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1 Introduction

It is believed that the N' = 4 super Yang-Mills (SYM) theory is self-dual [1, 2] (see also [3]).
This conjecture was originally put forward in the late 1970s as a duality between the
conventional and soliton sectors of the theory. Twenty years later it was suggested!® [7] that
self-duality might be realised in terms of a low-energy effective action of the theory on its
Coulomb branch. Here the gauge group SU(N) is spontaneously broken to SU(N —1) x U(1)
and the dynamics is described by a single A/ = 2 vector multiplet associated with the U(1)
factor of the unbroken group. Two different realisations of self-duality for the N/ = 4
SYM effective action in A = 2 superspace were proposed: (i) self-duality under Legendre
transformation [7]; and (ii) self-duality under U(1) duality rotations [8].> So far, both

!This was inspired in part by the Seiberg-Witten theory [4, 5] and also by the AdS/CFT correspon-
dence [6].

2Tt was also conjectured by Schwarz [9] that the world-volume action of a probe D3-brane in an AdSs x S®
background of type IIB superstring theory, with one unit of flux, can be reinterpreted as the exact (or highly)
effective action for U(2) N = 4 super Yang-Mills theory on the Coulomb branch.



proposals have not been derived from first principles, although each of them is consistent
with the one-loop [10-14] and two-loop [15] calculations.? It is worth pointing out that (ii)
implies (i), see [8, 17] for the technical details.

Building on the influential 1981 work by Gaillard and Zumino [18], the general the-
ory of U(1) duality-invariant models for nonlinear electrodynamics in four dimensions was
developed in the mid 1990s [19-22] and the early 2000s [23-25] (see also [26]), including
the case of duality-invariant theories with higher derivatives [17].* The Gaillard-Zumino-
Gibbons-Rasheed (GZGR) formalism [18-22] admits a natural extension to higher dimen-
sions [31-33] (see also [17, 27, 34] for a review). In four dimensions, this setting has been
properly generalised to formulate general U(1) duality-invariant A’ = 1 and N = 2 glob-
ally [8, 17] and locally [35-37] supersymmetric theories. In particular, extending the earlier
proposal of [38, 39], the first consistent perturbative scheme to construct the N’ = 2 super-
symmetric Born-Infeld action was given in [17]. The formalism of nonlinear realisations for
the partial N'=4 — N = 2 breaking of supersymmetry advocated in [40] reproduced [41]
the results of [17]. Further progress toward the construction of the N/ = 2 supersymmetric
Born-Infeld action has been achieved in [42-44].

Eight years ago, the general formalism of supersymmetric duality rotations [8, 17,
35-37) was combined with the bosonic approach due to Ivanov and Zupnik® [24-26] to
develop new formulations for N’ =1 and N/ = 2 supersymmetric duality-invariant theories
coupled to supergravity [45]. The method makes use of an auxiliary unconstrained chiral
superfield (a spinor in the NV = 1 case and a scalar for N' = 2) and is characterised by
the fundamental property that U(1) duality invariance is equivalent to the manifest U(1)
invariance of the self-interaction. In the N = 1 rigid supersymmetric case, analogous
results were independently obtained in [46].5

A constructive perturbative scheme to compute N’ = 2 superconformal U(1) duality-
invariant actions for the N' = 2 vector multiplet was described in [8]. In the present paper
we will give closed-form expressions for such actions using the formalism of ref. [45] in
conjunction with the results of earlier publications [52, 53] devoted to the N' = 2 super-
Gauss-Bonnet term and super-Weyl anomalies.

While ref. [8] described the N = 2 superconformal U(1) duality-invariant actions, it did
not discuss N = 0 and N = 1 duality-invariant models compatible with (super) conformal
symmetry. The consideration in [8, 17] was restricted to those N'= 0 and N/ = 1 self-dual
systems which are well-defined in a weak-field limit.” A year ago, it was shown that there
exists a unique model for conformal duality-invariant electrodynamics [54] (see also [55]).

3For an alternative two-loop calculation see [16].

4Further aspects of duality-invariant theories with higher derivatives were studied, e.g., in [27-30].

5The Ivanov-Zupnik (IZ) approach was inspired by the structure of the ' = 3 supersymmetric Born-
Infeld action proposed in [23].

The IZ approach [24, 25] has also been generalised to higher dimensions in [47]. Tt has been used [48] to
establish the relation between helicity conservation for the tree-level scattering amplitudes and the electric-
magnetic duality. In four dimensions a hybrid formulation has been developed [49] which combines the
powerful features of the IZ approach with the Pasti-Sorokin-Tonin formalism [50, 51].

"This means that the interactions A(z,z) in (2.9) and (A.2) were chosen in [8, 17] to be real analytic.
As a result, (super)conformal nonlinear systems were automatically excluded.



Recently its A/ = 1 superconformal extension has been introduced [56]. Below we will show
how the N = 1 superconformal duality-invariant model of [56] naturally occurs within the
framework developed in [8, 17, 45].

This paper is organised as follows. As a warmup exercise, in section 2 we give a new
derivation of the recently constructed N/ = 1 superconformal duality-invariant model [56].
Section 3 describes the new N = 2 superconformal duality-invariant models. The obtained
results and some generalisations are discussed in section 4. The main body of the paper is
accompanied by three technical appendices. Appendix A reviews the model for conformal
duality-invariant electrodynamics [54] (see also [55]). Appendix B collects those results
concerning A/ = 1 supergravity and super-Weyl transformations, which are used in section
2. Appendix C contains similar material but for the A" = 2 case. Our two-component
spinor notation and conventions correspond to [57, 58].

