
J
H
E
P
0
9
(
2
0
2
1
)
1
8
0

Published for SISSA by Springer

Received: July 15, 2021
Accepted: August 20, 2021

Published: September 27, 2021

Superconformal duality-invariant models and N = 4
SYM effective action

Sergei M. Kuzenko
Department of Physics M013, The University of Western Australia,
35 Stirling Highway, Perth W.A. 6009, Australia

E-mail: sergei.kuzenko@uwa.edu.au

Abstract: We presentN = 2 superconformal U(1) duality-invariant models for an Abelian
vector multiplet coupled to conformal supergravity. In a Minkowski background, such a
nonlinear theory is expected to describe (the planar part of) the low-energy effective action
for the N = 4 SU(N) super-Yang-Mills (SYM) theory on its Coulomb branch where (i) the
gauge group SU(N) is spontaneously broken to SU(N − 1) × U(1); and (ii) the dynamics
is captured by a single N = 2 vector multiplet associated with the U(1) factor of the
unbroken group. Additionally, a local U(1) duality-invariant action generating the N = 2
super-Weyl anomaly is proposed. By providing a new derivation of the recently constructed
U(1) duality-invariant N = 1 superconformal electrodynamics, we introduce its SL(2,R)
duality-invariant coupling to the dilaton-axion multiplet.

Keywords: Extended Supersymmetry, Superspaces, Supersymmetry and Duality

ArXiv ePrint: 2106.07173

Open Access, c© The Authors.
Article funded by SCOAP3. https://doi.org/10.1007/JHEP09(2021)180

mailto:sergei.kuzenko@uwa.edu.au
https://arxiv.org/abs/2106.07173
https://doi.org/10.1007/JHEP09(2021)180


J
H
E
P
0
9
(
2
0
2
1
)
1
8
0

Contents

1 Introduction 1

2 N = 1 superconformal duality-invariant model 3
2.1 Formulation without auxiliary chiral variables 4
2.2 Superconformal duality-invariant model 6
2.3 Formulation with auxiliary chiral variables 6
2.4 Superconformal duality-invariant model 7
2.5 Superconformal invariance 8

3 N = 2 superconformal duality-invariant models 9
3.1 Formulation without auxiliary superfields 10
3.2 Formulation with auxiliary chiral variables 10
3.3 Superconformal duality-invariant models 11
3.4 Superconformal duality-invariant models in flat space 12

4 Discussion 14

A Conformal duality-invariant electrodynamics 17

B Elements of N = 1 supergravity 18

C Elements of N = 2 supergravity 20

1 Introduction

It is believed that the N = 4 super Yang-Mills (SYM) theory is self-dual [1, 2] (see also [3]).
This conjecture was originally put forward in the late 1970s as a duality between the
conventional and soliton sectors of the theory. Twenty years later it was suggested1 [7] that
self-duality might be realised in terms of a low-energy effective action of the theory on its
Coulomb branch. Here the gauge group SU(N) is spontaneously broken to SU(N−1)×U(1)
and the dynamics is described by a single N = 2 vector multiplet associated with the U(1)
factor of the unbroken group. Two different realisations of self-duality for the N = 4
SYM effective action in N = 2 superspace were proposed: (i) self-duality under Legendre
transformation [7]; and (ii) self-duality under U(1) duality rotations [8].2 So far, both

1This was inspired in part by the Seiberg-Witten theory [4, 5] and also by the AdS/CFT correspon-
dence [6].

2It was also conjectured by Schwarz [9] that the world-volume action of a probe D3-brane in an AdS5×S5

background of type IIB superstring theory, with one unit of flux, can be reinterpreted as the exact (or highly)
effective action for U(2) N = 4 super Yang-Mills theory on the Coulomb branch.
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proposals have not been derived from first principles, although each of them is consistent
with the one-loop [10–14] and two-loop [15] calculations.3 It is worth pointing out that (ii)
implies (i), see [8, 17] for the technical details.

Building on the influential 1981 work by Gaillard and Zumino [18], the general the-
ory of U(1) duality-invariant models for nonlinear electrodynamics in four dimensions was
developed in the mid 1990s [19–22] and the early 2000s [23–25] (see also [26]), including
the case of duality-invariant theories with higher derivatives [17].4 The Gaillard-Zumino-
Gibbons-Rasheed (GZGR) formalism [18–22] admits a natural extension to higher dimen-
sions [31–33] (see also [17, 27, 34] for a review). In four dimensions, this setting has been
properly generalised to formulate general U(1) duality-invariant N = 1 and N = 2 glob-
ally [8, 17] and locally [35–37] supersymmetric theories. In particular, extending the earlier
proposal of [38, 39], the first consistent perturbative scheme to construct the N = 2 super-
symmetric Born-Infeld action was given in [17]. The formalism of nonlinear realisations for
the partial N = 4→ N = 2 breaking of supersymmetry advocated in [40] reproduced [41]
the results of [17]. Further progress toward the construction of the N = 2 supersymmetric
Born-Infeld action has been achieved in [42–44].

Eight years ago, the general formalism of supersymmetric duality rotations [8, 17,
35–37] was combined with the bosonic approach due to Ivanov and Zupnik5 [24–26] to
develop new formulations for N = 1 and N = 2 supersymmetric duality-invariant theories
coupled to supergravity [45]. The method makes use of an auxiliary unconstrained chiral
superfield (a spinor in the N = 1 case and a scalar for N = 2) and is characterised by
the fundamental property that U(1) duality invariance is equivalent to the manifest U(1)
invariance of the self-interaction. In the N = 1 rigid supersymmetric case, analogous
results were independently obtained in [46].6

A constructive perturbative scheme to compute N = 2 superconformal U(1) duality-
invariant actions for the N = 2 vector multiplet was described in [8]. In the present paper
we will give closed-form expressions for such actions using the formalism of ref. [45] in
conjunction with the results of earlier publications [52, 53] devoted to the N = 2 super-
Gauss-Bonnet term and super-Weyl anomalies.

While ref. [8] described the N = 2 superconformal U(1) duality-invariant actions, it did
not discuss N = 0 and N = 1 duality-invariant models compatible with (super) conformal
symmetry. The consideration in [8, 17] was restricted to those N = 0 and N = 1 self-dual
systems which are well-defined in a weak-field limit.7 A year ago, it was shown that there
exists a unique model for conformal duality-invariant electrodynamics [54] (see also [55]).

3For an alternative two-loop calculation see [16].
4Further aspects of duality-invariant theories with higher derivatives were studied, e.g., in [27–30].
5The Ivanov-Zupnik (IZ) approach was inspired by the structure of the N = 3 supersymmetric Born-

Infeld action proposed in [23].
6The IZ approach [24, 25] has also been generalised to higher dimensions in [47]. It has been used [48] to

establish the relation between helicity conservation for the tree-level scattering amplitudes and the electric-
magnetic duality. In four dimensions a hybrid formulation has been developed [49] which combines the
powerful features of the IZ approach with the Pasti-Sorokin-Tonin formalism [50, 51].

