PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: June 11, 2021
ACCEPTED: August 17, 2021
PUBLISHED: September 7, 2021

Integrable deformed T!'! sigma models from 4D
Chern-Simons theory

Osamu Fukushima,® Jun-ichi Sakamoto® and Kentaroh Yoshida®

@ Department of Physics, Kyoto University,
Kyoto 606-8502, Japan
b Department of Physics and Center for Theoretical Sciences, National Taiwan University,
Taipei 10617, Taiwan
E-mail: osamu.f@gauge.scphys.kyoto-u.ac. jp, sakamoto@ntu.edu.tw,
kyoshida@gauge.scphys.kyoto-u.ac. jp

ABSTRACT: Recently, a variety of deformed 7! manifolds, with which 2D non-linear sigma
models (NLSMs) are classically integrable, have been presented by Arutyunov, Bassi and
Lacroix (ABL) [46]. We refer to the NLSMs with the integrable deformed 71! as the ABL
model for brevity. Motivated by this progress, we consider deriving the ABL model from
a 4D Chern-Simons (CS) theory with a meromorphic one-form with four double poles and
six simple zeros. We specify boundary conditions in the CS theory that give rise to the
ABL model and derive the sigma-model background with target-space metric and anti-
symmetric two-form. Finally, we present two simple examples 1) an anisotropic 7! model
and 2) a G/H A-model. The latter one can be seen as a one-parameter deformation of the
Guadagnini-Martellini-Mintchev model.

KEYwORDS: AdS-CFT Correspondence, Integrable Field Theories

ARX1v EPRINT: 2105.14920

OPEN AccCESS, © The Authors.

Article funded by SCOAP?. https://doi.org/10.1007/JHEP09(2021)037


mailto:osamu.f@gauge.scphys.kyoto-u.ac.jp
mailto:sakamoto@ntu.edu.tw
mailto:kyoshida@gauge.scphys.kyoto-u.ac.jp
https://arxiv.org/abs/2105.14920
https://doi.org/10.1007/JHEP09(2021)037

Contents

1 Introduction 1
2 2D NLSM from 4D CS theory 2
3 The ABL model from 4D CS theory 5
3.1 Lax form 6
3.2 2D action 7
3.3 Examples 10
4 Conclusion and discussion 15
A A scaling limit of the ABL model 15

1 Introduction

A significant subject in String Theory is the integrability in the AdS/CFT correspon-
dence [1-3] (For a comprehensive review, see [4]). Although there are a lot of research
directions, we are interested in the sigma-model classical integrability here. In the typical
case of AdS/CFT, the string-theory side is basically described by a 2D non-linear sigma
model (NLSM)! with target space AdS;xS® together with the Virasoro constraints af-
ter fixing 2D diffeomorphism. Then the classical integrability is ensured by the fact that
AdS5xS° is described as a symmetric coset which exhibits the Zs-grading.

Many integrable backgrounds are known apart from AdS spaces and spheres. Some
of the examples are y-deformations of S° [5, 6], gravity duals of non-commutative gauge
theory [7, 8] and Schrodinger spacetimes [9-11]. Such integrable backgrounds may be
constructed by performing Yang-Baxter deformations [12, 13] of AdS5xS® [14-16]. There
are other integrable-deformation methods such as bi-Yang-Baxter deformations [13, 17] and
A-deformations [18-21]. It would be worth noting that 2D integrable NLSMs and integrable
deformations of them can be described in a unified way based on a 4D Chern-Simons (CS)
theory [22, 23] (For related progress, see [24-34]).

On the other hand, there are a lot of non-integrable backgrounds such as AdS black
holes [35] and AdS solitons [36-38]. The T'! background [39], whose metric is given by

2
ds® = é > (d@% + sin? 6, d¢$) + %(dw + cos by dg + cos b2 de) , (1.1)
r=1
is also one of the non-integrable examples [40-42]. For the coset construction of 75! and its
Yang-Baxter deformation, see [43, 44]. The AdS5 x T"! geometry is well studied because it
is a gravity dual of /' = 1 superconformal field theory (SCFT) [45]. In relation to SCFT,
possible generalizations or deformations of this geometry have intensively been studied.

"We will concentrate on the bosonic part only here.



