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1 Introduction

We universally think of general relativity as the low energy effective field theory of a quantum
theory of gravity. More precisely, we think of the Einstein-Hilbert action as the first term of a
higher-derivative expansion where infinitely many operators are suppressed at low energy by
inverse powers of the Planck mass. Gravitational interactions are mediated by the exchange
of spin-2 gravitons, and performing a perturbative expansion in A one determines graviton
vertices as well as vertices of gravitons interacting with matter [1-5]. Using the tools of
effective field theory, one can then for instance compute quantum scattering amplitudes
involving massive particles and determine A corrections to the gravitational potential [6, 7].

The most remarkable outcome of this analysis is that by performing a loop expansion
one obtains at any loop order not only quantum corrections, but also terms that are zeroth
order in h, i.e. entirely classical [7-14]. In particular, while the Schwarzschild metric at first
order in the post-Minkowskian expansion arises from the scattering amplitude of a massive
scalar emitting a graviton at tree level, the analysis of [9] shows that the next order arises
from a 1-loop amplitude containing a three-graviton vertex. Similarly, one reproduces at
second post-Minkowskian order the Kerr metric by computing loop amplitudes involving
spinors [9], as well as the terms proportional to the electric charge of the Reissner-Nordstrom



and Kerr-Newman metrics by considering the 1-loop scattering of charged particles with
photons running in the loop [15].

More recently, a systematic procedure to extract the classical contribution of loop
amplitudes of massive scalars interacting with gravitons in any dimension was given in [12],
which also shows how such computations coincide with the original work of [16] at sec-
ond post-Minkowskian order. Applying these techniques, the Schwarzschild-Tangherlini
metric [17] at fourth order in the post-Minkowskian expansion was shown to arise from
gravitational scattering amplitudes of massive scalars up to three loops [18].! The com-
putations of the amplitudes in [18] are performed in de Donder gauge, and in order to
compare the results with the classical metric one has to write down the latter in the same
gauge, in which logarithmic terms appear in the post-Minkowskian expansion starting from
second order in five dimensions and from third order in four dimensions. Correspond-
ingly, the amplitudes develop ultraviolet divergences [18, 20] which are renormalised by
the inclusion of specific higher-derivative couplings [18],? and as a result one obtains the
remormalised energy-momentum tensor which gives exactly the logarithmic terms of the
Schwarzschild-Tangherlini metric in de Donder gauge.?

In this paper we want to repeat the analysis of [18] for the case of charged scalars in
any dimension. We will show that the long-distance metric derived from the amplitude
computation matches the Reissner-Nordstrom-Tangherlini metric [17]. We will make use of
the prescription of [12] to isolate the classical contribution from each Feynman diagram.
We will perform the analysis up to two loops, and we will show that the terms of the metric
proportional to the electric charge are exactly reproduced up to third post-Minkowskian
order by the diagrams in which photons circulate in the loop. In de Donder gauge there
are also logarithmic terms proportional to the charge, and these are exactly reproduced
by renormalising the divergent terms in the amplitude adding higher-derivative couplings.
Remarkably, these couplings are precisely the same as in the chargeless case, but the
coefficient in front of them is modified by the addition of a term proportional to a given
power of the charge.

The techniques to extract the classical contribution of loop amplitudes can also be
applied to diagrams in which the scalar field emits a photon. We compute such contributions
up to two loops, and we derive from the resulting current the first three terms in the post-
Minkowskian expansion of the electromagnetic potential. We compare the result with
the post-Minkowskian expansion of the potential in the Reissner-Nordstrém-Tangherlini
solution, finding again perfect agreement. In five dimensions the amplitudes develop an
ultraviolet divergence, which is renormalised by the same counterterm that renormalises
the metric. We compute the logarithmic terms that arise and we show that again they
match exactly the logarithms in the post-Minkowskian expansion of the Reissner-Nordstrém-
Tangherlini potential.

! At tree-level and one loop the agreement between the Schwarzschild-Tangherlini metric and the amplitude
results in any dimension was earlier shown in [19, 20].

*Higher-derivative couplings had already been introduced in [21] in the context of the world-line formalism.

3There are additional renormalised terms in the energy-momentum tensor that do not affect the metric [18].
We will not discuss this any further in this paper.



The paper is organised as follows. In section 2 we determine the post-Minkowskian
expansion of the Reissner-Nordstrom-Tangherlini solution in de Donder gauge. In section 3
we show how to relate the post-Minkowskian expansion of the metric and the gauge potential
to the loop expansion of the amplitude for the emission of either a graviton or a photon
from a massive charged scalar. We use these results to compute in section 4 and section 5
the metric and the gauge potential respectively from scattering amplitudes up to two loops.
In section 6 we discuss how non-minimal couplings are included to cancel the ultraviolet
divergences, producing logarithmic terms in the metric. The final outcome is that also the
terms containing the electric charge in the post-Minkowskian expansion of the metric in de
Donder gauge, as well as the electromagnetic potential, are exactly reproduced by scattering
amplitude computations. Finally, section 7 contains a discussion and our conclusions.
The paper also contains three appendices. In appendix A we give all the expressions for
the propagators and vertices that are used in the paper. In appendix B we derive for
completeness the Fourier transforms that are used to determine the metric and the potential
from the amplitudes given in momentum space. Finally in appendix C we list all the results
for the loop integrals that are needed to evaluate all the amplitudes in sections 4 and 5.

2 The Reissner-Nordstrom-Tangherlini solution in de Donder gauge

The Reissner-Nordstréom solution gives the metric and the electromagnetic potential of a
spherically symmetric charged mass distribution in four dimensions. Its generalisation to
arbitrary dimension D = d + 1 was given by Tangherlini in [17], and the resulting metric
has the expression
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where (1, and g are related to the mass m and charge @ of the black hole by
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while the electromagnetic potential is
1
Au(r) =6 @ (2.3)

(d — Q)Qd,1 rd=2"
where Q4_1 = % is the area of the (d — 1)-sphere.

In this section we want to perform the post-Minkowskian expansion of the metric and
the electromagnetic potential in de Donder gauge. As far as the metric is concerned, the
analysis is the same as the one performed in [18] for the case of the Schwarzschild-Tangherlini

solution, and we refer to that paper for further details. Given in general a metric of the form
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its expression in cartesian coordinates becomes

ds* = C(r)dt* — di* — (2.5)

We want to determine the change of coordinates such that the transformed metric satisfies
the de Donder gauge condition

0" (9vu + Gusw — Guvp) = 0. (2.6)

Given that the metric in (2.5) only depends on r, we look for transformations that rescale
the spatial coordinates by an r-dependent (positive) function, namely

(t,Z) — (t, f(r)Z) with r = Vaizt. (2.7)
The metric in the new coordinates becomes

7. dz 2
d5® = ho(r)de® — by (r)da® — h(r) & 9%)

= (2.8)

where ho(r), h1(r) and ha(r) are determined in terms of C(r) and f(r) as
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The de Donder condition (2.6) then leads to the equation
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that substituting the relations in (2.9) becomes a differential equation for f(r) [18].
We want to write down the metric (2.1) in de Donder gauge, which means that we
want to solve eq. (2.10) for

. Hm HQ

Following [18], we define
r(¢—1)gt-d/2
2
p(r) = ( 7’522 , (2.12)

so than substituting eq. (2.11) in (2.9), one gets
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where we have introduced for convenience the fine structure constant a = % in natural
units. We plug these expressions into eq. (2.10), which we rewrite as an equation dependent

on the variable p [18],
(2- d)p(Z) (ho(r) + (d = 2)h1 (1) = ha(r)) = 2(d = Dha(r). (2.14)

and we want to solve this equation perturbatively for f(r) as a power expansion in p,
oo
flry=1+ Z anp(r)", (2.15)
n=1

that is order by order in the post-Minkowskian expansion.* We have done this numerically
and although we have managed to determine all the coefficients of the metric up to eighth
order in the post-Minkowskian expansion, here we give the expression for f(r), and therefore
for ho(r), hi(r) and ha(r), up to p?, which is the order needed for comparison with the
2-loop calculation in the next sections. The result is
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Plugging this into (2.13) and expanding up to order p® one finally obtains
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4In this paper we define the post-Minkowskian expansion as an expansion in p(r), which due to the
presence of the charge does not coincide with an expansion in G .



