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1 Introduction

Holographic dualities provide a powerful tool with which to study correlators in strongly
coupled conformal field theories (CFTs) in the limit where the number of degrees of free-
dom becomes large. In this regime — usually called the large N limit — it is possible to
separate primary operators into a class of “light” states, whose conformal dimensions do
not grow as N becomes large, and various types of “heavy” states, whose conformal weights
scale with some power of N . Another characterisation of the operator spectrum, relevant
for holographic theories at large N , is the distinction between single- and multi-particle
states. As indicated by their names, this distinction is more readily understood in the dual
gravitational description where operators of the first type are dual to single-particle bulk
states, while the second class of operators is dual to composite objects of elementary bulk
fields. In the best studied example of holographic dualities — that of N = 4 super Yang-
Mills (SYM) and AdS5×S5 — the CFT description of single-particle states corresponds to
single-trace composite operators (up to 1/N corrections) and multi-particle states corre-
spond to multi-trace operators. Due to this, we will often use the same nomenclature also
in the case of the AdS3/CFT2 holographic duality which will be the focus of this work.
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Ever since the early days of their study, the approach of Witten diagrams [1] provided
an explicit avenue for the calculation of holographic correlators among light single-trace
operators and several results were obtained for 4-point correlators in the important example
of N = 4 SYM theory [2–7]. More recently, knowledge of this class of correlators has
been substantially expanded by using a variety of new ideas including: the Mellin space
representation [8, 9], the position-space approach introduced in [10–12], the use of the large
spin expansion [13] and the Lorentzian inversion formula of [14, 15]. Here we will expand on
the approach based on “microstate geometries” [16, 17], which was used in [18–20] to derive
holographic 4-point correlators between singe-particle states in the case of AdS3/CFT2.
The basic idea of this approach is to start from a correlator where a pair of conjugate
single-trace operators is made heavy by considering their multi-trace versions obtained by
taking a large number of identical elementary constituents. It is then possible to exploit
several known asymptotically AdS3 × S3 smooth solutions of type IIB supergravity [21–
24] dual to this class of heavy states. In particular, from quadratic fluctuations around
these supergravity solutions it is possible — by using the standard AdS/CFT dictionary
— to derive so-called HHLL 4-point correlators with two heavy states corresponding to the
geometry and two light states corresponding to the fluctuations. The geometries describing
these microstates depend on a set of parameters which quantify the number and type of
constituents forming the heavy states. An observation of [18–20] is that it is possible to
take a “light” limit by formally setting the number of constituents of the heavy states to one
and — despite bringing the smooth solutions outside the regime of validity of supergravity
— the limit is smooth at the level of correlators and produces results that have all the
expected features of 4-point AdS3/CFT2 correlators among single-particle states. Some of
these correlators were calculated in [12] by different techniques, providing an independent
cross-check of the approach discussed above.

In this paper we extend the analysis of the light limit of HHLL correlators beyond the
first non-trivial order in the number of constituents and show that the subleading correc-
tions capture interesting information about 4-point correlators that involve two light, but
multi-trace operators, and two standard single-trace operators. As is usual for holographic
results obtained with the use of a supergravity approximation, these correlators are valid
in the large N , strong coupling regime of the CFT. To be more precise, we provide evi-
dence that the results obtained from the light limit of the supergravity HHLL correlators
capture the tree-level connected Witten diagram contributions relevant for the correlators
under study. It is interesting to see that the explicit results involve a generalisation of
the D-function usually appearing in the correlators among single-particle operators. These
D-functions arise naturally from the integrals appearing in a Witten diagram describing
the contact 4-point interaction between bulk fields and can be written in terms of the
Bloch-Wigner dilogarithm [25]. The multi-trace correlators we obtain here are written in
terms of the Bloch-Wigner-Ramakrishnan polylogarithms [26] which are generalisations
sharing several properties of the standard Bloch-Wigner function, but involve higher order
polylogarithms. These polylogarithms have also appeared in other physics applications,
such as the evaluation of multi-loop Feynman integrals [27], the analysis of the free ener-
gies in O(N) and U(N) models [28, 29] and, in the holographic context, the expression of
integrated four-point correlators [30].
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As already mentioned above, the multi-trace operators we consider are made from
identical constituents which are mutually BPS and so it is possible to relate the 4-point
correlators we discuss to a particular kinematic limit of a higher-point function involving
just single-particle states. This relation to higher-point functions involves two steps. The
first is the kinematic limit taking two groups of n identical operators in a (2n + 2)-point
correlator to the same position and the second is to relate the resulting n-trace operators to
those that are natural from the point of view of the heavy operators dual to the smooth bulk
geometries which are used in deriving the HHLL correlators. Despite this second step, we
argue that the functions appearing in the multi-trace correlators we construct are present
also in higher-point functions of single-trace operators. As will be discussed in more detail
in the main text, this picture makes it evident that these correlators contain both classical
(tree-level) and quantum (loop) contributions in the gravity picture at a given order in
the 1/N -expansion. However, as previously stressed, our results capture only the classical
part and provide a window on the structure of tree-level Witten diagrams for correlators
with six or more single particle external states, albeit in the simplifying kinematic limit
where only two cross-ratios survive. We point out that, even in this simplified regime, these
results are qualitatively different from those obtained in [31] where an explicit five-point
correlator was calculated in AdS5 × S5 and the result could still be written in terms of
standard Bloch-Wigner functions.

Since the extrapolation of the HHLL correlator to small values of the heavy operator’s
conformal dimension — on which we base our derivation of the correlators with multi-
particle states — is a priori unjustified, it is important to gather independent evidence
on the correctness of our conjecture. We thus take various OPE limits of the multi-
particle correlators and verify that we obtain consistent results. One can, for example,
focus on the light-cone OPE limit — where to leading order, only the conserved currents
are exchanged — and check that our correlators reproduce the expected behaviour of their
conformal blocks. Alternatively, one can isolate the exchange of protected multi-trace
operators — produced in the OPE of operators preserving the same supersymmetries — and
match the corresponding three-point couplings with those computed in the weakly coupled
(orbifold) CFT. New dynamical information is contained in the anomalous dimensions
and couplings of the non-BPS multi-trace operators and despite, at present, not knowing
all of the necessary correlators to extract this information completely, we verify some
qualitative features of the OPE in the non-protected channels and derive constraints on
these dynamical quantities. We note, however, that the OPE data of the double-trace
non-BPS operators with minimal (bare) twist can be inferred from known amplitudes of
four single-trace chiral primary operators with the lowest dimension (1/2, 1/2) — these sit
in one of the Nf tensor multiplets (where Nf = 5 or 21 for the theory compactified on T 4

or K3). Unlike in AdS5× S5 [32], this task already involves a non-trivial mixing problem1

between the different multiplet flavours. This analysis provides a somewhat surprising
result: we find a positive anomalous dimension for operators of spin 0 and 2. The question
of the existence of a consistent large N CFT with a spin-two operator with a positive

1In a recent article [33] the nice observation was made that, for non-BPS multi-traces in non-trivial
flavour representations, the same mixing problem can be solved for arbitrary twist using the available
correlator data.
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anomalous dimension was raised in [34] and this is, to the best of our knowledge, the first
affirmative answer to this search.

The paper is structured as follows. Section 2 introduces the multi-trace 4-point func-
tions that we will be concerned with in this paper and presents the general idea of their
extraction from supergravity HHLL correlators computed using asymptotically AdS3 × S3

supergravity solutions. In section 3 we detail explicit correlators involving two n-trace op-
erators for low values of n and explain the connection to correlators involving multi-trace
operators with an interpretation as a particular limit of higher-point functions. We also
collect the main definitions and properties of the Bloch-Wigner-Ramakrishnan functions in
terms of which these correlation functions are naturally written. This is then followed in
section 4 by an analysis of various kinematic limits of the n = 2 correlator to demonstrate
that they yield the behaviour expected from its identification with the connected correlator
between two single-trace and two double-trace operators. We analyse both protected and
non-protected quantities. Focusing instead on the standard 4-point functions with single-
traces (n = 1), we show that the full mixing problem in flavour space can be solved and we
find the anomalous dimensions for the lowest twist non-BPS double-trace operators in any
flavour representation. We note that flavour-singlet operators of spin 0 and 2 have positive
anomalous dimensions for the theory compactified on K3. Finally, section 5 contains a
brief summary and an outlook. Appendix A provides details of the resummation process
from which our correlators are derived, appendix B gives the explicit form of n = 1 corre-
lators used in the unmixing of section 4.2.1 and appendix C summarises the derivation of
the double-trace OPE data from the inversion formula.

2 Correlators with multi-trace operators: the setup

The main object of study in this paper is a special class of holographic correlators in the
CFT2 dual to type IIB superstring theory on AdS3 × S3 ×M, whereM can be either T 4

or K3. A first way to characterise this class of correlators is in terms of 4-point functions
involving two BPS-conjugate multi-trace operators and two BPS-conjugate single-trace
operators. Since all operators that we consider are scalars, conformal invariance implies
that the correlators depend on a single function of two cross-ratios

〈Ō n
f (z1, z̄1)O n

f (z2, z̄2)Og(z3, z̄3) Ōg(z4, z̄4)〉 = Gn(z, z̄)
|z12|2n∆f |z34|2∆g

, (2.1)

where zij = zi − zj and Of,g (Ōf,g) are (anti)-chiral Primaries Operators (CPO) in the
D1-D5 CFT2 with identical holomorphic and antiholomorphic dimensions h = h̄ = ∆/2
and flavour indices2 f, g. We define the cross-ratio z as follows

z = z14z23
z13z24

, (2.2)

and so it is often convenient to work in the gauge

z1 = 0 , z2 →∞ , z3 = 1 , z4 = z , (2.3)
2Since the 6D bulk theory has 16 supercharges, the fields organise into different multiplets; we focus on

CPOs of the matter tensor multiplets of which there are 5 (21) different flavours in theM = T 4 (K3) case.
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Figure 1. Three Witten diagrams contributing to (2.1) for the case of n = 2. Diagram a) is
disconnected and thus contributes at leading order in large N , while the remaining two involve
four bulk vertices (denoted by a black square) and so are both suppressed by a factor of 1/N2

with respect to the first. Diagram b) depicts a connected tree-level diagram, while c) contains
a disconnected 1-loop structure. The results derived in this paper focus on the former class of
contributions, where in the shaded region one considers all possible ways of obtaining a connected
tree-level structure. Such diagrams contain up to three bulk-to-bulk propagators (labelled explicitly
by 1, 2, 3 in b)) and, as mentioned in the text, this makes a direct evaluation of such contributions
challenging.

where the correlator takes the form

Cn(z, z̄) ≡ lim
z2→∞

|z2|2n∆f 〈Ō n
f (0, 0)O n

f (z2, z̄2)Og(1, 1) Ōg(z, z̄)〉 = Gn(z, z̄)
|1− z|2∆g

. (2.4)

The function Gn(z, z̄), which contains the dynamical information, at least in principle
can be calculated in the holographic regime by summing Witten diagrams. As depicted
in figure 1, there are different types of contributing diagrams and we will focus on the
connected tree-level diagrams, such that in b), which are of order 1/Nn. For the class of
correlators in (2.1) there are also other contributions relevant at the same order in the 1/N
expansion (see the disconnected 1-loop diagram c in figure 1) and so our results do not
in general represent the full holographic correlators (2.1) at order 1/Nn. We will discuss
below how these disconnected loop contributions cancel in our approach.

As figure 1 suggests, it is possible to view the correlators in (2.1) as a particular kine-
matic limit of a (2n+ 2)-point function where the multi-trace operators are replaced by n
identical CPOs at different positions, which are then taken to the same point, for instance
as O n

f (z2, z̄2) ∼ limwa→z2
∏n
a=1Of (wa, w̄a). Thus our results provide a first window on

higher-point holographic correlators,3 making it possible to go beyond the explicit 5-point
AdS5 × S5 example discussed in [31], since the n = 2 case is already related to a correla-
tor involving six single-trace operators. Correlators with six or more external points and
their OPE limits discussed in this article are expected to be intrinsically more complicated

3In [35] a particular class of n-point functions in N = 4 SYM was considered. These correlators violate
maximally the U(1)Y bonus symmetry of the supergravity limit and are related to lower point correlators
by a recursion relation. The multi-particle correlators relevant for our analysis preserve the corresponding
bonus symmetry, which for the AdS3 case is SU(2), and do not obey any simple recursion relation.
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Ōg

Of

Ōf
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Figure 2. An example of a connected tree-level Witten diagram contributing to the multi-trace
correlator Cn=2 with three bulk-bulk propagators which cannot be reduced to a finite sum of contact
diagrams using the results of [7]. After two applications of this technique, the remaining bulk-bulk
propagator 2 in the rightmost diagram cannot be reduced further due to being connected to three
boundary points at each vertex. After each step given, the result will be proportional to a finite
sum of such diagrams.

than the lower point examples since the method introduced in [7] to deal with bulk-to-bulk
propagators will not be sufficient to evaluate them. This can be seen by considering the
connected tree-diagram given in figure 2a. By following [7] one can, for instance, write the
part of the diagram involving one pair of the operators Of , Ōf and the bulk-to-bulk propa-
gator 1 as a finite sum of boundary-to-bulk propagators directly linking the two positions of
the boundary operators with the bulk interaction vertex (giving the diagram of figure 2b).
This procedure can be repeated for the remaining pair of the operators Of , Ōf and the
bulk-to-bulk propagator 3 to get a sum of diagrams of the form of figure 2c. However, after
this second step it is not possible to eliminate the final bulk-to-bulk propagator (labelled
2) because each of its endpoints is connected to three external points. Thus, tree diagrams
such as the one depicted in figure 2a cannot be recast as a sum of contact diagrams. This
is in contrast to the connected tree-diagram given in figure 1b, which can be reduced to
a finite sum of contact diagrams following the method of [7]. Therefore, even after taking
the kinematic limit reducing the higher-point correlators to the 4-point function (2.1), we
do not expect that the contribution of all connected tree diagrams can be expressed in
terms of the standard D∆1,∆2,∆3,∆4 functions. Indeed as discussed in the next section, new
objects (the Bloch-Wigner-Ramakrishnan polylogarithms) naturally appear in this case.