7This means that the interactions Λ(z, z̄) in (2.9) and (A.2) were chosen in [8, 17] to be real analytic.
As a result, (super)conformal nonlinear systems were automatically excluded.
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Recently its N = 1 superconformal extension has been introduced [56]. Below we will show
how the N = 1 superconformal duality-invariant model of [56] naturally occurs within the
framework developed in [8, 17, 45].

This paper is organised as follows. As a warmup exercise, in section 2 we give a new
derivation of the recently constructed N = 1 superconformal duality-invariant model [56].
Section 3 describes the new N = 2 superconformal duality-invariant models. The obtained
results and some generalisations are discussed in section 4. The main body of the paper is
accompanied by three technical appendices. Appendix A reviews the model for conformal
duality-invariant electrodynamics [54] (see also [55]). Appendix B collects those results
concerning N = 1 supergravity and super-Weyl transformations, which are used in section
2. Appendix C contains similar material but for the N = 2 case. Our two-component
spinor notation and conventions correspond to [57, 58].

2 N = 1 superconformal duality-invariant model

We consider a dynamical system describing an Abelian N = 1 vector multiplet in curved
superspace and denote by S[W, W̄ ] the corresponding action functional. The action is
assumed to depend on the chiral spinor field strength Wα and its conjugate W̄α̇ which are
constructed in terms of a real unconstrained gauge prepotential V [59, 60] as

Wα = −1
4 (D̄2 − 4R)DαV , D̄β̇Wα = 0 . (2.1)

The prepotential is defined modulo gauge transformations

δλV = λ+ λ̄ , D̄α̇λ = 0 , (2.2)

such that δλWα = 0. The gauge-invariant field strengths Wα and W̄α̇ obey the Bianchi
identity

DαWα = D̄α̇W̄ α̇ , (2.3)

and thus Wα is a reduced chiral superfield. We assume that S[W, W̄ ] does not involve
the combination DαWα as an independent variable, and therefore it can unambiguously
be defined as a functional of a general chiral superfield Wα and its conjugate W̄α̇. Then,
defining

iMα := 2 δ

δWα
S[W, W̄ ] , (2.4)

the equation of motion for V is

DαMα = D̄α̇M̄ α̇ . (2.5)

Here the variational derivative δS/δWα is defined by

δS =
∫

d4x d2θ E δWα δS

δWα
+ c.c. , (2.6)

where E denotes the chiral integration measure, and Wα is assumed to be an unrestricted
covariantly chiral spinor.

– 3 –
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Since the Bianchi identity (2.3) and the equation of motion (2.5) have the same func-
tional form, one may consider U(1) duality rotations

δWα = λMα , δMα = −λWα , (2.7)

with λ ∈ R a constant parameter. The condition for duality invariance is the so-called
self-duality equation

Im
∫

d4xd2θ E
{
WαWα +MαMα

}
= 0 , (2.8)

in which Wα is chosen to be a general chiral spinor.

2.1 Formulation without auxiliary chiral variables

General duality-invariant supersymmetric theories with at most two derivatives at the
component level were constructed in [8, 17, 35, 36]. They belong to the family of nonlinear
vector multiplet theories of the general form

S[W, W̄ ; Υ] = 1
4

∫
d4xd2θ EW 2 + c.c.

+1
4

∫
d4xd2θd2θ̄ E

W 2 W̄ 2

Υ2 Λ
(
u

Υ2 ,
ū

Υ2

)
, (2.9)

where W 2 = WαWα and W̄ 2 = W̄α̇W̄
α̇, the complex variable u is defined by

u := 1
8(D2 − 4R̄)W 2 , (2.10)

and Υ is a nowhere vanishing real scalar with the super-Weyl transformation

δσΥ = (σ + σ̄)Υ , D̄β̇σ = 0 , (2.11)

with σ being the super-Weyl parameter, see appendix B for more details. The transforma-
tion law (2.11) implies that (2.9) is super-Weyl invariant. We remind the reader that V is
inert under the super-Weyl transformations,

δσV = 0 =⇒ δσWα = 3
2σWα =⇒ δσ(DαWα) = (σ + σ̄)DαWα , (2.12)

and therefore the following composite chiral scalar

(D2 − 4R̄)
(
W 2

Υ2

)
(2.13)

is super-Weyl invariant. In the functional (2.9), the expression in the first line is the free
vector multiplet action, while the interaction effects are encoded by Λ(z, z̄) which is a real
function of a complex variable z.

Three different realisations of Υ are possible:

1. One option is that Υ is a composite superfield, which is constructed in terms of the
chiral compensator S0 of old minimal supergravity and matter chiral superfields ϕi,

Υ = S0S̄0 exp
(
− 1

3K(ϕi, ϕ̄j̄)
)
, D̄β̇S0 = 0 , D̄β̇ϕ

i = 0 , (2.14)

where K(ϕ, ϕ̄) is the Kähler potential of a Kähler manifold. The super-Weyl trans-
formations laws of the chiral compensator and matter chiral superfields are

δσS0 = σS0 , δσϕ
i = 0 . (2.15)

– 4 –
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2. Another choice for Υ is the real linear compensator L of new minimal supergravity,

(D̄2 − 4R)L = (D2 − 4R̄)L = 0 . (2.16)

This constraint is only compatible with the super-Weyl transformation law

δσL = (σ + σ̄)L . (2.17)

3. One more option is given by Υ = DαWα = D̄α̇W̄ α̇, which corresponds to the family
of superconformal vector multiplet models introduced in [61]:

S[W, W̄ ] = 1
4

∫
d4xd2θ EW 2 + c.c.

+1
4

∫
d4xd2θd2θ̄ E

W 2 W̄ 2

(DW )2 H

(
u

(DW )2 ,
ū

(DW )2

)
. (2.18)

Here H(z, z̄) is a real function of a complex variable. In general, this action explicitly
depends on DαWα, and thus there is no way to unambiguously define it as a func-
tional of an unrestricted chiral spinor Wα and its conjugate W̄α̇; such models are not
compatible with duality invariance. However, all dependence on DαWα disappears
provided8

H(z, z̄) = y√
zz̄

+ 1
2(1− x)

(1
z

+ 1
z̄

)
, (2.19)

for real parameters x, y.

In what follows, it will be assumed that Υ is a compensating multiplet independent of the
vector multiplet V , which excludes option 3 with the exception of (2.19).

The model (2.9) is U(1) duality-invariant if the interaction Λ(u, ū) satisfies the following
differential equation

Im
{

Γ− ūΓ2
}

= 0 , Γ := ∂(uΛ)
∂u

, Λ = Λ(u, ū) . (2.20)

The function Λ(u, ū) was chosen in [8, 17] to be real analytic, in order for the model to be
well-defined in the weak-field limit. However Λ(u, ū) is not required to be globally analytic.
It should be pointed out that setting Υ = g−1 = const in (2.9) and choosing

Λ(u, ū) = 1
1 + 1

2 A +
√

1 +A+ 1
4 B

2
, A = u+ ū , B = u− ū (2.21)

defines the N = 1 supersymmetric Born-Infeld action [62]. This U(1) duality-invariant
theory is a Goldstone multiplet action for partial N = 2→ N = 1 supersymmetry break-
ing in Minkowski space [63, 64], as well as in the following maximally supersymmetric
backgrounds [65]: (i) R× S3; (ii) AdS3 × R; and (iii) a supersymmetric plane wave.

