defect Dy becomes unstable. Turning on the defect operator ¢ with one sign leads to the
trivial defect and is discussed in sections 3 and 4. With the other sign, it flows towards
h — oo. That instability may be related to the unbounded potential for o in (4.1).

In addition to Dy, the theory contains many instances of symmetry breaking defects.
At d = 6—¢1find a (nonunitary) fixed point (4.15) that may correspond to the extraordinary
fixed point. Away from e < 1 the fixed point cannot be studied reliably using the present
methods, but is expected to exist for any 2 < d < 6 and any N. It would be interesting
to study this fixed point using large N methods, and clarify whether there are additional
nonperturbative fixed points with h,u ~ /N as suggested by the perturbative beta
functions (4.4).

As one lowers d, more defect operators become relevant and the structure of the fixed
points becomes more intricate. Below d = 4, one may include a coupling to ¢’w’, which
leads to symmetry breaking defects preserving O(p) x O(N —p) C O(N). Their behavior is
dictated by the sign of the discriminant A? (2.17). It would be interesting to understand
the behavior of A as we vary d, especially whether these fixed points still exist for some
N < N. at d = 3. More generally, I expect that a full characterisation of fixed points near
d = 3 would involve also the coupling to ¢’ as well as cubic and quartic terms in ¢, and it
would be interesting to include these terms in the analysis.

Although the focus of this paper is the critical O(N) model, many more examples of
vector models where the O(N) symmetry is reduced to a subgroup were constructed in
the € expansion [58-60]. A systematic study of surface defects in these models (as well as
generalisations involving complex scalars and fermions) as initiated in [61] for line defects is
within reach and would expose an even richer spectrum of surface defects.

Finally, the 3d (5d) critical O(/N) model is expected to be dual to a higher spin the-

ory on AdSy [62] (AdSg), and it would be interesting to study the realisation of surface
operators there.
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A Explicit calculations

This appendix presents the derivation of the beta functions governing the renormalisation
of the defect couplings for the surface operators introduced in (2.3) and (4.3). I calculate
the relevant diagrams, with the results tabulated in tables 2, 3 and 4, from which I read the
corresponding counterterms. The derivation of the beta function in d = 4 — € is presented
in section 2, and in section A.3 I present a more explicit derivation of the beta function in
d=6—¢.

A.1 Evaluating Feynman diagrams

Many of the Feynman diagrams we need are reducible to products of 1-loop diagrams, and
can be evaluated easily in momentum space by using the identity (see e.g. [35])

ddk 1 1 “
| G~ (A1)

where we defined

I(¢—a)T(¢-0)T(a+b—4
L = <(24w)d/)2r(g§r(b))r ( ) (4.2)

To revert back to position space we use the Fourier transform

ddp eirr 1 T (% B a)
| @ = g O = iy A

As an example, we evaluate the diagram (2.4). Up to a prefactor, this is given by the
integral of (two copies of) the propagator G(z;vy)

MQE/dQTG(x;T)Q, (A4)

with the factor M?¢ ensuring that the integral is dimensionless. The momentum space
representation of the propagator is given as usual by (this is the a = 1 case of (A.3))

Cyq dip eirl@=y)
G(xyy) = : :/ A5
R T A R L 49
Performing the 7 integral and using (A.1) leaves us with
dd72p ddp/ eip:v deep eip:): (xM>2€
2 _ a2 (L1) _ (L,1)
M / Cr2 e g2 / Grpe pr Litd = e Cemesland (A)

Using these identities we can evaluate most of the diagrams entering the perturbative
calculations in 4d, 6d and at large N. One exception is the diagram (2.6), which we
analyse below.
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Diagram Prefactor Integral e-expansion

]
(zM)2e (1,1) 1
t _hij z2) C2—e,§ L476 167322 +...
]
-
/“\ oM 3e 1
SN highiy xa) Ci—enTh sonigze T
/ \
o
n
v N hridij+2hi;  (xM)3€ (1,1)\2 1
O 2 3 z2 027676 (L4 € ) 64mox2e T
\ !
]
I (wM)Qe (1,1) 1
;; —ohij T Creglile  Toma te-
_®_
1 2e
o (=M) (1,1) 1
é 5%% = C2_€7§ Ly, 6oz T -
]
—_—

Table 2. Feynman diagrams contributing to the renormalisation of h;; to order O(A?, Ah?, h®). We
list the value of the integral of the propagators, its leading pole in the e-expansion, and the overall
prefactor of the integral. The values for Cy4, and L((ia’b) are respectively given in (A.3) and (A.2).
The counterterm d,2 is defined in (2.7).