As it is obvious on dimensional grounds, for each power n of p there are terms proportional
to (mGy)"7(aGy)? for each non-negative and even j such that n — j is non-negative.
The metric obtained using this procedure is not well defined in four and five dimensions,
that is when d = 3 and d = 4, in which egs. (2.17) are singular [18]. This means that the
ansatz in eq. (2.15) has to be changed. Proceeding perturbatively, every time there is a
divergent coefficient we have to add to the term at that order all the terms with a power
of logarithm permitted by the order of the polynomial. Every new term comes with a
new coefficient in the expansion. The outcome is that by implementing this new ansatz in
eq. (2.14) all the coefficients will be fixed apart from the first divergent one. In the case
d = 3 the first divergent coefficient is at the third power of p, so the new ansatz for f(r) is

f(r)a=s = 1+ a1p + azp® + (az2log(p)? + az 1 log(p) + az)p® + O(p*) . (2.18)
Plugging this into eq. (2.14) one solves for all the coefficients up to a constant. The result is

QmGNp)
c

2
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which shows that az 2 in (2.18) vanishes, while ag is not determined. We have placed the

(2.19)

undetermined constant inside the logarithm for convenience. The other constants in the
argument of the logarithm have been inserted for dimensional reasons.
Using (2.13) with d = 3, the resulting metric is
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In the case d = 4 we have a divergence already at second order in p, and the ansatz for
fis

f(P)a=a = 1+a1p+ (as,1 log(p) +az)p* + (az 2 log(p)* +as 1 log(p) +as)p® + O(p*) . (2.21)

Again, solving for f gives
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and plugging the result in eq. (2.13) one gets

2,2 2
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Having determined the post-Minkowskian expansion of the metric in de Donder gauge,
we now proceed to compute the same expansion for the potential. We thus have to perform
the coordinate transformation (2.7) on the potential in eq. (2.3). The potential satisfies
the Lorentz gauge condition, and in particular only its time component is non-vanishing
and only depends on r. This implies that the only effect of the change of coordinates is to
rescale r, so that the potential in de Donder gauge becomes

32m3G§V( . (8mGN
27m3

3cmr?
3

1 Q
A7) = (d—2)Qq-1 (f(r)r)d=2"

(2.24)

Plugging eq. (2.16) into this equation and expanding up to cubic order in p one gets
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2.25
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The electromagnetic potential in this gauge is not well defined at third post-Minkowskian
order in five dimensions (i.e. d = 4) because of the divergence in eq. (2.25) which is inherited
from the divergence of f(r). Plugging in (2.24) the function f(r)4=4 in eq. (2.22) one gets
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In the rest of the paper we will show how all the expressions we have derived in
this section for the metric and the eletromagnetic potential of the Reissner-Nordstrom-
Tangherlini solution in de Donder gauge up to third post-Minkwskian order can be obtained
from amplitude computations up to two loops.

3 Classical limit from scattering amplitudes

In this section we will review the procedure discussed in [12, 18] to extract classical
contributions from loop amplitudes. The procedure will be applied to amplitudes describing
the emission of either a graviton or a photon, with gravitons and photons circulating in the
loop. In order to set up the conventions, we first write down the classical action

2 1
S = [dav=g (= SR~ {FuFasgs” + (Do) (Dolg™ ~ w6’} (3.1)

where k? = 32rGy and the covariant derivative is defined as D,¢ = (8, + iQA,)¢. In
our conventions the Ricci tensor is defined as R, = R*,,, and the metric has signature
(+,— ey —).

From (3.1) we can derive the Einstein equations in generic dimension

1 K2

R‘ul/ — iguyR = ZTH'V s (32)

where T}, (x) is the stress-energy tensor. We want to derive the metric that solves pertur-
batively this equation plugging in as a source the classical stress-energy tensor that results
from the quantum emission of a graviton by the scalar field. As we will review later in this
section, the perturbative loop expansion coincides with the post-Minkowskian expansion
with respect to the variable p defined in eq. (2.12), and as explained in the previous section
for each power n of p we expect for dimensional reasons terms proportional to a with
power up to |5 |. At tree level, one gets a pointlike source on mass m which generates
the Newton potential, while the loop corrections generate precisely the contributions to
the stress-energy tensor resulting from the self-interactions of the graviton and from the
electromagnetic potential [9, 15]. Following the notation of the previous section, we expand
the stress-energy tensor as
‘oo n
Tw=> Y T&9, (3.3)

n=0 j5=0
j even

and correspondingly we expand the metric as

+oo n
g,uu = 77#1/ + K huy — T/NV + K Z Z h/(;},’]) . (34)
n=1 35=0
Jj even

We impose the de Donder gauge condition (2.6), which by linearity holds separately for

each term hgf,’j ) in the expansion:



In the same gauge we compute the amplitudes. Substituting the expansions above in (3.2),
one gets at any order the equation
Oz @) = —5 (T89@) - 0T ) (3.6)

which says that the n — 1-th post-Minkowskian term of the stress-energy tensor is the source
of the n-th post-Minkowskian term of the metric. The interpretation of this phenomenon
is due to the non-linear nature of gravity. Indeed, as already mentioned above, while the
first post-Minkowskian order of the metric is reconstructed by the matter contribution of
the stress-energy tensor, higher orders correspond to terms in which the gravitational field
interacts with itself [9]. This explains also that the non linearity of gravity is translated to
self-interaction terms of the gravitons, which are encoded in loop diagrams.

In the very same way, it is possible to work out a similar expression for the electro-
magnetic potential. From the action in (3.1), the field equations of the electromagnetic
potential in Feynman gauge are

OAu(®) = ju(a), (3.7)
where j,(z) is the electromagnetic current. Expanding the electromagnetic current and the
potential in a post-Minkowskian series like

+oo n +oo n
du=2_ > 3 and A, =30 37 AR, (3-8)
n=0 j=0 n=1 j=0
j even J even
the field equations at each order are
n,j _ qs(n—1,
OA(D (z) = j¢=19)(x) . (3.9)

We now review the techniques to extract the classical contributions of loop amplitudes
and apply them to diagrams with photons and gravitons in the loops, describing the emission
of either a graviton or a photon. Following [18], considering the matrix element of the
gravitational source

T/W(q2) = (p2| T, (0) |p1) (3.10)

where ¢ = p1 — po is the transferred momentum and the non-covariant normalization of
particle states is implied,” we know that the classical contribution of the stress-energy
tensor in momentum space can be computed from processes of the kind

P2 A

n—j

|
2

®In particular we use the normalization in which (pz|p1) = (27r)‘i6<d) (p1 — p2)-

p — —% VAEE; TS (42), (3.11)




where n — j gravitons and an even number j of photons are attached to a massive line,
and a tree internal structure ends up with a graviton emission. Therefore, the number of
loops in the amplitude is [ = n — 1, which relates the loop order with the order in the
post-Minkowskian expansion. As a consequence, considering the static limit, eq. (3.6) can
be rewritten as

, dq ez . 1 .
BUHLI) (7)) — _E/ <T(1J) 2y _ VT(LJ) —'2) 192
g (CL‘) 9 (271-)d (IQ g (q ) d— 17Iu (q ) ’ (3 )

where T,Sly’j )((jQ) is the Fourier transform of T,Sf)j ) (Z).
In order to recover the post-Minkowskian expansion of the metric, we can infer that
the classical limit of Tﬁ,’] )((jQ) must be

a7 )
/H d g d 5 = Juy(@%), (3.13)

(0 7) (-G - )

where J( (¢®) is the massless I-loop ‘sunset’ master integral, as shown in appendix B. From

this last expression, exploiting the fact that the stress-energy tensor is conserved and Lorentz
covariant, we can express it in terms of form factors cgl’] )(d) and cg’j )(d) as

I+1
T(l ) Z T L) (¢
l+1 ] even | (3‘14)
= % ! (@30 + @) (25 ) ) Gam) (@G (@),
7=0
Jj even

Substituting this relation in eq. (3.12), one gets order by order in [ and j

khi (&)

ddq—* T . )
- _ I+1 (L.5) 050 T (L.3)  Qu Ny
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Using the master integral identities (B.10) and (B.12) one then determines h
extracts the functions h§l+1’] )(r) defined in (2.8), obtaining [18]

(r), which are the only non-vanishing components of the metric. From these, one

I+1,5 16 1,j 1,j p\ —j i
W) == (=2 @)+ EP @) (5) T (Gam) i aG)?

(+14) . _ 16 ( W) ( d—1 ) (1.4) >
p\ 1 ‘ ;
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. - . I+1 j
h§l+1’j)(r)=16(c2i—12()c§lj21))cg’])(d) (Z) (Gnm)' T (aGn)? .

(3.16)
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These expressions impose an explicit relation between the metric and the amplitude calcu-
lation of processes like (3.11), from which the form factors are derived.

We now discuss how the form factors in (3.14) can be extracted from the amplitudes
n (3.11). Using the Feynman rules in appendix A, the stress-energy tensor is given by

— % VAE B, TG (¢%)
) / dd—i-lg )l (Hi+l 7 (T¢2h)mw PIM'Viv/\iUi> ( g:1 —1 <T¢2A)ai)

2 d+1 . 2 .
™) é:l <(p1 = > k=1 Ek) —m?+ ze)

% M)\101,~~-7>\Z—j+101 G150 e ,a],uu(pl)p%gla e 7€l)
[T (22 + ie)

(3.17)

)

where M parametrises the tree structure of the amplitude, and in which the momentum
conservation implies p; — p2 = ¢ = ¢1 + ...+ £;41. Following [12, 18], we can integrate out
the temporal component of each internal momentum, fixing ¢) = 0 for any i = 1,...,1+ 1
in the argument of the loop integral, and considering a combinatorial factor ﬁ in front.
Moreover, the vertices attached to the massive line, due to the static and long range limit,

®®=E —FE,=0 and |pj| <m, (3.18)
take the form
(T¢2h)ﬂ’/ ~ —j ﬁm2(5253 and (T¢2A)a ~—-2iQmd’, (3.19)

acting essentially like projectors on the temporal component. From these considerations,
eq. (3.17) becomes

1 l dd[‘ Hl J+1 POO Ao
2 T( J) / ? 1 ]+l+12j l l+2 3 l=3+1 g
~5 2Tl @) = I+ 1) 1—[1(271')( ) R [+ 22
X M)\lal,...,)\l,j+1ol,j+1,0,...,0,;1,1/(pl7p27 617 v 761) -0 )
’ (3.20)
where
Poo s = 8§05 — S22 (3.21)

Comparing this expression with eq. (3.13), one finally concludes that the classical limit is
obtained extracting from (3.20) all the pieces proportional to the master integral Ji;(g?).

