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ABSTRACT: We revisit the calculation of bosonic dark matter absorption via electronic
excitations. Working in an effective field theory framework and consistently taking into
account in-medium effects, we clarify the relation between dark matter and photon ab-
sorption. As is well-known, for vector (dark photon) and pseudoscalar (axion-like particle)
dark matter, the absorption rates can be simply related to the target material’s optical
properties. However, this is not the case for scalar dark matter, where the dominant con-
tribution comes from a different operator than the one contributing to photon absorption,
which is formally next-to-leading-order and does not suffer from in-medium screening. It
is therefore imperative to have reliable first-principles numerical calculations and/or semi-
analytic modeling in order to predict the detection rate. We present updated sensitivity
projections for semiconductor crystal and superconductor targets for ongoing and proposed

direct detection experiments.
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1 Introduction

Uncovering the nature of cosmic dark matter (DM) remains one of the major goals in
particle physics. Recent advances in low-threshold detectors (e.g. skipper charge-coupled
devices [1], transition edge sensors [2-5], microwave kinetic inductance detectors [6] and
quantum evaporation of helium atoms [7]) coupled with new theoretical investigations of
various small-gap materials (e.g. O(eV)-gap semiconductor crystals [8-21], O(meV)-gap
superconductors [22-24] and Dirac materials [25-28]) have opened up new possibilities in
the pursuit of this goal, well beyond the scope of conventional searches based on nuclear
recoils. In a direct detection experiment, DM may leave its trace not only via scattering
off the target ions or electrons, but also via absorption if it is bosonic and has a mass that
matches the difference between energy levels in the target system [14-16, 24-27, 29-40]. In
this work, we focus on processes where the absorption of a bosonic DM drives electronic
excitations, i.e. transitions between electronic states.

It has been widely appreciated that, for several well-motivated bosonic DM models,
the absorption process is closely related to that of photon absorption, and the rate can be



expressed in terms of the target material’s optical properties, i.e. the (complex) conduc-
tivity or dielectric function. In fact, most studies on DM absorption so far have utilized
this feature to make rate predictions by simply rescaling optical data. This approach is
obviously attractive because it saves the labor of first-principles calculations, which can
be technically challenging or resource-intensive, and because one can often make quick
comparisons between target materials based on existing data.

Nevertheless, this data-driven approach has important limitations. First of all, conduc-
tivity /dielectric data are not always readily available, especially for newly proposed, more
exotic materials, in which case one has to resort to first-principles calculations and/or
semi-analytic modeling (this is the case, e.g. for Dirac materials studied in several recent
works [25-28]). Meanwhile, and more importantly, the question of whether DM absorption
for a particular model can be simply related to photon absorption is a nontrivial one, and
explicit calculations are needed to establish the answer.

It is the purpose of this work to revisit the calculation of DM absorption via electronic
excitations. We critically examine the question above by carefully working out the match-
ing between relativistic Lagrangians for DM-electron interactions and non-relativistic (NR)
effective field theories (EFTS) (section 2), and computing in-medium self-energies to fully
account for mixing and screening effects (section 3). This is a slightly different strategy
than several previous calculations: by matching onto a NR EFT from the beginning in-
stead of taking the NR limit of a relativistic calculation in the end, the power counting
relevant for the absorption process becomes more transparent; also, the cryogenic nature
of direct detection experiments allows us to perform the in-medium calculation in the zero-
temperature limit and avoid the complications of thermal field theory. We will carry out
the calculation for three widely-studied bosonic DM candidates:

o Vector (e.g. dark photon) DM, which can be produced, for example, by inflation-
ary fluctuations [41], by parent particle decays or coherent oscillations after reheat-
ing [42-45], or from a network of cosmic strings [46]. In this case, since the DM
couples to electrons via the same vector current 1)y*1) as the photon does, its ab-
sorption rate is trivially a rescaling of the photon absorption rate.

o Pseudoscalar (e.g. axion-like particle) DM, which can be produced, for example, via
the misalignment mechanism [47-49], from the decays of topological defects [50-52],
or by a variety of other mechanisms (see e.g. refs. [53-57]). While not immediately
obvious (since the DM couples to a different current, ¥iv®1, than the photon does),
it has been well-known that also in this case, there is a simple relation between DM
and photon absorption [29]. We will recover this result in the NR EFT calculation. It
is worth noting that the dominant contribution to NR pseudoscalar DM absorption
actually comes from an operator generated at the next-to-leading order (NLO) in the
1/m. expansion, because the leading order (LO) operator suffers a suppression by
the DM’s momentum gq.

e Scalar DM, which can be produced via mechanisms similar to pseudoscalar DM men-
tioned above. It couples to the scalar current 17, which at LO coincides with the
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Table 1. Summary of results for scalar and pseudoscalar DM ¢ coupling to electron . The
effective operators at LO and NLO in the NR (1/m.) expansion are shown in the second row. In
both cases, the NLO operator (underlined) gives the dominant contribution to DM absorption.
Importantly, the dominant contribution in the scalar case is not directly related to the target
material’s conductivity/dielectric function. See sections 2 and 3 for details.

temporal component of the vector current 7%). However, as we will see, the LO
operator gives a g-suppressed contribution and, as in the pseudoscalar case, the rate
is dominated by a NLO operator. Importantly, this NLO operator has a different
structure than the photon coupling, and its contribution cannot be simply related to
photon absorption, invalidating the data-driven approach.

We make the statements above on the scalar and pseudoscalar DM more concrete in table 1.

The fact that the DM absorption rate is not always relatable to the target material’s
optical properties highlights the necessity to go beyond the conventional data-driven ap-
proach. (The same can be said for DM scattering, for which the data-driven approach
based on the dielectric function that has been advocated recently [58-60] covers only a
limited set of DM interactions.) In this work, we consider two types of targets:

o Semiconductor crystals with O(eV) gaps (section 4), focusing on silicon (Si) and
germanium (Ge) that are in use in current experiments (DAMIC [61-63], EDEL-
WEISS [64-66], SENSEI [67-69], SuperCDMS [70-76]). We compute DM absorption
rates using first-principles density functional theory (DFT) calculations of electronic
band structures and wave functions, which are now publicly available [77]. The nu-
merical calculation builds upon the EXCEED-DM framework [21] and we publish the
“absorption” module of the program together with this work [78].

o Conventional (BCS) superconductors with O(meV) gaps (section 5), focusing on alu-
minum (Al) that has been proposed for direct detection [22-24]. We compute DM
absorption rates by semi-analytically modeling the electronic states near the Fermi
surface, largely following refs. [22-24].

For all the materials under study, we find good agreement between our theoretical calcu-
lation and the data-driven approach for the DM models where both are valid, i.e. vector
and pseudoscalar DM. This serves as an important validation of our calculations. In the
case of scalar DM, we show explicitly how the data-driven approach fails to reproduce the
leading contribution, and present our calculated sensitivity projections. In particular, for
Al superconductor, our revised projected reach is much more optimistic than that found
in ref. [38], although somewhat weaker than the original estimate in ref. [24].



2 Dark matter couplings to non-relativistic electrons

Since electrons in a detector are non-relativistic, it is convenient to perform the DM ab-
sorption calculation in the framework of NR EFT (see e.g. refs. [79, 80] for reviews). In this
section, we work through the procedure of matching a relativistic theory of DM-electron
interactions onto effective operators involving the NR electron field. The total Lagrangian
of interest is

L=Ly+Ly+ Lint - (2.1)

Here L, is the Standard Model part that includes the electron 1 coupling to electromag-

netism,
Ly = [iy"(0y +ieAy,) —me|, (2.2)

Ly contains the standard kinetic and mass terms of the DM field ¢, and we consider the
following DM-electron interactions:

gy (scalar DM, g = dgee ‘/ﬁ)’?e) ,
Ling = 9¢15i’75¢ = _2¢gne (a,u¢) (ip)/NPYSw) (pseudoscalar DM, g = gace) (2.3)
9O Y (vector DM, ¢ = ke),

where we have also indicated the relation between the coupling g and commonly adopted
parameters dgec, gace, & in the literature. Note that there are two equivalent ways of
writing the pseudoscalar coupling that are related by a field redefinition and integration
by parts (IBP).

Let us first consider £,. Writing the electron field in the relativistic theory as

Yz, t) = g~ imet Unr(x, t). (2.4)
We obtain
Ly = ¢1J£IR [i@t —eAg + iy - (V —ieA)+ (1 — 'yo) me} UNR. - (2.5)

We now define projection operators
_ 1 0
Pi:§(1iy), (2.6)

which satisfy P = Py, PyP_. = P_P, = 0 and (P1)l = Py. By using Pi7* = 1Py =
+Py and Pyy' = 4Py, we can rewrite eq. (2.5) as

Ly =] (i0—edo) ¥y 9T (10—eAg+2me) b +op] iy-(V—ieA) ol iy-(V—ieA) ¥,

(2.7)
where ¥+ = Pyyngr (thus Yng = ¥+ + ¢-). Integrating out the heavy field ¢ at tree
level by solving its equation of motion (EOM),

1

Y- = 2me +10; — eAg “r




we arrive at the EFT for ¢ :

off _ t[in o . 1 ' .
Ly =1 i0y —eAg —v - (V —ieA) 2me+i8t—€A07 (V —ieA)| 4
il (V—ieA)2 ex 1 ) )
=yl [Zat_eAO + om. +(VxA)- . 4—mg(V—zeA) - 0(V—ieA)+... |y
(2.9)
where we have used
Yyl = =69 —ikyk - m = (" 0) . (2.10)
0o

We can readily identify the first four terms in eq. (2.9), which come from LO in the 1/m,
expansion, as the familiar electromagnetic interactions as in NR quantum mechanics. There
are several operators at NLO in the 1/m, expansion, of which we have only written out
the one involving ;. This is the last term in eq. (2.9), and is the only NLO term that
will be relevant in what follows. Importantly, it gives a tree-level contribution to the wave
function renormalization of the ¥4 field. In NR EFT calculations, it is often convenient to
adopt an operator basis where temporal derivatives in the quadratic part of the Lagrangian
have been traded for spatial derivatives, so as to eliminate any non-trivial wave function
renormalization factors at tree level. The field redefinition needed to go into this basis, at
the order we are working here, is

Y= |1- _ (v (V —ieA))*| iy . (2.11)

8m?2

This field redefinition does not change the LO Lagrangian (the first four terms in eq. (2.9)),
but replaces the last term in eq. (2.9) by NLO operators that do not contain d; (and hence
do not contribute to the wave function renormalization of 1[4) We will not need the NLO
operators for electron couplings to vector fields (photon and dark photon),! but the field
redefinition in eq. (2.11) that modifies the NLO Lagrangian will be important in the cases
of scalar and pseudoscalar DM.