Recently, Arutyunov, Bassi and Lacroix (ABL) [46] have found a family of integrable
deformed 7! NLSMs.? We refer to the NLSMs with the integrable deformed T"! as the
ABL model for brevity. In this paper, we will derive the ABL model from a 4D CS theory.
We start from a certain meromorphic one-form with four double poles and six simple zeros.
Then by taking an appropriate boundary condition, we can reproduce the classical action
of 2D NLSM with four parameters (up to the overall factor). This is nothing but the ABL
model. Then we explicitly derive the sigma-model background with target-space metric
and anti-symmetric two-form. Finally, we present two simple cases 1) an anisotropic 71!
model and 2) a G/H Amodel. The latter one can be seen as a one-parameter deformation
of the Guadagnini-Martellini-Mintchev (GMM) model [52].

This paper is organized as follows. Section 2 is a short review of a derivation of 2D
NLSMs from a 4D CS theory. This part is basically based on the seminal work [23]. Then
in section 3, we derive the ABL model and the sigma-model background is explicitly com-
puted. In addition, two simple examples are presented. Section 4 is devoted to conclusion
and discussion. Appendix A explains a scaling limit of the ABL model which leads to the
GMM model by following [46].

2 2D NLSM from 4D CS theory

In this section, we give a derivation of 2D NLSMs from a 4D CS theory by following [22, 23].

Let G be a Lie group with the Lie algebra g, and g€ denotes the complexification of

g. We now consider a 4-dimensional space M x CP!, where M and CP! are parametrized
by coordinates (7,0) and (z, ), respectively. A 4D CS action is defined as [22],

i

S[4] =

/ w A CS(A), (2.1)
MxCPL

where A is a g&-valued one-form and CS(A) is the CS three-form defined as
2
CS(A) = <A, dA+ AN A> . (2.2)

(-,-) is a non-degenerate adjoint-invariant bilinear form g€ x g® — C. Then w is a mero-
morphic one-form defined as

w=p(2)dz (2.3)

and ¢ is a meromorphic function on CP'. This function is found to be a twist function
characterizing the Poisson structure of the underlying integrable field theory [49]. The pole
and zero structure of ¢ will be important in the following discussion. We denote the sets
of poles and zeros by p and 3, respectively.

?The discussion in [46] is based on an affine Gaudin model [47-49] and covers more general cases. This
family of TH' models is a special case of it. For the off-critical value of the B-field, classical chaos appears
for some initial conditions [50, 51].

3For the notation and convention here, see [24].



Note that an extra gauge symmetry
A— A+ xdz (2.4)
can alway gauge away the z-component of A like
A=Aydo+ A dr + Az dz. (2.5)
By taking a variation of the action (2.1), we obtain the bulk equation of motion
wAF(A) =0, F(A)=dA+ANA (2.6)
and the boundary equation of motion
dw N (A, 0A) =0. (2.7)

The boundary conditions satisfying (2.7) play an important role to describe integrable
deformations [22, 23]. Note that the boundary equation of motion (2.7) does not vanish
only on M x p C M x CP', because the relation

dw = 0zp(z)dz Ndz (2.8)

indicates that only the pole of ¢ can contribute as a distribution. This can be seen by
rewriting the equation (2.7) to

ij 1
DY (resy w) e J;!agz (A, 5Aj>|/\/l><{:(:} =0, (2.9)

zeP p>0

where €V is the antisymmetric tensor. Here the local holomorphic coordinates &, are
defined as &, = z — x for x € p\{oo} and {, = 1/z if p includes the point at infinity. The
expression (2.9) manifestly shows that the boundary equation of motion has the support
only on M X p.

In terms of the components, the bulk equation of motion (2.6) reads

Dy Ay — s Ay + [Ag, A = 0, (2.10)
w (0:A, — 0,4z + [Az,A,]) =0, (2.11)
w (85147— — 0, Az + [Ag, AT]) =0. (212)

The factor w is kept since 9;A, and 0:A, are in general distributions on CP' supported
by 3.

Lax form. By performing a formal gauge transformation
A=—dgg " +9Ly7" (2.13)
with a smooth function § : M x CP! — GC, the zZ-components of £ can be taken to zero:

L:=0. (2.14)



Hence the one-form £ takes the form
L =Lydo+ LodT. (2.15)

The one-form will be specified as a Lax pair for 2D theory later, and so we refer to £ as
the Lax form.
The bulk equations of motion (2.6) in terms of the Lax form £ are expressed as
0Ly — 0o Lr + L7, L] =0, (2.16)
wAOz:L=0. (2.17)

These equations mean that £ is a meromorphic one-form with poles at the zeros of w,
namely 3 can be regarded as the set of poles of L.