Diagram (2.6). It is useful to consider the more general integral
Cia

|z = TP = P — e

M(m+2)e / d27'1d27'2 (A7)

When m = 1, this reduces to the diagram (2.6). Using either momentum of position space

propagators, one can reduce this to the integral over Feynman parameters

it (A8
where we defined
r(1— 2y 1 1 o o .
Tm = 167T(26F (12_ Tn)e) /dU/d'qul‘FTfU*ﬁ[(]_ _ U)(]. o v)]f( ;U (1 . ’LL’U)71+% '
L (A.9)

(m+2)e
This integral is easy to do by expanding (1 — uv)™'"" 2  in series, in which case the

integral factorises into two beta functions to give

(1 g (1 g’ () o
16727 (1 — 2<) AT (nr 2 — O T (e )l
(A.10)

The sum can be written as a hypergeometric function and evaluated to find
+1)e? +2 ¢
[ (1= m50e) (1 - 52 1 ()

T =
" 16720 (2 — (m + 1)e)
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A.2 An all-loop result ind =4 — ¢

When the coupling h is small, its beta function is given by (2.10). In this appendix I
evaluate the diagrams relevant for determining the beta function at order h ~ O(e”) exactly.
The leading contribution is the beta function for surface defects of the free O(N) model,
and we find that there are no new fixed points of order h, ~ O(e"), in agreement with the
bootstrap analysis of [63].

Assuming h ~ €°, the leading diagrams that contribute to the renormalisation of the
defect coupling h are

H + // \\ + /// \\\ + (A12)
Introducing the notation
m = (Mehi‘)m/d27'z‘d27'¢+10d’1 ; (A.13)
-, mo - J |Ti _ Ti+1|2_m€

we have the recursion relation

Caanl (§)T ()T (1 — (mthe
Hresr-t)

—»QI.L’—_ r(1 _%) ((m+1 )F(l—%) -t

The diagram with m legs ending on the defect can then be reduced to the integral

m(ﬂ-Cd,l)m_lr(g)mF(l me M(m-i—?)ecil

hi; d%rd? .
( z]) I\(l_%)mF(T)%E / 71 Tm|l’ 7_1|2 e|7.1_7.n|2fme|x_7-m|276

(A.15)

This last integral is Ty, (A.7), with the result given in (A.11).
Summing all diagrams (A.12) up to order h™, we can absorb all the poles in € by taking
the counterterm to be

6h = hz(%E)m O\ . (A.16)

Taking the limit n — oo and calculating the beta function, we find
1
/th‘j = —Ehij + %h”hﬂ + O()\) . (Al?)

This is an exact result in h and it agrees with (2.10). Since A\ ~ O(e) and the beta function
must vanish order by order in € at the fixed points, we conclude that also in the interacting
theory there are no fixed point of order O(€?).

A.3 Renormalisation and defect beta function in 6d

In this section I present the calculation of the beta function for the surface defects (4.3). The

calculation is performed in the minimal subtraction (MS) scheme, where the counterterms

Sh, du’ absorb poles in € and admit the expansion

ShD 52 o (uH)D (Guh)@)
- - -

.. oul =
€ €2 € €2

oh =

+o (A.18)
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Table 3. Feynman diagrams contributing to the renormalisation of h to order O(g?). We list the
value of the integral of the propagators, its leading pole in the e-expansion, and the overall prefactor
of the integral. The values for Cy , and Lgl’b) are respectively given in (A.3) and (A.2).

The counterterms for the bulk theory have been calculated previously, and here we need [41]

Ngi+ g3 93

b= o dmre T % T T3y

(A.19)

Requiring all poles in € to cancel in the 1-point functions for h and u’ fixes the
counterterms, and we find

+0(g°),
(A.20)

s L| 91?4k 2oitg)gihu’+gih® | 1 (201+92)g1hu’+g3h?
€ (4m)?2 2(4m)* e (47)4

u' (2g1+92)g1h* + g3 u

62 (4n) +0(g?). (A.21)

_u' | 201k (201+g2)91h* +g7u?
(47)? 2(4mr)4

From these we can read the beta function. The bare couplings are related to the
renormalised couplings via

ho = MY (h+6h)Z; %, ufy = MY (u’ + ou') 212 (A.22)
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Table 4. Feynman diagrams contributing to the renormalisation of u® to order O(g
value of the integral of the propagators, its leading pole in the e-expansion, and the overall prefactor
are respectively given in (A.3) and (A.2).

of the integral. The values for Cy  and L{(ia’b)

To obtain the beta function, we take Mﬁ log hg to get

T2

and similarly for u’. Working at order O(g?), we have 3, = L+,
ch W4 Ty sp® _ Lspm 3
ﬁh: —?+h’)/g+ 8h(5h —i—;@_qléh —55}1 +O(g )

€ 0 0 0
= <ﬁh +/Bui@+ﬁglaigl+/6928792

)log ((h+om)z; 1)

and we obtain

(A.24)

A similar equation holds for f,. Plugging the value for the counterterms we get (4.4).
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