We conclude this introductory section by presenting an effective way to isolate the
connected contributions to (2.1) which is suggested by the dual gravitational description
for the “heavy states” (where n ∼ N). To have a well-defined semiclassical description
it is natural to consider particular coherent-state-like linear combinations of multi-particle
states [22, 36, 37] that are dual to a class of asymptotically AdS3×S3 supergravity solutions.
Since these coherent states are classical supergravity objects, one can expect that they
receive contributions only from the tree-level diagrams such as the ones in figure 1b and 2a
and that loop diagrams cancel out. We will provide evidence that this is indeed the case.
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Then by following [22, 36, 37], we define the operator

OH,f =
N∑
p=0

√√√√(N
p

)(
B√
N

)p(
1− B2

N

)N−p
2

O p
f , (2.5)

where B is a parameter that, for simplicity, we take real and O p
f is defined such that

the 2-point function with its conjugate operator is normalised to one. Notice that the
operators introduced above are not primaries as they are defined as a linear combination of
terms with different conformal weights. We still, however, refer to them as “heavy states”
since, when B2 ∼ O(N), the sum in (2.5) is dominated by terms with p ∼ B2 and so by
primaries with dimensions proportional to the central charge c. Here, instead of taking
a saddle point approximation for large values of B2 and N , we write an expansion in B2

linking the 4-point HHLL correlator involving the heavy operators OH,f in (2.5) and the
correlators Cp containing the multi-particle constituents O p

f , as follows:

〈ŌH,fOH,fOgŌg〉 =
N∑
p=0

(
B2

N

)p(
1− B2

N

)N−p(
N

p

)
Cp

=
N∑
n=0

(
B2

N

)n n∑
p=0

(−1)n−p
(
N − p
n− p

)(
N

p

)
Cp

=
N∑
n=0

(
B2

N

)n(
N

n

)
Cn ,

(2.6)

where
Cn ≡

n∑
p=0

(−1)n−p
(
n

p

)
Cp . (2.7)

In the first step we simply expanded the (N − p)-th power and rearranged the sums so as
to collect the factors of B2 and in the final step we defined the combination Cn. This is the
combination that is encoded in the HHLL correlator and, as mentioned above, it captures
only the connected diagrams of Cn for each value of n. In this paper we will always work
in the tree-level supergravity approximation so the results for Cn we derive will include
only tree-level diagrams, but in general there will be loop corrections also for the connected
correlators Cn. Let us see how this looks in the simplest examples. For n = 1 we have

C1 = 〈ŌfOfOgŌg〉 − 〈OgŌg〉 , (2.8)

so the disconnected contribution to the first term is cancelled exactly by the 2-point func-
tion appearing in the second term (note that we have chosen a normalisation such that
〈Ōf (0)Of (∞)〉 = 1). The first example involving multi-trace operators requires n = 2 and
from the definition (2.7) we have

C2 = 〈Ō 2
f O 2

f OgŌg〉 − 2〈ŌfOfOgŌg〉+ 〈OgŌg〉 . (2.9)

By recalling that the 2-point functions of our multi-trace operators are normalised to one,
it follows that the fully disconnected contributions of order N0 cancel as before, but now
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there is also a cancellation among the partially connected contributions — diagrams with a
2-point function factorised from the other four operators, which have a leading contribution
of order N−1 and a 1-loop term of order N−2. The remainder of the connected part of
this correlator is thus the N−2 terms not containing loops (plus higher-order terms in 1/N
coming from connected higher-loop diagrams that are not captured by the supergravity
approximation).

3 Multi-trace correlators

One way of calculating a HHLL correlator of the type (2.6) requires solving a wave equation
in the background of the geometry dual to the heavy state. In general this is a difficult
problem that cannot be solved exactly and one usually resorts to approximation schemes
to simplify the task. For example, one can use a WKB method [38, 39] or alternatively
work in the regime where the heavy state generates only small deformations of AdS3 × S3

rather than a fully backreacted geometry. In the latter case, expressions can be obtained
analytically using standard holographic techniques and correlators have been obtained
employing this method for various heavy states [16, 40, 41]. However, such results are
typically limited only to first order corrections around the AdS3 × S3 vacuum and can be
related to correlators of single-particle operator [18–20].

Nonetheless, for a specific choice of heavy state it was found that one can evaluate
the heavy-heavy-light-light correlator exactly in terms of a double Fourier series [17]. In
this section we study this particular correlator and use the expansion (2.6) to extract
a closed form expression for connected tree-level correlation functions with double-trace
operator insertions. We find that particular combinations of higher-order polylogarithms
— the Bloch-Wigner-Ramakrishnan polylogarithm functions — appear in these multi-trace
correlators and we dedicate a part of this section to a brief review of these functions.

Some of the more technical results, together with examples of correlators involving
pairs of higher multi-trace operators can be found in appendix A.

3.1 Explicit statement of the higher-order correlator

To specify precisely which operators appear in the correlator that is to be the main focus
of this section, we use the notation of the orbifold point of the D1-D5 CFT at which it is
described by a sigma model with target space (M)N /SN (most of our results are valid for
bothM = T 4 and K3). The theory contains a collection of N free bosonic and fermionic
fields which naturally split into a holomorphic and an anti-holomorphic sector as(

∂XAȦ
(r) (z) , ψαȦ(r) (z)

)
,

(
∂̄XAȦ

(r) (z̄) , ψ̃α̇Ȧ(r) (z̄)
)
, (3.1)

where the indices A, Ȧ = 1, 2 are related to the SU(2) symmetries of the internal manifold
M; α, α̇ = ± are fundamental SU(2)L×SU(2)R R-symmetry indices; and (r) = 1, 2, . . . , N
is an SN index labelling the N copies of the target space. In this work we focus on
operators in the untwisted sector of the orbifold theory and thus all fields are periodic
under (z, z̄) → (z e2πi, z̄ e−2πi). For more details, see for example [42, 43] or appendix A
of [37], whose conventions we follow.

– 8 –
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The point in the moduli space of the D1-D5 CFT that admits a dual semiclassical
supergravity description is an infinite distance away from the free orbifold point (see for
example [44]). Despite this, the notation of the latter can be useful to describe protected
supersymmetric operators such as those appearing in our correlators [45]. With that in
mind, we consider light operators that are chiral primaries; since the AdS3×S3 theory is not
maximally supersymmetric, chiral primaries can originate from different 6D supergravity
multiplets and in this paper we restrict to those of the Nf tensor multiplets (where either
Nf = 5 or 21 forM = T 4 and K3 respectively). On top of this, we consider such operators
with minimal conformal dimension, i.e. with ∆ = 1. For example, four of the five T 4 tensor
multiplet CPOs are given in the free orbifold language by

Of (z, z̄) =
σ

(f)
ȦḂ√
2N

N∑
r=1

ψ+Ȧ
(r) (z) ψ̃+Ḃ

(r) (z̄) = 1√
N

N∑
r=1
Of(r) , (3.2)

where σ(f)
ȦḂ

form a basis of 2 by 2 matrices (the fifth CPO is given by the twist field of
order 2). We use the same operator, but with a different flavour index, as the fundamental
building block for the construction of the heavy states. As discussed in the previous section
the most natural way to define the multi-particle operators in (2.5) is to take the OPE
limit of the single particle states which is regular as all constituents are mutually BPS.
It turns out that this is not the choice appropriate for defining the heavy states dual to
the supergravity solutions used in [16, 17] to derive the HHLL correlators. It is easier
to characterise these multi-particle states in terms of the free orbifold theory, where for
instance the relevant double-trace operators are :O 2

f :∼
∑
r<sO(r)O(s). Notice that the

contribution r = s is absent, while a term of this type arises when taking the OPE limit
O 2 ∼ limw→z O(w)O(z). By following the dictionary [46, 47] for supersymmetric operators
between the supergravity and the free orbifold points, we have the following schematic form
for the relation between the two types of double-trace operators discussed above

:O2 : = O2 + 1√
N

[
single-particle

]
+ 1
N

[
double-particle

]
, (3.3)

where the operators appearing on the right-hand side are the standard ones used in holo-
graphic calculations in the supergravity approximation.4 A signal that the microstate
geometries are constructed in terms of :On : is that they induce a vev for dimension two
operators [47, 48] which would be absent when using the more standard definition because
they involve extremal couplings. With a slight abuse of notation, from now on we will
write between colons the (external) multi-trace operators relevant to the microstate ge-
ometries (3.3) and use the same notation for correlators involving this type of multi-trace
operators. Thus we write the heavy-heavy-light-light correlation function on the plane5

4In particular the extremal correlators among them vanish and the single-particle states are orthogonal
to the multi-particle states.

5To go from correlators on the plane to the cylinder with our choice of light operator involves simply a
Jacobian factor of |z|.
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derived in6 [17] as

:C : (z, z̄) =
(
1− B2

N

) ∞∑
k=1

∑
`∈Z

1√
1− B2

N

(
1− `2

(|`|+2k)2

)
×
(
z

z̄

) `
2

(zz̄)
− |`|+2k

2

√
1−B2

N

(
1− `2

(|`|+2k)2

)
, (3.4)

which describes a correlator involving the heavy states

: OH,f : =
N∑
p=0

√√√√(N
p

)(
B√
N

)p(
1− B2

N

)N−p
2

:O p
f : , (3.5)

in the regime where the parameter B2 is chosen to scale with N as N →∞. This scaling
limit (the “heavy scaling limit”) is necessary in order to treat the heavy operator as a
smooth deformation of AdS3 × S3. However, following the discussion of section 2 we are
interested in the opposite regime, where the heavy operators are made light by keeping B2

fixed and thus B2/N → 0 as N →∞. To describe this limit, it is convenient to rewrite the
correlator (3.4) as a series in B2/N , as was done in (2.6). We note that when N is large
and with n finite, the binomial appearing in the last line of (2.6) can be approximated as

(
N

n

)
n�N−−−−→
N→∞

Nn

n! , (3.6)

so that the expansion of the correlator can also be written as

:C : (z, z̄) ≈
∞∑
n=0

(
B2

N

)n
Nn

n! :Cn : (z, z̄) . (3.7)

This expression, together with the fact that connected correlators : Cn : scale as N−n,
makes it clear that the coefficients of each power of B2/N are finite in the large N limit.

The main result of our analysis is that at each order in B2/N the double Fourier series
in (3.4) can be evaluated in a closed form using the procedure outlined in appendix A
and one can rewrite the coefficients : Cn : (z, z̄) in terms of elementary functions and
polylogarithms. In appendix A we present terms up to n = 4, however, in the main text
we limit ourselves to the first new result which occurs for n = 2. The for the first three

6In [17] the result was given in terms of the continuous dimensionful parameters a, a0, and b which
appear naturally in the supergravity description of the smooth geometry dual to the heavy state. Here it is
more convenient to use a dimensionless parameter B, which is related to the supergravity parameters via

a2

a2
0

= 1− B2

N
,

b2

2a2
0

= B2

N
,

where we used the smoothness constraint a2 + b2/2 = a2
0.
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values of n, the correlators are given by

C0 = 1
|1− z|2 , (3.8a)

C1 = −|z|
2

N

[
4i(z + z̄)
(z − z̄)3 P2(z, z̄) + 4

(z − z̄)2 log |1− z|+ 2(z + z̄ − 2zz̄)
(z − z̄)2|1− z|2 log |z|

]

− 1
N

1
|1− z|2 , (3.8b)

:C2 : = 4|z|2

N2

[
6i(z + z̄)(z2 + 10zz̄ + z̄2)

(z − z̄)5 P4(z, z̄)− 12(z2 + 4zz̄ + z̄2)
(z − z̄)4 P3(z, z̄)

+ 8i(z + z̄)
(z − z̄)3 P2(z, z̄) + 2

(z − z̄)2 log |1− z|+ z + z̄ − 2zz̄
(z − z̄)2|1− z|2 log |z|

+ z + z̄

|1− z|2(z − z̄)2
(

log |z|
)2]

, (3.8c)

where the functions Pn are the Bloch-Wigner dilogarithm and its generalisations (see for
example [25]) discussed in section 3.2, see in particular (3.12) and (3.15).