This analysis can be easily repeated in order to compute the classical limit of the elec-
tromagnetic potential. Following the same procedure as before, defining the electromagnetic
current as

Ju(@®) = (2] 4 (0) |p1) (3.22)

- 11 -



its classical contribution in momentum space can be computed from an [-loop expansion of
photon emission scattering amplitudes,

—i\/4E1 By, (¢?), (3.23)

in which the current is expanded in a loop series as well. Attached to the massive line,
we have n — j — 1 gravitons and an odd number j + 1 of photons, and analogously to the
previous case a tree internal structure ends up with a photon emission. In the static limit,
eq. (3.9) therefore becomes

) ddq eisz )
4+1,5) /= _ (1,5) [ =2
AL = [ G @), (3.24)

(u

(L )((IQ) is the Fourier transform of j, g )(a_:’) Following the same argument

where again j,
discussed in the metric case, one concludes that the classical limit of the electromagnetic
current must be proportional to the master integral J(l)( ), from which an expansion in

terms of form factors c¢(“7)(d) leads to

I+1 41
Z G Z Q&% 1) (d) (Grm) T (Gn) BTy (@), (3.25)
J even J even

Using the Fourier transform of the master integral in eq. (B.10), one finally obtains

A (1) = Q 69 (d d)(Gym)' I (aG)? <4p7r>l+1 ' (3:26)

We observe that only the temporal component of the potential is non vanishing. The
outcome of this analysis is that one obtains an explicit relation between the photon emission
amplitudes in (3.23) and the classical electromagnetic potential.

All manipulations performed to extract the classical contribution to the stress-energy
tensor apply for the electromagnetic current as well. The electromagnetic current can be
directly written as

dj =7 p00,)\;0;
zZm]!(L’J)(q /H d € 1 l+j2j+1 —1 l+1 ]IQZ jQ]—i—lH lfi - 0
L6 (327

l+1

X M)qo’l, SA—j+1071—5+1,0,...,0 (pl p2a£15"'7€l) ZO—O’

where again M parametrises the tree structure of the amplitude. The classical limit is

obtained selecting out of (3.27) the contribution proportional to Ji;)(¢?), from which the
form factors can be read.

- 12 —



b2
nv
p1

Figure 1. Tree-level diagram for graviton emission.

4 Metric from scattering amplitudes

In the following, we compute the interaction of massive charged scalar fields with the
gravitational field in an arbitrary number of dimensions D = d + 1. By means of Feynman
rules, we perform quantum computations up to 2-loop order and from the resulting stress-
energy tensor we recover the metric perturbation components in de Donder gauge computed
in section 2. We show the appearance of divergences at 1 and 2 loops in d = 4 and at 2
loops in d = 3, which will be treated in detail in section 6.

Tree level. For completeness, we first consider the tree level amplitude, corresponding to
[ =0, j =01in (3.11), given in figure 1. We consider on-shell particles, p? = p3 = m?, with
transferred momentum ¢ = p; — po. The stress-energy tensor arising at tree-level is

\/4E1E2T(0 N@?) = (Tgen)w » (4.1)
where (7425,) is the 2 scalars — 1 graviton vertex in (A.6). Using (3.19) one gets
700 (§%) =m 6500, (4.2)

Therefore, comparing this result with eq. (3.14), the coefficients cgo,o) and céo ) are

(4.3)
(d) =0
and from (3.16) one gets the metric components
(1,0) d—2
— 4= =
hy " (r) g {oNmp
W) = S Gmp (44)

n () =0,

where p is defined in (2.12). These results are in agreement with the post-Minkowskian
expansion of the metric (2.17) for the terms proportional to mGyp.

1-loop order. We now compute the contribution to the stress-energy tensor that arises
at 1-loop order. There are two diagrams that contribute, i.e. I =1, j=0and =1, j = 2.
The first one is obtained evaluating the diagram that involves a 3-gravitons vertex, as in

~13 -
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Figure 2. 1-loop diagram for graviton emission with 2 internal gravitons.

figure 2. The amplitude of this diagram is

ﬂMT GO
[ S (7o) p (02) 15 o b))
(2m)d+t (2 +ie)((€ — q)* +i€)((€ — p1)* —m? + ie)

where P*#79 is defined in (A.4) and the 3 graviton vertex (7,2,) is defined in eq. (A.10).
The resulting coefficients of the stress-energy tensor are [18§]

2 _
05170) (d) _ 4d i5d—2|- 10
(d—1) (4.6)
0(1,0)(d) _2(d —2)(3d —2)
? (d—1)?
and from (3.16) we get
0\2
W) = D G
20), \  A42d* —9d +14)
WO (r) = - =D —1y Cvm’ (4.7)
—9)2 _
B2 () = e G

These components are in any dimension in agreement with the post-Minkowskian expansion
of the metric (2.17) for the terms proportional to m2G%;p?. In particular, th’O) and h§2’0)
are divergent in five dimensions.

The other contribution at 1-loop order is given by the diagram that contains two
photons drawn in figure 3. The resulting contribution to the stress-energy tensor is

\/4E1E2T(1 2(

a 4.
prasy T¢>2A) (7—¢>2A)6(7—A2h)uv P00~ q) (4.8)
(2m) L (0 +i€)2((€ — q)? 4+ i€)((p1 — £)? — m2 + ie)
where (7424) is the 2 scalars — 1 photon vertex in (A.5) and (742j,) is the 2 photons — 1

graviton vertex in (A.7). Following the procedure in section 3 one gets

£0=0 (4.9)

00(p p_
T(12) () = 622/ dde (Tazn),, 06— q)

— 14 —
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Figure 3. 1-loop diagram for graviton emission with 2 internal photons.

where the numerator is explicitly

0,0 . 050 Tuv 1
(i) MJ—@bﬂ{—m<(%@—-;)E%B—@+%MV—2@JV+%@D.(4m)

Then the resulting component of the stress-energy tensor, using the identities in appendix C,

e Q@
Too (@) = (@), (4.11)

are

and

ijp(1,2) =2 Q? )
ST () = 22— d) (@), (4.12)

From egs. (4.11) and (4.12) one finally gets

_ —2d+3
d-1
- 2-d
T d-1

M2 (d)
4.13
. (4.13)
&) (d)

and again using eq. (3.16) one obtains

hg () = -

W2 (r) = ———"—Gnap (4.14)

92
hgm)(r):2—(d 2) Gnap?.

These metric perturbations are for any d in agreement with the post-Minkowskian expansion
of the metric (2.17) for the terms proportional to aGxp?, and h§2’2> and h§2’2) are divergent

in five dimensions, as expected.

2-loop order. The third order post-Minkowskian contributions to the metric are given by
the 2-loop diagrams of the type in (3.11). Some of these diagrams give the same contribution
since in the classical limit the amplitude is invariant under the exchange of photon and
graviton lines. Since all the vertices in appendix A are defined with the right symmetry
factor inside, we have to add to each diagram the corresponding multiplicity factor. At
2-loop order (n = 3) one gets the diagrams in (3.11) for j = 0 and for j = 2, which give

correspondingly the metric contributions hff;,’o) and hgjm.

~15 —



Figure 4. 2-loop diagrams for graviton emission with j = 0, i.e. only graviton internal lines.

The first case (j = 0) corresponds to the diagrams in which there are only graviton
internal lines, which are given in figure 4. The computation of these diagrams was carried
out in [18] and we report here the result for the coefficients c;(d) and ca(d):

(20) gy = 52 9d* — 70d3 + 2034 — 254d + 104
a () 3(d—4)(d—1)3( + +104)
(2,0) 64(d — 2) 3 2 (4.15)
9 () =~ @1 (2d —13d +25d—1o) .
From these, one computes the metric components
(3,0) 8(7 —3d)(d — 2) m3G3 3
h = Gy
e P
(3,0) 8 (7d* — 63d3 + 214d% — 334d +212) 4 4 4
h = G 4.16
—2)2 (=2d3 + 13d® — 2 1

(d—4)(d=3)(d—1)

These results are in agreement with the post-Minkowskian expansion of the metric (2.17) for
the terms proportional to m3G§’Vp3. In particular, they are all divergent in five dimensions,
while hg?,,o) and hg?,,o) are also divergent in four dimensions.