We are interested in the case where the photon field A* consists of an electrostatic
background ® and quantum fluctuations A*:

Aoz, t) = B(z) + Aoz, t),  Alz,t) = A=,1). (2.12)

The normalized NR field 1ﬁ+ can be expanded in energy eigenstates of the NR Schrodinger
equation:

Do, 1) = ; b e (@) \2 <§> , (2.13)

'As a side remark, in the special case of an electrostatic potential, A = ®(x), A = 0, one can check
that keeping all the NLO terms reproduces the familiar fine structure correction in NR quantum mechanics:
eff NLO n 4 4 e TR ie n N
Ly = 1/)3_ % Py — T (V2D) wler e (V®) - (d)j_ 3 x ?1{4)7 where the three terms are the
relativistic kinetic energy correction, the Darwin term and spin-orbit coupling, respectively.



where ¢7 5 are annihilation operators for NR electrons, and

2
<— 23% - e<I>(w)> Ui(x) =er¥r(z), &= (é) , &= (2) : (2.14)

Note that the form of the background field in eq. (2.12) assumes negligible spin-orbit

coupling, in which case the two spin states s = + for a given I are degenerate. From
egs. (2.9) and (2.12), we can also deduce the electron’s coupling to photon quanta A" at
LO in the NR EFT:

W= —cAoploy —

: 2
i€ ARvAT ¢ s  2atd
g A (P50 ) + 5o (Vo A)- (8 80 ) - oo AL
(2.15)
where 0 Vi, = o1 (Vi) — (V1) by
+ + + + +/) ¥+
Let us now move on to the DM-electron interaction L. For vector DM, we can simply
replace e A*¥ — e A* — g ¢* in the derivation above, and obtain:

L8 = gpo Py + ;ng% - (zﬁi?«/ﬁ) ~ L (V@) (4 By

2me

2
+ % o - .Aq/;h/ur — Q?ne o ¢i¢+ (vector DM).
(2.16)

For the scalar and pseudoscalar cases, since Li,; contains an operator that has a different
structure than all the operators in Ly, there is no such simple replacement. In principle,
we should have included L;,; when solving the EOM for ¢_ in eq. (2.8). However, if we are
working at leading order in the DM-electron coupling g, it is sufficient to simply substitute
eq. (2.8) into L. We therefore obtain, at LO in the NR expansion:

Leff,LO _ {g QSQZJTN])Jr (scalar DM) ’ (217)

" — e (V) - lﬂ ¥ ¢, (pseudoscalar DM) .

We now show that these LO terms are not sufficient to capture the dominant contributions

v
e ™ Ve, and

to DM absorption. The point is that our NR EFT is an expansion in
the power counting is such that momenta (and spatial derivatives) count as mev. and
energies (and time derivatives) count as m,v?. For NR absorption, the energy deposition
is w ~ my ~ m,v2. Meanwhile although the momentum transfer formally counts as mcve,
it is in fact much smaller: ¢ = myvy ~ M2Vy <K Meve, With vy ~ O(1073). Therefore,
when the LO result contains factors of ¢, we need to work out the NLO terms and see if
they may in fact dominate.

From eq. (2.17) it is clear that such ¢ suppression is indeed present in the pseudoscalar
case. It is perhaps less obvious that the scalar case also suffers a ¢ suppression, and its
origin can be understood from charge conservation: the LO operator couples the scalar
DM ¢ to the electron number density 1[111[4 = —pe/e (with p. the charge density carried
by the electron), whose matrix elements vanish in the ¢ — 0 limit because p, = q - Je/w;
technically this is manifest via the orthogonality of initial and final state electron wave



2 Therefore, in both scalar and pseudoscalar

functions, as we will see later in the paper.
cases, we need to expand Liyt up to NLO where there are several operators. Many of them
will not be needed, though, because they are also q suppressed or involve too many fields
to contribute to the in-medium self-energies to be computed in the next section. Including

only the unsuppressed operators at NLO that contain up to four fields, we have

900l + 5 6 (PLV200) — 25 6.4 (6] Vs ) (scalar DM),

—g= (V) zﬂr S, + 4%% (Or9) (1[11 sV 1ﬁ+> (pseudoscalar DM) .
(2.18)
These results were already summarized in table 1 (for brevity we dropped the hat on 1ﬂ+ and

eff

int —

omitted the last operator in the scalar case in that table — we will see that it gives vanishing
contribution to DM absorption in an isotropic medium). The second term in the scalar
case, where the DM ¢ couples to &L?%ﬁ = zﬁi (V24 ) + (V%ﬁl) - (V?ﬂl) (Vihy),
is obtained by combining the wT_w_ term from ) = winr — ¢T_¢_ (with ¢_ replaced by
its EOM solution eq. (2.8)) and additional terms from the field redefinition in eq. (2.11).
We will see in the next section that this operator gives the dominant contribution to scalar
DM absorption. Pseudoscalar DM absorption is likewise dominated by the NLO operator

00) (L =V 4y 2

3 In-medium self-energies and absorption rates

We now use the NR EFT derived in the previous section to compute DM absorption rates.
Generally, the absorption rate of a state can be derived from the imaginary part of its
self-energy. In a medium, care must be taken because of mixing effects. If the DM ¢ mixes
with a SM state A in the medium (generalization to the case of mixing with multiple states
is straightforward) then the self-energy matrix has to diagonalized to find the in-medium

2 2 .
mg —|—H¢¢ H¢A _ mg, +H¢¢ 0 ’ (31)
HA¢ ITaa 0 HAA

eigenstates:

where g ~ O(g?), Iy, M ap ~ O(g). For a 4-momentum Q* = (w, q), we have Iy4(Q) =
IT44(—Q). Simple algebra shows that to O(g?),

yallag
Hag =Moot a0
@ AA

g (3.2)

2The same can be said for the ¢o component in the vector DM case. However, since ¢o couples exactly
to the charge density even beyond LO, retaining higher order terms in the NR expansion does not remove
the g suppression.

3Technically, the electron fields in the two equivalent expressions of the pseudoscalar coupling, ggiv>i
and — 52— (9,¢)(py*v°1), are not the same, but are related by a field redefinition. If one derives the NR

2me

EFT starting from — 52— (9,¢)(y*v°1), this NLO operator is obtained directly from its u = 0 component.

2me

On the other hand, if one derives the NR EFT from g¢iv®ep, a further field redefinition is needed to
eliminate operators involving the background electrostatic potential ® and arrive at the same operator

coefficient shown in eq. (2.18).



The DM absorption rate is then derived from the imaginary part of the eigenvalue corre-
sponding to the DM-like state, (ﬁ:

Z; 1 T, 411
I — _Iml,. ~——Im | 1I A AP 3.3
abs w milzs w m( ¢¢>+mi_HAA ) (3.3)
dRell ;

-1
dw2¢¢) = 1+ O(¢?) has been
approximated as unity. The total rate per unit target mass is given by

1 1 I, 411
R="72 "¢ _—%Im<H¢¢—|—¢AA¢>, (3.4)

where the wave function renormalization Z 3= (1 —

pr W abs pr w?
where pp is the target’s mass density, and py = 0.4 GeV/em? is the local DM energy
density. For non-relativistic DM, w ~ mgy, and py ~ %mid)% with the DM field amplitude
defined by ¢(x,t) = ¢ocos(q - x — wt).

The calculation of self-energies generally involves two graph topologies:

2,

- iHOl,O2 (Q) =—1 H02701 (_Q) ) (3'5)
01 OZ

e —iTlp(Q), (3.6)

where a blob represents the sum of one-particle-irreducible (1PI) graphs. While we have
drawn curly external lines for concreteness, they can each represent a scalar, pseudoscalar
or vector. The operators 01, Oz, O that the external fields couple to may carry Lorentz
indices, in which case IT and II' inherit these indices. We discuss the calculation of these
self-energy diagrams in appendix A.