8The most general function H(z, z̄), for which DαWα drops from the action (2.18), is given byHSC(z, z̄) =
(zz̄)−1/2f(u/ū), with f a function on S1. However, it is the special choice (2.19) which is compatible with
the self-duality equation (2.8).

– 5 –
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2.2 Superconformal duality-invariant model

The model (2.9) is superconformal provided the functional form of Λ(u, ū) is such that (2.9)
is independent of Υ.9 This condition implies that

ΛSC(u, ū) = (uū)−
1
2 f(u/ū) , f : S1 → R . (2.22)

However, only a special choice of f proves to be compatible with duality invariance,
eq. (2.20), specifically

ΛSC(u, ū) = y√
uū

+ 1
2(1− x)

(1
u

+ 1
ū

)
, (2.23a)

with x and y real parameters. Now the self-duality equation (2.20) is satisfied iff

x2 − y2 = 1 ⇐⇒ x = cosh γ , y = sinh γ . (2.23b)

Due to the identity ∫
d4xd2θd2θ̄ E

W 2 W̄ 2

ū
= −2

∫
d4xd2θ EW 2 , (2.24)

the superconformal U(1) duality-invariant action takes the form

S[W, W̄ ] = 1
4 cosh γ

∫
d4xd2θ EW 2 + c.c.

+1
4 sinh γ

∫
d4xd2θd2θ̄ E

W 2 W̄ 2
√
uū

. (2.25)

This is the model proposed in [56].

2.3 Formulation with auxiliary chiral variables

There exists a different formulation for the models discussed above. Following [45], we
consider an action functional of the form

S[W, W̄ , η, η̄; Υ] =
∫

d4xd2θ E
{
ηW − 1

2η
2 − 1

4W
2
}

+ c.c.

+1
4

∫
d4xd2θd2θ̄ E

η2η̄2

Υ2 F

(
v

Υ2 ,
v̄

Υ2

)
, (2.26a)

in which

v := 1
8(D2 − 4R̄)η2 , (2.26b)

and the auxiliary spinor ηα is only constrained to be covariantly chiral, D̄β̇ηα = 0. The
action is super-Weyl invariant if ηα transforms as10

δσηα = 3
2σηα , (2.27)

in conjunction with the transformation of Υ, eq. (2.11).
9The vector multiplet action (2.18) is superconformal. However it is not compatible with duality invari-

ance since the integrand depends on DαWα.
10This super-Weyl transformation law coincides with that of Wα and the chiral spinor prepotential of the

tensor multiplet given in section 6.7 of [58].
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Making use of the equations of motion for ηα and η̄α̇ allows one to integrate out these
variable to end up with an action of the form (2.9). For the interaction Λ(u, ū) one obtains

Λ(u, ū) := F + v̄[∂v(vF)]2 + v[∂v̄(v̄F)]2[
1 + ∂v(vv̄F)

]2[1 + ∂v̄(vv̄F)
]2 , (2.28)

see [45] for the technical details. Here the variables u and v are related to each other as
follows

u ≈ v[1 + ∂v(vv̄F)]2 , (2.29)

where the symbol ≈ is used to indicate that the result holds modulo terms proportional to
ηα and η̄α̇ or, equivalently, to Wα and W̄α̇ (such terms do not contribute to the action).

Our model (2.26) possesses U(1) duality invariance under the condition

F(v, v̄) = F(vv̄) , (2.30)

see [45] for the technical details.

2.4 Superconformal duality-invariant model

The duality-invariant model defined by eqs. (2.26) and (2.30) is superconformal if the action
is independent of Υ, which means that the functional form of F is fixed modulo a single
real parameter,

FSC(vv̄) = κ√
vv̄

. (2.31)

The auxiliary variables ηα and η̄α̇ can be integrated out using the equation of motion
for ηα,

Wα = ηα

{
1 + 1

8(D̄2 − 4R)
[
η̄2
(
FSC + 1

8(D2 − 4R̄)
(
η2 ∂vFSC

))]}
, (2.32)

and its conjugate. Rather lengthy calculations lead to

S[W, W̄ ] = 1
4

∫
d4xd2θ EW 2 + c.c.

+1
4

∫
d4xd2θd2θ̄ E W 2 W̄ 2 ΛSC(u, ū) , (2.33)

where ΛSC(u, ū) has the form (2.23), with the parameters x and y being given by

x = 1 + (κ/2)2

1− (κ/2)2 , y = κ

1− (κ/2)2 . (2.34)

It is interesting to compare the results obtained in subsections 2.2 and 2.4. Within
the approach without auxiliary chiral variables, the most general superconformal coupling
is given by eq. (2.22) and involves an arbitrary real function f on S1. Requiring the
superconformal coupling to obey the self-duality equation (2.20) fixes the functional form
of ΛSC(u, ū) to be given by eq. (2.23). The remaining freedom in the choice of ΛSC(u, ū)
is the single real parameter κ. On the other hand, when the formulation with auxiliary
chiral variables is used, duality invariance is guaranteed by the condition (2.30). Upon
imposing this condition, there exists a unique functional form for superconformal coupling,
eq. (2.31), and the only remaining freedom is again the coupling constant κ.

– 7 –
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2.5 Superconformal invariance

To conclude this section, we comment on rigid symmetries of the superconformal mod-
els (2.18), including the duality-invariant theory (2.25), in a background curved superspace.
We remind the reader that, within the superconformal approach to supergravity-matter sys-
tems [66], every theory of Einstein supergravity interacting with supersymmetric matter is
realised as a coupling of the same matter multiplets to conformal supergravity and a su-
perconformal compensator, see, e.g., [67]. Truly superconformal theories are independent
of any compensator.

The gauge group of conformal supergravity is spanned by general coordinate (ξB), local
Lorentz (Kβγ and K̄ β̇γ̇) and super-Weyl (σ and σ̄) transformations. In the infinitesimal
case, they act on the covariant derivatives by the rule

δDA = δKDA + δσDA , (2.35)

where the general coordinate and local Lorentz transformation is given by

δKDA = [K,DA] , K = ξBDB +KβγMβγ + K̄ β̇γ̇M̄β̇γ̇ = K̄ (2.36)

and the super-Weyl variation δσDA is defined in (B.4). The local transformation (2.35)
acts on a primary tensor superfield T (with its indices suppressed) as follows

δT = δKT + δσT = KT + (pσ + qσ̄)T . (2.37)

Here p and q are constant parameters which are known as the super-Weyl weights of T,
with (p + q) being the dimension of T. The action of any supergravity-matter system is
invariant under the transformations (2.35) and (2.37), where T is the collective notation
for the matter multiplets and, perhaps, the compensator (the latter is present if the theory
is not superconformal).