The result for C0 is simply the identity contribution to the 4-point correlator and
C1 reproduces the results of [16, 17]. The first new expression is :C2 : which contains, in
addition to the standard functions already appearing in known holographic correlators, the
so-called Bloch-Wigner-Ramakrishnan (BWR) polylogarithm functions Pm(z, z̄) [26, 49],
which for m > 2 are higher order generalisations of the Bloch-Wigner dilogarithm. The
same is true for the correlator C2 involving the more standard double-particle operators
defined as the OPE limit of mutually BPS single-particle operators. From the general
structure shown in (3.3), one can see that the difference between C2 and : C2 : can be
written in terms of connected k-point correlators with k ≤ 4 and so these contributions do
not affect the terms proportional to P4 and P3 in (3.8c). A similar structure can be found
in the correlators :Cn : for larger values of n, with the highest order BWR polylogarithm
function appearing being P2n, as we show for some additional cases in appendix A. This
contribution is not sensitive to the differences between : Cn : and Cn showing that the
presence of the higher order BWR polylogarithm functions is a generic feature of the OPE
limit of supergravity holographic correlators with many single-particle external states.

3.2 Generalised Bloch-Wigner functions

The expression for : C2 : in (3.8c) (and similarly for the higher order counterparts,
see (A.12)) involves Bloch-Wigner-Ramakrishnan polylogarithms — analogues of the stan-
dard Bloch-Wigner functions containing higher-order polylogarithms — and since these
generalised functions are not widely used in the literature, we use this subsection to briefly
review their definition and some of their properties. In doing this we closely follow the works
of Lewin [50], and Zagier [49] who first presented the generalisation of the Bloch-Wigner
function in [25, 26] following the work of Ramakrishnan [51].
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The starting point of our analysis is the polylogarithm function, which admits the
series representation

Lin (z) =
∞∑
k=1

zk

kn
, |z| < 1 , (3.9)

where we take z to be a complex number and n an integer. For non-positive integer n this
defines a rational function, while for n = 1 it gives simply

Li1 (z) = − log (1− z) . (3.10)

Polylogarithm functions associated with higher integer values do not admit a representation
in terms of elementary functions but can be obtained by recursion relations that follow from
their definition

z ∂zLin (z) = Lin−1 (z) , Lin+1 (z) =
∫ z

0

Lin (w)
w

dw , (3.11)

which can also be used to analytically continue the polylogarithm functions to generic
z ∈ C \ [1,∞) by repeated integration starting from (3.10). Therefore, the polylogarithm
functions inherit some of their properties from the logarithm such as a branch cut along
the real axis starting at z = 1.

The dilogarithm function Li2 (z) has played an important role in the CFT literature,
as it appears in the expressions of holographic 4-point correlation functions of single-trace
operators. In fact, is it not the “bare” dilogarithm function that appears in these correlators
but a particular combination called the Bloch-Wigner dilogarithm function, defined as7

P2(z, z̄) ≡ Im
[
Li2 (z)

]
+ log |z| arg

[
1− z

]
= 1

2i

[
Li2 (z)− Li2 (z̄) + log |z| log

(1− z
1− z̄

)]
, (3.12)

which has some advantageous properties compared with the ordinary dilogarithm function.
For example, the dilogarithm function satisfies various identities relating the values of the
function at different points in the complex plane, such as

Li2
(1
z

)
= −Li2 (z)− π2

6 −
1
2 log2 (−z) , (3.13a)

Li2 (1− z) = −Li2 (z) + π2

6 − log(z) log(1− z) . (3.13b)

In fact, one can show that the values of Li2 (z), Li2
(

1
1−z

)
, Li2

(
z−1
z

)
, −Li2

(
1
z

)
, −Li2

(
z

1−z

)
,

and −Li2 (1− z) are all equal up the addition of elementary functions such as logarithms,
as in (3.13). In contrast to this, the function defined in (3.12) satisfies similar identities
but importantly without any additional elementary function terms

P2(z, z̄) = −P2

(1
z
,

1
z̄

)
= −P2(1− z, 1− z̄) = P2

(
z − 1
z

,
z̄ − 1
z̄

)
= P2

( 1
1− z ,

1
1− z̄

)
= −P2

(
z

z − 1 ,
z̄

z̄ − 1

)
. (3.14)

7It is customary to denote the Bloch-Wigner dilogarithm function by D(z, z̄). Here we denote it with
P2(z, z̄) in order to facilitate an easier generalisation to higher order functions.
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Considering the many symmetries of 4-point correlation functions involving single-trace
operators, such symmetry properties are not unexpected. Furthermore, if z̄ = z∗ the
Bloch-Wigner function is real-analytic on the whole complex plane bar the points z =
0 and z = 1 where it is continuous but not differentiable. Thus one finds no branch
cut, unlike in the case of the dilogarithm. In our analysis we often take the analytically
continued function where z and z̄ are independent, in which case a more complicated
analytic structure emerges [52]. Contrary to the dilogarithm, a generic polylogarithm
function satisfies fewer simple symmetry identities. In fact, the inversion identity relating
Lin (z) and (−1)n−1Lin

(
1
z

)
(up to several terms that include different powers of log z) is

in general the only functional identity that involves polylogarithm functions evaluated at
two generic points in the complex plane, while other identities typically relate the values of
polylogarithm functions evaluated at multiple points. Nonetheless, it is possible to define
a higher-order generalisation of (3.12) as [26]

Pn(z, z̄) = Rn

(
n−1∑
k=0

2k Bk
k!

(
log |z|

)k Lin−k (z)
)
, (3.15)

where Rn denotes the real or imaginary part of the expression when n is odd or even
respectively and the coefficients Bj denote the Bernoulli numbers.8 Once again, as a
function of a single complex variable (when z̄ = z∗), Pn(z, z̄) defines a real-analytic function
on the complex plane, except at z = 0 and z = 1 where is it only continuous. In addition,
the functions obey the inversion relation

Pn(z, z̄) = (−1)n−1Pn

(1
z
,

1
z̄

)
, (3.16)

however, the higher order generalisations do not obey other simple symmetry identities
found in the n = 2 case (3.14). For completeness, we give the explicit expressions of the
first few generalised Bloch-Wigner-Ramakrishnan functions, which are explicitly used in
the main text

P2(z, z̄) = 1
2i

[
Li2 (z)− Li2 (z̄) + log |z| log

(1− z
1− z̄

)]
, (3.17a)

P3(z, z̄) = 1
2

[
Li3 (z) + Li3 (z̄)− log |z|

(
Li2 (z) + Li2 (z̄)

)
− 2

3
(

log |z|
)2 log |1− z|

]
,

(3.17b)

P4(z, z̄) = 1
2i

[
Li4 (z)− Li4 (z̄)− log |z|

(
Li3 (z)− Li3 (z̄)

)
+ 1

3
(

log |z|
)2(Li2 (z)− Li2 (z̄)

)]
. (3.17c)

Further examples can be found in appendix A.

8The first few non-zero Bernoulli numbers are B0 = 1, B1 = − 1
2 , B2 = 1

6 , B4 = − 1
30 , B6 = 1

42 ,
B8 = − 1

30 . Apart from B1 all Bernoulli numbers with an odd index vanish.
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4 OPE limits

We proposed to identify the B2n term in the expansion of the HHLL correlator (3.4)
computed in [17] with the “connected” correlator :Cn : containing two n-trace operators
of the type : O n

f : and two single-trace operators. In this section we provide evidence
supporting this identification, concentrating on the first non-trivial example — that of
n = 2. As a first check of this result we focus on protected terms in the OPE expansion
of the correlator (3.8c) that appear in the z → 1 and z → 0 channels. We show that
these terms match the results obtained from CFT calculations at the free orbifold point,
as required by non-renormalisation theorems [45] and by the affine symmetry.

We then look at terms originating from the exchange of non-protected double-trace
operators appearing in the z → 1 OPE. By following [53], we find the anomalous dimensions
and 3-point couplings of the non-protected double-trace operators from n = 1 correlators.
With respect to the case of N = 4 SYM [32], there is an extra complication [33] related
to the flavour symmetry of the CPOs (in passing we point out that the theory we are
studying provides a top-down example of the pattern highlighted in [34], where it was
noted, in an effective field theory approach, that anomalous dimensions of double-trace
operators with low spin can be positive). Due to the flavour mixing one would need results
for other correlators, besides (3.4), in order to extend this analysis to n > 1 and extract
precise information about the multi-trace operators exchanged. Here we focus on general
checks relating to the presence or absence of log and log2 terms in the z → 1 OPE. The
z →∞ OPE involves triple-trace operators even at the first non-trivial order of the n = 2
correlator and again one would need other correlators to disentangle the flavour dependence
and extract CFT data at strong coupling. We leave a detailed study of the multi-trace
anomalous dimensions and 3-point couplings in the AdS3/CFT2 case to a future analysis.

4.1 The protected sector

In the limit where z̄ → 1 with z kept fixed, the leading term of the correlator is deter-
mined by the exchange of operators with right conformal dimension h̄ = 0 and generic
left conformal dimension h. These are the chiral currents of the theory, whose modes are
the Virasoro L−n and the R-symmetry9 J3

−n generators. Since their 3-point couplings are
determined by symmetries of the theory, they can be computed exactly at any point in the
CFT moduli space and compared with the gravity result.

The z, z̄ → 0 limit of the correlator :Cn : is controlled by the non-singular OPE of the
operators Og and :O n

f : — chiral primary operators preserving the same supercharges. The
lowest dimension operator exchanged in this channel is thus protected and we reproduce the
vanishing of the term of order z0z̄0 in :C2 : from a computation at the free orbifold point.

4.1.1 z̄ → 1 light-cone OPE

This check of the protected current contributions to the tree-level connected correla-
tors (3.8) can be simplified slightly by replacing the two single-trace operators Og , Ōg
with their superdescendant OBg — obtained by acting on Og with a right-moving and a

9Only R-symmetry neutral operators contribute in the z → 1 channel, and thus we can restrict to the
U(1) subgroup of the SU(2) R-symmetry.
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left-moving supercharge. The corresponding correlator, which we will denote by : CBn :, is
related to :Cn : by the supersymmetry Ward identity [17]

:CBn : (z, z̄) = ∂∂̄ :Cn : (z, z̄) . (4.1)

Starting from the correlator :C2 : in (3.8c), applying the Ward identity (4.1) and taking
the leading order term as z̄ → 1 one obtains

:CB2 : (z, z̄) z̄→1−→ :GB2 : (z)
|1− z|4 with N2 :GB2 : (z) = 2 + 41 + z

1− z log z + 1 + 4z + z2

(1− z)2
(

log z
)2
.

(4.2)
The goal of this subsection is to reproduce :GB2 : from a CFT computation. Since OBg has
vanishing R-charge, the states obtained by acting on the vacuum with the J3

−n modes of the
current do not contribute to : CBn :. In order to decouple the Virasoro from the R-current
algebras it is convenient to subtract from the L−n modes the Sugawara contribution: the
algebra satisfied by these “reduced” Virasoro generators, which for notational simplicity we
will still denote by L−n, is identical to the Virasoro algebra but the conformal dimension
h of an operator of R-charge j should be replaced by a “reduced” conformal dimension
h[0] ≡ h− j2

N .
States of the form L−n1L−n2 . . . L−np |0〉, containing p modes, have a norm proportional

to cp ∼ Np and thus contribute to a correlator at order N−p. Since we focus on : CB2 :
whose tree-level contribution is of order N−2, we can simply consider such states up to
p = 2. Resumming the states with p = 1 gives the well-known global conformal block of
the stress-tensor: for a correlator C with two operators of dimension hg and two operators
of dimension hf , the contribution of these states to G = |1− z|4hgC is

p = 1 : 1
N
hfhg V1(1− z) with V1(z) = 1

3z
2

2F1(2, 2, 4; z) . (4.3)

Likewise, the contribution due to the exchange of states with p = 2 to this same correlator
is a sum of terms of the form

p = 2 : 1
N2

(
h2
fh

2
g V

(2,2)
2 (1− z) + (h2

fhg + hfh
2
g)V

(2,1)
2 (1− z) + hfhg V

(1,1)
2 (1− z)

)
.

(4.4)
The functions V(2,2)

2 and V(2,1)
2 can be readily computed and are given in appendix D

of [54] as

V(2,2)
2 (z) = 1

18
(
z2

2F1(2, 2, 4; z)
)2
,

V(2,1)
2 (z) = − 1

18

((
z2

2F1(2, 2, 4; z)
)2 + 6

5 z
3 log(1− z) 2F1(3, 3, 6; z)

)
,

(4.5)

while, as will be clear in a moment, we will not need V(1,1)
2 . For the correlator : CBn : we

should take hg = 1, the dimension of the superdescendant OBg , and hf,n = n
2 −

n2

4N , the
reduced dimension of the n-trace operator : O n

f :, where we made the dependence on n

explicit. Then combining the correlators :CB1 : and :CB2 : according to the definition of the
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connected combination :CB2 : (of the same form as (2.9)) we deduce that in the light-cone
limit and up to terms of order 1/N3

:GB2 : (z) = 1
N

(
hf,2 − 2hf,1

)
V1(1− z) + 1

N2

[(
h2
f,2 − 2h2

f,1
)
V(2,2)

2 (1− z)

+
((
h2
f,2 + hf,2

)
− 2

(
h2
f,1 + hf,1

))
V(2,1)

2 (1− z) +
(
hf,2 − 2hf,1

)
V(1,1)

2 (1− z)
]

= 1
N2

[
2 + 41 + z

1− z log z + 1 + 4z + z2

(1− z)2
(

log z
)2]+O

( 1
N3

)
, (4.6)

where in the first step we used hg = 1 and in the second we used (4.5) along with the
large N expansion of the hf,n. The final result agrees with the expression (4.2) obtained
from the gravity computation. We note that in taking the connected combination both the
1/N term and the term proportional to V(1,1)

2 cancel. This latter term is interpreted as a
quantum contribution related to bulk diagrams of the type shown in c) of figure 1 which
vanish in the limit that a pair of operators is made heavy (i.e. hf ∼ N) and N is taken to
infinity. One can show that analogous cancellations happen with :CBn : for generic n.