In the cases of interest here, A represents one of the polarizations of the SM photon,
and IT44 is directly related to the target’s complex conductivity/dielectric function, as
discussed further below. Since IT44 enters the absorption rate formula (eq. (3.4)) as long
as there is a nonzero mixing Ils4, let us examine this quantity in more detail before
specializing to each DM model. The photon self-energy tensor II#* is defined such that the
effective action contains

S 2 5 [ AQI(Q)A(Q)A(-Q)
=5 [ '@ [ (@ 40(Q)A(~@) — 211%(Q) Ao(@)41(~Q) + 1 QLA QA (-Q)]
(3.7)

where A’ (j = 1,2,3) represent the three components of A. As usual, we compute IT*”
from the sum of 1PI graphs. From eq. (3.7) it is clear that the sign convention here is such



that ¢ TI°°, —;T1% and ¢II¥ are given by the sum of two-point 1PI graphs between Ay.Ao,
Ao A7 and A' A7 respectively. From the photon-electron couplings in eq. (2.15), we obtain
II* in terms of Iy, o, and IIj, defined in eq. (3.5) and (3.6):

0% = —e?T; 4, 0% = —€*10 ,,,
1] X X 1, 3 1,
H J = —€ H’U'L,’UJ - 4mg (q 6 J — q q‘j) H]]_J]_ + Me 6 jHﬂ 5 (38)

where the velocity operator v/ is defined by

2Mme

v = — (3.9)
Here and in what follows, we suppress the arguments Q" = (w, q) of self-energy functions
where there is no confusion. To arrive at the expression of I1¥ in eq. (3.8), we have simplified
the spin trace assuming the electron loop does not involve non-trivial spin structures; for
example, o

tr(o'a?)

trl
This assumption is obviously valid for one-loop self-energy diagrams. In the superconductor

sy = Mg =67y, (3.10)

calculation in section 5, we will need two-loop self-energies with an internal phonon line;
in that case the electron-phonon coupling is spin-independent, so the same simplification
applies.

The photon self-energy satisfies the Ward identity Q,II*" = Q,II"” = 0. From eq. (3.8)
we see that this implies the following relations between Iy g, ITy 5, IT,i ,; and IIj:

¢

wn]l,]l = qj H]l,vj ’ wH]l,vj = qi Hvi,vj - Hgl : (311)
e

These relations can be explicitly checked with the one-loop-level expressions in eqs. (A.7)

and (A.8).
We can write II#” in terms of its polarization components as follows:
I =— 3 Iwehekr, (3.12)
AN ==,L
where
=10, 8rig), &= (¢ wi) (3.13)

2 VQ?

for Q" = (w,q) = (w,q2). These are the three photon polarizations in Lorenz gauge

Quel = 0, and coincide with the three physical polarizations of a massive vector with
m? = Q2.

We will mostly focus on isotropic target materials in this work, and leave a discussion
of the anisotropic case to appendix B. For an isotropic medium, the 3 x 3 matrix Il is

diagonal:
My, O, I\  (Ip 0 0
Mo, T__ T | "% | o mp o (3.14)
My M- Hzp 0 0 II



where Ilr and IIj are the transverse and longitudinal photon self-energies, respectively.
The photon self-energy tensor II*¥ therefore has the following form:

LI, 0 0 410
vk * . 0 IIpr O 0
Iy (eflel +ele?) —Tlefel” = — 0 OT oy o . (3.15)

ST, 000 5%HL

v isotropic

I+

From the linear response relation J* = —II"* A,* and Ohm’s law J = ¢ E = o(iwA—iqAg)
we can relate Il and II;, to the complex conductivity o, which in turn is related to the
complex dielectric € via o0 = iw(1l —¢) [17, 23, 26]:

My = —iwo =w*(1—¢), Mp=—iwZ;'c=Q*(1—¢), (3.16)

where Zp = w?/Q?. The real part of the conductivity ¢; = Reo (the imaginary part of
the dielectric) gives the photon absorption rate in medium:

o1 :wlmsz—lImHT:—éImﬂL. (3.17)
w w
We finally note that all the quantities introduced above — the complex conductivity o and
dielectric €, and photon self-energies Il7, II;, can be simply computed from Iy q:
: 2

g—l:f:—g;:—gg:—;ﬂﬂ,ﬂ- (3.18)
With the photon part of the self-energy calculation completed, we now move on to consider
self-energies involving the DM and compute DM absorption rates.

3.1 Vector absorption

Since a vector DM couples to electrons in the same way as the photon, albeit with a
coupling rescaled by —g/e = —k, we have

M = —k I = — T, = K2 TI. (3.19)

Each of the three polarizations of ¢ mixes with the corresponding polarization of the
photon. Therefore, for the transverse (longitudinal) polarization, we simply set Isgy =
—kIlpa = —r1lgp = k2Tl g4 in eq. (3.4), with IT44 = I (II1). As a result,

Rrp = —K? Pé 1y <2HTL> —) mi Im (21> . (3.20)

pr myg — 17 L Pr myg, — 17 L

The total absorption rate for an unpolarized vector DM is obtained by averaging over the
three polarizations, R = (2Rr + Rr)/3. For NR absorption, we have w? ~ Q? = mi, and
My ~ 10 = mi 2—3 II7 1 (see eq. (3.18)), so

1
Ruyector = —#2 22 Im () . (3.21)

2
pr — =1l

4Strictly speaking, linear response theory relates J* and A, via the retarded Green’s function R*, which
differs from the time-ordered self-energy I1*” by the sign of the imaginary part at negative frequencies. This
difference is however irrelevant for our calculations.

~10 -



The rate is semi-independent of the momentum transfer (and hence the DM velocity) since
I1; 1 generically scales as ¢2.
The result can also be written in terms of the material’s complex conductivity /dielectric:

1 1
Rvector == —H2 @ Im () = /462 Pﬁ D) 2 ; (3.22)
Pr € pr |el* my

with €, o1 evaluated at w = mg, ¢ = 0. One may think of

4
m
- ¢
le? (md —Rellp)? + (Im 1,2

(3.23)

as an in-medium screening factor, which suppresses the absorption rate compared to the
obvious rescaling of photon absorption by 2 [14, 24, 31, 81].

3.2 Pseudoscalar absorption

A pseudoscalar does not mix with the photon due to parity mismatch,® and we simply have
R = —Z—i ﬁ ImIlss. The pseudoscalar self-energy Ilgs is defined such that the effective
action contains

Sur > =3 [ 4'Q 3 + 1s(Q)] 6(Q) 9(-Q) (3:24)

Therefore, —illy, is given by the sum of two-point 1PI graphs. From the pseudoscalar
coupling in eq. (2.18), we find, again after simplifying the spin trace as in eq. (3.10):
g9’ 2 j 2
ImITy, = g Im [q Myg —wq’ (Mg + 1y g) +w ij,vj} (3.25)
e
Comparing with eq. (3.8), we see that ImIl4 for a pseudoscalar is closely related to the
photon polarization IT*:

Im {(ﬁ % — w ¢/ (1% 4 TY%) + T — ¢ —; 5 HOO] . (3.26)
m

e

2
ImIMlyy = -5 —
b9 e? 4m?
Note that the ITj term in I/ is purely real and thus does not appear in the equation above.
Also, since w < me, we can drop the last term. Writing II*” in terms of Il and Iz, as in
eq. (3.15) and setting g = ggee, we find
2 Py 1 1

Rpsendoscalar = — — (2w? Im 11 5ImlIlp) . 3.27
pseudoscala: Yaee oy 4mgw2 2 ( w- m T+m¢ m L) ( )

For NR absorption, w? ~ Q% = m?b, and Il ~ I; = €2 " 11y 4 (see eq. (3.18)), and
therefore,
2
2 Pg Mg 1

Rpseudoscalar = —0Ggee E ng ? Im H]l,]l . (328)

®The mixed self-energy II} 4 (Hfb 1) between ¢ and Ag (A7) has to be parity odd (even). For an isotropic
target one must have Hé 4 O ¢’ while Hg 4 is a scalar function of ¢*, so neither has the right parity if
nonzero.
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As in the vector DM case, the absorption rate can be written solely in terms of Il q; the
other self-energies that appear in eq. (3.25) have been traded for I1; 1 via the Ward identity.
Also, analogous to the vector DM case, the rate is semi-independent of the DM velocity
as Ilq g ~ ¢>. Note that the dominant contribution to pseudoscalar DM absorption comes

from the last term in eq. (3.25) that is proportional to w? Il ,;, which originates from the

RIYE)
second (formally NLO) operator in eq. (2.18) (as underlined in table 1).

We can further recast the pseudoscalar DM absorption rate in terms of the photon
absorption rate 01 = Reo = wIme and reproduce the standard result [14, 15, 24, 29]:

_ Jace P 3Mo01. (3.29)

e pp dm?

Rpseudoscalar

We remark in passing that pseudoscalar absorption has also been studied in the context
of solar axion detection; in that case, the relativistic kinematics w > mg means that the
Im I, term in eq. (3.27) is negligible, so the proportionality factor in eq. (3.29) is 1 instead
of 3 [14, 29, 82].

3.3 Scalar absorption

For scalar DM, we need to compute explicitly both Im II44 and its mixing with the photon
I, (Q) =TIy 4, (—Q). These self-energies are defined such that

St [a1Q] 5 (3 + 14u(Q)) 9(Q) 6(-@) ~ 115,(Q) 6(@) Au(~@)
= [a1Q] - m + 150(Q)) $(Q) 6(-@) ~ 134(Q) 4(@) An(~@)
+10,,(Q) 6(Q) A (-Q) | - (3.30)
Therefore, —i Iy, —i 119, and i I/, , are given by the sum of two-point 1PT graphs between

op, pAg and ¢ A7, respectively. From the scalar coupling in eq. (2.18) and photon coupling
in eq. (2.15), we find:

Im My = g* Im (g3 — Iy g2 — Mo g + M2 o) (3.31)
H2>A = —ge(y1 — H172,]l) ) (3.32)
I, = — ge (Hn,vj — e i + H’ ) , (3.33)

where

o 1 ?2
o= vl = — .
2 8m?