Let us consider a background curved superspace (M4|4,D). In accordance with section
6.4 of [58], a supervector field ξ = ξBEB on (M4|4,D) is called conformal Killing if there
exists a symmetric spinor Kγδ and a covariantly chiral scalar σ such that

(δK + δσ)DA = 0 . (2.38)

In other words, the coordinate transformation generated by ξ can be accompanied by
certain Lorentz and super-Weyl transformations such that the superspace geometry does
not change. It turns out that the parameters ξα, Kαβ and σ are completely determined in
terms of ξa and its covariant derivatives,

ξα = − i
8D̄α̇ξ

αα̇ , Kαβ [ξ] = D(αξβ) + i
2ξ

(α
β̇G

β)β̇ , (2.39a)

σ[ξ] = −1
3(Dαξα + 2D̄α̇ξ̄α̇ − iξaGa) , (2.39b)

The real vector ξa proves to obey the superconformal Killing equation

D(αξβ)β̇ = 0 ⇐⇒ D̄(α̇ξββ̇) = 0 . (2.40)

– 8 –



J
H
E
P
0
9
(
2
0
2
1
)
1
8
0

We denote by δK[ξ] and δσ[ξ] the transformations associated with the conformal Killing su-
pervector field ξA =

(
ξa,− i

8D̄β̇ξ
αβ̇ ,− i

8D
βξβα̇

)
. The set of all conformal Killing supervector

fields forms the superconformal algebra of (M4|4,D). If the superspace is conformally flat
(for instance, Minkowski M4|4 or anti-de Sitter AdS4|4 superspace), its superconformal
algebra is isomorphic to su(2, 2|1).

Given a superconformal field theory defined on the background superspace (M4|4,D),
its action functional is invariant under superconformal transformations

δξT = (δK[ξ] + δσ[ξ])T . (2.41)

However, if the theory under consideration is not superconformal, then the set T also
includes a conformal compensator Ξ which is non-dynamical and, instead, it is a part
of the background supergravity multiplet (M4|4,D,Ξ). In this case the equations (2.39)
and (2.40) must be accompanied by the additional condition

(δK[ξ] + δσ[ξ])Ξ = 0 , (2.42)

which singles out the Killing supervector fields of (M4|4,D,Ξ).
The above discussion can be naturally modified to be applicable to the N = 2 super-

conformal theories studied in the next section. Similar symmetry considerations also hold
for supergravity-matter theories in d ≤ 6 with up to eight supercharges, where off-shell
conformal supergravity always exists, see [68] for the technical details.

3 N = 2 superconformal duality-invariant models

Let S[W, W̄ ] be the action for an Abelian N = 2 vector multiplet coupled to supergravity.
As a curved-superspace extension of the Grimm-Sohnius-Wess formulation [69], the vector
multiplet is described by a covariantly chiral scalar superfield W ,

D̄α̇iW = 0 , (3.1)

subject to the Bianchi identity(
Dij + 4Sij

)
W =

(
D̄ij + 4S̄ij

)
W̄ , (3.2)

where Dij := Dα(iDj)α and D̄ij := D̄α̇(iD̄j)α̇, while Sij and its conjugate S̄ij are special
components of the superspace torsion. Constraint (3.2) defines a reduced N = 2 chiral
scalar superfield. The superspace formulation for N = 2 conformal supergravity developed
in [70] is used in this section, see appendix C for the technical details.

The reduced chiral scalar W is a gauge-invariant field strength constructed in terms of
Mezincescu’s prepotential [71, 72], Vij = Vji, which is an unconstrained real SU(2) triplet,
Vij = V ij = εikεjlVkl. The expression for W in terms of Vij was found in [73] to be

W = ∆̄
(
Dij + 4Sij

)
Vij . (3.3)

Here ∆̄ is the covariantly chiral projecting operator (C.5). The prepotential Vij is defined
modulo gauge transformations [74]

δΛV
ij = DαkΛαkij + D̄α̇kΛ̄α̇kij , Λαkij = Λα(kij) , Λ̄α̇kij := Λαkij , (3.4)

– 9 –
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with the gauge parameter Λαkij being arbitrary modulo the algebraic condition given.11 It
is an instructive exercise to show that δΛW = 0.

The super-Weyl transformation law of Vij [37] is

δσVij = −(σ + σ̄)Vij . (3.5)

Making use of the relations collected in appendix C, we then deduce the super-Weyl trans-
formation law of the field strength W [70]

δσW = σW . (3.6)

3.1 Formulation without auxiliary superfields

To describe the equations of motion, we introduce a covariantly chiral scalar superfield M
defined as12

iM := 4 δ

δW
S[W, W̄ ] , D̄α̇iM = 0 . (3.7)

In terms of M and its conjugate M̄ , the equation of motion for Vij is(
Dij + 4Sij

)
M =

(
D̄ij + 4S̄ij

)
M̄ . (3.8)

Making use of (3.6) and the super-Weyl transformation of the chiral density [70], eq. (C.8),
we obtain the super-Weyl transformation of M :

δσM = σM . (3.9)

We see that W and M have the same super-Weyl transformation.
Since the Bianchi identity (3.2) and the equation of motion (3.8) have the same func-

tional form, one can consider infinitesimal U(1) duality rotations

δW = λM , δM = −λW , (3.10)

with λ ∈ R a constant parameter. The theory under consideration is duality invariant
under the condition [37]

Im
∫

d4x d4θ E
(
W 2 +M2

)
= 0 . (3.11)

In the rigid superspace limit, this reduces to the N = 2 self-duality equation derived in [8].

3.2 Formulation with auxiliary chiral variables

The duality-invariant models discussed in the previous subsection possess an important
reformulation [45]. We consider a locally supersymmetric theory with action

S[W, W̄ , η, η̄] = 1
2

∫
d4xd4θ E

{
ηW − 1

2η
2 − 1

4W
2
}

+ c.c.+ Sint[η, η̄] , (3.12)

11In the flat-superspace limit, the gauge transformation law (3.4) reduces to that given in [71].
12It is assumed here that S[W, W̄ ] is consistently defined as a functional of a general N = 2 chiral scalar

W and its conjugate.

– 10 –



J
H
E
P
0
9
(
2
0
2
1
)
1
8
0

in which the scalar superfield η is only constrained to be chiral, D̄β̇η = 0. We require
S[W, W̄ , η, η̄] to be super-Weyl invariant, and therefore the corresponding transformation
of η is13

δση = ση . (3.13)

For Sint[η, η̄] to be super-Weyl invariant,

δσSint[η, η̄] = 0 , (3.14)

it may depend, in general, on the supergravity compensators. However, in this paper we
are mostly interested in superconformal dynamical systems which possess no dependence
on the compensators.