2 N = 1 superconformal duality-invariant model

We consider a dynamical system describing an Abelian N' = 1 vector multiplet in curved
superspace and denote by S[W, W] the corresponding action functional. The action is
assumed to depend on the chiral spinor field strength W, and its conjugate Wy which are
constructed in terms of a real unconstrained gauge prepotential V' [59, 60] as

W, = —% (D —4R)DoV,  DyWa=0. (2.1)
The prepotential is defined modulo gauge transformations
HV =X+, DA =0, (2.2)
such that §,W, = 0. The gauge-invariant field strengths W, and W, obey the Bianchi
identity
DWW, = DaW?, (2.3)
and thus W, is a reduced chiral superfield. We assume that S[IW, W] does not involve

the combination D*W, as an independent variable, and therefore it can unambiguously
be defined as a functional of a general chiral superfield W, and its conjugate Wg. Then,

defining
) -
i My =2 SW, W], 2.4
i e S, W] (24)
the equation of motion for V is
DM, = Ds M . (2.5)
Here the variational derivative §.5/dW* is defined by
08
— 4., 32 a Y0
5S_/d:cd pESWe T+ e, (2.6)

where £ denotes the chiral integration measure, and W is assumed to be an unrestricted
covariantly chiral spinor.



Since the Bianchi identity (2.3) and the equation of motion (2.5) have the same func-
tional form, one may consider U(1) duality rotations

SWo =AMy, My = —A\Wa, (2.7)

with A € R a constant parameter. The condition for duality invariance is the so-called
self-duality equation

Im/d4:cd29 E{WoW, + MM, } =0, (2.8)
in which W, is chosen to be a general chiral spinor.

2.1 Formulation without auxiliary chiral variables

General duality-invariant supersymmetric theories with at most two derivatives at the
component level were constructed in [8, 17, 35, 36]. They belong to the family of nonlinear
vector multiplet theories of the general form

S[W, W; Y] /d4acd20€W2+cc
w2w? U
4120120
T /d:vd 0PIE A<T2,T2>, (2.9)
where W2 = WeW,, and W? = W4W¢, the complex variable v is defined by
1 _
u = g(D2 —4R)W?, (2.10)
and T is a nowhere vanishing real scalar with the super-Weyl transformation
65X = (0 +0)Y, Djo =0, (2.11)
with o being the super-Weyl parameter, see appendix B for more details. The transforma-
tion law (2.11) implies that (2.9) is super-Weyl invariant. We remind the reader that V' is

inert under the super-Weyl transformations,

3
0V=0 = ,W,= 57 Wy = 6,(DW,) =(0c+0)DW,, (2.12)

and therefore the following composite chiral scalar

(D? — 4R) (ng) (2.13)

is super-Weyl invariant. In the functional (2.9), the expression in the first line is the free
vector multiplet action, while the interaction effects are encoded by A(z, z) which is a real
function of a complex variable z.
Three different realisations of Y are possible:
1. One option is that T is a composite superfield, which is constructed in terms of the
chiral compensator Sy of old minimal supergravity and matter chiral superfields ¢,

_ 1 R _ .
T = 505 exp( — gK(gpl, gpj)> ) D35S0 =0, Dﬁ-goz =0, (2.14)

where K (¢, ) is the Kédhler potential of a Kidhler manifold. The super-Weyl trans-
formations laws of the chiral compensator and matter chiral superfields are

0S50 =08y, e’ =0. (2.15)



2. Another choice for T is the real linear compensator I of new minimal supergravity,
(D? —4R)L = (D* —4R)L =0 . (2.16)
This constraint is only compatible with the super-Weyl transformation law

oL =(c+0a)L. (2.17)

3. One more option is given by T = D*W,, = Dy W¢, which corresponds to the family
of superconformal vector multiplet models introduced in [61]:

S[W, W] = i / dizd20 EW? + c.c.

1422—W2W2<u u>
4 [ dtado 0 e (v o) - 2

Here $)(z, z) is a real function of a complex variable. In general, this action explicitly
depends on D*W,, and thus there is no way to unambiguously define it as a func-
tional of an unrestricted chiral spinor W, and its conjugate W, ; such models are not
compatible with duality invariance. However, all dependence on D*W,, disappears
provided?®

#(z,2) = \/%—I—;(l—x)(l—i—{), (2.19)

for real parameters x, y.

In what follows, it will be assumed that T is a compensating multiplet independent of the
vector multiplet V', which excludes option 3 with the exception of (2.19).

The model (2.9) is U(1) duality-invariant if the interaction A(u, u) satisfies the following
differential equation

d(ul)
ou '

m {T—ar?} =0, T:= A= Au, @) . (2.20)

The function A(u,u) was chosen in [8, 17] to be real analytic, in order for the model to be
well-defined in the weak-field limit. However A(u, ) is not required to be globally analytic.
It should be pointed out that setting T = g~! = const in (2.9) and choosing

Au, i) = ! A—uta, Bou—u  (221)

1+3A4+,/1+A4+1B2

defines the N' = 1 supersymmetric Born-Infeld action [62]. This U(1) duality-invariant

theory is a Goldstone multiplet action for partial ' =2 — N = 1 supersymmetry break-
ing in Minkowski space [63, 64], as well as in the following maximally supersymmetric
backgrounds [65]: (i) R x S3; (ii) AdSs x R; and (iii) a supersymmetric plane wave.

8The most general function $(z, z), for which D*W, drops from the action (2.18), is given by $sc(z, ) =
(22)" Y2 f(u/u), with f a function on S'. However, it is the special choice (2.19) which is compatible with
the self-duality equation (2.8).



2.2 Superconformal duality-invariant model
The model (2.9) is superconformal provided the functional form of A(u, @) is such that (2.9)
is independent of Y.? This condition implies that

Asc(u,@) = (ua)"2 f(u/a), f:S' =R. (2.22)

However, only a special choice of f proves to be compatible with duality invariance,
eq. (2.20), specifically

ASC(ua a) = \/% + %(1 - x)(i + ;) ) (2233)

with = and y real parameters. Now the self-duality equation (2.20) is satisfied iff

-y =1

<= x=coshy, y=sinh~y. (2.23b)

Due to the identity

W2w?
u

/ d*zd*0d*0 E =2 / d*zd?esw?, (2.24)

the superconformal U(1) duality-invariant action takes the form

- 1
SW,W| = 1 cosh’y/d4md295W2 + c.c.

w2 VV2
vut

1
+7 sinhy / d*zd%0d*0 E (2.25)
This is the model proposed in [56].