In the case 7 = 2 we have to consider diagrams with two photons and one graviton
emitted from the scalar line. There are in total three diagrams and we will compute the
stress-energy tensor of each diagram with the right multiplicity and then sum all of them.
The first diagram is given in figure 5, and its contribution to the energy-momentum tensor is

\/4E EQT (2,2)(

«a B po

=6 x / B <T¢2A) (WA) (T¢2h) (4.17)
2m) 4+l (2m)dHL ((py — £4)%2 — m2 +i€) ((p1 — €1 — £2)? — m? + i€) '
Boonx (Ta2n) y o (K5 K) (T420)™ 57 (. ')

B +ie) (B+ie) (b + €)%+ ie) (r + ba — q)2 + ie) |

where we introduced the new momenta

p="~ k=1t +46

, , (4.18)
p =L+l kK=0+l—q.
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P2

Figure 5. 2-loop diagram for graviton emission with 1 internal graviton and 3 internal photons.
The factor multiplying the integral is the multiplicity of the diagram in figure 5. From the
analysis of section 3 one obtains

ddil ddZQ (TAQh)uy,'y,O (k7 k/)POO,ﬂX (TAQh)nX O’Y(pa p/)’[?:()
(2m)d (27)d Z%gg([l 4y — @2([1 + [2)2 :

T2 () =m@Q? / (4.19)

Using the definition (A.7) of the vertex (742) the numerator becomes

(Ta21) .0 (s E') Pooyy (Ta2n)™ o™ (p, f |£0

d—2 1 1 (4.20)
2 0 <0
— K ﬁp . p/ (k . k/ <5M5V — 277,U,V) + i(k‘u‘k"j + kyk&)) .

Substituting this in eq. (4.19) and using the identities in appendix C, one obtains that the
time-like component of the stress-energy tensor is

1d2

oo™ (@) =15

while for the trace of the space-like components one gets

@2, o 1 (d—2)?
ST () = S

2,2 72 4.22
5 g1 M) (T). (4.22)

The second diagram that we consider is the one in figure 6, which gives the contribution
to the stress-energy tensor

\/4E EQT (2,2)(

. « B po
sy / dd+1£1 dd+1€2 1 (T¢2A) (T¢2A) (T¢>2h) (4.23)
2m) 4+ (2m) L ((pr — €1)%2 — m2 +i€) ((p1 — €1 — £2)? — m? + ie)

Poo s (Ta2p2) v Oéﬁ(pv p,)
(€2 + ZE) (€2 + ZE) ((fl + by — q)2 + ie) ’

where we defined the momenta p = ¢9 and p’ = ¢; 4¢3 — q and where (742;2) is the 2 photons
— 2 gravitons vertex in (A.8). Applying (3.18) and integrating the temporal component of
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Figure 6. 2-loop diagram for graviton emission with 2 internal photons and 1 internal graviton.

the loop momenta we have

. 7 odj 9 !

T(]sz)(b) ((‘7,2) _ zmQ2 / ddg1 ddﬁg POO,’Y(S (TA2h2j uv _’070(p7p )‘Z?:O . (4‘24)

K 2 (2m)d (27)d [%Z%(gl + 0y — )2

Using the vertex (A.8) the numerator of the stress-energy tensor is

Poo s (Tp2p2) uuwo,o(pap/)ug:o
iw? (2(d-3) : , 2B3d—T7) 0w (4.25)
=~ (dl (pupy +pup,—pp nuu) t—— PP %5”) ;
and substituting back in eq. (4.24), the resulting components of the stress-energy tensor are
2,2)(b) , 1d—2 »
T3P (@) = — 5@ me T (@), (4:26)
and 1 (d—3)(d—2)
i5(2,2) (b - -

6]Ti(j . )(QQ) == ﬂTmQ2'€2J(2)(€72)' (4.27)

The last diagram for the emission of a graviton at 2-loop order is the one in figure 7.
The corresponding stress-energy tensor is

— % vV 4E1E2T;S,2/’2)(C) (q2)

e f e o o )"

4.28
Gy ) (o — )2 =2 +70) (o1 — 1 — B w2 i) )
% Pponxpag’ya (7-142h)0E a,f3 (p7p/) (Th2h)lu/,'y6,77x (k7 k/)
(63 +i€) (63 + i€) (01 + €2)2 +ie) (€1 + €2 — q)2 +ie)
where we have introduced the new momenta
=/ k=0+1¢
p 1 1 2 (4.29)
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Figure 7. 2-loop diagram for graviton emission with 2 internal gravitons and 2 internal photons.

Integrating over the time-like components of the loop momenta gives

(2 2)(c)<—»2) mQ2/ d‘% dd@ (TA2h)aﬁ 0,0(pap/)PozﬁAﬂ;poop(J (Th2h),u1/;y§,po (k’kl)|€?:0
2 | @2m)d (2m)? BB+ b — (6 + )2 '
(4.30)
Introducing the vertex 732, defined in (A.11) the numerator of the integrand can be
written as

(TA2h)aB 0,0(p7p/)P05576P00pU (Thzh),uz/,'y(s,po‘ (k7 kl) = (TAQh)aﬁ 070(p7pl) (%h2h),uy,aﬁ,00 (k7 k/) :
(4.31)
Using the vertexes (A.13) and (A.7) we obtain the expression of the numerator to be

(TA%)aﬁ 0,0 (P,P,) (%hZh)oo,a,@,oo (k, k/) ’g?:():
2

A <p p (—dk’2 + wkz + (d —2)(k — k’)Q) + (4d — 8)(K" - p)(K’ -p’)>

4d—1 d—1
(4.32)
for the 00-component and
87 (7a21)*” 0.0(2.7') (Fh2n)ij.a.00 (K- ) w_o=

- (p o ((d — K2+ (d—4)(k—K)? + 3dk’2> +AK - p) (K -p'))
for the trace of the spatial components. Substituting in (4.30), inserting the momenta (4.29)

and using the master integral identities in appendix C (in particular (C.12)) we have

(3612 —19d + 32)

(2,2)(c)

mQ*k%J2)(q°) (4.34)

and
(d — 2)(5d* — 27d + 30)

24(d — 4)(d — 1)
Finally, summing all the contributions, we obtain the total energy-momentum tensor

= Y 120 (4.36)

i=a,b,c

SITE @) = mQJ(a)(8) (4.35)
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with
22,0, (3d*—19d+32) _, , ) 437

and
(d —2)(3d% — 16d + 17)
12(d — 4)(d — 1)

SITE () = mQk2J 2 (3) (4.38)

(L.7)

from which we can compute the coefficients ¢; ¥’ (d), obtaining

22 () — 16 (9d3 — 664> + 149d — 100)
! 3(d —4)(d —1)2 (439
(2,2) 32(d — 2) (3d* — 16d + 17) '

¢y (d) =

3(d—4)(d— 1)

(3:2)

From these coefficients, using eq. (3.16) we finally obtain the metric components h;

2, Hd—2°@Bd-11) ., 4
hO (T)__ (d—4)(d—1)2 maGNp
3.2),  _ 8(3d® — 25d* 4 69d — 65) 2 3 .40
_0)\2 3 _ 2 _
p32) gy = AMA27GE 100 £ 3A1T)

(d—4)(d—3)(d—1)3

We can compare this result with the part proportional to maG3; of (2.17) and observe that
they match exactly. In particular, all these terms diverge in d = 4, and hgg,z) and h§3’2) also
diverge in d = 3.

As a summary, we have shown that the loop computations give exactly the expression
for the metric of the Reissner-Nordstrom-Tangherlini solution in de Donder gauge given
in eq. (2.17). At third post-Minkowskian order, in d = 3 only h; and he diverge while
in d = 4 all the components diverge. To obtain the values of the metrics component in
these dimensions we need to perform a renormalisation process which will be described
in section 6. In the next section, we first proceed to compute the gauge potential from
scattering amplitudes.

5 Electromagnetic potential from scattering amplitudes

In this section we perform the computation of the photon emission process in (3.23)
up to 2-loop order, and we recover the expression of the electromagnetic potential by
directly evaluating eq. (3.24) from the electromagnetic current. We show the appearance
of divergences at 2 loops in d = 4, which will be treated in detail in section 6. As already
noticed in section 3, only the time component of the gauge potential is non vanishing, so in
the following it will be the only component taken into account.
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Figure 8. Tree-level diagram for photon emission.
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Figure 9. 1-loop diagram for photon emission.

Tree level. As for the metric, we start the analysis at tree level for completeness. In
the notation of section 3, the tree-level diagram corresponds to the term [ =0, j =0 in
the expansion (3.23). Evaluating the matrix element of the current due to the diagram in
figure 8, and using the Feynman rules in section A, one obtains

— i VAE B, ") = (424) - (5.1)

Considering the classical limit, the tree level electromagnetic current is simply the charge,

@) =Q, (5.2)

and replacing it inside eq. (3.24) and using the Fourier transform idendities of the master
integral in appendix B, we get
400 _ @ 5.3
0 (T) 47Tp, ( )

which is exactly the first order of the expression in (2.25).