4.1.2 Euclidean z, z̄ → 0 OPE
The exchanged operator with lowest dimension in this channel is the supersymmetric multi-
trace :O n

f Og : whose protected 3-point couplings can be computed in the orbifold sigma-
model. One can thus verify the gravity prediction, which gives for the connected correlator
:C2 : a vanishing coefficient for the lowest order term z0z̄0:

:C2 : z,z̄→0−−−−→ O(zz̄) . (4.7)

The explicit expressions of the relevant single- and multi-trace operators in the MN/SN
orbifold theory are

Of = 1√
N

∑
r

Of(r) , :O 2
f : = 1√(N

2
) ∑
r<s

Of(r)Of(s) , (4.8)

:OfOg : = 1√
N(N − 1)

∑
r 6=s
Of(r)Og(s) , :O 2

f Og : = 1√(N
2
)
(N − 2)

∑
r<s

t 6=r,s

Of(r)Of(s)Og(t) ,

where the subscripts (r), (s), . . . denote the N copies ofM. The operators Of(r) on different
copies are orthogonal

〈Of(r)Og(s)〉 = δf,gδr,s , (4.9)
and the N -dependent prefactors in (4.8) have been chosen to normalise two-point functions
to 1. The relevant 3-point functions can then be immediately computed as

〈Ōf Ōg :OfOg :〉 =
(

1− 1
N

) 1
2
, 〈:Ō 2

f : Ōg :O 2
f Og :〉 =

(
1− 2

N

) 1
2
, (4.10)

and the coefficient of the z0z̄0 term in :C2 : is

:C2 :|z0,z̄0 =
∣∣〈:Ō 2

f : Ōg :O 2
f Og:〉

∣∣2 − 2
∣∣〈Ōf Ōg :OfOg:〉

∣∣2 + 1

=
(

1− 2
N

)
− 2

(
1− 1

N

)
+ 1 = 0 ; (4.11)
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the cancellation between the three terms, which come respectively from :C2 :, −2C1 and C0,
is thus in agreement with the gravity prediction (4.7).

4.2 The non-protected sector of the z, z̄ → 1 OPE

In the z, z̄ → 1 OPE channel the dynamical contribution is due to the exchange of non-
supersymmetric double-trace operators made of equal-flavour and opposite R-symmetry
constituents, of the type :Of Ōf :. At leading order in N , these operators are degenerate
with the more general class of double-traces :O(α,α̇)

f Ō(β,β̇)
g : and in order to see how this

degeneracy is lifted by 1/N corrections one needs to introduce a proper basis in the R-
symmetry and flavour space. As a first step, we separate the results into the irreducible
R-symmetry representations of the operators exchanged, which we characterise by their R-
charge (j, j̄). In the n = 1 case enough information is available in the literature to perform
a similar decomposition also in flavour space for all representations10 and hence in the first
subsection we derive the “unmixed” CFT data for the relevant anomalous dimensions. In
the second subsection we focus on the n = 2 correlator (3.8c) but limit ourselves only
to averaged CFT data, however, we point out that this is sufficient to obtain a further
consistency check of our results.

Though the results in (3.8a) and (3.8b) refer to correlators containing operators of
two different flavours and with the particular R-symmetry choice obtained by replacing Of
in (2.1) with the highest R-charge operator Of ≡ O++

f defined in (3.2), the analysis of the
following subsections would require a more general class of correlators11

:Cαα̇, ββ̇n,f1f2f3f4
: = 〈 :(O−−f1

)n: :(O++
f2

)n: Oαα̇f3 O
ββ̇
f4
〉 . (4.12)

These are known for generic flavour and R-symmetry indices only for n = 1, whose expres-
sions at order 1/N we summarise in appendix B.

To carry out the program outlined above and separate the different irreducible rep-
resentations in the flavour and R-symmetry space, we need to introduce the appropriate
projectors. For the flavour part, the exchanged operator in the z → 1 Euclidean OPE sits
in the product of two fundamental SO(Nf ) representations and can be decomposed in the
singlet, symmetric-traceless and anti-symmetric irreps, whose contributions to (4.12) can
be selected by using the projection operators

Psing
f3f4, g3g4

= 1
Nf

δf3f4δg3g4 , (4.13a)

Psym
f3f4, g3g4

= 1
2

(
δf3g3δf4g4 + δf3g4δf4g3 −

2
Nf

δf3f4δg3g4

)
, (4.13b)

Pasym
f3f4, g3g4

= 1
2
(
δf3g3δf4g4 − δf3g4δf4g3

)
. (4.13c)

10At present this is true for correlators where the external operators have dimension h = h̄ = 1/2 and,
as discussed in [33], for generic dimensions in the case of non-singlet flavour representations.

11To avoid clutter, we suppress the z and z̄ dependence of correlators such as (4.12) throughout this
section. It should be understood that operators are always inserted as in (2.4).
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Similarly, for the R-symmetry we can separate the singlet (j = 0) and the triplet (j = 1)
in the product of the two SU(2)L doublets (α, β) using the projectors

Rαβ,γδ(j) = 1
2 σ

αβ
(j) σ

γδ
(j) where σαβ(0) =

(
0 −i
i 0

)
and σαβ(1) =

(
0 1
1 0

)
. (4.14)

Identical projectors R(j̄)
αβ,γδ with j̄ = 0, 1 act on the SU(2)R indices (α̇, β̇). The correla-

tor (4.12) can then be decomposed into its irreducible R-symmetry and flavour components
:Cflav
n (j,j̄) : as

:Cαα̇, ββ̇n,f1f2f3f4
: =

∑
j,j̄=0,1

∑
flav

σαβ(j) σ
α̇β̇
(j̄) P

flav
f1f2f3f4 :Cflav

n (j,j̄) : , (4.15)

where flav = sing, sym, asym. Given the linear relation (2.7) between the correlators :Cn :
and their connected combinations :Cn :, an identical decomposition defines the irreducible
components :Cflav

n (j,j̄) : of the connected correlators.

4.2.1 The n = 1 case and the double-trace CFT data

In this subsection we focus on the n = 1 correlators, which we give for arbitrary values
of the flavour and the R-symmetry indices in appendix B, extracting the OPE data for
the lowest twist double-trace operators exchanged in the z, z̄ → 1 channel. As standard
in the Euclidean OPE, we can expand each function Cflav

1 (j,j̄) defined in (4.15) as z, z̄ → 1
and rewrite the result in terms of global conformal blocks. The coefficients of this block
decomposition admit a large N expansion of the form∣∣∣cflav,k

(0)(j,j̄)

∣∣∣2 + 1
N

∣∣∣cflav,k
(1)(j,j̄)

∣∣∣2 + 1
N2

∣∣∣cflav,k
(2)(j,j̄)

∣∣∣2 +O
(
N−3) . (4.16)

The leading order coefficients
∣∣cflav,k

(0)(j,j̄)
∣∣2 are explained by the exchange of non-BPS double-

trace operators of the form (OŌ)k ∼ Of3∂
kŌf4 with conformal dimensions

hflav,k
(j,j̄) = 1 + k + γflav,k

(j,j̄) ≈ 1 + k + 1
N
γflav,k

(1)(j,j̄) + 1
N2 γ

flav,k
(2)(j,j̄) ,

h̄flav,k
(j,j̄) = 1 + γflav,k

(j,j̄) ≈ 1 + 1
N
γflav,k

(1)(j,j̄) + 1
N2 γ

flav,k
(2)(j,j̄) .

(4.17)

Then one has the identification

〈Ōf1Of2(OŌ)k〉〈(OŌ)kO
(α,α̇)
f3

O(β,β̇)
f4
〉Pflav
f1f2, f3f4 =

∣∣∣cflav,k
(0)(j,j̄)

∣∣∣2σαβ(j)σ
α̇β̇
(j̄) +O(N−1) . (4.18)

The subleading terms
∣∣cflav,k

(1)(j,j̄)
∣∣2, ∣∣cflav,k

(2)(j,j̄)
∣∣2 receive contributions both from the 1/N and

1/N2 corrections to the 3-point couplings in (4.18) and from the couplings with triple-
trace and quadruple-trace operators, which start at order 1/N and 1/N2 respectively. We
will not try to disentangle these different contributions, but simply extract the total 1/N
coefficients

∣∣cflav,k
(1)(j,j̄)

∣∣2, which are also the data computable from the inversion formula (as
done in appendix C).

However, the n = 1 correlators summarised in appendix B are sufficient to derive the
anomalous dimensions of the true conformal primaries at order O(1/N) for each value of
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k. Let us start from the contribution related to double-trace operators in the R-symmetry
singlet irrep (j, j̄) = (0, 0) and flavour singlet: we expand Csing

1 (0,0) up to order (1− z̄)0 and
keep the order of (1− z)t arbitrary and obtain

Csing
1 (0,0) ≈

∞∑
t=0

(1− z)t
[ 1

2N

( (t2 + t+ 2)Nf

(t+ 1)(t+ 2)(t+ 3) −
(
1 + δt,0

))
log |1− z|2 + 1 + δt,0

4

+ 1
N

(
AtNf +Bt

)]
+
∞∑
t=0

(−1)t(1− z)t+2

N |1− z|2
(t+ 1)Nf

2(t+ 2)(t+ 3) , (4.19)

where the first values of At and Bt are

At =
{
− 7

36 ,−
1
72 ,−

1
225 ,−

1
900 ,

61
44100 ,

23
7056 ,

293
63504 , . . .

}
,

Bt =
{1

2 ,−
1
4 ,−

1
6 ,−

1
6 ,−

7
40 ,−

11
60 ,−

4
21 , . . .

}
.

(4.20)

By focusing on the leading term in N , we can extract [55] a closed expression for the OPE
coefficients with a double-trace operator of dimension (h, h̄) = (k + 1, 1) +O(1/N)∣∣∣csing,k

(0)(0,0)

∣∣∣2 =
(
1 + (−1)k

) (k!)2

4(2k)! . (4.21)

As expected, only states with even spin are non-trivial. Likewise, by projecting along
the conformal blocks, from the term proportional to log |1 − z|2 we obtain the anomalous
dimensions∣∣∣csing,k

(0)(0,0)

∣∣∣2γsing,k
(1)(0,0) = (k!)2

2(2k)!

[(−1)k(k2 + k − 2)2

Γ(k + 4)Γ(3− k) Nf −
(
1 + (−1)k

)]
. (4.22)

We note that for k > 2 the first term in the square parenthesis vanishes (due to the Γ(3−k)
in the denominator) and the result for γ(1) agrees with that obtained from the Lorentzian
inversion relation [14], as seen for instance in [56] and in (C.39a) with n̄ = 0. Then the
pattern of these anomalous dimensions is

γsing,k
(1)(0,0) =

{
Nf

3 − 2, 0, 2Nf

15 − 2, 0,−2, 0,−2, 0, . . .
}
. (4.23)

In the case of AdS3 × S3 × T 4, we have Nf = 5 and all γsing,k
(1)(0,0) are negative down to

k = 0: this is also the case in N = 4 SYM [15]. However, for AdS3 × S3 × K3, one has
Nf = 21 and so the first two non-trivial values in (4.23), i.e. k = 0, 2, are positive. This
realises the possibility discussed in [34] where it was pointed out that the gravitational
interaction can counter-intuitively induce positive contributions to anomalous dimensions
for values of spin up to 2. Notice that double-trace operators whose leading coupling is
given by (4.21) can be viewed also as affine primaries. Since in each affine block there is
an infinite number of quasi-primaries, in the K3 theory we have quasi-primaries with the
same positive anomalous dimensions as the k = 0, 2 cases in (4.23) and arbitrarily high
spin. This is due to the peculiar fact that for 2D CFTs the currents, such as the stress
tensor, have twist zero.
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It is possible to use the Lorentzian inversion relation [14] to extract a closed form for
the 1/N terms in the expansion (4.16) of coefficients of global blocks with k > 2 and then
we use the explicit data (4.20) to fix the low k values:

∣∣∣csing,0
(1)(0,0)

∣∣∣2 = 1
2 −

7Nf

36 ,
∣∣∣csing,1

(1)(0,0)

∣∣∣2 = 0 ,
∣∣∣csing,2

(1)(0,0)

∣∣∣2 = 1
9 −

37Nf

2700 ,∣∣∣csing,k
(1)(0,0)

∣∣∣2 = 1 + (−1)k

4
(k!)2

(2k)!
(
4H2k − 4Hk − 1

)
for k > 2 ,

(4.24)

where the Hk =
∑k
n=1 n

−1 are harmonic numbers. It is straightforward to select the other
irreducible flavour representations and here we quote some key results, focusing always on
double-trace operators of the class Of3∂

kŌf4 . We note that for (j, j̄) = (0, 0) there are no
contributions of this type for the antisymmetric representation in the flavour indices. By
expanding the R-symmetry singlet and flavour symmetric traceless projection Csym