We assume that η and its conjugate η̄ are auxiliary superfields in the sense that the
equation of motion for η,

W = η − 2 δ
δη

Sint[η, η̄] , (3.15)

and its conjugate may be solved, at least in perturbation theory, to express η as a functional
of the field strength W and its conjugate, η = η[W, W̄ ]. As a result, we end up with the
action

S[W, W̄ ] = S[W, W̄ , η, η̄]
∣∣∣
η=η[W,W̄ ]

, (3.16)

which describes the dynamics of the vector multiplet.
The above action, eq. (3.12), defines a U(1) duality-invariant system provided Sint[η, η̄]

is invariant under U(1) rigid transformations,

Sint[eiϕη, e−iϕη̄] = Sint[η, η̄] , ϕ ∈ R . (3.17)

3.3 Superconformal duality-invariant models

We introduce the super-Weyl invariant functional

2Sint[η, η̄] =
∫

d4x d4θ E
{

(c− a)WαβWαβ + aΞ
}

ln η + c.c.

+2a
∫

d4x d4θ d4θ̄ E ln η ln η̄ − Γeff , (3.18)

where Wαβ is the super-Weyl tensor, the chiral scalar Ξ is given by eq. (C.9), and a and
c are real anomaly coefficients. In accordance with [53], Γeff is a nonlocal functional of
the background supergravity multiplet which generates the super-Weyl anomaly, with its
super-Weyl variation being

δσΓeff =
∫

d4x d4θ E σ
{

(c− a)WαβWαβ + aΞ
}

+ c.c. (3.19)

By construction, Γeff is independent of η and η̄.
13This super-Weyl transformation law coincides with that of W and the chiral scalar prepotential of the
N = 2 tensor multiplet [75].
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The functional (3.18) satisfies the condition (3.17) due to the following two properties.
Firstly, for any covariantly chiral scalar φ, it holds that

D̄α̇i φ = 0 =⇒
∫

d4x d4θ d4θ̄ E φ = 0 . (3.20)

Secondly, the functionals

T1 =
∫

d4x d4θ E
{
WαβWαβ − Ξ

}
, (3.21a)

T2 = Im
∫

d4x d4θ EWαβWαβ (3.21b)

are topological invariants. In the case of N = 4 SYM theory, the anomaly coefficients a
and c coincide, a = c. In what follows, we will assume this relation and make use of c.

Another family of U(1)-invariant couplings is given by

S̃int[η, η̄] =
∫

d4x d4θ d4θ̄ E F(ΩΩ̄) , (3.22)

where we have introduced the super-Weyl inert chiral superfield

Ω := 1
η2

(
∆̄ ln η̄ + 1

2Ξ
)
, D̄α̇i Ω = 0 , δσΩ = 0 . (3.23)

This is a curved superspace generalisation of the conformal primary weight-zero chiral
superfield introduced in [76]. The superfield η2Ω naturally originates within the approach
developed in [52].

With the contribution (−Γeff) included, the action defined by eqs. (3.12) and (3.18)
is super-Weyl invariant but nonlocal. Instead of working with the nonlocal functional, we
can consider the following U(1) duality-invariant action

S = Re
∫

d4xd4θ E
{
ηW − 1

2η
2 − 1

4W
2 +

(
(c− a)WαβWαβ + aΞ

)
ln η

}
+a

∫
d4x d4θ d4θ̄ E ln η ln η̄ . (3.24)

This action generates the N = 2 super-Weyl anomaly, and therefore it can be viewed as the
Goldstone multiplet action for spontaneously broken N = 2 superconformal symmetry.14

It was proposed in [53] to describe the N = 2 dilaton effective action in terms of the
reduced chiral scalar W . An alternative realisation was put forward in ref. [79] where the
N = 2 Goldstone multiplet was identified with an unrestricted chiral scalar, such as η.
Both superfields are present in (3.24).

3.4 Superconformal duality-invariant models in flat space

In the flat-superspace limit, the supergravity covariant derivatives DA, eq. (C.1), turn
into the flat ones DA = (∂a, Di

α, D̄
α̇
i ), with i = 1, 2, which satisfy the graded

commutation relations

{Di
α, D

j
β} = {D̄α̇i, D̄β̇j} = 0 , {Di

α, D̄α̇j} = −2iδij(σa)αα̇∂a . (3.25)
14The N = 1 dilaton effective action was proposed in [77], see also [78].
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In Minkowski superspace, the duality-invariant model (3.24) for the a = c choice, which
corresponds to the N = 4 SYM, takes the form

S[W, W̄ , η, η̄] = Re
∫

d4xd4θ

{
ηW − 1

2η
2 − 1

4W
2
}

+c
∫

d4x d4θ d4θ̄ ln η ln η̄ . (3.26)

This action is invariant under standard N = 2 superconformal transformations, see [76]
for the technical details. The equation of motion for η is

η = W + 2c
η

∆̄ ln η̄ . (3.27)

Assuming the validity of (3.27), the action (3.26) turns into

S[W, W̄ ] = 1
4Re

∫
d4xd4θW 2 + c

∫
d4x d4θ d4θ̄ ln η ln η̄

−c2
∫

d4x d4θ d4θ̄

{ 1
η2 ln η̄∆̄ ln η̄ + 1

η̄2 ln η∆ ln η
}
, (3.28)

where η is assumed to be a functional of W and its conjugate, η = η[W, W̄ ], obtained by
solving the equation (3.27). The latter can be solved by iterations as a series in powers of c,

η = W + 2c
W

∆̄ ln W̄ +O(c2) . (3.29)

Making use of this solution in (3.28) gives

S[W, W̄ ] = 1
4Re

∫
d4xd4θW 2 + c

∫
d4x d4θ d4θ̄ lnW ln W̄

+c2
∫

d4x d4θ d4θ̄

{ 1
W 2 ln W̄ ∆̄ ln W̄ + 1

W̄ 2 lnW∆ lnW
}

+O(c3) . (3.30)

This agrees with the perturbative solution derived in [8].
It is interesting to point out that the equation (3.27) is analogous to the N = 1 chiral

constraint (in the notation of [17])

X + 1
4XD̄

2X̄ = WαWα , (3.31)

which is at the heart of the Bagger-Galperin construction [63] of the vector Goldstone
multiplet action for partial N = 2→ N = 1 supersymmetry breaking in Minkowski space.