1-loop. At this loop order we can only have j = 0. So the 1-loop process is given by the
amplitude in figure 9. The electromagnetic current associated to this process reads

4441 i Pagop ()" (7o) (r2)"” o (6,0)

2T (o1 — 0P —m? +i6) (@ +0) (a— 7 +19 " Y

—i V4B Eq jM(¢?) = 2></ (

where a factor 2 is implied in order to consider the multiplicity of the diagram. Performing
the classical limit to obtain an expression like eq. (3.27), one gets
d Poo,ap (TA%)aﬂ 0,0 (£, q) ’gozo

27r)d 6—»2((7_ 6—»)2 (5.5)

@) = —gxam [ ¢

Considering the tensorial contraction

SN
|
>y
2y
—~
ot
=
N—

Foo,ap (Ta2n) ™’ 00 (6, q) | o_y = —ik5—
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Figure 10. 2-loop diagram for photon emission with 2 internal photons and 2 internal gravitons.

we can express the current in term of the master integral through the identities in appendix C.
In particular using (C.2) one end up with the compact expression

(1,0) Lo 2d=2,
Jo (q ) _ZmQFG mt}(l)(q ) (5-7)
recovering eq. (3.25), from which it is possible to extract the form factor ¢(0)(d). Replacing
the above expression inside the (3.24), exploiting the property (B.10), one obtains

A(()Q’O)(’r) _ _Q 2(d —2)

2
MmO’ (5.8)

which shows, at this order, a perfect agreement with the expression (2.25).

2-loop. At 2 loops we can have either j = 0 or j = 2. We first discuss the case j = 0,
for which there are three different diagrams, which differ by the internal tree structure.
The first amplitude we consider is the one in figure 10, which has 2 internal photons and 2
internal gravitons. The associated electromagnetic current to this process is

dd+1€1 dd+1€2 gp aﬁP 50X (T¢2A) (T¢2h)nx (T¢2h) 7
—i\/AE By j0®) 6></ e ——— L2 5
(27)d+1 (27r)d+ (0 +i€) ((5+1i€) ((q— 01— la)? +i€)

(TA%)MS’“’A (01,014 €2) (Ta2)*” o0 (01 42, q)

X —. 5.9
((51 +£2)2+i6) ((p1—21)2—m2+ie)((p1—61—62)2—m2+ze) ( )
Exploiting the procedure outlined in section 3, one gets
j(270)(a)((jg 2Qm / ddﬂl dd€2 PaB00 pap,00
0 S - - =
A (§— 01 — £2)* (€1 + £2)? (5.10)

X (TAQh)OMaﬁ(EI,EI + 52)(TA2h)O“op(€1 +2,0)|o_g »
where the tensor contraction gives

PP PP (7401 )0 pap (01, 01 + €2) (Tazp) oo (b1 + £20)| o

Lo (5.11)
H(zlwg) G+ -G
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Figure 11. 2-loop diagram for photon emission with 1 internal photon and 2 internal gravitons.

Then using the reduction identities in appendix C, one gets the current in term of the

master integral as

e 2
(2,0)(a) , 2 Qm? (d — ) 2 19
from which, due to the usual relations of the Fourier transform of the master integral, one
recovers o (@2
16 (d — 2
ABO@) Ly Y202 1D =) 3 1

The second amplitude we consider is the one in figure 11, which has 1 internal photon
and 2 internal gravitons. The electromagnetic current associated to the diagram is

—i/AE By j 3O

. 12 X op
3X/ dd+1€1 dd+1£2 *'LPop,aﬂpvé,nx (7—¢2A) <T¢2h) (T¢2h)
@2m) L 2m) T (B +ie) (B +ie) ((q— L1 —Ll2)% +ic)

5
(Ta22) 7 0 (01,9)

X .
((pl —51)2 —m? +i6)((p1 —51 —£2)2 —m?2 +i6)
(5.14)
Performing the classical limit, one gets
2000) 22 i o dd€1 d‘% P, Poo,a s (Tazpz) 08 (51,Q)|gg:o
o (7)== grTm —— . (5.15)
Gl (q — b — 52)
where the tensorial contraction of the numerator leads to
k% (d—2)(3d—T7
P,y Poo,ap(Taznz) 208 (1 Dlpo_o= Z*M& (5.16)
i 2 (d—1)?
Then using the relation (C.5), the current in term of the master integral reads
20),.4
.(2,0)(b) ; -2 m*Qk" (d —2)(3d — 7)J 2
= — 5.17
from which considering the usual Fourier transform one gets
4(d—2)(3d -7
ABO®) gy _C s (d—2)( ) 3 (5.18)

T4 (d—1)2

~ 93 -



P2

Figure 12. 2-loop diagram for photon emission with 1 internal photon and 3 internal gravitons.

The last diagram that contributes to the process with [ =2, j = 0 is the one with an
internal 3 graviton vertex, as shown in figure 12. Since the 3 graviton vertex is internal, we
must use the expression given in (A.9) as discussed in appendix A. The current associated
to this diagram is
o

41y, gd+1 Py, 81 76 Py 8oy PosBs,op | To2a
mj(m —3></ dfll dle ] 1.31'7 ! 25? nx*t azpBs p( ¢2) |
(2m) L (2m) T (61 +de) (€3 + i) ((q — £1 — £2)* + i)

0
(7‘¢)2h)7 (T¢2h>nx (Ths)alﬂl’a252’a3ﬁ3 (fl, by, —01 — 52) (TAQh)Up W,(q — 01 — U, q)

X
((61 + 52)2 + ’iE) ((pl - 51)2 - m2 + ié)((pl - 51 - €2)2 - m2 + ie)
(5.19)
Referring to eq. (3.27), one gets
+(2,0)( —Q 1 2 ddgl dd£2 POO,},LVPOO,QIBP"{(;,Up
]0 (q Q d S92 59 — - = N
V00 (G- 0 — 63)2(0 + £3)? (5.20)

X (Th3)uy7alg776 (617 527 _61 - ‘62) (TAQh)ap 0,0(q - gl - 627 q>|ZQ:O )

where considering from the beginning the fact that all the expressions that contain internal
momenta are symmetric under the exchange of ¢; <> {5, the tensor contraction at the

numerator reads

Pys 05 P00 Pag o0 (T3 )P0 (€1, ba, by — 02) (T422)7F 0.0(q — €1 — b2, Do

_ _’f(j__f)Q (4(d D (GG —6) b G+2d—1D) (-6 —6) b (5.21)
+(d=5)F (G- 0 — ) 0 '€3> :
Exploiting the expressions in appendix C, the current finally reads
OO g2y — /‘647;252Q (d —(Z)?i)—(jﬁdl‘;?d% T (@), (5.22)
from which 2 (d — 2)(34 — 29d + Td?
4B (1) i 262 3( —(d)(_ T ;); ) (5.23)
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Figure 13. 2-loop diagram for photon emission with 3 internal photons and 1 internal graviton.

At the end we can sum up all the j = 0 pieces to obtain

70 - 5 - D BTNy

i=a,b,c

which is exactly the contribution that appears in (2.25). In this last expression a divergence
in d = 4 arises. These singularities have to be renormalised, and in section 6 the general
procedure to cure them will be shown.

Finally, the only process that contributes at [ = 2, 7 = 2 is the one which has 3 internal
photons and 1 internal graviton, shown in figure 13. The electromagentic current associated
to this process is then

—iAE By j*? Ay 4, P (T¢2A)ﬁ (T¢2A)U (T¢2A)p
4k FE =
1Ea 32 (¢%) = 3 % / (2m) 1 (2m)d+1 (02 4 de) (63 + i€) ((q — b1 — la)? + i€)

(TAQh)(m 5,0(617 —03) (TA2h)76 p,l/(q — {1 —{a,q)
((61 + 52)2 + ie) ((pl — 61)2 —m?2+ ié)((pl — ¥t — 62)2 —m2+ ie)

X

9

(5.25)
which in the classical regime reads

(2, 2)(—»2) *Q3/ ddgl dd€2 w0 (TAQh)M 00(€17 _62) (TAQh) (q —{y — Lo, Q)‘g?:()

Jo -2 =
(27)d (2m) GP03G— 6 — B)2(6 + 63)?
(5.26)
Computing the tensor contraction in the numerator as
P,uu,aﬁ (TAzh)“V 0’0(51, —EQ) (TA2h>a5 010(q — 61 — 62, Q) ’E?ZO
/432 d— 3. - . . o . . . o o (527)
:? d—lgl ly q (q—€ —52)4-2(] by 0 (q—é —KQ) R

in which again we exploited the symmetry ¢; <> ¢2, and using the expressions in appendix C,
we obtain

(2, 2)(q2) Q3k2% (d —3)(d - 2)
8 (d—4)(d-1)
From this we get the contribution to the electromagnetic potential

Q (d—3)(d—2)
1w N T = 1)p3

Jo Jo) (@) - (5.28)

AP (r) = (5.29)
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This last expression matches perfectly the corresponding term of eq. (2.25). As before, we
notice a divergence for d = 4 which must be renormalised.

To summarise, we have shown that from the loop computations in this section one
recovers exactly the expression for the electromagnetic potential of the Reissner-Nordstrom-
Tangherlini solution in de Donder gauge given in eq. (2.25).

6 Divergences and higher-derivative couplings

In section 4 and 5 we noticed the appearance of divergences in d = 3 and d = 4. In this
section we show how such divergences are renormalised by non-minimal couplings. After
showing how to regularise the divergences, in the first subsection we analyse the structure of
the non-minimal couplings that are needed and the variation of the metric and the potential
that they produce, while in the second subsection we use these results to renormalise

the divergences.