As in the photon case, the self-energies are related by the Ward identity Quﬂg 4 =0:

(3.34)

wllze 3 = ¢’ T2 wi H;J , (3.35)

where we have used the first relation in eq. (3.11). One can explicitly check that eq. (3.35)
holds between the one-loop-level expressions for the self-energies in egs. (A.7) and (A.8).
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For an isotropic medium, we must have Hé 4 X ¢’ because there is no special direction
other than ¢.° So the mixing only involves the photon’s longitudinal component. Therefore,
IT44 in the rate formula eq. (3.4) should be set to Il = mi Z—; IIg1 (see eq. (3.18)), and
I144 should be set to

/02
HgA = ge€ T (Hll,]l - Hf;?,jl) )

(3.36)
where we have used the Ward identity to trade ¢’ Hé) 4 for ng 4- Substituting the ex-

1 2 170 i 177
Mow = Monein = 7m0 Moa —0' Toa) = =

/@
q

pressions for ImIlyg4, Iz and Iz, above into eq. (3.4), and applying the NR absorption
kinematics w? ~ Q? = mi, we find

2 2
4 2 1 2 (1 - %1l 1— S 11, =
e e — Im | T2 52 + % ( (h 71)2( ¢ 1 ) ) (3.37)
’ € — =l

2
Rscalar = —d

where we have used I4(Q) = yr(—Q), Hz2 1 (—Q) = Iy 572(Q), and g = dge, \/ﬁg‘e.
We see that the result for scalar absorption, eq. (3.37), depends on Il g2, Il 4,
II; 32 in addition to Iy . If we had kept only the LO operator (f)@@jﬂ/ﬁ in the calculation

above, we would obtain eq. (3.37) with Ilz2 g2, Ilz2 g, Tl 52 set to zero, which coincides

with % times the vector DM absorption rate in eq. (3.21). Just as in the vector DM
@

case, the contribution of the LO operator (;51/11ﬂ+ to scalar DM absorption is screened due
to in-medium mixing [38]. However, the formally NLO operator ¢ (@ELV%L) introduces
additional contributions via Ilg2 52, Ilg2 g, Ty 52. As we will see in the next two sections,

generically Il g, Iz 4 ~ ¢> while g2 52 ~ q°. Tt is thus clear from eq. (3.37) that the
absorption rate of a NR scalar DM is in fact dominated by the Ilz2 52 term:

4drm? py 1
ce Ml%le E m73) Im H’L_)2,’l_12 . (338)

2
Rycalar ~ —d

Importantly, this term (overlooked in several previous calculations of scalar DM absorp-
tion [38-40]) is not directly proportional to the photon absorption rate and is unscreened.
We emphasize that the suppression of LO operator’s contribution is specific to the case of
non-relativistic DM absorption, where ¢ < w; for absorption of a relativistic scalar (¢ ~ w)
or scalar-mediated scattering (¢ > w), the LO operator qﬁ@@ldﬂ indeed gives the dominant
contribution.

To summarize, in this section we have derived DM absorption rates in terms of in-
medium self-energies of the form Ilp, o,, as defined in eq. (3.5). (Contributions from the
other graph topology, eq. (3.6), have been eliminated using the Ward identity.) Both vector
and pseudoscalar absorption involve a single self-energy function Il 5 o< IT, (see egs. (3.21)
and (3.28)), and the rates can be simply related to the (complex) conductivity/dielectric

5We note in passing that the H; ; term in Hi 4 is g independent and must therefore vanish in an isotropic

medium. This is why we have omitted the ¢ A - (&vaﬁr) operator in eq. (2.18), which only contributes
to this term, from table 1.
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Figure 1. Comparison between different terms contributing to the scalar DM absorption rate,
defined in eq. (3.39), for Si, Ge and Al-SC targets assuming ¢ = 1073m,. Dashed curves indicate
negative values. In all three targets we see that Ry2 52 dominates over the entire DM mass range
considered. This term comes from an NLO operator in the NR EFT (underlined in table 1) and
cannot be directly related to the target’s optical properties (i.e. the complex conductivity/dielec-
tric function). For Si and Ge, the calculation of Rz 3 is technically challenging as explained in
section 4; however, it is parameterically the same order in ¢ as Rq 4 and therefore expected to be
also subdominant compared to Rz 52.

(see egs. (3.22) and (3.29)). In these cases, the data-driven approach based on the mea-
sured conductivity/dielectric is viable, and we can also use optical data to calibrate our
theoretical calculations based on DFT or analytic modeling. On the other hand, for scalar
DM absorption, additional self-energy functions Iz 2, II52 1, Iy 52 enter (see eq. (3.37)),
and the rate is not directly related to photon absorption. In this case, the data-driven
approach fails and theoretical calculations are needed.

In the next two sections, we compute the self-energies Iy g, [l 52, g2 4, 1l 52 in
crystal and superconductor targets, respectively, which then allow us to derive the absorp-
tion rates of vector, pseudoscalar and scalar DM in these targets. Our main results for
Si, Ge and Al-superconductor (Al-SC) targets are collected in figures 1, 2 and 3. First,
figure 1 confirms the dominance of the II;2 ;2 term in the scalar DM absorption rate (i.e.
that eq. (3.37) indeed simplifies to eq. (3.38)) by rewriting eq. (3.37) as

Arm? P
Rscalar = d° €L (Ryzpe + Rag+Riza) (3.39)
Scalar ee M}g’l pT ( ve,v v, )
and comparing the sizes of the terms. Here Ry2 52 = —# Im T2 52,
é
Ri1 = — 2 %Im (}), while the remaining terms define R;2 ;. Next, figure 2
’ ’I’n(25 (& 1_27 H]l,jl )

shows the projected reach for the pseudoscalar and vector DM models, where we see good
agreement between our theoretical calculations (solid curves) and rescaled optical data
(dashed curves). Lastly, figure 3 shows our calculated reach for scalar DM and compares
the Al-SC results with previous work [14, 38]. These results will be discussed in detail in
the following sections.
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Figure 2. Projected 95% C.L. reach (3 events with no background) with semiconductor crystal
(Si, Ge) and superconductor (Al-SC) targets for the vector and pseudoscalar DM models defined in
eq. (2.3), assuming 1kg-yr exposure. We compare our theoretically calculated reach (solid) against
the data-driven approach utilizing the target material’s measured conductivity/dielectric [83, 84]
(dashed). For Si and Ge, the data-driven approach was taken in previous works [14, 15], with which
we find good agreement. For Al-SC, our theoretical calculation reproduces the results in ref. [24]
(dotted) up to the choice of overall normalization factor. Also shown are existing direct detection
limits from XENON10/100 [15], stellar cooling constraints from the Sun (assuming Stiickelberg
mass for vector DM) [85] and white dwarfs (WD) [86], and pseudoscalar couplings corresponding
to the QCD axion in KSVZ and DFSZ (for 0.28 < tan § < 140) models [87].

Scalar DM

1011 1

1010

1072 1072 1071 1 10 10

Figure 3. Projected 95% C.L. reach (3 events with no background) with semiconductor crystal
(Si, Ge) and superconductor (Al-SC) targets, for the scalar DM model defined in eq. (2.3), assuming
1 kg-yr exposure. In contrast to the vector and pseudoscalar cases shown in figure 2, the projections
here cannot be derived from the target’s optical properties. Differences compared to Hochberg et
al. [24] and Gelmini et al. [38] in the Al-SC case are discussed in detail in section 5. Also shown
are existing constraints from fifth force [88] and red giant (RG) cooling [89].
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4 Dark matter absorption in crystals

In this section, we specialize to the case of crystal targets that are described by band
theory. It suffices to compute the self-energies 1lp, o0, at one-loop level, with O 2 = 1, 02
The result for general O, Oy is given in eq. (A.7) in appendix A, and involves a sum
over electronic states I, I’ that run in the loop. Since we assume the target is at zero
temperature the occupation numbers f;, f;r take values of either 1 or 0. Only pairs of
states for which f; — f7 # 0, i.e. one is occupied and the other is unoccupied, contribute
to the sum — it is between these pairs of states that electronic transitions can happen.

In the present case, the states are labeled by a band index ¢ and momentum k within
the first Brillouin zone (1BZ), so we write I = i,k, and I’ = i/, k’. The wave functions
have the Bloch form, which in real and momentum space read, respectively:

1 . -
Vi) = N >t T Uie(p) =VV Y tingoprra.  (4.1)
G

G
where the sum runs over all reciprocal lattice vectors G. These are related by
Pp < - ~ i
Wm@ﬁ:/ChPWw@Mw% WM@V:/fx%M@G”m (4.2)
upon applying the standard dictionary between discrete and continuum expressions:
d®p (27)3
I = S ] (43)
P

We now examine the matrix element (i’, k’| 07 €4® |i, k) involved in eq. (A.7) for the
v2 and 1 operators; (i, k| Oy e~ |i k') is completely analogous. For the ©? operator, we
simply obtain

<7;/, k/‘ 1_)2 eI ‘Z, k> = — W /dSJJ ( ?/7]6/?2 \Ili,k:) e
€

= 877”1112 Z (k/ + G/ + k + G)2 u;'k’,k’,G’ Ui k.G 5k’+G’,k+G+q . (4.4)
e e
For NR absorption in the mass range of interest here, mg < 100 eV, the momentum transfer
g ~ 1073my ~ meV (52) is well within the 1BZ (O(keV)). This implies that Umklapp
processes where G’ # G do not contribute, so (lattice) momentum conservation simply
dictates k' = k + q. At leading order in ¢ we can set k' = k, and eq. (4.4) simplifies to
<i/, k/‘ 72 el ‘7;, k> = 5k:’,k % Z(k + G)2 u;k, k.G Wi k,G T (’)(q) . (4.5)
2mg ‘= "
For the 1 operator, additional care is needed since (i’, k| €4 |i, k) vanishes in the ¢ — 0
limit: |¢', k') and [i, k) are distinct energy eigenstates and therefore orthogonal. At O(q),
we have (i',k'| e |i,k) ~ iq- (i',k'|z|i,k). A numerically efficient way to compute
this matrix element is to trade the position operator for the momentum operator via its
commutator with the Hamiltonian H = QPT; + V(x):

| .
(i', K'|x|i,k) = ————— (', K'| [z, H] |i, k) = — Z

i K| plik). (4.6
Eir k! — Eik ”MWW—%H< Iplik) . (4.6)
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Substituting in the wave functions, we find:

. iz | - q
(' KT i, k) = 0py jp ———— - Z(k + G) uj g Uik,G T o). (4.7)
MeWiti k"o
where Wity ke = Ei' k — Ei k-
It is convenient to define the following crystal form factors, via which the Bloch wave
functions enter DM absorption rates (at leading order in q):

1 .
fi’i,k = W Z(k + G)2 ui’,k7G 'U/Z'ngG s (48)
€ G
1 *
filiak = Wits k Z(k + G) ui/7k7G ui7k7G : (4'9)
', G

Note that they differ from the crystal form factor used in spin-independent DM scatter-
ing [12, 17, 21]: fop ikq) = 2 Ui g grag Yisk,G'- The absorption kinematics simply set
the k and G vectors of the initial and final states to be the same; also, powers of (k + G)
appear as follows from the effective operators.