Reality condition. To ensure the reality of the 4D action (2.1) and the resulting ac-

tion (2.22), we suppose some condition for the form of w and the configuration of A [23].
For a complex coordinate z, an involution p; : CP' — CP! is defined by complex

conjugation z — z. Let 7 : g€ — g© be an anti-linear involution which satisfies

(B,C) = (rB,7C), "B,Ceg®. (2.18)

Then a real Lie subalgebra g of g€ is given as the set of the fixed points under 7. The
associated operation to the Lie group G is denoted by 7 : G¢ — GC.
One can see that the action (2.1) is real if w and A satisfy

W= piw, (2.19)
TA=piA. (2.20)

Recalling the relation (2.13), the condition
T4 =g, TL =i L, (2.21)
leads to (2.20).

From 4D to 2D via the archipelago conditions. The 4D action (2.1) can be reduced
to a 2D action with the WZ term when § satisfies the archipelago condition [23]. By
performing an integral over CP!, we obtain

S {9e}oep] = ;;@ /M (resu (o £), g7 o) —

Here Iwgz[u] is the Wess-Zumino (WZ) three-form defined as

S (res, w) / Twzlg] . (2.22)

ajep MX [Osz]

1
Iyz[u] = §<u_1du, utdu A v du) (2.23)

where R, is the radius of the open disk on CP!.
The action (2.22) is invariant under a gauge transformation

Gz — gzh, L~ h™1Lh+htdh, (2.24)

with a local function h : M — G. One can seen this as the residual gauge symmetry after
taking the gauge (2.14).



3 The ABL model from 4D CS theory

In this section, we shall consider 2D NLSMs with a family of deformed 7' manifolds,
which have been presented by Arutyunov-Bassi-Lacroix [46]. We will refer to them as the
ABL model for brevity as explained in Introduction.

Here, let us reproduce the ABL model from 4D CS theory. In the ABL model, the 2D
surface M is embedded into the Lie group G x G. By defining a subgroup H C G as fixed
points of an involutive automorphism, this model exhibits a gauge Hgjag-symmetry, where
Hgiag = {(h,h) € G x G|h € H} rather than Gaias = {(9,9) € G x G |g € G}. Then the
target space is reduced to a coset (G x G)/Hgiag-

Twist function. Let us start with the following meromorphic one-form,

2 r2N(.2 2
w = aBL(?) dz = ZKZ(Z 5 C(Zg(i 212)5_)

=1

dz, (3.1)

where ¢apr,(z) is a twist function with (+ € CP! and 21,22 € R. This w has the four
double poles and the six simple zeros

p= {izla iz2} ) d= {07 :I:C-i- 7iC—7 OO} : (32)
The twist function in (3.1) corresponds to the case with N =2 and 7' = 2 in (3.14) in [46].

Boundary condition. In specifying a 2D integrable model associated with w, we need
to choose a solution to the boundary equations of motion,

e7((Aa, Og,Aa), 6(A5, 0, 45))p =0,  peP. (3.3)

Here we used the formula (2.9) with (3.1) and the double bracket is defined as

{(=z,y), (xlvy/)»p = (resp w)(z, z) + (resp Epw) (<$7y/> + (x/7y>)
= bp(z,2) + ¢ ((z,9) + (@) (3.4)

where the constants b, and ¢, (p € p) are given by

K((CF + )21 + 23) — 2(2725 + (5¢2))

biz = = *biz = 7ﬁ”

1 T -3 : s
o L KE-E-G) | KEB-QE-)

- 221(2f — 23)2 . 229(2f — 23)?

The boundary equations of motion (3.3) take the same form as in the PCM with the WZ
term case [23].
To derive the ABL model, we take the following solution:

(Als=t21, 0:Al:=42,) € {0} X gab (Alz=t255 02 Alz=42,) € {0} X gab (3.6)
where g} is an abelian copy of g. The boundary condition (3.6) is nothing but

Alominy, = 0. (3.7)



3.1 Lax form

Before deriving the sigma model action, we shall derive the Lax pair by employing the
boundary condition (3.6).
We take g at each pole of the twist function (3.1) as

g(7—7 g, Z)|Z=Z1 = 91(7_7 U) ) g(Ta g, Z)|Z=—Z1 = 91(7_7 0) )

’ ’ i (3.8)
g(T) 0-7 Z)|Z:ZQ - 92(7—7 U) 9 g(T’ U) Z)|Z:_22 = 92(7-7 U) ’

where g ,gr € G (k = 1,2). Note that g take values in G (not G®) due to the reality
condition (2.21). The associated left-invariant currents are defined as

h=gtdgr, h=g0'dG,  j2=gy dga,  jo= 35 dda, (3.9)
and the relations between the gauge field A and the Lax form £ at each pole are written as

A’Z:,Zl = _dglgl_l + Adg1[’|z:z1 9 A|Z:—2’1 = _dglgl_l + Ad§1£|Z:—Z1 )

1 o (3.10)
A’Z=22 = _d9292 + Ad92£|2=22 ) A‘Z:—m = _d9292 + Ad§2£|z=—22 )

where the adjoint action Ady : g€ — g€ is defined as Ady L =gLg™ L.