Regularisation in d = 3. In this dimension the only divergences that appear are at

2-loop order for the metric, while the electromagnetic potential is well defined. From

the explicit expression of the 2-loop contribution of the metric in d = 3, we notice that
(d=3)

hO |2 loop

match. The other two components are equal up to a multiplicative constant, in particular

(d=3)
|2 loop _3h ‘2 loop” ‘2 loop
component and then obtain the other one using this relation. We perform a dimensional

is non divergent and can be already compared with the (2.20) with a perfect
we have h So we will renormalise only the h

regularisation using d = 3 + ¢, where ¢ is a small parameter. Neglecting terms that vanish
when € — 0, the result is

(d=3) 1 4m0zG%\, _ 2 mSG?\, m3G§V _ 4 B
hy |2iloop == ( = + 3 2log (2Cgr) 3

3 3
3 r 3 T (6.1)

where following [18] we defined the constant C% = we’®™, with ygy the Euler-Mascheroni
constant.

Regularisation in d = 4. In d = 4 dimension the metric is divergent at both 1-loop
and 2-loop order, while the potential is divergent at 2-loop. Again, from the explicit form

of the metric, we can see that at 1-loop order the h(()d:4) component is non divergent

‘1floop

and no renormalisation procedure has to be carried on. The hgd:4)‘1—loop and h2 ‘1 loop
components are related by the identity h d=4) |1 loop™— —4h§d:4)‘1_loop and so we can focus

just on one component. Regularizing in d = 4 + €, and neglecting again terms that vanish
when ¢ — 0, the result at 1-loop is

(d=4) 1 _204GN _ @G?\,mQ sz?\, i 40
i |1 loop ¢ ( 3m2rd 9 gZpd + m2rd 27 + log (C )

OéGN 4 2 2 9
+W (—9+3log (CET )) .

(6.2)
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For what concerns the 2-loop order, we can focus just on the hgdz@ |27100p component since

the relation ho 4)|2 loop™ (d 4) |2 loop™— —2h }2 oo holds. We obtain
B 8 maG%; N 160 m*G%; N m°GY, (208 71 (02 r2>
2-loop — ¢ \ 9 73,6 27 w36 m3r6  \ 81 B (6:3)
amG?V 64 4 '
R (27 308 <C )) :

Finally, the potential regularised at 2-loop is

1 _ 2.2
RPG 6 46 ) 37 4,8 ( 28 + 45 log(CEr ))

_ 1 QGna
36 mirb

(d= 1 /10 Q(GNm)2 IQGNa 1 Q(GNm)
A |2 loop E 9 46

(—7 +9 log(C’%rz)) .
(6.4)

6.1 Non-minimal couplings

As shown in [18], the previous divergences can be renormalised considering non-minimal
coupling terms linear in the Riemann tensor and quadratic in the scalar field. Since we are
considering charged scalars, we generalise their non-minimal couplings to the following form

+oo o(n—
SIS =Y (Gam) T (aGn) 72 [ a1y =g(at™()(D?) RD,6D 6
k=0 (6.5)

+ (B (@)D, Dy(D*) 2R + ™ (d)(D*)" ' Ry ) D"6D"9)

where D, is the covariant derivative, and where we consider only positive integer powers of
the gravitational and electromagnetic coupling.

Due to properties of Fourier transform, terms with n > 2 and terms proportional to
ﬁ(()n’k) and B?’m do not contribute to the classical limit of the metric [18]. We have verified
that this statement is valid also for the potential. For the sake of simplicity of notation,

we define
+oo ok e .
a®™(d) =3 (Gym)72 (aGy)T2a™P(d), (6.6)
k=0

and, in the same way, we can define 5(()n) and ,B%n). Thus, the only contribution to the
non-minimal coupling action that will renormalise the metric and the potential is

sV g = (Gym)T2aD(d) / d™z\/=g RD,¢D" ¢ (6.7)

In the following, we compute the Feynman rules associated with the counter-terms only in
the case n = 1, but for the sake of completeness we give the complete relations considering
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D2
q
v
p1

Figure 14. Insertion of non-minimal coupling at tree level.

also the term proportional to [3%1). Then one gets [18]

2
= (Gym)TZix (a(l)(d) (~aua0 + mud®) 1 - p2 + B (@) L1 up2y>

2
(6.8)

whose classical limit is
ct 2. o (1) 9 (1) 7 0 <0
(7sn) o (@O = —(Gym)T2inm™ | at(d) (900 +mud®) + 81 (d)50u0y | - (6.9)

Another possible vertex is constituted by two photons and one graviton. It arises since we
must take into account the electromagnetic gauge symmetry into the covariant derivative.
Its contribution is

1
2 .
af = (Tﬁt2h> B (9) = —(Gym)T2 Q%K (a(l)(d)(—qaqﬁ +0059%) 20
1 ¢’
v +ﬁ( )(d)?(nuoﬂ]uﬂ "‘Wuoﬁ]uﬁ))

(6.10)

However, we find that the 1-loop insertion of this vertex is vanishing in the classical
limit, both with an external photon and an external graviton, and it will be no longer
considered in this paper. Now, we can use the counter-term in (6.9) to compute the diagrams
that will be necessary to the renormalisation process.

Following [18], the insertion of the non minimal coupling at tree level gives the process
in figure 14. The associated contribution to the stress-energy tensor is given by

—iK
AR E VTR (¢) = (7 h)w (q). (6.11)
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Figure 15. Insertion of non-minimal coupling at 1-loop with an external graviton.

Considering the relation between the stress-energy tensor and the metric perturbation, as
in [18], we obtain the contributions to the metric components

sOhE(r) =0

W pM ey
0 hy (1) = = - (6.12)
320D ()T (442 %
5(1)hg1)(r) _ — ( 2 ) (GNWdL) 2 ’
T2 r

where a)(d) is defined in (6.6). Then, we can consider the insertion in the 1-loop diagram
as in figure 15. The corresponding contribution to the stress-energy tensor is

- % VAE By sOTY (¢%)

—9 a2¢ =i Pt Pagon (7oon) oo (75%) pe (=0 (h2n) ap sl q) (
o / (2m)P ((p1 = £) —m? +ie)(€2 + ie) ((q — £) + ie)

6.13)

from which using the property in (B.13), we determine the contributions to the metric [18]

B d\? o 2(d—1)
Sh (r) = 64l (d) (C(ld _23%2 ((GNT) ) (6.14)
B d 2 1y 2(d-1)
SR (r) = —64a)(d) (C(ld _Qi)rﬂgz_z ((GNT) ) (6.15)
B d 2 1\ 2(d-1)
sORP (1) = 12820 (d) (C(l _ _21;(6[2_)2 ((GN:’:‘)“) . (6.16)

In addition to the previous diagrams, we compute the insertion in the 1-loop diagram with
an external photon, as in figure 16, since it will be necessary in order to renormalise the
electromagnetic potential. The contribution to the electromagnetic current is

— i /AE By 6 i (¢?)

) / 10 Py ()" (Tééh)w (q—0) (Ta20)” (£, 9)
@m)HL (g — 02 —m2 +ie) (€2 +ie)((q — 0)° +ie)

(6.17)
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Figure 16. Insertion of non-minimal coupling at 1-loop with an external photon.

Considering the classical limit we get

—i2m oM () = _ . (6.18)

(2m) (7 0)?

from which computing

Ci g
Blv,op (Tqbgh) (a—10) (TAZh)aﬁ 0o(4, Q)|g0:0
2
= —ﬁ@vm)d% (B -(E0-q-20-qT-G+ 1)  (6.19)

—20(dym?C - JF + 1) — 20V (d)(d — 3ym2( - Gl - 7)

and exploiting eqgs. (C.3) and (C.4), one finally obtains the contribution to the electromag-
netic current

500 @) = (@ ma ) (@) (Gm) 72 (). (6.20)
Then using eq. (B.13), we obtain the contribution to the electromagnetic potential
r(4)”
sW AP (r) = —4GNm(GNm)cﬁQQa<1>(d)7% . (6.21)

6.2 Renormalisation

Renormalisation in d = 3. In four dimensions, the only values of k that respect the
constraints described in the previous section are k = 0,1, 2. However, the case k = 2 does
not have a match in the post-Minkowskian expansion and will not be considered. As a
consequence, eq. (6.6) becomes

OZGN 1,1
salh(3). (6.22)

Oé(l) (3) = a(l’o) (3) + W

In order to cure the divergences, (Y (3) must have the form
oV (3) = =22 1 Q(3), (6.23)

where w(3) is the coefficient that we need to fix in order to renormalise the metric, while
Q(3) is a finite term. In d = 3, the 2-loop corrections to the metric are given by the
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diagram in figure 14 and, expanding the metric contributions (6.12) in d = 3 + ¢, we find
the renormalised metric component

d=3) [renorm 1
h( )’2 loop = g |2 1oop+5(1)hg :
m? o 4G3m?  8G3m3 8G%,m?
— Q
( 6GNm2) 3r3 + r3 w(3) + r3 (3)
9 4oy 3 3
G " o (2Cr) — 29N 104 (20 — SN (3) log (2GR
(6.24)

We can fix the w(3) in order to cancel the divergent term in the metric component above.
Imposing this condition we obtain for the divergent contribution

1 aGy

)=—— 7. 6.25
“B3) =15~ Gaymp (6:25)
For the term independent of a we recognise the coupling already found in [18], while the
other is the new piece due to electromagnetic interaction. With this choice the metric

components become

d=3) [renorm 2G3 m3 QCET‘
Al )|2_loop — # (210g( m) +12Q(3) — 1)

2
_ AGyma (1 + 2log (?;CET)> .