2.3 Formulation with auxiliary chiral variables

There exists a different formulation for the models discussed above. Following [45], we
consider an action functional of the form

- 1 1
SW,W,n,n;, Y] = /d4xd20 E{nW — 7772 — 4W2} + c.c.

/d4 420020 5 g( ; > , (2.26a)
in which
1 _

v = g(D2 —4R)n?, (2.26b)
and the auxiliary spinor 7, is only constrained to be covariantly chiral, @Bna = 0. The
action is super-Weyl invariant if 7, transforms as'®

3
507704 = 507, (227)

2

in conjunction with the transformation of T, eq. (2.11).

9The vector multiplet action (2.18) is superconformal. However it is not compatible with duality invari-
ance since the integrand depends on D*W,.

10T his super-Weyl transformation law coincides with that of W, and the chiral spinor prepotential of the
tensor multiplet given in section 6.7 of [58].



Making use of the equations of motion for 7, and 74 allows one to integrate out these
variable to end up with an action of the form (2.9). For the interaction A(u, %) one obtains

§ + 0[00 (v))? + v[05(08)]?
1+ (%(U@S)]Q 1+ &;(m‘)g)]Q ’

see [45] for the technical details. Here the variables u and v are related to each other as

A(u,u) :==

(2.28)

follows
u = v[l 4 9,(viF))?, (2.29)

where the symbol ~ is used to indicate that the result holds modulo terms proportional to
Ne and fjg or, equivalently, to W, and Wy (such terms do not contribute to the action).
Our model (2.26) possesses U(1) duality invariance under the condition

§(v,v) = F(vv), (2.30)
see [45] for the technical details.

2.4 Superconformal duality-invariant model

The duality-invariant model defined by egs. (2.26) and (2.30) is superconformal if the action
is independent of Y, which means that the functional form of § is fixed modulo a single

real parameter,

Fsc(vo) = \/% : (2.31)

The auxiliary variables 7, and 75 can be integrated out using the equation of motion
for na,

1= 1 _
Weo = 1a {1 + g(2)2 —4R) [ﬁQ (gsc - g(D2 —4R) (n? (%Ssc)ﬂ } : (2.32)
and its conjugate. Rather lengthy calculations lead to

- 1
S[W, W] = Z/d‘*acdzeeW? +ec.

1 _ _
+7 / d*zd?0d*0 EW? W? Agc(u, ), (2.33)
where Agc(u, u) has the form (2.23), with the parameters x and y being given by
1+ (k/2)? K
_ ___ K 9.34
T T (w2 230

It is interesting to compare the results obtained in subsections 2.2 and 2.4. Within
the approach without auxiliary chiral variables, the most general superconformal coupling
is given by eq. (2.22) and involves an arbitrary real function f on S!'. Requiring the
superconformal coupling to obey the self-duality equation (2.20) fixes the functional form
of Asc(u,u) to be given by eq. (2.23). The remaining freedom in the choice of Agc(u,u)
is the single real parameter x. On the other hand, when the formulation with auxiliary
chiral variables is used, duality invariance is guaranteed by the condition (2.30). Upon
imposing this condition, there exists a unique functional form for superconformal coupling,
eq. (2.31), and the only remaining freedom is again the coupling constant .



2.5 Superconformal invariance

To conclude this section, we comment on rigid symmetries of the superconformal mod-
els (2.18), including the duality-invariant theory (2.25), in a background curved superspace.
We remind the reader that, within the superconformal approach to supergravity-matter sys-
tems [66], every theory of Einstein supergravity interacting with supersymmetric matter is
realised as a coupling of the same matter multiplets to conformal supergravity and a su-
perconformal compensator, see, e.g., [67]. Truly superconformal theories are independent
of any compensator.

The gauge group of conformal supergravity is spanned by general coordinate (£7), local
Lorentz (K% and K BAY) and super-Weyl (¢ and ) transformations. In the infinitesimal
case, they act on the covariant derivatives by the rule

D4 =0xDy + 65Dy, (2.35)
where the general coordinate and local Lorentz transformation is given by
0kDa=[K,Dal,  K=¢Dp+ K" My, + K90, = K (2.36)

and the super-Weyl variation 6,D4 is defined in (B.4). The local transformation (2.35)

acts on a primary tensor superfield T (with its indices suppressed) as follows
0% = 6k T+ 0,% = KT + (po + qo5)% . (2.37)

Here p and ¢ are constant parameters which are known as the super-Weyl weights of T,
with (p + ¢) being the dimension of T. The action of any supergravity-matter system is
invariant under the transformations (2.35) and (2.37), where ¥ is the collective notation
for the matter multiplets and, perhaps, the compensator (the latter is present if the theory
is not superconformal).

Let us consider a background curved superspace (/\/l4|4, D). In accordance with section
6.4 of [58], a supervector field £ = €8 Ep on (M** D) is called conformal Killing if there
exists a symmetric spinor K70 and a covariantly chiral scalar o such that

(6 +6,)Da = 0. (2.38)

In other words, the coordinate transformation generated by & can be accompanied by
certain Lorentz and super-Weyl transformations such that the superspace geometry does
not change. It turns out that the parameters ¢, K% and o are completely determined in
terms of &% and its covariant derivatives,

goc _ _éﬁdgao’c 7 Kaﬂ [5] _ D(aéﬁ) + %f(aﬁGﬁ)ﬂ , (2393)
1 .
ole] = — 5 (Do + 2Dad* — iE°Ca), (2:39D)
The real vector £* proves to obey the superconformal Killing equation

Diaép =0 <= Dgz =0- (2.40)



We denote by dicj¢) and d,¢ the transformations associated with the conformal Killing su-
pervector field ¢4 = (€7, —1D 56 af, —£DP¢34). The set of all conformal Killing supervector
fields forms the superconformal algebra of (/\/14‘4, D). If the superspace is conformally flat
(for instance, Minkowski M4 or anti-de Sitter AdS44 superspace), its superconformal
algebra is isomorphic to su(2,2|1).