Recall that £ should have poles at the zeros of w as mentioned just below (2.17).
Hence, taking account of the configuration of the zeros (3.1), we suppose an ansatz for the
Lax form as

(3] (4] 3] [4]
L= (UEL+zUEV+ e U )d0+%—(Uﬂ]+z_lU?L+ v v )da_,

+
z—C+  z+C¢+ z—C-  z+4+C
(3.11)
where Uf ] (k=1,...,4) are undetermined smooth functions of 7 and o, and the light-cone
coordinates are defined as
1
ot = 5 (TE0). (3.12)

In order to obtain the explicit expression of the Lax pair under the boundary condi-
tion (3.6), we rewrite the relations in (3.10) as

3 4
U U
e =UN 4 U ¢ = = 3.13
=T TA T L Tt G (3.13)
3 4
< 2 Ux Uy
=yl - Fyl o - , 3.14
NEZVE TR TG -G (3:14)
3 [
, mo 2, U U
v+ 23U + + , 3.15
pe=Uera i T G (315
i 7718l ol
Goa=Ul P == & (3.16)

zo+Cx 22— Cr



By solving these equations with respect to Uj[f } (k=1,2,3,4), we obtain

(rx +i12) (27 = ) — (ox +J2.+) (3 — (3)

1]
= 1
v 2 (- ) o
e e — g, ﬁ:)( —Ci2> T (ot — Jo j:)( — ¢ ) (3.18)
9 (Zﬂ . Zﬂ) ’ ’
(3] (le2>¥1 (s — &) (<3 Ci) 41, sl
Uy = i (2= 3) (J i(l +Ci)+]1j:( —CE ))
— 2 (o (1 + ) + o (57— )| (3.19)
22 (L2 2
(1= ¢) (55 - Ci) ~ 41, sl
- LB (10 s (102
— o (o (25 = ) + o (81 +EY))|- (3.20)
Then the Lax pair can be rewritten as
La(z) =L )IL +miL I+l ()L + ()L, (32D)
where J(i) (k=0,1, s =1,2) are defined as
Jl(f)j::h:t‘f‘jl,j:, Jl(}j):_let_Jlj:’
2 2 (3.22)
J(o) J2,4+ + J2.+ J(l) Jo£ — Jo.x
2,+ 9 ) 9 )
and the coefficients ngki (k=0,1,s=1,2) are
(ZQ—zQ)(ZZ—CQ) P +1
W6 = G2 e = (2) e,
(Z C:t)(zl Z2) 21 (3 23)
O (z) = — (2 = 27)(5 — ¢2) ), (2) = <) 10 (2).
= F-G)-m) PTG e

3.2 2D action

Next, let us derive the 2D action under the boundary condition (3.6).
For this purpose, we evaluate the residues of papp £ at z = +21,+25. By using the
expression (3.21) of the Lax form, we obtain

ves. s, (panil) = (= {0 phs + T o £ T el) £ T3 oy
0 0

) do
+ (Jl(()z (0) J(O) p(O) - J(l) ) r J( ) do~
(0) (0) 1) (1) (1) (1)

res,—+, (¢ABLL) = <J1 +P12 — J2( J)rpgl) +J +P12 T Js +C2, +) do™
+<_J() (0)+J2()p§2):FJ1()p(1)iJ(l) () do—