3r3 Nm

(6.26)

Now it is straightforward to see that this expression matches the metric in (2.23) up to
finite terms. In fact, although we cannot fix the finite part €(3), since it belongs to the
high energy regime, we can keep trace of it, and imposing a strict agreement between the
renormalised metric and the one computed classically, the condition

Q(3) = 200(3) log ( 3 CE> —w(3) + g (6.27)

must hold, which relates the freedom in the quantum computation with the gauge freedom
in the classical one.

Renormalisation in d = 4. Referring to (6.5), in five dimensions the only allowed
values of k are k = 0,2. Then the expression in (6.6) reads

oGy

aM() = a0 (4) 4 G

12 (4) . (6.28)

As we already did in the previous case, in order to cancel the divergences we write

w(4)

M) =4

+Q(4), (6.29)

where w(4) is the coefficient we need to fix in order to renormalise the divergences in d = 4
and €(4) is a finite contribution. In d = 4 + € the metric is renormalised at one loop adding
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the contribution of the diagram in figure 14. Then we can set the constant w(4) in order to
vanish the divergence of the metric. The value obtained is

5 GNCY 1

and again we can match the purely gravitational result with [18]. As done for d = 3 we
can obtain a perfect match with the classical expression (2.23) fixing the finite contribution

2(4), finding
Q1) = “W 1o ( 3“) O (6.31)

2 8C2 6 27

Finally the renormalised metric component with this choice of coupling constants is

B 56G%Vm2 aG N 16G%Vm2

(d=4) renorm__ , (d=4) 1) (1)
hl |17loop_ 1 |1floop + 5( )hl - 2724 - Q24 4 9(4) 6.32
20G?\,m2 o C%r2 aG N o 6%7“2 (6.32)
Or2pd Gym 3m2pd Gym |

For the 2-loop computation the steps are the same of the case above but using the 1-loop
diagram in figure 15. The computations are independent from the previous case and lead
to the same constants w(4) and €2(4) defined above. At this order the renormalised metric
component is found to be

h(d:4)|ren0rm: h(d:4)’ + 5(1)h(2) _ 112G?\,m3 1604G?Vm _ 64G§’Vm39(4)
1 2-loop 1 2-loop 1 817316 97316 37296 6.33
B 80G§’Vm3 C%TQ _ 404G?Vm C%rz (6.33)
277376 Gym 9m3y6 Gym )~

Then the exact same considerations lead to the computation of the renormalised
electromagnetic potential, whose considering (6.21), the 2-loop renormalised contribution is

(d=4)renorm _(d=4) 42 @ 8 (Gym)? 1Gna
AO |2-100p - AO |2-loop+5( )AO - E <_27 376 § 376 +
16(Gym)? 20 (Gym)? Gym 1Gya Gym
m2r6 24) + 9 736 log Cir? + 3 m3r6 log C%r? » (6:34)

in which the very same counter term in (6.30) is used in order to cancel the divergences.
Finally using the relation (6.31) the renormalised electromagnetic potential perfectly match
the classical calculation in section 2.

7 Discussion

In this paper we have shown that the Reissner-Nordstrom-Tangherlini solution, describing
the metric and the potential generated by a static and spherically symmetric object of charge
@ and mass m in any dimension, can be derived from scattering amplitudes describing the
emission of either a graviton or a photon from a scalar field with the same charge and mass.
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Our analysis was carried out up to third post-Minkowskian order, that is up to 2 loops.
This generalises to the case of charged scalars the work of [20] and [18], where the chargeless
case was considered at one loop and up to three loops respectively. All these works extend
the original results of [15] and [9], where amplitude computations were applied to derive the
metric of all black hole solutions in four dimensions up to second post-Minkowskian order.

We have used the techniques outlined in [12] to extract the classical contributions
from the scattering amplitudes. Considering the mass of the scalar to be much larger than
the transferred momentum and the loop momenta, one can integrate over the time-like
components of the latter in such a way that the propagator of the massive internal scalar
drops out of the integral. This projects the quantum scattering amplitude on a tree graph
similar to the one considered in earlier work [16].

The amplitude computations in this paper are performed in de Donder gauge. In
extracting the metric and the potential from the amplitudes, one finds that in this gauge
they both develop singularities. In particular, both the metric and the potential are singular
at two loops in five dimensions, and the metric is also singular at one loop in five dimensions
and at two loops in four dimensions [18, 20]. In order to cure such divergences, one adds
counter-terms from non-minimal couplings. In [18] it was shown that a specific higher-
derivative coupling, namely the one given in eq. (6.7), generates all the counter-terms
that are needed to cancel all the divergences coming from graviton loops up to fourth
post-Minkowsian order. We show that by simply adding to the coefficient in front of this
term a contribution proportional to the square of the charge, one cancels all the divergences
arising from amplitudes in which both photons and gravitons run in loops up to third
post-Minkowskian order.

After the renormalisation procedure, logarithmic terms are produced both in the metric
and the potential. These terms exactly match the logarithms that one generates performing
a post-Minkowskian expansion of the Reissner-Nordstrom-Tangherlini solution in de Donder
gauge, implying that their occurrence is purely an artifact of the gauge choice. In particular,
one can perform the same expansion in a gauge in which such terms do not occur, and in [20]
it was indeed shown that extracting the metric from scattering amplitudes in this gauge
there are no divergences at one loop in five dimensions. In the context of the world-line
formalism, these higher-derivative couplings had already been introduced in [21], and shown
not to contribute to any physical observable. The equivalence between the scattering
amplitude and world-line approaches was shown in [22].

There are various ways in which this work can be extended. As mentioned in section 6,
the vertex in eq. (6.10) does not contribute to the renormalisation process up to 2 loops,
and extending our analysis at higher loops would reveal whether this property is general or
it is an artifact of the order of the computation. It would also be interesting to perform
these higher loop computations in different gauges, generalising the 1-loop analysis of [20].
In particular, we expect that in the gauge in which no divergences arise, the non-minimal
coupling in eq. (6.7) does not contribute to the classical limit. Finally, one could extend
the analysis to the emission of gravitons and photons from fermionic matter, extending the
four-dimensional 1 loop analysis of [9, 15], in order to explore the richer structure of black
hole solutions in higher dimensions [23].
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The techniques to extract classical contributions from quantum processes have been
widely applied in the last few years to determine the dynamics of massive objects from
two-body scattering amplitudes [14, 22, 24-34], and they have also been extended to higher-
dimensions [19, 35] (for a review see [36]). This research program can be applied to make
high-precision computations for the post-Minkowskian dynamics of binary bound systems,
which could lead to predictions in the context of gravitational-wave emission [37].
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A Feynman rules

In this section we list all the Feynman rules used in the paper. We also write down explicitly
some of the expressions for the contraction of the 3-graviton vertex with two propagators.

e Scalar propagator of mass m:

¢ _ ! Al
— > @2 -—m2+ie’ (A1)

e Photon propagator in the Feynman gauge:

.
a S (A.2)

L A~~~ v _q2+i6'

e Graviton propagator in de Donder gauge:

q _Papgw
aff RARARARR W T V2 e (A.3)
with P,g,,, defined by
1 2
Popyw = 5 \ Muatlvs + upliva = Z—Mullag ) - (A.4)

e 2 scalars — 1 photon vertex:

/

P
no=(ra)" (0.0) = —iQ (p+ )" (A-5)
P

o 2 scalars — 1 graviton vertex [38]:

/

p
K

= <T¢2h)lﬂ/ (p’p/7m) _ _ 5 (<puplu +puplu) _ nMV(p .p/ _ m2)) )

(A.6)
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o 2 photons — 1 graviton vertex [38]:

)W@,B (

pv = (Ta2n p,7)

: - (A7)
= 1K (P(lfgaﬁ (p-p)+ 3 (2771W(p04p/ﬁ +pﬁp/a) + naﬁ(pup/z/ T pYpH)
1
=5 (7@ ) 0 D ) 0 )
0™ (P + p°p)))) -

where P(’fgaﬂ is (A.4) in four space-time dimensions, i.e. for d = 3.