Given a superconformal field theory defined on the background superspace (M4‘4, D),
its action functional is invariant under superconformal transformations

0% = (5/@{@ + 50[{])T . (2.41)

However, if the theory under consideration is not superconformal, then the set ¥ also
includes a conformal compensator Z which is non-dynamical and, instead, it is a part
of the background supergravity multiplet (M*4 D, =). In this case the equations (2.39)
and (2.40) must be accompanied by the additional condition

(Okjg) + doe)E =10, (2.42)

which singles out the Killing supervector fields of (./\/l4|4, D,=).

The above discussion can be naturally modified to be applicable to the N/ = 2 super-
conformal theories studied in the next section. Similar symmetry considerations also hold
for supergravity-matter theories in d < 6 with up to eight supercharges, where off-shell
conformal supergravity always exists, see [68] for the technical details.

3 N = 2 superconformal duality-invariant models

Let S[W, W] be the action for an Abelian N = 2 vector multiplet coupled to supergravity.
As a curved-superspace extension of the Grimm-Sohnius-Wess formulation [69], the vector
multiplet is described by a covariantly chiral scalar superfield W,

DaiW =0, (3.1)
subject to the Bianchi identity

(D5 1 459)W = (D + 189)1W, 52)
where DY = D“(iDQ and DY := D;DN% while S¥ and its conjugate S¥ are special
components of the superspace torsion. Constraint (3.2) defines a reduced N’ = 2 chiral
scalar superfield. The superspace formulation for N' = 2 conformal supergravity developed

in [70] is used in this section, see appendix C for the technical details.
The reduced chiral scalar W is a gauge-invariant field strength constructed in terms of

Mezincescu’s prepotential [71, 72], Vi; = V};, which is an unconstrained real SU(2) triplet,
Wj = Vi = ¢k 23V, The expression for W in terms of Vi; was found in [73] to be

W = A(DY +487)vi; . (3.3)

Here A is the covariantly chiral projecting operator (C.5). The prepotential V;; is defined
modulo gauge transformations [74]

OAVY = DRAKT 4 Dap AWM AHMT = AW NGy = AR, (34)



with the gauge parameter A,** being arbitrary modulo the algebraic condition given.'! It
is an instructive exercise to show that d,W = 0.
The super-Weyl transformation law of V;; [37] is

5, Vij = —(o + )V . (3.5)

Making use of the relations collected in appendix C, we then deduce the super-Weyl trans-
formation law of the field strength W [70]

W =W . (3.6)

3.1 Formulation without auxiliary superfields

To describe the equations of motion, we introduce a covariantly chiral scalar superfield M
defined as'?

. 5 _ _
iM =4 SWW], DuM =0, (3.7)

In terms of M and its conjugate M, the equation of motion for Vij is
(D7 +457)M = (DY +487) M1 . (3.8)

Making use of (3.6) and the super-Weyl transformation of the chiral density [70], eq. (C.8),
we obtain the super-Weyl transformation of M:

5o M = oM . (3.9)

We see that W and M have the same super-Weyl transformation.
Since the Bianchi identity (3.2) and the equation of motion (3.8) have the same func-
tional form, one can consider infinitesimal U(1) duality rotations

SW =AM, 0M=-\W, (3.10)

with A € R a constant parameter. The theory under consideration is duality invariant
under the condition [37]

Im/d4xd495 (W2+ M%) =0. (3.11)
In the rigid superspace limit, this reduces to the N' = 2 self-duality equation derived in [8].

3.2 Formulation with auxiliary chiral variables

The duality-invariant models discussed in the previous subsection possess an important
reformulation [45]. We consider a locally supersymmetric theory with action

_ 1 1 1
SW,W,n,n] = 3 /d4xd49 E{UW — 5772 — 4W2} + c.c. + Ging[n, 7] (3.12)

"1n the flat-superspace limit, the gauge transformation law (3.4) reduces to that given in [71].
1214 is assumed here that S[W, W] is consistently defined as a functional of a general N' = 2 chiral scalar
W and its conjugate.

~10 -



in which the scalar superfield 7 is only constrained to be chiral, 75577 = 0. We require
S|, W, n, 7] to be super-Weyl invariant, and therefore the corresponding transformation
of n is'3

don =o0n . (3.13)
For Gint[n, 7] to be super-Weyl invariant,
6o Gint[n, 1] =0, (3.14)

it may depend, in general, on the supergravity compensators. However, in this paper we
are mostly interested in superconformal dynamical systems which possess no dependence
on the compensators.

We assume that 7 and its conjugate 77 are auxiliary superfields in the sense that the
equation of motion for n,

0
=n—-2— in 7_a d
W=n 5776 ¢ [1, 7] (3.15)

and its conjugate may be solved, at least in perturbation theory, to express 7 as a functional
of the field strength W and its conjugate, n = n[W, W]. As a result, we end up with the
action

SIW. W] = S[W, W, .| (3.16)

n=n[W,W]

which describes the dynamics of the vector multiplet.
The above action, eq. (3.12), defines a U(1) duality-invariant system provided Giyt[n, 7]
is invariant under U(1) rigid transformations,

Gint [eiwna eiiwﬁ] = Gint [777 77]] } @ € R . (317)

3.3 Superconformal duality-invariant models

We introduce the super-Weyl invariant functional
2Gint[n, 1] = /d4a: do e {(c — a)WPW,p5 + aE} Inn + c.c.
+2a / d*zd0d9F Innlng — Teg, (3.18)

where W,g is the super-Weyl tensor, the chiral scalar Z is given by eq. (C.9), and a and
¢ are real anomaly coefficients. In accordance with [53], T'eg is a nonlocal functional of
the background supergravity multiplet which generates the super-Weyl anomaly, with its
super-Weyl variation being

Ol = /d4a: d4950{(c — a)Wa’gWag + aE} + c.c. (3.19)

By construction, 'eg is independent of 1 and 7.