(3.24)



where the constants py;) (r,s =1,2,k=0,1) are defined as

0 0 K ¢ -¢ 0 (2 =D - )
pgl):p;;_ 7 _ ;27 52):K 2+_%3 )
2 (21 — 23) (21 — 23)
2 (3.25)
o0 = - G)E-G)
(s —23)°
and
o0 — K (1 — 2327 + C2¢3) o) — KZ2( — (- ¢2)
o2 Z%(Z% —z3)? = a(ef —23)° 7
(3.26)
p(l) _ —KZl( C2 )(22 €+) p(l) _ 7( - 2<+22 + Cz C+)
2 w(ef —23)% 22 BE-8)?2
Furthermore, the constants cg}i (s =1,2) are
2 _ 2
(1) K (2 =€) (.2 (2 2 2(.2 .2
oL = 3 il —321) +21 (21 +23))
27— G (i +49))
2 _ 2
(1) K (2 =) (2(.2 2 2 (.2, .2
= ey U ) e (e )
(3.27)
(1) K (5 —¢) (2 (2 2 2(.2 ., .2
Gy~ = s (CE (21 =35+ (s +2)),
R S CICEE RETEN)
2 _ 2
(1) K (25— ¢3) 2( 2 2 2 (.2, .2
Coy = g (22 (22 —321) +CC (21 +23)) -
23— (i +49))
Note that the above constants satisfy the relations
(0) (0) (1) (1) (1) (1)
piy + p 0 0 ayta 1 Coy TCo— 1
LA o0 = 0 R = 2x T s = o (3.28)

By using (3.28), we obtain
(resz=z (¢aBL £), j1) + <resz:—z1 (¢ABL ﬁ),31>
- i (2680 (0,10 1 o8 (500 10 4 o8 (A9 ) d* o=, (3.29)
<reSz:z2(<PABL L), j2) + <reSz:—ZQ(<PABL ﬁ),32>
—9 Z (2085 (T3, 752 ) + o) (IEL B2 + o) (g, ) ) dot ndo™ . (3.30)

The residues of w at each pole are

22825 + 225 — (:f + ) + )
(21 — 23)°

—T€S,—d, W =T€S,—t,,Ww =k =K (3.31)



Then, the 2D action (2.22) is rewritten as

Sl = [ 3 (2 (0. 72) + 80 (02,70 20* o™
r,s=1

b (Iwz (1] + Iwz [91]) — i (Iwz [g2] + Twz [32] ) - (3.32)

2 Jmix [0,R,] 2 JMx[0,R]

Here we would like to impose a relation between js and js (s = 1,2). Note that the
resulting action (3.32) is invariant under the exchange of j; and j; (jo and j3). This
invariance is respected if js,js are related as j; = fi(j1), j2 = f2(j2) with involutive
automorphisms fs: g — g (s = 1,2). The maps fs thus satisfy

[y =&, fs()], - fsefsx)=x, x€cg. (3.33)

It is significant to argue a consistent condition for fs (s = 1,2). The introduction of them
was apparently independent but it seems likely that we should impose that f; = f» as a
possible consistent condition. This condition is compatible with the preceding work [46]
based on the dihedral affine Gaudin model [47-49]. There might be a possibility to remove
this condition but we will not try to exhaust here. In the following, we will work under
this condition.

By utilizing the involutions f,, the vector space g can be decomposed as g = h ® m,
i.e., the generators

h=(Ja), m= (Pg), a=1,...,dimbh, a=1,...,dimm, (3.34)
are introduced so that
fs(Pg) = =Py, fs(Ja) =Ja. (3.35)

The vector subspace b is also a subalgebra of g, and thus there exists the associated Lie
subgroup H. Then the projection operators into h, m are defined as

P(O) L g— b, P(l) T g—m, (336)

and then 35 and Js(k) are expressed as
js = fs(]s) = [s (P(O)(]s) + P(l)(]s)) = P(O)(]s) - P(l)(]s) ’ (337)
JO = PO, I =PD(). (3.38)

By using the commutation relation of the Lie algebra for the symmetric coset and the
orthogonality of m and h with respect to the bilinear form (-,-), we can see

(Pioy(95 'dgs), Poy(gs *dgs) A Paylgs 'dgs)) =0, (3.39)
(Pay(gs "dgs), Pay(gs ' dgs) A Pay(gs 'dgs)) = 0. (3.40)

Hence, we obtain
Iy (g1]) = Iwz [§1] , Iwz [g2) = Iwz [G2] - (3.41)



Then, by using the expressions of j, in (3.37), the 2D action can be further rewritten as

Slg1, 92] = /d2 Pﬁg) YA ),J§?2> + ol <J£2,J§3>) + & Iwz[g1] — kR Twz[ge] -
r,s=1
(3.42)

The Lax form (3.21) becomes

La(z) =3 Y () 1. (3.43)

The expressions (3.42) and (3.43) are the same as the classical action and the associated
Lax pair given in [46].