» 2 photons — 2 graviton vertex [38]:

g v

= (TAQhQ) uv, po,a, B (pv p,)

23

Q po
ir?
= = ((Papa = app - V') (uohve + Mo lvp = Nytlpo) + Mo (Mg (Puly + Popy)

—NawPpPe — NBvPoPo — NBePrPa — NaoPslly + P 1 (lawTge + NacTlsy))
+ 1o (Mo (P + Pop),) = NewPaPly = NauPobl — N3pPuPls — NepbsP),
+p 7 (Mg + Napn)) + Mop (g (Puly + Pob),) = NapPsPly — NguPovly
N Pule — NaoPpPy + D - P (Naulps + 77040776#)) + Mo (naﬁ (pup’p + pppL)
~NauPsPy — NuPpPa —N5pPuPe — NapPpPy + D - 1 (Napnsp + 77ap776u))
Dy (Mo (PoPly + Poly) = NapPsPly = M3pPoPl — NPyl — NaoPsP)y
+P B (Napgo + Noptac)) = Moo (Mg (Publ, + Pup),) = Naupsp), = Noupupl
5Pl — TewPaP + P - P (Mg + NgyTlaw))
+ (NapPy = NaPp) (M3 = Mouly) + (NarPs = Navper) (N3Pl — M3y,

+ (MaoPu = Nobo) (M350}, = Mauly) + (MapPr = Newpp) (M8oP) — Mouby ) ) -
(A.8)
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o 3 graviton vertex [3, 39]:
H2av2

D3

-«

p3vs = (p3)HHVIHRIRHSYS () 1o p3)

7in

H1V1

- 1 1% 1% 1% 1 1% 1%
= —2ikSym (—4P3(p1 St ) — 2 P (py " py )

1 1
+ g Ps(pr - panf™ ) g S P (p - pant )
1% 1% 1 1% 1%
+ Pg(pllmpll/snm 177 2#3) _ 5Pg(pllfngln 1M277M3 3)
1 1
o PP e 2) o S P (P pit )

+ Ps(ph>ps?n?in"1H3) + Ps(p)*ph'n"2H3n¥sin)

— P3(p1 '19277'/1”277V2”377V3”1)> : (A.9)

Here “Sym” indicates that a symmetrisation has to be performed on each index
pair, while “P” indicates that a summation has to be performed on all the dis-
tinct permutations of the momentum-index triplets (the subscript gives the number

of terms).5

e Expanding the Einstein-Hilbert action around a background field, one can derive the

vertex for 2 internal and 1 external gravitons [7]:

M = (Tp2p) Waﬂ,'yé(lv q)

= (Pﬁ)ﬂa (l“l” +U—9"(l-9)" +¢"¢" - 277“”(12)

N (Iaﬁxa 75‘“’ + 175A01a/3“” . Iaﬁmlauw . Iaﬁw 75)\11)

+ 070" (Map T 36 + 161 ap) + xa” (Maplys™ + 1yslas™)

— ¢% (Maplys™ + Myslap™) = 0" 4" (Naplrsre + Mslapre)

+ 26" (Iap™ Lo (1 = 0" + Lo Lo (L = )" = L6 LoV = L5 Lapo1” )

5For example:

M3 K2 V3T 2 V1V2

Sym [P3 (ptltngl 77V2#37]U3V1 )] — pilmplztl nvzu3nv3vl + p‘fg’pg” n”s#znuwfl + ph3phin n

— 36 —



+ q2 (Ia,BU'uI'y&,JV + Iaﬁ,o'y-[azsau) + 77“”(1)‘% (I'yépajaﬁ,)\p + Iaﬁpgjfyzs,)\p)

1
+ (12 + (- CJ)Z) (Ia/i”“ Lyso” + I aplyso" — 5™ F, éﬁw)

— Pryslag — (1 - Q)277a51}5w> : (A.10)

where we have introduced the tensor 1,,,,3 = %(nuanyﬁ + 1usMva). The pv graviton
line corresponds to the external graviton, and the vertex is symmetric under exchange
of the two internal lines.

It is useful to derive an analytical expression of the vertex in eq. (A.10) contracted
with two graviton propagators, which can be then used directly to compute the amplitudes
in which such vertex occurs. Defining

(%th) Myaﬂ,’75 = Paﬁpap’y(snf (Tth) “Vpo',ng (A]_l)
and using the proprieties

2

6)
Pagas Py = 1" ag 0 Pagyu = ==

(4)

0,p0
PopsD’ s = Papyw  PopsPoomwPl)" =

(A.12)

af,uv s

we obtain

~ 17 Z/{/ 12 v v 3 17
(Fien) " aposlld) =g (Pasos (041 -0 1= 0 + 0" = 50"

+ 2Q)\QU (Paﬁ)\a 75/41/ + P’Y&/\JPQB,LW . Paﬂ)\'upmj'y(g . PaBUV 76)\V)

2 A A 2 A A
- ﬂQ)\q# (naﬁp V'yé +7775P Vaﬂ) - ﬂ(b\qu (naﬂpﬁﬂi u""THJPaB ,u)

2 2
+ ﬂff (MapPys"” +1ysPap”) + ﬂn“quqU (NapProro + 15 Papro)
+ 2(1)‘ (Paﬁg)\Pfycs,aV(l - Q)'u + Paﬁ)\gpvé,a'u(l - Q)V - Pvé)\opaﬁ,al/l# - P’y5)\UPa,8,U“lV)
Jrq2 (Poc,BouP'y(S,ay +Paﬂ,aypoz5o'u) +T]#Vq>\qg (P'ycspopaﬂ,)\p+Paﬁpgp'y§7>\p)

1
+(P+(-a?) (P wp” Prso” + P apPys o — 50" F aﬁné)

2
to— (12777613045‘“/"" (l—Q)QT]aBPw“”D - (A.13)

For instance, to compute the 1-loop amplitude in figure 2 one needs (7425) *" 00,00, and from
eq. (A.13) one gets [18]

- v AN
(Thzn)* oo,oo(l,Q):gﬂ
(d—

~

((@-2) (10 + 0= -y + ¢+ 5 )

, . (A.14)
2) (P+ (l+§) ) (55‘5(;— 477“”) —2(d—3)§25555> :
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B DMaster integrals

We derive here all the identities needed for the evaluation of (3.15) and (3.24). These
computations involve the Fourier transform with respect to the transferred momentum ¢ of
the master integral J(l)(q_Q). The relevant integrals are

/ d'q Jo(@) gz (B.1)
2m)® ¢
and
/ 4’7 4ig; J(@) gz (B.2)
@emd @& ¢ '

The sunset master integral with I-loop has been defined in (3.13) and it can be rewritten as
(18], eq. (2.31))

1(d—2)

r(l+1—%)r(%)l+l .

Joy (@) = R () =, (B.3)
(47r)2f(7(+ )2( ))
and substituting it inside (B.1) we have
. 1d d—2\ !t .
/ d’q J(l)((jg)ei(if _ a (l +1- 7) a (T) / d’q -2 i (B.4)
oL @ Br () Gy - B

To solve (B.1) we can compute the inverse Fourier transform F(r) for a generic
spherically symmetric function f(q), defined as

d PR
F(r) = / (;l;)’d ()T (B.5)

Rewriting both ¢ and & in hyper-spherical coordinates, we can decompose the d-dimensional
plane wave in Bessel functions J,(gr) [40], and assuming spherical symmetry one gets

_d q_d [ d_1q
F) = @074 [ g o f@) 7). (B.6)
Using the definition of the v-th order inverse Hankel transform of a generic function g(q)

(defined for ¢ > 0) N
H{9(q)} = /0 qdq g(q)Ju(qr) , (B.7)

eq. (B.6) becomes L )
F(r)=(@2m) 2r' "2 {q>7 f(a)} (B.8)

which relates a generic spherically symmetric function F'(r) with his Fourier transform f(q).
The (%l — 1)-th order inverse Hankel transform of a generic power « of the momentum is

ga+1T (d+24a+2)

rot2 d—2a-2)"’
T (4%

Ay ") = (.9)
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obtained inverting Item (2) of the table 9.2 of [41]. In our case f(q) = ¢"“~?)=2 as can be
seen from (B.4) and therefore o = 4 +1(d — 2) — 3. From (B.9) and (B.8) we find

I+1
d J ) o T d—2 I+1
/ d'q Jo(T) gz _ ( ( ﬂd) 1 ) _ ( P) , (B.10)

(2m)d ¢ Ans  rdT? r

Analogously, in order to solve (B.2) we make the same computation for v = %+l(d—2)—5,
obtaining the identity

i ] (52 T (;2) s d—4+1(d—2)
d‘q J(T) qz r B.11
T = T (B.11)

2mid ¢ d—2))(d—4+1(d—2)

Applying the operator 9;0; on both sides we finally obtain

dd@ qiq; J(l)(qQ) iq-% 1 Tix p I+1
U — 1)(2 — PN (B2
/(%)d zZ g 2 1(d—-2) <5J+(l+ )2 -d)= )(zm) (B.12)

In both the identities (B.10) and (B.12) the relation between the post-Minkowskian and
the loop expansions is explicit.
From the analysis above one can also derive the identity [18]

B, )
/ diq J(l) ((jg) 616‘5: & (B.13)

C opdp2(d—1)

which is needed for the evaluation of the momentum integrals in section 6.

C Loop integral reduction

The classical limit of both the stress-energy tensor and the electromagnetic current arise
extracting from the loop integrals the contributions proportional to the master integral. In
this appendix we list such contributions for all the loop integrals that occur in the amplitude
computations in sections 4 and 5. For some of these relations we made use of the LiteRed
package of Mathematica [42].

1-loop
de Z
_ =0, C.1
| e (e
e 0-q &
/ (27()(1 [2(_,_ —»)2 J(l)(q )a (C 2)
die  7-gr
_ _— =0, C.3
/(27r)dg (7—0)2 (C.3)
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2-loop

ity ity 0 q 1 .
= —Jo (7 (C.5)
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