13This super-Weyl transformation law coincides with that of W and the chiral scalar prepotential of the
N =2 tensor multiplet [75].

11 -



The functional (3.18) satisfies the condition (3.17) due to the following two properties.
Firstly, for any covariantly chiral scalar ¢, it holds that

Dip=0 — /d4x d9d*9E¢p=0. (3.20)

Secondly, the functionals
T, = /d% d'9e {Worw,; - =}, (3.21a)
Ty = Im / Atz d9EWPW 4 (3.21h)

are topological invariants. In the case of N' = 4 SYM theory, the anomaly coefficients a
and c coincide, a = ¢. In what follows, we will assume this relation and make use of c.
Another family of U(1)-invariant couplings is given by

Ginaln, 7] = / Al d*0 A9 EF(Q0) (3.22)
where we have introduced the super-Weyl inert chiral superfield
Loy - 1o A& _ _
Q::?<Aln17—|—§u), DI =0, 6,0=0. (3.23)

This is a curved superspace generalisation of the conformal primary weight-zero chiral
superfield introduced in [76]. The superfield 7€ naturally originates within the approach
developed in [52].

With the contribution (—Ieg) included, the action defined by egs. (3.12) and (3.18)
is super-Weyl invariant but nonlocal. Instead of working with the nonlocal functional, we
can consider the following U(1) duality-invariant action

1 1
S = Re/d4xd40 E{UW - 5772 - ZWQ + ((c — a)WPW,5 + aE) lnn}
ta / diz d*0 dY0 E nylng . (3.24)

This action generates the AV = 2 super-Weyl anomaly, and therefore it can be viewed as the
Goldstone multiplet action for spontaneously broken N = 2 superconformal symmetry.'*
It was proposed in [53] to describe the N' = 2 dilaton effective action in terms of the
reduced chiral scalar . An alternative realisation was put forward in ref. [79] where the
N = 2 Goldstone multiplet was identified with an unrestricted chiral scalar, such as 7.
Both superfields are present in (3.24).

3.4 Superconformal duality-invariant models in flat space

In the flat-superspace limit, the supergravity covariant derivatives D4, eq. (C.1), turn
into the flat ones Dy = (9,, D!, D), with i = 1,2, which satisfy the graded
commutation relations

{D},D}} ={Dai, Dy} =0,  {D}, Daj} = —2i85(0")acDa - (3.25)

“The & = 1 dilaton effective action was proposed in [77], see also [78].
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In Minkowski superspace, the duality-invariant model (3.24) for the a = ¢ choice, which
corresponds to the N'= 4 SYM, takes the form

1 1 1
S[W W?”aﬁ] - Re/d4$d49 {’I’]W — 57’2 — 4W2}

+c / d*zd*0d*0 Innln7 . (3.26)

This action is invariant under standard N' = 2 superconformal transformations, see [76]
for the technical details. The equation of motion for 7 is

n:W+2ncAlnn. (3.27)
Assuming the validity of (3.27), the action (3.26) turns into
SW, W] = %Re / dtzd*oWw? + c/d4x d*0d*0 Innlng
—c? /d4:r d*ed*e {7712 In7AIn7 + 771211& nA lnn} , (3.28)

where 7 is assumed to be a functional of W and its conjugate, n = n[W, W], obtained by
solving the equation (3.27). The latter can be solved by iterations as a series in powers of ¢,

n=wWw+ %AanJFO(c?). (3.29)
Making use of this solution in (3.28) gives
S[W, W] = iRe / dlzdoW? + ¢ / 'z 449 d*0 n W In W
+c? /d% d*0d*o {M; InWAnW + m; In WA an} +0() . (3.30)

This agrees with the perturbative solution derived in [8].
It is interesting to point out that the equation (3.27) is analogous to the A/ =1 chiral
constraint (in the notation of [17])

1 . _
X + ZXDQX = WoW,, (3.31)

which is at the heart of the Bagger-Galperin construction [63] of the vector Goldstone
multiplet action for partial N' =2 — AN = 1 supersymmetry breaking in Minkowski space.

The kinetic terms in (3.30) is purely classical. As is known, it receives no pertur-
bative [80-82] and non-perturbative [83, 84] quantum corrections. The c-term in (3.30),
originally introduced in [80], contains four-derivative quantum corrections at the compo-
nent level; these include an F'* term, with F' the U(1) field strength. This term is believed
to be generated only at one loop in the A" =4 SYM theory [85]. In particular it is known
that non-perturbative F* quantum corrections do not occur in this theory [83, 84]. The
one-loop calculation of ¢ was carried out by several groups [7, 10-14], and the absence of
two-loop corrections was shown in [82].
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The c-term in (3.30), which was originally introduced in [7] and later proved to be
superconformal [76], contains six-derivative quantum corrections at the component level,
including an F% term. Such a quantum correction is absent at one loop in the N' = 4 SYM
theory [76]. It is generated at the two-loop order and the numerical coefficient computed
in [15] agrees with that predicted by duality invariance.'®
Our superconformal duality-invariant model (3.26) admits a natural generalisation

described by the following action

1 1 1
S[I/V’ Wanaﬁ] = Re/d4$d49 {UW — 5’/]2 — 4W2}

+/d4:L‘ d*e d49_{clnnlnﬁ + &(QQ)} , (3.32)

where Q := 7 2Aln7 is the flat-superspace counterpart of (3.23). Here the functional in
the second line is invariant under rigid U(1) transformations

n— ei“"n , n— e_i“"ﬁ, pEeER. (3.33)

The action (3.32) includes higher-derivative structures as compared with (3.26).