1 (0,0) we
find the following CFT data

∣∣∣csym,k
(0)(0,0)

∣∣∣2 =
(
1 + (−1)k

) (k!)2

4(2k)! , γsym,k
(1)(0,0) = −2 ∀ k even , (4.25)

and ∣∣∣csym,k
(1)(0,0)

∣∣∣2 = 1 + (−1)k

4
(k!)2

(2k)!
(
4H2k − 4Hk − 1

)
+ δk,0 . (4.26)

As a final example, we provide the anomalous dimensions for another R-symmetry
representation, that with (j, j̄) = (1, 0). In this case only double-trace operators with odd
values of k contribute and in the flavour-singlet sector we have the data

∣∣∣csing,k
(0)(1,0)

∣∣∣2 =
(
1 + (−1)k+1

) (k!)2

4(2k)! , γsing,k
(1)(1,0) =

{
0, Nf

3 − 2, 0,−2, 0,−2, . . .
}
, (4.27)

and ∣∣∣csing,k
(1)(1,0)

∣∣∣2 = 1 + (−1)k+1

4
(k!)2

(2k)!
(
4H2k − 4Hk − 1

)
− 7Nf

72 δk,1 . (4.28)

Once again these anomalous dimensions are all negative for Nf = 5, while in the K3
case γsing,1

(1)(1,0)
∣∣
Nf =21 = 5, a shifted spectrum compared with (4.23). Finally, in the flavour-

symmetric sector we have the data

∣∣∣csym,k
(0)(1,0)

∣∣∣2 =
(
1 + (−1)k+1

) (k!)2

4(2k)! , γsym,k
(1)(1,0) = −2 ∀ k odd , (4.29)

and ∣∣∣csym,k
(1)(1,0)

∣∣∣2 = 1 + (−1)k+1

4
(k!)2

(2k)!
(
4H2k − 4Hk − 1

)
. (4.30)

One final comment is that the c(1) data matches that computed from the inversion formula
in appendix C since in both cases what is being extracted is simply the coefficient of global
blocks, which as we have noted, does not necessarily give just the OPE coefficients of the
double-trace operators Ō∂kO due to the mixing with triple-traces.
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4.2.2 The n = 2 case

While we will not attempt a systematic analysis of the z, z̄ → 1 limit for the correlator
containing double-traces, we will show in an explicit example how to extract from the
correlator (3.8c) the OPE coefficients involving three double-trace operators.

A first general feature of the result (3.8c) is that there are no terms proportional to
log2 |1 − z|2 as z, z̄ → 1. From the CFT point of view this is the result of cancellation
between different terms entering in (2.9). In order to see this let us define, in analogy with
the n = 1 case (4.16), the couplings appearing in the OPE expansion: for instance for the
flavour singlet exchange we have

〈:Ō 2
f : :O 2

f : (ŌO)k〉〈(ŌO)kO(α,α̇)
g O(β,β̇)

g 〉Psing
ff, gg = M sing,k

(0)(j,j̄) σ
αβ
(j)σ

α̇β̇
(j̄) +O(N−1) , (4.31)

whereM(0) mixes information about the c(0) discussed in the previous section and new CFT
data 〈: Ō 2

f : : O 2
f : (ŌO)k〉 capturing the couplings between three double-trace operators.

As explained above, the subleading coefficients M(1) and M(2) mix the 1/N and 1/N2

corrections to the couplings in (4.31) with new couplings of triple- or quadruple-trace
primaries. The leading order M(0) can be easily derived by using the generalised free
theory at infinite N which is described by the correlators

〈:(O−−f1
)2: :(O++

f2
)2: O++

f3
O−−f4

〉 ≈ 1
|1− z|2

[
δf1f2δf3f4 + 2|1− z|2δf1f3δf2f4

]
,

〈:(O−−f1
)2: :(O++

f2
)2: O−−f3

O++
f4
〉 ≈ 1
|1− z|2

[
δf1f2δf3f4 + 2|1− z|2

|z|2
δf1f4δf2f3

]
,

〈:(O−−f1
)2: :(O++

f2
)2: O+−

f3
O−+
f4
〉 ≈ − 1

|1− z|2
δf1f2δf3f4 ,

〈:(O−−f1
)2: :(O++

f2
)2: O−+

f3
O+−
f4
〉 ≈ − 1

|1− z|2
δf1f2δf3f4 ,

(4.32)

where, as usual, we assumed that the double-trace operators are normalised to one. Then
it is straightforward to project these results onto the R-symmetry and flavour irreducible
representations, as done before, and obtain

M sing,k
(0)(0,0) = 2

∣∣∣csing,k
(0)(0,0)

∣∣∣2 , M sing,k
(0)(1,0) = 2

∣∣∣csing,k
(0)(1,0)

∣∣∣2 ,
M sym,k

(0)(0,0) = 2
∣∣∣csym,k

(0)(0,0)

∣∣∣2 , M sym,k
(0)(1,0) = 2

∣∣∣csym,k
(0)(1,0)

∣∣∣2 , (4.33)

where the extra factor of 2 simply follows from the fact that there are twice as many
generalised free field diagrams connecting the single- and double-trace operators.

The next contribution to :C2 :, beyond the one captured by the generalised free theory,
is given in (3.8c). Notice that each term in that result is multiplied by a factor of |z|2 as
is the case for the terms with D-functions in (B.2a). This reflects a particular choice of
R-symmetry quantum numbers. We can perform the projection on the R-symmetry singlet
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exactly as for the n = 1 correlators and obtain

:C2,(0,0) : = 1+z+z̄+|z|2

N2

[
6i(z + z̄)(z2 + 10zz̄ + z̄2)

(z − z̄)5 P4(z, z̄)− 12(z2 + 4zz̄ + z̄2)
(z − z̄)4 P3(z, z̄)

+ 8i(z + z̄)
(z − z̄)3 P2(z, z̄) + 2

(z − z̄)2 log |1− z|+ (z + z̄ − 2zz̄)
(z − z̄)2|1− z|2 log |z|

+ (z + z̄)
|1− z|2(z − z̄)2

(
log |z|

)2]
. (4.34)

We don’t have enough data to perform also the decomposition on the flavour irreducible
representations since this would require a generalisation of eq. (3.4) to the equal flavour
case. Thus from now on we focus on the correlator (4.34) with a pair of fixed (and different)
flavours. On general grounds, by focusing on the (1 − z)0(1 − z̄)0 terms in the z, z̄ → 1
expansion of the connected combination :C2 :, we have up to order O(1/N)

:C2,(0,0) : ≈
∑
flav
Pflav
ff, gg

{
Mflav,0

(0),(0,0) − 2
∣∣∣cflav,0

(0),(0,0)

∣∣∣2 (4.35)

+ 1
N

[
Mflav,0

(1),(0,0)− 2
∣∣∣cflav,0

(1),(0,0)

∣∣∣2+
(
Mflav,0

(0),(0,0) − 2
∣∣∣cflav,0

(0),(0,0)

∣∣∣2)γflav,0
(1),(0,0) log |1−z|2

]}
,

where the sum is over the flavour representations ‘flav’ of the double-trace operator ex-
changed. Since the correlator under investigation has two pairs of external states with
different flavours we have to take f 6= g in the projectors (4.13). We know that the n = 2
connected correlators start at order O(1/N2), so the contributions in (4.35) must cancel.
The first line vanishes thanks to the constraints (4.33), following from the generalised free
theory and the same is true for the term proportional to log |1−z|2 in the second line. The
absence of a rational term of order 1/N yields a relation between the couplings at O(1/N)(

M sing,0
(1),(0,0) − 2

∣∣∣csing,0
(1),(0,0)

∣∣∣2)− (M sym,0
(1),(0,0) − 2

∣∣∣csym,0
(1),(0,0)

∣∣∣2) = 0 . (4.36)

We then consider the order O(1/N2) terms in the OPE expansion (4.35)

:C2,(0,0) : ≈ 1
N2

∑
flav
Pflav
ff, gg

{
Mflav,0

(2),(0,0) − 2
∣∣∣cflav,0

(2),(0,0)

∣∣∣2 +
[(
Mflav,0

(0),(0,0) − 2
∣∣∣cflav,0

(0),(0,0)

∣∣∣2)γflav,0
(2),(0,0)

+
(
Mflav,0

(1),(0,0) − 2
∣∣∣cflav,0

(1),(0,0)

∣∣∣2)γflav,0
(1),(0,0)

]
log |1− z|2

+ 1
2

(
Mflav,0

(0),(0,0) − 2
∣∣∣cflav,0

(0),(0,0)

∣∣∣2)(γflav,0
(1),(0,0)

)2
log2 |1− z|2

}
. (4.37)

Again, thanks to (4.33) the last line vanishes, thus explaining the absence of terms propor-
tional to log2 |1− z|2 in the OPE expansion of the holographic results. The same pattern
holds for the term proportional to γ(2) in the first line. Thus the term with log |1 − z|2 is
determined by data at order O(1/N). The extension of the analysis to exchanged operators
of the form (OŌ)k>0 ∼ Of3∂

k>0Ōf4 is complicated by the fact that they can mix, at order
in 1/N , with triple-trace primaries. We leave this analysis for the future.
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5 Summary and outlook

We have studied correlation functions involving two single-trace and two multi-trace light
operators obtained from the light limit of HHLL holographic correlators. Since these HHLL
correlators are computed from quadratic fluctuations around the classical supergravity
background dual the heavy operator, it is the connected tree-level Witten diagram con-
tributions to these n-trace correlators that are extracted. By way of a particular HHLL
correlator, whose expression is known exactly in momentum space, we derived explicit ex-
pressions for correlation functions involving double-trace operators (3.8c) (for correlators
involving higher multi-trace operators see (A.12)). The justification for our method of con-
struction is that the behaviour of these multi-trace correlators in the various OPE channels
is consistent in all of the checks we perform, for example, we reproduce the behaviour of
the n = 2 correlator in the z̄ → 1 light-cone limit — dominated by the exchange of currents
— from suitable conformal blocks and in the z, z̄ → 0 Euclidean OPE from calculations at
the free point involving protected multi-trace operators.

Since 4-point multi-trace correlators can be viewed as a particular kinematical limit
of higher-point correlation functions of single-traces, we argued that, for 6-point functions
and higher, there are Witten diagrams that cannot be reduced to a finite sum of contact
diagrams. Hence, the usual D-functions are not be a sufficient basis of functions for this
class of correlators. Indeed, from expressions such as (3.8c), we see that the new ingredi-
ent appearing in correlators with multi-traces are the Bloch-Wigner-Ramakrishnan poly-
logarithm functions. These are particular combinations of (higher-order) polylogarithm
functions exhibiting simpler analytic properties than the “bare” polylogarithms.

It would be interesting to see whether other explicit computations of higher-point
holographic correlators, in any kinematic limit, also have natural descriptions in terms
of Bloch-Wigner-Ramakrishnan polylogarithms — in AdS3 or otherwise. We believe that
these functions appear generically in holographic correlators involving multi-trace oper-
ators. Furthermore, we have argued that despite such correlators derived from HHLL
correlation functions not being exactly equal to those obtained from an OPE limit of
higher-point functions, their functional structure is the same. Thus the conclusions made
about the generic appearance of Bloch-Wigner-Ramakrishnan polylogarithm functions in
multi-trace correlation functions apply to higher-order correlators as well. However, there
might exist an even more appropriate basis of functions, possibly with a simple description
in Mellin space. This new basis would contain higher-order analogues of the D∆1,∆2,∆3,∆4

functions, commonly appearing in holographic correlators (see for example [3, 4]) which
are just constants when written in Mellin space [8]. It would be interesting to find a Mellin
description of our multi-trace connected correlators, however, the correlators with a simple
Mellin form are likely to be those involving multi-trace operators formed from the OPE
limit of single-trace operators, rather than those we have obtained from a HHLL correlator.
If such Mellin transforms were to be found, it would be interesting to see whether they
are related to the corresponding tree-level Feynman diagrams (see figures 1 and 2), with
some of the Mellin-variables set to zero in order to implement the relevant OPE limit. A
Mellin space formulation would also provide an explicit avenue towards the flat-space limit
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where checks with the relevant amplitudes in Minkowski space [57, 58] could be made.
For a summary of the Mellin space description of a wide class of AdS3 × S3 holographic
correlators of single-trace operators see [59].

The known correlators of the n = 1 type are sufficient to extract dynamical data,
such as the anomalous dimensions, of individual R-symmetry and flavour irreducible rep-
resentations for the family of non-protected double-trace operators of the form Ōf∂kOg
exchanged in the z, z̄ → 1 OPE channel. This unmixed data of such operators (that are
degenerate at leading order in large N) yields the result that, for the theory on K3, the
anomalous dimensions for exchanged operators of spin k ≤ 2 are positive. To the best of
our knowledge, this gives the first known example of a theory with such behaviour — the
possibility of which was first discussed in [34]. Using the n = 2 correlators it is possible to
derive constraints on the 3-point coupling involving 3 double-trace operators, of the form
〈: Ō 2

f : :O 2
f : (ŌO)k=0〉. For k > 0, there is non-trivial mixing of these primaries with new

triple-trace primaries. The full unmixing of these operators’ data would require the input
of a correlator involving two double-trace and two single-trace operators, all with identical
flavour index. Such a correlator is not known currently.