Gauge invariance. The action (3.42) exhibits a local Hgiag-symmetry, which is regarded
as a gauge symmetry. The diagonal subgroup Hgins = {(h,h) € G x G|h € H} acts on
G x G as

g1 — gih, g2 — g2h, (3.44)

where h is a smooth map M — H. Noting that the Wess-Zumino terms vary according to
the Polyakov-Wigmann formula [53], we can see that the action (3.42) is invariant if the
following conditions hold:

11*3/)5’3) =0,
P +ol3 — % =08 + 085 +5 =0, (3.45)
0 0 0
P s + 5 =l + ol -5 =0,
(0) (0)
0 0 0 0 pig T p 0
< Pgl) = P§2)7 sz) - Pgl) =k, 2 2721 + gl) =0. (3.46)

These relations are indeed satisfied by the parametrization (3.26) and (3.31). The gauge
invariance under (3.44) is nothing but the unbroken part of the 2D gauge invariance un-
der (2.24). Although the original gauge group is Gaiag = {(9,9) € G X G|g € G}, the
grading condition (3.37) explicitly break Ggiag/Hadiag and only Hgjag survives.

3.3 Examples

The resulting action (3.42) and Lax form (3.43) are a bit abstract and complicated. Hence,
it is instructive to see a simple case with G = SU(2) and H = U(1). Then it is easy to
read off the background metric and B-field.

The generators of su(2) are represented by {io,/2, i = 1,2, 3}, where o, are the Pauli
matrices. The bilinear form (-,-) becomes the trace operation. In this case, the involutive
automorphisms fs (s = 1,2) are defined as

fs (?) = —i%, [s (?) = —%, fs (%;3) = Z% (3.47)

~10 -



We choose the parameters {¢1, 01,91, 2, 02,12} = {zF} (u=1,...,6) to express (g1, 92) €

SU(2) x SU(2) as
g1 = exp<,m2-3¢)1> exp(la;el) exp(?lﬁl) 5

. . . (3.48)
= —%qb exp( — 220, ) ex —@@b
g2 = €xp 5 2 p 5 72 p 5 V2
Then the gauge transformation (3.44) corresponds to the shift
(1,902) = (Y1 + a2 — ). (3.49)

The ABL background. By substituting the parametrization (3.48), the resulting action
is given by

Sl =~ [ @ (G + Bu) 000" (3.50)

where G, and B, are the background metric and B-field, respectively. By using the
relations (3.46), G, and B, are expressed as, respectively,

% G dxtdx”
2
= Z [p,(ﬂ}n) (d&g +sin? 0, d¢? ) + 9 (cos b, dg+dip,)* ]
r=1

— (89 +) (cosbrden +din) (cosBade+dipa)
- ( 512) +Pg11)) [— sin 01 sin 03 cos (11 +2 ) dp1dp2+-cos(v1 +1p2)db1 dbo
+5in 601 sin (11 +02)dd dfa+sin Oy sin (¢ +w2)d91d¢2}

2
=3 oD (d02+5in?0,de? ) +p\7 (dn +diha+c0s01dpn +cos Ordg)”
r=1

. . .0l
— (055 + 1)) [—5in 01 sin 02 cos (11 +162) deyy dera+cos (11 +162) 61 B (3:51)

+5in 601 sin (11 +02)dd dfa+sin Oy sin (¢ +¢2)d91d¢2} :

B= %Buydm“/\dx”
=t cosb dpy Adyp1 +Fk cos By dips Ado
T (pQ - pg?) (cosOydey +dipr) A (cosOaddy+dijy)
+ (13— 51 ) [~ sin By sin by cos(n -+ 1) dér Ada+cos(n -+ 1) by Adb
+8in 0y sin (e +1b2) ddy Adfa+sin Oy sin (1 +1s) db; /\d@}
=k (di1 +dipa+cosb1der) A (dipr +dipa+cos Oadgs)
+ (p%) —Pgll)) [—Sin 61 sin 03 cos(Y1+1)2) dpr Adpa+cos(r +1p2) déy Adbs  (3.52)

51001 3in (11 +12) dér Adf+sin B sin (11 + o) 61 Ado |

- 11 -



By taking a gauge choice 19 = 0, these are further simplified as

1 2
§Gu,,dx“dm” = Z pth) (d&% + sin? Gqubz) + pg(i) (dvp + cos 01dpy + cos Bads)?
r=1

- (pglg) + ,0511)) { — sin 61 sin 05 cos Y dp1dps + cos ) df1db- (3.53)
+ sin 0 sin v d¢1dby + sin 05 sin ¢ dby d(ﬁg} ,
1
B = §Bﬂyd:n“ A dx¥
=% (d¢ —+ cos 91d¢1) A (dw -+ cos 92d¢2)
(3.54)

+ (P15 — p5y)) | = sin 01 sin 0, cos v dey A gy + cos ¢ ddy A db,

4 sin 0 sin ) déy A dfs + sin O sin b df; A d@} ,

where we have renamed 1 as 1.