Modulo higher derivative terms, we identify (3.26) with (the planar part of) the low-
energy effective action of N'= 4 SYM on the Coulomb branch. There are several reasons for
this identification. Firstly, upon elimination of the auxiliary variables n and 7, the resulting
action (3.30) agrees with known structure of the N' =4 SYM effective action to the sixth
order in derivatives. Secondly, the theory (3.26) possesses U(1) duality invariance. Thirdly,
the action (3.26) involves a single coupling constant, the anomaly coefficient ¢, which is
similar to the D3-brane action in AdS5 x S°, eq. (4.2). The latter is expected to be related
to he low-energy effective action of N' =4 SYM (see the discussion in the next section),
however only upon a nontrivial field redefinition at the component level [7, 15]. It remain
possible that one has to include a c-dependent higher-derivative term F(Q€) in (3.32) in
order to get a complete agreement between the model. This is still an open problem.

4 Discussion

Similar to its bosonic sector (A.7), the N' = 1 superconformal duality-invariant model
is uniquely defined by eq. (2.25) or, equivalently, eqs. (2.26) and (2.31). The only free
parameter of the theory is the coupling constant « in (2.31). In the N = 2 case, however,
the superconformal duality-invariant model is given by the action (3.32), which involves
an arbitrary function of a real variable, §(z). The reason why the functional freedom is
larger in the A/ = 2 case can be explained by looking at the N' = 1 components of the
N = 2 vector multiplet field strength W. Given an N = 2 superfield U (z, 6;, %), its N = 1
sub-multiplets can be introduced with the aid of the N = 1 bar-projection defined by
Ul =U(6;,6) 9,—2—o- The N = 2 chiral field strength W contains two independent chiral
N =1 components

V20 :=W|, 2iW,:=DiW| = (D?*W|=v2D%. (4.1)

15A different value for the FS-term coefficient was derived in [16]. Unfortunately, an error was made
in [16] in the process of evaluating the harmonic supergraphs, as explained in [15].
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Modulo certain technical complications related to the need to perform a nonlinear superfield
redefinition [7, 15] (when switching from the N' = 2 to N/ = 1 superfield descriptions),
the N' = 1 counterpart of the system (3.32) is given by the relations (2.26) and (2.30),
with T o« ®®, modulo terms involving derivatives of ® and ®. The model for N' = 1
superconformal duality-invariant electrodynamics (2.25) does not appear to have a N/ = 2
counterpart.

The AdS/CFT correspondence provides the main evidence to believe in self-duality
of the low-energy effective action for the N' = 4 SU(N) SYM theory on its Coulomb
branch where the gauge group SU(N) is spontaneously broken to SU(N — 1) x U(1). The
AdS/CFT correspondence predicts [6, 16, 86, 87] (a more comprehensive list of references
is given in [16]) that the N' =4 SYM effective action (in the large-N limit) is related to
the D3-brane action in AdSs x S°

S = T3/d4x (h—l —\/~ det(gmn + an)> :

—-1/2 1/2 I 1 Q

where X!, I =1,---,6, are transverse coordinates, T3 = (27gs)~" and Q = g5(N — 1)/7.
The action S/T3 is self-dual in the sense that it enjoys invariance under electromagnetic
U(1) duality rotations [19-22]. Self-duality of the D3-brane action is a fundamental prop-
erty related to the S-duality of type IIB string theory [88, 89]. If the N' =4 SYM effective
action and the D3-brane action in AdSs x S® are indeed related, the former should possess
some form of self-duality. The U(1) duality-invariant action (4.2) involves a single coupling
constant, @, the same as the N' = 2 superconformal U(1) duality-invariant action (3.26).
The D3-brane parameter @) is proportional to the anomaly coefficient c.

Considered as a field theory in Minkowski space M*, the D3-brane action (4.2) is man-
ifestly scale-invariant, but it is not invariant under the standard linear special conformal
transformations. It is instead invariant under deformed conformal transformations being
nonlinear in the fields [6]. At the component level, the complete effective action of the
N =4 SYM also proves to be invariant under quantum-corrected superconformal transfor-
mations [90-92] which differ from the ordinary linear superconformal transformations that
leave the classical action invariant.

In conclusion, we describe simple generalisations of the models for (super)conformal
duality-invariant electrodynamics discussed in this paper. Given a U(1) duality-invariant
model for nonlinear electrodynamics, L(Fy;) = L(w,w), described in appendix A, its com-
pact duality group U(1) can be enhanced to the non-compact SL(2,R) group by coupling
the electromagnetic field to the dilaton ¢ and axion a [20-22]. Specifically, this is achieved
by replacing L(w,w) with

L(w,,8,8) = L(Saw, Sa) + %51(@ —w), S=S8+iS=atie?. (4.3)

The duality group acts by the rule

G’ a b G ,  aS+b a b
DENE) g (Yesom

~15 —



where Ggp(F) is defined by

- 1 OL(F
Gab(F) = 5 Eabed GUF) =2 5 ;ab) :

see [17] for more details. In the case of the conformal model described by eq. (A.7), this

(4.5)

leads to
_ 1 i, -
Leont(w, @, S,S) = —3 cosh’y(w + JJ)SQ + sinh vV wwSs + %(G)S — wS) . (4.6)

In curved space, the model defined by the action S = [ d*z e Leont(w, @, S, S) is Weyl-
invariant provided S is inert under the Weyl transformations. We can add to (4.6) a
higher-derivative Lagrangian for the dilaton and axion (see, e.g., [93])