The kinetic terms in (3.30) is purely classical. As is known, it receives no pertur-
bative [80–82] and non-perturbative [83, 84] quantum corrections. The c-term in (3.30),
originally introduced in [80], contains four-derivative quantum corrections at the compo-
nent level; these include an F 4 term, with F the U(1) field strength. This term is believed
to be generated only at one loop in the N = 4 SYM theory [85]. In particular it is known
that non-perturbative F 4 quantum corrections do not occur in this theory [83, 84]. The
one-loop calculation of c was carried out by several groups [7, 10–14], and the absence of
two-loop corrections was shown in [82].
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The c2-term in (3.30), which was originally introduced in [7] and later proved to be
superconformal [76], contains six-derivative quantum corrections at the component level,
including an F 6 term. Such a quantum correction is absent at one loop in the N = 4 SYM
theory [76]. It is generated at the two-loop order and the numerical coefficient computed
in [15] agrees with that predicted by duality invariance.15

Our superconformal duality-invariant model (3.26) admits a natural generalisation
described by the following action

S[W, W̄ , η, η̄] = Re
∫

d4xd4θ

{
ηW − 1

2η
2 − 1

4W
2
}

+
∫

d4x d4θ d4θ̄
{
c ln η ln η̄ + F(ΩΩ̄)

}
, (3.32)

where Ω := η−2∆̄ ln η̄ is the flat-superspace counterpart of (3.23). Here the functional in
the second line is invariant under rigid U(1) transformations

η → eiϕη , η̄ → e−iϕη̄ , ϕ ∈ R . (3.33)

The action (3.32) includes higher-derivative structures as compared with (3.26).
Modulo higher derivative terms, we identify (3.26) with (the planar part of) the low-

energy effective action of N = 4 SYM on the Coulomb branch. There are several reasons for
this identification. Firstly, upon elimination of the auxiliary variables η and η̄, the resulting
action (3.30) agrees with known structure of the N = 4 SYM effective action to the sixth
order in derivatives. Secondly, the theory (3.26) possesses U(1) duality invariance. Thirdly,
the action (3.26) involves a single coupling constant, the anomaly coefficient c, which is
similar to the D3-brane action in AdS5×S5, eq. (4.2). The latter is expected to be related
to he low-energy effective action of N = 4 SYM (see the discussion in the next section),
however only upon a nontrivial field redefinition at the component level [7, 15]. It remain
possible that one has to include a c-dependent higher-derivative term F(ΩΩ̄) in (3.32) in
order to get a complete agreement between the model. This is still an open problem.

4 Discussion

Similar to its bosonic sector (A.7), the N = 1 superconformal duality-invariant model
is uniquely defined by eq. (2.25) or, equivalently, eqs. (2.26) and (2.31). The only free
parameter of the theory is the coupling constant κ in (2.31). In the N = 2 case, however,
the superconformal duality-invariant model is given by the action (3.32), which involves
an arbitrary function of a real variable, F(x). The reason why the functional freedom is
larger in the N = 2 case can be explained by looking at the N = 1 components of the
N = 2 vector multiplet field strength W . Given an N = 2 superfield U(x, θi, θ̄i), its N = 1
sub-multiplets can be introduced with the aid of the N = 1 bar-projection defined by
U | = U(θi, θ̄i)|θ2=θ̄2=0. The N = 2 chiral field strength W contains two independent chiral
N = 1 components

√
2Φ := W | , 2iWα := D2

αW | =⇒ (D2)2W | =
√

2 D̄2Φ̄ . (4.1)
15A different value for the F 6-term coefficient was derived in [16]. Unfortunately, an error was made

in [16] in the process of evaluating the harmonic supergraphs, as explained in [15].
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Modulo certain technical complications related to the need to perform a nonlinear superfield
redefinition [7, 15] (when switching from the N = 2 to N = 1 superfield descriptions),
the N = 1 counterpart of the system (3.32) is given by the relations (2.26) and (2.30),
with Υ ∝ ΦΦ̄, modulo terms involving derivatives of Φ and Φ̄. The model for N = 1
superconformal duality-invariant electrodynamics (2.25) does not appear to have a N = 2
counterpart.

The AdS/CFT correspondence provides the main evidence to believe in self-duality
of the low-energy effective action for the N = 4 SU(N) SYM theory on its Coulomb
branch where the gauge group SU(N) is spontaneously broken to SU(N − 1)× U(1). The
AdS/CFT correspondence predicts [6, 16, 86, 87] (a more comprehensive list of references
is given in [16]) that the N = 4 SYM effective action (in the large-N limit) is related to
the D3-brane action in AdS5 × S5

S = T3

∫
d4x

(
h−1 −

√
− det(gmn + Fmn)

)
,

gmn = h−1/2ηmn + h1/2 ∂mX
I∂nX

I , h = Q

(XIXI)2 , (4.2)

where XI , I = 1, · · · , 6, are transverse coordinates, T3 = (2πgs)−1 and Q = gs(N − 1)/π.
The action S/T3 is self-dual in the sense that it enjoys invariance under electromagnetic
U(1) duality rotations [19–22]. Self-duality of the D3-brane action is a fundamental prop-
erty related to the S-duality of type IIB string theory [88, 89]. If the N = 4 SYM effective
action and the D3-brane action in AdS5×S5 are indeed related, the former should possess
some form of self-duality. The U(1) duality-invariant action (4.2) involves a single coupling
constant, Q, the same as the N = 2 superconformal U(1) duality-invariant action (3.26).
The D3-brane parameter Q is proportional to the anomaly coefficient c.

Considered as a field theory in Minkowski space M4, the D3-brane action (4.2) is man-
ifestly scale-invariant, but it is not invariant under the standard linear special conformal
transformations. It is instead invariant under deformed conformal transformations being
nonlinear in the fields [6]. At the component level, the complete effective action of the
N = 4 SYM also proves to be invariant under quantum-corrected superconformal transfor-
mations [90–92] which differ from the ordinary linear superconformal transformations that
leave the classical action invariant.

In conclusion, we describe simple generalisations of the models for (super)conformal
duality-invariant electrodynamics discussed in this paper. Given a U(1) duality-invariant
model for nonlinear electrodynamics, L(Fab) = L(ω, ω̄), described in appendix A, its com-
pact duality group U(1) can be enhanced to the non-compact SL(2,R) group by coupling
the electromagnetic field to the dilaton ϕ and axion a [20–22]. Specifically, this is achieved
by replacing L(ω, ω̄) with

L(ω, ω̄,S, S̄) = L(S2ω,S2ω̄) + i
2S1(ω̄ − ω) , S = S1 + iS2 = a + i e−ϕ . (4.3)

The duality group acts by the rule(
G′

F ′

)
=
(
a b

c d

) (
G

F

)
, S ′ = aS + b

cS + d
,

(
a b

c d

)
∈ SL(2,R) , (4.4)
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where Gab(F ) is defined by

G̃ab(F ) ≡ 1
2 εabcdG

cd(F ) = 2 ∂L(F )
∂F ab

, (4.5)

see [17] for more details. In the case of the conformal model described by eq. (A.7), this
leads to

Lconf(ω, ω̄,S, S̄) = −1
2 cosh γ

(
ω + ω̄

)
S2 + sinh γ

√
ωω̄S2 + i

2
(
ω̄S̄ − ωS

)
. (4.6)

In curved space, the model defined by the action S =
∫

d4x eLconf(ω, ω̄,S, S̄) is Weyl-
invariant provided S is inert under the Weyl transformations. We can add to (4.6) a
higher-derivative Lagrangian for the dilaton and axion (see, e.g., [93])

L = κ

2(ImS)2

[
D2SD2S̄ − 2(Rab − 1

3η
abR)∇aS∇bS̄

]
+ 1

12(ImS)4

[
α∇aS∇aS∇bS̄∇bS̄ + β∇aS∇aS̄∇bS∇bS̄

]
(4.7)

where

D2S := ∇a∇aS + i
ImS∇

aS∇aS , (4.8)