The crystal form factors defined above allow us to write the self-energies in a concise
form. For the operators 1 and ©2, the spin trace is trivial and simply yields a factor of two.
Each pair of valence/conduction states between which a transition can happen contributes
to two terms in the sum over electronic states, because either i, k or 7/, k' can be a valence
or conduction state. Combining the two terms for each pair, we obtain

ry oy L)

zEcondkElBZ w — w”k—}—zé w—l—w”k—zé

i € val.

1 2
v2v2:f Z Z (w w“k+l5 .)‘fi’i,k’a (4'11)

i/ cond. k € 1BZ W+ wirg g — 10
i € val.

2

. (4.10)

where § — 0. We see explicitly that Iy ~ ¢ and g2 g2 ~ q°, as already alluded to
in section 3. The other two self-energies, II;2 1 and Tlq 52, take the form of q - F + O(¢?),
where F is a target-dependent function that involves f;; p and fi; . In the absence of
a special direction, we must have F = 0 and therefore, Iz 1, Iy 52 ~ O(q*). Working
out the leading O(¢?) contribution to these self-energies would require the O(q?) term in
(i', k'| !9 |i, k), which however does not admit a simple expression in terms of just the
momentum operator as in eq. (4.6). Nevertheless, IT;2 ; and II; 52 only enter the absorption
rate in the scalar DM case and we expect Rz 4 ~ Ra 1 since [ g, Tl 52 and Ilj 5 all scale
as ¢2. So as long as Ra1 < Ryz z2, it is justified to neglect the second term in eq. (3.37)
altogether and use eq. (3.38) for the rate; computing Il 5, II; 52 then becomes unnecessary.
We see from figure 1 that this is indeed the case for Si and Ge.

To calculate the DM absorption rates and make sensitivity projections, we use DFT-
computed electronic band structures and wave functions for Si and Ge [77], including

all-electron reconstruction up to a cutoff of 2keV; see ref. [21] for details. We adopt the

43 9

same numerical setup as the “valence to conduction” calculation in ref. [21], and include
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also the 3d states in Ge as valence (treating them as core states gives similar results).
The finite resolution of the k-grid means we need to apply some kind of smearing to the
delta functions coming from the imaginary part of eqs. (4.10) and (4.11). This is done
in practice by setting ¢ in egs. (4.10) and (4.11) to a finite constant 0.2V, which we find
appropriate for a 10 x 10 x 10 k-grid for the majority of the DM mass range. We implement
our numerical calculation as a new module “absorption” of the EXCEED-DM program [78].

We present the projected reach for the three DM models in figures 2 and 3, assuming
3 events (corresponding to 95% CL) for 1 kg-yr exposure without including background,
together with existing constraints on these models for reference. The solid curves are
our theoretical predictions; they are obtained using the rate formulae egs. (3.21), (3.28)
and (3.38) for vector, pseudoscalar and scalar DM, respectively, with the self-energies
I3, Ilz2 52 computed numerically for Si and Ge according to egs. (4.10) and (4.11) as
explained above. For pseudoscalar and scalar DM, the reach curves are essentially the
sum of Lorentzians coming from the smearing of delta functions in ImIly 3 and Tm Iz 5,
respectively; there is no screening in these cases. For vector DM, in-medium mixing with
the photon results in the plasmon peak (dip in the reach curves) between 10 and 20eV for
both Si and Ge; the rate is screened below the plasmon peak.

For vector and pseudoscalar DM, we can alternatively take the data-driven approach,
using egs. (3.22) and (3.29), respectively, to derive the rate from the measured conductiv-
ity /dielectric. As in refs. [14, 15], we use the measured optical data from ref. [83]. Results
from this data-driven approach are shown by the dashed curves; they are the same as in
refs. [14, 15] upon inclusion of backgrounds. For Si, the solid and dashed curves are very
close to each other for mg 2 3eV; the theoretical calculation (solid curves) systematically
overestimates the rate as mg approaches the band gap (1.2eV) because of the smearing
procedure discussed above. For Ge, we see the same systematic discrepancy close to the
band gap (0.67eV); also, the theoretical calculation predicts a sharper plasmon peak (cor-
responding to a smaller Im Iy ; near the plasmon frequency) compared to data. Aside from
these issues, we view the overall good agreement between the solid and dashed curves in
the vector and pseudoscalar cases as a validation of our DFT-based theoretical calculation
in the majority of DM mass range. Importantly, this gives credence to the reach curves
we have calculated in the scalar DM case, where the data-driven approach does not apply,
though one has to keep in mind that our calculation systematically overestimates the rate
for DM masses below about 3eV because of the smearing issue.

5 Dark matter absorption in superconductors

We now turn to the case of conventional superconductors described by BCS theory. For
the majority of the calculation, we are concerned with electronic states with energies e
satisfying |e — ep| > A, where ep is the Fermi energy and 2A ~ O(meV) is the gap, and
the description of a superconductor approaches that of a normal metal; corrections due to
Cooper pairing only become relevant within O(A) of the Fermi surface.

Following refs. [22-24], we model the electrons near the Fermi surface with a free-

. . 2 . ik .
electron dispersion ¢, = fl— and wave function ¥ (x) = ﬁ e’®® where the effective mass
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m is generally an O(1) number times the electron’s vacuum mass m.. At zero temperature,
electrons occupy states up to the Fermi surface, a sphere of radius kp = /2m,ep. The
volume of the Fermi sphere gives the density of free electrons, n, = ﬁ%wk?’, where
the twofold spin degeneracy has been taken into account. We expect this simple effective
description to hold up to a UV cutoff wmax (~ 0.5€eV for Al), above which interband
transitions become important and one may instead perform a DFT calculation (as in the
case of crystals discussed in section 4).

Within this simple free-electron model, the self-energies Ilp, o, are real at one-loop
level; it is easy to see that two electronic states differing by energy w and momentum q
cannot be both on-shell when w > q. Therefore, the leading contribution to the imaginary
part arises at two loops, and we have

o, 0, ~ Re ngg’;’;’) +iIm ngfg;’;) . (5.1)

For the real part Rellp, 0, = Re HS;I’%?), we apply the general formula eq. (A.7) to

the free-electron model in the limit w > ¢, as explained in detail in appendix A.2. The

results are: ) s o
g n k% q° n
Rellyy = — —=, Rellpz g = Relly 2 = 15 — —.
W= My 2mzs w® my

(5.2)

While these are derived for normal conductors, we expect them to carry over to the su-
perconductor case; proportionality to n. (the total number of electronic states within the
Fermi sphere) implies insensitivity to deformations within O(A) of the Fermi surface. We
also note in passing that, via eq. (3.18), we obtain the familiar result for the photon self-
energies [90, 91]: Relly = wg, Rell; = %ng, where wg = i—”j is the plasma frequency
squared.

For the imaginary part Im Ilp, 0, = Im Hg;kg’;), we expect the dominant contribution
to come from two-loop diagrams with an internal phonon line for a high-purity sample
(otherwise impurity scattering may also contribute). These are associated with ¢ (or
v) + e~ — e~ + phonon processes by the optical theorem, and can be computed by the
standard cutting rules, as we detail in appendix A.3. We model the (acoustic) phonons with
a linear dispersion, wg = csq' where ¢, is the sound speed, and neglect Umklapp processes
which amounts to imposing a cutoff on the phonon momentum, ¢, = ¢p = wp/cs with
wp the Debye frequency. The electron-phonon coupling, in our normalization convention,

is given by % (24, 92, 93], with Cepn ~ O(ep) a constant with mass dimension one.
q

Accounting for the superconducting gap, we obtain, for w > ¢:

C2 22 min(1-22,72) (2 Jw)?
ImIl; 4 =— L/ ‘1-z)FE 1--— .
m I 4 3@t )y dx z*(1—x) (i-2? ) (5.3)
02 @t 4 pmin(1-22, 52 2
ImII52 g2 = — % ﬂz/ dz xZ(li‘r)sE 1- (QA_/W)Q , (54)
(27T) Pr Cs Me Jo <1 CL‘)

w
2 2 42 2 min(1—=2, —2=
Im Iz 4 = Im I Copn 2 4 m*/ (-%%)
72,1= 1,52 =
0

3(@m)ppcl m2
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Fermi energy ep=11.7eV

Plasma frequency wp =12.2eV

Electron effective mass My = % = 0.35m,
Fermi momentum kp=/2m.p = 2.1keV
Superconducting gap 2A = 0.6 meV

Debye frequency wp = 37meV

Sound speed cs =2.1x107°
Maximum phonon momentum ap = %’3 = 1.8keV
Electron-phonon coupling Ceph = 56 eV

Mass density pr = 2.7g/cm?