Considering the very different qualitative behaviours of the order 1/N anomalous di-
mensions of the double-trace operators Ō∂kO in the cases of the theory compactified on T 4

and K3, is it possible that this suggests a fundamental difference between these theories.
It would be interesting here to have access to similar LLLL correlators but containing dif-
ferent single-trace operators in order to see whether this pattern in anomalous dimensions
is upheld by other families of double-trace operators in these theories.

The smoothness of the limit of correlators between our “heavy scaling regime” in which
the dimension of the multi-trace operators O n scales as ∆n ∼ c and the “light scaling
regime” in which ∆n ∼ 1 may be an unexpected feature, but there is now a mounting body
of evidence that this is the case [18–20]. The fact that correlation functions of four light op-
erators have been demonstrated to be obtainable from HHLL correlators begs the question
of whether also correlators involving operators of intermediate dimensions are smoothly
related. Two classes of such operators are the BMN [60, 61] and other semiclassical states
with dimensions scaling as ∆ ∼ c1/4 and possibly giant graviton states [62] with ∆ ∼ c1/2.
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A Derivation of connected multi-particle correlators

In this appendix we give details on the derivation of the closed form expressions for the
correlators in (3.8). In addition, we present higher order connected correlation functions
that are not discussed in the main text, together with explicit expressions of the Bloch-
Wigner-Ramakrishnan polylogarithm functions appearing in them.

The starting point is the HHLL correlation function from eq. (3.45) of [17], which for
completeness we reproduce here

:C : (τ, σ) =
(

1− B2

N

) ∞∑
k=1

∑
`∈Z

ei`σ
exp

[
−i(|`|+ 2k)

√
1− B2

N

(
1− `2

(|`|+2k)2

)
τ

]
√

1− B2

N

(
1− `2

(|`|+2k)2

) . (A.1)

The above expression is written in terms of the dimensionless coordinates (τ, σ), related to
the coordinates (t, y) of the boundary of AdS3 through

τ = t

Ry
, σ = y

Ry
, (A.2)

with Ry being the radius of the spatial circle, so that y ∼ y+ 2πRy. Despite being written
in terms of the cylinder coordinates (τ, σ), the expression in (A.1) represents the correlator
on the plane, whose complex coordinates z and z̄ are defined by

z ≡ ei(τ+σ) , z̄ ≡ ei(τ−σ) . (A.3)

In the following we will always work on the Euclidean patch, obtained by the usual Wick
rotation τ → −iτe, or on its analytically continued version with z and z̄ being independent
complex coordinates with z̄ 6= z∗. Our goal is to rewrite the correlator (A.1) in the form
of (3.7) and so we expand in B2/N

:C : (τ, σ) =
∞∑
n=0

(
B2

N

)n ∑
`∈Z

∞∑
k=1

fn(τ) ei`σ−i(|`|+2k)τ , (A.4)

where we assumed that the sums are well behaved so that their order can be exchanged. By
comparing (A.4) with (3.7), we can extract the connected tree-level correlation functions
at each order in B2/N to get

:Cn : = n!
Nn

∑
`∈Z

∞∑
k=1

fn(τ) ei`σ−i(|`|+2k)τ , (A.5)

and in what follows we show how to systematically evaluate these double sums.
In (A.4) we denote by fn(τ) polynomial functions of τ (generically of degree n), which

are read off by performing the explicit expansion of (A.1). The first few are given by

f0(τ) = 1 , (A.6a)

f1(τ) = −1
2 −

`2

2(|`|+ 2k)2 − iτ
(

`2

2(|`|+ 2k) −
(|`|+ 2k)

2

)
, (A.6b)
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f2(τ) = −1
8 + 3`4

8(|`|+ 2k)4 −
`2

4(|`|+ 2k)2

− iτ
(
− 3`4

8(|`|+ 2k)3 + `2

4(|`|+ 2k) + (|`|+ 2k)
8

)

+ (−iτ)2
(
−`

2

4 + `4

8(|`|+ 2k)2 + (|`|+ 2k)2

8

)
, (A.6c)

f3(τ) = − 1
16 −

5`6

16(|`|+ 2k)6 + 9`4

16(|`|+ 2k)4 −
3`2

16(|`|+ 2k)2

− iτ
(

5`6

16(|`|+ 2k)5 −
9`4

16(|`|+ 2k)3 + 3`2

16(|`|+ 2k) + (|`|+ 2k)
16

)

+ (−iτ)2
(
−`

2

8 −
`6

8(|`|+ 2k)4 + `4

4(|`|+ 2k)2

)

+ (−iτ)3
(

`6

48(|`|+ 2k)3 −
`4

16(|`|+ 2k) + `2(|`|+ 2k)
16 − (|`|+ 2k)3

48

)
. (A.6d)

Since f0(τ) is trivial, it follows simply that

C0 =
∑
`∈Z

∞∑
k=1

ei`σ−i(|`|+2k)τ (A.7a)

= 1(
1− ei(τ+σ)) (1− ei(τ−σ)) = −

Li0
(
e−i(τ+σ)

)
1− e−2iσ +

Li0
(
e−i(τ−σ)

)
1− e2iσ

 , (A.7b)

where in the last equality we have used that Li0 (x) = x/(1 − x). Finally, by using the
complex coordinates given in (A.3) the correlator can be expressed in the simple form

C0(z, z̄) = 1
|1− z|2

. (A.8)

To find closed form expressions for higher order correlators we observe that the poly-
nomials fn(τ) are generically of the form

fn(τ) =
n∑
p=0

n∑
q=0

aq
(2n)!! (−iτ)p `2q (|`|+ 2k)p−2q , (A.9)

where aq ∈ Z are some integers. Since in (A.5), these functions are multiplied by
ei`σ−i(|`|+2k)τ , the appropriate powers of ` and (|`| + 2k) can be obtained term-wise by
differentiation or integration of (A.7a) using12

i∂τC0 =
∑
`∈Z

∞∑
k=1

(|`|+ 2k) ei`σ−i(|`|+2k)τ , (A.10a)

1
i

∫ τ

dτ1C0 =
∑
`∈Z

∞∑
k=1

1
|`|+ 2k e

i`σ−i(|`|+2k)τ , (A.10b)

−i∂σC0 =
∑
`∈Z

∞∑
k=1

` ei`σ−i(|`|+2k)τ , (A.10c)

12Integration over σ is not needed since ` appears only with positive powers in (A.9).
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where we have chosen the constant of integration in (A.10b) to vanish. Importantly, we
assume that the sums on the right-hand side of these expressions are convergent so that
term-wise differentiation and integration is well defined.

In practice, the left-hand side of (A.10) is obtained by using (A.7b) written in terms of
Li0 functions, since in that form the τ variable appears only in the polylogarithm functions.
Thus one can use the recursion relations (3.11) to show that

I τn (τ, σ) ≡


(i)n ∂nτ C0 n ≥ 0

(i)n
∫ τ dτ1

∫ τ1 dτ2
∫
. . .
∫ τ|n|−1 dτ|n|C0 n < 0

= −

Li−n
(
e−i(τ+σ)

)
1− e−2iσ +

Li−n
(
e−i(τ−σ)

)
1− e2iσ

 , (A.11)

which gives a closed form expression for any integer power of (|`|+ 2k) appearing in (A.9).
Differentiating (A.11) with respect to σ is trivial, but cumbersome, and we are not aware
of any closed form expression for such an action. However, since τ and σ are independent
one can always perform any τ operation first, after which the remaining σ differentiation
is easily performed. All in all, this allows us to algorithmically translate the expansion
polynomials fn(τ) into connected tree-level correlators at any order and after rewriting the
results in terms of z and z̄, we get

C0(z, z̄) = 1
|1− z|2 , (A.12a)

C1(z, z̄) = 1
N

[
− i

2r2 P2(z, z̄) + 1
2r1

(
2 log |1− z|+ z + z̄ − 2zz̄

|1− z|2 log |z|
)
− 1
|1− z|2

]
,

(A.12b)

:C2 : (z, z̄) = 2
N2

[3i
8 r4 P4(z, z̄) + 3

2r3 P3(z, z̄) + 2ir2

(
P2(z, z̄)− i

8
z − z̄
|1− z|2

(
log |z|

)2)
− 1

2r1

(
2 log |1− z|+ z + z̄ − 2zz̄

|1− z|2 log |z|
)]

, (A.12c)

:C3 : (z, z̄) = 6
N3

[
− 5i

16r6

(
P6(z, z̄) + 1

15
(

log |z|
)2
P4(z, z̄)

)
− 15

8 r5

(
P5(z, z̄)

+ 1
15
(

log |z|
)2
P3(z, z̄)

)
− 33i

8 r4

(
P4(z, z̄) + 2

33
(

log |z|
)2
P2(z, z̄)

)
− 4r3

(
P3(z, z̄)− 1

24
(

log |z|
)2 log |1− z| − 1

48
z + z̄ − 2zz̄
|1− z|2

(
log |z|

)3)
− 3i

2 r2

(
P2(z, z̄)− i

6
z − z̄
|1− z|2

(
log |z|

)2)]
, (A.12d)

:C4 : (z, z̄) = 24
N4

[ 35i
128r8

(
P8(z, z̄) + 2

21
(

log |z|
)2
P6(z, z̄)

)
+ 35

16r7

(
P7(z, z̄)

+ 2
21
(

log |z|
)2
P5(z, z̄)

)
+ 55i

8 r6

(
P6(z, z̄) + 31

330
(

log |z|
)2
P4(z, z̄)

)
+ 85

8 r5

(
P5(z, z̄) + 23

255
(

log |z|
)2
P3(z, z̄)

)
+ 65i

8 r4

(
P4(z, z̄)

– 27 –



J
H
E
P
0
9
(
2
0
2
1
)
2
0
4

+ 16
195

(
log |z|

)2
P2(z, z̄)− i

6240
z − z̄
|1− z|2

(
log |z|

)4)+ 5
2r3

(
P3(z, z̄)

− 1
15
(

log |z|
)2 log |1− z| − 1

30
z + z̄ − 2z z̄
|1− z|2

(
log |z|

)3)]
, (A.12e)

where rn denote rational functions of z and z̄ defined as

rn ≡
(
z∂z − z̄∂z̄

)n (z + z̄

z − z̄

)
. (A.13)

We see that higher-order correlation functions involve higher order generalised Bloch-
Wigner-Ramakrishnan polylogarithm functions, as defined in section 3. The explicit forms
of P2, P3 and P4 are given in (3.17), while the next few read

P5(z, z̄) = 1
2

[
Li5 (z) + Li5 (z̄)− log |z|

(
Li4 (z) + Li4 (z̄)

)
+ 1

3
(

log |z|
)2(Li3 (z) + Li3 (z̄)

)
+ 2

45
(

log |z|
)4 log |1− z|

]
, (A.14a)

P6(z, z̄) = 1
2i

[
Li6 (z)− Li6 (z̄)− log |z|

(
Li5 (z)− Li5 (z̄)

)
+ 1

3
(

log |z|
)2(Li4 (z)− Li4 (z̄)

)
− 1

45
(

log |z|
)4(Li2 (z)− Li2 (z̄)

)]
, (A.14b)

P7(z, z̄) = 1
2

[
Li7 (z) + Li7 (z̄)− log |z|

(
Li6 (z) + Li6 (z̄)

)
+ 1

3
(

log |z|
)2 (Li5 (z) + Li5 (z̄)

)
− 1

45
(

log |z|
)4(Li3 (z) + Li3 (z̄)

)
− 4

945
(

log |z|
)6 log |1− z|

]
, (A.14c)

P8(z, z̄) = 1
2i

[
Li8 (z)− Li8 (z̄)− log |z|

(
Li7 (z)− Li7 (z̄)

)
+ 1

3
(

log |z|
)2(Li6 (z)− Li6 (z̄)

)
− 1

45
(

log |z|
)4(Li4 (z)− Li4 (z̄)

)
+ 2

945
(

log |z|
)6(Li2 (z)− Li2 (z̄)

)]
. (A.14d)

We note that when fully written out the expressions (A.12) match (3.8).