∇a is the torsion-free Lorentz covariant derivative, and κ, α and β are numerical parameters.
The Lagrangian (4.7) is manifestly invariant under SL(2,R) transformations (4.4). The
Weyl invariance follows from the fact that the Fradkin-Tseytlin operator [94, 95]

∆0 = (∇a∇a)2 + 2∇a
(
Rab∇b − 1

3R∇a
)

(4.9)

is conformal.16

Within the N = 1 Poincaré supersymmetry, SL(2,R) duality-invariant couplings of
the dilaton-axion multiplet to general models for self-dual supersymmetric nonlinear elec-
trodynamics were described in [17], while the case of the supersymmetric Born-Infeld
action [62, 63] was first considered in [98]. The results of [17] were generalised to su-
pergravity in [35]. These results can be used to couple the N = 1 superconformal U(1)
duality-invariant model to the dilaton-axion multiplet described by a chiral scalar Φ and
its conjugate Φ̄. One obtains

SSC[W, W̄ ,Φ, Φ̄] = 1
4

∫
d4xd2θ E ΦW 2 + c.c. (4.10)

− 1
16

∫
d4xd2θd2θ̄ E (Φ− Φ̄)2W 2 W̄ 2ΛSC

( i
2(Φ− Φ̄)u, i

2(Φ− Φ̄)ū
)
,

where ΛSC(u, ū) is given by eq. (2.23). It is assumed that Φ parametrises the lower half-
plane, and therefore (Φ − Φ̄)−1 exists.17 One can add to (4.11) a higher-derivative super-
Weyl and SL(2,R) invariant action for the dilaton-axion multiplet [99]

SDA[Φ, Φ̄] = − κ

16

∫
d4xd2θd2θ̄ E

1
(Φ− Φ̄)2

{
∇2Φ∇̄2Φ̄− 8DαΦGαα̇D̄α̇Φ̄

}
+α

8

∫
d4xd2θd2θ̄ E

1
(Φ− Φ̄)4D

αΦDαΦD̄α̇Φ̄D̄α̇Φ̄ , (4.11)

16This operator was re-discovered by Paneitz in 1983 [96] and Riegert in 1984 [97].
17The axion a(x) and dilaton ϕ(x) are the component fields of Φ(x, θ) defined by Φ|θ=0 = a− ie−ϕ.
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where κ and α are real parameters, and

∇2Φ = D2Φ− 2D
αΦDαΦ
Φ− Φ̄

, ∇̄2Φ̄ = D̄2Φ̄ + 2D̄α̇Φ̄D̄α̇Φ̄
Φ− Φ̄

(4.12)

are SL(2,R) covariant derivatives. The complete action SSC[W, W̄ ,Φ, Φ̄] + SDA[Φ, Φ̄] has
the following fundamental properties: (i) it is super-Weyl invariant; and (ii) it is SL(2,R)
duality invariant.
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A Conformal duality-invariant electrodynamics

In this appendix we re-derive the conformal U(1) duality-invariant electrodynamics
constructed in [54, 55] following the non-supersymmetric approaches described in [17]
and [24, 25].

Given a model for nonlinear electrodynamics, its Lagrangian L(Fab) can be expressed
in terms of the two independent invariants of the electromagnetic field,

α = 1
4 F

abFab , β = 1
4 F

abF̃ab . (A.1)

Introducing the complex combination ω = α + iβ, the Lagrangian can be rewritten in
the form

L(ω, ω̄) = −1
2
(
ω + ω̄

)
+ ω ω̄ Λ(ω, ω̄) . (A.2)

Then, the GZGR condition for U(1) duality invariance is given by

Im
{
∂(ωΛ)
∂ω

− ω̄
(
∂(ωΛ)
∂ω

)2 }
= 0 , (A.3)

see [17] for the technical details.
Requiring the action functional to be conformally invariant constrains Λ(ω, ω̄) in (A.2)

to have the following functional form

Λconf(ω, ω̄) = (ωω̄)−
1
2 f(ω/ω̄) , f : S1 → R . (A.4)

Only a restricted class of such models prove to be compatible with U(1) duality invariance,
specifically

Λconf(ω, ω̄) = y√
ωω̄
− x

( 1
ω

+ 1
ω̄

)
, (A.5)
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with x and y being real coefficients. These coefficients turn out to be constrained by
requiring the self-duality equation (A.3) to hold, specifically

Λconf(ω, ω̄) = sinh γ√
ωω̄
− 1

2(cosh γ − 1)
( 1
ω

+ 1
ω̄

)
, (A.6)

with γ a real parameter. The resulting Lagrangian is

Lconf(ω, ω̄) = −1
2 cosh γ

(
ω + ω̄

)
+ sinh γ

√
ωω̄ , (A.7)

which is exactly the model proposed in [54] (see also [55]). It was called “ModMax elec-
trodynamics” in [54].

It is instructive to re-derive the conformal duality-invariant model using the IZ ap-
proach [24, 25]. Their reformulation of nonlinear electrodynamics is obtained by replacing
L(Fab) → L̃(Fab, Vab), where Vab = −Vba is an auxiliary unconstrained bivector, which is
equivalent to a pair of symmetric rank-2 spinors, Vαβ = Vβα and its conjugate V̄α̇β̇ . The
new Lagrangian L̃ is at most quadratic with respect to the electromagnetic field strength
Fab, while the self-interaction is described by a nonlinear function of the auxiliary vari-
ables, Lint(Vab),

L̃(Fab, Vab) = 1
4F

abFab + 1
2V

abVab − V abFab + Lint(Vab) . (A.8)

The original theory L(Fab) is obtained from L̃(Fab, Vab) by integrating out the auxiliary
variables. In terms of L̃(Fab, Vab), the condition of U(1) duality invariance was shown [24,
25] to be equivalent to the requirement that the self-interaction

Lint(Vab) = Lint(ν, ν̄) , ν := V αβVαβ (A.9)

is invariant under linear U(1) transformations ν → eiϕν, with ϕ ∈ R, therefore

Lint(ν, ν̄) = f(νν̄) . (A.10)

A unique conformal duality-invariant model corresponds to the choice

Lint,conf = κ
√
νν̄ , (A.11)

with ξ a coupling constant. Integrating out the auxiliary variables lead to the model (A.7),
in which

sinh γ = κ

1− (κ/2)2 . (A.12)

B Elements of N = 1 supergravity

General N = 1 supergravity-matter systems can be naturally described in superspace
using the Grimm-Wess-Zumino geometry [100, 101] in conjunction with the super-Weyl
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transformations discovered in [102]. The structure group in this setting is SL(2,C), and
the geometry of curved superspace is described by the covariant derivatives

DA = (Da,Dα, D̄α̇) = EA
M∂M + ΩA

βγMβγ + Ω̄A
β̇γ̇M̄β̇γ̇ , (B.1)

where Mβγ = Mγβ and M̄β̇γ̇ = M̄γ̇β̇ are the Lorentz generators. The covariant derivatives
obey the graded commutation relations (see [58] for the derivation)