Table 2. Material parameters for aluminum superconductor.

where E(z) = fol dt 11__2552 is the complete elliptic integral of the second kind. For energy
depositions much higher than the gap, w > 2A, the elliptic integral E(1) = 1 drops out

and we reproduce the results for a normal conductor; see appendix A.3 for details.

With the expressions of self-energies above, we can use egs. (3.21), (3.28) and (3.37)
to calculate the absorption rates for vector, pseudoscalar and scalar DM. We consider an
aluminum superconductor (Al-SC) target, for which the relevant material parameters are
listed in table 2. We use the same numerical values as in ref. [24] for ep, wp, A, wp, ¢,
and determine the electron-phonon coupling C p from resistivity measurements [94, 95]
as explained in appendix A.3. For scalar DM, we again confirm the dominance of the Ry252
term in eq. (3.39), as seen in figure 1, so the rate formula eq. (3.37) simplifies to eq. (3.38)
as in the cases of Si and Ge discussed in section 4.

Figures 2 and 3 show the projected reach, assuming 3 events per kg-yr exposure without
including background. We see that Al-SC, with its O(meV) gap, significantly extends the
reach with respect to Si and Ge to lower mg. The solid red curves are obtained from the self-
energy calculations discussed above; the underlying model has a UV cutoff wpax ~ 0.5eV
where we truncate the curves. Low-temperature conductivity data are available between
0.2eV and 3eV [84]. For the vector and pseudoscalar DM models, we also present the
reach following the data-driven approach in this mass range (dashed curves), obtained by
using egs. (3.22) and (3.29) with 01(= Reo = wlme) taken from ref. [84] and Ree set to
1- :—’z Between 0.2eV and 0.5eV where both theoretical (solid) and data-driven (dashed)
predictions are shown, they are in reasonable agreement, with the latter stronger by about
40% for both k and guee at 0.2€V. The difference is presumably a result of approaching
the UV cutoff of the theoretical calculation, and possibly also the neglect of Umklapp
contributions. For scalar DM, the data-driven approach is not viable, and we present our
theoretical prediction up to 0.5eV. We also show the reach curves obtained in the previous

literature [24, 38] for comparison, and discuss the differences in what follows.
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Comparison with previous calculations. The calculation of DM absorption in super-
conductors was first carried out in ref. [24], where the 2—2 matrix element for ¢ + e~ —
e~ + phonon was evaluated at leading order in g. For vector and pseudoscalar DM, our
results agree with ref. [24] as seen in figure 2, up to a minor numerical prefactor understood
as follows. Ref. [24] chose the value of the electron-phonon coupling Cepn such that the
photon absorption rate (i.e. conductivity oq) matches the experimentally measured value
at w = 0.2eV. In this work, we instead determine Ce_py via the A parameter following
refs. [94, 95], which results in a slightly lower value and hence the slight mismatch observed
in figure 2.

The more significant numerical difference in the scalar case between our results and
ref. [24], as seen in figure 3, can be traced to two sources. First, the numerically dominant
effect is that ref. [24] did not distinguish m, and m., while we have kept the vacuum mass
me in the operator coefficients and used the effective mass m. for the electron’s dispersion
and phase space; the two masses differ by about a factor of three in AI-SC. Note that the
difference between m. and m, does not affect the vector and pseudoscalar absorption rates
as they only depend on IIj 1, which is independent of m./m.. Second, ref. [24] dropped a
factor of (1—x)? in the scalar absorption matrix element when taking the soft phonon limit;
this results in an O(1) difference on the projected reach that is numerically subdominant.
One can easily verify these two points by evaluating the integral in eq. (A.38) using 2%(1—x)
in place of %E( 22(1—x)3 in the last line; this would reproduce the analytic relation presented
in ref. [24] between scalar and photon absorption rates in the limit w > 2A.

More recently, ref. [38] revisited scalar DM absorption and claimed that in-medium
effects lead to a significantly weaker reach. We reiterate that while in-medium mixing with
the photon screens the contribution from the LO operator 1, the leading contribution to
scalar absorption comes instead from the NLO operator 2 that is not screened. In fact,
the screening factor in ref. [38] was (correctly) derived for the 1 operator but inconsistently
applied to the dominant contribution coming from the #? operator as obtained in ref. [24].
As a result, ref. [38] significantly underestimated the reach as we can see from figure 3.

6 Conclusions

In this paper we revisited the calculation of electronic excitations induced by absorption of
bosonic DM. Specifically, we focused on O(1-100)eV mass DM for Si and Ge targets that
are in use in current experiments, and sub-eV mass DM that a proposed Al superconductor
detector will be sensitive to. We utilized an NR EFT framework, where couplings between
the DM and electron in a relativistic theory are matched onto NR effective operators in a
1/m. expansion. We then computed absorption rates from in-medium self-energies, care-
fully accounting for mixing between the DM and the photon. For crystal targets like Si and
Ge, we used first-principles calculations of electronic band structures and wave functions
based on density functional theory, and implemented the numerical rate calculation as a
new module “absorption” of the EXCEED-DM program [21, 78]. For BCS superconductors,
we adopted an analytic model as in refs. [22-24] treating electrons near the Fermi surface
as free quasiparticles and including corrections due to the O(meV) superconducting gap.
The projected reach is presented in figures 2 and 3 for vector, pseudoscalar and scalar DM.
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Most of previous calculations of DM absorption relied upon relating the process to
photon absorption, and hence to the target’s optical properties, i.e. the complex conduc-
tivity /dielectric. For vector and pseudoscalar DM, this is a valid approach. Our theoretical
calculations reproduced the results of this data-driven approach in the majority of mass
range, which we view as a validation of our methodology and numerical implementation.

For scalar DM, however, we showed that the dominant contribution is not directly
related to photon absorption. One therefore cannot simply rescale optical data to derive
the DM absorption rate. Importantly, the familiar coincidence between scalar and vector
couplings, sz o~ 7,/_1707,/}, holds only at leading order in the NR EFT. For non-relativistic
scalar DM ¢, matrix elements of the leading order operator are severely suppressed by
the momentum transfer g ~ 10_3m¢. The dominant contribution comes instead from a
different operator that is formally next-to-leading-order in the NR EFT expansion, and
does not suffer from in-medium screening. We presented reach projections for scalar DM
based on our theoretical calculations. Notably, for Al superconductor, the reach we found
is much more optimistic than the recent estimate in ref. [38].

It is straightforward to extend the calculation presented here to anisotropic targets
and materials with spin-dependent electronic wave functions (as can arise from spin-orbit
coupling); we will investigate this subject in detail in an upcoming publication. Another
future direction is to calculate phonon and magnon excitations from DM absorption via in-
medium self-energies in a similar EFT framework, refining and extending the calculation in
ref. [96]. Finally, in-medium self-energies are also relevant for DM detection via scattering;
one can carry out a calculation similar to what we have done here, but in a different
kinematic regime, to include in-medium screening corrections in the study of DM-electron
scattering via general EFT interactions [97].
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A Self-energy calculations

A.1 General result for the one-loop self-energy

At one-loop level, the self-energies defined in eqs. (3.5) and (3.6) are given by
I/

- Z.HOL(’)z (Q) = ) —1 H/O(Q) = ) (Al)
O (@ @
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where the external states (drawn with curly lines for concreteness) can be either spin-0
or spin-1, and the internal electronic states I, I’ are summed over. Using the in-medium
Feynman rules (see e.g. ref. [93]) we obtain, for the first diagram:

. o0 ds tr (I' 04 e\ 1\ (] (92 e~
I ™ e+w—51,+zl, — &5+ 10y
where V' is the total volume, “tr” represents the spin trace, and d,,, = dsgn(e,,) —ep)

with § — 0. Note that the i prescription for electron propagators is different from the
vacuum theory, and depends on whether the state is above or below the Fermi energy ep;
using the correct #d prescription is crucial for ensuring causality. Meanwhile, the matrix
elements coming from the vertices are

(11016971 = [ @ [W(2) 010, (@) 0* (A.3)

and likewise for (I| Oy e"®|I’). Here O; 2 are matrices in spin space, and may involve
spatial derivatives acting on the electronic wave functions. For example, for the velocity
operator defined in eq. (3.9) (which is proportional to the identity matrix in spin space),
we have

(ot ere 1) = (1| Ve 1) = o [ e [u (9,0)) - (9,05) 0] 1
2me 2m,
(A.4)
We can evaluate the energy integral in eq. (A.2) by examining the pole structure of the
integrand in the complex plane. If §,, and d; have the same sign (i.e. if both I” and I are
above or below the Fermi energy), the two poles are on the same side of the real axis and
they have opposite residues; the integral therefore vanishes upon closing the contour via
either +i00 or —ioo. So we must have one state above the Fermi energy and one below it,
in which case there is one pole on each side of the real axis; closing the contour via either
+i00 or —ioo to pick up the residue at one of the poles, we obtain
i
0 de 1 W —wp+1i0
/_00277(5+w—€1/+i51,)(5—51+i5[) N i

Y i 5, <0.6,50.
w—wI/I_id ! 1 1

lf (51/>O, 51<0,

(A.5)
Here w;; = ¢, —e;, and 6 —07. All cases discussed above can be concisely summarized as:
/00(16 1 _ —i(fp — f1) (A.6)

o0 2T (etw—epn +i0,)(e—e;+i0;) w—wpp+ b,

where f;, f;, are the occupation numbers (equal to 1 for states below the Fermi energy, 0
for states above it), and 0,,; = dsgn(w; ;). We therefore obtain

fI / iq- —iq- /
11 = —— tr({(I'| O1 " T* || O EIN A7
0,0, = z”w (o 0, er)) (A7)
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As the simplest example, setting O1 = Oy = 1 in eq. (A.7), we obtain Il; 1, and hence the
dielectric via eq. (3.18), which reproduces the familiar Lindhard formula (see e.g. ref. [98]
and recent discussions in refs. [58, 59]).