__k T52 28 _ ab 1 ab a
L= sy (925925 — 2(R 37 R)VuSV5S|
1 boo & soboo &
- a a a o 4
I ma) [aVISV,SVEST,S + BV SV.SVI SV, S| (4.7)
where
2¢ . va i a

D2 1= VVeS + < V'SV.S, (4.8)

V., is the torsion-free Lorentz covariant derivative, and , @ and 3 are numerical parameters.
The Lagrangian (4.7) is manifestly invariant under SL(2,R) transformations (4.4). The
Weyl invariance follows from the fact that the Fradkin-Tseytlin operator [94, 95]

Ao = (V*V,a)? +2V*(Ryp VP — R V,) (4.9)

is conformal.'6

Within the N/ = 1 Poincaré supersymmetry, SL(2,R) duality-invariant couplings of
the dilaton-axion multiplet to general models for self-dual supersymmetric nonlinear elec-
trodynamics were described in [17], while the case of the supersymmetric Born-Infeld
action [62, 63] was first considered in [98]. The results of [17] were generalised to su-
pergravity in [35]. These results can be used to couple the N' = 1 superconformal U(1)
duality-invariant model to the dilaton-axion multiplet described by a chiral scalar & and
its conjugate ®. One obtains

1
SsolW, W, @, 8] = - /d4xd20€¢>W2 +ec. (4.10)
1 ) B ) . o )

T /d4xd20d29E (® — @)2W2 W2Age (;(cb — d)u, %(@ - CI))u> ,
where Agc(u,u) is given by eq. (2.23). It is assumed that ® parametrises the lower half-
plane, and therefore (® — ®)~! exists.!” One can add to (4.11) a higher-derivative super-
Weyl and SL(2,R) invariant action for the dilaton-axion multiplet [99]

_ K _ 1 — = — .=
P, 0 = —— [ d'2d*0d*0 E ————{ V2OV?® — 8D DG D
Spa[®, D] 16/dxd0d0 (@_@)Q{V 28 - 8D0G !
« ~ 1 -
— [ d*2d®0d’0 E ———~—D*®D, DD ® 4.11
3 / ! (@—@yt e TemE (4.11)

Y5This operator was re-discovered by Paneitz in 1983 [96] and Riegert in 1984 [97].
"The axion a(x) and dilaton ¢(x) are the component fields of ®(x, ) defined by ®|g—o = a — ie™*.
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where x and a are real parameters, and

V20 = D*p — 2 ,
d— D d—d

(4.12)
are SL(2,R) covariant derivatives. The complete action Ssc[W, W, ®, ®] + Spa[®, @] has
the following fundamental properties: (i) it is super-Weyl invariant; and (ii) it is SL(2,R)
duality invariant.
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A Conformal duality-invariant electrodynamics

In this appendix we re-derive the conformal U(1) duality-invariant electrodynamics
constructed in [54, 55] following the non-supersymmetric approaches described in [17]
and [24, 25].

Given a model for nonlinear electrodynamics, its Lagrangian L(F,;) can be expressed
in terms of the two independent invariants of the electromagnetic field,

1 1 .
a:ZW%@, B:ZW%“‘ (A1)
Introducing the complex combination w = a 4+ i3, the Lagrangian can be rewritten in
the form
_ 1 _ _ _
L(w,w) = ) (w —I—w) +ww Aw,w) . (A.2)

Then, the GZGR condition for U(1) duality invariance is given by

Im{a(;uwA) 5 (6(gwA)>2} _0, (A.3)

see [17] for the technical details.
Requiring the action functional to be conformally invariant constrains A(w,w) in (A.2)
to have the following functional form

Acont (@, @) = (W) 2 f(w/@),  f:S' > R. (Ad4)
Only a restricted class of such models prove to be compatible with U(1) duality invariance,
specifically
1 1
Aconf(w; Q_J) = Y — — 1’( + _) R (A5)
Wi w W
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with = and y being real coefficients. These coefficients turn out to be constrained by
requiring the self-duality equation (A.3) to hold, specifically

_,_ sinhy 1~ o 1 1
Acont(w,w) = N — E(coshv 1)(w + w) , (A.6)

with v a real parameter. The resulting Lagrangian is

Leonf(w, @) = —% coshv(w + G)) + sinh yvww, (A.7)
which is exactly the model proposed in [54] (see also [55]). It was called “ModMax elec-
trodynamics” in [54].

It is instructive to re-derive the conformal duality-invariant model using the 1Z ap-
proach [24, 25]. Their reformulation of nonlinear electrodynamics is obtained by replacing
L(Fy) — E(Fab, Vap), where V, = —Vp, is an auxiliary unconstrained bivector, which is
equivalent to a pair of symmetric rank-2 spinors, V,3 = V3, and its conjugate Vaﬁ' The
new Lagrangian L is at most quadratic with respect to the electromagnetic field strength
F,p, while the self-interaction is described by a nonlinear function of the auxiliary vari-

ables, Lint(Vap),

1

Z;(-Fabu Vab) 4

1
FF,, + gvabvab —V®E + Ling(Vip) - (A.8)

The original theory L(F,;) is obtained from E(Fab, Vap) by integrating out the auxiliary
variables. In terms of L(Fyy, Vi), the condition of U(1) duality invariance was shown [24,
25] to be equivalent to the requirement that the self-interaction

Lint(Vap) = Lins(v,7), v :=VV,4 (A.9)
is invariant under linear U(1) transformations v — e'¥v, with ¢ € R, therefore
Lint(v,0) = f(vp) . (A.10)

A unique conformal duality-invariant model corresponds to the choice

Lint,conf = KVVV, (All)
with £ a coupling constant. Integrating out the auxiliary variables lead to the model (A.7),
in which
inh a (A.12)
sinhy = —— . .
T I- (2P