B Summary of the n = 1 correlators

To order 1/N all 4-point correlations functions of matter fields s1 in AdS3 × S3 are
known [12, 18]. Using the notation

Cαα̇,ββ̇1, f1f2f3f4
≡ 〈O−−f1

(0)O++
f2

(∞)Oαα̇f3 (1)Oββ̇f4
(z, z̄)〉 , (B.1)

one finds the following expressions

C++−−
1, f1f2f3f4

= 1
|1− z|2

[(
1− 1

N

)(
δf1f2δf3f4 + |1− z|2δf1f3δf2f4

)
+ 2
Nπ
|1− z|2|z|2

×
(
δf1f2δf3f4D̂1122(z, z̄) + δf1f4δf2f3D̂2112(z, z̄) + δf1f3δf2f4D̂1212(z, z̄)

) ]
,

(B.2a)
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C−−++
1, f1f2f3f4

= 1
|1− z|2

[(
1− 1

N

)(
δf1f2δf3f4 + |1− z|

2

|z|2
δf1f4δf2f3

)
+ 2
Nπ
|1− z|2

×
(
δf1f2δf3f4D̂1122(z, z̄) + δf1f4δf2f3D̂2112(z, z̄) + δf1f3δf2f4D̂1212(z, z̄)

) ]
,

(B.2b)

C+−−+
1, f1f2f3f4

= − 1
|1− z|2

[(
1− 1

N

)
δf1f2δf3f4 + 2

Nπ
|1− z|2z

(
δf1f2δf3f4D̂1122(z, z̄)

+ δf1f4δf2f3D̂2112(z, z̄) + δf1f3δf2f4D̂1212(z, z̄)
)]

, (B.2c)

C−++−
1, f1f2f3f4

= − 1
|1− z|2

[(
1− 1

N

)
δf1f2δf3f4 + 2

Nπ
|1− z|2z̄

(
δf1f2δf3f4D̂1122(z, z̄)

+ δf1f4δf2f3D̂2112(z, z̄) + δf1f3δf2f4D̂1212(z, z̄)
)]

. (B.2d)

In the above we use the compact notation D̂∆1,∆2,∆3,∆4 , which are specific combinations
of logarithms of z and z̄, and P2(z, z̄) — the second order Bloch-Wigner-Ramakrisnan
function13. These functions naturally arise in four-point correlation functions in the context
of the AdS/CFT correspondence [1, 63, 64]. For example, contact Witten diagrams in
AdSd+1 involving four operators with scaling dimensions ∆i, dual to scalar fields in the
bulk, can be written as an integral over four scalar bulk-to-boundary propagators [65, 66]

D∆1,∆2,∆3,∆4(~zi) =
∫
dd+1w

√
g

4∏
i=1

K∆i
(w; ~zi) , (B.3)

where we work in the Poincaré patch of AdSd+1 in Euclidean signature

ds2 = 1
ω2

0

(
dw2

0 + d~w 2
)
, (B.4)

with the flat d-dimensional boundary being located at w0 = 0 and ~zi with i = 1, 2, 3, 4
denoting four insertion points of the external operators on this boundary (see figure 3). In
this spacetime, bulk-to-boundary propagators take the form

K∆i
(w; ~zi) =

[
w0

w2
0 + (~w − ~zi)2

]∆i

, (B.5)

which, after introducing four Schwinger parameters ti, allows us to rewrite (B.3) as

D∆1,∆2,∆3,∆4(~zi) = Γ
(

∆̂− d
2

)∫ ∞
0

4∏
i=1

[
dti

t∆i−1
i

Γ(∆i)

]
πd/2

2T
∆̂
2

e
−
∑4

i,j=1 |~zij |2
titj
2T , (B.6)

where

~zij = ~zi − ~zj , ∆̂ =
4∑
i=1

∆i , T =
4∑
i=1

ti . (B.7)

13Note that while in the context of this paper it might have been more natural to denote D̂∆1,∆2,∆3,∆4

as P̂ (2)
∆1,∆2,∆3,∆4

, we retain the notation commonly used in the literature as generalisations involving higher
order BWR functions Pn are not known.
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O∆4(~z4)

Ō∆3(~z3)

w

O∆1(~z1)

Ō∆2(~z2)

Figure 3. The contact Witten diagram corresponding to the integral (B.3). Four scalar operator
insertions O∆i

with scaling dimensions ∆i interact via a quartic vertex in the bulk. In the expression
for D∆1,∆2,∆3,∆4 one has to integrate over all possible interaction points w.

By rewriting the integral in this form, one notices that differentiating D∆1,∆2,∆3,∆4 with
respect to |~zij |2 one obtains an expression which is proportional to the D-function related to
contact diagrams with operator insertions that have higher scaling dimensions, for example

∂

∂|~z12|2
D∆1,∆2,∆3,∆4(~zi) = −2∆1∆2

∆̂− d
D∆1+1,∆2+1,∆3,∆4 . (B.8)

Such relations become especially valuable, since in d = 2 one can evaluate

D1111(~zi) = 2πi
|~z13|2|~z24|2(z − z̄) P2(z, z̄) , (B.9)

where we used the conformal cross-ratios (A.3) and the second order Bloch-Wigner-
Ramakrishnan polylogarithm function (3.12). Furthermore, recall that in our analysis
we pick a specific gauge (2.3) and thus it is convenient to define a new set of functions

D̂∆1,∆2,∆3,∆4(z, z̄) ≡ lim
z2→∞

|z2|2∆2 D∆1,∆2,∆3,∆4(z1 = 0, z2, z3 = 1, z4 = z) , (B.10)

where zi, which denote points on the two-dimensional boundary, are now complex vari-
ables.14 Using this definition it follows that

D̂1111(z, z̄) = 2πi
z − z̄

P2(z, z̄) , (B.11)

while functions with higher values of the indices can be obtained from D̂1111 using the
derivative relations (B.8) together with several identities that D̂-functions satisfy, such as15

D̂∆2,∆1,∆3,∆4

(1
z
,

1
z̄

)
= |z|2∆4 D̂∆1,∆2,∆3,∆4(z, z̄) . (B.12)

14Note that D̂-functions are related to D̄-functions, which are often used in the literature [8, 65, 66], by

D̂∆1,∆2,∆3,∆4 (z, z̄) =
π Γ
(

∆̂−2
2

)
2
∏4

i=1 Γ(∆i)
|z|∆̂−2∆1−2∆4 |1− z|∆̂−2∆3−2∆4D̄∆1,∆2,∆3,∆4 (z, z̄) .

15Other identities can be found for example in [18, 41].
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Concretely, the functions appearing in (B.2) can be written explicitly as

D̂1122(z, z̄) = − 2πi
(z − z̄)2

[
z + z̄

z − z̄
P2(z, z̄) + log |1− z|2

2i + z + z̄ − 2|z|2

4i |1− z|2 log |z|2
]
, (B.13a)

D̂2112(z, z̄) = − 2πi
(z − z̄)2

[
2− z − z̄
z − z̄

P2(z, z̄) + z + z̄ − 2|z|2

4i |z|2 log |1− z|2 + log |z|2

2i

]
,

(B.13b)

D̂1212(z, z̄) = − 2πi
(z − z̄)2

[
2|z|2 − z − z̄

z − z̄
P2(z, z̄) + z + z̄ − 2

4i log |1− z|2 − z + z̄

2i log |z|2
]
.

(B.13c)

Let us conclude with the observation that the D̂-functions written above can be written
schematically as

D̂ ∼ f1(z, z̄)P2(z, z̄) + f2(z, z̄) log |1− z|2 + f3(z, z̄) log |z|2 , (B.14)

where fi(z, z̄) are some meromorphic functions of z and z̄. The same structure can also
be seen in D̂-functions with higher values for the indices and generalisations of (B.3)
corresponding to higher n-point contact diagrams, discussed for example in [31]. Since
D̂-functions form the main building blocks of 4-point correlation functions in AdS3 × S3,
it follows that correlators themselves should have the same structure.

C Double-trace data from the inversion formula

In this section we derive the anomalous dimensions and OPE coefficients that were pre-
sented in section 4.2.1 using the Lorentzian inversion formula [14, 67]. In particular, we
are interested in the OPE data of double-trace operators exchanged in the z, z̄ → 1 (or
equivalently z1 → z2) channel of the n = 1 correlator in (4.12), which can be extracted
from the singularities of the remaining two channels.

Begin by writing the four-point correlation function as

Cαα̇, ββ̇n=1,f1f2f3f4
= 〈O−−f1

(0)O++
f2

(∞)Oαα̇f3 (1)Oββ̇f4
(z, z̄)〉 = 1

|1− z|2G
αα̇, ββ̇
n=1,f1f2f3f4

(z, z̄) , (C.1)

where we used the conformal cross-ratios z, z̄ defined in (2.2). Here we find it convenient
instead to define

Z = z12z34
z13z24

, Z̄ = z̄12z̄34
z̄13z̄24

, (C.2)

which are related to the z, z̄ by

z = 1− Z , z̄ = 1− Z̄ , (C.3)

and as before zij = zi − zj . The use of these capitalised conformal cross-ratios allows us
to make close contact with [14] (see also [15, 56]). The s-channel OPE limit z1 → z2,
which corresponds to taking Z, Z̄ → 0, can be written as a sum over the exchange of
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quasi-primary operators, with spin k =
∣∣∣h− h̄∣∣∣ and scaling dimension ∆ = h + h̄. The

Lorentzian inversion formula states that for large enough spin the CFT data in the s-
channel is completely encapsulated by a function16

c(h, h̄) ≡ ct(h, h̄) + (−1)kcu(h, h̄) , (C.4)

which is analytic in spin and built from the information of the t-channel (Z → 1) and
u-channel (Z → ∞) of the correlator, with the details of the function depending on the
external operators and the dimension of the spacetime. Assuming h ≥ h̄, so that k =
h− h̄ and

h = ∆ + k

2 , h̄ = ∆− k
2 , (C.5)

in d = 2 and for the correlator (C.1), we use

ct(h, h̄) ≡ κ

2

∫ 1

0

dZ

Z2
dZ̄

Z̄2 gh(Z) g1−h̄(Z̄) dDisc
[
G(Z, Z̄)

]
, (C.6)

where

κ = Γ4(h)
2π2 Γ(2h− 1) Γ(2h) , (C.7a)

gh(Z) = zh 2F1(h, h, 2h, Z) . (C.7b)

The double discontinuity that picks out the relevant singularities we take to be

dDisc
[
G(Z, Z̄)

]
≡ G(Z, Z̄)− 1

2
(
G�(Z, Z̄) + G	(Z, Z̄)

)
, (C.8)

where we analytically continue around Z = 1, while leaving Z̄ fixed as17

G�(Z, Z̄) : (1− Z)→ e−2πi(1− Z) , (C.9a)
G	(Z, Z̄) : (1− Z)→ e2πi(1− Z) . (C.9b)

The function cu(h, h̄) can be obtained in a similar manner, only that the analytic continu-
ation is performed around Z →∞. In practice, this can be done by swapping z1 ↔ z2, so
that z → z−1 and z̄ → z̄−1 followed by using (C.3), in which case one can again analytically
continue around Z = 1 as in (C.9).

The CFT data is contained in the analytic structure of the inversion function. The
location of simple poles gives information about the twists of the exchanged quasi-primary
operators, while the residue at that pole is related to the coefficients of global blocks in
the s-channel. If only one quasi-primary for given conformal dimensions contributes to the
correlator under question, these coefficients will simply be the square of the OPE coeffi-
cients of external operators with the quasi-primary. The precise form of (C.4) near a pole

16Here we suppress flavour and R-symmetry indices until we consider specific correlators.
17Note that in [14] the analytic continuation is performed around Z̄ = 1, however, there h and h̄ are

exchanged as compared to (C.5).
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corresponding to the exchange of a quasi-primary with left- and right-moving conformal
dimensions (hp, h̄p) is given by

c(h, h̄) ∼ −1
2
C 2
hp,h̄p

h̄− h̄p
, (C.10)

where the factor of 1/2 comes from replacing the twist ∆− k with h̄.
We aim to reproduce the CFT data of double-trace operators exchanged in the

s-channel of (C.1), having the schematic form (OŌ)n̄,k ∼ Of3∂
n̄+k∂̄n̄Ōf4 , for which at

large N

hn̄,k = 1 + n̄+ k +
γn̄,k(1)
N

+O(1/N2) , (C.11a)

h̄n̄,k = 1 + n̄+
γn̄,k(1)
N

+O(1/N2) , (C.11b)

with γn̄,k(1) denoting the anomalous dimensions. We also expand the residues in large N
(see section 4.2.1 for a more detailed discussion on the relation of these coefficients to the
3-point functions of the double-trace operators (OŌ)n̄,k)

C 2
hph̄p

=
∣∣cn̄,k(0)

∣∣2 + 1
N

∣∣cn̄,k(1)
∣∣2 +O(1/N2) . (C.12)

Inserting these expressions into (C.10) and expanding in 1/N yields

c(h, h̄) ≈ −1
2

 |cn̄,k(0) |
2

h̄− (1 + n̄)
+ 1
N

 |cn̄,k(1) |
2

h̄− (1 + n̄)
+
|cn̄,k(0) |

2 γn̄,k(1)(
h̄− (1 + n̄)

)2
+O(1/N2) , (C.13)

and thus one is able to extract the unknown quantities by analysing poles of different
degrees at h̄ = 1 + n̄, order by order in the large N expansion. In particular, to make
contact with the analysis of section 4.2.1, we focus on the minimal-twist operators18

(OŌ)k ∼ Of3∂
kŌf4 , with n̄ = 0, for which we can extract the CFT data by other in-

dependent methods as well.
Let us now consider the specific example of the n = 1 correlator (4.12) in the R-

symmetry singlet projection

G(0,0)
1, f1f2f3f4

(z, z̄) =
(

1− 1
N

)(
δf1f2δf3f4 + |1− z|

2

4 δf1f3δf2f4 + |1− z|
2

4|z|2 δf1f4δf2f3

)

+ |1− z|
2

Nπ

|1 + z|2

2
(
δf1f2δf3f4D̂1122(z, z̄) + δf1f4δf2f3D̂2112(z, z̄)

+ δf1f3δf2f4D̂1212(z, z̄)
)
. (C.14)

18To avoid the cluttering of indices and to have notation consistent with section 4, the CFT data of
double-traces with n̄ = 0 will only have a single index k denoting the spin of the exchanged operator, for
example γk

(1) ≡ γ
n̄=0,k
(1) .
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We first analyse the t-channel contribution ct(h, h̄) to the inversion formula. Begin by
using (C.3) to rewrite G(0,0)