In the following, we will consider two specific cases by taking some parametrization.

Example 1) Anisotropic T*'! model. For simplicity, let us first impose the following
condition:
1 1
pra +ps = 0. (3.55)

This condition (3.55) is solved in terms of 21, 22 as

2= 2222 o 2= —2222 + z%(_% + Z%C_%_ (3.56)
T2+ 2-C N G
By introducing a new quantity r defined as
2, 2
_om,m  —E A+
r=phy /oty = e (3.57)
1 —
the coefficients are expressed as
m_K_ 1
P11 2 22+ 122’
1 1
,0(22) = Tpgl) )
o __" (@1
Pin = TP (3.58)
m_ o ___ draz (1)
P12 — P21 (1+7r)(2— Z%)Pu )
P 2r(2% + 23) 1)

G -5
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Then the metric, B-field and the twist function are given by, respectively,

1
5 Cudat'da” = p) {(d@f + sin? 01dg?) + r(d62 + sin® 0od3)

(3.59)
+— T (dyp + cos b1d¢y + cos ngqbg) ,
1 (1) 2r (2 + 23)
ZBydat A dat = - d O1dgn) A (d 0d
5 Buvde x pn[ (1+T)(21_Z2)(¢+cosl¢1) (dyp + cos Oadds)
Arz1 29
(1) - 23) (3.60)
( — sin 01 sin 6o cos ¥ de1 A ds + costp by A dbs
+ sin 0y sin e déy A dfa + sin 02 sin b d; A d@)] ,
_ QKz(m% + 25 — (1+7)2°) (1 +7)2{23 — (2 +123)2°) (3.61)
PABL = A+ 1E + )@ — 222 — )2 '

There remain three independent parameters ,0511), r and zj/z2 now. Note here that the
original T1! case is not included in this example because the vanishing B-field means that
r = 0. The GMM model is also not included. The parameter r may be rather seen as an
anisotropic parameter. In the isotropic case with r = 1, the coefficient of the U(1)-fiber is
fixed as 1/2 and the B-field remains complicated.

Finally, the Lax pair is given by

1
X
(14r)2t28 — (2f +125) 22

X {z%(z% ) (Jl(o}r—i— J1(1)>+7“22( ) (J(O) JQ(J)r

_ 1 2 (o> ()) 2 < (0) , 22 <1>>}

Example 2) G/H A-model. As the second example, let us suppose the following con-

L.=

, (3.62)

ditions:

=G, #B=C. (3.63)

Then the parameters in (3.25) and (3.26) are expressed as

2 2

k= Kié C; =-K 9 ! P

(2 — 23)? 21 T A
1 1y _k

Pg1) = Péz) = Pgl) ng) =9 (3.64)

0 1 Z1 (0
Pg1) =k, /’gl) = ;Pgl) ’

2

0 1

A =i =0

~13 -



This parametrization corresponds to the limit where the poles and zeros of the twist func-
tion (3.1) coincide. In this case, the resulting action and Lax pair are given by, respectively,

2
kR
Slg1,92] = { Z/d%’ 0] tr(Jr 4, Jr—) + RIwz [91] — RIwz [g2]
r=1

_ 2 (0) 7(0)) 21 / 2 (1) (1)
ﬁ,/d atr(J27+J17_> Z2f~c datr(JQHrJL_)}, (3.65)

<1

£= (S +2J50) do* + (Jl‘?) - ZQZJS)) do . (3.66)

This is nothing but the Lagrangian and Lax pair of a G x G/H sigma model related to
the tripled G/H A-model formulation* [54, 55]. Notably, in the limit z1/z2 — 0, the
action (3.65) reduces to that of the GMM model [52]. Another family including the GMM
model can be obtained by considering a scaling limit described in appendix A. See (A.6).

The flatness condition for this Lax pair is obtained as

0=04L_ —0_Ly+[Lpr L]
0 0 0 0 z1 7,1 1
= o\ — o J) + [0, 0] + P Bl

2 (00 [ A0]) 2 (—o- s+ [H2.0]) . )

and this is equivalent to the equations of motion of the model. Note that as we take
the limit z;/z2 — 0, the term with 1/z is lost, and thus we cannot reproduce all of the
equations of motions. A possible way to care this point would be to prepare another Lax
pair by scaling the spectral parameter as 2’ = zz9/21 [46].