{Dα, D̄α̇} = −2iDαα̇ , (B.2a)
{Dα,Dβ} = −4R̄Mαβ , {D̄α̇, D̄β̇} = 4RM̄α̇β̇ , (B.2b)[
Dα,Dββ̇

]
= iεαβ

(
R̄ D̄β̇ +Gγβ̇Dγ −D

γGδβ̇Mγδ + 2W̄β̇
γ̇δ̇M̄γ̇δ̇

)
+ iD̄β̇R̄Mαβ , (B.2c)[

D̄α̇,Dββ̇
]

= −iεα̇β̇
(
RDβ +Gβ

γ̇D̄γ̇ − D̄γ̇Gβδ̇M̄γ̇δ̇ + 2Wβ
γδMγδ

)
− iDβRM̄α̇β̇ . (B.2d)

Here the torsion tensors R, Ga = Ḡa and Wαβγ = W(αβγ) satisfy the Bianchi identities:

D̄α̇R = 0 , D̄α̇Wαβγ = 0 , (B.3a)
D̄γ̇Gαγ̇ = DαR , DγWαβγ = iD(α

γ̇Gβ)γ̇ . (B.3b)

An infinitesimal super-Weyl transformation of the covariant derivatives [102]

δσDα =
(
σ̄ − 1

2σ
)
Dα +DβσMαβ , (B.4a)

δσD̄α̇ =
(
σ − 1

2 σ̄
)
D̄α̇ + (D̄β̇σ̄)M̄α̇β̇ (B.4b)

induces the following variations of the torsion superfields

δσR = 2σR+ 1
4(D̄2 − 4R)σ̄ , (B.5a)

δσGαα̇ = 1
2(σ + σ̄)Gαα̇ + iDαα̇(σ − σ̄) , (B.5b)

δσWαβγ = 3
2σWαβγ . (B.5c)

Here the super-Weyl parameter σ is a covariantly chiral scalar superfield, D̄α̇σ = 0. The
super-Weyl transformations belong to the gauge group of conformal supergravity.

Integrals over the full superspace and its chiral subspace are related as follows:∫
d4x d2θ d2θ̄ E U = −1

4

∫
d4x d2θ E (D̄2 − 4R)U , E−1 = Ber(EAM ) , (B.6)

where E is the chiral density (see, e.g., [58] for the derivation). The super-Weyl transfor-
mation laws of the integration measures are

δσE = −(σ + σ̄)E , δσE = −3σE . (B.7)
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C Elements of N = 2 supergravity

In this appendix we give a summary of the so-called SU(2) superspace, the off-shell for-
mulation for N = 2 conformal supergravity developed in [70]. The structure group in this
setting is SL(2,C)× SU(2), and the covariant derivatives are

DA = (Da,Diα, D̄α̇i ) = EA
M∂M + ΩA

βγMβγ + Ω̄A
β̇γ̇M̄β̇γ̇ + ΦA

klJkl . (C.1)

Here Jkl are the generators of the group SU(2). The spinor covariant derivatives obey the
anti-commutation relations

{Diα,D
j
β} = 4SijMαβ + 2εijεαβY γδMγδ + 2εijεαβW̄ γ̇δ̇M̄γ̇δ̇

+2εαβεijSklJkl + 4YαβJ ij , (C.2a)

{D̄α̇i , D̄
β̇
j } = −4S̄ijM̄ α̇β̇ − 2εijεα̇β̇Ȳ γ̇δ̇M̄γ̇δ̇ − 2εijεα̇β̇W γδMγδ

−2εijεα̇β̇S̄klJkl − 4Ȳ α̇β̇Jij , (C.2b)

{Diα, D̄
β̇
j } = −2iδij(σc)αβ̇Dc + 4δijGδβ̇Mαδ + 4δijGαγ̇M̄ γ̇β̇ + 8Gαβ̇J ij . (C.2c)

Here the real four-vector Gαα̇, the complex symmetric tensors Sij = Sji, Wαβ = Wβα,
Yαβ = Yβα and their complex conjugates S̄ij := Sij , W̄α̇β̇ := Wαβ , Ȳα̇β̇ := Yαβ obey
additional differential constraints implied by the Bianchi identities and given in [70].

In SU(2) superspace, the gauge group of conformal supergravity includes super-Weyl
transformations. An infinitesimal super-Weyl transformation of DA [70] is

δσDiα = 1
2 σ̄D

i
α + (Dγiσ)Mγα − (Dαkσ)Jki , (C.3a)

δσD̄α̇i = 1
2σD̄α̇i + (D̄γ̇i σ̄)M̄γ̇α̇ + (D̄kα̇σ̄)Jki , (C.3b)

where the parameter σ is an arbitrary covariantly chiral superfield, D̄α̇i σ = 0. The
dimension-1 torsion superfields transform as follows:

δσS
ij = σ̄Sij − 1

4D
γ(iDj)γ σ , (C.4a)

δσYαβ = σ̄Yαβ −
1
4D

k
(αDβ)kσ , (C.4b)

δσGαβ̇ = 1
2(σ + σ̄)Gαβ̇ −

i
4Dαβ̇(σ − σ̄) , (C.4c)

δσWαβ = σWαβ . (C.4d)

Eq. (C.4d) shows that Wαβ is the super-Weyl tensor.
The covariantly chiral projecting operator [103, 104] is

∆̄ = 1
96
(
(D̄ij + 16S̄ij)D̄ij − (D̄α̇β̇ − 16Ȳ α̇β̇)D̄α̇β̇

)
= 1

96
(
D̄ij(D̄ij + 16S̄ij)− D̄α̇β̇(D̄α̇β̇ − 16Ȳ α̇β̇)

)
, (C.5)
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where D̄α̇β̇ := D̄(α̇
k D̄β̇)k. The fundamental property of ∆̄ is that ∆̄U is covariantly chiral,

for any scalar and isoscalar superfield U , that is D̄α̇i ∆̄U = 0. For any super-Weyl inert
scalar U it holds that

δσU = 0 =⇒ δσ∆̄U = 2σ∆̄U , (C.6)

The operator ∆̄ relates an integral over the full superspace to that over its chiral subspace:∫
d4x d4θ d4θ̄ E U =

∫
d4x d4θ E ∆̄U , E−1 = Ber(EAM ) , (C.7)

with E the chiral density.18 The super-Weyl transformation laws of the integration mea-
sures are

δσE = 0 , δσE = −2σE . (C.8)

The superfield Ξ in (3.18) is the following composite scalar [52]:

Ξ := 1
6D̄

ijS̄ij + S̄ijS̄ij + Ȳα̇β̇Ȳ
α̇β̇ , (C.9)

The fundamental properties of Ξ are as follows [52]:

(i) Ξ is covariantly chiral,

D̄α̇i Ξ = 0 ; (C.10a)

(ii) the super-Weyl varation of Ξ is

δσΞ = 2σΞ− 2∆̄σ̄ ; (C.10b)

(iii) the functional (3.21a) is a topological invariant related to the difference of the Gauss-
Bonnet and Pontryagin invariants.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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