1, f1f2f3f4
in terms of Z and Z̄, expand the expression in19 (1−Z)/Z

to find

G(0,0)
1, f1f2f3f4

(1− Z, 1− Z̄) ∼ δf1f4δf2f3

4 G̃(0,0)
1 (Z̄) Z

1− Z + . . . , (C.15)

where

G̃(0,0)
1 (Z̄) =

[
Z̄

1− Z̄
− 1
N

(
Z̄

1− Z̄
+
(

2 Z̄

1− Z̄
+ Z̄2

(1− Z̄)2

)
log Z̄

)]
. (C.16)

In (C.15) we only show terms that are non-vanishing after taking the double discontinu-
ity (C.8), which are poles and double logarithms at Z = 1. After inserting (C.15) into (C.6)
the integrals factorise to give

ct(h, h̄) = δf1f4δf2f3

4
κ

2

∫ 1

0

dZ

Z2 gh(Z) dDisc
[

Z

1− Z

] ∫ 1

0

dZ̄

Z̄2 g1−h̄(Z̄) G̃(0,0)
1 (Z̄) . (C.17)

The integral involving the double discontinuity has to be evaluated with extra care.
Begin by noting that for a generic exponent p [14, 15]

dDisc
[(1− Z

Z

)p ]
= 2 sin2(pπ)

(1− Z
Z

)p
, (C.18)

which would naïvely vanish for integer p, however, the resulting double root precisely
cancels out a double pole arising from the integral over Z. Let us rewrite (C.17) as

ct(h, h̄) = δf1f4δf2f3

4
κ

2 lim
p→−1

∫ 1

0

dZ

Z2 gh(Z) dDisc
[(1− Z

Z

)p ] ∫ 1

0

dZ̄

Z̄2 g1−h̄(Z̄) G̃(0,0)
1 (Z̄)

= δf1f4δf2f3

4
κ

2 lim
p→−1

[
2 sin2(pπ) Ip(h)

]
(C.19)

×
[
I−1(1− h̄)− 1

N

(
I−1(1− h̄) + 2J −1(1− h̄) + J −2(1− h̄)

)]
,

where we defined

Ia(h) ≡
∫ 1

0

dZ

Z2 gh(Z)
(1− Z

Z

)a
= Γ(2h) Γ2(a+ 1) Γ(h− a− 1)

Γ2(h) Γ(h+ a+ 1) , (C.20a)

J a(h) ≡
∫ 1

0

dZ̄

Z̄2 gh(Z̄)
(

1− Z̄
Z̄

)a
log Z̄ . (C.20b)

Integral (C.20a) is evaluated following [15] and using this closed from expression we get

2 sin2(pπ)Ip(h) = 2π2 Γ(2h) Γ(h− p− 1)
Γ2(h) Γ(h+ p+ 1) Γ2(−p) , (C.21)

which vanishes only for non-negative integer values of p. It also follows that

κ lim
p→−1

[
2 sin2(pπ) Ip(h)

]
= Γ2(h)

Γ(2h− 1) . (C.22)

19The choice of this particular combination of Z is convenient as it allows us to evaluate the integrals
that appear in the inversion function in a closed form [14, 15].
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Next, we can repeat this procedure for the u-channel of (C.14). As already discussed,
we swap z1 ↔ z2 causing z → z−1 and z̄ → z̄−1, followed by the change to Z, Z̄ variables
using (C.3). Extracting the singular terms at Z = 1 yields

G(0,0)
1, f1f2f3f4

( 1
1− Z ,

1
1− Z̄

)
∼ δf1f3δf2f4

4 G̃(0,0)
1 (Z̄) Z

1− Z + . . . , (C.23)

with the function of Z̄ again being given by (C.16).20 Since this expansion is identical
to (C.15) up to the exchange of flavour indices δf1f4δf2f3 ↔ δf1f3δf2f4 , one can simply repeat
the procedure applied to the t-channel and obtain the full inversion function for (C.14)

c(h, h̄) = δf1f4δf2f3 + (−1)kδf1f3δf2f4

4
Γ2(h)

2Γ(2h− 1)

×
[
I−1(1− h̄)− 1

N

(
I−1(1− h̄) + 2J −1(1− h̄) + J −2(1− h̄)

)]
. (C.24)

Functions of h̄ in (C.24) contain poles that allow us to extract CFT data. Let us first
consider

Ia(1− h̄) = Γ(2− 2h̄) Γ2(a+ 1) Γ(−h̄− a)
Γ2(1− h̄) Γ(2 + a− h̄)

, (C.25)

with generic a. The relevant poles21 arise whenever the argument of Γ(−h̄ − a) is a non-
positive integer, where the gamma function behaves as

Γ(−h̄− a) ∼ −(−1)n̄

n̄!
1

h̄− (n̄− a)
, h̄→ n̄− a , n̄ = 0, 1, 2, . . . . (C.26)

Expanding Ia(1− h̄) around this value yields

Ia(1− h̄) ∼ − (−a) 2
n̄

n̄! (n̄− 2a− 1)n̄
1

h̄− (n̄− a)
, (C.27)

where (x)n = Γ(x+n)/Γ(x) = (−1)nΓ(1− x)/Γ(1− x− n) denotes the rising Pochhammer
symbol. Writing the behaviour of Ia(1 − h̄) near the pole in this form makes it manifest
that the residue is a finite positive number if a is a negative integer. Using this result, we
can analyse simple poles in (C.24) at order N0 and find

c(h, h̄)
∣∣
N0 ∼ −

1
2
δf1f4δf2f3 + (−1)kδf1f3δf2f4

4
(n̄!)2

(2n̄)!
[(n̄+ k)!]2

(2n̄+ 2k)!
1

h̄− (1 + n̄)
, (C.28)

where we have used that h and h̄ are related by h = h̄ + k, from which it follows that
as h̄ → 1 + n̄ so too h → 1 + n̄ + k. After being inserted into (C.22), this results in the

20This can be understood from the fact that sending z → z−1 and z̄ → z̄−1 has the effect of exchanging
δf1f4δf2f3 ↔ δf1f3δf2f4 in (C.14), if one uses the identity (B.12). As a consequence, the expansions (C.15)
and (C.23) are identical up to this exchange of flavour indices.

21There are additional spurious poles due to Γ(2− 2h̄) which we ignore [14, 67].
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appearance k-dependent factorials. By comparing the above expression with (C.13), we
can extract the squares of generalised free field OPE coefficients∣∣∣cn̄,k(0)(0,0)

∣∣∣2 = δf1f4δf2f3 + (−1)kδf1f3δf2f4

4
(n̄!)2

(2n̄)!
[(n̄+ k)!]2

(2n̄+ 2k)! . (C.29)

By setting n̄ = 0 one obtains∣∣∣ck(0)(0,0)

∣∣∣2 = δf1f4δf2f3 + (−1)kδf1f3δf2f4

4
(k!)2

(2k)! , (C.30)

which are the leading OPE coefficients for the exchange of minimal-twist operators and
after using appropriate flavour projections (4.13) we obtain (4.21) and (4.25).

At order 1/N , we expect (C.24) to contain simple and double poles as h̄ → 1 + n̄.
In general, the location and the degree of such divergences in the inversion formula is
determined by the behaviour of integrands in (C.20) as Z, Z̄ → 0, with double poles arising
due to the presence of log Z̄ terms. To see this, we can manipulate the logarithm function
in (C.20b) and obtain

J a(1− h̄) = − d

da
Ia(1− h̄) +

∞∑
m=1

(−1)m

m
Ia−m(1− h̄) . (C.31)

One finds that

− d

da
Ia(1− h̄) = Ia(1− h̄)

[
ψ(−a− h̄) + ψ(2 + a− h̄)− 2ψ(a+ 1)

]
, (C.32)

where ψ(z) ≡ Γ′(z)/Γ(z) is the digamma function, which diverges whenever its argument
is a non-positive integer. As such, the relevant double poles arise due to the combination
of simple poles in both ψ(−h̄− a) and Γ(−h̄− a) in Ia(1− h̄), with

Γ(−a− h̄)ψ(−a− h̄) ∼ −(−1)n̄

n̄!
1(

h̄− (n̄− a)
)2 + . . . , n̄ = 0, 1, 2, . . . (C.33)

where the dots denote regular terms. In contrast, simple poles in J a arise from three
different places: from the series term in the second line of (C.31), from Γ(−h̄ − a) in
Ia(1 − h̄) when it is multiplied by the remaining two digamma functions in (C.32), and
from the first order terms in the h̄− (n̄−a) expansion of the prefactors multiplying (C.33)

Γ(2− 2h̄) Γ2(1 + a)
Γ2(1− h̄) Γ(2 + a− h̄)

h̄→n̄−a−−−−−→ (−1)n̄(−a) 2
n̄

(n̄− 2a− 1)n̄

[
1 +

(
h̄− (n̄− a)

) (
2ψ(1 + a− n̄)− 2ψ(2 + 2a− 2n̄)

+ ψ(2 + 2a− n̄)
)

+O

((
h̄− (n̄− a)

)2
)]

. (C.34)

After combining all these contributions, one finds that the pole structure of (C.20b) near
h̄ = n̄− a is given by

J a(1− h̄) ∼ − (−a) 2
n̄

n̄! (n̄− 2a− 1)n̄

[
1(

h̄− (n̄− a)
)2 + 2ψ(n̄− 2a− 1)− 2ψ(2n̄− 2a− 1)

h̄− (n̄− a)

]
.

(C.35)
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There is also an additional, spin-dependent, contribution coming from the prefactor (C.22)

Γ2(h)
Γ(2h− 1) ∼

Γ2(k + n̄− a)
Γ(2k + 2n̄− 2a− 1)

[
1 + 2

(
h̄− (n̄−a)

)(
ψ(n̄+k−a)−ψ(2k+ 2n̄−2a−1)

)]
,

(C.36)
which is multiplying the J a(1− h̄) in (C.24). Thus all in all

Γ2(h)
Γ(2h− 1)J

a(1− h̄)

∼ − (−a) 2
n̄

n̄!(n̄− 2a− 1)n̄
Γ2(k + n̄− a)

Γ(2k + 2n̄− 2a− 1)

[
1(

h̄− (n̄− a)
)2 (C.37)

+ 2ψ(n̄− 2a− 1)− ψ(2n̄− 2a− 1) + ψ(n̄+ k − a)− ψ(2n̄+ 2k − 2a− 1)
h̄− (n̄− a)

]
.

Applying this result to (C.24) at order 1/N , one finds

c(h, h̄)
∣∣∣
1/N

∼− 1
2
δf1f4δf2f3 + (−1)kδf1f3δf2f4

4
(n̄!)2

(2n̄)!
[(n̄+ k)!]2

(2n̄+ 2k)!

{−(n̄2 + n̄+ 2)
(h̄− (n̄+ 1))2 (C.38)

− 1
h̄− (n̄+ 1)

[
1 + 4

(
ψ(n̄+ 1)− ψ(2n̄+ 1) + ψ(n̄+ k + 1)− ψ(2n̄+ 2k + 1)

)
+ 2n̄(n̄+ 1)

(
ψ(n̄+ 2)− ψ(2n̄+ 1) + ψ(n̄+ k + 1)− ψ(2n̄+ 2k + 1)

)]}
+ . . . ,

where the dots again denote regular terms. By comparing with (C.13), one can read off

γn̄,k(1),(0,0) = −
(
n̄2 + n̄+ 2

)
, (C.39a)∣∣∣cn̄,k(1)(0,0)

∣∣∣2 = −
∣∣∣cn̄,k(0)(0,0)

∣∣∣2[1 + 4
(
ψ(n̄+ 1)− ψ(2n̄+ 1) + ψ(n̄+ k + 1)− ψ(2n̄+ 2k + 1)

)
+ 2n̄(n̄+ 1)

(
ψ(n̄+ 2)− ψ(2n̄+ 1) + ψ(n̄+ k + 1)− ψ(2n̄+ 2k + 1)

)]
,

(C.39b)

where we have used (C.29). For n̄ = 0 this CFT data simplifies greatly, in particular,
the anomalous dimensions are equal for all spins and are given by γk(1),(0,0) = −2, which
for k > 2 agrees with (4.22) and (4.25). Similarly, the 1/N corrections to the coefficients
in (C.12) can be written in terms of harmonic numbers as∣∣∣ck(1)(0,0)

∣∣∣2 =
∣∣∣ck(0)(0,0)

∣∣∣2(4H2k − 4Hk − 1
)
, (C.40)

which, after suitable flavour projections, match (4.24) and (4.26) provided the spin is
large enough.

One can also apply the above procedure to other R-symmetry projections of (C.1).
For the (1, 0) projection, the anomalous dimensions and coefficients of global blocks to
order 1/N in different flavour projections are given in equations (4.27)–(4.30). The most
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important difference with respect to the R-symmetry singlet is an additional relative minus
factor between the t-channel and u-channel contributions to the inversion function, which
correctly reproduces non-zero results only for exchanges of operators with odd spin. On the
other hand, minimal twist operators exchanged in (0, 1) and (1, 1) R-symmetry projections
of (C.1) are protected by supersymmetry and correspondingly the inversion formula shows
that anomalous dimensions are non-zero only for n̄ ≥ 1 and that for n̄ = 0 the OPE
coefficients match free field results.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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