The background metric and B-field for the model (3.65) are given by, respectively,

2
Grudatda’ = £ (def 1 sin? aqus%) R (dy) + cos B1dpy + cos Oadehs)’
r=1

+ ?ﬁc { — sin 04 sin 05 cos Y dp1dpo + cos Y df1db- (3.68)
2
1 sin 0; sin v dp dfs + sin By sin deld@} :
B =% (dip + cos01dp1) A (dip + cos Oadps)
+ ?7"% [ — sin 04 sin 05 cos ¥ dp1 N dpa + cos dfy N dbs (3.69)
2

+ sin 01 sin ¥ dp1 A dfa + sin O sin ¢ dfy A d(bg} .

Notably, this result coincides with a parafermionic deformation of the GMM background
presented in [56]. When z1/z0 = 0, the target space of the original GMM model is
reproduced.

4The deformation parameter z;/zs corresponds to A in [54].
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4 Conclusion and discussion

In this paper, we have derived the ABL model from a 4D CS theory with a meromor-
phic one-form (3.1) with four double poles and six simple zeros by specifying a boundary
condition. Then we have explicitly derived the sigma-model background with metric and
anti-symmetric two-form (i.e., the ABL background). As its special cases, we have pre-
sented an anisotropic T*! model and a G/H A-model. The latter can be regarded as a
one-parameter integrable deformation of the GMM model.

It would be very interesting to consider the ABL background in the context of
AdS/CFT. The first task is to find out a possible string-theory embedding of the ABL
background. It is nice to try to identify the remaining components of type IIB supergrav-
ity for the ABL background. A possibility is to consider a variant of the ABL model for
G = SL(2) and H = U(1). This is a natural extension of the work [57], which considered
the GMM model for G = SU(2) x SL(2) and H = U(1) x U(1) so as to be a supergravity
background. Once the ABL background has been embedded into string theory, it would
be nice to explore the dual gauge theory.

Another future direction is to consider a relation between the present result and 6D
holomorphic CS theory [58, 59]. Along this line, it may be possible to derive a new family
of 4D integrable systems. We would like to report some results in the near future in
another place.

We hope that the ABL background we have derived would open up a new arena in the
study of the integrability in AdS/CFT.
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A A scaling limit of the ABL model

It is helpful to give a brief explanation about a scaling limit of the ABL model considered
in [46].

Let us first redefine the parameters of the model as

A2 A A

’ K_gv

1
z1=1, Zz:&
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and then take the v — 0 limit while keeping A1, A2 and A fixed. In this limit, the twist
function (3.1) becomes

22(A2 — \222)

= A2
$1 (Z) (22 — 1)2 ( )
The poles and zeros of ¢1(z) are listed as
A1

Here, z = £+1 are double poles and z = oo is a simple pole, z = 0, :I:% are simple zeros.
The Lax pair (3.43) reduces to

1
Li(2) = per (02 =2 (A +21) + X -1 7)) (A.4)

Lo(z)=J" =1 u) (A.5)

and the resulting action is given by

2 5 )
A A
Sl =5 0 (3 (1092) 5 (002)) - (a1,
r=1
+ X Iwzlg1] — A Twzlga] - (A.6)

Note here that the flatness condition of the Lax pair (A.5) does not describe all the equa-
tions of motion of the action (A.6). The specific choice A2 = A2 = A3 leads to the GMM
model [52, 57]. This choice corresponds to the limit z;/29 — 0 in (3.65).

The other equations of motion come from the flatness condition of another Lax pair
which can be obtained by taking a different scaling limit. To see this, let us redefine z as
z/a, and then take the same limit (A.1). Then, the twist function (3.1) becomes

202 - \322)

_ A.
902('2) 2(2’2 — 1)2 ( 7)
The poles and zeros of ¢o(z) are listed as
A
p=1{0,%1}, 3= {oo,iA} ) (A.8)
2

where z = +1 are double poles and z = 0 is a simple pole, z = 0o, :i:’\y1 are simple zeros.
The Lax pair (3.43) becomes

Lo(z) =) + 2051, (A.9)

< 1
L_(z) = yee— (V=1 I0 + (3= ) (2% + 201)) (A.10)

)

We can check that the flatness condition of (A.10) leads to the remaining equations of
motion of the action (A.6).
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