Now move on to the second diagram in eq. (A.1). While we have shown in section 3
that contributions to absorption rates from this diagram can be eliminated using the Ward
identity, we present its result here for completeness and also to allow for an explicit check
of the Ward identity. In this diagram, the electron propagator starts and ends at the
same time point and time-ordering becomes ambiguous. The correct prescription is to take
the normal-ordered product of creation and annihilation operators, and the loop is simply
proportional to the electron number operator [93]. Again writing the result in terms of
occupation number f;, we find

, = _% S frie(I|ONI). (A.8)
I

Note that IT}, is purely real at all orders. With egs. (A.7) and (A.8) one can readily verify
the relations implied by the Ward identity, eqs. (3.11) and (3.35).

A.2 Real part of the one-loop self-energy in a metal

We now apply eq. (A.7) to the case of a metal. As discussed in section 5, we model the
electrons near the Fermi surface of a metal as free quasiparticles with an effective mass m.
and energy eigenstates labeled by momentum. The sum over I, I’ becomes integrals over
k,K’, and we have

H(91 Oy = Re HO1 Oy

VK [V fu— y B
= V/ / W fk;ga Jr — tr(<k’|(91 e k) (k| Oy e Zq:c|k/>)' (A.9)
T 2ma Omx

Note that the 70 in the denominator is irrelevant since the intermediate states cannot go
on-shell and Ilp, o, is real at one-loop level.

Let us first consider Il q. For the matrix element part, we have

3
(K| 1% |k) = /d%e (ktq—k)@ g _ (2”) 5 (k+q k)1, (A.10)

(8 o ek = 2 20 /dS =2 O g ).
(A.11)
Therefore,
&k forq—fr Bk frrg — i
M1 =-2 y =—2/ g : A12
SRl e i &
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Expanding in small ¢ and integrating by parts, we find

Ty g = —2/613];3((;.vfk+...)<i+ kq +>

Maw?
3 .
— /(d/’;sfk( .)<i+7:*52+...>
N &’k ¢ ¢ e
~ /( e = S (A.13)

where the gradients are in k space, and n, = 2 f 3 fr is the free electron density.

We can calculate Il 1 in a similar way. The matrix element part again yields a
momentum-conserving delta function, and the integrand can then be expanded in small q.

We find

Ly / d3k fk+q fe  (2k+q)?

_ 2 8m2

MM

3k 1 1 k-q k2 k-q
=2 — —q¢'¢ —
/( )gfk<qV q'¢ ViV +. )<w+m*w2+ ><2m2+2m§

N / d3k K¢ +2(k-q)? k% qf& (A14)
- (2m)3 k 2m2m.w? C2m2 w? my '
where we have used fr = ©(kp — k), and n. = (272r)3 3mk}. Finally, since eq. (A.14) is

invariant under (w,q) — (—w, —q), we have Il 52 (Q) = 2 1 (—Q) = Tl;2 1 (Q).

A.3 Imaginary part of the two-loop self-energy in a metal

The one-loop self-energies calculated above are purely real: both electrons cannot go on-
shell if their energies and momenta differ by Q" = (w,q) with w > ¢. The leading
contribution to ImIlp, 0, (Q) comes from two-loop diagrams with an internal phonon line.
In this section, we compute them first in the case of a normal conductor, and then discuss
the corrections needed in the superconductor case when w approaches the gap 2A.

Cut diagrams. There are three contributing diagrams:

_) d4 d4Q/
(2 : / 31 Ok O G- O G

26101 (K, K + Q) Oa(K +Q, K)] (A.15)
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Q d4K d4QI
— _ ) ph
0102 - l/ (2m)* / (2myt 1 Crere O Grcrar Gy

Y2 tr [61(1(, K+ Q) Os(K +Q, K)] , (A.16)

[ d'K A X
= —Z/W/WGKGK+QGK+Q_Q/ GK—Q’ Gg/

Y2 tr [61(K, K+Q Oy)(K+Q—-Q K — Q’)} . (A.17)

Here each propagator is labeled by a four-momentum that consists of the energy it carries
and the momentum label of the electron or phonon state. In each diagram, we denote
four-momentum flowing into the O vertex from the electron propagator as K* = (e, k),
and the phonon four-momentum (with direction indicated by the arrow) as Q* = (&', q').
The electron and phonon propagators are denoted by iG and iGP", respectively, with

1 L 1 1 2wy
Gro — 7 GPh — _ _ = T—, (A8
K 6—%4-@'55 W —wy+id W twy —id w’2—w§,+z5 ( )
Wherelée = dsgn(e —ep), § = 01, and wy = c¢s¢’. The electron-phonon vertex y, =
j%, while the vertices associated with operator insertions 072 yield the momentum

space representations of these operators, (51,2, whose arguments are the incoming and
outgoing electrons’ four-momenta. We have assumed exact momentum conservation and
neglected Umklapp processes; the latter may introduce an O(1) correction to the final
results which is more difficult to calculate.

By the optical theorem, 2ImIlp, o, is given by the sum of cut diagrams. For the first
diagram, eq. (A.15), there is only one possible cut to put all intermediate states on-shell,
i.e. the one through the phonon propagator and the two electron propagators carrying
momenta K and K + @ — Q'. By the cutting rules, we should replace

G2 = — 2mi[8(w — wy) + 0(w +wg)] (A.19)
, k>
Gg — —2misgn(e —ep) (5(5 — 2m*) , (A.20)
2
Grig-¢ — —2misgn(e +w—w —ep) 5(5 +w—w — (k+2qq)> . (A.21)
e

For w > 0, the on-shell condition requires w’ > 0, ¢ < e and € + w — w' > ep; this
corresponds to a process where an electron jumps out of the Fermi sphere by absorbing
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Q" = (w, q) while emitting a phonon to conserve momentum. We therefore obtain

Cut[eq. (A.15) ]

——/(céif;/gSI 27 §(w’ q)é(a—zij)é(e—l—w—w’—W)

i (1 - fk+q—q’) G%G-Q ygf tr[(’~)1(K7 K+ Q) 62(K + Q,K)}

d®k d3q k2 k —q)2
:_/(271')3/(2 E 2 6( 5 _( +q-4q') —wq/>fk(1_fk+qq/)y3/

M 2My

G tr[O1(K, K + Q) Os(K + Q, K], (A.22)

where it is understood that ¢ (the energy components of K) is set to % in the final expres-
sion. The second diagram, eq. (A.16), is completely analogous. Cutting the propagators
Gk+q, Gg} and Gk ¢, we obtain

Cut[eq. (A.16) ]

3k d3q k+q)? k+ q)?
- _/ (2m)? / (2m)3 27T5<w - : 2m, - 2m*) - wq/> furar (1= fiva) vy

G tr[OV(K, K + Q) Oo(K + Q, K))|

B [ B Ko (kt+g—d)’
= [ [l = S e B0 i

M 2my

Gk tr[01(K - QK +Q-Q)Oy(K+Q-Q . K - Q)] (A.23)

where we have shifted the integration variable k — k — q’ to arrive at the last line.
For the last diagram, eq. (A.17), there are two possible cuts: through G, G%},l,

Gr+g—¢q and through Gk, Gg}, Gg—_¢g. Carrying out the same procedure as above,
we obtain

Cut|eq. (A.17)]

[ kg d K (k+q-q)
T / (27r)3/ (2m)3 {27r5(w + 2, B 2m, a wq/> Ji (1 B fkﬂ_ql) ygl

GriqQGr_qtr {(51(K, K+Q)Oy(K+Q-Q K - Q/)}
(k—d) (k+aq)?

My 2,

+ 27 (5(&) + — wq/> fk—q’ (1 — fk:+q) ygl

G Grrg-gtt|O1(K, K + Q) Os(K +Q— Q' K — Q' }

)
:—/(d?)k:/(dgl27r§<w+ K (k+q 7) Wq’>fk 1= fktq- q)

2m)3 ) (2m)3 2m, 2m
GK+QGK7Q’ tr|:61(K,K + Q) 62(K+ Q - Q 7K - Q )
+01(K - QK + Q- Q) Oy(K + Q,K)|, (A.24)
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where we have shifted the integration variable k — k + q’ and then changed ¢ — —¢’
(assuming the phonon energies wy and electron-phonon couplings y, depend only on the
magnitude but not the direction of q') in the second term.