B Elements of N/ = 1 supergravity

General N' = 1 supergravity-matter systems can be naturally described in superspace
using the Grimm-Wess-Zumino geometry [100, 101] in conjunction with the super-Weyl
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transformations discovered in [102]. The structure group in this setting is SL(2,C), and
the geometry of curved superspace is described by the covariant derivatives

D4 = (Dg, Do, D) = EaM0p + Q4 Mg, + QABA’MBW (B.1)

where Mg, = M3 and M 4y = MﬁB are the Lorentz generators. The covariant derivatives
obey the graded commutation relations (see [58] for the derivation)

{Douf)d} — 72iDada (
{Do, D} = —4RM,3, {Da-,DB} = 4RMdﬂ~, (
. D T § T A0 D
[DQ,DBB] = icqg (R Dy + @ 3Dy — DIG M5+ 2W5) Mw) +iDsR Mag, (B2
— . PR— — . 5 — 6 . —
[DaDyg| = —iess(RDs + G'Ds — DIGE Mg+ 2W52 Mg ) — iDgRM, 5 . (B.2d
Here the torsion tensors R, G, = G, and Wapgy = W(am) satisfy the Bianchi identities:

DsR =0, DWapy =0, (B.3a)
D'Goy = Do R, D'"Wagy =iD(, Gy - (B.3b)

An infinitesimal super-Weyl transformation of the covariant derivatives [102]

1
05Do = (& - za)Da +DPo Mg, (B.4a)

_ 1\ - _ s
0oDy = (U — 20)'Dd + ('DBU)MQB (B.4b)

induces the following variations of the torsion superfields

bR = 20R + i(z‘ﬂ —4R)7 , (B.5a)
50Gad¢ = %(U + 5)Gocd + iDao't<J - &) ) (B5b)
(50Wa57 = ;O'W/voéﬁ7 . (B5C)

Here the super-Weyl parameter o is a covariantly chiral scalar superfield, Dgo = 0. The
super-Weyl transformations belong to the gauge group of conformal supergravity.
Integrals over the full superspace and its chiral subspace are related as follows:

/d4x d*0d*0EU = —% /d% d%0 £(D* —4R)U,  E!'=Ber(E M), (B.6)

where &€ is the chiral density (see, e.g., [58] for the derivation). The super-Weyl transfor-
mation laws of the integration measures are

S,E=—(0+0)E,  0,E=—30E . (B.7)
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C Elements of N' = 2 supergravity

In this appendix we give a summary of the so-called SU(2) superspace, the off-shell for-
mulation for N' = 2 conformal supergravity developed in [70]. The structure group in this
setting is SL(2,C) x SU(2), and the covariant derivatives are

Dy = (DG,DZ,Z_)?) = EAM8M + 91467]\45,y + QAB;YM[;,Y + (I)Alikl . (C.1)

Here Jy; are the generators of the group SU(2). The spinor covariant derivatives obey the
anti-commutation relations

{DL, DL} = 487 Mg + 26Ve05Y " M5 + 26 ﬁWV‘SM

+2e,67 SH iy + 4V, 5 (C.2a)
{@?7@5} = —4§ijMdB — QEijEdBY%M,Y(; — 2€ijEdBW75M75
—2e;;e%05M 3y — 4V 0 (C.2b)

(DL, D} = —2i6%(0°)0 Do + 461G My + 461Gy MY +8GP T . (C.20)

Here the real four-vector Gag, the complex symmetric tensors S% = S7¢, Wap = Waa,
Y,3 = Yp, and their complex conjugates S” = S, W, af = Wags, Y.ﬁ := Y, obey
additional differential constraints implied by the Bianchi identities and given in [70].

In SU(2) superspace, the gauge group of conformal supergravity includes super-Weyl
transformations. An infinitesimal super-Weyl transformation of D4 [70] is

, 1. . .
05Dy = 50Dy + (Do) Mo — (Do) J*, (C.3a)
_ 1
06Dai = 50'2)04@ + (D )M'ya + ( )sz > (C?’b)
where the parameter ¢ is an arbitrary covariantly chiral superfield, 15?‘0 = 0. The

dimension-1 torsion superfields transform as follows:

1

5,59 = 551 va(ip%')g’ (C.4a)
1
(50_Ya6 = UYa,@ 4D( Dﬁ)ko—a (C4b)
1 i _
3Gy = §(J+U)Ga5 Epaﬁ(O'—J), (C.4c)
50Wa6 — O'WQB . (C4d)

Eq. (C.4d) shows that W,g is the super-Weyl tensor.
The covariantly chiral projecting operator [103, 104] is

_ 1, . o _ e
A= %<(DW +165Y)Dy; — (D* — 16V *)D, ;)
1

= %(Dw (DY +1657) — D, 5(D* — 16V7)) (C.5)
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where D% = @l(gdﬁﬁ.)k . The fundamental property of A is that AU is covariantly chiral,
for any scalar and isoscalar superfield U, that is @?AU = 0. For any super-Weyl inert
scalar U it holds that

S,U=0 = 06,AU = 20AU, (C.6)
The operator A relates an integral over the full superspace to that over its chiral subspace:
/d4x d*d*0EU = /d4:1: d*0 EAU, E~! = Ber(E4M), (C.7)

with £ the chiral density.'® The super-Weyl transformation laws of the integration mea-
sures are

SoE =0, 0, =—20E . (C.8)

The superfield Z in (3.18) is the following composite scalar [52]:

S _ s
== EDUSU + 5" Si; + Yd/;yaﬂa (C.9)

The fundamental properties of Z are as follows [52]:

(i) E is covariantly chiral,

DIE=0; (C.10a)
(ii) the super-Weyl varation of = is
6oZ = 202 — 2A7 ; (C.10b)

(iii) the functional (3.21a) is a topological invariant related to the difference of the Gauss-
Bonnet and Pontryagin invariants.
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Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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