Adding up eqgs. (A.22), (A.23) and (A.24), we obtain

d3k‘ dgq' k2 (k: +q— q/>2
211111_[(91702 = —/(27.‘_)3/(27.(_)3 2776(W+ 9 - _wq’) fk (1_fk+q—q’) yg’

My 2m,
tr{ {GK+Q 61(K,K +Q)+Gr—¢ 61(K -Q K+Q - Q/)]

< [Giiq Ok + Q) + Oxg OoK +Q-Q K~ Q)] }. (a2

Small g expansion. As in the previous section, we expand the integrand in small q.
The electron propagators become:

1 1 1 k-q

Gt = = =—+ +... (A.26)

k2 k+q)2 k- 2 2 ’

2m*+w_(2mq*) w_mig_;ni* w Mt

1 1 1 (k—4q)-q

GK_Q/: = =1 i + ...

k2 (k— /)2 (k+q— /)2 (k— /)2 2 )

Smr — Ya — o, —w+ St = W Tt

(A.27)

where we have used the energy-conserving delta function to eliminate wy in Gx_g/. There-
fore, at leading order in ¢/,

Gri@O1(K,K+Q)+GCGx g O1(K-Q,K+Q—Q)

/

GK—&-Q"‘GK—Q’Z 1 qQ for O1 =1,
= M 2 (A.28)
G (2k + q)2 + G (2(k - q/) + q) ~ _m* w — CL)q/ fOI‘ O _ 1—)2 '
KFQ 7gm2 K=Q 8m?2 oom?2 w T

where an identity operator in spin space is understood, and we have again used energy

2

conservation to simplify the expression in the O = v* case. Note in particular how the

O(q") terms cancel in the case of O = 1, such that this LO operator gives a g-suppressed
contribution. The other factor Gg g O2(K + Q,K) + Gr_q O2(K +Q — Q'K — Q') in
eq. (A.25) is completely analogous, so we obtain, after taking the spin trace (which simply

Ce»phq/

yields a factor of two) and substituting in y, = Werwrs Wy = Csq':
q' Pr

ImH]l]]_
’ C? B dB3d k2 k N2
ImIl;e g =ImIl; 52 p=— Qe_ph / 3/ q3 27r5(w+ — (k+ta-d) —wq/>
’ ’ 2m2prcs) (2m)3 ) (2m) 2m., 2m,
ImH,DQ’{)Q
(¢ - q@)*
e
, ) mid-q csq
X fi (U= fira-a)d -y =5 5 (1= ) ¢ (A.29)
e
m:«l ( qu/>2
4 1-
m w
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Including the gap. We have presented the calculation of cut diagrams assuming a nor-
mal metal for simplicity. Accounting for pairing of electrons in the BCS theory introduces
a slight modification in the final result in the form of a coherence factor [94]. Concretely,
for the imaginary part of two-loop self-energies computed above, this amounts to replacing

k‘2 k‘/2 ™ €€ — AZ
2w d — / 1— frr — (B + Ey r— 1— ——
i <w+2m* 2 w‘l)f’“( Jw) = 0B+ By +wy —w) ( ErEp
(A.30)
in eq. (A.29), where we have abbreviated k + ¢ — ¢’ = k’/ and defined ¢, = % — Ep,

E.=,/ e% + A? (and similarly for e;/, Ejs). The energy of the electron-hole pair is therefore
constrained to be E. + Ep > 2A.

The k integral. We now perform the k integral:

d3k: ;— A2
_ / Tl1— 2 ) 5B + By +wy —w). (A.31)
EpEp

The integrand depends only on the magnitude of k and the angle 6 between k and ¢’ — q.
So the azimuthal angle integral simply yields a factor of 2r and we can use the ¢ function
to perform the integral over cosf. The argument of the ¢ function has two roots in cos
(corresponding to €xr = +|exs|), both of which are within the range [—1, 1] in most of viable

phase space. Noting that ddf)’;'e = EIZ - dcf;“s’e = g’;’/ k‘?n*q‘ we have
My o0 Ek/ A2
Izi/ dkk —— 1+ Olw—wy —A—E). A.32
47.[.‘(1/ _q’ 0 ‘ek’| ( Ek:Ek’ ( q ) ( )

where Ejy = w — wy — Ej. Changing the integration variable from k to Ej, we find

/w Wq' ~ A EE’+A2 m? /w—wq'—fw EE' + A?
27qu —Q\ e 2nlq’ —ql Ja V(E2=AY)(E?—A?)’

(A.33)

where a factor of two comes from combining contributions from the two values of k above

and below kr that correspond to the same Fj, and we have abbreviated Ej, Ey/, €, € to
E,FE' €€, with E' = w —wy — E. The integral over E can be reduced to elliptic integrals
via E = L w —wy +t (w — wy — 2A)]:

m?2 1 1—a2t2  4A(w —wy) 1
=—" dt —wy +2A — 4
drlq' — q| /—1 [(w “a )\/: w—wg +2A /(1 —12)(1 — a2t?)

2

_ * 4A(w — wq’)

m2(w — wey 20 m2(w — wy
e (A ) - T ] - SR (-

where we have introduced

m

w—wq/—QAil—,B 2A
w—wq/—|—2A_1+,8’ W — Wy

(0}

Il
=
Il

(A.35)
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to simplify notation, and

1 1 1 1 — 22¢2
Kz = /0 v ey per A /0 e (4.36)

are the complete elliptic integrals of the first and second kind, respectively. In the A — 0

limit, corresponding to a normal conductor, we have « — 1, f — 0, E(1) = 1, and
T s mz(w—wq/)
2rlq'—ql -

The ¢’ integral. The remaining integral over the phonon momentum is

Im Hiﬂ.,]l 02 w d3 / (QA/ )2
. w
ImTlye g = Im Tl 5o p = — —<Ph / (11— —=L0
: ’ Apres J (2m) (1 —csq' Jw)
ImHi—,2’1—12
(d-q)
Wl
! ! 2 . /
x —4 (1—05(1)- S d q(1—08q> . (A37)
g’ — ql w mg w? w
4 N 2
e ()
mi w
Expanding ﬁ =1+ ‘f]/,'f + ... and keeping the leading nonvanishing term, we can

easily carry out the angular integration. Finally, changing the radial integration variable

/
to x = =L we obtain

@
3c2w? 7°(1-2)
ImHjL]l 02 w4 . (QA/ )2 25 9
ImI2, =ImIl, —»b=— —<Ph” A ol 8 D Sl D N BERLEN YRR
m g2 g =Im Il 52 @r)iprc Jo z < -2 " mgac( T)° ),
ImH1—,2ﬂ—)2 m4
* .2 3
—r(l-x)
me
(A.38)
where the upper limit
. 2A wp
Lmax = ININ 1— 7, 7 (A39)

is set by the requirements w — wy > 2A and wy = cs¢' < wp (Debye frequency).
When the energy deposition is well above the gap, w > 2A, eq. (A.38) reproduces the
normal conductor result:

1
2 — w<wp),
w>2A C1e—ph W2q2 6 ( B D)

Im HLJI — 3 G 5
@0 158 o, (1222, (w5 ),

(A.40)
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1
2

2 — w<w
w>2A C1e-ph W2q2 my ) 10 ( B D) ’

Im H5271:Im H1’{]2 3 4 P) 3 3 (A41)
(2m)3pr G5 me 3 <1—2wD+5$2D) (w>wp),
1 (< wp)
- w
w>2A CeQ—ph w? mfkl ) 20 w=“p)

Im]._.[{)Z{)Q -
’ 2m)3pp 3t md 9 9 1
(2m)%pp 35 me m%<1—4a:D+5x2D—2x% (w>wp),
(A.42)
where 2, = wp /w.

Determination of Cepn. We use resistivity measurements [95] to determine Ceph. In
refs. [94, 95], a parameter M, is introduced for the electron-phonon coupling, which is
defined by

[e’e) /
A = 2 / W2 py. (A.43)
0

w/

The function a?, F(w') is in turn defined from the conductivity of a normal conductor,

01(w) =Reo(w w 27T/ do' (w— W) a2 F(W'). (A.44)

Note that the normalization convention in ref. [94] is such that 470 there equals oy in our
notation. From egs. (3.18) and (A.38) (in the limit A — 0) we can readily identify

02 he w/4 ( - )
— (W < wp),
a2 F(w') = { 3(2m) ppclw? P (A.45)
0 (W >wp),
and therefore
C’2phe w})

)\tr == (A46)

6 (2m)4ppcw? '
For Al, using A\, = 0.39 together with values of the other parameters in table 2, we find
Ceph = 56€V.

B Absorption in anisotropic targets

Since the benchmark materials considered in this work (Si, Ge and Al-SC) are near-
isotropic, in the main text of the paper we worked under the simplifying assumption
that the medium is isotropic. However, it is straightforward to extend the calculation
to anisotropic targets. In this appendix, we discuss the modifications needed to go beyond
the isotropic limit.

First, the in-medium photon self-energy matrix II)y may have nonzero off-diagonal
entries, and its eigenvalues can be found by diagonalization [26]:

H++ H+_ H+L ) ) Hl 0 0
Mo, T T | ™8™ [ om0 . (B.1)
M. I I 0 0 I
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A DM state ¢ may mix with all three photon polarizations, and eq. (3.4) generalizes to

__pe 1 yillig
R= Tor 2 Im | Hge + i:%,S mé “I, ) (B.2)
where II,; is obtained from Hg 4 by first projecting onto e/ ; and then rotating into the
diagonal basis.

For vector DM ¢, the same rotation in eq. (B.1) diagonalizes also the ¢¢ and ¢pA
self-energy matrices. So each of the three polarizations of ¢ mixes only with the one
corresponding photon polarization, and we simply replace Iz, in eq. (3.4) by II; 23 and
average over the three polarizations to obtain the rate in the anisotropic case:

L 2Py o 1
Rvector = 75 K piT m¢ i:; 31m m . (B3)

For pseudoscalar DM, still assuming spin-degenerate electronic states, we obtain from
eq. (3.26):

Risendoscatar = —0%0 22— L |w? T (T4 g+ T ) 4 m2 Tm T | (B.4)

pr 4m2w? e? ¢

which generalizes eq. (3.27). Note that while anisotropy allows for a nonzero mixing be-
tween the DM ¢ and the photon (via its coupling to the electron’s magnetic dipole), its
contribution to absorption rate is at O(¢g?) and negligible. On the other hand, if the elec-
tronic states are not spin-degenerate (e.g. due to spin-orbit coupling), one would need to
explicitly compute additional matrix elements of the spin operator 3 between the spin part
of the wave functions, and the absorption rate cannot be written in terms of components
of the photon self-energy matrix. Also, mixing between the DM and the photon becomes
relevant in this case.

For scalar DM, anisotropy may introduce mixing with all three photon polarizations,
and eq. (B.2) applies. The final result, however, is still expected to be dominated by
the Ilz2 52 term from Ilge, and we therefore have the same formula, eq. (3.38), as in the
isotropic case:

Rscalar ~ _d2 s 2 —5 Im H,DQ,,[)Q . (B5)
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